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Formally, for any α > 0 we can find a sequence of times t1 < t2 < · · · and positive

numbers α > α1 > α2 > · · · such that the stream (α, α, . . .) can be written as the

consumption stream given by (α, d0̄α) starting at time 0, plus (α1, d0̄α1
) starting at

time t1, plus (α2, d0̄α2
) starting at time t2, etc. Suppose by contradiction that ∀

q∗, q̂∗ ∈ R, c∗ ∈ C∗, and t ∈ N, (c∗t−1, q∗, t+1c∗) ∼∗ (c∗t−1, q̂∗, t+1c∗). Let g(h, c) = c∗

where h, c are given as initially stated. Then (c∗t−1, c∗t + α, t+1c∗) ∼∗ c∗ by hypoth-

esis. By definition, this means that g−1(h, (c∗t−1, c∗t + α, t+1c∗)) ∼h g−1(h, (c∗)), or

(ct−1, ct + α, t+1c + d0̄α) ∼h c. Iterative application of the indifference for α1, α2, . . .

and product continuity imply that c + (α, α, . . .) ∼h c, violating Axiom S.

Separability conditions for �∗

We now prove that Compensated Separability suffices for the required additive

separability conditions to hold by showing that the following mapping from C into

C∗ is surjective, so the needed conditions apply for all elements of C∗. For each t,

define the “compensated consumption” map ξt : H × C → C∗ by

ξt(h, c) = g
(
h, (ct−1, tc + dh0t,hct−1

)
)
. (23)

To show ξt is surjective, we first prove the following auxiliary result.

Lemma 15 (Containment). For any h ∈ H, t ≥ 0 and ct ∈ Qt+1, there exists

ĥ ∈ H large enough that C∗
hct ⊆ C∗

ĥ0t+1.

Proof. Since ϕ is linear and strictly increasing, we may choose ĥ > h such that

ϕ(ĥ0t+1)− ϕ(hct) ≥
t∑

s=0

(1− λ1)
s+1cs. (24)

Choose any c∗ ∈ C∗
hct . Then, there is a ċ ∈ C such that g(hct, ċ) = c∗. For it to

also be true that c∗ ∈ C∗
ĥ0t+1 it must be that for some ĉ ∈ C,

ĉs − ϕ(ĥ0t+1ĉs−1) = c∗s = ċs − ϕ(hctċs−1) ∀s ≥ 0, (25)

where c−1, ċ−1 are ignored for the case s = 0. We claim that we can construct a ĉ ∈
C (nonnegative, bounded) by using (25) to recursively define ĉs = ϕ(ĥ0t+1ĉs−1) +

ċs − ϕ(hctċs−1) for every s ≥ 0.

Step (i): ĉ is nonnegative. It suffices to show ĉ ≥ ċ. For s = 0 it is clearly true that

ĉ0 ≥ ċ0, since we have chosen ϕ(ĥ0t+1)−ϕ(hct) ≥ 0 in (24). We proceed by strong
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induction, assuming ĉŝ−1 ≥ ċŝ−1 for every ŝ ≤ s. From (25), to prove ĉs ≥ ċs we

must show ϕ(ĥ0t+1ĉs−1)− ϕ(hctċs−1) ≥ 0. By the inductive hypothesis,

ϕ(ĥ0t+1ĉs−1)− ϕ(hctċs−1) = ϕ
(
(ĥ− h)0t+s+1

)
+ ϕ

(
0̄(ĉ1 − ċ1) · · · (ĉs−1 − ċs−1)

)
+

ϕ
(
0̄(ĉ0 − ċ0)0

s−1
)
− ϕ(0̄ct0s)

≥ ϕ
(
0̄(ĉ0 − ċ0)0

s−1
)
− ϕ(0̄ct0s)

= ϕ
(
0̄
(
ϕ(ĥ0t+1)− ϕ(hct)

)
0s−1

)
− ϕ(0̄ct0s)

≥ λs

t∑
i=0

(1− λ1)
i+1ci −

t∑
i=0

λs+1+ici

(26)

where the first inequality comes from the nonnegativity of ϕ; the equality comes

from plugging in for ĉ0 − ċ0 from (25); and the second inequality comes from (24)

and Lemma 5. By Lemma 7, λs+1+i

λs
≤ (1− λ1)

i+1, hence 26 is positive.

Step (ii): ĉ remains bounded. Since ċ ∈ C it is bounded, so it will suffice to show

that the difference between ĉ and ċ is bounded. Let us denote by y the quantity

ϕ
(
(ĥ − h)0t+2

)
+ ϕ

(
0̄(ĉ0 − ċ0)0

)
. By construction, for every s ≥ 1, ĉs − ċs is

equal to the sum on the RHS of the first equality in (26). By the fading nature

of compensation, all terms but ϕ
(
0̄(ĉ1 − ċ1) · · · (ĉs − ċs)

)
converge to 0 as s tends

to infinity. In fact, for any h and t, ϕ(h0t) ≤ (1 − λ1)
tϕ(h). Consequently, the

sum ϕ
(
(ĥ − h)0t+s+1

)
+ ϕ

(
0̄(ĉ0 − ċ0)0

s−1
)

is no bigger than (1 − λ1)
s−1y for any

s. Let us drop the negative term −ϕ(0̄ct0s) in (26) to obtain an upper bound.

By the definition of y, we see that ĉ1 − ċ1 ≤ y. We claim that for all s ≥ 1,

ĉs−ċs ≤ y. The proof proceeds by strong induction. Using the inductive hypothesis,

ĉs−ċs ≤ y(1−λ1)
s−1+y

∑s−1
k=1 λs. But

∑s−1
k=1 λs ≤ λ1

∑s−2
k=0(1−λ1)

k = 1−(1−λ1)
s−1,

so ĉs − ċs ≤ y as claimed.

Lemma 16 (Surjectivity). Each ξt as defined in (23) is surjective.

Proof. Fix any c∗ ∈ C∗ and t ≥ 1. By definition, there is h ∈ H and c ∈ C such

that g(h, c) = c∗. That is, for every s, cs − ϕ(hc0c1 . . . cs−1) = c∗s. Fix this h and c.

We wish to show that there exist ĥ ∈ H and ĉ ∈ C such that ξt(ĥ, ĉ) = c∗, i.e.

( ĉ0−ϕ(ĥ), ĉ1−ϕ(ĥĉ0), . . . , ĉt−1−ϕ(ĥĉ0 . . . ĉt−2), ĉt−ϕ(ĥ0t), ĉt+1−ϕ(ĥ0tĉt), . . . ) = c∗.

(27)

Because c∗ ∈ C∗
h, tc∗ ∈ C∗

hct−1 . Equation (27) suggests that we must show that
tc∗ ∈ C∗

ĥ0t for some ĥ ∈ H. Lemma 15 provides a c̄ and ĥ > h s.t. g(ĥ0t, c̄) = tc∗.
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Moreover, since ĥ > h, c∗ ∈ C∗
ĥ
. Therefore, there exists ¯̄c ∈ C such that g(ĥ, ¯̄c) = c∗

and in particular, g(ĥ, ¯̄c)t−1 = c∗t−1. Setting ĉ = (¯̄ct−1, tc̄), we have ξt(ĥ, ĉ) = c∗.

Lemma 17 (Separability). �∗ satisfies the following separability conditions:

(i) Take any c∗, ĉ∗ ∈ C∗ with c∗0 = ĉ∗0. Then, for any c̄∗0 s.t. (c̄∗0,
1c∗), (c̄∗0,

1ĉ∗) ∈ C∗,

(c∗0,
1c∗) �∗ (c∗0,

1ĉ∗) iff (c̄∗0,
1c∗) �∗ (c̄∗0,

1ĉ∗). (28)

(ii) For any t ≥ 0, c∗, ĉ∗, c̄∗, ¯̄c∗ ∈ C∗ s.t. (c∗t, c̄∗), (ĉ∗t, c̄∗), (c∗t, ¯̄c∗), (ĉ∗t, ¯̄c∗) ∈ C∗,

(c∗t, c̄∗) �∗ (ĉ∗t, c̄∗) iff (c∗t, ¯̄c∗) �∗ (ĉ∗t, ¯̄c∗). (29)

Proof. The proof of Condition (i) is analogous to the proof on page 16 for one-

period histories. We now prove Condition (ii).

Find h large enough so that (c∗t, c̄∗), (ĉ∗t, c̄∗), (c∗t, ¯̄c∗), (ĉ∗t, ¯̄c∗) ∈ C∗
h. Hence,

there exist c̃, ˜̃c, ċ, c̈ such that g(h, c̃) = (c∗t, c̄∗), g(h, ˜̃c) = (ĉ∗t, c̄∗), g(h, ċ) = (c∗t, ¯̄c∗),

and g(h, c̈) = (ĉ∗t, ¯̄c∗). Moreover, we must have c̃t = ċt and ˜̃ct = c̈t.

By Lemma 16, ξt is surjective. We claim there are ĥ and c, ĉ, c̄, ¯̄c ∈ C so that

ξt(ĥ, (ct, c̄)) = (c∗t, c̄∗), ξt(ĥ, (ĉt, c̄)) = (ĉ∗t, c̄∗),

ξt(ĥ, (ct, ¯̄c)) = (c∗t, ¯̄c∗), ξt(ĥ, (ĉt, ¯̄c)) = (ĉ∗t, ¯̄c∗).
(30)

Recalling the construction in Lemma 15, choose ĥ > h large enough so that

ϕ(ĥ0t+1) ≥ max
{ t∑

s=0

(1− λ1)
s+1c̃s + ϕ(hc̃t),

t∑
s=0

(1− λ1)
s+1˜̃cs + ϕ(h˜̃ct)

}
.

Now that we have an ĥ that will work uniformly for these four streams in C∗, note

again from the construction in Lemma 15 that the required continuation streams

depend only on c̃t = ċt and ˜̃ct = c̈t. Therefore, c̄ and ¯̄c may be constructed as

desired in (30). From the construction at the end of Lemma 16 and the fact that

ĥ has been chosen to work uniformly, c and ĉ may be chosen to satisfy (30).

Consequently, using (30), the desired result (29) holds if and only if

ξt(ĥ, (ct, c̄)) �∗ ξt(ĥ, (ĉt, c̄)) iff ξt(ĥ, (ct, ¯̄c)) �∗ ξt(ĥ, (ĉt, ¯̄c)),

31



which, using the definitions of ξt in (23) and �∗, holds if and only if

(ct−1, c̄ + dh0t,hct−1

) �ĥ (ĉt−1, c̄ + dh0t,hĉt−1

) if and only if

(ct−1, ¯̄c + dh0t,hct−1

) �ĥ (ĉt−1, ¯̄c + dh0t,hĉt−1

).

But this is immediately true by Compensated Separability.

For each subset of indices K ⊂ N, we will define the projection correspondences

ιK : C∗  ×i∈KR by ιK(Ĉ∗) = {x ×i∈K R | ∃ c∗ ∈ Ĉ∗ s.t. c∗|K = x }, where c∗|K
denotes the restriction of the stream c∗ to the indices in K (e.g., c∗|{3,4} = (c∗3, c

∗
4)).

For any t ≥ 0 we will use C∗
t and tC∗ to denote the projected spaces ι{t}(C

∗)

and ι{t,t+1,...}(C
∗), respectively. Since g(·, ·) is continuous the projected image C∗

t

is connected for every t. Moreover each C∗
t is separable. It is evident by the

arbitrariness of histories used to construct these spaces that for any t, tC∗ = C∗.

Lemma 18 (Product of Projections). Choose some t and ĉ∗ ∈ tC∗, and take

c∗s ∈ C∗
s for every 0 ≤ s ≤ t. Then (c∗0, c

∗
1, . . . , c

∗
t , ĉ

∗) ∈ C∗.

Proof. Pick ĥ ∈ H and ĉ ∈ C such that ĉ∗ ∈ C∗
ĥĉt , and let c̃∗t = g(ĥ, ĉ)|{0,1,...,t}.

Choose any ε ≥ max{0, max0≤i≤t
c̃∗i−c∗i∑∞
k=i+1 λk

} and set h = ĥ + (. . . , ε, ε). Recall the

inverse function g−1(h, ·), which takes an element of C∗ and returns an element of C.

We do not know that (c∗0, c
∗
1, . . . , c

∗
t , ĉ

∗) ∈ C∗, but we demonstrate that applying the

transformation used in g−1(h, ·) to (c∗0, c
∗
1, . . . , c

∗
t , ĉ

∗) returns a nonnegative stream.

Let us take ct = g−1(h, (c∗0, c
∗
1, . . . , c

∗
t , ĉ

∗))|{0,1,...,t}. Since the C∗
h′ are nested and

h ≥ ĥ, it will suffice to prove that ct ≥ ĉt, for then ĉ∗ ∈ C∗
hct and there is a

c̄ ∈ C such that g(h, (ct, c̄)) = (c∗0, c
∗
1, . . . , c

∗
t , ĉ

∗). Using the transformation, ct ≥ ĉt

if and only if c∗0 + ϕ(h) ≥ c̃∗0 + ϕ(ĥ), c∗1 + ϕ(hc0) ≥ c̃∗1 + ϕ(ĥĉ0), up through

c∗t + ϕ(hc0 . . . ct−1) ≥ c̃∗t + ϕ(ĥĉ0 . . . ĉt−1). But this can be seen using induction, the

choices of ε and h, and the fact that ϕ is linear and strictly increasing.

We have proved that C∗ = C∗
0 × C∗

1 × C∗
2 × C∗ and that �∗ is continuous

and sensitive (stationarity implies essentiality of all periods). Hence C∗ is a prod-

uct of separable and connected spaces. We now use the result of Gorman (1968,

Theorem 1), which requires that each of C∗
0 , C

∗
1 , C

∗
2 and C∗ be arc-connected and

separable. We have shown separability; and arc-connectedness follows from being

a path-connected Hausdorff space (a convex space is path-connected, and a metric

space is Hausdorff). Gorman’s Theorem 1 asserts that the set of separable in-

dices is closed under unions, intersections, and differences. Condition (29) implies

separability of {(0), (1)} and stationarity implies separability of {(1, 2, 3, . . .)} and
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{(2, 3, 4, . . .)}, etc..23 Repeated application of Gorman’s theorem implies Debreu’s

additive separability conditions for n = 4 and we may conclude (Fishburn (1970,

Theorem 5.5)) that there exist u0, u1, u2 : R → R and U3 : C∗ → R (all continuous

and unique up to a similar positive linear transformation) such that c∗ �∗ ĉ∗ iff

u0(c
∗
0) + u1(c

∗
1) + u2(c

∗
2) + U3(

3c∗) ≥ u0(ĉ
∗
0) + u1(ĉ

∗
1) + u2(ĉ

∗
2) + U3(

3ĉ∗).

�h can be represented as in (1)

Lemma 19 (Representation). For some continuous u(·) and δ ∈ (0, 1), Uh(c) =∑∞
t=0 δtu(ct −

∑∞
k=1 λkh

(t)
k ), where h(t) = (h, c0, c1, . . . , ct−1).

Proof. �∗ is a continuous, stationary, and sensitive preference relation; and can

be represented in the form u0(·) + u1(·) + u2(·) + U3(·) on the space C∗ = C∗
0 ×

C∗
1 ×C∗

2 ×C∗, with the additive components continuous and unique up to a similar

positive affine transformation. There is also additive representability on C∗ = C∗
0×

C∗
1 ×C∗, with the additive components again unique up to a similar positive linear

transformation. By stationarity, u0(·)+u1(·)+[u2(·)+U3(·)] and u1(·)+u2(·)+U3(·)
are both additive representations on C∗ = C∗

0 × C∗
1 × C∗. Thus, ∃ δ > 0 and

β1, β2, β3 ∈ R s.t. u1(·) = δu0(·)+β1, u2(·) = δu1(·)+β2 = δ2u0(·)+δβ1+β2, and for

any c∗ ∈ C∗, U3(c
∗) = δ[u2(c

∗
0)+U3(

1c∗)]+β3 = δ3u0(c
∗
0)+δU3(

1c∗)+β3+δβ2+δ2β1.

Each c ∈ C and h ∈ H is bounded and
∑∞

k=1 λk ≤ 1, so for each c∗ ∈ C∗ ∃ x̄, x ∈ R
such that x ≤ c∗t ≤ x̄ ∀ t. By Tychonoff’s theorem [x, x̄]∞ is compact in ×∞

i=0R
and therefore [x, x̄]∞∩C∗ is compact in C∗. Given x and x̄, continuity of u0(·) and

U3(·) ensures they remain uniformly bounded on [x, x̄] and [x, x̄]∞∩C∗, respectively.

Using iterative substitution U∗(c∗) =
∑∞

t=0 δtu(c∗t ), where u(·) = u0(·) is continuous

and δ ∈ (0, 1) by product continuity. To represent �h as in (1) we then transform

each c ∈ C by g(h, ·) into an argument of U∗.

The felicity u is not (quasi-)cyclic

We first prove the following auxiliary result.24

Lemma 20 (Rewriting). Consider any sequence {γt}t∈N and h ∈ H. If c̄ ∈ ×∞
t=0R

23Because (29) hold for all t it is an even stronger hypothesis than necessary; also, for any t,
{(t, t + 1, t + 2, . . .)} is strictly sensitive by dynamic consistency.

24For technical convenience, the statement of this lemma allows an extension of the definition
of compensation to negative “histories;” hence if γ < 0 then d(0̄,γ) = −d(0̄,−γ).

33



satisfies c̄t = ϕ(hc̄t−1) + γt for every t then each c̄t may be alternatively written as

c̄t = γt + dh
t +

t−1∑
s=0

d0̄γt−s−1
s . (31)

Proof. It is clearly true for t = 0. Suppose (31) holds for every t ≤ T − 1. Then

c̄T = γT + ϕ(hc̄T−1)

= γT + ϕ(h, γ0 + dh
0 , γ1 + dh

1 + d0̄γ0

0 , . . . , γT−1 + dh
T−1 +

T−2∑
s=0

d0̄γT−s−2
s )

= γT + ϕ(hdh
0 · · · dh

T−1) +
T−1∑
s=0

ϕ(0̄γsd
0̄γs

0 · · · d0̄γs

T−2−s)

= γT + dh
T +

T−1∑
s=0

d0̄γT−s−1
s ,

where the second-to-last equality follows from using the recursive characterization

given in Lemma 6 and reversing the order of summation.

Lemma 21 (Acyclicity). u(·) is not cyclic, and is not quasi-cyclic if
∑∞

k=1 λk < 1.

Proof. The two cases are examined separately.

Case (i):
∑∞

k=1 λk < 1. Suppose that u is quasi-cyclic, so there exists γ, β > 0

and α ∈ R such that u(x + γ) = βu(x) + α for every x ∈ R. Apply Lemma 20

with γt = γ for every t and recall the summability of per-period compensation from

Lemma 8. These results imply that c̄ as defined in Lemma 20 remains bounded,

i.e. c̄ ∈ C. Moreover c̄0 = γ, so c is nonzero. We claim this c̄ is exactly ruled out

in Lemma 1, a contradiction. By the representation c + c̄ �h c′ + c̄ iff

∞∑
t=0

δtu
(
ct + c̄t − ϕ(hct−1)− ϕ(0̄c̄t−1)

)
≥

∞∑
t=0

δtu
(
c′t + c̄t − ϕ(hc′t−1)− ϕ(0̄c̄t−1)

)
.

Consider the t-th term u
(
ct + c̄t − ϕ(hct−1)− ϕ(0̄c̄t−1)

)
. By construction of c̄, this

term is equal to u
(
ct − ϕ(hct−1) + γ

)
= βu(ct − ϕ(hct−1)) + α. Since β > 0, it

becomes evident that c + c̄ �h c′ + c̄ iff c �h c′ for any c, c′ ∈ C.

Case (ii):
∑∞

k=1 λk = 1. Suppose that u is cyclic. Then there exists γ > 0 and

α ∈ R such that u(x + γ) = u(x) + α for every x ∈ R. In this case, simply choose

c̄0 = γ and c̄t = ϕ(0̄c̄t−1) for every t ≥ 1. Clearly c̄ ∈ C. It is easy to check that

c + c̄ �h c′ + c̄ iff c �h c′ for any c, c′ ∈ C, violating Lemma 1.
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B.2 Necessity

The constructive proof of sufficiency has proved all but uniqueness of compensation.

Lemma 22 (Unique Compensation). Given the representation, for every (h′, h) ∈
H there is a unique d ∈ C satisfying c + d �h c′ + d iff c �h′ c′ for every c′, c ∈ C.

Proof. Suppose both dh′,h as constructed earlier and some d ∈ C, d 6= dh′,h sat-

isfyy the condition. By the representation for �h′ , both the utility functions∑∞
t=0 δtu

(
ct−ϕ(h′ct−1)+dt−ϕ((h−h′)dt−1)

)
and

∑∞
t=0 δtu

(
ct−ϕ(h′ct−1)

)
represent

�h′ . Using the uniqueness of the additive representation, there exist β > 0 and a

sequence {αt}t≥0 such that for any c ∈ C,

u
(
ct − ϕ(h′ct−1) + dt − ϕ((h− h′)dt−1)

)
= βu

(
ct − ϕ(h′ct−1)

)
+ αt.

Let γt = dt − ϕ((h − h′)dt−1) for every t; we must show γt = 0 for all t. For any

x ∈ R and any t, there is c ∈ C such that ct − ϕ(h′ct−1) = x. Indeed, if x ≥ 0

choose cs = 0 for s < t and ct = ϕ(h′0t) + x; if x < 0, choose cs = 0 for s < t− 1,

ct−1 = x
λ1

, and ct = ϕ(h′0t). Hence u(x + γt) = βu(x) + αt for all x, t.

Suppose that
∑∞

k=1 λk < 1. Consider the first nonzero γt. If it is positive then u

is quasi-cyclic, a contradiction. If γt < 0, then rearranging and changing variables

gives u(x + |γt|) = 1
β
u(x)− αt

β
. Hence u is quasi-cyclic, a contradiction.

Now suppose
∑∞

k=1 λk = 1. If some γt = 0 then u(x)(1 − β) = αt for all x,

implying that β = 1 and u is cyclic, a contradiction. Hence γt 6= 0 for every t. We

aim to show there exist t, t̂ such that γt 6= γt̂. If instead γt = γ for every t, then

we know that γ > 0 from Lemma 26 in the supplemental Appendix. That lemma

says that for any γ < 0, there does not exist a stream c ∈ C and history ĥ ∈ H

such that g(ĥ, c) ≤ (γ, γ, . . .) (apply the lemma with ĥ = h− h′ and c = d). But if

γ > 0, then dt = ϕ((h− h′)dt−1) + γ cannot be in C, a contradiction. To see this,

observe by Lemma 8 that d0̄γ
t−1 = λ1γ > 0 when

∑∞
k=1 λk = 1; then apply Lemma

20 to see d grows unboundedly.

Hence there exist nonzero γt 6= γt̂ such that u(x+γt) = βu(x)+αt and u(x+γt̂) =

βu(x)+αt̂ for all x. Plugging x+γt̂ into the first equation and x+γt into the second

implies βu(x+γt)+αt̂ = u(x+γt +γt̂) = βu(x+γt̂)+αt for all x. Suppose WLOG

that γt > γt̂. By changing variables we see that for all x u(x+ γ̃) = u(x)+ α̃, where

γ̃ = γt − γt̂ and α̃ =
αt−αt̂

β
. But then u is cyclic, a contradiction.
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C Proof of Theorem 3

If
∑∞

k=1 λk = 1, then λk+1

λk
= 1−λ1 for every k and clearly ϕ(hq) = (1−λ1)ϕ(h)+λ1q.

For the particular h and c0, ĉ0 ∈ Q from Axiom IE find the corresponding c1, ĉ1.

Axioms IE and DC together imply that �hc0c1 and �hĉ0ĉ1 are equivalent preferences,

both representable as in (1) according to Theorem 1. By the uniqueness of additive

representations up to positive affine transformation, there exist a ρ > 0 and a σi

for every i ≥ 0 such that for each c̄ ∈ C,

u
(
c̄−ϕ(h00c̄i−1)−λi+1c1−λi+2c0

)
= ρu

(
c̄−ϕ(h00c̄i−1)−λi+1ĉ1−λi+2ĉ0

)
+σi. (32)

For each i, let γi = λi+1c1 + λi+2c0 − λi+1ĉ1 − λi+2ĉ0.

If
∑∞

k=1 λk < 1, then γi = 0 for every i since u cannot be quasi-cyclic. For the

case
∑∞

k=1 λk = 1, we note that ρ = 1 must hold. Since λi+1

λi
≤ 1−λ1 ∈ (0, 1), both

|λi+1ĉ1+λi+2c0| and |λi+1ĉ1+λi+2ĉ0| tend to zero as i goes to infinity. As previously

noted, for any i and x ∈ R we may find a c̄ ∈ C such that x = c̄ − ϕ(h00c̄i−1).

Then, by (32) and continuity of u(·), limi→∞ σi = (1− ρ)u
(
x) for any x ∈ R. Since

the RHS depends on x while the LHS does not, we must have ρ = 1. Since u

cannot be cyclic when
∑∞

k=1 λk = 1, we have γi = 0 for every i in that case too.

Since γi = 0 for every i, we have λi+1

λi
= c1−ĉ1

ĉ0−c0
for all i ≥ 1. Then

ϕ(hq) =
∞∑

k=2

λkhk−1 + λ1q =
∞∑

k=2

λk

λk−1

λk−1hk−1 + λ1q =
c1 − ĉ1

ĉ0 − c0

ϕ(h) + λ1q.

Now define α = c1−ĉ1
ĉ0−c0

and β = λ1. Clearly α+β ≤ 1 since λi+1

λi
≤ 1−λ1. �
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