Lecture #15

T
| now derive some properties of [g(t)dW . In order to do so, | need two theorems, which
0 t

| do not prove, though the proof of the second is easy.

Theorem 15.1: If (S, S, P) is a probability space and x : S - R is a random variable
such that E(x?) < «, then x| is integrable and E|x| < ||x]| .
2

Theorem 15.2: If (S, &, P) is a probability space and x : S -~ R is an integrable random
variable, then |Ex| < E|x|.

| may now prove the following.

Theorem 15.3: E =0.
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Proof: By definition, [g(t)dW = lim V , where V is as above. By equation 14.3,
0 t
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E[V } =0. LetV:Tjg(t)dW. Then
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where the second inequality follows from theorem 15.2 and the third inequality follows from
theorem 15.1. Since lim V-V " = 0, it follows that EV = 0. |
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Theorem 15.4: l||g(t)th||: = f||g(t)|]zdt.
0 0

Proof: Let V (s) be defined by equation 14.2. By equation 14.5,
N

lim IV ]I = [ELG(t)2dt = Jllg(n)][2t
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By the definition of [g(t)dW,
0 t

lim ||V —Tjg(t)thHz =0.
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By the triangle inequality for the norm [[.|| ,
2

V1, =11 Ja ) aw] | | <V, - Jo(t) aw]|
Hence

[llg(t) |[2dt = lim []V[[2 = || [g(t) dW |2 .

N -
The next theorem should be obvious.

Theorem 15.5: If a and b are numbers and f(t) : S - Randg(t) :S - R are stochastic
processes that have properties (1) - (3), then

t

Tf[af(t) + bg(t) JdW =aij(t)dW + ijg(t)dW.
0 ! 0 t 0

If for all t, f(t, s) = O with probability 1, then

ij(t)dleo.

0

.
The stochastic integral [g(t) dW inherits properties (1) - (3) of the stochastic process
t

0
T

g(t). It should be plausible that the random variable [g(t) dW is measurable with respect to
0 t

S . We know that it belongs to L2( S, &, P). As a function from [0, «) to L (S, &, P),
T 2

.
fg(t) dW is continuous with respect to T, for suppose that T is a sequence in [0, )
0 t n

converging to T. Then
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where the second equation follows from theorem 15.4 and last equation applies because ||g(t) ||?
2

is a continuous function of t by assumption 3.



Stochastic Differential Egquations

We now turn to the study of stochastic processes x(T, s} that satisfy the equation

x(T, s) = x(0, s) + Tju(t, x(t, s))dt + Tfcy(t, x(t, s))th(s), (15.1)

0 0

for all T and s, where T varies over [0, =), i :[0, ©) x(=c, =) - (-, =) and

06:[0, =) x{—«, »} - [0, «). Such a process is called an Ito process. Equation 15.1 is called a
stochastic differential equation or an Ito differential equation. Notice that if o = 0, then equation
15.1 becomes

x(T, s) = x(0, s) + Tfu(t, x(t, s))dt,

0

which, for each s, is the same as the ordinary differential equation

X1, 8) = pu(t, x(t, s)
it

with the initial condition x(0, s). For this equation to have a unique solution, we need to assume
that u is continuous and satisfies what is known as a Lipschitz condition with respect to x. The
Lipschitz condition is that there is a positive number K such that

“,L(t, X) _M(tv Y)| < K[X— Y|,

for all x and y. The Lipschitz condition is stronger than continuity and applies if u is

differentiable with respect to x and the derivative is uniformly bounded, which means that there

op(t, x)
ox

is some b > 0 such that < b, for all t and x. | make a similar assumption about o.

More formally,

Assumption 15.6: Both u and ¢ are continuous with respect to t and x and both satisfy a
Lipschitz condition with respect to x.

Theorem 15.7: Under assumption 15.6, the stochastic differential equation 15.1 has a
unique solution x(t, s) with initial condition x(0, s), provided the function of s, x(0, s),

belongsto L (S, &, P) and is measurable with respect to & . Furthermore
2 0
x(t, 8) eL (S, &, P), for every t, and x(i, s) is a continuous function of t with probability 1.
2
| do not attempt a proof of this important theorem.

We can imagine finding an approximate solution to a stochastic differential equation by
dividing time into tiny intervals of length A and if the non-negative integer n = n(t, A) is such



that nA <t < (n+1)A, we could form the function

xA(t, s) = x(0, s) + "f u( kA, XA( kA, s))A + p{nA, xA( nA, s)) (t — na)
k=0

n-1

v T o(ka, x(ka, 8)) (W (s) =W (s) )+ o(na, x(na, s)) (W(s) =W (9 )

ko0 (k+1)a ka t na

where WO( s) = 0 and where the functions xA( kA, s) are defined by induction on k beginning

with xA(OA, s) = x(0, s), for k = 0, and by the formula
xA((k+1)A, s) = xA( kA, s) + u(ka, xA( kA, s))A

+ o(ka, x (KA, s)) (w s) —W (s) )

(k+1)A kA

The functions xA( t, s) are approximate solutions to the stochastic differential equation that

converge to the actual solution.

The point | want to make here is that from the equations defining xA( t, s) and the central

limit theorem, we can guess that the differences W (s) —W (s) need not be normally
{k+1)Aa kA

distributed. All that matters is that they be independent of & , have mean zero, and that
kA

lim 1_Var[w —W]=1.
A-0 A t+A t

The difference W — WkA are to be thought of as the dW encountered in lecture 14. We can
(k t

+1)A
ignore terms with a variance of order dt* or any order higher than dt. In order to see that this
is so, recall that the stochastic integral is the limit of sums of independent random variables
with variance of order dt, where dt is the time elapsed between the moments when the random
variables occur. |f the integral is from 0 to T there are T/dt such random variables. The
variance of sum of all these random variables is the sum of their variances, which is of order
(T/dt)dt = T. Suppose that the variances of the individual random variables was of order dt?,
where a > 1. Then the variance of the sum of all the random variables would of order (T/dt)dt?
= Tdt>", which goes to zero as dt goes to zero. Therefore integral of such terms would be 0.

As an example of the application of the idea just explained, suppose we have an equation
of the form

dx(t, s) = u(t, x(t, s))dt + o(t, x(t, s))dZt( s),



where Z (s) is a stochastic process such that Z
t t+

E[z

(s) — Z:( s) is independent of & ,
1

A

- Zt] =0, and Var{Z - Z:] = A?, for small A. Then because A2 is another order of small

t+A t+A

than A we can ignore Z ( and the stochastic differential equation has the same solutions as does
t

the ordinary differential equation

dx(t) = u(t, x(t, s)) .
dt
To take another application of the same idea, consider the stochastic process defined by
the equation

dx(t, s) = u(t, x(t, s))dt + o(t, x(t, s))th( s) + y(t, x(t, s))(th( s) )2

where W ('s) is the Weiner process. Since the mean of (dW )2 is dt, we can rewrite this
t t

equation as

dx(t, s) = [u(t, x(t, s)) + y(t, x(t, s))ldt + o(t, x(t, s))th( s)

+ vt x(t, S))[<dWI(S)>2—dt].

The term [(dW (s) )2 - dt] has mean zero and variance 3( dt) 2, since dW (s) is normally
t t

distributed with mean 0 and variance dt. Since lim _1_( dt)2 = 0, we may ignore the term
dt - 0 dt

v({t, x(t, s))[(th( s) )2 - dt] and the write the equation as
dx(t, §) = [uft, X(t 8)) + v(t Xt SNt + ot x(t, $)AW(s) .

The next topic is Ito’s lemma. Suppose that x(t, s) is an Ito process satisfying the
equation

dx(t, s) = u(t, x(t, s))dt + o(t, x(t, s))th( s) .

Let f(t, x) be a twice differentiable function of t and x and let y(t, s) = f(t, x(t, s)). Ito’s
lemma shows that y(t, s) is also an lto process. In order to see how the argument works, we
apply Taylor's theorem to the function f to obtain

dy(t, s) = 9f(t, x(t, 8)) gt + 3F(t, (¥, 8)) dx(t, s)
ot oX



o%f(t, x(1, 8)) gtz + 8°f(t, x(t, 8)) dx(t, s)dt + 1 @*f(t, x(t, s)) (dx(t, s))2

+ b
2 ot? ax ot 2 ax?

= 9f gt + _aL[u(t, x(t, 8))dt + o(t, x(t, s))dW(s)]
ot X !

¢ 1% e _aif_dt[u(t, (1, $))dt + o{t, X(1, ) AW () |
2 at2 oxot !

N la_zf[u(t, x(t, 8))2d + 2u(t, x(t, 8)) o(t, x(1, s)) dtdW (s)
2 ax2 t

+o(t, x(t, s))2<th(s) )2]

2
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didW + %j_;cz[@wt)? - dt].

The stochastic terms are multiples of dW , dtdW , and [( dw)? — dt]. The variance of dW is dt.
t 1 { t
That of dtdW is dt®, and that of (dW )2 — dt is 3dt?. As argued earlier, the stochastic terms with
t t

variance of order dt? and dt® can be ignored. We can also ignore terms with a deterministic
differential of order dt?. After dropping the terms of order dt? and dt?, we are left with the
stochastic differential equation

dy(t, s) = [9f(t, x(t, 8)) + 9f(t, x(t, 8)) u(t, x(t, s))
ot ax

+

1%, (1, 8)) ot x(t, 5)) |dt + Sf(t X(t, 8)) o(t, x(t, 8))dW (s).
2 ax> aX !

That y(t, s) satisfies this stochastic differential equation is known as [to’s lemma.

Example: What is known as geometric Brownian motion satisfies the stochastic
differential equation

dx(t, s) = ux(t, s)dt + ox(t, s)th( s),



where u is a constant and o is a positive constant. The non-stochastic version of this equation is
dx(t)/dt = ux(t), which has the solution x(t) = e%", where a is an arbitrary constant. This
solution may be found by considering the corresponding differential equation for y(t) =

In(x(t)), which is dy(t)/dt = p. The solution of this differential equation is y(t) = a + put.
Taking the exponential of this equation, we obtain the equation x(t) = e%". Let us do the same
thing in the stochastic case and let y(t, s) = In x(t, s) and apply Ito’s lemma with f(t, x) = In x.
Notice that the function p(t, x) is ux and the function o(t, x) is 6x. Then

dy(t, s) = 1 ux(t, s) + _1_[ ol Jozx(t, s)?ldt+ 1 ox(t, s)dW(s)
x(t, s) 2 (x(t, s)? x(t, s) ‘
= lu—lcz dt + odW (s) .
2 t

The solution of this equation is

y(t, s) =a~+ (u—lcz)t + oW (s) .
2 t

The corresponding solution for x(t, s) is
—.1.02 t o
x(t, s) = ee‘e<u 2 >ewt(s’.

Stochastic Optimal Control Theory

I now discuss briefly optimal control theory, where the differential equation to be
controlled is stochastic rather than deterministic. Consider the problem

max E Tjf(x(t, s}, u(t, s))dt

s.t. dx(t, s) = u(x(t, s), u(t, s))dt

(15.2)
+ o(x(t, s), u(t, s))th(s),

for all s and t, and
x(0, s) is given.
The maximization is over stochastic processes u(t, s) such that u(t, s) is measurable with
respect to & , for all t, u(t, s) e L (S, &, P), for all t, and the mapping from t to u(t, s) is a
1 2
continuous function from [0, T] to L (S, , P). Thatis, the control at time t depends only on
2

information available at time t. It follows that the functions x(t, s) are measurable with
respect to & , for all t. Note that the expectations in the objective function is over all states. It
t

is not conditional on the information available at time 0. One can add a terminal condition at



time T, but | ignore this possibility.
Assume the following. (These assumptions are stronger than what is needed.)

Assumptions 15.8:

1) f(x, u) is a continuous function.

2) Both u(x, u) and o(x, u) satisfy a Lipschitz condition with respect to x and u and hence are
continuous with respect to x and u.

3) The function of s, x(0, s) belongs to LZ(S, o, P) and is measurable with respectto & .
0

Notice that if o(x, u) is Lipschitz and x(t, s) and u(t, s) are continuous functions from t
to L2(S, o, P), then o(x(t, s), u(t, s)) is a continuous function from t to L (S, S, P), so that
2

.
the stochastic integral [o(s(t, s), u(t, s))dW (s) exists and the stochastic differential equation
0 t

dx(t, s) = u(s(t, s), u(t, s))dt + o(x(t, s), u(t, s))dW (s) should have a solution.
t
The value function V is defined as

V(t, x(t, s), s) = maxE Tjf(x(r, s), u(r, s))dr‘ §t]

s.t. dx(t, 8) = u(x(r, s), u(z, §))dt
+ o(x(7, s), u(t, s))dW (s),

for all T and s, and
x(t, s) is given,

where the expectation E[ 1s } is the expectation conditional on information available at time t,
t

that is, conditional on & .
t

I have not defined expectation conditional on a o-field, but | will try to convey what it
means. Let @ be a o-field that is a subfield of 5. Ify: S - R is a random variable measurable

with respect to & and if A € @ is such that Prob(A) > 0, then E[ y| A] is the expected value of y
given knowledge that the true state belongs to A. That is, P(A)E[y | A] = [y(s) P(ds). The
A

conditional expectation E[ | @] is a random variable E[ | @] : S - R that is measurable with
respect to @ and is such that P(A)E[ y|A] = [E[ .| @](s) Prob(ds), for all A e @ such that
A

Prob(A) > 0. That is, P(A)E[ y| Al is the integral over A of the random variable E[ | @](s) .
For this reason, as a function of s, V(t, x(t, s), s) is measurable with respect to & . Important
t



facts about conditional expectations is that if y : S - R is measurable with respect to @, then
E[yl@ =y. Alsoify:S-Randz:S - R are stochastically independent random variables that
are measurable with respect to S, then E[ yz| @] = E[ y| @|E[ z| @].

It would seem that the value function V(t, x(t, s), s) should depend on s directly as well
as on t and x(t, s). This dependence does not exist, however, and | now try to explain why.
Recall that the states s in S should be thought of as functions s(t) from [0, «) to R. To say that
a function g(s) is measurable with respect to St means that g(s) depends only on the values of

s(1), for T < t. Now imagine that you control the variable u, that you are in state s and know
s(t), for < t, and that you wish to solve the optimal control problem. You must determine the
value of u over a small interval of time from t to t + dt. The problem you must solve is

max{f(x(t, s), u)dt + E[ V(t+dt, x(t+dt, s), s)] 8‘](3) }: max {f(x(t, s), u)dt

u u

+ E[ V<t+dt, x(t, s) + u(x(t, s), uydt + o(x(t, s), u) <w (s) —W(s) > s>’51}(s) }

t+dt t

Let us look at this problem carefully. The term f(x(t, s), u)dt does not depend on s except
through x(t, s). Within the term

t +dt

El V<t+dt, x(t, s) + u(x(t, s), uydt + o(x(t, s), u) (W (s) —Wt(s) > s>l§t](s),

w(x(t, ), u) and o(x(t, s), u) do not depend on s except through X(t, s) and the random
variation W (s) — W(s) is stochastically independent of & , so that knowledge of s(t), for
t+dt t t

1 < t, does not help predict it. If V(t+dt, x(t+dt, s), s) does not depend directly on s, then given
knowledge of x(t, s), knowledge of s(1), for © < t, will not improve your choice of u. So if we
assume that V(t+dt, x(t+dt, s), s) does not depend directly on s, then V(t, x(t, s), s) does not
depend directly on s either and furthermore the optimal choice of u may be made to depend only
on x(t, s). (If there was more than one optimal choice of u, you could make the choice among
these optimal choices depend artificially on s.) Now imagine that we divide the time interval [t,
T] into a great many little intervals of length dt and make the argument just made by backward
induction on the intervals, [t, t +dt], [t + dt, t + 2dt], ... , [T —dt, T]. Since

V(T, x(T, s), s) = 0, it does not depend on s. By the above argument,

V(T —dt, x(T—dt, s), s) = maxf(x(T~dt, s), u)dt

u

does not depend directly on s and the optimal value of u may be made to depend only on

x(T — dt, s). By continuing by backward induction on the intervals, we see that V(t, x(t, s), s)
does not depend directly on s. | hope that this informal argument convinces you that we may
replace V(t, x(t, s), s) with V(t, x(t, s)) or V(t, x) and we may assume that the optimal choice
of u at time t is a function of x(t, s) alone. We should not, however, dispense with the
conditional expected value in the definition of the value function V.

| now derive in a loose way a version of the Hamilton Jacobi Bellman equation that



applies to problem 15.2. Assume that the function V(t, x) is twice differentiable. Applying the

Bellman principle and then applying Ito’s lemma to the function V(t, x) and the stochastic
process x(t, s), we have that

V(t, x(t, s)) = max{f(x(t, s), u)dt+E[V(t+dt, x(t+dt, s)) l.st]}

V(t, x(t, s))

max{f(x(t, s), u)dt +E[ V(t, x(t, 8)) +dV(t, x(t, s)) lgt”

u

= max{f(x(t, s), uydt+E

V(t, x(t, s)) + [aV(t, X(t, 8)) u(x(t, s), u)
ax

¢ 1 0°V(L x(1, 8) @(x(t, s), u) Jau V(Y X(t, 8)) o(x(t, s), uydW(s)
2 ax? oX !

L oML, x(t, s)) dt‘g H (15.3)
ot ‘

= V(t, x(t, s)) + 9Vt x(1, 8)) dt
ot

+ max{f(x(t, s), u) + 9V(1, x(t, 8)) u(x(t, s), u)
u oX

¢ 1.8Vt X(1, 8)) A(x(t, s), u) }dt,
2 ax®

where | have used facts (1) - (6) listed below.

1) The function of s, x(t, s), is measurable with respect to & , so that functions of s such as
t

V(t, x(t, s)) that depend on x(t, s) are measurable with respect to & as well.
t

2) ElV(t, x(t, s)) + V(L x(t, §)) ’é‘l V(L x(t, §)) + V(L X(, 8))

ot at
because V(t, x(t, s)) + 9Vt X(t, S)) is measurable with respect to S .
ot !

3) E

f(x(t, s), u) + OVt X(L, 8)) p(x(t,s), u) + 19Vt x(t, 8)) GP(x(t, 9), u)l& ]
ox 2 x> '

10



= f(x(t, s), u) + SVt X(t, 8)) p(x(t, s), u) + 1 3%Vt (1, 8)) o?(x(t, s), u),
aX 2 ax?

because f(x(t, s), u) + IV X(t, 8)) u(x(t, s), u) + 1 0°W(t, x(1, 8)) ?(x(t, s), u) is
ax 2 ax?
measurable with respect to & .
t

4) E‘aV(t, X(t, 8)) o(x(t, s), uydW(s) |5 ]
ax t t

_ E‘av(t, X(t, 8) o(x(t, s), u)’é ]E[dW(s)
ax t t

51],

since AV(t, X(t, 8)) o(x(t, s), u) and dW (s) are stochastically independent.
ax k

5) E{th(s) \511 =0.

Facts (4) and (5) imply that

6) E[av(t, x(t, 8)) o(x(t, s), u)dW (s) 15 ]
ax t t

_ E[av(t, X(t, 8) o(x(t, s), u)[s ]E[dW(s) 5 |
aX ‘ ! t

) E[8V<t, x(t, 8)) o(x(1, s), u)|g ](0) 0.
ox !

Canceling V(t, x(t, s)) from both sides of equation 15.3 and dividing both sides by dt, we see
that

AV(t, X(t, ) = — max|f(x(t, s), u) + V(L X(t, 8)) p(x(t, s), u)
ot u 0X
(15.4)
£ 1t X(L 8)) o?(x(t, s), u)|.
2 ox?

This equation is another Hamilton Jacobi Bellman equation. In deriving it, we have informally
verified a maximum principle for the stochastic optimal control problem. Notice that the
maximization problem in equation 15.4 is deterministic for each value of s.

A maximum principle and a Hamilton Jacobi Bellman equation apply also to stochastic

11



optimal control problems where the gain is discounted and integrated over an infinite horizon.
Consider the problem

max E| Je™(x(t, s), u(t, s))dt

s.t. dx(t, s) = u(x(t, s), u(t, s))dt

+ o(x(t, s), u(t, 8))dW(s), (15.5)

for all s and t, and
x( 0, s) is given.

Assume that assumptions 15.3 apply. Define the value function V by the equation

V(t, x(t, s), s) = maxE D}e'“")f(x(r, s), u(t, s)) ’ S |dt

u t

s.t. dx(t, s) = u(x(r, s), u(r, s))de
+o(x(1, s), u(r, s))dWT(s),

for all s and 1, and
x( 0, s) is given.

Just as in the case of the undiscounted problem, the value function does not depend directly on s,
so that we may write V(t, x(i, s), s) = V(t, x(t, s)). Also we may assume that the optimal
value of the control at time t, u(t, s), depends only on x(t, s). The value function does not
depend on t either, for suppose that you control u and move with the system through time. The
only thing about the optimal control problem that changes when you move from time t to time

T > t is that you know more about the state s. In the time interval (t, T], you will have learned
s(t), fort < 7 < T. But we know that the value function does not depend directly on the state, but
only on the variable x(t, s) and perhaps on t. Similarly the optimal control need not depend
directly on the state and may be made to depend only on x(t, s). Hence the optimization problem
is the same at time T as at time t, and so we can write the value function as V(x(t, s)) or V(x).

Assume that the function V(x) is twice differentiable. Again applying the Bellman
principle and then applying Ito’s lemma to the stochastic process y(t, s) = V{x(t, s)), we have
that

V(x(t, s)) max{f(x(t, s), uydt + e'““E[ V(x(t + dt, s)) ISJ}

V(x(t, s))

i

max{f(x(t, s), u)dt + e"‘“E[ V(x(t, s)) +dV(x(t, s)) \51]}

u

- max{f(x(t, s), wdt+ 1 E[V(x(t, s))
1 + rdt

12



ox 2 ox?
t

V(x(t, s)) + rv(x(t, s))dt = max{f(x(t, s), u)dt + rf(x(t, s), u)dt® + V(x(t, s))

u

o [OV(L, X(t, 8)) u(x(t, s), u) + 1 9°V(L X(t, 8)) S*(x(t, §), u) },t

+ OV, x(, 8)) o(x(t, s), u)ydW(s)
o0X t

so that

+ (aV(X(t’ S) u(x(t, s), u) + J_MO’Z(XU, s), u) Jdt
oX 2 ax?

gl

= V(x(t, s)) + max{f(x(t, s), u)dt+ rf(x(t, s), u)dt®

u

+ E| OV(X(t, 8)) o(x(t, s), u)dW (s)

oX

. (GV(X(t, S) u(x(t, s), u) + 1 OV(x(1, 8)) co(x(t, s), u) ]dt}
ax 2 ax?

The steps in each of these equations follow for the same reasons as the corresponding steps did in
the undiscounted case. If we cancel V(x(t, s)) from both sides of this last equation, divide the

result by dt, and then let dt converge to 0, we see that

rVi{x(t, s))

- max|f(x(t, s), u) + OVAX(t, 8) u(x(t, s), u) + 1 OMX(L 8)) A(x(t, s), u)
u axX 2 ax?

This is still another Hamilton Jacobi Bellman equation. In the stochastic case, its solution is not
sufficient for optimality. We have also verified the maximum principle for problem 15.5.

Example: This is a stochastic version of example 13.1. Consider the problem

max E D}e‘“(—xz(t, s) — u?(t, s))dt

s.t. dx(t, s) = u(t, s)dt + Gth( s)

and x(0, s) is given,

where o > 0.
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In applying the Hamilton Jacobi Bellman equation, let f(x, u) = —x% —u?,
w(x, u) = u, and o(x, u) = 0. Guess that V(x) = ax? + b, wherea<0andb<0. Then

dV(x) - 2axand SV(X) = 2a.
dx dx?

By the Hamilton Jacobi Bellman equation,

r(ax? + b) = max[-x? - u? + 2axu + ac’]. (15.6)

u
The maximizing value of u is u = ax and

max[-x? — U2 + 2axu + ac’] = —x* + a* + ac®,

u
so that equation 15.6 becomes

rax? + tb = —x? + a®? + ad’.
Hence

2
ra = -1 +afandb= 80 .
r

Since a < 0, the solution of the quadratic equation in a is

The corresponding control is u(t, s) = ax(t, s). If this control is used, x(t, s) evolves
according to the stochastic differential equation

dx(t, s) = ax(t, s)dt + cht(s) .

This is only a candidate optimal control, since the Hamilton Jacobi Bellman equation does not
provide a sufficient condition for optimality.
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