Lecture #9

Proof of the Kuhn-Tucker Theorem

The Kuhn-Tucker theorem is so central to economic thinking that its proof is worth
understanding. It also provides the occasion to introduce new concepts that are widely used in
economic theory. | first prove the sufficiency for optimality of the Kuhn-Tucker conditions, as
this argument requires nothing new. Recall that the sufficiency part of the Kuhn-Tucker
theorem is as follows.

Theorem 9.1: Let C be a non-empty convex subset of RY, let f:C ~ R be concave, and for

k=1, .. ,K, let ;k be a number and gk: C - R be convex. Suppose that; e C is such that

g(x)<a,fork=1,..,K, and that . ¢ R®is such that, fork = 1, ... , K, A =0 if
+ k

g(x) < a . Finally suppose that x solves the problem
k

max[f(x)—i}»kgk(x)]. (9.1)

xeC
Then x solves the problem

max f(x)
xeC (92)

s.t. g(x) < ak, fork =1, ..., K.
k

Proof: Notice that

Yalg(x)-al=o0,

because, for each k, kk( gk( ;—) - ;k) = 0, since if gk( X) - ;k # 0, then gk( ;(_) - ;k < 0 andso

A = 0. Therefore
k

Because x solves problem 9.1,



k=1 k k k=1 k k
(9.4)
K K —_ K J—
2 f(x) = LA Z a = fx) - Z (x) - a],
k=1 kk k=1 k=1 K
for all x ¢ C. If x € C is such that gk(x) < ;k, for all k, then because kk >0, for all k,
f(x) - >:x g(x) - alzf(x. (9.5)

k=1

Equation 9.3 and inequalities 9.4 and 9.5 imply the f( ;) > f(x) , if x is feasible, that is, if

x eCandg(x) < a, forall k. Hence x solves problem 9.2. [ ]
k k

The proof of the necessity for optimality of the Kuhn-Tucker conditions uses the concept
of the value function for the Kuhn-Tucker problem.

Definition: The value function V(a) = V(a1, a, ,aK) is
V(a, ...,a) = sup {f(x {g <a, fork =1, ..., K}.
1 K xeC k

The domain of definition of V is

A= {(a1, ,aK) | for some x eC,gk(x) sak, fork =1, ..., K}.

Lemma 9.2: The set A is convex and the value function V: A - R is concave.

Proof: To show that A is convex, let a and b belong to A and let o be a number such that
0 < a < 1. By the definition of A, there exist vectors x and y in C such that g(x) < a and
gly) < b. Because C is convex, ox + (! — a)y belongs to C. Because each function gk is convex,

g(ax+ (1 -a)y) <og(x) +(1-a)g(y) <saa +(1-a)b, (9.6)

k k 3 3 k

for all k. This inequality implies that ca + (1 — a)b belongs to A and hence that A is convex. |
have also shown that ax + (1 — o)y is a feasible vector for the vector of constraint levels
aa + (1 - a)b.

I now show that V is concave. Leta and b belongto A, leta be suchthatO<a < 1.
Assume first of all that V(a) < « and V(b) < «. Let ¢ be a positive number. By the definition of
V, there exist vectors x and y in C such that g(x) < a, g(y) < b, and V(a) — ¢ < f(x) < V(a) and



V(b) — ¢ < f(y) < V(b). Because f is concave and ux + (1 — o)y is a feasible vector for the
constraint vector aa + (1 — a)b

V(ca + (1 = a)b) = flax + (1 — a)y) 2 af(x) + (1 = a)f(y)

>aV(@) —ae + (1 —a)V(b) — (1 —a)e =aV(@) + (1 — a)V(b) — ¢.
Since ¢ is arbitrarily small,

V(aa + (1 — a)b) 2 aV(a) + (1 — a)V(b).
This inequality proves that V is concave.

Now assume that V(a) = «. | must show that V(ca + (1 — a)b) = . Let T be a positive
number. Since V(a) = «, there is an x in C such that g(x) < a and f(x) > T. Lety in C be such
that g(y) < b. Then since ax + (1 — a)y is feasible for aa + (1 — a)b, it follows that
V(ca + (1 — a)b) = flax + (1 — a)y) = flaf(x) + (1 — a)i(y) > oT + (1 — a)f(y). Since T

may be arbitrarily large and we may hold y fixed, it follows that V(aa + (1 — a)b) = . A
similar argument applies if V(b) = oo. ]

Slopes are subgradients
of fatb




Another concept required for the proof of the necessity of the Kuhn-Tucker conditions is
that of a subgradient.

Definition: If A is a subset of R‘and f: A - R, then a subgradient for f at a € A is a vector
2 ¢ R¥ such that

f(b) < f(a) + A(b — a),
for all b € A.

A subgradient is a generalization of the derivative that applies to concave functions. |If f
is differentiable and concave, then Df(a) is a subgradient of f at a. If f is differentiable and A is
a subgradient of f at a, then A = Df(a). A function can have more than one subgradient at a point,
as the function f has at b in the above figure.

Recall that in the theory of constrained optimization with differentiable functions and
equality constraints, Lagrange multipliers are the derivatives of the value function with respect
to the corresponding constraint levels. A similar assertion applies to Kuhn-Tucker
coefficients, but because the value function is not necessarily differentiable but is concave, we
replace the derivative with the subgradient. That is, the vector of Kuhn-Tucker coefficients is a
subgradient of the value function. In this weak sense, Ak is the marginal value of increasing the

kth constraint level a. This is the significance of the next theorem, which says that the Kuhn-
k

Tucker conditions imply that the vector of Kuhn-Tucker coefficients is a subgradient of the
value function. Since the Kuhn-Tucker theorem asserts that the Kuhn-Tucker coefficients
satisfy these conditions, the vector of coefficients must be a subgradient.

Theorem 9.3: Let V: A - R be the value function for the Kuhn-Tucker maximization

problem 9.2 and let f and g1, ,gK be as in that theorem. Suppose that x e C, a e R, and

A € R¥ are such that —x— solves the problem

+

max [f(x) - i lkgk(X)] :

xeC
and for all k, g(;) <a and)\ =0 if g(;) < gk. Then X is a subgradient of V at a.
k k k k
Proof: In order to show that A is a subgradient of V at —;, | must show that if a € A, then
J— K —_—
V(a) <V(a) + YA(a—-a),
ko1 KK 3

which is the same as



V(a)-Yra>V(e)- T ra. (9.7)

k=1 k k k=1 k k

Because feasibility and the Kuhn-Tucker conditions are sufficient for optimality, we know that

V(a) = f( x ). By assumption, for all k, gk( x) < ;k, and kk =0,ifg(x) < a . It follows
k k

1=

J— — K P
thatkkg(x) =kkak, forallk,andso Y Ag(x) =
[

A E . Putting these assertions together,
k=1 k k K k k

1

we see that

— K — K —_

V(a)—);)»kgsz(x)—z}»g(x). (9.8)

K
Because x maximizes f(x) — ) Akgk(x) over C, we know that

J— K K

f(x) = Eag(x) 2f(x) - Lag(x), (9.9)

k k=1 KK

if x e C. Suppose that x is feasible at a € A, that is, x € C and gk(x) <a, forall k. Then
k

f(x) = L 2g(x) 2Hx) -

K K
Kk Ko

k k

k=1 1

since . > 0, for all k. Equation 9.8 and inequalities 9.9 and 9.10 imply that
3

V(a)-3ia =f(x) - kaak,

k=1 K K

if x is feasible at a. Because V(a) is the supremum of f(x) for x that are feasible at a,
inequality 9.7 follows and so the theorem is proved. [ |

An important step in the proof of the necessity of the Kuhn-Tucker conditions is the
converse of theorem 9.3, that is, a subgradient of the value function satisfies the Kuhn-Tucker
conditions.

Theorem 9.4: LetC, f, g, ...., g be as in the Kuhn-Tucker theorem and let V:A -~ R be
1 K

the value function. Suppose that ; solves the problem

ra, (9.10)



max f(x)

xeC

s.t. gk(x) < ak, fork =1, ..., K

If A e R¢ isasubgradientofVatg €A, then, forallk, A 20,andA =0 ifg(;) < Z,and
k K k 3

X solves problem

K

max [f(x) - ¥ 2 g(x)].

xeC k=1

Proof: First of all, | show that kk >0, for all k. Because V(a) is the supremum of f(x)

over x in C such that g(x) < a, it follows that if a and b belong to A and b < a, then V(b) < V(a),
since any x e C that satisfies g(x) < b also satisfies g(x) < a. Without loss of generality, | may

assume that k = 1. Let a € A be defined by a1 = a1 + 1 and ak = ak, fork =2, ...., K. Since A is

a subgradient of V at Z,

V(a) SV(;) +A(a—a) =V(a) +}»1£ V(a) +}»1,

where the last inequality follows because ‘a <a. HenceA >0.
1

| next show that, for all k, kk =0 if gk( ;) <a. Leta=g(x). Becausea< a,

V(a) <V(a). Sinceg(x) =a, V(a) >2f(x) =V(a). Therefore V(&) = f(x) = V(a).
Since A is a gradient of V at Z,

V(a) + A.(a— a) =V(a) =V(a),

so that A.(a- E) > 0. Since kk >0 and ak— ;k <0, for all k, it follows that A.(a- ;) <0 and

soi.(a- ;) = 0. Since Ak >0 and ak < ak, for all k, the equation

0=»XA(a—a) = ﬁhk(ak— ak)

implies that, for all k, 2 =0 if a < Ek, that is, if g x) < a.



— K
The last task is to show that x solves the problem max [f(x) — Y A g(x)]. Because Ais
xeC k=1 KK

a subgradient of V at;, V(a) <V( ;) + A(a- Z) , for all a ¢ A. Because, for all k,

g(x)<a andir =0 ifg(x) < a and, it follows that
k k k k k

— K — K

rg(x) = YAg(x) Zkk;fk';

k=1 KK k

Let x be an arbitrary point in C and let a = g(x). Then

f(x) <V(a) sV(a) +A(a-a) =f(x) +r(gx) - g(x)),

so that

as was to be proved. [ |

The necessity of the Kuhn-Tucker conditions for optimality is demonstrated by showing
that if problem 9.2 has a solution anc_i_if the constraint qualification is satisfied at a, then the
value function V has a subgradient at a. The proof uses the Minkowski separation theorem.

Minkowski Separation Theory: Suppose you draw two disjoint objects on a piece of paper
and can cut the piece of paper into two pieces each of which contains one of the objects. In this
case, you might say that you could separate the two objects. In the Minkowski theory, the
separation is of this nature, except that the cut made by the scissors has to be in a straight line.
If we took a vector perpendicular to that straight line, its inner or dot product with every point
in one of the objects would be at least as great as its inner product with every point in the other.
For this reason, separation is defined in terms of inner products with a fixed vector.

Definition: An N-vector p separates the sets of N-vectors X and Y, if p # 0 and p.x < p.y,
forali x e Xandy €Y.

The Minkowski separation theorem gives conditions under which two sets of N-vectors
may be separated by a non-zero N-vector.



%/




The statement of Minkowski’'s theorem requires the concept of the interior of a set.

Definition: If X is a set of N-vectors, the interior of X, written as int X, is
{x ¢ X|forsome ¢ > 0, ||y — x|] < € implies that y € X}.
The interior of a set X is open and it is the largest open set contained in X.
Example: int [0, 1] = (0, 1).
Minkowski Separation Theorem 9.5: Let X and Y be convex sets of N-vectors and suppose

that int X is not empty and does not intersect Y. Then there exists a non-zero N-vector p that
separates X from Y.

| do not provide a proof of this theorem.

Example: The figure below illustrates why the sets X and Y are assumed to be convex in
the statement of the theorem. The sets X and Y are disjoint. The set X is not convex, has non-
empty interior, and clearly cannot be separated from Y.

Example: The first figure on the next page illustrates why it is assumed in the theorem
that one of the sets to be separated has non-empty interior. Both X and Y are convex, but both
have empty interior, so that the interior of neither set intersects the other, though the sets
themselves intersect. The sets clearly cannot be separated.



Remark: A slightly stronger version of Minkowski’s theorem takes care of this example
and dispenses with the assumption that the interior of X or Y be non-empty. This version
replaces the interiors of X and Y with their relative interiors. The relative interior of a subset
X of RV is the interior of X in the smallest hyperspace containing X. A hyperspace in R" is a set
of the from a + V, where a € R and V is a subspace of RY. If dim V = 0, then a + V is just the
point a. If X is convex and non-empty, then its relative interior is non-empty. The stronger
version of Minkowski’s theorem says that X may be separated from Y by a non-zero N-vector p
if X and Y are convex and their relative interiors do not intersect. This theorem would apply to
the example pictured below. In employing this version of Minkowski’s theorem, you need to be
sure to obtain a separating vector p which does not have zero inner product with all the vectors
in X and Y. In order to guarantee such a non-trivial p, you may proceed as follows. First
replace X and Y by X — a and Y — a, where a belongs to X or Y, so that the vector 0 belongs to the
union of the new sets X and Y. Then apply the stronger version of Minkowski's theorem to the
smallest subspace V of R" that contains both X and Y. Since the separating vector p is non-zero
and belongs to V, it will have a non-zero inner product with some vector in X or Y. Since V is a
subset of RV, you may think of p as a vector in R".

Y
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The Minkowski separation theorem will be used to prove the following lemma.

Lemma 9.6: If A is a convex subset of R¥and f: A - R is concave and ; € int A, then f has

a subgradient p at a.

Prp_of: | apply the Minkowski separation theorem. letI'={(a t) e AxR| t<f(a)} and
let Q={(a, t)|teRandt2f(a)}. Itshould be clear that Q is convex. The set T is convex,

because A is convex and f is concave. Since (a, f(a) —1) e int ', I' has non-empty interior.
If (a 1) € int T, then t < f(a), so that Q does not intersect the interior of I'. The next figure
should help you visualize the sets Q and I'.

Since all the conditions of Minkowski's theorem apply, there exists a non-zero vector
(v, r) € R"xR such that

(v, N.(a 1) 2(v, nN.(a,s)),
for all (a, 1) el“and(;, s) €Q.

| show thatr< 0. Since (a, f(a)) erCand(a, f(a) +1) €Q, it follows that

11



and sor<0.

| next show that r < 0. Since r < 0, it is sufficient to show that r 2 0. Suppose that

r=0. Since (v, r) # 0, we know that v # 0. Since (a, f(a)) €Qand(a, f(a)) €I, for all
X € A, we know that

(v,0).(a f(a)) 2(v,0).(a,f(a)),

for all ac A. Thatis,v.azv.a, for all acA. Since a ¢ intA, a —ev €A, for a sufficiently

small positive number . Hence v.a —ev.v = v.(a —ev) > v.a, which is impossible, since
v.v > 0. Thereforer < 0.

Letp = 1 v. Since -r > 0, the vector (p, —1) = 1_( v, 1) separates I" from Q. Since
—r —-r

(a f(a)) eI, forallaeA,and(a, f(a)) €Q, we see that

(p, -1).(a f(a)) 2 (p, -1).(a, f(a)),

for all a € A. Hence

pa-fa) 2p.a-f(a),

which is the same as

fa) <f(a) + p.(a—a).

That is, p is a subgradient of f at a. [ |

We are now in a position to prove the necessity of the Kuhn-Tucker conditions for
optimality. First of all, | restate the necessity part of the Kuhn-Tucker theorem.

Theorem 9.7: Let C be a non-empty convex subset of RY, let f: C -~ R be concave, and for

k=1, .., K let 'a be a number and gk: C - R be convex. Suppose that x solves problem
k
max f(x)
xeC . (9.11)
s.t. g(xk) < a. fork =1, ..., K

Assume that the constraint qualification applies. That is, there exists a vector x e C such that

12



g(x) < ; , for all k. Then there exists A ¢ R¥ such that, for all k, A = 0, if g(;) < Z ,
k — K + k k K

and x solves problem

max [f(x) — i kkgk(x)] .

xeC

Proof: By theorem 9.4, it is sufficient to show that the value function V for problem

9.11 has a subgradient at ‘a. Observe that 'a € int A. This is so because if X isasinthe

constraint qualification, then gk( X) < _a—k, for all k, so that
{a e R¥| ak>gk(£), for all k}

is an open set contained in A that contains a. Since V is concave by lemma 9.2 and a e int A,

lemma 9.6 implies that V has a subgradient at a. |

Dynamic_Programming with Discrete Time and Discounting:

Introduction

| begin by describing the class of problems considered. The objective is to control a

sequence of states, x , X, ..., X, ... , where x is the state time t. Such a sequence is called a
0 1 t t

program. It is assumed that the initial state x is given and that all the states belong to a subset
0

X of R¥. Given the state x , the state x  may be chosen at time t from a set G(x ) , where G is a
t t t t

+1 t

correspondence from X to X. A program xo, Xy s ) S is said to be feasible ifx € G(x),
t 1 1

+1

for all t. The objective or utility function in period t is u : A - R, where A is a subset of XxX.
1

The overall objective is to maximize the function

over all feasible programs, where T may be a finite integer, though | will eventually

13



concentrate on the case where T is infinity. The starting point of dynamic programming is that
if T is finite, then the problem can, conceptually at least, be solved by backwards induction over

time. Let V(x) be the maximized value from time t on, when the state at time tis x . That is,
t t t

V(x) = max iu(x,x)

X e G{x}, s=t s s s+1
s+1 5 &

fors =t ..., T

It should be intuitively clear that the following equation ought to hold, provided the maximum

exists,
V(x) = max [u(x,x )+V (x )], (9.12)
t 1 X e G(x) t t t+1 t+1 t+1
t+1 tt
fort =0, ..... , T—1and all x . Equation 9.12 is known as the Bellman equation. Using this
t

T

equation repeatedly, it should be possible to maximize Y. f'u (x, x 1) by first solving the
t=0 t t t+

problem

V(x)= max u(x,x ),

x € G (x) T T T+1
T+t TT

for each x , and then solving
T

V (x )= max [u (x ,x) +V(x)],
T-1 T x G (x ) T T TT
T T-1 T-1

for all x , and then continuing backwards though time to time 0. This procedure may seem
T-1

tedious, but it can give insight into particular problems, as | try to show you by means of an
example involving the choice of money balances or savings, which appears as an appendix to this

lecture and will not be presented in class.

There are at least three approaches to the theory of dynamic programming. One is to use

backward induction to exploit the repetitive structure of dynamic programming problems in

14



order to derive properties of solutions and of the value functions. The example in the appendix
is meant to illustrate this approach. Another approach is to consider in its entirety the set of

programs, X , X, ..., X, ... , an approach known as the sequence approach. In the next
0 1

lecture, 1 will use this approach to show that an optimal program exists. The contraction
mapping approach is a third one that applies to problems where future gain or utility is
discounted by a constant factor and where the structure of the problem does not change over
time. For such problems, the value function satisfies the Bellman equation with the same value
function on its left and right-hand sides. An optimal program exists if and only if there is a
value function that satisfies this equation, and the contraction mapping theorem is used to prove
that such a value function exists. | will discuss this approach in lecture 12. All three

approaches are useful and give different insights into the properties of optimal programs.

Dvnamic Programming with Discrete Time and Discounting

QOver _an Infinite Horizon

| now turn to the study of discounted dynamic infinite horizon programming problems
with a structure that does not change over time. | simplify the dynamic programming model by

making it stationary. That is, | let the utility at time t be f'u(x, x 1) ,where 0 < B < 1,and |
t t+
assume that the set of possible states in period t+1, ([ x ) , does not depend directly on t. So the
t

general optimization problem is

max iﬁsu(x,x ),

X € G(x), s=t s+1
s+l s

fors =0,1, ...

where 0 < B<1andx is given. The states x belong to the subset X of RY, u: A ~ R, where A is a
0 t

subset of Xx X, and G is a correspondence from X to X.
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| list assumptions made about the elements of the model.

Assumption 1: X is non-empty and G(x) is non-empty, for every x € X.

Assumption 2: G is upper semicontinuous.

Assumption 3: X is compact.

Assumption 4: The utility function in one time period is u: A - R, where A is a compact
and non-empty subset of XxX such that (x, y) € A, for every x e Xandy e G(x) . The function

u is continuous.

Definition: If x0 e X, then the set of feasible programs is

F(x)={(x,x,.)0]x €Gx),fort=0,1,2, ..}

0 -1 2 t+1 t

Formally the maximization problem studied is as follows.

Problem: Given x € X, solve the problem
0

max iB‘u(x,x ). (9.13)
=0

Definition: A solution of this problem is called an optimal program.

It is first necessary to check that the objective function in problem 9.13 makes sense.

Because the set A is compact and u is continuous, u is bounded on A. Letb = max lu(x, v .
(xy) e A

Since b < oo,

16



iB‘u(xt, x )

t+1

< iB“u(xt, X )|s bg" | (9.14)
t=T +1

t

for all positive integers T. Therefore |im i Blu(x, x 1) = 0 and so the sequence
T o =T v

T o
Y B'u(x, x ) is Cauchy and hence converges, and its limit, ) B'u(x, x 1) , is well-defined.
t=0 t t+1 1=0 t t+

Theorem 9.8: Under assumptions 1 - 4, an optimal program exists.
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