MATH CAMP: Lecture 2

Definition: If V and W are vector spaces, T =V — W is linear or a linear
transformation if T'(avy + bvy) = aT'(vy) + bT'(v), for all numbers a and b and for
all vectors v; and vy in V.

Example: Let T : RY — RM be defined by T(z) = Az, where A is an M x N
matrix. Then T'(ax + by) = A(ax + by) = aAx + bAy = oT'(z) + 0T (y).

Example: If f eV ={f:[0,2n] — R|f(0) = f(2m)} Let
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T :V — V is linear. If [0, 27) is thought of as a circle, the transformation T" corre-
sponds to rotating the circle counterclockwise 180° and then applying the function
f.

Matrices can be used to represent any linear transformation from one finite di-
mensional vector space to another. Let T : V' — W be linear, let vy,...,vxy be a
basis for V, and let wy, ..., wys be a basis for W. If v € V, there are unique numbers
x1,...,xy such that v = zyv;+- - -+ yvy. Since T'(v) € W, there are unique numbers,
Y1, ..., yar such that T'(v) = yywy + - - - + yywyy. Since T(v,) € W, for each n, there
are unique numbers ay,, ..., Gy, such that T'(v,) = awy + - - - + apmwyy. Therefore,
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Then, y = Ax. The M x N matrix A represents 7' in that there is one and only
one linear transformation T corresponding to A and one and only one matrix A
corresponding to 1" given the bases vy, ..., vy for V and wy, ..., wys for w.

Let S : W — @ be a linear transformation and let ¢, ..., ¢; be a basis for (). Let
the J x M matrix B = (b;,) representing .S, so that
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SoT:V — @ is the linear transformation defined by S o T'(v) = S(T'(v)). Then
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where ¢;, = ZM bimmn, so that the J x N matrix C' = (¢;,,) represents S o T

m=1

Definition: If Aisan M x N matrix and B is a J x M matrix, the matrix C' = BA,
the product of B and A, is the J x N matrix defined by c;,, = Z%:l bimGmn, and
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Example:
(110) 38_12 :(23—1)
010 10 0 00 1 ’

Remark: If the M x N matrix A represents T" and the J x M matrix B represents
S, then the J x N matrix C = BA represents S o T.

Note: The order in which matrices are multiplied does not affect the product. That
is, if A is an M x N matrix, B is a J x M matrix and C is a K x J matrix, then
(CB)A = C(BA).

Definition: An N x N matrix A is invertible if there is an N x N matrix A~! such

that
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I is called the N x N identity matrix and represents the identity function idy :
V' — V, where V' is an N —dimensional vector space and idy (v) = v, for all v € V.
Clearly, IA = AI = A, for any N x N matrix A.



Lemma: If A and B are invertible, then AB is invertible and (AB)™' = B~1A~%

Proof:

(B'A™)AB) = B YA'AB=B'IB=B'B=1]
(AB)(B'A™) = AIA™ =AA' =1. u

Definition: A function f : V — W is invertible, if there exists f~! : W — V such
that fo f~! = idy and f~'o f =idy. That is, f(f~}(w)) = w, for all w € W and
Y f(w)) =wv, forallveV.

Definition: f:V — W is onto, if for every w € W, there exists a v € V' such that

f(v) =w.

Definition: f : V — W is one to one, if for every v € V and v € Vsuch that

v# 0, f(u) # f(0).
Remarks:

1. f : V. — W is onto if and only if there exists f~* : W — V such that
f(fH(w)) = w, for all w € W.

| .

2. f is one to one, if and only if there exists f~1 : f(V) — V such that f~!(f(v)) =
v, for all v € V', where f(V) ={f(v) |ve V}.
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3. f is one to one and onto, if and only if f is invertible.
Theorem: If T:V — W is an invertible linear transformation, them 7! is linear.

Proof: Let wy,ws € W and ¢1,cy € R. Let v; = T (wy) and vy = T~ (wy). Since
T is linear, T'(c1v; + coua) = 1T (v1) + 2T (v9) = c1wy + cows. Therefore,

ClTil(’wl) + CQT71<IU2) = C1V1 + CoUy = Til o T(Cl’l}l + CQUQ) = T*1(01w1 + ngg). |

Proposition: Let T': V — V be a linear transformation and let vy, ..., vy a basis
for V. If A is the N x N matrix representing T with respect to vy, ..., vy, then T is
invertible if and only if A is invertible.

Proof: If T is invertible and A~! represents T, then idy = T 1o T, A~ A repre-
sents 7' o T, and I represents idy. Hence A~*A = I. Similarly AA~! = 1I.

If A is invertible, A~! represents a linear transformation 77! : V — V and
A'A =1= AA~', which implies that 7' o T =T o T~! = idy. ]

Theorem: If A is an N x N matrix, then the following are equivalent:
i) A is invertible,
ii) there is an N x N matrix B such that BA = I, and
iii) the system Az = 0 has no non-zero solution.

Proof: (i) — (i) Let B = AL
(ii) — (ili). If BA =1 and Az =0, then 0 = BAz = [x = x, so that z is zero.
(iii) — (i) By a previous theorem, A is equivalent to the N x N identity matrix
I. Equivalence is established via elementary row operations. Each elementary row
operation on A corresponds to left multiplication by an invertible matrix P. I check
this statement.



a) Multiplication of the rth row of A by ¢ # 0 corresponds to PA, where

10 0 0
01 . 0
10
Po= 0 0 ¢c 0 0| rowr
01
) 0
0 0 01
7
column 7
and
10 0 0
01 . 0
1 . 1 0 )
P 1o . . .0 ¢t 0. . 0] rowr
0 1
) 0
0 0 01
T
column r

b) Replacement of the rth row of A by row r plus ¢ times row s, where ¢ # 0,



corresponds to PA, where

column s column r

! l
T 00 .0 .. .0 . ... .0
010 0
0
0 0 ¢c O o110 . . . . 0| rowr
0 0 010 ) 0
P =
) 0
0 0 0 010
0 0 0 0 1
and
column s  column r
! l
T 00 . 0o . . .0 . . . . .0
0 0
0
0 0 —c 0 Oo10 . . . . 0| rowr
0 0 010 . .0
Pt =
) 0
0 0 0 010
0 0 0 0 1

c¢) Interchange of rows r and s of A corresponds to multiplication of A on the left
by the matrix



S =
— O
o -

o O
o O

0 010 0 0
0 0 010 0| rowr
0 010 0 0
P =
. 0 .. .
o. . . o010 . .. .0 . .. TOW S
0 1 .
. . .0
o . . . .0 . . .. .0 .01
T T
column 7r column s
Pt=P

So, [ = PPy, ..., P A, where P, is invertible, for all q. Let P = P P, ..., Pp. P~ =
Py L ... P! so that P is invertible. I = PA, since A is row reduced to I via left
multiplication by the matrix P. P~! = P71PA = (P7'P)A = [A = A. Therfore,
I =P 'P=AP. Since PA =1 = AP, A is invertible. [ |

Corollary: If Aisan N x N matrix and BA = I, for some N x N matrix B, then
B=A"

Proof: By the theorem, A is invertible. Therefore, BA = I implies that (BA)A™! =
A~ sothat B= Bl = B(AA™') = (BA)A™' = A~%,

Definition: If 7T :V — W is a function, the image or range of T is {T'(v) | v € V'}.

Definition: If T': V — W is a linear transformation, the null space or kernel of T'
is {v e V| T(v) =0}

Theorem: If 7' : V — W is a linear transformation, then the range of 7' is a
subspace of W and the kernel of T is a subspace of V.

Proof: ¢, T(v1) + coT(vy) = T(c1v1 + cov2). T'(v1) = 0 and T'(ve) = 0 imply that
T(clvl + Cng) = ClT(Ul) + CQT(UQ) = Cl( ) + Cz( ) =0. [ |
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Definition: If7T :V — W is a linear transformation, the rank of T is the dimension
of the range of T' and the nullity of T" is the dimension of the null space of 7.

Definition: If A is an M x N matrix, the column rank of A = the dimension of
the linear span of the columns of A, and the row rank of A = the dimension of the
linear span of the rows of A.

I will later show that the row rank of A equals its column rank.

Theorem: Let T': V — W be a linear transformation. Then, rank 7" + nullity
T =dimV.

Proof: Let vy,...,vx be a basis for the null space of T. Extend wvy,...,vx to a
basis v1, ..., Vg, Vg 11, -..,un of V. T show that T'(vk.1),...,T(vy) is a basis for the
range of T. The vectors T'(vq),...,T(vx) span the range of T. Since T'(v,) = 0, if
n < K, T(vgy1), ..., T(vy) span the range of T'. 1 show that T(vki1),...,T(vy) are
independent, so that T'(vk1),...,T(vy) is a basis for the range of T and hence rank
T=N-K.

Z T (v,) = O:T< Z cnfun) - Z CnUn,

n=K+1 n=K+1 n=K+1
K K N
= anvn:anvn— Z Cnn = 0
n=1 n=1 n=K+1

= b, = 0 and ¢, = 0, for all n, since v1, ..., vy are independent. Therefore, rank of
T+ nullityof T= N-K+K=N=dimV. [

If T :V — W is a linear transformation, then for any w € W, T-}w) =
v+ T71(0), where v is any vector in V such that T'(v) = w and where v +T1(0) =
{v+2z|z € T7(0)}. Tt is possible to visualize the meaning of these assertions by
considering a linear transformation T : R? — R.



T-X(w) =v + T1(0)

T0)

The function T portrayed in this diagram may be thought of as a projection of R?
followed by a linear function from the vertical axis onto R.

Definition: If7T:V — W is a linear transformation, 7" is non-singular if the kernel
of T'is {0}.

Remark: T is non-singular if and only if 7" is one to one, since T'(vy) = T'(vq) if
and only if T'(v; — vg) = 0.

Lemma: If 7T :V — W is a linear transformation, then 7 is non-singular if and
only if T'(v1), ..., T(vy) are linearly independent whenever vy, ....,uy are linearly in-
dependent.

Proof: Suppose that T is non-singular. If vy, ..., vy are linearly independent, then

ClT(Ul)+"'+CNT(UN) = O:>T(01U1+"'—|—CNUN) :0
E clvl_i_...—’—cN’UN:O:}Cl:CQZ~~-:CN:0'

Suppose T carries independent vectors to independent vectors. Let v # 0, where
v € V. The vector v by itself is independent. Therefore, T'(v) is independent.
Therefore, T'(v) # 0, since 0 is dependent. Therefore, the kernel of 7" is {0}. [

Theorem: Let 7T :V — W be linear and suppose that dim V' = dim W. Then, the
following are equivalent.
1) T is invertible.
) T' is non-singular.
3) T is onto.
) If vy, ...,vn is a basis of V, then T'(vy), ..., T(vy) is a basis of W.
) There is a basis vy, ..., vy of V such that T'(v1),...,T(vy) is a basis of W.
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Proof: 1 = 2. Obvious.

2 = 3. Suppose that T'is non-singular. Let vy, ..., vy be a basis of V. By the pre-
vious theorem, T'(v;), ..., T(vy) are independent. Since dimW = N, T'(vy), ..., T'(vy)
is a basis of W. If w € W, w = 4T (v1) + - -+ + enT(vy) = T(c1v1 + -+ - + envn).
Therefore, T is onto.

3 = 4. Let vq,...,uy be a basis of V. Since these vectors span V and T is
onto, T'(v1), ..., T'(vy) span W. Since dim W = N, T(vy),...,T(vyx) are independent.
Therefore T'(v1), ..., T'(vy) is a basis of W.

4 = 5. Obvious.

5 = 1. Suppose that there is a basis vy, ...,vx of V such that T'(v), ..., T(vy) is
a basis of W. Then, rank 7" = dim W = dim V. Therefore, by a previous theorem,
nullity of 7' = 0. Therefore, T is one to one. Since rank T = dim W, T is onto.
Therefore, T' is invertible. |
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