Lecture #6

Multivariable Calculus

Multivariate like univariate calculus has to do with the local approximation of functions
by affine ones.

Definition: Let U be open subset of R" and let f: U - R™  The function f is differentiable at
c € U if there exists a linear transformation Df(c): RN - R, called the derivative of f at ¢, such
that for every positive number g, there exists a positive number & such that

[If(x) — f(c) — DHe)(x — c)l| < eflx — cl],
if 0 <|jx—rc| <3. That is,

lim 1f(x) =f(c) = Df(c) (x —¢)|| = o.
X - ¢, ||X—CH

X#C

This definition says that the affine function f(c) + Df(c)(x — ¢) of x approximates the function f
locally near c.

Remark: It should be clear that if f(x) = a + T(x), where a ¢ RMand T: RV - R™ is
linear, then Df(x) = T, for all x. That is, the derivative of an affine function is its linear part.

Lemma 6.1: A function f: U - RM, where U is an open subset of RY, has at most one
derivative at a point.

Proof: Suppose that S: B" - RM and T: R - RM are linear and satisfy the definition of a
derivative of f at c e U. If S 2 T, then there is a v ¢ R" such that ||v{] = 1 and [|S(v) — T(v)||
> 0. Lete >0 and 3 > 0 be such that ||f(x) — f(c) — S(x — ¢)|| < €||x — ¢|| and [|f(x) — f(c)
-T(x—c)|] <gllx—c], fO<|x—c|| <8. Lettbe anon-zero number such that || < & and let
x=c+tv. Then O <|x~c|| <& and

0 < [t [IS(v) = T(W| = [IS(tv) = T(tv)]]
= [[Hf(x) = f(e)] + S(x — ¢) + [f(x) = Hc)] - T(x - ]|
< |If(x) = f(e) — S(x = o)f] + |If(x) = f(c) — T(x - <cl|

IA

2e||x — c|| = 2eljtv]| = 2¢lt|.

Dividing by |t|, we see that 0 < [|S(v) — T(v)]| < 2¢, for all positive numbers ¢, which is
impossible. [ |



The next lemma implies that every linear transformation is continuous.

Lemma 6.2: If T: R - RM is a linear transformation, then there exists a positive number
b such that ||T(v) — T(w)|| < b|lv — w||, for all v and w in RV,

Proof: Let A be the MxN matrix representing T with respect to the standard bases of R"
andR" and leta= max |a |. If y = T(x), then by the Cauchy-Schwarz inequality,

1<msM,
1<n<N
N
ly I =1Xa x| <|la||[||x]],
m n=1 mn n m.

form =1, ..., M, where a is the mth row of A. Because

lla || = Jia"‘ < {Na® =aqN,
m. n=1 mn

it follows that
Iy | <adNjix]]

and so
M
Hyll = 1/ Y y2 < AMa’N||x|[* =a/MN []x||.
m=1 M

Letb =a4MN. Then [|T(v) — T(W)|| = [|T(v = w)|| < b|lv - w]|, for all v and w in R", as was
to be proved. n

Lemma 6.3: Let f: U -~ R, where U is an open subset of RY. If f is differentiable at
¢ e U, then there exist positive numbers & and B such that |[f(x) — f(c)|| < BJ|x — ¢, if
lIx = c|| < &. In particular, f is continuous at c.

Proof: Since f is differentiable at ¢, there exists a positive number 8 such that
If(x) — f(c) — Df(e)(x — e)]| < [Ix - ¢,

if |[x —c|| 8. By lemma 6.2, there is a positive number b such that
|IDHe)(x = ¢)l| < bl[x ~ ¢l.

Therefore



IN

1) = o)l < |If(x) — f(c) — Df(e)(x — c)|| + |IDe)(x — o) < (1 + b)lx - cf],

1+ b. n

Il

if ||x—c|]|<d. LetB
| next relate the derivative to directional derivatives and partial derivatives.

Definition: Let f: U - R, where U is an open subset of RY, and letv € R". The number
V f(c) is said to be the directional derivative of f at c in the direction v if, for every positive

number e, there is a positive number § such that if 0 < |t| < 3, then

flc+ tv) —f(c) — ¥ f(c)|<e.
t \'

That is,

V f(c) = limfle+ tv) ~fc)

v t -0, t
t# 0
Remarks:
1) Vof(c) =0
2) V f(c) = df(c+ tv) | = d9(0) | where g(t) = f(c + tv).
v dt t =Q dt

Theorem 6.4: Suppose that f: U - R is differentiable at ¢ € U, where U is an open subset
of R'. Ifv € RY, then V f(¢) existsand V f(c) = Df(c)(v).

Proof: If v =0, Df(c)(v) = 0 = V f(c). Letv = 0. By the definition of the

differentiability of f, for any positive number e, there is a positive number & such that

lfc + tv) — f(c) — Df(c)(tv)] < EMIL, if jtv]] < 8. If < |t < 8/|lv]|, then
V]|

fe+ tv) =f(e) - Di(e)(v)|=1[f(c+ tv) —f(c) - Df()(tv) |
t It

< e[| - et [IvI] =e.
Ve v

Therefore Df(¢) (v) = V f(c), by the definition of V f(c¢). [ |



Definition: If f: U - R, where U is an open subset of RY, and if e is the nth standard

n

basis vector of RY, then V f(c) is called the nth partial derivative of f at ¢ and is written
e .

n

af(c) /ax .

df(e¢, ....,c ,%Xx,¢Cc ,...,C
Remark: af(C) = ( 1 n-1 n n+i N)

dx dx

n n n n

That is, all the variables of f but the nth are held constant at their values in the vector c,
creating a function of the single variable x . The ordinary derivative of this function at x =c¢
n

n n

equals af(c) /ox .

Example: If f(x , X0 X) =x xzx2, the
1 3

3 1

0f(2,4,5) =2(3)(4%) (52 =6(16) (25) = 2400.

oX
2

If f: U - RM where U is an open subset of RY, let f : U ~ R be the mth component of f, for

m

m=1, .., M

Theorem 6.5: Let f: U - RM where U is an open subset of RV, If f is differentiable at c,
then f is differentiable at c, for all m, and

Df (¢)

1

Df(c) =

Df (c)

M

Proof: Let € and § be positive numbers such that ||f(x) — f(c) — Df(c)(x — ¢)||
<¢|lx - ¢||, if |x — ¢|| < 8. The derivative Df(c) is a linear transformation from R" to R, so

that



(Df(c))

(Df(c))

M

where (Df(c)) :RY - R is linear, for all m, and is the mth component of the function Df(c). If
m

[Ix — c|| <8, then

(x) =t (c) - (Df(c))

(x=o0)|

m m

’f
< |[f(x) —f(c) = Df(c)(x —o)|| <¢g|[x=c]],

since f (x) —f (¢) — (Df(c)) (x — c) is the mth component of

f(x) — f(c) — Df(c)(x — c).

Therefore, by the definition of a derivative, (Df(c)) , is the derivative of f atc. Thatis,

m m
(Df(c)) = Df (c). Therefore

m

Df (¢)

1

Df (c)



Theorem 6.6: If f: U - BM where U is an open subset of RY, then the MxN matrix

af1(c) of (c)
. - . 0 1
aX oX

1 N

of (c¢) of (c)
M . . . . M
oX 0X

represents the linear transformation Df(c): R" - RM with respect to the standard bases of R"
and RM.

N
Proof: Letv= (v, ...,v) € RY. Thenv = Y v e, where e is the nth standard basis

1 N n=t NN n

vector of RY. Therefore

Df1(c) Df1(c) (e)
- % vn (en) - g_: Vn
Df (o) Df (c)(e)
af1(c)
venf1(C) oX
v 1(o) o (o)
aX




af (c) of (c)
1 0 . - . 1
aX aX \Y
1 N 1
af (¢) of (¢) |V
M . - - . M N
ox 15).4
1 N
|
Theorem 6.7:

1) Let f:U - R™and g: U ~ R, where U is an open subset of R". If f and g are differentiable at
c € U and a and b are numbers, then af + bg is differentiable at ¢ and D(af + bg)(c) = aDf(c)
+ bDg(c).

2) If f and g are as in part (1), then f.g is differentiable at ¢ and D(f.g)(c)(v) = Df(c)(v).g(c)
+ f(c).Dg(c)(v), for any v e RY, where f.g is the dot product or inner product of f and g. Its
value at c is f.g(c) = f(c).g(c).

3) If $: U -~ R and ¢ is differentiable at ¢ and if f is as in part (1), then ¢f is differentiable at ¢
and D(¢f)(c)(v) = Do(c)(v)f(c) + ¢(c)Df(c)(v).

Proof: | leave the proof of this theorem to the reader.

Parts (2) and (3) of this theorem generalize Leibniz’s rule for differentiating products
of functions. The equation in part (2) of the previous theorem may be written as

D(fTg) () v = (Df(c)v)Tg(c) + f(c) 'Dy(c) v
(6.1)
= v(Df(c)) Tg(c) + f(c)TDg(c) v = g(c) 'Df(c)v + f(c) 'Dg(c) v,

where | treat Df(c) and Dg(c) as MxN matrices. The last equation holds because vT(Df(c)) Tg(c)
is a number and so equals its own transpose.

| now describe derivatives in some useful special cases. If f(x) = a'x, whereaisa
constant vector in RY, then Df(x) = D(a'x) = a', since a'x is a linear function of x. Similarly
if f(x) = Ax, where A is an MxN matrix, then Df(x) = A.



Let M = N in the previous theorem, let f(x) = x, and let g(x) = Ax, where A is an NxN
matrix of constants. Then by equation 6.1,

D(xAx) () (v) = D(fTg) (¢) (v) = g(c) 'Di(c)v + f(c) 'Dg(c) v

= ¢'A'lv + c’Av

c'A'v + c'Av,

where I is the NxN identity matrix. If in addition A is symmetric, so that A" = A, then
D(xTAX) (c) (v) = 2CTAv,

so that the matrix representation of this derivative is
D(xTAx) (c) = 2C'A. (6.2)
As in the case of differentiable functions of one variable, the derivative of a

differentiable function of several variables is 0 at a local maximum or minimum. Letf; U - R,

where U is an open subset of RV

Definition: The function f has a relative or local maximum at ¢ € U, if for some positive
number g, f(c) > f(x), for all x € BE( c). Similarly f has a relative or local minimum at c, if

for some positive number g, f(x) < f(c), if X € BG( c).

Theorem 6.8: If f: U ~ R, where U is an open subset of R" and has a local maximum at
c e U and if f is differentiable at ¢, then Df(c) = 0.

Proof: The restriction of f to any line through ¢ has a local maximum at ¢. Therefore
V f(c) = 0, for all v e R". Since by theorem 6.4 V f(c) = Df(c)(v), it follows that Df(c)

v

= 0. |

| now apply these results to least squares estimation. Suppose that a variable y equals a
linear function of K other variables, x , x, ...., x plus an error term ¢. Formally our model! is
1 2 K

K
y = ):kak+e.

k=1

Suppose we do not know the coefficients B, B, ..., B, but we do have N observations of the
1 2 K
variables x , ...., x and of the corresponding values of y. We can use these observations to
1 K
estimate B, ..., B . Let the observations of y be y1, ceee yN, and let the corresponding
1 K

observations of x bex , ..., x . A very commonly used estimator of B1, ey BK is the least
3 1k Nk



squares estimator b , ...., b, which is the choice of b , ...., b that minimizes the sum of
1 K 1 K

N K
squared errors, ¥ (y — Y bx )2 We need some notation to develop a convenient formula for

n=1 " k=1 K DK

this estimator. Let

y=1.1} X=|. . |, and b=

y X ...X b

N N1 NK K

The least squares estimator is the value of b that minimizes

K

E(y = Tbx )7 =(y=Xb)(y = X0) = (y = X0)"y = Xb) = (y" ~b'X) (y = Xo)

n k=1 Kk nk
= yTy — y"™Xb - bXy + b™XXb = yTy — 2y"Xb + b'X"Xb.
The last equation follows from the fact that since b"™X"y is a number, it equals its own transpose.

In order to visualize the meaning of the least squares estimator, suppose that k = 1. In
the next figure, the least estimate b minimizes the sum of squares of the vertical distances from
the data points (x , y ) to the line y = bx.

n n

In order to calculate the least squares estimator, we set the derivative of
(y — Xb).(y — Xb) = yTy - 2y"™Xb + b'X"Xb with respect to b equal to 0. Let D denote the
b

derivative with respect to the vector b. Then

D (y - Xb).(y —=Xb) = Dy'y~2Dy"™Xb+ Db'XXb = 0 —2y'X + 2b'XX,

b

where | have used the fact that the matrix X'X is symmetric. It is symmetric because
(XX) T = XX = XX, Since XX is symmetric, D b"™X'Xb = 2b"™X'X, by equation (6.2). Setting
b

D (y - Xb).(y — Xb) equal to 0, we obtain the equation

b
0 = —2y™X + 2b™X'X,

which implies that b™X = y™X.



/N
y
P D (x1,y1)
1
y = bx
I
Y, :r ----------- (X, Y,)
l : N
7
0 X X X X
3 1 2
N (X Yg)

Taking the transpose of both sides of this equation, we obtain

X'Xb = XTy.

If the matrix XX is invertible, then
b= (XX *Xy.
This is the formula for the least squares estimator.

The N-vector Xb is the projection of the N-vector y onto the linear span of the columns
of the NxK matrix X. In order to see that this is so, we must verify that y — Xb is orthogonal to
the columns of X. This is clearly so, because

(y = Xb)™X = (yT=b™X) X =y X-b'X'X =0.

| now return to the basic theory of multivariable calculus. The next theorem generalizes
the chain rule of differentiation (theorem 5.11) to the multivariate case. | give no proof.

10



Theorem (Chain Rule of Differentiation) 6.9: Suppose that f: U - V, where U and V are
open subsets of R¥ and RY, respectively, and that g: V - R". Assume that f is differentiable at
¢ € U and that g is differentiable at f(c). Let h: U -~ R* be defined by h(x) = g(f(x)) = g-f(x).
Then h is differentiable at ¢ and Dh(c) = Dg(f(c))Df(c).

The next theorem generalizes the mean value theorem of single variable calculus, theorem 5.7.

Mean Value Theorem 6.10: Let f: U ~R, where U is an open subset of RY, and suppose that
f is everywhere differentiable. Let a and b be points in U and suppose that the line segment from
atob (i.e. {(1 —ta+1tb| 0 <t<1})is contained in U. Then there exists a point ¢ on this line
segment such that f(b) — f(a) = Df(c)(b — a).

Proof: Let ¢: [0, 1] ~ R be defined by ¢(t) = f((1 — t)a + tb). It is clear from the
definition of ¢ that ¢(0) = f(a) and ¢(1) = f(b). By the chain rule, d¢(t)/dt
= Df((1 — t)a + tb)(b — a). By the mean value theorem for one variable (theorem 5.7), there
exists a number tO such that 0 < to <tanddo(t)/dt=¢(1) —¢(0) = f(b) —f(a). Letc=(1-

0

t )a+1b. Then Di(c)b~a)= do(t)/dt = f(b) - f(a) m

0
| do not give a proof of the next theorem, though it is quite important.

Theorem (Existence of a Derivative) 6.11: Let f: U - RY, where U is an open subset of
RY. If of (x)/dx exists and is continuous on U, for all m and n, then f is differentiable on U.
m n

Definition: Let f: U -~ RM where U is an open subset of RV. If 9f (x) /0x exists and is
m n
continuous on U, for all m and n, then f is said to be continuously ditferentiable.
The following language is often used in referring to the derivative.

Terminology:

1) Let f: U - R™, where U is an open subset of RY, be everywhere differentiable. For x € U, the
MxN matrix

af1(x) af1(x)
oX o oX
1 N

an(x) . an(x)
aX ax

11



is called the Jacobian matrix of f at x. This matrix represents the derivative Df(x), and Df(x)
is referred to as the Jacobian of f at x.

2) If f:U ~R, where U is an open subset of RY, the derivative Df(x) is sometimes referred to as

the gradient of f at x. Its matrix representation is [9f(X) ... 9f(X) } This vector is
oX oX
1 N

sometimes denoted V{( x) and is also called the gradient of f at x.

3) The symbol V also refers to the function that carries the differentiable function f: U -R to

the function ¥f: U - RN defined by Vf(x) = [af(X) o, 9HX) ]

ox 0X
1 N

| now turn to the definition and interpretation of the second and higher derivatives of a
function f: U ~R, where U is an open subset of R". Notice that the derivative Df(x) may be
interpreted as a function from U to RY, the point in R" being the gradient vector. By theorem
6.11, the function Df(x) is itself differentiable if each of the components of the gradient in turn
have partial derivatives that are continuous functions of x. A partial derivative of a component

of the gradient, _9 _9f(X) s written as 3*f(X) and is called a second partial derivative of f at
ax 0OX 0X 0X

m n m

Theorem (Interchange of the Order of Partial Differentiation) 6.12. Let f: U ~R, where

2
U is an open subset of RY. If for all n and m, 07f(X) exists and is a continuous function of x,
dX ox
n

m

then 0°F(x) - 9*f(x) , for all m and n.
X 0X dx oX

m n

Remark: This theorem implies that if the second partial derivatives exist and are
continuous functions of x, then the matrix

3%(x) . 9*(x)
0X 0X X 9dX
1 1 N 1
%f(x) .. 8%(x)
oX oOX oX oX
1 N N N

is symmetric. By theorem 6.11, we know that Df(x) is differentiable.

12



More Terminology: The matrix of second partial derivatives,

aZf(x) o azf(x)
oX X OX 0X
1 1 N 1
o*f(x)  9%(x)
Jx dX JdXx dx
1 N N N

is called the Hessian matrix of f at x and is the Jacobian matrix of the gradient of f at x.

| now interpret the Hessian matrix and explain what the second derivative of f: U ~R is,

N
where U is an open subset of RY. If v ¢ R, Df(x)(v) = V f(x) = ¥ v of(x)/9x is the rate of

n=1 1

change of f in the direction v. The rate of change of Df(x)(v) in the direction w ¢ R" is

=t " 3x m=1 Mgx (n=t " 9x m=1n=1 " T 3gx 9x

N N N
v {}:v of(x ] yw o [Zv of(x) ]: Y Yvw X - v (x) w
where D*f( x) is the Hessian matrix of f at x. The function v'D?f(x) w is a bilinear form on RY
and may be written as D?f(x) (v, w). This bilinear form is the second derivative of f at x. By
theorem 6.12, it is symmetric if the second partial derivatives of f are continuous functions of
X.

| now define the third derivative of f. The rate of change of D?f(x) (v, w) at x in the
direction u ¢ RY is

z

D¥f(x) (v, w, u) = i vw u_9f(x)

tm=1k=1 " ™ K3y 9x 9x
k m n

I

This is a trilinear form that is represented by a three dimensional matrix with typical entry

a%(x)
0X OX dX
Kk

m n

D(x) is the third derivative of f at x. Continuing inductively, for any positive integer r, we
can define the rth derivative at x of f to be the r-linear form

13



n, I TR D SGD'
nr n1
where foreachs =1, ..., r,v = (v , ..., v ) e RV
s s1 sN
Remark: The matrix representation of Df(x) is [9f(X) | ... 9f(X) | Wnen we take
ax oX
1 N

the derivative of Df(x), we think of it as a function from U to R" and so write Df(x) as the
column vector

af(x)

oX
1

of(x)

0X
N

The matrix representation of the derivative of this vector function is the Hessian matrix.

14



Appendix to Lecture #6. Example

Example: (An example of a function that has partial derivatives everywhere, but is not
differentiable.) Let f: R - R be defined by the equations

f(x, y) = XY+ X it (x, y) # 0, and (0, 0) = 0.
xZ 4 y?

Clearly all the partial derivatives of f exist for (x, y) # 0. Since f(x, 0) = 0 and
f(0, y) = 0, it follows that

oX oy

so that f has both partial derivatives at (x, y) = (0, 0) as well.

Notice that f(ix, ty) = tf(x, y), for all real numbers t. Such a function is said to be
homogeneous of degree 1. This equation implies that

di(tx, ty) — 9f(x, y)
dx oX

where on the left-hand side, | consider f(tx, ty) to be a function of x alone. Also by the chain
rule,

df(tx, ty) - tof(tx, ty)
dx ox

where again on the left | consider f(tx, ty) to be a function of x alone . These two equations
imply that

tof(x, y) = taf(tx, ty)
0X X

and so

of(x, y) = of(tx, ty)
ox oX

for ali t # 0. It follows that

of(t, t) - of(1,1) -~ 1
aX ax 2

for all t # O, so that



e e e s e oo,

limof(t, ) - 1 .0 0f(0,0)
t -0 ax 2 aX

Therefore, the partial derivatives of f are not continuous at (0, 0).

The function f is not differentiable at (0, 0).

In order to see that this is $0, notice that
f(t, 1) = t, for all t, so that ’

df(t, t), -1
dt ko

If f were differentiable at (0, 0), then by the chain rule we would have the equation

df(t, t) = 0f(0,0) , af(0,0) ’
at |, oX oy

which is impossible since the right-hand side of this e

quation equals 0 and the left-hand side
equals 1.



