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ARSTRACT

A aynamic model of the agricultural household is posited in
which the household chooses goods, 1éisQre, and land and labor to
maximize expectedvutility over multiple periods. The effect ot
yield risk and household preferences on its production and consu-
mption desiciﬂng.are quived from the relationship-between the
household®s direct utility function and a dynamic version of its
indifect expected utility'functiun. Similarities between the
results derived from the standard agricultural household model
“and this model are shown. The model is, in general, nonseparable
due to the abzence of a contigent claims market. A special case
is shown where a type of separability exists, although parametér5
and prices appearing in the indirect utility function determine
the "risk parameter" in the supply and factor demand functions.
In this.spegial case, household demand is shown to depend on

certainty-equivalent income. A numerical illustration of the

model is also provided.




YIELD RISX IN A DYNAMIC MODEL
OF THE AGRICULTURAL BOUSEROLD
by

Terry Roe and Theodore Graham-Tomasil

1. Introdwotion

Numerous studies have found that farmers in developing countries prefer
lower but certain levels of income to marginally higher uncertain income
levels (Moscardi and de Janvry, 1977; Dillon and'SQQndizzo. 1978; and
‘Binswanger, 1980). These studies have obtained estimates of farmers'
aversion to risk.ranging from a moasurement of gbsolute :isk aversion of .9
for Northeastern Brazil to partial risk aversion estimates of .316 to 1.74
for farmers in India. Since confingency markets are surely imperfect in
developihg economies, risk averse far-erg'tend. in an effort to reduce income
uncertainty, to allocate resources to activities with lower expected marginal
value products than they ioﬁld in the absence of nncertlintyz.

The relstionship betv§en depressed income due to risk, and household
consumption has not been stﬁdied in models of the agricultural household. vAn
obvious implication of assuming the absence of risk when risk is present is
that inferences drawn from these models may be misleading. The problem is to
determine the nature of the misleading inferences that might otherwise be
~drawn. Moreover, failure to consider the affect of risk on household ohoices
limits the insights thst can be obtained into the welfare effect:‘of market
imperfoctions, such as those which inhibit households from allocating
resources to off-farm activities, crop insurance or imperfections which
provide limited access to production technologies and other risk reducing

inputs.
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In this chapter, we seek to incorporate production risk into a dynamic
version of the agricultural household model, We investigate a f:iriy simple
model in an effort to determine the impact of yield risk and the household’s
risk preferences on its production and consumption decisions. Our model
fields the familiar result that consumption and production occurs along the
locus of points formed by the tangency of marginal utilities and marginal
products to their respective price ratios. An analogue of Roy's Identity is
also found to bhold vhiqh relates consnmption and input denandsvto the
derivatives of a dynanmic vefsioi of the household's indirect utility
function. At this point, the results depgrt‘from those of the traditional
model. In general, separability hetveen production ahd consumption decisions
AOes not hold, although a special ca#e is demonstrated where a type 6f
sqptrlbility exists. While relationships between the household’s choices and
4'incrensing risk can be derived for this speqial case, parameters of the
household's direct utility function andbbrice; of the arguments appearing in
this function are found to determine the ”"risk aversion parameter” appearing
in th§ product supply and input demand functions. Also, for this special
case, demand is found to be a function of certainty equivalent income,

Hence, our findihgs suggest that parameter restrictions on estimafing
equations derived from models of the agricultural bousehold which assume an
absence of risk may be inappropriate if risk and risk aversion are important,

The paper is organized as follows. To provide perspective, a brief
background on how the issues faced in this paper coatrast to other models of
uncertainty appears 15 the next section. Then, the b;sicvnodel is specified
and the dynamic programming approach to its solution is presemted. A
solution to the model is characterized in the fourth section. A specific

problem is specified in the fifth section for which reduced form equatioans




are derived and data from households in the Dominican Republic are used to
illustrate various implications of the model. In the sixth section, we
address some of the duslity results and selected empirical questions. A
final section is a discussion in which we point out some key failings of the

model and possibilities for further research.

2. Backgrouwnd

The theory of the individual consumer. provides some insight into the
effect ofvincfeasing,inconq.uncertainty on consumption levels. However,
results are not ea;y to obtain and generally depend on third derivative
properties of the utility function. In the case of s single good, two
perioa. utility function with uncertain income in the iecond period, the
third derivative property implies the convexity of the marginal utility of
the good consumed in the second period; this is compatible withvdecreasing
absolute risk aversion. In the models considered by Leland (1968), Mirman
(1971) and others3, the third derivative property implies a decrease in first
period consumption and/or an increase in savings as uncertainty increases.
However, the problem faced by the agricultural household in our model is more
complex than the problem studied in this literature in two vays.

First, income in these models is exogenous, and second, there is only
one consumption good. Clearly, the essence of the agricultural household
model as outlined in Chapter 2 is endogenous income and the existence of both
s staple and a market good. Regarding the first issue, Block and Heineke

(1973) study a static model with utility a function of income and lsbor.
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They show that if (-82U/8Y2)/(3U/8Y), where Y is income, is decreasing in
incone'for a given quantity of labor supply, then an increase in risk
increases labor supply when there is additive income risk (Y = wL + f).
Thus, the individual "self-insures” against income risk by working more.
Vith wage rate uncertainty (Y = Y + wL), Block and Heineke show that an
increase in risk has an ambiguous effect. In a dynamic model, there is
savings as well as labor effort and it is not clear that the Block and
Heineke results will hold.

Regarding the existence of several goods, the definition and measurement
of risk avgr#ion in this sitvation has been studied by Kihlstrom and Mirman
(1974; 1981), Stiglitz (1969) and Hanoch (1977) have investigated the
implications of risk aversioﬁ for demands for commodities. All of these
v analyses take place in static models. The most important results for our
purposes aré those of Kihlstrom and lirnan. which 1ndicate that with
homothetic preferences and income risk, thé risk preferences of the consumer
are reflected by the indirect utility fumction considered as s function of
income slone. This is similar to the d}nunic. single-good models, which show
that the value function in a dynamic prégramming approach to solving the
problem embodies the curvature properties of thé direct utility function
(Miller, 1976).

Our efforts along these lines are complicated by the production_
activities of the agricultural household. Considering production decisions
slone, the most relevant paper reports work by Pope and Kramer (1979), who
study production uncertainty for s competitive firm.4 They find that, if the
production function is multiplicative in the random variable (a form we
assume in this paper), then an increase in risk reduces output if absolute

risk aversion is decreasing. Our research extends their model to a dynamic




setting.

The introduction of risk into a dynamic model of the agricultural
bousehold has two significant implications: (1) in general, the model no
longer is separable into independent consumption and production activities,
slthough & special case is shown where a type of separability exists, and (2)
restrictions on estimating equations derived from certainty theory are not
appropriate when production is risky. These results hold even for our
relatively simple special case in which utility is additively separable over i
time, input and output prices are kmown, risk enters the production function '
nultiplicatiiely. and production shocks are distributed indepepdently over E
time,

A basic reason for the lack of separability is that risk aversiom in
con:n-ptioﬁ induces risk aversion regarding profits.> Tbus, the expected
utility of profits -ustvﬁe maximized andvthe form of this function depends on
the form of the consumption utility function and consn-pﬁion decisions.,

A more fundamental reason for the lack of separability is the absence of
& market, As discussed in Ch;pter 2, separability of the static housebold
production model obtains if a complete set of markets exists. This is
exto;ded to a'tvo-period model by Igbal (Chspter 7) by introduction of a
capital market. In this paper, with risk, separability does mot hold because
contingent claims markets do not exist; if contingent claims markets were
introduced, separability would be restored. However, we feel that positing

such perfect insurance markets is inuppropriate.6

3. TIhke Comceptus] Framework
The household gains utility from a sequence of consumptions of goods X,

and leisure X;; over its time horizon t = 0,1,...,T and from a
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bequest. The household’s utility is given by an additively separable, time

"invariant utility function.

t=T

PR 17: S S 0 I I )

1t T+1

teT .
} atu(X,, X, ) + aT*ls(b
t 1t
t=1 _

Hore, as in the basic model presented in Chapter 2, there are two goods: an
agricultural staple, Xg¢, and a good purchased in s market, x,t.' The
household is assumed to hold a single fimancial asset, b¢. The discount
factor @ = (1 + ¢)~1 where ¢ is the rate of utility discount; we assume that
0 (e <1,

Farm production of the agricultural :taple'is given by the stochastic.

production function
(2) Q41 = Q(L¢,A¢s ;t'i'l')'

where Ly and A¢ are labor and land inputs at t and :t is a randbn variable.
Note that both l1sbor and land are varisble here, und that there is a lag ih
production. Li and At are the sum of allocations to prodiction out of the

household’s endowments, plus net market purchases of labor and land.

In contrast to the basic model of Chapter 2, tke model studied here is
dynamic. The household Qonsn-es goods and leisure im period t from income
generated by allocations of land and labor made in the previous period, t-1.
Ve assume that Q; is known when (Xg¢, Xg¢, Xj¢) are chosen. >In period t, the
household also decides upon the resource allocation (Ly,Ay), which det;rnines
output in the nmext period, t+l. As with goods and leisure, we assume that Q;
is knovﬁ vhen choices of Ay and Ly are made. Another departure from the

basic model is the existence of a financial tsset‘vith rate of return, r.
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As ve shall see, this asset serves to smooth intertemporal household
consumption by linking over time periods the household’s marginal utility of
.inco-e. Note that b; represents beginning-of-period holdings of the asset.

Markets for commodities, land, and labor are assumed to exist. The
market prices of X ¢ and Xy¢ are Pgy¢ and Py, respectively. The rental rate
for land is a; and the wage is wg.

Full income in period t can be expressed as the velue of the household’s

endowment of land and time plus interest income plus profits, i.e.,

(3) 1: = ltx + Vti + Pth(Lt-1' A¢-1: :t) ~atA¢ - wely + (1+41)by

= it + nt + (14r)bg¢,

where A and L represent endowments of land and labor, respectively.

Expenditure on goods and leisure in period t is:

(4) € = ?thqt + PptXgt + 'txit

Then, the holdings of the financial asset evolve according to
(5) | b1 = I; - C¢.

In summary, we have the following statement of the housebold’s

maximization problenm.




t T+1
A n;:]E a u(Xt. xlt) + a 6(bT+1)
st Q. =QL, A E,,)

where

2¢ = (Xgts Xnts X1¢. Ags Le).

Under an assumption that thé stochastic process [et] is a stationary
Markov process, the solﬁtion to A can usefuliy be studied using a dynamic
programming approach. A Markov process is a process such that the
probqbility distribution on ;t+1 is conditional only on ey and not on the
entire history of the process. Thus, we write fhe-conditional distribution
on next period's realization of the random event (called the transition
probability) as é(e¢41, &¢). | B

Let Vt(Q, by, £¢) be the value fﬁpction for the household’s problem at
date t. Vt(.) gives the maximal expected present value of utility from date
t to T+1, starting with "initial” condition (Q, by, e¢). Thus, V° is the
indirect 6bjective function for the overall problem; it is the dynamic
equivalent of the household’s indirect utility function. The dynamic
programming appfoach'to characterizing a solution to the problem makes use of

the recursive relationship

(6) Vt(Qq,bg.ee) =

{sup [u(th.xmt,xlt) + ath"’l(Qt+1.bt+1.;t+1)d‘(;t+1. St)
2t} -
th+1 = Q(Lt.At} 8t+1); b+ = 't + (1=r)bt + ne — Ct]'
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In the terminology of dynamic programming, the ggtate of the system at t
is the vector (Q¢,by,e¢). A plan is a map at each date giving the current
action z; as a function of the history of the state up vatil t, i.e., 2¢ =
zt([Qt.bt.at]::;). An optimal plan is a solution to A. An optimal
plan, if one exists, solves the functional equation in (6) at each date.
Under some fairly mild assumptions, it is possible to show that an
optimal plan for our problem exists, is contiﬁnons, snd depends only on the
current state and not the history of states. Furthermore, if the functions
u(.) and Q(.) are ;trictly concave and p-times continuously differentiable,
then if solutions are interior, it may be shown that the value function vi(.)
is p-times differentiable, and that the optimal plan z:(Qt.bt.et) is
(p-l)-timeé differentiable. The optimal plan can be obtained by applying the
Implicit Function Theorem to the first order necessary (and sufficient due to

strict concavity) conditions for the problem

(7 nax v(Xgt Int» X1¢) + aBVt*l (Qq4q, bye1s Epe1)

The statements in the previous two paragraphs are asserted without proof
in this chapter since the proofs involve technical details which are not
particularly interesting per se. A more formal analysis of a problem very
similar to the one stated here is contained in another paper by the authors
to which interested readers are referred for formal proofs of assertioas in

this paper (Graham-Tomasi and Roe, 1985).
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4. Characteriziag s Solwtion
We turn now to a special case of the problem A in which the production

function for the agricultural staple takes the form
(8) Q(Lt. Af; :t'l'l) = f(Lt’At);t'l'l

and where the process {et] is a sequence of independently and idemtically
distributed random variales. For this special case, ¢y does not condition
the distribution of :t;l. Thus, ey does mot enter the value function
directly as part of the state at t.

Let the price of goods and inputs be :unmariiod by the vector Py = (Pqt-
Ppts W¢, 8¢) and define

8t(z¢: Qs bys Py) = u(Xges Xpe, Xp¢) + aBVE*1(Qeyg, beyg)

= u(Xgt, Xpeo X3¢) + aBVERD (£(Lg, Ag) e, Wy + (1+r)by

+ PqtQt — wely — a¢Ar — PoeXgt — PyeXpe — weXye).
Our diséussion above indicates that zy cam be characterized by studying the

first order necessary conditions

(9)  0=g8t - g; P, (%gﬂ,
qt t+1
(11) = ggf:gﬁ - aw E(g%:%)
an o= gt - "X—IE Bfte ) - w.a E(Q :2)
(13) o= g%:. aE(gg:Tt gﬁt e) -aa E(g—g{-}i—)
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We now offer some economic interpretations of these conditioms. First,

(9), (10) and (11) imply

du/ax au/ax au/ox
a4y %G /K, e,
Pat Pat vt

This, of course, is the familiar result from static certainty theory that
goods and leisure ate_consn-ed so as to equate marginal rates of substitution
to price ratios. Thus, the household allocates the amount it decides to
spénd on consumption in accord with the usual efficiency primciples.
Intertemporal allocations of goods can be characterized by considering

- Vt+1(,), By definition,

(15) vttl(q

t+1'bt+1) .:ax 8t¥4(.) n(th+1. x-qt+1,x1t+1)
t+l
t+2
+ aRBV (Qt+2’ bt+2)

As with choices of 2¢, we have the following necessary condition for th+1:

' t+l t+2
(16) 0=8— =4 - aP E(3Y

qt+1 “Sqt+1 qt+l “3b, .,

We also have from (15) that

(17) avttl _ o p@Vt*2) (14r)
t+l t+2

Substituting (17) into (16) yields

] 1 . avttl
(18) L —— é_izl. A

77 qt+l Tqt+l t+l
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When th+1 is chosen, b¢41 is known. To compare this vith the choice of
th to depict how the household plans to allocate consumption through time
requires thnf we take the expectation of (18), conditional on information
available at date t. Then, we substitute into (9) to obtain, after

rearrangement,

3u/ax E(an/axqt+1)/(1+e)
at ?qt+1/(1+r)

Thus, analogous to (14), the honagﬁold equates the marginal rate of
snbstifﬁtion between current consumption and the expected present viine of
future consumption (discounting at the ﬁ;ility discount rate) of a good to
the ratio of current price to present vilne_futnre price (discounting at the
rate of return on the financii1 asset) of that good.

On the production side, our model can be given familiar interpretatioms
.as well. From (15), we have

V vt+2
= aP E(2 )
qt+l £42

ayttl
t+1

(19)

Substituting (17) into (19) taking expectations, and substituting the

resulting expression into (13) yields

, ayttl P +1 3 _ -
(20) El " (T{%ET 3£t(.) & 1 at)] 0

This is a first order condition for a firm with risk preferences represented
by the utility function VE+1(,) if it veré fo maximize the expected utility
of profits. In our model, costs are incurred at date t and output sold at

date t+l; hence, the output price is discounted.’ Of course, e similar
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expression holds for the labor inmput.
It is possible to show that the unsual static efficiency conditions
concerning the choice of inputs holds in our framework. To see this, divide

(12) by (13) to get

t+1
E(%%——— g{- e)
t+1 t =

t+1
E(%XI:I— %ﬁte)

. .
But, when evaluated at optimal choices Lt and At. the derivatives 3f/d8L;

”u l,,'

and 38f/3A; are constants. Thus, they can be taken out of the expectations

operation to achieve
1) 3?73?1'= Tt

. a
This is a direct consequence of our use of a multiplicative form for our
production function as stated in (8). A similar result was derived by Pope
and Kramer (1979) in a static model.

Returning to equation (20), we see vhy the model is not separable into
consumption and production aspects of the household's problem. The function
Vt(.) is a value function and, therefore, depends on the maximized quantities
of all choice variables, including consumption goods. Tie consumption goods
enter Vt*1(,) through the transition equation on assets. The risk
preferences for solving the problem of maximizing the expected utility of
profit must be derived from the household’s preferences for income risk and
unltimately from their preferences concerning consumption variability.
Noreover, the results availble from the theory of the firm and the theory of
the consumer under uncertainty do not, in general, carry over to our

non—separable model.
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S.M

It is apparent from the first order condition stated in (9) - (13) that
general comparative statics results regarding changes in prices of goods and
inputs, and changes in the interest rate can be obtained in the usual
fashion., It also is npjarent that, with as many choice Yltilbles and
parameters as exist in our model, comparative statics results are going to be
very tedious to obtain. To see the issues more clearly, we focus on a
specific functional form of the general model presented abovg. In this case,
nnambignonk.tesnlts can be obtained ind problems of empirical applicatipn are
more apparent,

This sinplificatipn permits the derivation of functional férns of the
bousehold’s output supply and commodity and factor demand equations and a
value function exhibiting constant absolute risk aversion (CARA); it is
similar to the form of the indirect utility fnnctioﬁ derived by Stigiitz.
This derivatién also demonstrates a type of beplrnbility between the
hpuaehold's production and consumption decisions. An empirical example of
the model is ilso’prescnt;d. While the model was initialized to household
data from the Dominican Republic, the empirical results are only intended to
illustrate and provide further insights into thg relationship befveen yield
variance, risk aversion and the household's choices. And thus, by
implication, to suggest some of the likely consequences of not accounting for
thi; type of behavior in the more traditional-monstochastic model of the
agricultural household.

The specific form of the household'’s ndditivelf separable, time

invariant utility function corresponding to (1) is

t=T
T i 1
0" 0(-atexp{-111X::]) + @ " (-exp(K(bg, )))
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where i = q,m,1 and, as shown below, it is important to require that the
coefficients a; are positive and sum to unity. Hence, the direct utility
function is a negative exponential where the exponential is a Cobb-Douglas
(C-D) function, homogeneous of degree one. |

No production is assumed to occur in the terminal period T+l so, in
terms of dynamic programming, the household’s problem is to choose th. ) P
and Xj¢ to maximize terminal period utility subject to a given level of
assets byyy. In this case, it is easily shown that the terminal period

utility is given by

a- —a-
} = ~expl{-na,’ :

(22) -exp{-ka+1 ney PiT+1 bT+1

l = —exp{-x(bT+1))

for i = q,m,1. The exponent of br4; on the LES of (22) is uanity because of
the assumption that the values of aj sum to one.
To simplify the problem, ve.gliminate the production lag, and for

. convenience, let production be given by the C-D production function

- 7 1774
Qt = Qte =¢L "A e, 0 < 73 (1,

where ¢ ~iidN(1.V[8]).8 The problem is further simplified by assuming that
(a) prices remain unchanged and hence no time subscript appears om k in (22),
and (b) we focus on only two periods. The two period assumption reduces the
number of arguments in the t-th period value function but otherwise it does

not alter the nature of the problem. The state variable byyq is given by

= - - —+-- - - N
bt+1 Pth aAt 'Lt + (1+r)bt + aA + wL quqt P-X.'t vxlt
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In light of the above assumptions, the two time period problem can be

stated as:

{fzi -exp[-gX::l + aE[-exp{-kb_ .. 1]

t+1

6:. from the moment generating function, it can be stated as:

aj - = .2
{z:? exp{ gxit} aexp { k(bt+1 .Sk(Pth) V(e)))
where ;t+i is the mean of by,g.

From the first order necessary conditions, (14) implies the result,
familiar to C-D forms, Xi¢ - (ajPj/a;P )X ¢ in the case of consumption while
(21) inplias‘the result Ly = (711/(1-11)V)At in production. MNoreover, the

equivalent of (20) 1n.this case is simply
- 2= = o
P (3Q,/3L,) - w - kP Q, (2], /L IV(e) = 0

and similarly for A¢. This result is obtained because of the restrictions
placed on th§ aj. This result suigests 8 type of separability in the sense
that production choices can be made independent of consumption choices.
However, contrary to the traditional nonstochastic version of the household
model, preferences over goods and leisure affect input choice through the
parameters embodied in k. Furthermore, risk aversion, as determined by k, is
also a function of prices Py, Py and w. Hence, contrary to most treatments
of decision making under risk, the simple model illustrated here serves to
reinforce the point made in the previous section that production depends on
the properties of the direct utility function. Moreover, risk aversion (even
in the case of constant absolute risk aversion) is not constant, but instead
varies with changes in prices of the arguments appearing in the direct

utility function,
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The demand and supply functions are derived from the first order
necessary conditions and the transversality condition. It can be verified

that the household functions are:
(23) X;¢ = (a3/2P;)(Yy - (log a@)/kx), i = q,m,1

where Y, is the utility certainty equivalent income given by

Ye = PgQy — aAg - why + (1+r)by + ad + wi -.5k(Pe@y)? Viel.

Thc last term in (23) accounts for the substitution relationship between the
vtility the household obtains from current, relative to fﬁtnro. consumption.
Si@ce the discount term (a) is a fraction, its log is megative which serves
to augﬁent certainty equivalent income as preferences for current utility
from current relative to future qonsnnption increases. The "2" in the
denominator "divides” certainty equivalent income between the current and the
next period. FOthervise. (23) bears s close resemblence to the familiar
demand fonctions derived from a Airect'utility funciton of the C-D form.
These results serve to show more explicitly the nature of the empirical
bisses that might result by omitting the influence of risk aversion on'tﬁe
household’'s consumption choices. The compensated price elasticity terms
derived from the dexand equations (assuming that they can be identified) are
likely to be unaffected by risk attitudes. This result is also suggested by
(14). However, the profit effect on consumption (equation 7, chapter 2) from
a change in the price of a good (staple) produced by the household will
likely be overestimated if risk is present in the form considered here.
Namely, the income affect of a price change in a good the household produces
is likelyvto be overestimated because the traditional model ignores the risk

discount term which will increase in value (and thus decrease income) since
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3(.5k(PgQs)2VIe]) /3Py > 0.

The factor demand functions can be verified to be of the form:

Ty Yy Y2 Yy
3 v

Yy TV TN Y3
L = (Pq lk CH £ s w'o¢

-1
¢ _)/kPi V[z]11 7,

Y1 Ty Y Yy
[ § v

-11 71 -71
A = (Pq “ Y 1, ¢

-1, ,.52 71
¢ )/kPqV[z]y1 7, & w

where 1y = 1 -~ ;- Hence, planned supply is

Q = (ch - 7;11 1;12 a72 'Yl)lckPiV[z].

As already pointed out, these production relationships 1nc1nd§ k which
contains the parameters and the prices of th; srguments appearing in the
direct utility function. This is an important departure from the literature
where k is related to the Arrow-Pratt coefficient and, in the case of CARA,
simply treated as a constant. In this sense, the problem is not separable.
However, because of the-restrictions placed on the‘paraneters (“i) of the
direct utility function, the problem can be trcate@ as though the household
sought to maximize cerfainty equivalent income (Yy) and then ss though it
sought to choose the levels of goods and leisure to consume smbject to
certainty equivalent income adjusted for the'di:connt factor log(a)/k.

The biases in empirical estimates of the household’s production choices
from ignoring risk when it is present in the context of the model developed
here is to overestimate the quantity of output and the resources allocated to
production, and to underestimate the resources allocated to off-farm
activities.

To provide some insights into the possible magnitudinal implications of

risk aversion and yield variance on the household's choices, the model was
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initialized to farm household data from the Dominican Republic for the crop
year 1975/76. Only tbose agricultural households reporting rice as their
only cash crop were selected for the purposes of this illustration. |

The vtility function parameters chosen where (ag, ay, a;) = (.01, .175,
>.81$) and the production parameters were (c,y;) = (180, .5). The other ;ey
data used to initialize the model appears in the third coiunn of Table 1.

The base solution, to which other solutions of the model are compared, is
reported in the fourth column. The values roported in ﬁhe remaining two
columns are the‘resilts obtained from parametrically ranging yield variance
by a -\+ 25 percent (denoted low and high risk respectively) of the yield
variance sssumed in the base-solntion.‘

As implied by (23), an increase in yield variance results in a decrease
in current period consumption; in the case of a 25 percent increase in yield
variance, the quantity of rice consumed decreased by about 19 percent.
Condition (14), together with the homothenticity of the direct utility
function, requires that the ratio of rice consumed to other goods consnnea
and to leisn;e remain unchanged to varistions in yield varisnce. Thus the
consumption of these items decreased accordingly. |

An increase in yield variance also induces the household to decrease the
quantity of rice produced by about 19 percent. Since the production function
is homogeneous of degree 1, it follows from (21) that tﬁe labor-land ratio
remains unchanged and rice yields remain unchanged. The increase in yield
variance induces the bousehold to increase the smount of land rented out and
to decrease the amount of labor hired while, at the same time, reducing the
smount of leisure consomed. In spite of the bousebold’s efforts to avoid the
disutility of increases in the variance of yields (and hence income) assets
transferred to the mext period (by,1) decline.

It is clear from (23), (24) and the results reported in Table 1 that
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declining consumption and the transfer of resources to other activities is
not a linear function of changes in yield variance. The empirical nature of
this non-linearity for the illustrative problem considered here can be
gleaned from Figure 1 where changes of the household’s choices to mumerous
solutions of the model are charted. As yield variance increases, the welfare
of the household becomes dependent on labor, land and asset markets. It is
possible for the household to reach a point where it withdraws all of its
land and labor resources from rice production.

Asset holdings.’cortainty'eqnivalent income uﬁd the qnaﬁtity of rice
sold are charted iﬁ Figure 2. Rice sales decline as resources are withdrawn
from rice prodnction in spite of the household’s decline in the quantity of
rice consnnbd. At 2 sufficiently high yield variance, the household vil}
become & deficit producer of rice. The level of asset holdings will also.
depend on the "riskless” alternatives the household faces in the ssset, land
and labor markets. Similarly,.the level of certainty equivalent income will
tend to converge, though at diminishing rates, to the income earned from the

‘household's resources allocated to these markets.

6. Dualjity and Risk Aversion.

bnality results are very useful for providing restrictions on parameters
~in empirical investigations. For example, Hotelling's Lemma (Varian, 1978)
and the symmetry of cross second derivatives (Young's Theorem) establishes
the symmetry of derivatives of input demands with respect to factor prices.

The value function V!(.) is s dynamic indirect utility fumction. As
such, ome would expect that an apulog of Roy's Identity would emerge relating
goods demands and the derivatives of the value function.

Let

. * s ] ' . * - s -
z (Pt) (th (Pt) = Qt, xﬂt (Pt)) Lt (Pt) + XIt (Pt) - L, At(Pt) - A).
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The first component of this optimal choice vector is the household's demand
for the agricultural staple net of current supply. The third component is
the household’'s net position in the labor market; i.e., it is purchases of
market lsbor minus the hours the household works off the farm. Thus, it is
net demand for labor. Of course, it may be negative and the household may be
a met supplier of labor. Similarly, the last component is the household's
net position in the rental market for land.

Differentiation of the value function and use of the envelope theorem

constitutes a proof of the following analogy of Roy's Identity:
(25)  2%(Py) = - VpeVE(Qe.be ) /aB(VEYI(,)/8byyq),

where vbtvt is the gradient vector of partial derivatives of Vt with
respect to prices. The denominator, the expected value of the marginal
utility of wealth, plays the role of the derivative of the indirect utility
function with respect to income in Roy's Identity.

Two points are worth noting. First, the market surplus and purchased
good demand correspond to similar results obtained from applying the
equivalent of (25) to the st?tic»nbdel. The component for labor reflects net
positions in the market as well as leisure decisions and the household's
endowment.

Second, the net factor dema;d results correspond to the duality results
obtained by Pope (1980, Eq. (8)) for the risk averse firm under price
uncertainty. As shown by Pope (1978), no simple and general comparative
static results are obtainable from the static model under umcertainty without
additional restrictions on the form of the utility function, Thus, it is
clear from (25) that no simple and general results can be derived from the

general model. The efficiency in production results (21) suggests that
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properties of the gost function and the corresponding conditional factor
demand functions are with one exception identical to those obtained from
static efficiency theory. The exception is that the output (ﬁt) variable
is planned (and hence not observable) and not realized output.

Fdr the type of separability that exists in the specific model discussed
in section 5, note that the first order conditions are identical to those
obtained from maximizing certainty equivalent income, Y¢. In this case, the
term E[GVt+1(Qt+1.bt+1)/abt+1] does not appear so that L: and A: follow
directly from the envelope theorem. However, Q: does not follow from the
theorem because Pqt appears in the risk premium term of Y¢. From the Hessian
of this problem, it can be shown that the sign of aA:/aat and aL:/Bwt
cannot be established although symmetry of the cross partial derivatives
holds. _ - |

‘It is important to point out that equation (25) is highly dependent on
our assumptions that the production shocks are independently distributed and
the prices are fixed and knmown. For, suppose to the contrary that production
shocks form a Markov process and that they induce 2 Markov process on prices.
Then, the current prices will condition the distribution of the future
prices. In this circumstance, a derivative of Vt(.) with respect to price
has effects on both the choice variable directly and indirectly through an
alteration in the household’s subjective probability estimate of future

prices (Taylor, 1984).
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7. Piscmssion

In this brief chapter we have attempted to introduce production risk
into a model of the agricultural household in as simple a manner as possible.
Even then, we see that the analysis of the model becomes difficult. The main
reason for this difficulty is that, in general, when risk is introduced
separability of the model into independent consumption and production *sides”
po longer obtains. This lack of separability se§erely complicates both the
analysis of the theoretical model and the empirical estimation of the model’s
parameters. | |

Estimation pf'these p&taneters is of key importance, however, since many
policy relevant results are ambiguous on a theoretical level and need to be
determined empirically. Failure to account for risk and risk aversion when
it is present can lead to nislgading inferences. The specific model suggests
tﬁat the income effect of.an increase in the price of a staple might
significantly overestimate the level of resources employed in its production.
The consideration of risk also clearly establishes the importance of markets
which permit households to self insure against increasimg yield risk.

There are several issues raised by our analysis which are candidates for
further research along these lines. Here we briefly discuss a few of these
possibilities. First, and most obviously, it would be useful to have
knowledge of what alternative functional forms for utility and production
functions, in combination with distributions on the random variable, imply
for behaviors toward risk and the effects of increases in risk. This would
be beneficial for two reasons. First, it would clarify the results of our
model under plausible representations of household activities. This may be
of some policy relevance., For example, if increases in risk reduce

consumption and production intensity, then institutions which allow more
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efficient risk sharing could increase output and consumption. Secondly,
results establishing relationships between functional forms and comparative
gtatics results (such as the type of separability found in the specific
model) could guide researchers toward appropriate tests of the theory and
lway'fxom imposing results by assumption.

A second avenue for further elaboration of the model concerns the form
of the production function. This should be generalized in two ways. First,
work by Pope and Kramer (1979) demonstrates thit the assumption of
mpltiplicative risk is quite specisl. In particular, it is this assumption
which allows us to conclude that factors are used in accord with static
efficiency principles (eqnatioﬁ 21). As well, the multiplicative form
implies that all inputs are risk increasing. More general formulations which
are tractable yet allow risk—feducing inputs have been proposed.9 Second, we
bave :ésuned that all inputs most be chosen before the realization of the |
random variable is kmown. The literature on.the firm under price uncertainty
informs us that the giﬁing of the resolution of nncertainty relative to the
timing of input choices is brncial to the effects of an increase in risk on
production decisions.10

It would seem reasonable inm our context to allow the household some
ex—post flexibiiity. For example, while inputs associated with planting are
fixed, irrigation decisions can be altered in response to the current
réalization of rainfall, The substitution possibilities between these
ex—ante and ex—post inputs will be important in establishing the response of
factor use to incresse in risk. This would apply as well in a model with
investment in dureble capital.

A third possible generalization of the model would be to provide for
multiple good production. This would allow an understanding of the choice of

crop portfolios by households. One would conjecture that covariances of
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fields across crops would prove to be important. This would be on
considerable policy relevance vhpte some crops are grown for consumption and
some for export.

It seems odd to write down & model with quantity risk bit no price
variibility. This is especially problematical when producfion shocks are
correlated across large numbers of households. Price variability can be
incorporated into the model by considering joint distributions on prices and
prodncgion shocks. It is possible to define and study increases inm risk in
this situation as well (see Epstein, 1978). However, as mentioned earlier,
if prices are not independently distributed, then duality results become
difficult to interpret.' If all of the risk in prices is due to prodﬁction
risk, independence may be s reasonable sssumption.

The consideration of a relationship §etvpen price risk and production
risk points out one of the many issues involved in moving from a single—agent
to a market model. In particular.'and is well-known, some assessment or
assumption of how agents form expectations is needed. This, of course, raises
- several issues of current debate in economics which must squarely be faced in

future research.
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Table 1

Selected Results to Illustrate the Effects of Yield Risk on Choice Variables

Values Solutions obtained for
used to Base two levels of yield
: initial- Solution risk measured relative
Item Units ize model of model to base solutionl
(Low risk) (High risk)
Household :

Rice Con- Kg./House-

sumption® ho1d2 48.9 42.2 55.6 34.2
Rice price $/xg. 0.352 unchanged
Other goods A

consumption® Index 91.2 173.4 228.4 140.4
Other goods .

Price Index 1.5 vnchanged
Total expendi- ilﬂonse-

ture® hold 154.0 275.0 362.1 222.7
Production '

Labor input®* Hours/Ha. 1072.0 1066.6 1066.6 1066.6
Land in rice®* Ha. 5.2 4.8 6.4 3.9
Yie1d* Kg./Ha. 3127.0 5879.0 5879.0 5879.0
Land rental

rate $/Ha. 448.0 unchanged
Labor wage $/Hour 0.42 unchanged
Sales® q/¥r. 162.1 282.8 3717.1 226.3
Net labor

allocation® Hr./Yr.3 3231.5 1783.9 4411.3 207.5
Net land

allocation®  Ha./Yr.3 na -0.372 1.2 -1.3
State vari-
able b(t+1) 100's $/Yr. na 43.13 57.3 34.7

*Denotes choice variables.
1¥ield risk of the base solution was sugmented by the multiples .75
and 1.25 for the respective low and high yield risk solutions.

Rice consumed is in terms of rough rice.
Positive (negative) values denote quantities of hired (off farm)
labor and similarly for land.
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+ Expenditures on_ rice and other goods
in 100°s of dollars.

o Net labor market position, positive.
(negatlve) values denote hours of hired
(of¥ tarm) labor in 1000°'s of hours.
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+ Asset holdings in period t+1 in 10007 s
of dollars.
o Certainty equivalent income in 100°s
~of dollars.
ale 10°s of quintals.
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FOOINOTES

1The authors thank John Strauss, Cliff Hildreth, Bob Myers, snd
participants in the Consumption Economics Workshop at the University of
Minnesota for helpful comments on an earlier draft of this chapter.

2For » description of how farmers diversify crop production activities
in order to lower the variation in their income associated with yield risk,
see Walker and Jodha (1985).

3Leland (1968) considers income uncertainty in a tvb-period model with i
utility function which is not additively separable over time, i.e., one of
the form U(Cy,C2). He finds that if (aZU/aci)/(aUIacz) is increasing in C3
and decreasing in C7, then savings increases with increasing uncertainty.
This result also is obtained by Sandmo (1970) for small risks. MNirman (1971)
studies an sdditively separable uwtility funciton U(C1,C3) = 0l(cy) + Uz(Cé)
in a two-period model. He shows that with rate of return uncertainty, period
1 savings increase (decrease) with an increase in uncertainty if
C24U02(C5)/dCy is a convex (concave) function. Dreze and Modigliani (1972)
provide a conprehen;ive exploration of the two-period model, including income
and substitution effects of increasing umcertainty.

Phelps (1962) established, in an infinite horizon nod?l with additively
separable utility, that if the pre—period utility function exhibits
decreasing absolute risk aversion, then am increase in income uncertainty
increases savings. Miller (1976) generalizes the Phelps result somewhat.
Miller demonstrates that, with an infinite borizon snd additively separable
utility function, consumption decreases when the sequence of incomes becomes
"more risky in the sense of Rothschild and Stiglitz (1970) if the marginal

utility of consumption is convex. A similar result is obtained by Sibley
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(1975) for a finite horizon model. A more complete review is provided by
Lippman and NcCall.

4There is a large literature on firms facing price uncertainty. A good
summary and treatment is Epstein (1978).

S1t is con;on to see analyses of firms under price uncertainty which
posif some form of a utility function over profits (e.g., risk meumtrality or
" risk aversion) with no discussion of where such a utility function comes
from. A virtue of the household production model is that risk prefetences
-concerning profit are deducéd from risk preferences over consnnpﬁion. That
the introduction or risk may eliminate separability was pointed out by Barnum
and Squire (1979, note 16, p. 39).

6Tﬁns, generai Qqﬁilibrinm models (with consumer incomes tied to firm
profits) in vh;ch contingent claims markets do not exist and risk neutral
behavior on the part'of firms is posited may be inconsistent. A set of
securities which spans the states of nature may replace contingent claims
markets (Arrow, 1960). |

o see this, consider the problem

max EU(n); n=pf(X) - w . x
X

First order conditions are

E [U'(n) (p3'§£ - vj)]!== 0 for all j.
J

8The normality assumption implies the absurdity that s non-zero
probability exists that negtive and extremely high yields might be observed.
The alternative is to apply the formulas for the moments of a truncated
normal distribution (see Johnson and kotz, pp. 81-83) or to maintain that the
variance of & is sufficiently small that our treatment leads to a good
approximation of the actual distribution of yields; Another alternative is

to permit to be distributed log normel. Levey shows that mean variance
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analysis applied to a log normal distribution is a sufficient decision rule
for all non-decreasing strictly concave vtility function. In any case, the
more rigorous approach of employing the formulas of a truncated normal
distribution ;ould seem to unnecessarily clutter the key purpose of the task
at hand. Hence, we proceed with the normality assumption. |

9Popc and Kramer suggest the form

F(A,L;e) = f(A,L) + h(A,L)e,

which admits risk reducing inputs depending on the shape of the function
b(.). An input is risk reducing (increasing) if risk averse producers use
more. (less) of it than a risk neutral producer. One of the basic |
,1mplic§tions of our analysis is that risk neutrality does not make sense once
con;uners are added to the model explicitly, except under stringent
assumptions.

10gee, for example, Epstein (1978) for a review. of earlier work in this

area. -




-32-
REFERENCES

Arrow, K. 1964, “The Role of Securities in the Optimal Allocation of
Risk—Bearing.” Review of Ecopomic Studies, 31:91-96.

Barnum, H. and L. Squire. 1979, "A Model of an Agricultoral Household: Theory
and Evidence."” World B;nk Staff Occasionel Paper.

Binswanger, H, 1980, "Attitudes Toward Risk: Experimental Measurement in
Rural India." American Journal of Agricultural Ecomomics,
62:395-407.

Bloﬁk. M. and J. Heiheke. 1973, *"The Allocat;oﬁ of Effort Under Uncertainty:
The Case of Risk Averse Behavior.” Jourmal of Political Economy,
81;376—385.

Cooper, R. and K. McLaren. 1980. “"Atemporal, Temporal and intcttemporal.
Duality in Consumer Theory." Internationsl Ecopomic Review,
21:599-609.

Dillon, j; and P, Scandizzo, 1978. "Risk Attitudes of Subsistence Farmers in

Northeust‘Brazil.' American Journal of Agricultural Economics,
60:425-435.,
Drezi, J. and F. Modigliani. 1972, "Consumption Decisions Under Uncertlinty.'.

Journal of Economic Theoer 5:308-335,

Epstein, L. 1978. "Production Flexibility and the Behavior of the Competitive

Firm Under Price Uncertainty.” Review of Economic Studies,

45:251-261.

Grabam-Tomasi, T. and T. Roe. 1985. "Production Uncertainty and the Behavior
of the Agricultural Household.” Unpublished -nnuscript; University
of Minnesbta. |

Hanoch, G. 1977. "Risk Aversion and Consumer Preferences.” Econometrica,
45:413-426.

Johnson,N.L. and S. Kotz. 1970. Distribption in Statistics: Contimuous

Univariate Distributions, Vols. 1 and 2, Boston, Bough Mifflin.




-33-

Judge, G., B. Hill, W. Griffiths, H. Lutkepohl, and T. Lee. 1982.

Iptroduction to the Theory apd Practice of Econometrics, New York:
John Wiley.

Khilstrom, R, and L, Mirman. 1974. "Risk Aversion with Many Commodities.”

Journal of Economic Theory, 8:361-388.

.+, 1981, "Constant, Increasing, and Decreasing Risk Avcrsion»vith Many
Commodities.” Review of Econmomic Studies, 48:271-280.

Leland, H. 1968. "Saving and Uncertainty: The Precautionary Demand for
Saving." Qn;;izzlx_lgnznil_at_ﬁsgnggig;. 82:465-473.

Lippman, S. and J. McCall. 1981, *The Econmomics of Uncertaiaty: Selccted
Topics and Probabilistic Methods.” In K. Arrow and M.
Intriligator, eds., Hagndbook 6{ Mathematical Economics, Vol. I.
North—ﬂolland. Amsterdam.

Miller, B. 1976. "The Effect on Optinal Consumption of Increased Uncertainty
in Labor Income in the Multiperiod Case." Jounrnal of Ecomomic
Theory, 13:154-167.

Mirman, L. 1971, "Uncertainty and Optimal Consumption Decisions.”
ggonomegg;gg. 39:179-185,

Moscardi E, and A. de Janvry. 1977. "Attitudes Towards Risk Among Peasants:
An Econometric Approach.” American Jourpal of Agricpltural
Economics, 59:710-716,

Phelps, E. 1962, *The Accumulation of Risky Capital: A Sequential Utility
Analysis.” Ecopometrica, 30:299-743.

Pope, Rulon D. 1978. *The Expected Utility Hypothesis and Supply Demand
Restriction.” Ameri Jou Agricyl .
62:619-627,

. 1980. "The Generalied Envelope Theorem and Price Uncertainty.”

Interpational Ecopomic Review, 21:75-86.




-34-
sand R, Kramer. 1979. "Production Uncertainty and Factor Demands for the

Competitive Firm." Soythern Ecopomics Journal, 46:489-501,

Rothschild, M. and J. Stiglitz. 1970. "Increasing Risk I: A Defimition.”

Journal of Economic Theory, 2:225-243,
Sandmo, A, 1970; *The Effect of Uncertainty on Saving Decisions.” Review of

Ecopomic Studies, 37:353-360.

Sibley, D, 1975. "Permanent and Transitory Income Effects in a Model of
Consumption with Wage Income Uncertainty."loggggl of Ecopomic
Theory, 11:68-82,

Stiglitz, J. 1969. "Behavior Towards Risk with Many Commodities.”

| Ecopometrica, 3:660-667.
Taylor, C, 1984, "Stochastic Dynamic Duality: Theory and Empirical

“Applicability.” American Journal of Agricultural Ecopomics,
66:351-357,

Varian, H, 1978, Migroeconomic Aﬁglz;ig, Norton, New York.

-Walker, T. and N. Jodha., 1985. "How Small Farm Households Adapt to Risk.” In

P. Hazell, C. Pomareda, and A. Valdes, eds., Agricultural Risks

Insurance: Issu in Policy, Johns Hopkins University Press,

Baltimore.




