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ABSTRACT

This paper considers a linear-quadratic stochastic model of a
market fpr a storable ;ommOdity in which private agents speculate in
inventories subject to storage costs., It is shown that the non—negativity
constraint on inventories will be binding. The gompetitive rational
expectations equilibrihm is calculated fof a special case aﬂd it is
-shown that speculators adopt a reservation price strategy. Furthegmore,
the equilibrium is shown to be optimal. Heéqe, conventional arguments
for price stabilization using public buffer stocks basedAon consumer-
producer surplus analysis cannot be justified in the context of the

type of model considered here.




I. Introduction

- Following the work of Waugh [12], Oi tS] and Massel [3], the role
ﬁfvinventories and the welfare implications of various price stabilization
échemes have received much attention in the literature. Howéver, most pf
these studies, with the exception of Turnovsky [11], have proﬁeeded by
ruling out private inventories. The typical approach.has been to append
additive or multiplicaﬁive "white noise" disturbances to demand and supply
functions. The benefits accruing to consumers and producers from buffer
stock policies aimed at fixing the market price are then analyzed.l
However, buffer stock policies designed-tdimaihtéin fixed prices are not
feasible because thé stock of government held‘inventories will.foilow a
random walk.z In the absence of arguments to the effect that the storage
technology is avaiiable only to the government, a reeéxaminatibn of feasi-
Sle price étabilization scheﬁes should be condu;ted in the framework of a
model where private agents are allowed to hold inventories;

Turnovsky's [11] model, which incorpbrates privafe storage, is based
upon Muth's [4] model of speculative behavior, in which inventories of
final goods are neld only for specﬁlative gains.

We first show that Muth's linear demand function for speculative
inventories can be obtained in a more straightforward way. It is important
to note that in Muth's analysis, inventories are not constrained to be non-
negative. However, there seems to be no reasonable economic interpretation

to the notion of negative inventories in this model. The suggestion that




one should interpret negative inventories as backlogs requires that we
assume‘that consumers faced with perfectly competitive firms are willing
to pay for a good today which they will receive tomorrow while other con-
sumers, indistinguishable from them, pay the same price and receive the
samé good today. Such a story is incompatibie with specifying demand as
a function of the current price only. As it turns out, in the Muth model,
purely speculative inventories ﬁustvbe negative for some periods.

As such we re-solve the speculator's problem subject to the non-
negativity constraint and compute the resulting rational expectations compe-
titive equilibrium. This equilibrium has the property that speculators adopt
a reservation price pblicy. In particular, inventories are positive when the
market price is below some endogenously determineq reservation price. Other-
wise, inventories are zero.

Finally, we consider the implications of the model for price stabili-
zation schemes. Because the model is based on explicit microeconomic founda-

n terms of a defensible

e

tions, the welfare analysis can be carried out
social welfare function. If the social planner were to maximize the expected
value of the discounted sum of consumers' blus producers' surplus, the
planner would reproduce the ratiﬁnal expectations competitive equilibrium.3
Hence, the optimal storage policy is not one aimed at fixing prices, even
if such a policy is feasible.

The remainder of this paper is organized as follows. In section II

we reproduce the Muth/Turnovsky model assuming speculators maximize expected

discounted profits.from storage. In éection I1I we impose the nonnegativity




‘constraint and solve for the rational expectations competitive equilibrium.
In section IV we consider a simulated example. Finally, in section V we

discuss the implications of the model of section III for price stabilization

policies.

1I. The Model

In this section we reproduce the Muth/Turnovsky model by specifying
explicit optimization problems for the producers and the speculators. Then
we show that in this model the non-negativity comstraint on inventories is
necessarily binding. Heﬁce, tﬁe model should be re—solved, Let there be
N identical producers in a market for a stqrable commodity.‘ |

‘The production function of the representative producer is-

uz¢ Lt-l} + €

@9 Q =_min{a1A

t t-1? t

where

Q. = aggregate production at time t,

A and Lt- are the aggregate quantities of the two inputs at

t-1 1

time t - 1, we assume that the input prices are fixed

and ¢ is an aggregate shock to production which has the law of motion

(2) e = F(L)V; F(L) = ) FJLJ , F

¢ = 1, L is the lag operator,
3=0

0
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and E(Vt\s)

E(Vt) = 0 for all t

The problem of the repfésentative producer who maximizes the expected

value of discounted profits 185

T
t s 2
(3) Maximize E, lim ) B {Pt(alAt-l + et) -3 A~ RAt}
{a.}.2, T+=  t=0
subject to
A_l given,

E¢ © F(L)_Vt’

Pt is the market price of the good at time t and is assumed to

be a well defined stochastic procéss,

0 <B < 1 1is a discount factor,

§ >0 is a comstant dete%miﬁed by & 1,“ 2 and the given constant
price of Lt’

R > 0 is the price of At .

Let Et denote the conditional expectation operator defined on
information known at time t. The information set at time t,& e’ is
assumed to be common to all agents in the model, and includes the values
of all variables in the model occuring at time t - s, for all s > 0.

Then the first-order necessary conditions for the producer's problem

yields the following stochastic linear supply function:
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(4) Q(t) = BE_(P ) C+e,
where
2
Bal alR
b=-—=, C=——,
2 8

We now consider the problem of the representative speculator, whose
only gains from holding inventories are those‘that accrue to him by "buying
low and selling high."

If It = the aggregate stock of inventories held at the end of time
t, and d > 0 is a cost parameter, then the problem of the speculator who
maximizes the expected discounted value of profits from buying and selling
inventories of finished goods is

T
Lim ) 85 (-1 + 1) - =1

(5)_ ' Maximiig E
T =0

{ 0
I Y
subject to

~I_; given and the law of motion for the stochastic process {Pt .

If the nonnegativity constraint is not imposed upon I(t), the first-

order necessary condition for problem (5) is

6) It = 4] Et (Pt+1)— Pt]'
Let the market demand curve for final conSuﬁﬁtion of the good be given
by: 6
(7) Dt = A - aPt sy A>0,a>0.
To complete the model we impose the market clearing condition:
" (8 D + =
(8) e ¥ I Q@+ Ly -

Notice that if we set B = 1. equation (6) corresponds to Muth's inventory

'demand function and equations (4), (6), (7) and (8) correspond to the




model derived by Muth [4] and used by Turnovsky [11]. However, the
above derivation does not require the asymmetric assumptions that

Muth makes regarding the objective functions of producers and speculators.

Whereas in our setup both groups maximize expected discounted profits,
in Muth's paper speculators maximize the expected utility from speculative

profits. Because of this. in order to derive his inventory demand equation

Muth assumes that the conditional variance of prices at time t + 1 is
independent of the conditional mean of PE+1 , and more importantly, that the

squareof the expected price change is small relative to variance of the price.

It is important to notice that in problem (5) no nonnegativity

constraint on inventories is imposed. We now show that inventories cannot

be non-negative for all t in the above model.

’Suppése, if possible, that It > 0 for all t. Then from1(6? we require

that
(9 BE(P 4;) > P for all t.
Therefore,
Ee(Pryg) = BelB 1 (Beyy) ] 2 Ep (%' P.t+j-l)
(10) =S E[E B, ] 3E & Pepgeg) = vee-

1
= -E'Pt for all j » 0.
B

But this implies that expression (3) for producer's profits are unbounded

and the resulting model is not well defined.7 This result simply says

that in a market for a final commodity we do not expect that the relative




price will rise at an exponential rate greater than one, if production
and demand are atationafy. Furthermore, 1f the real expected rate of
return on holding the commodity is negative, no one would like to hold
it. Hence, there is no storage of the commodity.
If one imposes the constraint thgt It > 0 for all t, the relevant
first-order conditions for the problem of the speculators are:

d[BE, (P 4;) - P 1 4f BE (P, 3) > P,

0 otherwise

6" L, =

III. The Rational Expectations Competitive Equilibrium

Given the impossibility of problem (5) yielding a solution forf&
which is non-negative for all t, we now solve for the rational:expecta;ions
competitive equilibrium taking the nonnegativity constraint on It into
account. We aésume that the shock to production, s has the following

probability distribution:

€y with probability Hl for all t
(11)

m
]

with probability I, for all t

2 2

1 > €95 Hlsl + stz =0 .

n +1n, =1, ¢

It is easy to see that for the model under consideration, if there
were no inventories, the sequence of equilibrium prices would be i.i.d.
However, the existence of durable goods and stocks of inventories will in

general introduce serial correlation into the price process. Furthermore,

it seems reasonable to conjecture that given the above specification for




process, if the current market price is “high," then expected vprice

the €
t
es would not be held.

next period will almost surely be lower and inventori
The above considerations lead to the idea of an inventory holding reservation

* * ’ *
price, P, such that It > 0 if Pt < P and It - 0 if PE. > P. As such
we begin with the following guess regarding the equilibrium price process.

/ Po=fy (Prpr 7))
|
i
{
|
f
§
i
] 1_’: £ (Pt_l, €y et)

iﬂ,
<0

s‘

Notice that in the above figure, the functions fl and f2 are




' . *
parameterized by the realization of the e(t) process and have a kink at P

which implies equations (12) and (13).8

. *
= < <
(12) P, = A (e )P, +ue), PSP 4 P
(13 | = A (e )P+ P < < po
) Pt = Az Et t-1 uz(et) Ky - Pt—l - pz .
As is evident from Figure 1, we assume that
‘(14) (e,)P, + u,(e,) P which implies that if P, < P < $ and
: Al e9)P + 1y e, > P which implies that 1 1= Feo1 =
*
= < <
€¢ €9 then P = Pt = P2 .
(15) (e;)P, + u,( < P which impli hat if B < P P, and
Apleg )y + 1y el) . which implies that i =P 1-P an

. * 9
- . < <
€. = Ep» then Pl__ Pt - P.

*
The inventory holding reservation price P is such that

v
o]

*
(16) P, P P=1

Given the above specification there exist four possible cases for the
market clearing condition (8) corresponding to the two ranges for Pt—l and

the two realizations for €

Case 1

*
P, 2P P,eg, =

*
< < > d
e =5 which implies P, = PSP and I _ 0 an

t 1~

By taking conditional expectations on the relevant price processes




10

and substituting into the supply and inventory demand functions, market

clearing requires that
- 3P +p) - = b[X +73,] - C+
A- aP +d[BONP, up) - Bl bIAP ul - C+ g
+d[B(AlPt_l + ul) - Pt—l]
where the "-" symbol stands for the ekpected value. Substituting (12) with

€. = € into the above expression and equating the coefficients of Pt—l on

both sides, as well as the constant terms, we obtain

an Al(el)[a +d(1 - B8] = d(1 - BAy) - DAy
(18) ui(epla +d( - 8RD] = A+ C - e = buy -
Case 2
P, P <P ¢ = g, which implies that P<p <P, andI 20
17 7t-17 7t 2 I 2° t-1
and I = 0. '
t

Proceeding as above, we obtain

(19) axl(ez) =dQ1 - BAl) - by
(20) aul(ez) =A+C-¢y - (b + Bd)pl .
Case 3
| ; <P <P ¢ = g, which implies that P <p = ; and 1 =0
= Te-1 - 72 Tt 1 ) ) R t-1
and I. 2 0.
t

Proceeding as above, we obtain

(21) A (e)[a +d( - BX)] = -bX,
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(22) uz(el)[a + dQ1 - Bkl)] = A+ Q - bu2 + Bdul .
Case 4
P<op <P = hich impli hat P S < d =1 =0
=Py =Py Et = 82 which implies that - Pt - P2 an It_l- =0
Hence,
(23) akz(ez) = -bk,
(24) auz(ez) = A+ C ~ €2 _-buz .

Equations (17) - (24) can be solved for the eight unknowns Al(et)’-
Az(et), ul(et), uz(et), € = €ys ez; as fqllows.

Solve (17) and (19) for Xl(e ) and Al(ez) in terms of Xl' Then take

1
expectations Hlkl(el) + Hle(gz) = Al’ to get:
T - - Ty 1
(25) Al = [d(1 - Bll) - b)\l][a rrTCe BXl) + ?;]

which is a quadratic expression in Xl' Letting X = 1 - Bil we may write

(25) as:

db
2 a

- (a+b)=0.

(26) £(X) =X2[d+H2%(b+Bd)] 4+ X[a+b -1 -d1 - 8)]

Since £(0) < 0 and f(l) > 0 there exists a root X such that 0 < Xl < 1.

Hence, there exists a solution to (25) with 0 < Xl < 1/8. Now since Al > 0,
either Al(el) >0 or Al(sz) > 0 (or both). Comparing (17) and (19) and

noting that Xls < 1, we see that Al(el) > 0 if and only if Al(ez) > 0. Hence

0 < x,(e;) <1
27) 17717 _
0 < Al(el) < Al < Al(ez) .
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Proceeding in a similar way we solve (18) and (20) for ul(el) and ul(ez).

By taking expectations, Hlul(el) + qul(ez) = Uy, we obtain:

A+C- €, - bul] o [A+C - €, = (v + Bd)ul]
a+ d(1 - eil) 2 : a

(28) = I [

170
By using the solution for Xl obtained from (25) we can solve (28)
for ﬁl, after which we solve for ul(el) and ul(sz) from (18) and (20). It
can easily be shown that ﬂl > 0.

Following the same procedure, we can solve (21) and (23) for Az(sl)
and Az(ez) to obtain Az(el) = Az(ez) = Az = 0. Notice that this indicates
that in the absence of inventories prices will be serially uncorrelated.
in a similar way we can solve (22) and (24) for uz(el), uz(ez) and ﬁz =
Because the suggested solutions (12) and (13) should be continuous

*
at P for each realization of € we require that

*
gﬂ1(€1)P + u,{eq) = uylep)
(29) i % B
A (e))P + ul(ez) = u,(e,)

or
«  Hy(e) = uy(ep) uy(ey) - uy (ey)
X () T (e

The latter egquality may be verified directly by use of earlier
*
expressions derived. Hence, P is uniquely defined.

By multiplying the first equation in (29) by Hl and the second equation

in (29) by HZ and adding we see that
L 5 -
-2 1

)
1
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and by using (18) for ul(el), (17) for Al(el) and (22) for uz(el), we obtain:

b(u2 - ul) - Bdul Hy = My

*
(30) P =-— = —
Al(b + Bd) - d _ Al
Hence,
% Buy
(31)- Peorrro—>0
1- BAl

since ‘-‘1 > 0, which from (30) implies that-ﬁz > Uy

We now verify our guess (16) that

o
IA
+d
A
o
u‘ .
L
tv
o

F = 3 + o - = N - P - X i .
BEt(Pt+f— Pt B[AlPt ul] Pt 8“1 t(l BAl) 0
*
Aanea > 0N f£ar <
ch\,c, It - v I0Y Pt =D
*
For P, 2 P,
t
- = gu, -P_ 20
8Et(Pt+1) Pt Buy t

) * - ’ *
since from (30) and (31) P = Bu,. Hence, I = 0 for P 2 P.
Figure 2 depicts the resulting equilibrium pr.ce process. Notice

that
b - ul(el)
1 1 - Al(el)

P, = uz(ez) .
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P /////
t
Hy(ey) Pp = £, ys = y)
|
i |
| |
by (eg) l !
l | ' _
. I — . { = =
Ho(ey) , | Poo= £3(P g £ =Ey)
( { |
: o q
l ‘ ‘
45° ; | |
5 i { |
. %
Py P ) Pea1

Figure 2

While condition (15) is automatically satisfied by our solution, condition (14)

*
and the requirement that 0 < Pl <P < P2 impose restrictions on the parameters

10
of the model.

Distribution of Inventories

Because Pt is serially correlated we expect Iy to be serially
correlated. This turns out to be the case and the behavior of inventories

can be represented as in Figuré 3.
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slope = Al(el) <1
¥

dlRu, = u (e, )0 ~BA,)] +
17 M 1

™
Il
m

45°

>
|}

d[Bul - Pl(l—-Bkl)] t-1

Figure 3

- - *
Let d[Bu1 - Pl(l - Bkl)] = I and Al(el) = ¢. Then inventories will
* 2 ® N.*
take on the values {0, (1 - a)I, (1 - o )I, (1 - o), «...} with the correspondi
2 N.
probabilities {Hz, nznl, Hzﬂl, e nznl, ...}. It is easy to show that the

unconditional expected value of inventories is equal to

1 *
Hl( - a)l

E[It ]=~—]-——_-Tl‘a——".

Furthermore, the probability of observing zeroas opposed to positive inven-
tories is Hz, the probability of a negative shock to output. Hence, if HZ

is small, inventories will be positiveAmost of the time.
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An interesting feature 6f the solution, as depicted in Figure 3, is
that starting from zero inventories, a succession of "good' shocks (Et = el)
results in a build up of inventories (at a decreasing rate) and then a
complete decumulation of stocks when a "bad" shock is realized.

It can also be shown that a larger value of d, i.e., a lower cost of
holding inventories, results in a higher expected value of inventories.

By using (31) we may write the optimal inventory decision rule as

- %
- - <
d(1 Bkl)[P Pt] for Pt =

P TS

(32) ' I
0
for Pt >
* .
(32) emphasizes the role of the reservation price P and demonstrates that
the level of inventories, when positive, is directly proportional to the

. * 12
difference between P and Pc.

IV. An Example

We now consider a numerical example and examine the characteristics
of the simulated time series emerging from the rational expectations competi-
tive equilibrium in order to demonstrate the non-vacuousness of the solution
proposed in section III. We then compare the model in which the nonnegativity
constraint is imposed with the model in which it is not imposed and to the
case where private storage is outlawed. Finally, the variance of prices in
the three models is discussed.

Let

™
|
=t
.
[
.
=




17

Case 1: For the model in Section III we obtain the following solution:

* :
Pl = 1.209, P=1.28, P2 = 2.177, Al(el) = .35.233,

‘A1(€2) = ,778,, ul(el) = 784 , ul(ez) = 1.182 , uz(el) =1.234 ,

u,(e,) = 2.177, X = .437, 51 = .864, ﬁz = 1.423
and the equilibrium sequence of prices is determined by
351 P + .784 for P, X P <3, e ='e
P =4 t-1 ’ 17 "e-1 7 e 1
Tt ' < <} -
_ .778 Pt—l f 1.182 for P1 = Pt-l SR e =6
1.234  for ; <P _ 2P, = ¢
P - : T Te-17 720 7t 1
t X < < =
2.177 for P = Pt—l = P2, € =g,
-6.071 P +7.773 F, £1.28
I ==
t >
0 P, = 1.28
Q = 5.0E (®) - 2.0+ e(t)

Case 2: The solution to the model if the non-negativity constraint

on inventories is not imposed is:

P, =.850 +.392 P, - .087 e
I = -6.466 P, + 7.652

t

Dg =12.0 - 5.0 P

Qe = 1.826 - 1.963 P,y + €

Case 3: The solution to the model if inventories are outlawed is:

L2+
B

1.4 - 0.2 €
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The variance of prices for each of the above three cases are as follows:

Case 1: ci = (0.096
2

Case 2: op = 0.036
2

Case 3: op = 0.16

In cases 2 and 3 the variances shown are population variances,
while in case 1 the variance shown was calculated from a simulated time
series on prices with one hundred observations.

It should not come as a surﬁrise that the variance'of prices is
largest when inventories are outlawed (0.16), fqllowed by the case in which
inventofies are allowed but constrained to be non-negative (0.096) and that
the variance of.prices is smallest when the non-negativity constraint on
inventories is not impoéed (0.63 6), The effect of inventories 1s clearly
toward a reduction of price variance.

It is also interesting to compare the solutions for cases 1 and 2.
The solution for inventories in case 1 (when they are positive) is quite
close to the solution for inventories in case 2. However, the solution in
the two cases for the equilibrium price process is quite different. This
results in inventories having a negative mean for case 2, whereas in case 1

inventories are never negative by comstruction.

V. Welfare

We now consider the social planning problem which consists of maximizing
the expected value of the sum of discounted consumer plus producer surplus.
We show that the social planner would choose to reproduce the rational expec-

tations competitive equilibrium. Furthermore, aside from questions of
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feasibility, any policy that attempts to fix the market price does not
maximize the market surplus.

The social planner problem for the model of section III is to maximize

\ VotAo 12 8.2 o0 1.2
(33) By [ (gD =50 ~74 ~RA -551T
£=0
- AL{D + 1 - It_l - alAt ;7€ 1}

by choice of

> _
(Dt, At’ It’ At) -0, t =0, 1, 2, ...

subject to A , and I_. given.

1 i

Notice that

1
Dt T 2a

2 .
Dt = area uunder the demand curve from 0O tec Dt'

o |

& 2 :
RA_+ 5 At = costs of production,

costs of holding inventories.

4
TN
il

7~
ot
I~
N’
e}
+
H
1A
L2
+
e
"
.
o

o+ e + I
t T

is the material balance constraint. {At} = Lagrange multipliers associated
with (34).

The first-order necessary conditions for problem (33) are

D
(35) é__._t;_A = 0
a a t

Ba
PPN A _R
(36) A1 T 5 B 7%

g . | 8

dfBE_ (x> - A ] 1fBE Q) - 20

(37) I, - t e+l t . t

0 otherwise




20

(38) D +I -TI _ -aA - =0.

It is clear that the set of equations (35) - (38) is equivalent to
the set of equations (4),(6'), (7) and (8) once we set Xt = Pt and

A, < (Qt - et)/al. Hencé, any solution to the rational expectations com-
petitive equilibrium model of section III is also a solution to the social
planner problem. Furthermore, because the objective function in (33) is
strictly concave, problem (33) has a unique solution. Hence, there exists
no other allocation that can iqcrease both consumers' and producers' surplus,
over that which is attained by the rational expectations competitive equiii—
brium.

Tﬁe immediate implications of this result may be summarized as follows:

(a) The fact that some studies13 show that buffer stock policies
which attempt to fix the market ﬁrice may increase the market surplus is
due to the fact that the solutions in those papers do not correspond to the
rational expectations equilibrium. It should not come as a surpfise that if
economic agents do not optimize then there exist welfare improving government

interventions. However, the best policy is not one which is aimed at mini-

mizing price variance.

(b) The "social planner" problem emphasizes that inventories increase
welfare by "smoothing" consumption over time. While this may result in a
reduction of price fluctuations, the welfare gains arise from the smoothing

of quantities, not of prices.

(c) The qualitative solution of the model is independent of the
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market structure imposed, namely perfect competition. For example, one can
solve for the case of a monopolist producer-speculator by solving (33)

. 1 .2 1.2
with the term (- §£~Dt) replaced by ( 5 Dt)'

(d) The qualitative nature of the solution with regard to inventories

is unchanged if the uncertainty in the model enters via an additive shock to

demand as opposed to supply.

@) In the linear-quadratic rational expectations framework adopted
here, it makes no difference whether or not there exists a futures market.
. furnovsky's {11} éomparison of the two models in sections two and three
of his paper depends exclusively on the fact that in section two, expecta-
tions are not rational, and not on the presence or absence of futures

markets.

VIi. Conclusion

It is shown that in a simple linear model in which inventories are
“held for speculative purposes only, inventories must sometimes be zero.
One should note that this is not quite equivalent to the existence of
stockouts in the conventional sense. Since ours is a competitive
equilibrium model, consumers are able to obtain, at the prevailing
market price, the amount thatﬁthey desire to pufchaée. There are no
disappointed consumers.

It seems to us that in the framework of quadratic objective functions,
linear constraints and a stationary price process it is almost 1mpqssib1e
to have Qpeculative inventories positive for all periods. The-resulting

"corner" as well as the dynamics inherent in a model with a storable
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good imply a nontrivial solution to the market equilibrium. We believe
that the existence of a reservation price strategy for speculator
depends only on the i.i.d. nature of the shocks to the system. We
calculate the solution for the case when thg random shocks may be
characterized by a two point 1.1.d. discrete probability distribution.
The reservation price character of the optimal decision rule for
inventories appears similar to buffer stock policies but is clearly not
motivated by any attempt to fix prices. The solution to the model with
the nonnegativity éonsttaiﬁt imposed 18 contrasted with the solution
when that constraint is neglected.

The velfare implications of price stabilization polices are
discussed within the context of the partial equilibrium model presented
hefe. It is shown that the uniquely optimal policy of the social
planner is to reproduce the allocations resulting from the rational
expectations competitive equilibrium. It seems to us that arguments
for price stabilization cannot be justified within the class of models

considered in this paper.
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FOOTNCTES

For a brief survey, see Wright{[13]. A more detailed survey is
contained in Turnovsky [10].

, _
See Townsend |&] and wright [13].

3Eichen1aun’[1] derives a similar result in a different context.
For & more general discussion of the relationship between social planning
problems and rational expectations competitive equilibria, see Lucas
and Prescott [2].

» This production function was chosen in order to obtain a linear supply
function with an additive shock. Notice that if the average product is
made random, supply will have a multiplicative shock.

5The following (suffiéient)‘conditions for problem (3) to be well
defined are imposed: There exist

K>0and 02X <1//8

such that

+
B (Pryy) < Kx™ for all £ and § > 0

We also assume that aEt_l(PJD R for all t.

or the determi

t A, a, C, g¢ and b are such that £ m
t, the equilibrium price and quantity are posi

7An alternative approach is as follows. Sargent [ 3, pp. 270-271]
solves this model for the case where B = 1. Following his exposition but
with 0 < 8 < 1, one can show that the equilibrium price process is covariance
stationary with positive mean. It can then be shown that the equilibrium
inventories process is also covariance stationary but with a negative mean. Hence,
inventories cannot always be positive., Similarly for g = 1, the mean is
zero and inventories cannot always be non-negative.

8Notice that Figure 1 implies that the equilibrium price will remain
~ in the interval [Pl' le with probability one. Hence, we need only

consider the range [Pl, P2] for Pt—l'
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9 :
Assumptions (14) and (15) clearly impose restrictions on the values
of the parameters of the model.

0
Uniqueness will be proved in section V.

* .
11Notice that inventories are bounded from above by I.

12
Samuelson [6] considers a similar model of speculative behavior
::e:iaézxigzo;iigiare squect to proportional 'shrinkage' but there are
o ng costs as in our case He also takes '
_ . _ roductio

iegivsz exogenous stochastic process independent over time? His re:ui:

garding the existence of a reservation price is similar to ours.
13 - '
See Turnovsky [9, 10, 11].
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