MATH CAMP: Lecture 1

1 Linear Algebra

Simultaneous Linear Equations:

Example:

31 +2z9 = 6
6x1+ 720 = —2

Now solve. Subtract twice first equation from second

6x1 + Tz = -2
—6$1 — 4$2 = —12
3372 = —14
14

i) = T

Substitute this into equation 1

—14
3z1+2 <—> =6

3

28 18428 46
3&:1—64-?— 3 =3
x —@
YT

The next two equations are equivalent to the first two.

3r1+2z9 = 6
3rg = —14

These are equivalent to the following pairs of equations.

2 2 (—14 46
Teger =2 or m=2-3(5) =
L 14 C 14
T2 =3 T2 =3
The last pair is said to be row reduced and in echelon form. We want to do this
more generally
a1121 + a2+ AININ = Y1
G21%1 + G222  +:--+  TaNIN = Y2

api1x1 + apexy 4+ GMNIN = YM



The a,, and ¥y, are numbers and x1,...,zy are unknown. In order to be more
systematic we write the equation as:

Ax = y,where
aiy -+ Q1N
A = : : M x N matrix
api -+ AMN
L1
r = : N-vector of unknowns
TN
Y1
y = : M-vector of numbers.
Ym

Az is the M -vector
a1y +---+ aINTN
ary +---+  aaNITN

apiry +---+ aAMNIN

Consider the following so called elementary operations on M x N matrix A:

1. Multiply a row of A by a non-zero number.

2. Replace a row by that row plus ¢ times another row, where ¢ is a non-zero
number.

3. Interchange two rows.

If the M x N matrix B is obtained from A by any one of these operations, then
A and B are equivalent in the sense the equations Bx = 0 and Az = 0 have the same
solutions. (Think this through.)

Similarily, if the M x (N + 1) matrix (B : 2) is obtained from the M x (N + 1)

matrix (A : y) by an elementary row operation, then the systems Bx = z and Az =y
have the same solutions.

Elementary row operations can transform any system Ax = gy into a system
Bx = z where

a) the first non-zero entry in any row of B is 1, and

b) each column of B that contains the leading non-zero entry of some row has all
its other entries 0.

Definition: Such a matrix B is said to be row-reduced.

Example:
01 40
00 0 0].
103 0 is row reduced.
00 01



Example:

3 21 x1 3
6 4 2 2| =1|6
6 8 5 x3 0
3 21 x1 3
— 10 0 O x|l =10
0 4 3 x3 —6
1 2/3 1/3 x1 1
— 10 0 0 o | = 0
0 3/4) \xs3 —3/2
1 2/3 1/3 x1 1
— (0 1 3/4 xo | = | —3/2
0 0 0 x3 0
1 0 —1/6 x1 2
— [0 1 3/4 xe | = | —3/2
00 0 x3 0
1 0 —-1/6
The matrix | 0 1 3/4 is an examle of a row reduced echelon matrix.
00 O

Definition: A matrix is a row reduced echelon matrix if:
a) it is row reduced,
b) any row of zeros lies below all non-zero rows, and

c) if the first 7 rows are non-zero and the leading non-zero entry of row m is in

column n,, for m=1,...,r then n; < ng < --- < n,.
10 3 0
. 01 4 0]. .
Example: The matrix 00 o 1/|isarow reduced echelon matrix
0 000

Theorem: Every matrix is equivalent to a row reduced echelon matrix.
Proof: This may be achieved by elementary row operations. |

Theorem: If A is an M x N matrix and M < N, then the system Ax = 0 has a
non-zero solution.

Proof: Let B be a row reduced echelon matrix equivalent to A. Ax =0 <= Bz = 0.
Let r be the number of non-zero rows of B. Then r < M < N and rows 1,...,7 are



the non-zero rows of B. For 1 < m < r, let the leading non-zero entry of row m
be in column n,,, where ny < ng < --- < m,. Since r < N, there is an n such that
1 <n < N and n # n,, for any m. For such an n, let x, = 1. For k such that
1<k <N,let xp =0, if k # nyy,, for all m. It is now possible to solve for z,,, for
n =mnq,..., Ny, so that Bx = 0. Then Ax =0 and = # 0. |

Theorem: If A is an N x N matrix and if Az = 0 has no non-zero solution, then A

is row equivalent to the N x N identity matrix (é ?) =1

Proof: Let B be a row reduced echelon matrix that is row equivalent to A. Bx =0
has no non-zero solution. Hence the number of non-zero rows of B is N. Hence,

B=1. |

2 Vector Spaces

Consider RN = {v = (v1,...,un) |vn € R, for all n}, where R is the set of real
numbers. We can define the following operations on RY. If v and w belong to RY,
v+w = (vi,...,on) + (w1, ..., wN) = (v1 +w1,....,o8 +wy). If c€ R and v € RV,
cv = c(v1, ...,vn) = (cv1, ..., con). Let 0= (0,0, ...,0) € RN. Observe that
a)z+ye RN, ifrc RN andy € RN
b)z+y=y+uz,
c) thereis a 0 € RY and 0+ x = z, for all z € RV,
d) for all z € RY, there is a unique —x € RY such that z + (—z) = 0,
)1z =z, for z € RN
) (c1c2)w = c1(caz), for all numbers cijand ¢y and for all z € RV,

= @

g) c(x +y) = cx + cy, for numbers ¢ and for z and y in RV,
h) (c1 + ¢2)x = c1x + cax, for all numbers ¢; and ¢z and for all z € RY.

Definition: A wector space consists of a set, V', together with operations of addition
and multiplication by numbers, denoted = + vy and rx, where x € V,y € V and r € R
and these operations satisfy (a)-(h) above with RY everywhere replaced by V.

Definition: W is a subspace of V, if W C V and W is a vector space under the
operations on V.

Note: W C V is a subspace of V if v +w € W, for all v,w € W, and if cw € W
whenever c € R and w € W.

Example: V = {f :]0,27] — R|f(0) = f(2m)} is a vector space under the operations
(f+9)(s) = f(s)+g(s), for all s € [0,27] and (cf)(s) = cf(s), for all s.

W = {asin+ bcos | a € R and b € R} is a subspace of V. W is the linear span
of sin and cos.



Definition: If V is vector space, v € V is said to be a linear combination of
w1, ..., wn € V, if there are numbers ¢y, ...cy such that v = c;wy + - - - + eywy.

Definitions: If wy,...,wy € V, their linear span is the set of all linear combinations
of w1, ...,wy. The linear span of wi,...,wy is a subspace of V and is the smallest
subspace containing wi, ..., wn. The vectors, wy, ..., wy are said to span V, if V is
the linear span of wy, ..., wy.

Now I try to get at the idea of the dimension of a vector space.

Definition: Vectors vi,...,uny in V are linearly dependent if there exist numbers
c1,...cN, not all zero, such that civ; + -+ + cyvy = 0.

Definition: Vectors vy, ...,vy in V are linearly independent if there are not depen-
dent.

1 0 1
Example: |0],[1], |1 |are dependent in R3, since
0 0 0
1 0 1 0
oOJ+(1]—-(1]) =10
0 0 0 0
1 0 0
0],{1],(0 ]are independent, since
0 0 1
0 1 0 0 c1
O)=c1 |0+ |1]+c3|0)l =] =ci=co=c3=0
0 0 0 1 cs

Example: sin and cos are independent, for suppose that asin+ bcos = 0. Then
0 = asin(n/2) + beos(m/2) = a and 0 = asin(0)+ bcos(0) = b, so that a = b = 0,
sin + 2 cos and —2 sin — 4 cos are dependent, since 2(sin + 2 cos)+(—2sin — 4 cos) = 0

Definition: A basis for a vector space V is a set of linearly independent vectors in
V that spans V.

Example: Let
en =(0,...,0,1,0,...,0) € RN

1
nth slot

e1,...,en is the standard basis for RN.



Theorem: If vy,...,v5 span a vector space V, then any independent set of vectors
in V has no more than M elements.

Proof: I must show that if N > M and wy,...,wy are in V, then wq,...,wy are
linearly dependent. Since vy, ...,vpr span V, w, = YM_ a0y, for all n and for
some numbers a1y, ..., G- If 1, ...,z are numbers, then

N N M
riw1 + -+ arywNy = E :vnwnzg :zn§ AmnUm
n=1 n=1 m=1

N M M N
= E E AmnTnUm = E AmnTn | Um
n=1

n=1m=1 m=1

Since N > M, a previous theorem implies that there exist numbers x1, ..., zx not
all zero such that )" amnz, = 0 for m = 1,..., M. Hence, zqwy + -+ + zywy = 0
and wi, ..., wy are linearly dependent. |

Definition: A vector space is finite dimensional, if it has a finite basis.

Corollary: If V is a finite dimensional vector space, then any two bases have the
same number of elements.

Proof: If vy,...,vp and wy, ..., wy are bases, then N < M and M < N. [ |
Definition: The dimension of V' is dim V' = the number of vectors in a bases for V.

Lemma: Let v1,...,ups in V' be linearly independent and let w in V' not belong to
the span of vy, ...,vps. Then vy, ..., vp7, w are linearly independent.

Proof: Suppose that civ; + -+ + cyopr +bw = 0. If b # 0, then w = FFvy —
. C%UM € span(vy,...,vpr). This contradiction implies that b = 0. Therefore,
c1v1 + -+ -+ epyvpys = 0. Since, vy, ..., vps are linearly independent, ¢, = 0, for all m.H

Theorem: If W is a subspace of a vector space V of finite and positive dimension
and W # V', then dimW < dim V.

Proof: Let M = dim W and N = dim V. I must show that M < N. If W = {0} then
dim W = 0 < dim V. Suppose that W # {0}. If wy,...,wps are linearly independent
vectors in W, they are linearly independent in V' and so M < N. Therefore, there
is a linearly independent set of vectors in W with a largest number of elements, say
w1, ..., wr. By the previous lemma wy, ..., w, is a basis for W and r = dim W. Since
W 2V, there is a v in V such that v ¢ W. By the previous lemma, wy, ..., w,, v are
independent and hence N > M +1 > M. |



Theorem: If vy,...,vy is a basis for V and v € V, then the numbers ¢y, .., ¢y, such

that v = 25:1 CnUp are unique.
Proof: chvnfvaanvnﬁz Yo, =0 = ¢, — a, =0, for all n,
since vl, . ’U N are 1ndependent [ |



