Lecture #14

| continue with the discussion of probability theory. If x:S - Randy:S -~ R are
random variables, then x and y are stochastically independent if for any Borel subsets A and B of
R, the event x'(A) = {s € S| x(s) € A} is stochastically independent of the event
y'(B) = {s €S| y(s) € B}). It follows that if x and y are independent, then E(xy) = (Ex)(Ey),
where xy(s) = x(s)y(s), for all s €S, and provided x, y, and xy are integrable. This assertion
is easy to verify, if x and y are indicator functions of measurable sets, for let x = i’XA and

y =% . Then
B

E(xy) = E(XX) = E(X_ ) = P(AnB) = P(A)P(B) = E(%)E(X) = E(x)E(y) .

AnB A B

You can use this equation to verify that E(xy) = E(x)E(y) for independent simple functions x
and y. Since the integral of every integrable function is the limit of the integrals of simple
functions that converge to it, it is easy to show that E(xy) = E(x)E(y) whenever x, y, and xy
are integrable and x and y are independent.

This assertion is easy to verify directly if S is finite, for suppose that x takes on values
r.r,..,r andytakesonvaluest , t, ..., t . Then
N 1 2 M

E(xy) = )E%rtP{seSlx(s)zr,y(s):t}

n=1m=1

%%rtP{seS|x(s) =r }P{s eS| y(s) :tm}

n=tm=1 "

%%r P{seS|x(s) =r}t P{seS|y(s) =t}

n=1m=1 "

%r P{s € S| x(s) =r}§tP{seS|y(S) =t} =(Ex)(Ey).

n=1 T m=1

If S is infinite and x and y have densities f: R - [0, <) andg:R - [0, =), respectively,
then x and y are independent if and only if the density h: R* -~ [0, =) of the random variable
(x, y) : S -~ R? has the form h(r1, r2) = f(r )g(rz) , for all r and r2. From this fact, it follows
1

that
E(xy) = jfr1r2h(r1, r2)dr1dr2= fjr1r2f(r1)g(r2)dr1dr2

—0 —00 —c0 —00

= Tr1f(r1)dr1?rzg(r2)dr2 = (Ex)(Ey).

—co



It is true in general that if x and y are stochastically independent, then
E(xy) = (Ex)(Ey), though | do not provide a proof.

It follows that if x and y are independent random variables, then var(x +vy)
= var(x) + var(y), for

var( x + y) = E(x + y)?- (Ex+ Ey)*

E(x2 + 2xy + ¥%) — (Ex)2 - 2(Ex)(Ey) - (Ey)?

E(x?) + 2E(x) E(y) + E(y?) = (Ex)* = 2(Ex)(Ey) - (Ey)*

E(x?) — (Ex)? + E(y?) — (Ey)?

Il

var(x) + var(y).

Suppose that @ is a o-field over S that is contained in 5. Thatis, any A e @ belongs to &.
Such a o-field is said to be a subfield of S. A random variable x : S - R" that is measurable with
respect to & is said to be independent of @, if every A € @ is independent of every C ¢ & of the
form C= x'(B), where B is a Borel subset of RY. If @ and x and independent, then

[x(s)P(ds) = [% (s)x(s)P(ds) = [X (s)P(ds)[x(s)P(ds) = P(A) [x(s)P(ds),
s s A s

A A s
for all A e &.

The definition of independence may be extended to a sequence of events or random
variables. Events E, E, .... are said to be stochastically mutually independent if
1 2

P(E nE n...nE ) = P(E )P(E )....P(E ),

1 2 K 1 2 K

for any set of distinct positive ihtegers n, nz, ...., n such that 2 < K < «. Random variables
K
X 'S - R, where n = 1, 2, ...., are stochastically mutually independent if for any Borel subsets
A,A,.. ofR theeventsk, E, ... are stochastically mutually independent, where
1 2 1 2

E ={seS|x(s) eA], forall n.

You might imagine that the random variables x , x , ..., xN are mutually independent if
1 2
they are pairwise independent in that x andx are independent for any k and n that are not
k n

equal. Examples show, however, that a set of random variables can be pairwise independent and
yet not mutually independent.



It is easy to see that if x1, X, ..., X are mutually independent, then
2 N

var( X + X + ...+ x) = var(x) + var(x ) + ...+ var(x ).
1 2 N

The random variables x :S -~ R, forn =1, 2, .... are said to be identically distributed if
n

they all have the same distribution (or cumulative distribution function) on R. The next
theorem is central to probability theory.

Theorem 14.1: (Strong Law of Large Numbers) Let (S, &, P) be a probability space. If
x :S-R,n=1, 2, ... is a sequence of random variables that are stochastically mutually
independent and identically distributed and such that Elx1| < «, then with probability 1

X (8) +X(8) + ...+ X(8)

lim _1 2 n

= Ex
N-

N d

X (8) +x(8) + ...+ x(8)
The statement that lim _1 2 n

= Ex with probability 1 means
N- = N 1
that {

scsllim x1(s) + xz(s) + e + X (8)

n =
N~ o

)
Ex1 } is measurable, i.e., belongs to &, and has
N
probability 1. The law of large numbers makes a connection between averages and
probabilities. For instance, let S be set of sequence of heads and tails on successive tosses of a
fair coin. That is,

S={s=(s,s

K ...)|s =HorT, forall n}.
1 n
Let
1,ifs =H,
X (s) = n
" 0,ifs =T

That is, x (s) only if the nth toss comes up heads. By the law of large numbers,

X (8) + X (8) + ...+ x(8)
lim _1 2 n =

N

A
2
with probability 1 as the number of tosses goes to infinity. Hence the average number of times

a head appears converges to 1/2, which is the probability of heads on one toss.

Related to the above is the central limit theorem, which gives some control on how far



the averages in the law of large numbers differ from the asymptotic mean, Ex . In order to state
1

this theorem, | need to define weak convergence of cumulative distribution functions. Let F and
F, FZ, _ be cumulative distribution functions on R. The sequence F, F, .... is said to
’ 12

converge weakly to F if

lim F(r) = F(r),

n -~ o«
for every point r at which F is continuous.

Theorem 14.2: (Central Limit Theorem) Let x :S - R, wheren=1,2, ..., be a

sequence of random variables that are stochastically mutually independent and identically
distributed and such that Ex = p and Var(x ) = o® exist and are finite. Forn=1,2, ... , let
1 1

_ (X1(S) = +(x(s) -+t (x(8) -

N

X {(s)

N Gm

and let F be the cumulative distribution function of the random variable X . Then F converges
N N N

weakly to F, where F is the cumulative distribution function of the normal distribution N(O, 1)
with mean 0 and variance 1.

Notice that the assumption that Var(x ) < « implies that E|x | < «, so that the strong
1 1

law of large numbers applies under conditions in which the central limit theorem applies.

Stochastic Processes

Definition: A stochastic process is a family of random variables (x ) or ({x(s))
t teT t

H

where T is some index set and the random variables x are all defined on some common state
i
space S. More specifically, there is a probability space (S, S, P) such thatx: S~ R is
t
measurable with respect to &, forallt e T.

For our purposes, T is either the set of non-negative integers or the set of non-negative
numbers. | will take the set of states S to be the set of all functions s : T -~ R. Then the random

variable X :S - R is the function such that xt(s) = s(t) , for every function s: T - RinS. For
each t, let @t = {x:‘( B) | B is a Borel subset of R}. The set of measurable subsets, 5, of S is

usually taken to be the smallest o-field that contains @t, for all t. Let 5t be the smallest o-field
that contains @r, forallr<t. Then 5( is contained in S and represents the information available

at time t.

If xS - R is a random variable and @ is a o-field contained in $, then x is said to be



measurable with respect to @ if x™'(B) € @, for every Borel subset B or R. By definition, the
random variable x : S - R is measurable with respect to &, for all t > r.
t

I

For each finite set of distinct indices (t1, t2, e, t),wheret €T, for all n, the
N n
function (x (s), x (8), ..., x (s)) maps the set of states, S, to RY. The usual way to define a
t t t
1 2 N
probability distribution for the stochastic process (x) is to define a probability
t teT
distribution for (x ,x , ..., X ) on RN, for all finite subsets (t, t, ..., t) of indices. If this
t t t 1 2 N
1 2 N

is done in a coherent way for all finite subsets of indices, then by a theorem of Kolmogorov there
exists a probability distribution on & that induces the distributions defined for all finite subsets

of random variables (x , xt . ..., X ). The existence of the probability on & is a complicated
t 1
1 2 N

topic that | do not pursue.

Definition: A Weiner process is a stochastic process (W) with state space S and
t'te[0, =)
such that
1) for each finite subset of non-negative numbers (t ,t,...,t) suchthatt <t < ... <t,
1 2 N 1 2 N
the random variable (X , X , ..., X ) : S~ RY has a multivariate normal distribution,
t t t
1 2 N

2) for all t, W, has the normal distribution N(O, t), (i.e., EW =0, var(W) = t,and W is
t t t t

normally distributed),

3) for each r and t such that 0 <r <t, W - W, has the normal distribution N(O, t — r) and
t r

W — W is independent of § and hence of the random variable W,
t r r r

These three conditions provide enough information to define a probability distribution on S, so
that a Weiner process exists. | do not prove this assertion. Notice that as before
S={s:[0, ») ~ R}, sothat W (s) = s(t), forall s and t.

t

A standard bit of notation is to use the symbol dW to denote the random variable
t

w — W, where dt is an infinitesimal and positive interval of time. It is understood that dW
t o+ dt t t

is normally distributed with mean 0 and variance dt That is, its distribution is N(O, dt).

The Weiner process may be interpreted as the limit result of tiny random shocks up and
down and spread uniformly over time. One way to grasp this intuition is to fix attention on a
time t, where t > 0, and to imagine that the interval [0, t] is divided into N intervals of length
t/N. Imagine also that the shocks occur at times nt/N, forn=1, ..., N. Suppose that the nth



shock is expressed by a random variable xN, which equals either At/N or —{t/N, each with
n
probability 1/2. Assume that the random variables x", xV, ..., xN are mutually independent.
1 2 N

Then ExM = 0 and var( x™) = t/N. Because x", x", .... , x" are mutually independent,
n 1 2 N

n

N
var{ x¥+ xN + ...+ xM = Y var( xY) = Nt _ ¢
1 2 N n=1 n N

Notice that

X
By the central limit theorem, the distribution of the random variables _n=1 " _ converges

/N

v Mz

N
n

ZI=]

weakly to N(0, 1). Hence if we imagine that _n=1_" _ converges to some random variable x
/L N
N
N
L X N
with distribution N(0, 1), then Aft__,,p,z]__”_ = Y xM converges to aft_x, which has distribution

Fm n=1 "
N

N

N
N(0, 1). That is, the distribution of ¥ x™ converges weakly to the distribution of the W , the
t

n=1 "

Weiner process at time t.

This rather contrived example illustrates a larger point. Suppose that we build up a
stochastic process as a limit

N(t)
x(t, s) = lim ZAXN(n/N, s),

N~ » n=1
where N(t) is the largest positive integer such that N(t)/N < T and where the random variables
Ax (n/N, s) are stochastically mutually independent and are identically distributed and have
N

mean 0 and variance t/N. Then by the central limit theorem, x(t, s) is normally distributed
with mean 0 and variance t. It is not necessary for this result that the AxN( n/N, s) be normally

distributed. Heuristically we my think of AxN( n/N, s) as dx(t, s) and write



One of the inspirations of the Wiener process comes from the observation of tiny
particles in air or water that jiggle about irregularly, a motion attributed to bombardment by
molecules in the air or water. The observation is normally attributed to the findings in 1827 of
a Scottish botanist, Robert Brown, though the same observation with the same explanation was
made in ancient times. The Weiner process represents the limit result of the time path of such
jiggling, though in just one dimension.

A curious fact about Weiner processes is that their paths Wt( s) are continuous functions

of time with probability 1.

Theorem 14.3: If W is a Weiner process, then W (s) is a continuous function of t with
t t

probability 1.
Another curious fact about Weiner processes is that they have bounded variation with
probability 1.

Definition: The variation of a a function f: [0, T] - R is

)—f(tn)110=t1<t2<....<t =1}.

N

N
sup { ¥ Hf(t
n=1 n

+1

Theorem 14.4; If W is a Weiner process, then over any interval [0, T] with T > 0,
t

W (s) has infinite variation with probability 1.
t

What is termed Brownian motion is a slight generalization of the Weiner process and is
defined as a stochastic process X (s), for t in [0, «), where X(s) =ut + oW (s),pisa
1 t 1

number, and o is a positive number. It should be clear that EX = ut, var( X) = o®var( W)
t 1 t
= o%t, X is normally distributed, and that if T > t, XT — X is independent of X and of & and is
t 1 t t
normally distributed with mean u(T - t) and variance o*(T - 1).
More general stochastic processes may be defined from the Weiner process by using the

stochastic or Ito integral, which | discuss next. Historically one of the motivations for studying
integrals was to solve a differential equation, such as

dx(t) = f(x(1), t).
dt

For instance, the solution of the differential equation




1
is simply x{t) = a+ [f(s)ds, where a is a number. Imagine now trying to solve a differential
0

equation where the motion is subject to random jiggles. We might write such an equation as

dx(t, 8) dt = f(x(t, s), Hdt + g(x(t, s), HdW(s),
dt !
for each s, where th( s) is understood to be a Weiner process with mean 0 and variance dt,

where dt is an infinitesimal interval of time and s represents the state. The notation dx(t, s)/dt
does not apply, because the function x(t, s) is not likely to be differentiable with respect to t.
So a stochastic differential equation is written as

dx(t, s) = f(x(t, s), t)dt + g(x(t, s), t)th(s).

We can make sense of this expression and hope to find a solution for the equation only if we can
somehow integrate the term g(x(t, s), t)dW (s) with respect to time. This integral is called
t

the stochastic or Ito integral. We can simplify the notation by replacing g(x(t, s), t) by
g(t, s), so that the objective becomes to define

T

Jo(t, S)AW(s) ,

0

where W (s) is a Weiner process. If we base our intuition about integrals on the definition of
t

the Riemann integral given at the end of lecture 5, the stochastic integral should look something
like

W (s) =W (s)]. (14.1)

lim Nfg(_n_T, s)

N- = n=0 {N

Suppose that g(t, s) is a continuous function of t with probability 1. The temptation is then to

T
let the limit in equation 14.1 define [g(t, s)dW (s), for every s such that g(t, s) and W {(s) are
0 t t

continuous with respect to t, since the functions W (s) are continuous with probability 1. The
t

integral would then be what is called Riemann-Stieltjes integral of g(t, s) with respect to
W (s). The problem with this approach is that the limit in equation 14.1 does not exist with
t

probability 1, because the function W (s) has unbounded variation as a function of t. (The limit
t
would exist if the variation of W ('s) were bounded.) Therefore the analogue of theorem 5.15 on
t

the existence of the Riemann integral does not apply, and an entirely different approach is
required. Let



N--1

V(s) = Zg(ﬂT,s)[W (s) =W (s)]. (14.2)
N

N n=0

We want to show that the functions V converge in some sense. We will do so by considering
N

them to be members of a space of random variables and focusing on the overall behavior of the
functions rather than their behavior for particular values of s.

In order to explain the approach, | introduce the space L (S, &, P), where
2

L(S o, P)= {x .S - R | x is measurable with respect to & and [x?(s) P(ds) < oo}.
2 s

That is, x ¢ L2(S, S, P) if its square is integrable or if its variance is finite. if

X € LE(S, S, P), the norm ||x||2 is defined to by the equation

1/2

X1, = | [¥(s) P(ds)

The function ||x|| or||.]| isanormon L2(S, S, P) inthe sense that ||ax|| = |a| [[x]|| , for
2 2 2 2
every number a, ||O||2 =0,and||x + y||2 <| |x||2 + Hy||2, for all x and y in LZ(S, S, P). A

sequence X in L2(S, S, P) converges to x or lim x = x, if lim [[x -x|| =0, andthe
n n n 2

n- o n-

sequence is Cauchy if lim sup [|x —X |12 = 0. The property of L (S, &, P) that we need is
N~ nzN, n m e
mzN

that it is complete with respect to the norm ||x|| . This means that for any Cauchy sequence X
2 n

inL (S, $, P), there exists an x in LZ(S, S, P) such that lim x = x. (Complete normed
2

n-w N

spaces, such as L2( S, S, P) are called Banach spaces.) Given the importance of the

completeness of L (S, &, P), | present this assertion as a theorem.
2

Theorem 14.5: Every Cauchy sequence inL (S, , P) converges to some member of
2

L(S 5 P).

| now return to the lto or stochastic integral. Let g(t) : S ~ R be a stochastic process,
where t varies over the non-negative numbers. Let S, S, S , and P be as defined earlier.
t

Assumptions:

1) g(t) : S - R is measurable with respect to S, for all t,
t



2) g(t) belongs to LQ(S, S, P), for all t, and
3) the function g:[0, =) - L2( S, S, P) is continuous with respect to the norm [|.[] .
2

The third assumption means thatift ,n=1,2, ... , Is a sequence in [0, <) that converges to
n

t, then

lim [lg(t) =g(tll = 0.

n- =

This assumption implies that ||g(t) ||2 is also a continuous function of t, for the triangle

inequality for ||.||2 implies that
et )11, ~Tg(D1]] < llgt) —g(01],,

so that im|[lg(t ) [, = [1g(0)[],| =0, if lim Jjg(t ) —g()[] = 0.

n -~ o n - o

Notice that the first assumption implies that W — W is stochastically independent of
t r

g(r), if t > r. Hence

H%O(W;NW]=EQUEW{—W)=EMUHU=0-

Hence if we take the expected value of the expression in equation 14.2 for V , we find that
N

N

E(V) =E ng(iT)E(w vy ):o, (14.3)
=0 N T

N n+1 T n

n

N-1
y g(ﬂ_T)(W ~W )
n=0 N N+l g T

N N

N N

where | have dropped the variable s from the functions g and W. It is important to notice that
equation 14.3 would not be true if we wrote the sum in equation 14.2 as

N
yglhT, s
n=1 N

W (s) -W (s)
nr i 4

for W (s) -W (s) may not be independent of g(ﬂT, s].
T Ui ¢ N
N N

We want to show that the functions VN converge in L2( S, &, P). In order to do so, we

must first verify that these functions belong to L2(S, S, P) and then verify that the sequence V
N

10



is Cauchy. In order to show that each VN belongsto L (S, S, P), we must show that
2

2

=E < oo,

N-1 2
y g(_”_T)[W —W )
n=0 \ N LR ; oy

N N 2

N-1
Y glnT W -W
n=0 {N LA —:_IT

N
When we take the square on the right-hand side, we obtain N terms of the form

o)

N

E

and the other terms have the form

g(ﬂT)g(ﬂT](W —W )(w ~W )]
N N R Ny mil ¢ mr
N N N N

where m > n. Since

E

w -W
m+l g mr
N N

is independent of
glnT g/ MmMT W -W ,
N N N+l nr
N N
we have that

9 iT)g(_”lT)(W vy )[w —W )]
N N n+l g Uity mil my
N N N

N

AR e

Returning to the N other terms, we see that since W —~W s stochastically independent of
LEAT I
N

g(ﬂT], it follows that

g(%THWn_ﬂ_T - W%Tﬂ

E

11



il W Ry |

N

where the second equation follows because

n+1T ny
N N

Eg (W -w £=T.
N
Therefore

N-1 2
yglhTiw  -w
n=0 N LS %T

N 2

=E
n=0 N N+l T
N N

Nfg(mJ[w —w ]

Since Eg(t) 2 = ||g(t) ||Z is a continuous function of t, it follows that the limit as N goes to

infinity of the extreme right-hand side of equation 14.4 is the Riemann integral of E( g(t)?2)
from 0 to T. That is,

lim|[|V]]? = limlEEg[iTT:TjE[g(t)e]dt, (14.5)
N-w N2 N-w Nn=o N 0

where V is defined by equation 14.3.
N

| now show that VN is a Cauchy sequence with respect to || .| [2 and do so by imitating the

proof of theorem 5.15 in the appendix of lecture 5. | must show that for any € > 0, there exists
a positive integer K such that HVN—VMH2 <egifN2Kand M 2 K.

The proof of theorem 5.15 made use of uniform continuity, so that a first step is to check
that uniform continuity applies in the current context. The proof of theorem 5.15 depended on
the assertion of lemma 5.14 that a continuous function is uniformly continuous on a compact
set. The lemma applied to functions from a subset of R" to a subset of R€. We need to apply the
same assertion to a continuous function from [0, «) to LZ(S, S, P). ltis easy to check that the

proof of lemma 5.14 applies in this context. Since g:[0, =) ~ LZ(S, &, P) is continuous with
respect to the norm ||.]| onL (S, &, P), for every € > 0, there exists a § > 0 such that if
2 2

|t =] <3, then ||g(t) —g(r)||z < e?/4T.

| continue with the imitation of the proof of theorem 5.15. Let K be an integer so large
that K > T/5 and let N and M be integers both exceeding K. | show that ||VN— VMl |2 < €. The

numbers nT/N and mT/M, forn=0,1, ... ,N-tandm=20, 1, ... , M=1 form Q distinct
numbers, where Q < N + M. Let these numbers be to, t1, e tQ, where

12



It is sufficient to show that ||VN— I||2 < ¢/2 and||V —I|] < e/2. Inorder to prove these
M 2
statements, it is enough to prove that ||I—VN|| <e/2,fN>T/HB. Forn=0,1,..,N-1,let
2

nT/N =t o’ so that q(n) < q(n+1), for all n. | hope it is clear that
q

N-1 ] Q-1—
V=YglT|W -W =Y g(t)jw -WI
N a0 N LEANE It q=0 9 Lo Y
N N
where E(t ) = g[LTJ, for n such that q(n) < q < g(n+1). Therefore
q
o1 —
%—I==Z[gﬁ)—gU)HW -—w].
g=0 q q tqﬂ tq

By a close analogue of equation 14.4,

Q-1 —
IV -I)2 = L (t  -t)lg(t) —g(t)]I (14.6)
N 2 q-0 9+ q q T 2
Because nT/N =t ( <t <t ) = (n+1)T/N and T/N < §, it follows that
q(n) q g{n+
I1g (t) —g(t) |12 =1lg(nT/N) —g(t )||? < e*/4T.
q q 2 q 2
Therefore
Q-1 —_ 2 Q-1 2
Yt —t)]lg(t) —gt)|P< X (t —t) =2 (14.7)
q=0 91 q q a 2 4T q=0 q+1 q 4

Equation 14.6 and inequality 14.7 imply that ||VN— I||2 < ¢/2 and hence complete the proof

that the sequence V is Cauchy with respect to the norm ||.||2.
N

.
The stochastic integral [g(t) dW is defined to be lim VN, where the limit is in
0 t N~ «

T
L (S, &, P). Notice that fg(t)dW is itself a stochastic process, since it is family of random
0 t

2

13



variables indexed by T. In fact, it takes values in L (S, §, P). It is important to remember that
2

T T
fg(t) th is a random variable. An easy way to recall this is to note that [dW = W (s) .
0 0 t t

Recall that we could not define

W (s) =W (s) |,
nHl g Ny
N

IimVN(s) = Iimeg(iT, s]

N o N-=n=0 |N

for each s, because W ('s) has unbounded variation as a function of t, for s belonging to a set of
t

probability 1. However by considering the limit over all s simultaneously, we end up with a
limit in L2(S, S, P).

14



