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Formally, for any a > 0 we can find a sequence of times ¢! < t? < --. and positive
numbers a > o > o? > -+ such that the stream (o, a,...) can be written as the
consumption stream given by («, d*®) starting at time 0, plus (o', d°") starting at
time ¢, plus (a2, d°") starting at time 2, etc. Suppose by contradiction that V
¢*,¢* €R,¢* € C*,and t € N, (C*t 17q* t4+1 *) F ( ot — 174* t+1 *) Let g(h,c) —
where h, ¢ are given as initially stated. Then (¢!, ¢f + a,'"'¢*) ~* ¢* by hypoth-
esis. By definition, this means that g7 (h, (¢", ¢} + a, " e*)) ~p, g7 (h, (¢*)), or
("1, ¢+ o, e 4 dO) ~y, c. Tterative application of the indifference for a!, a?,

and product continuity imply that ¢ + (a, v, . ..) ~}, ¢, violating Axiom S. O

Separability conditions for >*

We now prove that Compensated Separability suffices for the required additive
separability conditions to hold by showing that the following mapping from C' into
C* is surjective, so the needed conditions apply for all elements of C*. For each t,

define the “compensated consumption” map & : H x C' — C* by
&(h,c) = g(h (71 e+ "), (23)

To show &, is surjective, we first prove the following auxiliary result.

Lemma 15 (Containment). For any h € H, t > 0 and ¢ € Q'*', there exists

h € H large enough that Cy . € C7 ..

Proof. Since ¢ is linear and strictly increasing, we may choose h > h such that
(h0'*Y) — (k') > Z D) e (24)

Choose any ¢* € C} .. Then, there is a ¢ € C such that g(hc',¢) = ¢*. For it to

also be true that ¢* € C ., it must be that for some ¢ € C'

s — (R0 e = ¢ = ¢, — p(hc'é®™Y) Vs >0, (25)

where ¢!, ¢! are ignored for the case s = 0. We claim that we can construct a ¢ €

C' (nonnegative, bounded) by using to recursively define ¢, = @(h0M1es1) 4
¢y — p(hctes™h) for every s > 0.

Step (i): ¢ is nonnegative. It suffices to show ¢ > ¢. For s = 0 it is clearly true that
¢y > ¢, since we have chosen (h0) — p(hc!) > 0 in . We proceed by strong
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induction, assuming ¢;_1 > ¢;_1 for every § < s. From (125)), to prove ¢s > ¢, we
must show @(h01é5~1) — o(hetés~t) > 0. By the inductive hypothesis,

p(h0 e ™) = p(hd ™) = p((h = )0 T) 4+ p(0(6r — é1) -+ (Eamr — a-1))+
©(0(¢o — ¢0)0°") — (0c'0%)

t

t
> s (1 - )\1)i+1Ci - Z As414iCi
i=0 i=0

(26)

where the first inequality comes from the nonnegativity of ¢; the equality comes
from plugging in for ¢q — ¢y from ([25)); and the second inequality comes from ([24)
and Lemma . By Lemma , % < (1 = A1), hence [26]is positive.

Step (ii): ¢ remains bounded. Since ¢ € C' it is bounded, so it will suffice to show
that the difference between ¢ and ¢ is bounded. Let us denote by y the quantity
@ ((h — R)02) + (0(¢) — é9)0). By construction, for every s > 1, ¢ — ¢, is
equal to the sum on the RHS of the first equality in (26). By the fading nature
of compensation, all terms but ¢(0(¢1 — ¢é1) - -+ (és — ¢5)) converge to 0 as s tends
to infinity. In fact, for any h and ¢, p(h0") < (1 — A)*¢(h). Consequently, the
sum @((h — h)0++1) 4+ (0(éo — ¢9)0°~") is no bigger than (1 — X\;)*~'y for any
s. Let us drop the negative term —¢(0c'0®) in to obtain an upper bound.
By the definition of y, we see that ¢; — ¢; < y. We claim that for all s > 1,
¢s—¢s < y. The proof proceeds by strong induction. Using the inductive hypothesis,
=iy < y(1=M) 4y S5t A, But Tt As < A T3 (1-A)F = 1= (1=,

SO ¢ — ¢5 < y as claimed. O
Lemma 16 (Surjectivity). Each & as defined in 1S surjective.

Proof. Fix any ¢* € C* and t > 1. By definition, there is h € H and ¢ € C such
that g(h,c) = ¢*. That is, for every s, ¢s — @(hcocy ... cs—1) = ¢&. Fix this h and c.
We wish to show that there exist b € H and ¢ € C such that ft(ﬁ, ¢) = c*, ie.

(Go—p(h),e1—p(héy), . .., ec1—p(héy . . E1—s), é—(ROY), e —(R0'E,), ... ) = ¢*
(27)
Because ¢* € Cf, ter € C} +-1. Equation suggests that we must show that

‘et € C; , for some heH. Lemma provides a ¢ and h > h s.t. g(hO',¢) = ‘c*.
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Moreover, since b > h, ¢* € C%. Therefore, there exists ¢ € C' such that g(h, @) = ¢

and in particular, g(h, &)'~! = ¢*'~1. Setting ¢ = (@, ¢), we have &(h, ¢) = ¢*. O

Lemma 17 (Separability). =* satisfies the following separability conditions:
(1) Take any c*,¢* € C* with ¢ = ¢. Then, for any ¢ s.t. (¢, 'c*), (¢, '¢*) € C*,

(c5,"c") =" (g, 'e") iff (e, c") =" (5, '¢"). (28)

(ii) For any t > 0, ¢*,¢*,¢*, ¢ € C* s.t. (¢*,¢), (¢, ¢), (¢, ¢), (¢, c*) € C¥,
(C*t —*) >_* (A* ’ *) Zﬁ (C* ) * ( *t’é*)‘ (29)

Proof. The proof of Condition (i) is analogous to the proof on page [16| for one-
period histories. We now prove Condition (ii).

Find h large enough so that (¢**,&*), (¢*',¢*), (¢*', &), (¢*',¢*) € Cy. Hence,
there exist ¢, ¢, ¢, é such that g(h, é) = (¢, &), g(h, ¢) = (¢ *t,é*), g(h,¢) = (¢, ),
and g(h, &) = (¢**,¢). Moreover, we must have & = ¢ and & = ¢,

By Lemma , 6l & is surjective. We claim there are h and c, ¢,¢,c € C so that

gt(il7 (Ct’é)) = (C*tvé*)7 St(ilv (étvé)) = (é*tvé*>7

L ] . _ (30)
&(h, (Ct’ E)) = (C*t’ E*>7 gt(hv (étv 5)) = (é*t’ E*>'

Recalling the construction in Lemma , choose h > h large enough so that

t

p(h0"1) = max { 37 (1= A)*He 4+ p(het), 30 (1= M) HE + (b |

s=0 s=0

Now that we have an h that will work uniformly for these four streams in C*, note
again from the construction in Lemma [15] that the required continuation streams
depend only on & = ¢t and ¢ = ¢. Therefore, ¢ and ¢ may be constructed as
desired in . From the construction at the end of Lemma [16{ and the fact that
h has been chosen to work uniformly, ¢ and ¢ may be chosen to satisfy .
Consequently, using , the desired result holds if and only if

gt(ilv (Ct7 5)) t* gt(ilv (éta E)) iff 515(];7 (Ct7 E)) t* ét(i% (étv E))7
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which, using the definitions of & in and >=*, holds if and only if

(Ct—l —_‘_dhot,hct*l) = (¢ e+ qhOhet ) if and only if

(Ct 1 = dhothct 1) i (At 1 = dhot hét— 1>'

But this is immediately true by Compensated Separability. n

For each subset of indices K C N, we will define the projection correspondences
K : C* ~ X;cxR by LK(C'*) ={rxexkR| I € C* s.t. c*lk = x }, where ¢*|x
denotes the restriction of the stream ¢* to the indices in K (e.g., c*|(343 = (5, c}))-
For any ¢t > 0 we will use Cf and ‘C* to denote the projected spaces tg3(C*)
and ¢y e41,.1(C*), respectively. Since g(-,-) is continuous the projected image Cy
is connected for every ¢{. Moreover each C} is separable. It is evident by the

arbitrariness of histories used to construct these spaces that for any ¢, {C* = C*.

Lemma 18 (Product of Projections). Choose some t and ¢ € 'C*, and take
ct e CF for every 0 < s <t. Then (¢}, c;,...,c,¢") e C.

Proof. Pick h € H and é € C such that & € Cr

Choose any ¢ > max{0, max<;<; Z—} and set h = h+ (..., &,¢). Recall the

and let ¢; = g(ib,@)|{o,17...,t}'

inverse function g7 (h, -), which takes an element of C* and returns an element of C'.
We do not know that (¢f, ci, ..., cf, ¢") € C*, but we demonstrate that applying the
transformation used in g~*(h,-) to (c§, ¢}, ..., ¢}, ¢*) returns a nonnegative stream.
Let us take ¢! = g7 (h, (¢}, ¢}, ..., cf, ¢ ))| 01,4} Since the Cj, are nested and
h > h it will suffice to prove that ¢¢@ > ¢, for then ¢* € (€}, and there is a
¢ € C such that g(h, (¢, ¢)) = (i, ¢, ..., ¢, ¢*). Using the transformation, ¢* > &
if and only if ¢ + ¢(h) > & + gp(h), ¢+ p(hey) > & + ¢(héy), up through
c; +olhey...c1) > & + gO(iléo ...¢—1). But this can be seen using induction, the

choices of € and h, and the fact that ¢ is linear and strictly increasing. O]

We have proved that C* = C§ x C} x C; x C* and that >* is continuous
and sensitive (stationarity implies essentiality of all periods). Hence C* is a prod-
uct of separable and connected spaces. We now use the result of Gorman (1968,
Theorem 1), which requires that each of C¥, C, C5 and C* be arc-connected and
separable. We have shown separability; and arc-connectedness follows from being
a path-connected Hausdorff space (a convex space is path-connected, and a metric
space is Hausdorff). Gorman’s Theorem 1 asserts that the set of separable in-
dices is closed under unions, intersections, and differences. Condition implies

separability of {(0), (1)} and stationarity implies separability of {(1,2,3,...)} and
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{(2,3,4,...)}, etc.’] Repeated application of Gorman’s theorem implies Debreu’s
additive separability conditions for n = 4 and we may conclude (Fishburn (1970,
Theorem 5.5)) that there exist ug, u1,us : R — R and Us : C* — R (all continuous
and unique up to a similar positive linear transformation) such that ¢* =* & iff
uo(cg) +ua(e) +ua(cz) + Us(Pe*) = uo(Cg) + wn(ér) + ua(3) + Us(Pc).

~n can be represented as in ((1))

Lemma 19 (Representation). For some continuous u(-) and § € (0,1), Uy(c) =
S22 Btuler — 3200 Ak, where BO = (h,co, e, ... cim).

Proof. >=* is a continuous, stationary, and sensitive preference relation; and can
be represented in the form ug(-) + u1(-) + ua(-) + Us(-) on the space C* = Cf x
C} x C5 x C*, with the additive components continuous and unique up to a similar
positive affine transformation. There is also additive representability on C* = Cfj x
C} x C*, with the additive components again unique up to a similar positive linear
transformation. By stationarity, uo(-)+uq(+)+[ua(-)+Us(+)] and uy (-) +us(-)+Us(+)
are both additive representations on C* = Cj x Cf x C*. Thus, 3 6 > 0 and
B, B2, B3 € Rs.t. ui(-) = dug(-)+ 061, ua(+) = dus(-)+ B2 = 6*ug(-)+31+ B2, and for
any ¢* € C*, Us(c*) = 6[ua(ch) +Us(*c*)|+ 35 = 63uo(c) +0Us(1¢*) + B3+ 052+ 02 .
Each ¢ € C'and h € H is bounded and »";° ; Ay <1, s0 foreach ¢* € C* 37,z € R
such that z < ¢f < z V t. By Tychonoft’s theorem [z, Z]|* is compact in x° R
and therefore [z, Z]>° N C* is compact in C*. Given z and Z, continuity of uy(-) and
Us(+) ensures they remain uniformly bounded on [z, Z] and [z, Z]*°NC*, respectively.
Using iterative substitution U*(c¢*) = > .2 0'u(c;), where u(-) = uo(+) is continuous
and ¢ € (0,1) by product continuity. To represent = as in (1) we then transform
each ¢ € C by g(h,-) into an argument of U*. O

The felicity u is not (quasi-)cyclic
We first prove the following auxiliary result.@

Lemma 20 (Rewriting). Consider any sequence {~;}eny and h € H. If ¢ € x2 R

23Because hold for all ¢ it is an even stronger hypothesis than necessary; also, for any ¢,
{(t,t+1,t+2,...)} is strictly sensitive by dynamic consistency.

24For technical convenience, the statement of this lemma allows an extension of the definition
of compensation to negative “histories;” hence if v < 0 then d(07) = —d0:=7),
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satisfies ¢; = p(hd™Y) +y; for every t then each ¢ may be alternatively written as

t—1

Go=ydi Y e (31)
s=0

Proof. 1t is clearly true for t = 0. Suppose holds for every ¢t < T — 1. Then

or =y + p(he" 1)
— T_2 —
=y +ohyo+dy,m+d;+d”, . yro Fdpy + Y dUT)
s=0
T—1 B B
=1+ p(hdg - di_y) + > p(Oyedy - - dy, )
s=0
T—1 ~
=7 + d,}} + Z dg’YT—s—l’
s=0

where the second-to-last equality follows from using the recursive characterization

given in Lemma [0 and reversing the order of summation. O
Lemma 21 (Acyclicity). u(-) is not cyclic, and is not quasi-cyclic if Y o Ay < 1.

Proof. The two cases are examined separately.

Case (i): > o, M < 1. Suppose that u is quasi-cyclic, so there exists 7,3 > 0
and o € R such that u(z 4+ v) = fu(x) + « for every x € R. Apply Lemma
with +, =  for every t and recall the summability of per-period compensation from
Lemma [§] These results imply that ¢ as defined in Lemma [20] remains bounded,
i.e. ¢ € C. Moreover ¢y = v, so c is nonzero. We claim this ¢ is exactly ruled out

in Lemmal] a contradiction. By the representation ¢ + ¢ =, ¢ + ¢ iff
Z §'u(cr 4+ ¢ — p(hc™") — (08 71)) > Z Stu(c, + & — p(hd™) — p(0e ).
t=0 —

Consider the ¢-th term u(c; + & — @(hc'™) — ©(0271)). By construction of ¢, this
term is equal to u(c; — p(hc'™) + ) = Bu(e; — ¢(hc'™)) + . Since § > 0, it
becomes evident that ¢+ ¢ >, ¢ + ¢ iff ¢ =, ¢ for any ¢, € C.

Case (ii): Y poy A, = 1. Suppose that u is cyclic. Then there exists v > 0 and
a € R such that u(x +v) = u(z) + « for every x € R. In this case, simply choose
¢o = v and ¢ = p(0c'™1) for every t > 1. Clearly ¢ € C. It is easy to check that
c+crpd+ciff ¢ = d for any ¢, € C, violating Lemma [1] m
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B.2 Necessity

The constructive proof of sufficiency has proved all but uniqueness of compensation.

Lemma 22 (Unique Compensation). Given the representation, for every (h',h) €
H there is a unique d € C satisfying c+d =y ¢ + d iff ¢ =y ¢ for every ¢, c € C.

Proof. Suppose both d"" as constructed earlier and some d € C, d # d"" sat-
isfyy the condition. By the representation for >j,, both the utility functions
Srtodu(ce—p(W ) +di—o((h—n')d'™Y)) and ;2 6'u(c;—p(h'c"~1)) represent
=n. Using the uniqueness of the additive representation, there exist § > 0 and a

sequence {ay }4>o such that for any ¢ € C,
u(c, — (W) +dy — o((h— 1)d™Y)) = Bu(ce — (W) + v

Let v, = d; — o((h — h')d"™") for every t; we must show v, = 0 for all . For any
r € R and any ¢, there is ¢ € C such that ¢, — ¢(h'c'™!) = x. Indeed, if z > 0
choose ¢, = 0 for s < t and ¢; = p(R'0") + x; if x < 0, choose ¢, =0 for s <t —1,
ci—1 = 3, and ¢, = p(R'0"). Hence u(x + ;) = fu(z) + o for all z,t.

Suppose that >~ Ay < 1. Consider the first nonzero ;. If it is positive then u
is quasi-cyclic, a contradiction. If 74 < 0, then rearranging and changing variables
gives u(z + |y|) = %u(:c) — %. Hence u is quasi-cyclic, a contradiction.

Now suppose > oo, Ay = 1. If some 7 = 0 then u(z)(1 — 3) = a4 for all z,
implying that 8 = 1 and wu is cyclic, a contradiction. Hence =, # 0 for every t. We
aim to show there exist ¢, such that v, # 7;. If instead v, = 7 for every ¢, then
we know that v > 0 from Lemma [26|in the supplemental Appendix. That lemma
says that for any v < 0, there does not exist a stream ¢ € C and history heH
such that g(h,c) < (7,7, ...) (apply the lemma with o = h — /' and ¢ = d). But if
v >0, then d;y = p((h — h')d*™!) + v cannot be in C, a contradiction. To see this,
observe by Lemma [§ that d?jl = A1y > 0 when ) ;2| Ay = 1; then apply Lemma
to see d grows unboundedly.

Hence there exist nonzero y; # +; such that u(z+7y;) = fu(x)+oy and u(z+7;) =
Bu(x)+a; for all x. Plugging x++; into the first equation and x+; into the second
implies fu(z+;) +o; = u(x +v+7;) = Pu(z+;) + oy for all . Suppose WLOG
that 74 > ;. By changing variables we see that for all z u(z+7) = u(x)+ @&, where

ar—og

Y=%—"and & = . But then v is cyclic, a contradiction. O]
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C Proof of Theorem [3

If Y772 A =1, then A’;\—Zl = 1—\; for every k and clearly p(hq) = (1—=X1)@(h)+N1q.

For the particular h and ¢y, ¢y € @ from Axiom IE find the corresponding ¢y, ¢;.
Axioms IE and DC together imply that > ..., and >js,e, are equivalent preferences,
both representable as in according to Theorem . By the uniqueness of additive
representations up to positive affine transformation, there exist a p > 0 and a o;
for every ¢ > 0 such that for each ¢ € C,

U(E—QO(}ZOOE/£71>—)\¢+101—)\iJrQCO) = pU(E—QD(hOOC'il)—)\i+161—)\i+260)+O’i. (32)

For each 4, let 7; = \ji1c1 + Aitacog — A\it161 — AiaaCo.

If Y777 Ak < 1, then 7; = 0 for every i since u cannot be quasi-cyclic. For the
case Y .-, A, = 1, we note that p = 1 must hold. Since % <1-X; €(0,1), both
|Aiv161+ Niroco| and |Aiy161+ Ai1aéo| tend to zero as i goes to infinity. As previously
noted, for any ¢ and * € R we may find a ¢ € C such that z = ¢ — ¢(h00c"™1).
Then, by and continuity of u(-), lim;_..c 0; = (1 — p)u(z) for any = € R. Since
the RHS depends on x while the LHS does not, we must have p = 1. Since u

cannot be cyclic when ) 77, Ay = 1, we have ; = 0 for every 7 in that case too.

Since y; = 0 for every i, we have /\/\—“ = ﬁ for all # > 1. Then
(h):ikh +A :i My et + A = S 4 A
ping EMk—1 14 et k—1/k—1 19 Co — COSO 19

k=2 k=2
Now define v = ié:ié and 3 = \;. Clearly a+/3 < 1 since ’\/\—*1‘1 < 1-M;. O
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