Lecture #12

| present a specific example of the growth model discussed yesterday.

Example: Let F(K) = 24K, v(C) =1In(C), and 0 < B < 1. The Euler equation for this
example is

which is the same as

C
C =p_+ | (12.1)

T JKT

In order to find a feasible program satisfying this equation, assume that

K‘:sytst(Ktq) :sZ}Kt_1, (12.2)

forall t2 0, where 0 < s < 1, siis independent of t, andy =2 (K 1 is output in period t. The
t t~

parameter s is the proportion of output that is szved and invested. Fort=0, 1, 2, ..... ,

C=(1-92 fKM, (12.3)

sinceC + K =2 }K . By substituting equation 12.3 into equation 12.1 and simplifying, we
t 1 t -1

obtain the equation

K=pJK . (12.4)

This equation gives us the value of the constant s appearing in equation 12.2, namely,
s = [3/2.

The difference equation 12.4 converges, and the limit is f?. That is, if K evolves
t

according to equation 12.4 then

lim K = .
t

t - =

The convergence may be seen in the figure below. The straight line in the diagram is the



diagonal Kt = Kt - The curve, labeled sF(K ), is the graph of the function IK . Because the
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sequence K converges, so does the sequence C, and its limit is a positive number, namely
t t

23— . | show that the program generated in this way by s = /2 is optimal. Notice that the
initial capital stock, K , is determined by the equation
0

K:sy:ﬁy,

0 0 2 0

where y is the initial stock of output. Assume that 0 < y0 < [?, so that the convergence
0

pictured in the above diagram is appropriate.

As part of the proof of optimality, | explore what happens in the example if we start with
the wrong value of Ko and allow the program to be generated by the Euler equation and

feasibility. Define the number a by the equation
t

6 =a2 K.



For the consumption C to be feasible, we must have that 0 <a < 1. If we substitute the above
t i

equation for consumption into the Euler equation 12.1 and simplify we obtain

at+1Kt:Bat‘VKt-1' (12.5)

If we substitute (1 —a)2 R: 1for K in equation 12.5 and simplify, we obtain the difference
t - t

equation

a =fa)=B_"

t+1 t 21_a
t

The figure below indicates that this difference equation has an unstable steady state at

a

1 -p/2. If the initial value of a exceeds E, that is, if initial consumption exceeds the
t

optimal value, then the Euler equation and feasibility force consumption to evolve in such a way

that the program becomes infeasible. If the initial value of a is less than _a_, then the Euler
t

equation and feasibility force consumption to converge to zero, while remaining forever
positive. Such a program is clearly suboptimal, because more utility could be had by stopping
the decline in consumption at some time and keeping capital at a constant level from then on.
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Let us see what the transversality condition of theorem 11.5 indicates in the second case.

Since the state at time t is total output, y =2 fK , this condition is that
t t-1

dv(C)
sup t Yy < =,
t=1,2 ... !
Since
A I T I
(s @] C a
t a!2 /KH tyt
we see that
dv(C) 1
t y = _,
d ' a

which diverges to infinity as t goes to infinity if a converges to 0. Thus the transversality
t

condition eliminates all those paths that satisfy the Euler equation and feasibility, can be

continued indefinitely, and yet are not optimal.

The possibility that an infinite program can satisfy the Euler equation and yet not be
optimal is known in growth theory as the Hahn problem after the economist, Frank Hahn, who
first pointed it out. The suboptimal paths in the example that satisfy the Euler equation are said
to display an overaccumulation of capital.

| show that the program generated as above with a = g =1 -f/2, for all t, is optimal.

t
We know thatifa < 1 —f/2, then consumption converges to zero and the program is not
0

optimal. We also know that if a0 > 1 - /2 the program eventually becomes infeasible.

Therefore the only program consistent with feasibility and the Euler equation and that is not
clearly suboptimal is the one witha =1 —f/2, and in this case,a =1 - /2, for allt. We
0 t

know that an optimal program exists and that it is feasible and satisfies the Euler equation.
Therefore the program with a =1 — /2, for all t, must be optimal.
1

Optimal Control Theory

Imagine that you control an all-terrain vehicle that must go from point x to point x in
0 1
the plane. There are varied types of ground between x and x , hilly, flat, sandy, marshy,
0 1

grassy, and so on. The objective is to choose the route and speed so as to minimize total fuel



consumption. You control direction and throttle, which are equivalent to a vector u in the set

{u e R?|||ul] <1} =U, where the positive number r corresponds to the maximum throttle
setting. Direction is the same as the direction of the vector u. Your control setting at time t is
u(t) e U and your location is x(t) e R®. Your rate of progress is determined by the differential
equations

dx (t)
1 =g (x (1), x(t), u(t), u(t)) and
dt 1 1 2 1 2

dx (1)
Zt =g, x1(t), Xz(t), U1(t), Ug(t))

In vector form, these equations become dx(t)/dt = g(x(t), u(t)). Your velocity at time t,
dx(t)/dt, depends on x(t), because the kind of terrain you are in depends on your position, x(t).
The rate of fuel consumption at time t is f(x(t), u(t)). You start at time 0. The problem is to
choose a time T and a control path u:[0, T] - U so that if the function x: [0, T] - R? satisfies the
differential equation dx(t)/dt = g(x(t), u(t)) and the initial condition x(0) = xo, then

T
x(T) = x and you minimize fuel consumption [f(x(t), u(t))dt or maximize
1 0

This problem can be generalized and made more rigorous as follows. Let the possible
controls be a closed subset U of R¢. An admissible control is a piecewise continuous function

w0, T] - U, where T > 0.

Definition: A function u:[0, T] - U is piecewise continuous if

1) u is continuous except at a finite number of values of t and
2) if t is a point of discontinuity of u, then the left and right-hand limits,

lim u(t) and lim u(t), both exist.
t—'l_,t<_t_ t-'_t_,t>i



Example: A piecewise continuous function.

Example: A non-piecewise continuous function.

1 ifo<t<1
f(1) = {1t

1, ift=>1.
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Notation: Let 4 denote the set of admissible controls. That is,
A={u:[0, T] - U|T> 0 and u is piecewise continuous}.

Note that the set U is fixed, but the end time T may be variable.

The optimization problem to be analyzed is described using functions f: R"xU - R and

g:R¥<U - R, forn =1, ..., N, which are assumed to be continuously differentiable with
respect to x1, e xN and continuous with respect x , ..., x , u, ....,u Let

1 N 1 K
g(x, u) = (g1(x, u), ... ,gN(x, u)) , where x = (x1, e xN) and u= (u1, .y uK) The problem

under consideration is

max Tff(x(t), u(t))dt
ued 0

st IX(1) = g(x(t), u(t), for all t, (12.6)
dt

x(0) = xo, and x(T) = x1.

We seek necessary conditions for optimality. | find these conditions in a non-rigorous
but suggestive way using the Kuhn-Tucker theorem. This approach will have the advantage of
helping familiarize you with Kuhn-Tucker theory. To this end, assume that f and the functions
g are concave, as they often are in economic applications. Divide the time interval [0, T] into

n

M intervals of length At = T/M, where M is a large positive integer. Assume that N = K = 1, so
that x(t) and u(t) are numbers. Let us ook at the behavior of x and u at times maAt, form = 0,

1, ..., M. Problem 12.6 can be then be approximated by the following finite dimensional
problem
M-1
max Y Atf( x(mAt), u(mAt))
w(0), u(At), ..., u((M-1)at) allinyU, m=0
x(0), x(At), ..., x(MAt) allinR
s.t. x(mAt) — x((m-1) At) (12.7)
< Atg(x((m=1)At), u((m-1)At)),
form=1, ..., M,

x(0) <x, and =x(MAt) <- X -
0

Since f is concave and the functions
x(mAt) — x((m-1)At) — Atg((m=1) At), u((m-1)At))

are convex, we may use the Kuhn-Tucker theorem, provided the constraint qualification



applies. Since the approach taken is intended to be suggestive rather than rigorous, let’s
assume that this qualification does apply. Then the Kuhn-Tucker theorem implies that there
exist non-negative numbers A(0), .... , A(M) and a non-negative number B such that

A(0) =0, if x(0) < xo,

A(m) =0, if x(mAt) —x((m-1)At) < Atg(x((m-1)At), u((m-1)At)),
form=1, ..., M, and

B=0, if x(MAt) < —x ,
1

and the vector (u(0), u(at), .... , u((M-1)At), x(0), x(At), .... , x(M At)) maximizes the
Lagrangian

L = MX_‘jAtf( x(mAt), u(maAt))

- %x( m) [x(mAt) — x((m—=1) At) — Atg(x((m=1) At, u((m-1) At)) ]

m=1

+ Bx(MAt) —A(0)x(0) (12.8)

M-1

=Y [Atf( x(mAt), u(mAt)) + A(m+1) Atg(x( mAt), u(maAt)) ]

m=0

- § A(m) [x(mAt) — x((m—=1)At) ] + px(MAt) —A(0)x(0) .

m=1

| now simplify the expression for the Lagrangian by using an analogue of integration by
parts. Recall corollary 5.13 to the fundamental theorem of calculus that says that if the

t
function F: [0, T] -~ R is continuously differentiable, then de(S) ds = F(t) — F(0), for all t
0 ds
such that 0 <t < T. Integration by parts is based on the equations

F(T)&T) - F(0) &(0) = dei[F(t)G(t) Jat
o dt

|

(dF(t) )G(t)dt + TF(1) [dG_(t_) )dt.

o o

(dz'(tt) )G(t) £ F() [di#)]dt

]

dt dt



The first equation follows from the fundamental theorem of calculus, and the second follows
from Leibniz’s rule for the differentiation of the product of two functions. If we rearrange the
above equations, we obtain the following equation, which is called integration by parts.

Tf(d_F(iL)cxwdt - F(M&T) - F(0) G 0) - [F(1) (M)dt
ol dt 0 dt

Since the Lagrangian 12.6 has differences rather than derivatives and sums in place of
integrals, we must somehow make the same replacements in the equation for integration by
parts. Ify , vy, ... is a sequence of numbers, its first difference is the sequence Ay , Ay, ...,

1 T2 i e

where Ay =y Y for all m. Leibniz’s rule for first differences is

A(xmym)=x —xmym=(x y =Xy )+(xy -—-xy)

m+1 m+1 m+1 m+1 m m+1 m m+1 m m

=y AX +XAy.
m+1 m m m
The analogue of the fundamental theorem of calculus equation

Tf.d‘i[F(t)G(t) ldt = F(T)Q(T) — F(0) & 0)
o dt

M
mZ=1A(mem) - (Xzyz - X1y1) ¥ (Xays - Xzyz) o ¥ (XM+1yM+1 B xMyM) - XM+1yM+1 - X1y1'

Putting these equations together, we see that

M M M
-Xy AXYy )=Yy AX + Y x Ay .

M+1 M+1 11 m=1 m m m=1 m+1 m m=1 M m

This equation in turn implies that

M M
- AX = X Ay =X + Xy,
m§1 ym+1 m m§=:1 m ym M+1yM+1 1y1

which is a discrete time analogue of integration by parts. Let x = x((m-1)At) and

y = A(m-1). Then the equation just derived implies that

m



—% A(m) [x(mAt) - x({m=1) At) | = —)’% A{m) Ax({m-1) At)

m=1 m=1

X((m=1) At) AX(m=1)} - A(M)x(MAt) + A(0)x(0).

1

Imz

If we substitute this equation into the expression 12.8 for the Lagrangian, we obtain

L= Mf[mf( x(mAt), u(mAt)) + A(m+1)Atg(x({mAt), u(mat)) |

m=0

+ %x((m—1)At)A)»( m-1) — A( M) x( MAt) + A(0)x(0) + Bx(MAt) —A(0)x(0)

m=1

= Mz—‘j[Atf( x{mAt), u(mAt)) + A(m+1) Atg(x( mAt), u(mAt))]

m=0

& 3 x((m=1) At AL(m=1) + [B=A(M) Ix(T)

= Mf[m( x(mAt), u(mat)) + A(m+1) Atg(x(mAt), u(mat)) ]

m=0
M-1

+ L x((m)At) AM(m) + [B=A(M) Ix(T),

m=0

where | have used the fact that MAt = T.

According to the Kuhn-Tucker theorem, the Lagrangian £ is maximized with respect to
u(mat) and x(mat), for all m. Therefore u(mat) solves the problem

max [f(x(mAt), u) + A(m+1) g(x(mat), u)], (12.9)
uel
form =0, ..., M=1. If we maximize the Lagrangian with respect to x(mAt), we obtain the

first order conditions

AM(M) + At_9_[f(x(mAt), u(mAt)) + A(m+1)g(x(mAt), u(mat))] =0,
ox

form=0, ..., M=1. That is,

Am+1) —A(m) - 9 [f(x(mAt), u(mat)) + A(m+1)g(x(mat), u(mat)) ].
At ax

10



Think of A as a function of the continuous time variable t, so that A(t) is its value at time t.
Replace A(m) by A(mAt) and let At go to zero while increasing m so that mat approaches a
value t asymptotically. The previous equation becomes

AM((m+1)At) —A(mAt)
At

= — 9 [f(x(mAt), u(mat)) + A((m+1)At) g(x( mAt), u(mat)) ].
ax

Taking the limit as At goes to zero, we obtain the equation

DY) = -9 [f(x(t), u(t)) + A g(x(t), u(t)) ],
dt oX

for all . Similarly because u(mAt) solves problem 12.9, it follows that u(t) solves the
problem

max [f(x(t), u) + A(t)g(x(t), u)],

uel
for all t.

Finally if we assume that the constraints in problem 12.7 all hold with equality at the
optimum, we see that

dx(t) = g(x(t), u(t)),
dt

for alf t.

These conclusions may be summarized using the Hamiltonian function, which is a
continuous time instantaneous analogue of the Lagrangian of problems with finitely many
variables. (In continuous time, there are infinitely many variables, namely x(t) and u(t), for
all values of t.) The Hamiltonian function is defined to be

H(x, u, A) = f(x, u) + A.g(x, u).
If we assume that x(t) and u(t) are numbers rather than vectors, then
H(x, u, ) = f(x, u) + Ag(x, u),

that is, there is no dot product. In this case, we may summarize our intuitively derived findings
as follows. Let u(t) be the optimal control at time t. For all t,

11



u(t) solves the problem max H(x(t), u, A(t)),

uel

dx(t) = 9 H(x(t), u(t), A(1)),and
dt oA

d(t) = -3 H(x(t), u(t), A1) .
dt oX

The equations

dx = oH ang & - - 9H
dt oA dt X

are called the Hamiltonian system. The fact that u(t) maximizes H(x(t), u, A(t) with respect
to u is called the maximum principle. The maximum principle implies that

9 H(x(t), u(t), A(t)) =0.
ou

Moreover if the function u(t) is differentiable, then

A H(x(t), u(t), A(t)) = oHdx  oHdu  oH dh
dt ox dt  ou dt oA dt

= HOH 4 (0)du Qﬂ(—i'i)=o,
dx oA dt oA \ 9x

so that H is constant along the optimal path. This assertion holds even if the function u(t) is not
differentiable, but it does not apply if f or g depends directly on time.

If x(t) and u(t) are vectors, then the above statements remain true, when suitably
stated. More precisely, a necessary condition for optimality is that there exist piecewise

differentiable functions )»T(t), ,AN(t) such that (A1(t), ,}»N(t)) # 0, for all t, and such
that if
HiX , s X, U, e, U, A, )
1 N 1 K 1 N
N
= f(x, , X, U, yuY + YAg(x, ....,x,u, ,u),
1 N1 neq PN 1 N1 K

then, for all t,

12



dt dA
dr (t
SR H(x(t), u(t), A(1)),
dt ax
for n =1, ..., N, and the optimal control u(t) solves the problem

max H(x(t), u(t), A(1)).

uel

Furthermore

A H(x(t), u(t), A(t)) = 0.
dt

These statements are true even if f and the functions g are not concave. The variables
k

X, ..., x are called state variables, and the variables A , .... , A are called costate, dual,
1 N 1 N

conjugate, or auxiliary variables.

Suppose that N = K = 1 and that u = dx/dt, so that the rate of change of x is controlled
directly. Then g(x, u) = u, so that H(x, u) = f(x, u) + Au. The maximum principle implies
that

p = —0f(x, u)
au

The Hamiltonian system implies that

o — _9H(x, u) - _af(x, u)
dt X ax

These two equations imply that

d of(x, u) - of(x, u)

dt du ox

If we substitute dx/dt for u, this equation becomes

d of(x, dx/dt) — af(x, dx/dt)
dt  a(dx/dt) X

This is known as Euler's equation. There follows an application of this equation to a simple

13



example.

Example 12.1: Imagine that our object is to bring a point on a line to 0 by controlling
the speed of its approach to 0. Our loss at any moment in time is the square of the distance from
0 plus the square of the speed of the point. The loss associated with speed may be thought of as
the cost of fuel consumed. If x(t) is the distance from 0 at any moment, then the loss is
x?(t) + (dx(t)/dt)2. Suppose we have an infinite amount of time over which to minimize the
loss. Then the control problem is

max Tj—[xz(t) + (dx(t) /dt) 2]dt
dx(t)/dt O

s.t. x(0) is given,

where dx(1)/dt is understood to be a piecewise continuous function of t and where T is the first
time t at which x(t) = 0. If there is no such time, then T = o. In order to apply Euler's

equation, let f(x, dx/dt) = —x? — (dx/dt) 2. Since 8f(X,¥) = —2y and 9f(X, ¥) = —2x, Eulers
oy ox
equation implies that

—2£[$J: -2X,
dt \ dt

S0 thati)ﬂ_)_ = x(t), for all t. Any solution of this differential equation has the form
dt?
x(t) = aet + be-,
for some numbers a and b. An initial condition is that
a + b = x(0),
so that the x(t) takes the form
x(t) =ae'+ (x(0) —a)e™.
If x reaches 0 at time T, then T satisfies the equation
0=a+(x(0) —a)e?".

This equation makes T a function of a, call it T(a). Then

T(a) = In(a - x(0)) —In(a)
2

if a > x(0) and a > 0. Similarly

14






The Value Function in Optimal Control Theory

Kuhn-Tucker theory tells us that the Kuhn-Tucker coefficients are subgradients of the
value function. The value function at time 0 is

V( xo, 0) = max }f(x(t), u(t) ) dt

ued 0
dx (1)
st __n =g (x(t), u(t)), forallt € [0, T]
dt "
andforn=1, ..., N, and

x(0) = X and x(T) = X

where we think of x(t) as an N-vector and u(t) as a K-vector. Then the N-vector A(0) is the

derivative, D V( xo, 0}, of V( xo, 0) with respect to x0 if V is differentiable with respect to x .
X 0
0

Suppose that ( x , u) solves the above problem and let 7( t) be the corresponding conjugate

function. The value function at time t is

V( x, 1) = max Tff(x(s), u(s) ) ds

_ ued t

dx (s)
st _n =g (x(s), u(s)), foralis e[t, T]
dS n
and forn =1, ...., N, and
x(t) = x and x(T) = X -

Then T(t) =D WV ;(t), t), provided V(x, t) is differentiable with respect to x.

X

We can gain further insight using the value function V(x, t) if we assume it is
differentiable with respect to both x and t. For simplicity of exposition, | assume that N = 1, so
that x is a number rather than an N-vector. By the fundamental theorem of calculus and the
chain rule of differentiation,

SHx(1), u(t)) = VOB, B o aV(x(1), ) dx(t) 4 BV(x(1),
dt ax dt ot

= A1) g(x(1), u(t)) + dV(x(1), 1) |
at

so that

16



OVIxX(Y), B = —f(x(t), u(t)) —A()g(x(1), u(t)) = —H(x(t), u(t), A(t))
ot

= — max H(x(1), u, A(1)),

uel

where the last equation follows from the maximum principle. This equation may be rewritten
as

V(x(1), 1) = —max|f(x(t), u) + IVUX(), ) g(x(1), u)|,
ot uel ax

which is known as the Hamilton Jacobi Bellman equation. This equation is what corresponds in
continuous time models to the Bellman equation in discrete time models. In some problems, this
partial differential equation can be solved to obtain V. Its solution over the whole state space is
a necessary and sufficient condition for the existence of an optimum, provided the value function
is differentiable.

17


















Solution is K=bK-K)
K@) =(y,/b)exp(-bt) + K

Solution is
K(t)=(y,/b)exp(bt) + K

K

K=b(K-K)

If y # 0, the equation K2 — b2(K — K)? =1y describes hyperbolas. The branches of the

hyperbolas are shown in the next diagram and they approach the lines K = +b(K- K)
asymptotically as K goes to +=. The movement along the curves is indicated by arrows. Again
the direction of motion along a curve is determined.by the sign of k. Curves that are further
from the abscissa correspond to higher values of |K| and hence to faster movement.

b
+—>

K
y>0 K =bK-K)
y<0 y<0
K K
r>0 .
K =bK-K)

Now fix K0 and K1, as in the next diagram. Four possible paths from K0 to K1 are shown,

labeled 1 through 4. The initial and end points of these paths are indicated by heavy dots. The
higher is a path, the faster is the movement along the path and hence the more quickly it reaches

&



K:’ unless the path overshoots, increases K above K , and then falls back to K . The path labeled
1 1

1 goes from Ko to K1 the fastest among the labeled paths and so has the lowest value of T. The

path along the line K = b( K - K) is the next fastest and so has the next lowest value of T. Path

2 from the first to the second dot is the next fastest. Path 3 from the first to the second dot is

next. The path 3 from the first to the thil;d dot overshoots. A path can be made to last an

arbitrarily long time by starting with K(0) sufficiently close to b( K — K) but less than this
— 0

number. These paths overshoot, spend a long time with K near K, and then return to K . They
b 1

spend a long time near K, because if K(t) is near 0 and K(t) is near K, then
C(t) = bK(1) —k(t) isnear bK = C. Therefore A(t) = du(C(1))/dC = a(C - C(1)) is near
zero and so dA(t)/dt = —bA(t) is also near zero and hence

dC(t)
dt

fu(q(t)) ‘ dA(t) - g dA(1)
dc? dt dt

is near zero. Since dK(t)/dt and dC(t)/dt are near zero,

F£K(t) - df(K(1)) dK(t) _ dC(t) _ pdK(t) _ dC(t)
dt? dK dt dt dt dt

Is near zero. That is, the path K(t) not only moves slowly but accelerates slowly as well when
F'(( t) is near zero and K(t) is near K. The path 2 from the first dot to the third dot is an

example of such a path. The graph of K as a function of time for such a path looks like the second
diagram below. As the time allowed T is increased, K(0) must approach b( K - Ko) from below

and the proportion of time spent near K increases to 1. This property of lingering near K is

not specific to this example, but applies quite generally to optimal growth models. It is called
the “turnpike property,” where the term “turnpike” stems from the resemblance of the
diagram to a map of a superhighway with entrance and exit ramps. In more general models, the
bliss level of capital, K, is replaced by the stationary optimal level of capital, which is the

level of capital such that an optimal program would stay at that level if it started there and were
to end there.

o
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K =bK-K)

» K
K =b(K -K)
K
K
K, / I
K,
T

. The.relation between T and the initial value P'(( 0) of K may be visualized as follows. Let
KA( 0) and KB(O) be as in the first figure below. The second figure below shows the time T to go

from K to K1 along the hyperbolic paths shown in the first diagram and as a function of the
0

initial value R( 0) of }% There are two branches to this function. The lower branch is the time
to the first time T such that K(T) = K1. The upper branch is the time to the second time T such

[ ’
that K(T) = K1. This branch goes to infinity as K(0) approaches KB(O) from the left. Neither
branch exists for I"(( 0) to the left of P.(A( 0), since K1 cannot be reached from K0 if

K(0) < I"(A(O).
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The question arises as to how a path such as that labeled 4 could cross the abscissa from
above, if k( t) = dK(t) /dt vanishes there. Recall that | have shown for the more general growth
model that RK(t) /dt? < 0, if dK(t)/dt = 0. The reasoning depended on the assumption that

du(C)/dC > 0, whereas the slope of the utility function considered here, u(C =-28(C- C)?,
P =~

is negative if C> E . Notice, however, that if K < _K_, then the total output, bK, is less than
b K = C. We know that



at) + 9K = bK(t) .
dt

Therefore if dK(t)/dt > 0, then ((t) < bK(t) < bK = C, so that du(C(t))/dC > 0. We may
therefore conclude that along a path such as that labeled 4, dC(t)/dC > 0 and hence

FK(t) - pdK(t) _ dC(t) . pdK(t)
dt? dt dt dt

and hence d?K( 1) /dt? < O at the time when the path crosses the abscissa.

A different reasoning applies to paths in the quadrant to the right of the point (5, 0) in

the diagram, for the optimal paths there cross the abscissa from below, so that (FK(t) /dt*> 0
when a path crosses the axis. In this quadrant, however, K > _K_ so that consumption must

exceed C when the path is near the abscissa and hence dK(t)/dt is near zero. The utility

function is decreasing at such high consumption levels, so that a reasoning opposite to that made
earlier implies that if dK(t)/dt is near zero then

A(t) = du(@Y) <o

W0
and so
dA(t) = —a(t) df(K(Y)) > o0,
dt dK
so that
do) - [fu(qt)) } (1) <o
dt dt? dt
and hence
FK(t) - pdK(t) _ dC(t) g,
d? dt dt
when
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