Lecture #1

Introduction

For those of you who have previously studied the material presented in these lectures, |
hope it will revive and organize old memories. For those who have not seen much of the
material, there is a risk that the course will be overwhelming, because a great deal will be
presented in a short time. | will try to address the needs of both types of students by providing a
structure that | hope will link the various topics tightly enough as to make it possible to retain
them. You should also realize that to learn mathematics you need to do many practice problems.
Mathematics is like a foreign language. It is learned not only through insight but by frequent
repetition. | will assign daily problem sets. You should try to do these and then perhaps make
up some more of your own to do.

An important thing to remember about mathematics is that the main purpose of its
abstractions is to simplify problems and put you in a position to calculate in situations where
you might otherwise be confused by complex impressions. The realization that an abstract
concept can simplify life should make mathematics less daunting and easier to grasp and control.

Linear Algebra

1) Simultaneous Linear Equations

We start with a simple example of how one solves two simultaneous linear equations.

Example:
X +7x =-57

1 2

12x + 3x = 45.
1 2

Subtract one third of the second equation from four times the first.

4x1+28x2= -228
4x + x =15

27x = —-243
2
It follows that x =-243 - 9,
2 27

Substituting this value for x into the first equation, we obtain
2

X = —-7X2—57 =63 - 57 = 6.



Matrix Representation of Simultaneous Linear Eguations

We need convenient notation to describe systematically the solution procedure just used.
Write M simultaneous linear equations in N unknowns as follows:

ax+ax +...+ax =Yy
111 12 2 N N 1

ax+ax+..+ax =y
2t 1 22 2 2N N 2

a x+a X +..+a X =Yy,
M1 1 Me 2 MN N M

where the coefficients a andy are numbers, and x , x, ..., x are unknowns. These
mn m 1 2 N
equations may be written as the single equation Ax =y, where x is the N-vector (x , .... , X ), y
1 N
is the M-vector (y, ...,y ), and A is the matrix
1 M
a a a
11 12 1N
a a a
21 22 2N
A =
a . ...a
M1 MN

A is called an MxN matrix, which means that it has M rows and N columns. In writing the
equation Ax =y, think of x as an Nx1 matrix and y as an Mx1 matrix, so that the equation may
be visualized as

a a .a \x y
11 12 1N 1 1
a a .a |x y
21 22 2N 2 2
= (1'1)
a . ...a |x y
M1 MN N M

or as



ax +..+a X y
11 1 1N N 1
aXx +..+ta X y
21 1 2N N 2
= (1.2)
a X +..+a X y
M1 1 MN N M

In going from system 1.1 to system 1.2, take the Nx1 matrix x, rotate it counterclockwise by
90 degrees, place it on each of the successive rows of the MxN matrix A, multiply superimposed
entries, and add the products.

Elementary Row Operations and Row Equivalence of Matrices

Definition: The following operations on the MxN matrix A, are known as elementary row
operations:

a) multiply a row of A by a non-zero number,
b) interchange two rows, and
c) replace a row by that row plus ¢ times another row, where ¢ is a non-zero number.

Definition: If the MxN matrix B is obtained from A by a finite sequence of such
operations, then B and A are said to be row equivalent.

Lemma 1.1: If A and B are row equivalent, then the équations Ax = 0 and Bx = 0 have the
same solutions.

Proof: It is sufficient to show that the equations Ax = 0 and Bx = 0 have the same
solutions if B is obtained from A by one elementary row operation. This is clearly true for
operations of types (a) and (b) above. Consider an operation of type (c). Leta be the mth row

of A. Suppose that row m is replaced by row m plus ¢ times row k, where ¢ # 0 and k # m.
N N
lf Ax=0,then ¥ a x =0and )Y a x =0, sothat

n=1 M N l,‘=1knn

N N N
Y (a +ca)x = Yyax +c)yax =0,

1 mn knn n=1 mMnn n=1 knn

N
and hence Bx =0. [fBx=0,then } a x =0 and

no=1 kn n



N
sothat ) a x =0 and hence Ax =0. [ ]

n=1 mn n

We will soon see that elementary row operations may be used to find a matrix B row
equivalent to any matrix A such that the solutions of Bx = 0 are obvious. A similar technique
can be used to find solutions of the equation Ax = y.

If y is an M vector, let (A:y) be the Mx(N+1) matrix

a a .a vy
11 12 1N 1
a a .a y
21 22 2N 2
a a ...a y
M1 M2 MN M

By an argument similar to the proof of lemma 1.1, if the Mx(N+1) matrix (B : z) is obtained
from the Mx(N+1) matrix (A:y) by elementary row operations, then the equations Bx = z and

X
Ax =y have the same solutions. For instance, if Ax =y, then Ax—y=0andso (A:y) |~ =0,
-1
X
where | -+ |is the vector (x , ..., x , —=1) written as an (N+1)x1 matrix. Hence
1 N
~1
X
(B:z) |~ |=0, and so Bx = z. Similarly Ax =y, if Bx = z.
—1

Definition: A matrix B is said to be row reduced if

a) the first non-zero entry in any row is 1, and
b) each column that contains the first non-zero entry of some row has all its other entries equal
to 0.

Definition: The first non-zero entry of a row is said to be the leading non-zero entry of
that row.

Lemma 1.2: Elementary row operations may be used to reduce any MxN matrix A to a
row reduced matrix B.

Proof: The proof is almost self-evident. u



Example: The following matrix is row reduced.

0140
0000
1030
0001

Definition: A matrix is a row reduced echelon matrix if

a) it is row reduced,

b) any row of zeros lies below all non-zero rows, and

c) if the non-zero rows are rows 1 through r and the leading non-zero entry of row m is in

columnn, form=1, ...., r, then n1 < n2 < ....<n.
m

r
Example: The following matrix is a row reduced echelon matrix.

1030
0140
0001
0000

Lemma 1.3: Every matrix is row equivalent to a row reduced echelon matrix.

Proof: Again the proof is almost self-evident. [ |

Example: The following steps reduce the matrix on the left to row reduced echelon form
via elementary row operations.

321 321 12/31/3 12/31/3 10 -1/6
642, .000]-10 0 O -~ 10 1 3/4}, . |01 3/4
6 85 043 0 1 3/4 0 0 O 00 O

Remark: If B is a row reduced echelon matrix, the solutions of the equation Bx = 0 are
obvious.

10 3
Example: The matrix B = [0 1 =1 |is in row reduced echelon form. One sees
00 O

-3
immediately that B| 1 [=0.
1



Theorem 1.4: If A is an MxN matrix such that M < N, then the equation Ax = 0 has a non-
zero solution.

Proof: Let B be a row reduced echelon matrix that is row equivalent to A. By lemma 1.1,
Ax = 0 if and only if Bx = 0. Let r be the number of non-zero rows of B, so that the non-zero
rows of B are rows 1 through r. Form =1, ..., r, let the first non-zero entry of row m be in
column n , so that n1 < n2 < ... <n. Sincer<M <N, there is an integer n such that 1 <n <N

r

andn zn , forany m. Choose one suchn,andletx =1. Forksuchthatk=1, .., 6 N, let

n

x =0, ifk#nandifk#n , form=1, ..., r,andletx =-b ,ifm=1,.. ,r Since
k m

n mn
m

N

b =1, Ebkxk:b X +b x =1(-b )+b (1) =0,form=1, ..., r. Since the first
mn k=1 m m,n n mn n mn mn

m m m

r rows of B are its non-zero rows, it follows that Bx = 0 and hence Ax = 0. Since x =1,
n

x = 0. [ ]

Corollary 1.5: If A is an NxN matrix and if Ax = 0 has no non-zero solution, then A is
row equivalent to the NxN identity matrix

10...0
1
I=
10
0 .01

Proof: Let B be a row reduced echelon matrix that is row equivalent to A. Since Ax =0
has no non-zero solution, the equation Bx = O has no non-zero solution. It follows that the
number of non-zero rows of B is N, for suppose that B has at least one row of zeros. Then the
last row of B is zero. The first N—1 rows of B form an (N-1)xN matrix, call it C. By theorem
1.4, there is a non-zero N-vector x such that Cx = 0. Since the last row of B consists of zeros,
Bx = 0 and we have a contradiction. Because the number of non-zero rows of B is N,

B=1 [ |

2) Vector Spaces

Considerthe set RN = {v = (v, ..., vN) | v is a number, for all n}, where N is a
1 n

positive integer. We can define the following operations on vectors in R if v and w belong to

RV thenv+w= (v +w, ...,v +w) andif cis a number and v belongs to R", then
1 1 N N

cv =(cv, ... ,cv ). The following rules apply to these operations:
. 1 N

1) v+weRY ifveRVandw ¢ RY,



cv € RV, if c is a number and v ¢ RY,

3yv+w=w+v, forall vand winRY,

4) there is 0 ¢ RV such that 0 + v = v, for all v ¢ RY,

5) for all v € BRY, there is a unique —v € R such that v + (-v) = 0,

2)
)
)
)
6) 1v = v, for all v e RY,
)
)
)¢c
0

~

(c )vuc(cv), for all v e RN and all numbers ¢ andc ,
12 1 2

8 (v+w)+z—v+(w+z) for all v, w, and z in RY,
9) c(v + w) = cv + cw, for all numbers ¢ and for all v and w in RY,
10) (c +c)v—cv+cv for all numbersc andc and for all v e RN,

Definition: A vector space consists of a set V together with operations of addition and
multiplication by numbers, denoted by v + w and cv, for v and w in V and for all numbers c.
These operations satisfy rules (1) - (10) above with RN everywhere replaced by V.

R is an example of a vector space.

Definition: W is a subspace of V, if W is a subset of V and W is itself a vector space under
the operations of addition and multiplication by numbers defined on V.

Remark: If W is a subset of a vector space V, then W is a subspace of Vifv + w ¢ W and
cv € W, for all vectors v and w in W and for all numbers c.

Example: {(v1, v2) e R?| vtV = 0} is a subspace of R?.

Linear Independence and Bases

Definition: If V is a vector space, the vector v in V is said to be a linear combination of

the vectors v, ..., v in V if there are numbers ¢, ....,c suchthatv=cv + ... +cCcvVv.
1 N 1 N 11 N N
Definition: If v , ...., v belong to the vector space V, their linear span is the set of all
1 N
linear combinations of v, ..., v . The vectorsv , ..., v are said to span V, if V is the linear
1 N 1 N
spanofv, ..., v.
1 N
The linear span of v , ...., v s a subspace of V and is the smallest subspace containing
1 N
V., ...,V

Example: R? is the linear span of the vectors (1, 0) and (0, 1).

Definitions: The vectors v , ..., v in a vector space V are linearly dependent if there
1 N

exist numbers ¢, ...., ¢, not all of which are zero, such thatcv + ... +cv =0.
1 N 11 N N



The vectors v , ..., vN are linearly independent if they are not linearly dependent.
1

Example: The vectors (1, 0, 0), (0, 1, 0), and (1, 1, 0) are linearly dependent in R?,
since (1, 0, 0) + (0, 1, 0) — (1, 1, 0) = 0. The vectors (1, 0, 0), (0, 1, 0), and (0, O, 1)
are linearly independent, since the equations (0, 0, 0) = a(1, 0, 0) + b(0, 1, 0) + ¢(0, 0, 1)
=(a, b, ¢) imply thata=b =c = 0.

Definition: A basis for a vector space V is a set of linearly independent vectors in V that
spans V.

Example: Lete = (0, ..., 0,1, 0, ....,0) € RY, where the 1 is in the nth position.
n
Thene,..., e is the standard basis of RN.
1 N
Theorem 1.6: If v1, oy vM span a vector space V, then any independent set of vectors in V

has no more than M elements.

Proof: | must show thatifw, ..., w areinV,where N>M, thenw , ...., w are
1 N 1 N
. M
linearly dependent. Sincev , ..., v spanV,w = ) a v, forall n and for some numbers
1 M n m=1 mMn m
a,..,a . lfx, .. ,x arenumbers, then
in Mn 1 N

Since M < N, theorem 1.4 implies that there exist numbers x , ...., x , not all zero, such that
1 N

N

Ya x =0, form=1,....,M. Hencexw + ...+xw =0andsow, ..., w are linearly

ne1 MmN N 11 N N 1 N

dependent. ]

Definition: A vector space is finite dimensional, if it has a finite basis.

Corollary 1.7: If V is a finite dimensional vector space, then any two bases have the same
number of elements.

Proof: If v, ..., v andw , ..., w are bases of V, then becausev , ...., v spanV and
1 M 1 N 1 M

W, ..., W are independent, it follows that N < M. Similarly, M < N, so that N = M. [ |
1 N

Definition: The dimension of V is the number of vectors in a basis of V. The dimension of
V is denoted dim V.




Corollary 1.8: If V is a vector space of dimension N, then any N vectors in V that span V
are linearly independent and so are a basis for V.

Proof: If v1, ..., V_span V and are not linearly independent, then for some numbers
N
01, e cN, not all of which are zero,cv + ...+ cv = 0. Without loss of generality, we may
11 N n

assume thatc # 0, sothatvy =—c'(cv +...+cv). Sincev is a linear combination of
1 1 1 2 2 N N 1

v2, - vN, these N — 1 vectors span V. By theorem 1.6, there can be no more than N — 1

linearly independent vectors in V, so that dim V < N — 1, contrary to the hypothesis that
dimV =N. [ ]

A similar argument proves the following assertion.

Corollary 1.9: If V is a finite dimensional vector space, a basis for V is any smallest or
minimal set of vectors in V that span V.

Lemma 1.10: If v1, vM are linearly independent vectors in V and w ¢ V does not
belong to the span ofv1, e vM, then v1, vM, w are linearly independent.

Proof: Suppose that c1v1 + ot CMVM +bw=0.1fb=0, thenw= —b“c1v1 —— b“’chM,
which belongs to the span of Vo vM. Since w does not belong to the span of Vo vM, b must
equal 0. Therefore (;1v1 + ot chM =0. Since v1, ey VM are linearly independent, cm =0, for
all m, and so v1, vM, w are linearly independent. [ |

Corollary 1.11: If V is a vector space of dimension N, then any N linearly independent
vectors in V span V and so are a basis for V.

Proof: If v, ..., v are linearly independent and do not span V, then there is v € V that
1 N

does not belong the linear span of v , ..., vN, sothatv , ..., v , v are linearly independent.
1 1 N

Theorem 1.6 implies that this is impossible, since V has a basis of N vectors. [ |

Theorem 1.12: ifv, ...., v isabasis forVandv eV, then the numbersc, ....,c such
1 N 1 N

N
that v = Y cv are unique.

n=1nn

N N
Proof: f Y¢cv =v= Yav, then ¥ (c —a)v =0.Sincev1, ey v are

_1nn n=1nn n n n

n=1

independent, it follows that ¢ —a = 0, for all n. ]

n



Theorem 1.13: If the vectors v1, e vN span the vector space V and 0 < dim V < o, then

some subsetofv , ...., v forms a basis for V.
1 N

Proof: Since dm V > 0, vn # 0, for some n. Without loss of generality, we may assume
that v1 # 0. The vector v1 by itself is a linearly independent set of vectors, so that there is a
subset of v1, e vN that is linearly independent. Therefore there is a largest subset of
v, ..., v thatis linearly independent. Without loss of generality, we may let this subset be

1 N

Vo, o, vK, where K< N. If K= N, then v1, ey vN is a basis for V. If K< Nandn>K, thenv
1 n

must be a linear combination of v, ..., v, for otherwise by lemma 1.10, the setv , ..., v, v
1 K 1 K n
would be linearly independent and would be larger than v , ...., v, which is impossible. Since
1 K

vV, ..,v spans V,thesetv, ..., v spans V and so forms a basis for V. [ |
1 N 1 K

A similar argument proves the following.

Theorem 1.14: If V is a finite dimensional, non-zero vector space, any largest or
maximal set of linearly independent vectors in V is a basis for V.

This theorem suggests a way to construct a basis for a non-zero vector space V. Choose a
non-zero vector v in V. Ifv spansV, it is a basis for V. We continue by induction on the
1 1

number n of vectors chosen to belong to the basis. Suppose that the linearly independent vectors

vV, ...., v have been chosen from V. If they span V, they form a basis. If not, choose a non-zero
1 n
vector v from V that does not belong to the spanofv , ..., v. By lemma 1.10,
n+1 1 n
V, ..., V,V are linearly independent. If V is finite dimensional, theorem 1.6 implies that
1 n n+1

this process must eventually end. That is, for large enough N, the linearly independent vectors

vV, ..., v must span V and so form a basis for it.
1 N

Suppose that the dimension of the vector space V is N and we have K linearly independent

vectors v , ...., v inV, where K < N. The inductive process described in the previous
1 K
paragraph may be used to construct a basis v , ..., VoV e v for V. The new basis is
1 + N
called an extension of v , ..., v to a basis for V.
1 K

Theorem 1.15 Let W be a non-zero subspace of a finite dimensional vector space V such
that W = V. Then W has a finite basis and dim W < dim V.

Proof: Since W is not zero, there is a non-zero vector w in W. Becausew is non-zero,
1 1

it is independent. From the inductive process described above, we know there is a sequence

10



w , w, .... of independent vectors in W. Since these vectors are in V, which is finite
1 2

dimensional, we know from theorem 1.6 that this sequence has no more than dim V members.
Letw , w, ..., w be a maximal such sequence, where M < dim V. By the argument used in the
1 2 M

previous two paragraphs, w1, wz, e stpan W and so form a basis for W, and so M = dim W.

Since W # V, there is a non-zero vector v in V such that v does not belong to W. By lemma 1.10,
W, w2, e wM, v are independent and so by theorem 1.14, dmV 2 M+1 > M =dmW. N
1

The Row and Column ranks of a Matrix

If A is an MxN matrix, its rows are N-vectors and so belong to RY and its columns are
M-vectors and so belong to B™. The linear span of the rows of A is a subspace of R" called the
row space of A, and the linear span of the columns of A is a subspace of R™ called the column
space of A.

Definition: !f A is an MxN matrix, the column rank of A is the dimension of the column
space of A and the row rank of A is the dimension of the row space of A.

The objective of this section is to show that the column and row ranks of any matrix are
equal. | prove this assertion by reducing the matrix to row reduced echelon form.

Lemma 1.16: If the MxN matrices A and B are row equivalent, then their row spaces are
the equal. :

Proof: It is sufficient to show that each of the elementary row operations does not change
the row space. Clearly neither interchanging two rows nor multiplying a row by a non-zero
number changes the row space. Consider replacing a row by the sum of that row and a multiple
of another row. Without loss of generality, suppose that B is the matrix A with the first row of
A replaced by that row plus d times the second row, where d # 0. If v belongs to the span of the

M
rows of A, thenv = ¥ c a, where a is the mth row of A and c1, s cM are numbers. Then

me1 M m m

M M
v:c1(a +da2) +(c2—c1d)a + )y ca :c1b1+(02—-c1d)b2+ Y cb, whereb isthe mth
1 m

2 m=3 M m m=3 M m

row of B. Therefore v belongs to the span of the rows of B. Similarly if v belongs to the span of

M
the rows of B,v = Y c b, forsome numbersc, ...,c ,andsov=ca +(cd+c)a
1 M 11 1 2 2

m=1 M M
M
+ Y ¢ a and hence lies in the span of the rows of A. This proves that the row spaces of A and B
m=3 m m

are the same. B

The preceding lemma implies that if B is obtained from A by elementary operations, then
the row ranks of A and B are the same.

11



Lemma 1.17: If the MxN matrices A and B are row equivalent, then their column ranks
are the equal.

Proof: Let K be the column rank of A. By theorem 1.13, we may assume that K columns
of A form a basis for its column space. Without loss of generality, we may assume that this
basis consists of the first K columns of A. If K < n < N, then the nth column of A is a linear

K

combination of the first K columns. That is, & =Y c &, where & denotes the kth column of A.
k=1 K

Therefore Ax = 0, where xk = ck, fork=1, ...,K x =-1,andx =0, fori>Kandizn. By

n

K
lemma 1.1, Bx = 0 and therefore b” = ¥ c b*, where b* denotes the kth column of B. Therefore
k=1 ¥

the first K columns of B span the column space of B. | complete the proof by showing that the
first K columns of B are independent. If they are not, then there exist numbers ¢, ..., c, not
1 K

K
all of which are zero, such that ¥ cb* = 0. Let x be the N-vector defined by x = ¢, if k
k=t K k K

=1,....,K,andx =0, ifn=K+ 1, ..... , N. Then Bx = 0, so that by lemma 1.1, Ax = 0 and

K
hence ) ckak = 0 and so the first K columns of A are not independent, contrary to hypothesis.
k=1

Therefore the first K columns of B are linearly independent and so form a basis for the column
space of B. Hence the column rank of B is K. [ ]

Theorem 1.18: The row and column ranks of any matrix are equal.

Proof: Let A be an MxN matrix and let B be a row reduced echelon matrix that is row
equivalent to A, By lemmas 1.16 and 1.17, the row rank of A equals that of B and the column
rank of A equals that of B, so that it is sufficient to show that the row and column ranks of B are
equal. Let K be the number of non-zero rows of B, these being the first K rows, since B is a row
reduced echelon matrix. | show that both the row and column ranks of B equal K.

Fork=1, ... , K, let the leading non-zero entry of the kth row be in column ng, where
Ny < Ny < .... < ng. Since this leading non-zero entry is the only non-zero entry of column ny, the

first K rows of B are linearly independent. Since the first K rows of B contain its only non-zero
rows, they span the row space of B. Therefore the row rank of B equals K.

Simitarly columns nq, ng, ...., nk of B are linearly independent. Since for k = 1, ..., K,
b =1andb =0, if m# K, it follows that if n = ng, forany k =1, ... , K, then
k,n m,n
k k
K
b" = ¥ b b"«, where bn denotes the nth column of B. Therefore columns ny, ny, ..., nk of B

k=1 kn

span the column space of B and so form a basis of that space. Hence the column rank of B equals
K. ]
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