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THE PELEVANCE OF ILLYRIA FOR LESS DEVELOPED COUNTRIES

by Charles S. Rockwell

Introduction

In recent years, the unqualified assumption of profit maximization has
been criticized by leadin~ economists aﬁd a variety of alternatives postu-
lated.1 The debate has larasely had a positive cast. In Professor !lachlup's
words,...'"(the theory of the firm) is designed to explain and predict changes
in observed prices (quoted, paid, received) as effects of particular changes
in conditions (wage rates, interest rates, impoft duties, excise taxes,
technology, etc.)."2 The normative question, what should fhe firm maximize
(or "satisfy"), is not a part of the debate. thile the operations research
. literature is normative in emphasis, it is more concerned with how to
maximize profits rather than vhether to maximize profits. In this paper
we provide a theoretical analysis of growth and efficiency in a business
organization that does not maximize profits, but instead maximizes profits
per worker. The need for the analysis arises because enterprise laws similar
to those in Yugoslavia can lead firms to adopt this maximand. These same
laws provide attractive inducements to political stability and generate a
high measure of economic equity. Consequently, we arzue that such a form
of enterprise organization is apt to be of considerable interest to planners
in mixed economies, if the long run production»and growth of such firms can

be shown to be economically efficient. As we note below, the analysis also

1For a recent survey of the literature concerning the "marginalist contro=-
versy," see Professor Fritz ilachlup's "Theories of the Firm: Marginalist,
Behavioral, Managerial," American Economic Neview, 57 (1967), pp. 1-33,

21bid. . . 9.




has relevance fur the "marginalist controvarsy' and the "socialist controver—

sy',

It is not surprising that sceialist cconomists have been more interested
in exploring zlternctive mexinands than have their capitalist counterparts.
Socialization cof the means of pi:duction certainly brings the demise of the
capitalist enterprise; but its organizational successor may take many forms,
all of wuich invite an cppraisal. The formal level of much of this litera-
ture, howevex, ic cften low. Since mirnor variations in enterprise orzanization
may inply giocs diffcveicas in ccoucmle behavior, a rigorous examination of
alternatives io necded, Pouofesnor Boajamin Ward mukes on important contribu-

tion to this proolem in hie roccat book, The Socialist Economy.

Using the deguee of dencntvelization to classify socialist enterprises,

the middle ard both ends of this spectrum.

Idealized forns of inst tuiions in the USSR, China and Yusoslavia are treated
2 (=)
as represonliirg pertilcnlnrly interesting czauplee of moderate centralization,

extreme centrooinatios ord cstyer2 doecentralization respectively. This paper

extends Yaxé's r-

Iood, Iily:ian,‘ casc., Most impor-
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tantly, we investigate the properties of the model for the ilarshallian long
run.1 The introduction of technological progress and outward shifting demand
pernit us to drav additional conclusions concerning the characteristics and
efficiency of the Illyrian firm's growth path. Also, the tools developed to
deal with the long run case, yield a better understanding of some of the
surprising results obtained by Vard for the short run., The next few introduc~-
tory paragraphs describe the Illyrian firm and offer a few additional reasons
why it is deserving of study.

Illyria is an idealized economy in which worker-managed plants nroduce
in a totally decéntralized, free market environment. By Illyrian law, enter=-
prises are under the control of a llorkers Counpil which is elected by the em-
ployees of the firm on a one-man, one-vote basis. This Council, in turn, se-
lects a manager who‘operates the firm in free competition with all other firms.
Inputs, outputs, techniques and price are as completely under the control of
the Illyrian firm as they are of the capitalistic firm. There are two nrin-
cipal differences, however: £first, the government retains ownership of all
productive assets and charges a fee for their use; and second, although the
employees decide what portion of aarnings is to be paid out as personal in-
come and what part is to be retained, the employee does not obtain any trans-

ferable title to funds that are plowed back. In both regards the Illyrian em-

1The formal analysis contained in the Appendix to Chapter Eight of The
‘Socialist Economy applies only to the ilarshallian short run. This is alse
true of Vard's earlier article, "The Firm in Illyria - Market Syndicalism,"
American Economic Review, 48 (1958), pp. 566-89, and of Evsey Domar's "The
Soviet Collective Farm as a Producer Cooperative," American Economic Review,
61 (1966), pp. 734-57. Both Ward and Domar restrict their analysis to the
case where the total capital charse, "R," is a constant. We define R as the
per unit capital charge so that the total capital charge, RI, is a variable.
In Chapter Nine of The Socialist Economy, Uard briefly considers one long run
aspect of Illyrian economics that is also central to our analysis -- the capi-
tal intensity of investment. Our conclusions on this matter (see page 14
below) are the same as his.




ployee qua owner differs from the capitalist stockholder. Throughout Illyria
it is assumed that workers are completely self seekingy, and management deci-
sions reflect the collective consensus of the workers rather than any alter-
native goals, Undér these conditions it is reasonable to postulate that the
workers council will instruct manasement to maximizé profits per worker. In
any event, since the analytical core of this study abstracts from institu-
tional details, the analysis is applicable to any firm which does maximize
profits per worker, rescardless of tﬁe exact institutional setting.,

To the protagonists of the "socialist controversy",l.the behavior of
Illyrian firms is of‘obvious interest. It is one of the simplest organization-
al forms satisfying the requirements of a Lange-Lerner decentralized social-
ist state. A theoretical analysis of the efficiency of such organizations re;
flects on the feasibility of such a state. -This evidence gains in importance
because Illyria abst:acts important features of the Yﬁgoslav system, And
Yugoslavia ié the leading example of a decentralized, socialist state in-operﬁ-
tion. .

. This correspondence between the laws of Yugoslavia and the assumptions
of Illyria returns us. to the "marginalist-behaviorist" controversy.2 .Decen~
‘tralized socialism in Yugoslavia provides a new arena for testing whether
gross simplifications such as "firms behave as though they maximize profits
‘per worker"“can be used to deduce operational hypotheses concerning the
variables described by Professor Machlup. Before this is possible, however,
a marginalist theory for Illyria must be articuléted, and that is the prin-

cipal concern of our work.

1This literature is reviewed by 'Jard, The Socialist Economy, Chapter 2.

2Although Ward carefully nrotects Illyrian theory from overly facile
applications to Yugoslav reality, he weakens at a few points and confronts
the model with facts. For example, see pages 584~5 of "The Firm in Illyria".



" "marginalist-behaviorist controversy," both

"Socialist controversy,
phrases bespeak the maturity of the debate. As mentioned at the outset a
more significant cause of the current interest in Illyria is from the point
of view of economic development. Abstracted from its communist setting in
Yugoslavia, Workers Self-management offers special attraction for use in the
public sector of mixed economies. A brief discussion of some of the broader
politiéal and economic implications of Illyrian syndicalism is worthwhile.
Aftervhich we turn to our main theme, the efficiency of Illyria.

The principal allure of Illyrian syndicalism is not so much the incen-
tives it gives workers to maximize their personal incomes by maximizing enter-
prise profits, for there are many bonus systems which can achieve this.
Rather, the attraction is its equitable solution to the problem of the rights
of owﬁership, and its favorable implications for the evolution of a democra-
tic society. The problem of obtaining an equitable distribution of ovmnership
must bedevil the most wise and ambitious governments of less developed coun-
tries. Certainly, the more ambitious the development program, the more cri-
tical is the ovmership question. For, as government forces higher rates of
investment it coﬁcomitantly causes a transfer of assets toward the expanding
sectors. This transfer of investible funds has its donor as well as its
beneficiary, but the donation is seldom voluntary. The fortuitous solution
where a landed gentry directly or indirectly volunteers funds to industry and
trade has not occurred in most LDC's, and the levers necessary to manufacture
such an outcome are not known. Consequently; ambitious development programs
must typically coerce funds often from the broadest strata of society, the

peasantry, and this is seldom done without a loss of political popularity with



this strata. One solution is to force the transfer but let ownership benefits
rest wvith the domor. This, however, is seldom possible.

The alternative offered by Workers Self-management is to pass the prero-
gatives of ownershipl forward to the employees of the expanding sectors. This
offers a broadly based, comparatively equitable, redistribution of ownership
among the users of capital. It is particularly well designed to kindle in
the newly formed industrial work force an interest and enthusiasm for the
government's development program.

'The capitalist solution of making rrants or loans to existing entrepre- \
~ neurs channels the investment returns paid for by the many into the hands of
the few. It also alienates both the peasant and the urban worker from a
direct interest in the development program. In contrast, the centrally planned
solution which in theory places the ownership rights of investible funds with
all the people, offers a highly satisfactory outcome with respect to equity;
and by making all workers in the modern sector directly dependent on the govern~
ment for employment, it also tends to increase the power and stability of that
go?ernmént. Agaiﬁst these advantaces must be balanced the questionable effi-
-ciency of the centrally plaﬁned economies. The trend of institutional reform
in the Séviet Union and Eastern Europe towards greater decentralization sug-
gests that complete centralization is a step in the development sequence that
might profitably be skipped.

What we hope to resolve in this paper is whether the decentralized Illyrian
firm can combine some of the equity attractions of the centrally planned firm
with the efficiency commonly attributed to the capitalist fifm. Special

attention is given to the case of monopoly because this market structure,

l"Prerogatives of ownership", in this case, refers to the right to distri-
bute current but not past profits.



rather than perfect competition, more aptly describes the conditions under
which the Illyrian firm would most likély be incorporated into a mixed econo-
ny. We first discuss monopoly, then incorporate perfect competition as a
liniting case, and finally consider the crowth path of a fim subject to ex=-

panding demand and technological progress.

The Comparative Staticg of Illyrian 'lonopoly

The Illyrian firm is presumed tb mnaximize personal income per worker.
This is obtained as the difference between net sales per worker (after the
deduction of all.materials costs) and "interest" payments per worker. The
interest charge is levied arainst all productive assets and is paid to the
state. The maximand of the firm, M, may therefore be expressed as:

DY -

where Y, K and L are output, capital and labor, and P and R are the prices of
1,2
output ‘and capital.

In the general monopoly case the firm's demand curve is nesatively sloped

lR; the price of capital, is referred to as the "interest rate", although
the "rental rate" might be more meaningful.

21t is assumed that the supply of K is infinitely elastic at the price R,
and that workers can be freely hired or fired by manacement. Apainst this last
condition, the objection has been raised that the workers, fearing for the
safety of their individual jobs, may instruct managenent to maximize ! sub-
ject to the constraint (i) that no one be fired, or (ii) that the contraction
of the work force be restricted to natural decrements due to retirements and
job switching. It is our feeling that consideration of these alternative,
constrained models is most easily performed as a special case of the uncon-
strained model presented here. In most cases, the modifications- of the
basic theory implied by these restrictions is obvious.



and has a price elasticity, n, that declines as the quantity sold increases,

The production function is twell behaved with symmetric assumptions concerning
the effects of labor and capital on output including nositive first deriva-
tives and negative second derivatives, Teturns to scale, g, and the labor and
capital output elasticitieé, o and B, are functions of the input vector (L, K).
More restrictively, ve assume that e is greater than unity at the oricin and
declines wmonotonically along any nositively sloped isocline in the (L, K) space.
That is, returns to scale decline whenever we increase one output without de~
creasing the othef.l The conditions so far placed on the elasticity of de-

mand and the scale coefficient may be stated mathematically as:

an 3E g
A I T

At this point it is convenient to state three deductions from the above
assumptions that will be needed:
i) ¢ = o + B; and less obviously

3o . 98
3L © 3L
9B , 32

3K T 3K < °°

ii)

iii)
The first result is w7ell kno'm and needs no comment. The second and third
results state that the sur: of the direct effect of each innut on its oun.
output elasticity and the indirect effect of eacﬁ input on the other inputs'
output elasticity are nerative. Tor labor, this means that the nerative ef-
fect of an increase in L on its owm elasticity, 4, is always sufficient to
svamp any vnossible nositive effect which the increase in L nay have on.the
capital coefficient, g. Althoush the last tvo results are not explicitly

used in the ceometric analysis, thev are implicit in many of the comparative

lThis is the regular ultra passum lav of Rasnar Frisch. See The Theoxy
of Production, "and Mci'lally & Co., Chicaro, 19265, p. 120.




static conclusions.

' The first order conditions for an Illyrian long run optimum are:

P M- py rapy (1) =0, ana
oL n
(2)
M Lo
K Sg = PY8 (1-3) - K = o.

These two equations imply, reSpebtively,

PY - RK RK
a = 1 and B = 1
- PY (1 - = PY (1 - =
( n) ( n)
Defining v = 1 - %-, we arrive at the deceptively simple equilibrium condition
1 -1
3 £ =—F
(3) Sy

Since Illyrian behavior is often so contrary to conventional economic
intuition, a few words of interpretatioﬁ may be helpful. Consider not equa-
tion 3, but its reciprocal: s-l = y. It is easily verified that Y may also
be defined as the elasticity of total revenue with respect to output.1 Vhat
we now need is a correspondincly simple interpretation of e_l. For this we
turn again to Frisch.2 le shows that if the price of both inputs are fixed,
then'e-l is equal to the capitalist elasticity of total cost with respect to
output. In some general sense then, the illyrian firm equates the percentage
increase in costs to the percentace increase in fevenue; but this statement
needs to be clarified and made more precise.

By assumption the price of capital, R, is fixed; however, the price of

labor, M, is our maximand and is obviously not fixed. This raises the ques-

. . . ' -1,
tion of vhether it is permissible to apply Frisch's conclusion that ¢ is

1

i
l

1
=1 -=
Y n

21bid., p. 167.
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the elasticity of cost. It is permissible, but only at the optimal point -
where ﬁ is a maximum. At this point 3M/3Y = o and the condition of fixed
input prices holds. We must also provide an Illyrian equivalent of "capi-
taiist cost." Since ML and RK always exhaust total revenue, PY (there are
no residual profits), it is more meaningful to talk about total disbursements
rather than total cost. Therefore, e-l may be described as the elasticity
of total disbursemeﬁts for fixed M. 1In equilibrium, the perceﬁtage éhange in
revenue must equal the percenfagerchange in disbursements M fixed).1 If
output is less than optimal, an increase will raise revenﬁes faster than_dis-
bursements (at the suboptimal value of M) and permit an increase in M; where-
as if output is greater than optimal, a decrease will decrease revenues less
than disbursemcnts and also permit an increase in M. Consequently, ﬁ is a
true maximum if and only if the elasticity of disbursements (fér the fixed
value ﬁ) equals the elésticity of total revenue. We return now to a further
consideration of equation (3).

Equation (3) has some Surpfising implications. Under typical simplify~-
ing assuvmpticns uscd in Eccrometric work -- ¢ and n constants -- a long run
optimum does rot exist.2 More foreboding is the fact that if the initial
value of ¢ is less than unity, then no equilibrium exists, even though all
the rest of our assumptions are met, Or, in more familiar terms, no solution

exists whenever the firm has a monotonically rising long run average cost3

;Since'total revenue and total disbursements are identical, so the elas-
ticity of total revecnue is alwars identically equal to the elasticity of total
disbursements (M variable).

2Except under the unlikely condition that the two constants € and y are
fortunately equal. In that case the solution is not determinate.

3Since w2 do not define cost curves for the Illyrian firm, reference here
-1s to the conditiocns which would exist for a capitalist firm with identical
technology, and a competitive labor market with wage rate W. 1In Illyria as
well as capitalism, W is assumed to be the minimum acceptable rate.



opiimal output level is 1llustrated in
Fipure 1,

The equilitiivm Jefined by equation (3) exists in Figure 1 whenever the
e() curve intcrsanits he v (Y) curve frem above. This is obviously not
pceaible if ¢ = g(Y) end ¢ = /) are unequal constants. It is also not

i ce . ’ - y .. -1
vossible if ¢{Y) is cvaryuhere less thon cne. This is bacause vy (Y) is posi-

¢t 1
wd has an initial value grezter than one. Conisequently there

ig no determinant long rin sclution for the Iilyrian monopolist if decreasing

yuhera prescnt.

mplications of our model,

0
o

the comparative stati

. to ccutvast the Illyrizr ond capi ist equilibrium output level

Shnoeariraiist cowdiricn corresponding to equation (3) is,

_ RK + WL

of costs in net revenuve (p(Y) 3 ).

[aY
n
%ﬁ-> o in the vicinity of equilibrium.

vtonically  ‘nerezeing and convérges cn
(¥) T at Toiet A u i shesn in *{onure 1. The cenvergence ot A occurs when
TR UL = PY, o~ that (Y = 1. This ie the zaro profit solution for the
Capitoliist fizm and ic the criy case Uhera-thé Ceplitalist and Illyrian solu-~

ticns ere thae z+mz. T 211 other cuaces s, the funciicn p(Y) causes Capitalist

1, S."'(Y:'~; ., 1 -1 2n ) |
Ine sloyo, =2 3f— = mif—;, w77, 18 positive whanover p is greater than
[ R o4 I
Gic. Valnes i n which_ave less thaan one can never be naximmas since they

'1uvc*ve values of w(Y)"~ 2nd consequently €(Y) which ave negative. The
curs vhen cutput is so large that further increases in inputs cayse
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FIGURE 1.
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output to be larger than Illyrian, and permits the existence of an equilibrium
under capitalism regardless of whether the demand and scale coefficients are
constant, or whether returns to scale are decreasing.

To analyze the comparative statics of the model, we must first look more
closely at the behavior of ¢ over the space (L,K). Just as we define iso-

quants in on the input space, we may also define isoscale contours. The slope

of these contours is given by the equation8

3e 3¢ , 3B

& | _ _ 3L _ _ 3L oL
L |~ de 3B 8a
€ K K~ oK

As described earlier, both 9c/3L and 3¢/9K are negative, so this also is true

of K ;, From the existing assumptions it is not possible to deduce the

dL

curvature of the isoscale curves. However, under the rubric of "well behaved

technology" we may reasonahbly assume that each isoscale curve is tangent to
one and only one isoquant. It is sufficient for this result that the curva-
ture of the isoscale curves be everywhere either less than or more than that
of tﬁe isoquants. Assuming this lattervcondition and defining the locus of

the tangencies as the Illyrian Crest we find that all points on one side of

the Crest have isoscales cutting isoquants from below (above), while all

points on the other side have isoscales cutting isoquants from above (below).
Figure 2 illustrates the location of the Illyrian Crest for the case

where the curvature of the isoscales is less than that of the isoquants.

Note that because we assume ¢ is decreasing in K and L, it decreases as we

8These contours are described by Frisch, ibid., page 122.
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move outward along the Crest. The outer limit of the Illyriah economic re-—
gion is defined by the isoscale curve for g = 1.l Ve may nov derive output
expansion paths for different interest rates and- levels of demand.

The disbursement equation used to generate an Illyrian expansion path is
=M P
(4) K =-JL+ it

To derive the expansion path for a fixed valpe of R, first select any value
of Y,vnext cdmputé for different levels of output the term PY/R, end finally
7 drav a tangent from the K axis intercept, PY/R, to the isoquant for Y. The
s8lope of this tangent cives the maximum attainable value of M/R (and conse-
queﬁtly M) which can be obtained by producing Y units of output with a fixed
interest rate of R. The locus of such pointsvfor different output levels and
the same fixad R we call the expansion path for R. A family of such paths

is generated by changing the single parameter R. Three properties of these
paths need to be nofed.

Firet, i{ W is the capitalist competitive wagerand if Illyrian vorkers
refuse to work for less than this (min M = W), then for any R the Illyrian
expénsion path is more capital intehsive than its cepitalist counterpart.2
That is, in the space (L,K) *the Illyrian path lies above the capitalist path.
This is because the Illyrion worker-manager earns not only the competitive
>

wage but also a share of the profits so that ¥

R 'g . The two paths coincide

only at the termiral point A corresponding to the zero profits solution in

The optimality properties of this particular contour are further dis-
cussed on page 20, The isoscale curve for € = 1 is denoted ” .
€

2This conclusion is alsc reached by Ward. See page 212 of The Socialist
Economy.
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Figure 1. Second, for both the Illyrian and Capitalist firms, the expansion
paths associated with higher interest rates lie beneath those for lower in-
vterest rates, Third, selection of the optimum output along any given expan-
sion path (R fixed) is shownlgeometrically as the point vhere the slope M/R

of equation (4) is maximized. If an interior maximum is to exist M/R must
initially be increasing near the origin, reach a maximum, and then decrease.
This pattern is shown in Ticure 3. The maximum value ﬂo/Ro along the expansion
path EoEo is obtained at the oﬁtput level Yo. The other expansion path [_E

11

lies beneath EOEO and is therefore drawn for an interest rate R, which is

1
greater than Rb’ Using these properties we can now analyze the comnarative
static effects of a chanse in the interest rate,

Consider an increase in the interest rate from Rb to R Since a change

1°
in R has no effect on the y(Y)-1 curve of Figure 1, the nev solution for Y will
only involve arshift of the E(Y)‘curve, either up, in which case output in-
creases, or dowm, in which case output decreases. In either event, there will
be a pesitive association between the change in Y and in €. To determine in
which direction €(Y) will shift we must first determine the change in L and K.
‘We assert that an increase in the interest rate will increase labor and de-
crease capital, movins the firm to the shaded area of Figure 3, The proof is
by contradiction.

Since an increase in the interest rate moves the firm from EoEoto ElEl’
and since ElEl lies everywhere beneath EOEO, we knouv that a movement in the

opposite northwesterly direction where capital increases and labor decreases

is not possible. Suppose, however, we move to the unshaded area beneath Eo
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characterized by a decrease in botﬁ K and L. In this area output is smaller
and the scale coefficient larcer than at Yo, but this is a contradiction of
the above conclusion that changes in ¢ and Y must be positively related. The
converse argument holds for increases in both K and L. Therefore, we move to
the shaded area as assérted.

The effect of an increase in the interest rate on output can now be
solved by asking."What is the value ofvthe scale coefficient_when we opti~
mally produce an output of Yo with an interest_rate of Rl?" That is, what is
the value of ¢ at the intersection of the expansion path ElEl and the isogquant
Yo' If ¢ is greater at this point ;han it is at Yb’ then the ¢(Y) curve is
shifted up and output increases., If ¢ is less, then the g¢(Y) curve is shifted
dovnward and output decreases. DBut the sign of the change in ¢ is determined
by whether or not the isoscale curves cut the isoquants from below. There—

fore, the sign of the change in output depends upon which side of the Illyrian

Crest ve are: the location of the Crest has a critical importance not found

in the Capitalist economy. 'le may formally summarize our results for changes
in the interest rate as follous:

K 3L

(5) _ B—R'<o,§f{->oand
> | z_ &
3R < ° dL |_< " 4L |_
Y [3

Ambisuity concerning thé sion of 3Y/3R in Illyria is not so surprising
when we recall that similar ambiguities also exist in capitalist economics,
Not with respect to 3Y/3R, but with respect to 3L/3R. That is, an increase
in R causes an increase in capitalist employment due to a substitution of

labor for capital, but a decrease in employment due to a contraction of out-
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put. The resultinc sisn of 3L/3N is uncertain, although dK/3R and 3Y/3R
are both definitely negative. In Illyria, 3K/3R and 3L/3R are respectively
negative and positive, but 3Y/3R is uncertain. The important role of the
Illyrian Crest is easily understood if we break the effect of an increase
in R down into two movements; fifst, a movement southeast along the isoquant
Yo until the new expansion path ElEl is encountered;‘and second, a movement
either forward or backward along ElEl until a new optimal output Y1 is en=~-
countered. If during the first les of this movement (output held constant)
¢ is increasing, then thé second le~r must involve an increase in Y in order
to reduce ¢(¥Y) towards its new intersection vith y(Y)-l.> The oprosite is
true if ¢ is decreasing durinc the first.leg. Thus, the Illyrian Crest
simply partitions (L,X) into two sections according to whether the first
leg described above involves an increase or a decrease in e¢. It is less
surprising that‘the sipn of 3Y/3R is ambiquus, than it is that the ambicuity
can be resolved by such a simple concept as the Illyrian Crest.

Two additional results of interest concern the extreme cases wheR either

the scale coefficient is a constant, or vhen the elasticity of demand (for a

fixed demand curve) is a constant. In Figure 1, if e(Y) = E} then no change



in output can occur in response to changes in R. 'Thus,

& _ &
dL | _ dL | _
g, dR Y

That is, an increase in the interest rate causes a movement downward along an
isoquant. On the other hand, if ;XY) = ;} then Y may change but e may not.
Thus,

dK - dK

dL | dL |
Y, dR €

That is, an increase in the interest rate causes a movement downward along an
isoscale curve.v Using the tools developed above it is quite easy nowv to
determine thg'effect of a shift in demand.

An arbitréry shift in ﬁhe demand curve will distuyrb the'equilibrium pic-
tured in Figure 1 by shifting both y(Y) and £(Y). As a temporary expedient
wve simplify the analysis by assuming that demand shifts in such a way that
the price elasticity of demand for a given value of output is not affected by
the shift. Consequently, under this strong assumption a shift in demand does
not alter the curve y(Y) in Figure 1. This greatly simplifies the analysis |
since adjustment must now occur via the scale coefficient alone. Ve proceed
by deriving a set of'expansion paths for different values of P,

Since the expansion paths in Figure 3 are derived for constant values of
both P and R the same family of curves exists for analyzing price changes as
for interest rate changes. An essential difference, however, is that the ex-
pansion paths for higher prices lie above tﬁose of lower prices which is

just the opposite from what we found for the interest rate. To prove this we
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need oniy note that a shift in demand raises P, thereby increasing the inter-
cept term, PYé/Ro, in equation (4). As a result the nev tangency to the iso-
quant Yo must lie above the original one. Thus, outward shifts in demand

cause a movement upward from path EoEo to path E2E2. It must then follow that
increases in demand lead to increases in the capital stock, but decreases in
employment. The net effect of this is to increase output if the isoscale
curves cut the isoguant from above at the point of equilibrium, but to decrease
output if the isoscale curve cuts the isoquant from below. The latter case
generates a negatively sloped supply curve for output. We may summarize our

results by:

(6) ’ '%% > 0 %%' < 0 and
B} S0 as-L| 2z (&K
P > dL | < dL |_
Y €

The two extremes, a constant elasticity of demand and a constant scale
coefficient, lead to results which are identical to those obtained for changes

in the interest rate:

dK . 4K . 4K

ar _ =L _ d | and
e, dP e, dR Y

dK _ dK _ dK

aL | " dL |_ S dL |
Y, dp Y, dr e

Also, from the appendix we find the following close association between the
comparative static effects of changes in the interest rate and shifts in de-

mand which keep 1 constant.
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If it were true that demand shifts maintained a constant elasticity, the
above symmetry would provide an empirically useful rule for using the sov-
ernment-controlled interest rate to bring about desired changeé in output.
Unfoftunately, we have little information concerning the pattern of demand

shifts in the deve10ped or less developed countries.

The Comparative Statics of Illyrian Perfect Competition

Perfect competition is most easily treated as a limiting case of the
general monopoly analysis. Setting the elasticity of demand equal to infini-
ty causes the Y(Y) curve in Figure 1 to be horizontal at unity. Therefore,
the competitive equilibrium, if it exists, will be somewhere on the isoscale
contour for € = 1, Following Frisch, we call this contour the curve of tech-

nically optimum scale1 and denote it by €, The terminology is appropriate

since this locus is the set of all input combinations which correspond to
minimum points on the long run average cost curves of capitalist firms (dif-
ferent points on ? correspond to different values of W/R)., The conclusion is
then that if perfect competition exists, the level of output will be tech-

nically optimum recardless of what value M takes.

Ybid., p. 122.
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The comparative static effects of changes in the interest rate and
demand can be taken directly from the monopoly ‘analysis under the varticular

condition y(Y) L = 1.

4 L
(7) »g;_{<o,g—ﬁ>o
K 3L
aP - % 2 5p S ©
Y >
aR < ° :
_ 4K g _ 4
dL > dL

If the isoscale contours cut the isoquants from below, then %%'L o and the

supply curve for each firm is negatively sloped. Thus, there exists the
possibility of an unstable intersection of industryrsupply and demand.

Further analysis of this case is worthwhile. If for all firms in the
industry the curvature of ¢ is everyvhere less than that of Y, and if indus-
try supply and demand have an unstable intersection, then barring new entry
any displacement of price ahove the equilibrium level will tend to generate
arsequence of increases in per-worker income and decreases in output that con-
tinues until there exist only one man firms producing with highly capital
intensive techniques. This movement is always northwest along the isoscale
contour él Since we assume that the length of the work week is fixed, the one
man firm puts a lower bound on output, albeit a contrived one.

Consider the other possibility -- a downward displacement of price from
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the original equilibrium. A sequence of falling prices and_increasing outputs
occurs. New workers are hired and capital is decreased as we move downward
along é: This sequence, however, may be broken in two ways. First, earnings
per worker may decline to the point that the existing firms cannot hire the
additional workers needed to maintain increases in industry output. Assuming
a perféct labor market, this will occur when each firm has gone downward along
€ to the point where this isoscale curve intersects the Capitalist expansion
path, Further decreases in price cannot be met by increases in output which
means we have arrived at a vertical section of the supply curve. Second, if
in moving downward along é} the firm encoﬁnters the Illyrian Crest before it

encounters the Capitalist expansion path, then

dK dk
“ T becomes greater than - aL

€ Y

and the slope of the supply curve becomes positive. Thus, whenever an unstable
intersection of industry supply and demand occurs, it is bounded above and
below by two other intersections, both of which are stable. When the exist-
ence of heterogeneous firms is allowed for the possibility of an unstable
equilibrium becomes even less probable., What emerges from our analysis is-
that the competitive Illyrian long run industry supply curve is more inelas-
tic than its Capitalist counterpart, but nevertheless is positively sloped
and is composed of firms producing at the minimum point on their LRAC curves,

A brief description of short run competitive adjustment is needed as a
background for constructing scenarios of long run adjustment., Figure 5 shows

the short run response of an Illyrian firm which is displaced from a competi-
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tive equilibrium by am increase in price. At point Ao on expansion path EoEo
the firm produces an optimal outputrl?0 conditional on a fixed capital stock of
E; and an interest rate R.o and price Po' If price is raised to Pl’ the firm
moves backwérd along E; to the expansion path E2E2 which is defined for the
parameter pair (Pl, Ro). The short run equilibrium at Al must be characterized
‘by an output smalier than YO. Consequently, the short run competitive supply
curve is always negatively sloped. In the long run, however, even without the
entry of new firms, existing enterprises move outward along E2E2 until they
again reach the isoscale contour él Output at A2 will be greater if the iso-
scale contours cut the isoquants from above at AO and smaller if vice versa.
An analogous pattern, with signs reversed, may be derived for changés in the
interest rate.

Comparison of this sequence of events with the typical Capitalist se-
quence clarifies why we obtain such eccentric predictions for Illyrian be-
havior. These eccentricities derive from the fact that the principal effect
of changes in price is the composition of factbr inputs and rewards rather
than upon the level of output. The effect of chaﬁges in price on production
‘are more closely akin to changes in the Capitalist wage rate than the Capi-
talist price of output., The same close association for Capitalist economies
is found between price and profits so it‘is not- surprising that the returns
of Illyrian workers qua owners would have a similar property, The principal
consequence of fusing ownership with labor input is to make the supply re-

sponse of existing firms less flexible than it is under Capitalism.

In the long run, assuming perfect markets and free entry one might
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expect that the two systems would move to identical solutions concerning the
number of firms, output levels and factor proportions. This is not typically
the case. The Illyrian solution will differ from the canitalist solution if
the efficiency of firms is not identical, which, of course, is generally true.
Because of this the Illyrian competitive solution cannot be pareto optimal,
Our feasoning is as follbws; Suppose that there are two firms, both of which
have identical technologies in the sense that they have the same isoscale
contours, but differ in that one is more efficient so that its output iso-
quants are uniformly higher. The curve of technically optimum scale is the
same for the two firms, but the more efficient firm produces on this curve to
the northeast of the léss efficient firm. The existence of different marginal

rates of substitution among firms is in violation of the pareto criterion.
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Efficiency and the Growth of the Illyrian Firm

Having derived the comparative static effects of a shift in demand, we
may move closer to our paramountvinterest -— How useful is the Illyrian form
of ofganization in development programs? In particular, we take up how ef-
ficiently market syndicalism responds first to increases in demand and
second to improvements in technology.

Up to this point, we have attempted fo keep the assumptions of the
analysis as general as possible. The principal restrictions were a well-

behaved production function obeying the regular ultra passum lay, and a

downward sloping demand curve with declining price elasticipy. In order to
generate more meaningful and operational hypotheses concerning the behavior

of Illyrian firms over time, it is necéssary to.strengthen the postulates

by rﬁling out, hopefully, less likely states of the world. First, the regular

ultra passum law itself. A stronger alternative, adopted in the following

sections, is that the curvature of the isoscale contours is strictly less than'
that of the isoquants. This is equivalent to assuming the two joint conditions
that the scale coefficient does not increase whenever output (not one of the
inputs) is increased, and also does not increase along an isoquant whenever
we move away from the Illyrian Crest. 'Although we lack empirical evidence
defining changes in ¢ in terms of output rather than inputs seems to be a
restrictive but not unreasonable assumption.

If all existing firms ana potential entrants have identical technolbgies,
Illyrian perfect competition is pareto optimal. Free entry, in this case,

generates a horizontal long run industry supply curve at the same level, and



using the same factor proportions as for competitive capitalism. However,

if new entrants are successively less efficient as defined on page 25, then

in addition to the static inefficiency caused by differing marginal rates of
substitution, we also have the dynamic problem that the most efficient firms
wither away. The arzument is that as industry demand expands, prices rise and
intra-marginal firms begin to earn a "pure profit" for their worker-managers.
This causes the intra-ma;ginal firms to move upwards along the optional téch-
nical efficiency locus, é', towvards more capital intensive techniques. But,
since they must ultimately pass over the Illyrian Crest, at this poiht,

output for the efficient intra-marginal firms begins an unending decline.
Thus, the prediction of a withéring avay of firms is validated so that the
most efficient firms produce the least output. Clearly, industries with
rising costs of supply are not good candidates for the establishment of market
syndicalist enterpfises. This condition is sufficiently common that it raises
serious questions about the efficiency of Illyrian organizations whenever the -
number of sellers is large.

The market structure of greatest interest howeQer is for one, or a few,
sellers. Vhen market syndicalist firms originate under governmental sponsor-
ship they will typically be for key projects that establish new industries.
The performance of Illyrian type organizations in the limiting monopoly case
is critical. To increase the relevance of the analysis we turn our technology
assumption a notch tightér, but loosen the demand assumption. We assume that

the monopolist possesses a productibn function that generates an "L" shaped

long run average cost curve under capitalism. This means that the scale co-
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efficient must be initially creater than one, decline until it equals one, and
remain at one for all larger outputs. Uhile a similar conclusion can be
reached without this assumption, its addition puts certain types of Illyrian
bbehavior in clearest focus. There is, of course, good empirical evidence to
support this variant. On the other hand, we no longer require demand shifts to
leave the elasticity of demand invariant. This enables us to consider the more
probable case where outward shifts in demand increase the price elasticity.
Figures 6 and 7 present the output and input solutions using this as-
sumption. As demand shifts outward we presume that the elasticity of demand
is increased so that y(Y)-l shifts dovnward from ygl to yIl » €(Y) shifts up-

- ~

wards from eo‘to €15 and output increases from Y° to_Yl. Further outward

shifts in demand, however, can never increase § above'Ymax. This is more glear-
ly seen in Figure 7. If the initial Yo is below the Illyrian Crest, an in-
crease in demand moves the firm upwards towards é: Labor input may initially
increase, but must ultimately decrease as further price rises cause the firm

to move upwards along él Vhen the firm passes over‘the Illyrian Crest it has

an output strictly less than Ymax’ and a fortiori this is true as it moves

a
northward and asymtotically approaches él
Our conclusion concerning the efficiency of market syndicalism for
monopoly is similar to those for perfect competition. As demand increases,
output of the firm is blocked by the isoscale contour él This places an

absolute limit on the output of the monopolist that cannot be breached

regardless of the position of the demand curve. Even in the case where both

the Illyrian and Capitalist monopolists both operate below Ymax’ the Illyrian



- 30 -

FIGURE 6

(7
e(Y)

FIGURE 7

. Illyrian Crest




- 31 -

firm has smaller output than its Capitalist counterpart and is therefore
more destructive to pareto optimality. If free entry is possible at rising
costs, we are again faced with the problem of intra-marginal firms having
unequal marginal rates of substitution between capital and labor. Whatever
the market variant adopted for purposes of analysis, the efficient expansion
of an Illyrian economy demands completely free and rapid entry of new firms.
We turn next to a consideration of technological progress. |

The analysis of technological change is similar to that enployed by
HMurray Brown.l Technical-advance is divided into two tynes =- neutral and
non-neutral -- each of which may be further subdivided into two classes. Heu-
tral technological progress involves alterations either in the scale of units
which relate output and inputs (referred to by Brown as changes in efficiency),
or alterations in returns to scale as measured by ¢. Non-neutral technologi-
cal progress involves alterations either in the marginal rate of substitutién
between inputs, or alterations in the elasticity of substitution.

Consider first a neutral technological advance that improves efficiency
but does not affect returns to scale. For example, the slope of the output
surface in any direction is multiplied at all points by a scalar greater
than one. This is illustrated in Figure 2 by an upward labeling of all
isoquants, but no change in the isoscale contours. The location of the
Illyrian Creat is not affectéd but the labeling of the expansion paths for
specific price 1e§els is. Returning to equation (4), if Yo is the old oqt-
put at (Lo, KO) and Y1 is the new output for this input combination, then

the expansion path through (L , & ) initially derived for P is now the one
o° 0 0

lBrown, Hurray, On the Theory and Measurement of Technological Change,
(Cambridge University Press, London, 1966), especially Chapter II.
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Y

derived for P1 = Po §2-. This follows from the symmetric manner in which
‘ 1

P and Y enter eduation (4). Since Pl is less than PQﬁ the new expansion path
for Po lies northeast of the one passing through (Lo, Ko)' The implications
of a neﬁtral improvement in efficiency of the tyne deécribed above are com-
nletely analagous to those for an upvrard shift in the demand curve when the
elasticity of demand (and therefore the y curve) is kept constant. Con-
sequently, lébor is decreased, capital is increased and the change in output
depends on the location of the Illyfian Crest.

Hext consider a néutral technological advance that improves efficiency
and also raises the scale coefficiént at all levels of output. For example,
multiply all slopes by a scalar factor tﬁat'itself increases with éutput.

In this case, the isbquants are relabeled upvards and the isoscale contours
are felabeled dovnwards. The former effect is described above, the latter
effect involves an upward shift in the curve e(Y).

The long run consequences of this reaction to neutral technological pro-
gress are quite negative. Improvements in the efficiency of production will
lead to reductions in the output and labor inputs ofvall firms which are
northvest of the Illyrian Crest. Moreover, even if a firm is initially
southeast of the Crest, the improvements in efficiency cause the accumulation
of capital and laying off of labor until ultimately all firms lie northwest
of the Crest vhere outputvis decreasing. The only qualification of this
result is thaﬁ there may be an offsettins effect from an outvard shift of ¢(Y).
Although this latter case might be of importance in some industries, it is not
the typical case. Thus, the dangers of a backward bending supply curve, which

Uard pointed out for short run perfect competition, also. exist with respect to



technological progress. As firms become more efficient, their supply curves
shift invard so that prices rise and quantity supplied declines. It therefore
becomes essential that new firms steadily enter the market. But even this will
not achieve optimality if firms are heterogeneous.

The effects of non-neutral change is more difficult to assay. Consider
first, changes in the marginal rate of substitution that do not affect the
elasticity of substitution. Suppose that at an initial point of equilibrium
(LO,KO) the marginal product of labor is raised and the marginél product of
capital is lowered in such a way that € and YO are not-altered.1 The reader
éan easily verify that such an increase in the slope of the isoquant Y;:must
lead to a substitution of labor for capital if the quantity Yo is to be pro-
duced. | |

liovever, if we are northwest of the Illyrian Crest, this substitution along
Yo causes the optimal isoscale curve to lie above the new input point, and
this induces an increace in output. If we are southeast of the Illyrian Cfest,
a parallel argument deduces a decrease in output. Ue conclude that an increase
in the marginal product of labor relafive to the marginal product of capital
must increase labor, decrease capital and have an ambipguous affect upon out-
put. Under these same assumptions a relative increase in the marginal pro-
duct of capital has the opnosite affect. That is, capital is increased and
labor decreased. It is obviously important that government policy be directed
towards raising the marginal product of labor relatively faster than the mar-

ginal product of capital.

lSee the appendix page for a mathematical derivation of this case.



Technical chance whicﬁ affects only the elasticity of substitution is
particularly relevant to an analysis of enterprise expansion. As Professor
Stigler emphasizes, thére is not one but rather many different "long runs, "%
Increases in the time duration of the analysis is apt to increase the elas—
tiéity of substitution by permitting the firm to overcome bottlenecks through
reseafch and the adoption of more complicated.existing technologies. For
the capitalist firm, therefore, an increase in the period of analysis, in-
creases the elasticity of substitution and thereby the growth of the firm
and the economy.2 Is this also true of Illyria?

In the absence qf any change in the curQature of the isoscale contours,
a flattening of Illyrian isoquants tends to make the supply curve for output
more vertical than it otherwise would be. (The extreme case of perfectly in-
“élastic supply occurs when the isoscale contgﬁrs and the isoquants have
ideﬁtical curvatures.) lie might expect, however, that factors which make iso-
quants more linear would have the same affect on isoscale contours. If';o,
we cannot predict the affect on the elasticit& of supply; but we can see that
movements along a flatter é-will cause a more rapid substitution of c#pital
for labor as demand expands or efficiency improves. Our conclusion must be |
that a consideration of longer time spans, when capital and labor become
more perfectly substitutable, leads to even leés satisfactory comparisons

with the capitalist firm than does a comparison based upon shorter time spans,

lGeorge Stigler, "Production and Distribution in the Short Run," The
Journal of Political Economy, Vol. 47, Wo. 3, (June 1939), p. 311.

2Murray Brown, op. cit., p. 27.
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A truly dynamic theory of the expansion of the firm would describe the
time path of capital, labor and output. Such a theory is beyond the scope of
this paper. IHowvever, a comment on the investment decision and "plow-back"
is called for. One might expmect, that if there were no alternative outlets
for investible funds other than plowing them back into the enterprise, and if
the collective time preferences of workers were positive but less than the
lending rate R, the workers might vote to reinvest some of their earnings.
The benefit would be increased production next period. This is not correct,
hovever, The fact that retained earnings are charged the full rate R makes
it irrational to invest own funds in order to reduce the internal rate of
return to the internal rate of time preference. Thus, all profits in Illyria

will be paid out in wages and nonme will be reinvested in the enterprise.

Summary

The essential relationship for analyzing the long run efficiency and
growth of the Illyriaﬁ firm is given by equation (3) and illustrated in
Figure 1. It states that profit per worker will be maximized when the scale
coefficient equals the inverse of the elasticity of total revenue with respect
to output. This is equivalent to the intuitiveiy more plausible condition
that the elasticity of cost be equal to the elasticity of total revenue. It

is immediately seen that solutions to this optimality problem will not exist in
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certain economically important cases: most notably, when the scale coeffi-
cient ié everywhgre less than or equal to unity. A comparison with the
Capitalist solution to the samerproblem indicates that monopoly output in
Illyria will always be no greater than Capitalist output and will be equal
only in the zero profits case.

The comparative static effects Qf increases in the interest rate and
shifts in demand (which maintains a constant price elasticity at any given
level of output) are inversely related by the formula on pages 16, 18, and 19.
Arrise in the interest rate leéds to an increase in labor and a decrease in
capital. An upward shift in demand leads to a decrease in labor and an in-
crease in capital. The net effect of these conflicting changes in factor in-
puts on output depends upon the curvature of the isoscale contours. At the
point of eﬁuilibrium, if the isoscale contour cuts the isoquant from below, a
‘rise in the interest rate leads to an incréase in output; and an upward shift
in demand leads to a decrease in output. If the isoscale contour cuts the
isoquant from above, the oppoSite is true. The importance of the curvature of
the isoscale contours is a notable feature of Illyrian economics.

Perfect competition is treated as a limiting case where the elasticity
of tqtal revenue with respect to outpuf is unity. We‘affirm Hard's‘conclusion
that in the short run a rise in the interest rate increases output, while a
rise in price decreases output. In the long fun, however, it is argcued that
any negatively sloped segment 6f the firm's supply curve will be bounded above
and below by inelastic or positively sloped segments. This, tozether with the
aggregation of heterogeneous firms to obtain the industry supply curve, makes

it quite unlikely that an unstable intersection of industry supply and demand
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will occur. It does mean, however, that Ward is correct in asserting that .
long run industry supply will be highly inelastic.

A serious failure to meet pareto optimality standards is encountered in
Illyrién competition (or, for that matter, whenever an industry structure with
heterogeneous firms is postulated). The competitive firm always produces at

a point of technically efficient scale, which is to say, it is always located

on the isoscale contour for ¢ equal to unity, or in our notation the contour

f& While this is pareto optimal if all firms have the same éfficiency, this

is not true if heterogeneous efficiency characteristics cause firms to have

different values of income per worker. In this case, the more efficient firms

produce in the northwest portion of € where the>marginal rate of substitution

between capital and labor is higher. These interfirm differences in the mar-

gibnal rates of substitution between capital and labor violate the paretian |
criterion.

The dynamic behavior of the Illyrian firm is aﬁalyzed with respect to
continuing outward shifts in demand and technological progress. Assumptions
are altered in this section so that the scale coefficient is a nohincreasing
function of output rather than the inputs (or equivalently, the isoscale cbn-
tours do not cut the isoquants from above). For perfect competition, this
means that outward shifts in demand or improvements in efficiency due to
neutral, technological progress will cause firms to move northwest'along'gﬁ
Since bpth labor and output decrease in this direction, the firms with the

most efficient technologies will have the smallest labor inputs and smallest

output.
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The expansion of the Illyrian monopolist with respect to demand shifts
and neutral technological progress is similar to that of the Illyrian competi-
tor in that they both move "alon:" 2: Hovever, while the competitor is ex-
actly on é.the monbpolist moves along but inside it. The distance inside is
determined by the extent to which the elasticity of total revenue is greater
than unity. This means that for the empirically important case of an "L
' shapedvcapitalist LRAC curve, the Illyrian monopolist will never achieve even
a minimally efficient scale. This éonclusion is independent of the type of
demand shift that is assumed. The logical extreme implied by continuing out-
ward shifts in demand and néufral inprovements in technological efficiency is
a one-man firm producine a small output with a large amount of capital.

In judging the potential value of such an organizational form in the
context of development programs, is it really true that Illyria will score as
poorly by efficiency criteria as the 1a§t few paragraphs imply? HNo, not if
the rapi& entry of new, equally efficient firms can be assured. Toward this
end the government must collect and make available to potential entrants
relatively elaborate data on ratés of return to investment, as well as assure
easy access to capital. [owever, the constant need to generate new firms
as old ones whither is an outcome that could appeal to only the most perverse
planning bureaucracies.

Our theoretical testing of the Illyrian model yields agreement with

Professor Ward's conclusion that "...(it) provides a strong measure of industri-

al democracy,"l‘and we might add political stability and economic equity.

1Ward, The Socialist Lconomy, p. 254.
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ilovever, we differ importantly from his conclusion"...that a pareto optimal
equilibrium can be sustained by (the) Iilyrian orzanization, given appro-
priate and apparently not overwhelmingly difficult action by the state with
respect to macroeconomic policy."l This is true only in the artificial case
where we have completely free and effective entry of homogeneous firms.
Heterogeneity destroys the eptimality of Illyria and monopoly power has an
even more restrictive effect on output in Iilyria than in capitalism. ‘’hile
one can achieve optimal results by having a speciél interest rate for every
firn, both.the administrative morass and the reduction of incentives are apt

to reduce productivity importantly.

1Ibid.



HATHEIATICAL APPENDIXl

Ve wish to maximize
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subject to a production function, Y = f(L, K), which hés the properties:
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and sdbject to a demand function, P = h(Y, £) (vhere { is a shift parameter),
which has the properties
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The first order conditions for a maximum are
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Combining these two and using € = o + 8 we obtain
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Since values of n less than unity are not associated with maximums, we have
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¢ - 1; but since ¢ is assumed no greater than 2, this means 1
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Before deriving the second order conditions, we state some relationships
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Lower case letters indicate partial differentiation.



that are required for later arguments concerning signs:
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The second order conditions for a maximum are MKK < o, Mzz < 0, and
D= MKKIRR - HZKZ > 0. The second order derivatives of i after substituting
£ = l-and R = égz-are.
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is negative if the last term on the right hand side is negative. This will
be true when o and B are between zerc and unity as poStulated. A similar ar-
gument holds for MEQ'

After considerable algebra we arrive at
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The term modifying Y ~ can be reduced to Y (ZYK2 ck Ve Yll Y2)
1
which is positive and so the net affect of Y g%-is nositive. The second term

on the right hand side, - Le:2 - KsK, is nositive by assumption. This leaves
only the third term in doubt. At issue is the sign of ang - aKBQ' It must
be shown to be positive either by itself or in conjunction with the second
term. From ourlassumption that €y and £, are negative, it is clear that if

a and 32 are positive,'they rust be respéctively less than BK and o Conse-

quently, for this case QQB'-Q B, will be positive. On the other hand, if
K ,

K £

a and g are negatiVe, consider the extreme case wvhere Y =Y =Y = g
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This extreme case makes the two last terms on the RHS algebraically as small
as possible so that if they are positive under these conditions, they must
be positive for all necative values of g and 62. Thus, for the case where

K .

a and B are necative assume the limiting condition Y =Y =Y =4, let

K 2 28 KK KL

Z describe the second and third terms when this condition holds, and prove

that
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After some substitutions into the above equation we obtain

z =% [LKe f(a - 02) + (B = B2)} + La(e - 1) + KB(e - 1)].

Inspection shows that Z will be positive whenever ¢ is sreater than unity and
o and B are between o and one. Therefore, D = M le - MKlvis positive as
required.

The Illyrian Crest is defined as the locus of tangencies betwéen iso-

quants and isoscale contours. Since the slope of any isoscale contour is



dK i} _i&= YML+YMI\+YE(1-e)
dL € Y K+ Y L4+Y (1-2)
z K KK K& K
' dK )
and the slope of any isoquant is d (- - T 7 » @ tangency occurs if and only
. . Y K
if gt = gi . Consequently all points on the Illyrian Crest satisfy the
€ Y
condition
YQQL + YKQK Y2

Y K+Y L Y
KK KL K

The comparative static effacts of changes in the interest rate on inputs

are obtained by using Cramer's Rule to solve

8K L, L

) - = =M

4KK aR k% 3R KT
3K L

Moo yM o 2oy

“eg 3R T Mg BR or
aK . oL

for SR and °R -

The second order derivatives with respect to R are:

_ 1 ' _ K
MKr = i and Mzr 1.2

The solutions for charges in inputs are therefore:

}- e L
oL  oPY an 2
Par T TrE Y gy + =gl <o
e K
AL BPY an . Sk
D3R Tog €Y 3~ + gl > o

where D is the denominator for Cramer's Rule which wve have already shown to

be positive. The signs-%% < 0 and-%% > 0, are immediate. Wote that:

K K K, 3K
) o 3K _ . 9Ky 3

aR Ke 3y €9Y 5P

|



as stated on page 15.
The effect of chances in R upon Y are derived from the equation

3Y _ 9Y 3L . 3Y oK

3R oL 3R ' 3K 3R yielding
DEX_OLB PYZ [.iq’}____eKK
3k e L*K ‘o B
. oY . . , ,
The sign of 3R 1S siven by the relaticnship,
AW otze, ave o &| o> &
oR > e <Y °? oR > dL < dL
< : Y

The effect of a shift in demand is calculated in the same fashion. Tle

AD
assume that éé = 1 and %g—g o. The second order derivatives with respect to

the shift parameter g are:

] , 1
BY .1  _3n ' oY 1 1 an
M == (=-pP=) ; == (Z-==-P?P =) .
ce T 1k & g 3 amd My =77 (€ -3 T
The application of Cramer's Rule cives:
i 7 1 : 1
- e L LR -~
K _ e PYZ . dn 2" . L s ny . ..
D= et ey 5+ G o g~ 1) Pgzl > o5 and
i ok 1
oL aB PY? r Be n K K K an, <
ry e -l el o PRl R i S St =] = o.
P9 T el T 4 T3 T N ag! ~ °
: 1
The sinn af the latter is indeterminate because P gg—é o, and also
1
L L 12 LK , . 8n
- - = — - Y . Tl f_
(aag BBQ 1) 3 YZE oY Tox < 0 his means that i 5E takes on a large
enough negative value, %%-may be positive. Iowever, for smaller values and
1
. a1 oL .
particularly when 3E C 0 we have sg'negatIVE.

The effect of shifts in demand on output are found to be,



1
-~ o B B o
3Y _ o PY? B an %L K _ Kk <
D 5E - e LF [K £, L 5 S0 + P 3E {BL (a B ). + aK(B " ) -e}] s o.
1 1
Tlhen %g < o we cannot determine the sifn of ﬁ%; lowvever, if %§-= 0
then
¥ < J& ] 2 _ &K
s > 0 ST AL s |
€ Y

The possibility of a nepative supply response is quite sensitive to the

1
magnitude of %%. If we use an upward shift in a linear demand function such
that the slope is not changed by the shift, we can show that %%—is always

positive. This is done by deriving the following two expressions for shifts

in linear demand curves:

1 1
on _ 1 _ 1= an _ 1-e Y .
PBE .= ; and Y 5 — (1 1,),

. . . . Y
and then substitutin~ them into the general expression stated above for —

9 °
This yields,

8y - _aegD¥dy g @ B

T ez T - - 146l > o,
linear
demand
shift

A calculus derivation for the effects of technological progress is given -
only for the case of a non-neutral increase in the marginal product of labor
relative to the marginal product of capital. Ue assume that from an original
point of equilibrium (LOKO) the production surface is twisted so that the slope
of the isoquant through (LOKO) is increased but {(Lo, Ko) = Yo and E(Lo’ Ko) =

e, are left unchan~ed. Denoting X as an arbitrary increment to Yz and y as



the resulting decrement to YK, we have EéYo = (1 + 1) YzL + (1 -~yp) YKK,

Ao
so that y = ;ES._ The mathematical derivation proceeds by substituting

)
a (1 + 1) for a and g(1 - A%) for B into the first order conditions and then
treats A as a production shift parameter. It is necessary to recalculate the

second order derivatives Mﬂl’ MKK and sz as well as to calculate the newly

.required M = and M?A' ‘le spare the reader this and jump immediately to our

Lx
conclusion:
1
2 PY
ﬁfﬁ ( ) [-(1 + ) Y §§-+ - < o3
1
AE -ag (PY)2 ., 5n K .
D2 ;% i (25 -2 (6 + L+ 1) a)] > o

and finally,
; L
aB PY. ¥ g~ X <
- — i o — + + = .
oty F- S+ ) a1 5o
The sign of ——-is necessarily positlve so long as A is small, Similar-

ly, for infinitesimal changes in ), the sign of %K-is the same as the sign of

si-51nce the terms within the brackets are identical. Thus,

W< g XK 2 _ &
or > % @ daL <~ d .
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