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Tha eonlinuous ehoiss and diserals choles damand lilaralures haw Largal y avolved
sapacalaly, Howewar, Lhe modals sesulling Gom anch lilaealues bave vary diglinel ad-
vinlagea [or Laking Lo markal leval data 1 build oo Lbe reaulla provided by Mebrddan
(1981} Lo ealablish A eomonon [ramawiek lor devaloping markal lewal demand ayalama
frorn ailber diserala or eonlinuous choiess and wsa Lha lbrraawork Lo proposs haw oon-
Linuous and diserale choies demand mwdeals. Tha resulling eonlinuous ehoies muwedeals
are e appropriale Ior dissgerepalod dala Lhan populae demand owodals auch ma Lha
Lranalig or Alwsl idesl damand ayalan sines Lhay ean ba elimaled ewin whan produels
anlar of axil Lha roarkal during Lha aample pariod. Moseower, varialion in Lha oksarwed
gl of produela ean ba wsed Lo help idenlily aubalilulion palleens balwean poods in
A way tecanlly made popular in Lhe diserale ehoics demand likeealurs. Tha proposed
diserala choies odals ave eonsislanl wilh an undarlying diserale chodea random ulilily
mrdal . Maoveowar, Lhe models are Dexibile funelional forms in Lha sansae of baing eapabla
of malehing any obaarwed markal share, prics alaslicilies, and ineoma alaalicilie of
damand. Approsching apperapmle modala of diserale choies dalain Lhisa way 18 eompu -
Linnally mueh less damanding Lthan axigling appeonches hechusa il doss nol require Lha
e of aiaulalion élimaloes.
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1 Imtroduction

Ealitnaling markal leval demand ayalams i ona of Lhe modal popular relivilies Tor am-
pitieally oriented micro-weonomisls and have laad Lo Lwo laepe ampivieal lilaralures,
amphaixing eonlinnous- and diseeala-choiea mwsdela peapacliwly. While ench elass of
ovdala ia weall rallned, Lhara ramain slack dilfaraness balwean Lha propearlies of Lhe ax-
isling diserala and eonlinwous choies modals. 1 Taraness Lhal Arise prioaeily bachusa
of Lheir higloeical arans of applicalion and which augpesl peodvelive avanue Dor luelhar
davelopvanl of Lha owedals.

T ilualeala Lhesa dillaranes, eonsidar Lhe (el Lhal rapreasanlalive aganl eonlimous
choies damand pwedals ara rich anough in preamalaca Lhal Lhay aee Daxibile Tunelional
forre. I eonlesal, Lha diserala choies damand libaralura has eesorbad Lo inleod weing un-
ohaarved eonsumar balaroganei by Lhrouph random eoalicianla inordar Lo peovide markal
lowal demand uodals wilh Lbe abilily Lo oaleh Lha pich subslilolion pallans obsarwed
in rwal dalraela. On Lhe olbar band | diserala choios damand musdals lika Lha logil can
bw eaLimaled using dalasala whaees aignileanl prodoel anley and axil oeewe, unlila Lha
cotlinuougehoies mudals lika Lhe Tranalog o Alvwel idenl demand ayalam. A8 & oee-
aull, axigling applicalions of eonlinyous-choios owedals ara largpal y limiled Lo eonsidaring
submlilulion balwean breoad agerapale of goods (ap., lood and Leanaporlalion ) a lawl
of dalh apgrepalion which aliminaled produel anlry and axil. This lealura of axisling
conlinuoud choies modals presantly limila applicalion of Lheaa bechnigue h many Abasa
of tarkaling and indosirial organialion wheea il ia nol ganarcally posaible Lo agpragala
dalh Lo A lavel which remwwes anley and axil of peoducls. Morveowar, Lhis ealure of
axialing eonlinuous-choics oodala s paclicularly uondesivable sines varialion in Lhe sal
of choiea availabla Lo conqumears can provide imporlasl informalion aboul Lhe aubali-

LuLabilily of produels; asowoes of dals varialion which hag bean used wary alloclively in



Lhe diserale choies libaralore (fea lor example Barey, Lavinsohn  and Pakes | 1335] .}

Tha aim of Lhia papear ia L develop mackal level preamaleie diserale- and eonlinuous-
choies demand modals which hava Lbe ad vanlageas of bolh sala of axialing modals in Lhosa
liLerAl e

Conlibuous ¢holes paramaltie damand ayalama aee vaually panaraled by apecilying a
Daxibla lunelional Goron Do Lha indiesel ulilily funelion and deriving demand equalions
vin Roy's Ldanlily (Sea Varian (1984} Ior axampla} Lo eonlraal, diserals choies demand
gyalamd ara uhiwiraally specilled vaing a paramaliie oodal or Lhe direel wliliLy fune-
L. Theae atackly difarant approsches pamial in parl bacauss an axacl equivalanes
bwilwean apweilying an indiveel and apecilying a direel wliliby lunelion, provided by Lha
dualily resulla, bor eanlinouous ehoiea modala i ol available in Lhe diserala eholos casa.
Howevar, Willinma (1977}, Daly and Zachary (1979 and MebFadden (13581} do provide
a lundamenlal peaoll Lhal allows an approsch analogous Lo Lha eonlinnous ehoiss indi-
pecl uLiliLy funelion apecillenlion I diserals choies swsdals. In Lhia paper 1 axploes Lhia
Allarnaliva appeoreh Lo apecilying lunelional foema lor Lhe diserale dhoies analopua of
an indieeel ulilily funelion. Lo addilion, & salueal sew unelional Docm [or paeaoeleic
cotlinuoud dioies damand oodals aovarges wilh aome bies pgobal proparlie Lhal ke
iL particulaely approprinle e markal laval demand alodies of eoslinuous choies dala.

Theoughoul, 1 allampl Lo deaw oul Lhe eomeonon walurs of Lhesa apparanlly dis-
parale lilaraluras. In doing ao, 1 lollow and expand on Mebadden (1981} andAndarson,
da Palima, and Thissa (1999} who amphasios Lhal & eonlinoum of eonquovers making
diserale choies will, undar aome eireumalaness, panarala Lha aame demand ayalam a9 &
singla “papresanlaliwe” eonsumar taking eonlinuoud choiess. 1o Lhose crses, Lbesa Ap-
paranll y diferanl elasse of undarlying bab av ool choles modals can ba obsar valional ly
A L valanl.



Mora specilleally, 1 devalop & elass of demand genaraling funelions and idenlify Lhe
oobdiliong under which Lhesa Tunelions ave (i} indireel wlilily funelions and Lharalora
gabarala eonlinnous ehoics demand ayalaoe and (1} eonaislanl with an undaelying ad-
diLive random wlilily diserala choies nwsdal. In addilion, 1 provide aullkeianl eondilions
for [naub-elass of} Lhese mwdels Lo genacala damand syabeoe Lhal aee eondislanl wilh
ailhar A disleibuolion of esaunars anch making digerala choies, or A aingle eons Lo
pnking eonlinioud ehoies.

Tha proposed damand gyalams shaea tany of Lha Lhaoralical ad vanlages of anch @laas
of damand modela. Firal, unlibe moal diserale ehoies modals, Lhe proposed diserale-
choies damand ayalam bas Dexibla [unelional foco propeclies in Lhe sanes of Diawerl
(1974}, wilhoul resorling Lo Lhe inLroduetion of multiple Lypes of eonauees? Through-
oul, Lhe ain i3 Lo develop & sonerala annpitical alealagy braad on Lhe obsarvalion , implisil
in Mefndden (1378} and axplieil in Pudney (1983}, Lhat iL 8 possible w wrile apeeil-
calinng of diserale choies mwsdals which are of A aimilar form Lo Ltha Daxibla fuselional
foro speeillealions used in Lha eonlinuous ehoies liLaralura?

Hacond | Lhe demand syalam ean ha eliowaled on disagerepled dals in which new
peduels ara inleod ueed and old peoduels axil. Thiais b eonleadl Lo axialing eoalinuous

choies modala which ara Lypieally ealivabed waing beond ly appeepaled prod wel ealapor i

'The adwantage of the Introdwetlon of this hetarogendty, perhape nelne randem cnefclent, medels, s
the added fmdbllty In aubattutlen patterns. For exampls, MeFadden and Traln [1988) show that, the
mlyved multineonlal legY, mexdel can apprescimate arblteary enbetltantlen patterne between goede. This
eterogemeAty howewer does ntoechice enbetantlal dlzadeantages. In partleular, estlmation typleally
ralres glmulatlhn of oltl-Amendlenal Integrak and 1z thereinre compntatiooally Intamndws, while
extabllzhing asymptetotle propertless of the reenlting donlatlen estimators regidree mere adwanosed
mathematical angumenta than typleally tanght, In the meet, advanced gradnate level scenemetdes conrzes
jgee Pakeg and Frllard [1988])

IThe clresst, work 1o gpirlt to this paper that I'm aware of 1z the mndel propoesd by Bresnahan,
Stern, and Trajtanbeg [(1997) whe smpirically mplement, 8 specificatin of Mefaklen's Generallzsd
Futrema Yale mewlel whith 1 more flewible than the sltl-nemlal leelt, mewlel tppleally ieed. Thler
frrmlatlnn hewewar, reqiires the regearchar to gpecfy restrleflnne o the peeglble snbstitntilnn pattarms
hetwam grods, altheugh the meetrictloms can e tagteed.



Ly avoid aueh inlroduetion and exil of produeta ® The few axeaplions Lo Lthis ganaral rula
haws involved markal lavel dalh with some vary apecial eharaelaristies * Moraovar | Lhis
ulliplaantry and axil of prodoels haa suessalully bean wsed aa peaaudo-price vaeialion
in Lhw diserale chodon lilaralure® bul is unavailablain Lhe presant ganacalion of soblinnols
choiea todeals.

Finally, in eomparigon Lo tandom eoallicianl diserala dhoies modeala, are aimpla Lo
compiule hecause Lhay do nol respéne elimalion via aimulalion (fes Pake and Pollaed
(1989} and MeFaddan [1983).} Thal said, moal sltandaed diserala choioa random oo-
allleianl rwodala, aueh as Lhe mived swllinomial logil model (MMKEL} are alao nelad
wilhin Lhe [ramawiek. The analoguous eonlinous ehoies nwsdala illosieale Lha way ran-
dom eoallicient models ean be inlroduesd Lo the eonlinous ehoics liLaraLure®

Tha real of Ltha papar ia aa Iollows. Lo seclion 1 1 oulling Lha proposed dernand
gyalam panaraling funelion. Lo seelion 2, 1 hrialy sumonarisze Lhe axisling approsches in
Lhe demnand likaralues and inleod wes Lha nolalion 1 osae Lheoughoul. In seclion 31 beialy
inLeed uea Lha damand ayalam paneraling fupelion. In seclion 4, 1 Dnd eondilions under
which Lhe bew demand ayslan 9 consislanl wilh A represanlalive eonsomar baking
conlinuoud choiee. Lb geclion § 1 demanalrale Lhe eondilions undar whieh Lha proposed
gyalam 8 consiglanl wilh an underlying addilive randoo, wlilily owoedal. Do seclion G, 1

damonaleala & praclical and Rl wayd Liooeliooale Lha pespeeli v diserala and eoslinuous

*Belnw, I show that, this 1z hecanes the prezently avallable imdhle funetlonal forme de net, eatlfy 8
testrahle global mgnlarity pmperty.

*For exampls, Haneman [1994) and Flllern, Cockburn, Grillehes, and Hanzman [1§897] each estimate
warlants of the Almoat, Heal Demand System propoesd by Deaten and Ausllbaner (1980, However, n
bnth cases the demand gyetem must he sstimated slng the data coly from the perled when ail grods
ars preammt, 1o the market, Natnmly, In dynamk marketes with lange oimbers of prediets thle 1z wot,
alwaws an nptlen elnee prochicta raently entar and sdt dmnlatanasisly.

EAltaring the chele ests farg coneumers t8lls the ressarcher & ennelderabls amount about the
gubatitutabllty of producta.

B4 Ithough It 1z Important 1o bear In oiind that one lmportant, advantags of & orsdel that allvwe
fnr imnbeermbly hetaropmanie rnamers 1z we lnnger e noe A repregentaties agemt dlarets cheles
nuxlel can acrint fnr feidble arhadtatlnn pattarms.



choies modala. In sselion 7 1 aslablish some Dexibility properlie of Lha modal. Finally
1 eonelude.

2 Previous Literatures and some Notation

Enrly darmand sludies andowed eonaumars wilh pralaranes ovar preodoels direelly and
mawrned Lhal eonsumears solwsd A wlilily maximivalion problem subject Lo s budpgal
GOnALEAinL

Viby:#)=maxulz; B al e <y

whara p danole Lhe weelar of prics, i denolea Lha eonsumwra’ ineoma. The solulion
Lo Lhis problam ia & wielor of damand equalions lor asch produel, 2(p g @) Slandaed
dualily seaulls elablish eondilions on Lbe funelion ¥(-} sulicianl Lo ansupa Lhal ona
oowld aquivalanlly apeeily A pacaoelrie loro lor Lhe indiveel ulilily fubelion, Vg ;&)
and solw Lo Lhe damand ayalam using Boy's idenlily.” By Laking Lhis dual approach
Lhe pesulling paramalric demand syalaoe weara assursd Lo ba eondislanl wilh wlilily
mRximisalion, Al larsl for some paramalar value. 1o pddilion, Lbe resulling demand
Ayalamd wara apdy Lo edlimale, caprble of panaraling Oexibla aubalilulion pallaens, bul
sueeaAlully awided Lha axplicil solulion Lo Lhe pon-linere diveel ulilily b imisalion
paasblam

When Lha eonquoner modl make A diserala choies [eom &osal of allarnalivea, Lhia oay
b represented by Lhe addilional eonalrainls oo Lhe problam, thal @pee =0 lor all § £ &
(aee Bonall and Bosen (1951}} Lnpwoaing Lhia diseralanes and masi mieing ower Lha sal

"For any glen Inellract utility imetlsn which 2 (1] confloucnzin all po>> 0awd g =0, () #p, 4] 1=
wn-Inereasing In p and nen-dameadng oy, (M) oD, ) & qad-oones: I (p, ) Wit any coe et of
the wanter normalleed to coe, and v) emogememe of dogros wam b (p, ) there mdsta a divect wtility
fimetinn %) which represents the eame prefrramee crdering over goods. See for mample Mag-Colell
Whingten, aned Green [1995) pages 24, 56, and 77



of eonlinwous ehoios, which Lypieally ineludes Lha oplion of buying safy Lhe oulaide
oplion (aines g — pf [ > 1} ia apanl on Lhe oulaide meod il oplion § ia ehoaan}, yialds a
gl of eondilional indireel uLilily lunelions which 1 danoba (&, . ¥} Laing Lha budpal
ootAlrainl Lo delarming Lha quanlily of Lha oulside good puordiased provides a diserala
choiea todeal

max gy — pgd(§ > 1} pr, 6}

whara, balurally F inelode Lha opilion Lo pureh ase nona of Lha inside poods, hara danolad
by ehoiss 1

Hlandard ampirieal approsches Lo specilying ampirical modala Toe Lhis diserala choles
peohlam, auch Ra Lha sl linoouial Logil or probil swodala, specily & pacamalrie luneliool
forrn for Lha eondilional indireel ulility luneliong of anch Lypa of eonsumer ¢, parhaps,
wyly —ppA(F > 1), p1, 0,8} =l — A (G > L),pr, 17,8} 4o or anch consumer Lypa e =
(€1,..,%s} And podil A paeamalrie disleibolion of eonaumear Ly paea in Lhe populalion. Tha
oobAlmnar 9 asawenad Lo koow hia own Lypa bul il i unolaarwad by Lha aconomaleicinn

and rasunned Lo ba idanlically and indapandanlly disteibobed aceoss individuala,

3 The Demand System Generating Function
Theoughoul Lhe papar 1 loews on damand ayalam panaraling lunelions of Lhe locm
Vip.y.d 8l =dloHiry, vr (1}

whare H (-} ia A paramealrie [unelion & and & > 0ara paeamealara and v; = axpf{abo(y, gr,84, 071}
Although many lunelional orme are posibla, lor eoneralaness, 1 will eonsidar apeei lea-

Linng Lhal ineluda A panaralizad linere Lo for H( -} (a0 Diawarl (1971} } and A quadralie



oern for H (-}

1

11 | |
Hir,.. r1} EE;_-]H.;’?'_{+%E;_1E£_1 bier Frf :n"-r+§-r= Hra o (2}

Hirs,.. v} ST qami+ 3 51 i brivs (3

whara & = (a4, ..,67)}, # 8 & Jx/ malric wilh 78 dameanl by, ¥ = (71,71}, 75 =
[-r;i, ..,-ri}, and #4y(} ia A known Tunelion. Again, for eoneralanes, apeciflealions of o

Lhal will ba of parlicular inbareal inel ude

Wyl pr.p1. 8} = dny — dvggg — Ay

@j&hp}';ﬁ;ﬁj} =

Il Lhe resulling demand pareraling funelion, ¥(}, has the proparlies of an indireel
uLiliLy lunelion , applying Roy's idanlily provides & paeanalrie eonlinuous choica demand
ayalamy, (@ i} = —%f%’ Ih conlradl, il ¥(-} has Lhe properlies of an axpeelad
addilivwe random uliliby lunelion |precigaly whal Lhia manng will ba made axplieil below)
Lthan Lha reaulls provided by Williama (1977}, Daly and Zachary (1979}, and MebFrddan
(1981} imply Lhal a diserals cholen damand ayalam can ba panarabad waing Lhe idanlily,
£y (B4, = —% for § = 1,...Ff Ramarkably, lor & subsal of apecillealiong, Lhesa
damand ayaama will he idanlical and eowld Lharalore have bean panaralad by ailhar &
gingla eonqumar making eonlinioud choies or aoome disteibulion of eonsumars making

diserala choicss.



4 A Continuous Choice Demand System

A Tunetion ¥ (p,i,- -} 18 dellbed Lo be an indiveel wlilivy funetion (I} i€ il ia
# conlinuoud AL all pe>= 0, ¢ =0
# non-inerarainge in p and non-deerapaing in g
+ homopanaous of degres saeo in (g}, aod

* (uRsi-eonwvex b (p, i) wilh any one alamanl in Lhe weelor pocmalieed Lo oo,

IV (p, 0,8} haa Lha propaclies of an indiesel ulilily funelion Lhan alandaed doalily
veulla imply Lhal Lbe damand ayalbam ia aasily oblained via Boy's idenlily.

Propealtlon 1 Let Vir} = Llin(H(r)} with v; = axp{edy(y,ps,d5)) and H (¥} is an

hatnagenienss of derree v Jotelon, senliipaens, and not-decrecsitg v, Jf
1wy, 4,8} £0 & eonlinuews funelfon al afl pasflive prices and insomes

2. vilpg, 1,051 f0 non-ineressing in py and non-desressing

5. a:?:g,_ <OVjEk, and

£ rylpy, v} 0 & conver funelion af pr, with y noermelied o 1

then, V() = Lin(H{v(p, 1, -} )} &0 an indives! olily fonslion
Proof We mual elablish anch of Lhe proparlie of Lha indiseel ulilily funelion in Lurn,

1. Vs clanely A eonlinuous funelion al all poalive pries and ineoows provided # i

In Lurn, H(} ia & haa Lhe appropriale eonlinnily properlies provided aach vy doa.

2. Sinea H(v}ia non-decreping in ¥, ¥ 18 hon-inevaraing in pand inerapaing in g, S}

and banes ¥} 8 hon-ineraraing in poand wob-decrapaing in .



3. By consalruelion, st (-}, ia homopaneous of degreas waro in (3, gy} Trivially Lharelora,
anch 4 s homoganous of degreasaro in (i, p}. Hanea ¥}, is hoooganeous of degres
wht In (37,1}

4. Conwexily, and Lhoa Quasi-sonwexily, lollows bom Lha reaull in Lamms 2 undear

Lhe eondiLiong abowa®

4.1 Advantages of the “new” demsnd sy=temn

Many axigling demand ayalams ave elosaly palaled Lo Lbe heoad elass of indiceel ulilily
[uneLiong eonsiderad hara. For axample, Lhe “indicecl addilop” model consideced by
Houlhakbkar (1960} aala all elamanta in Lha malrix B Lo waro in Lhe panaralized linare
loeon and aala vy (i, py} = % whara 27 are paramalara. Similarly, the Log Tranalog
mwdel would ba oblained by salling vy, pg} = .ﬂq;-['—;i] in 3 and impoaing realrielions on
Lhe parammalars (a, H} Lo anauea Lhal V() 8 eobvex in Lha ealio, i;i.

Ona global sepularily properly of Lhe modal, Lhal arises wilh an appropriale choies
of funeliong Lo vy Lhal ia worlh amphasizing, ia Lhal lisag, o0 Vigg, b o5 b = Vipg 5,0}
prowided linng, 4 jaa¥y = 0 I Lhia eondilion holds, ramoving gooda [tom Lhe maodel i
aquivalanl Lo iherapaing Lheir preieed Lo ofnily. This owaans Lhal Lhe owdal oy ba
ealimaled waing Lha pavado-varialion in pries Lhal raulls eom allaraliong over Litna in
Lha gl of poods availabla Lo eonqumars. Lo Lhe diserala ehodea libaralupa, Lhia soures of
virinlinn haa proven wary usalul for idenlilying preambar in damand ayalama. Bachusa

Lhe demand modals previoualy available Teom Lha eonlinoous ehoiea lilaealues do ool

fan alternative, direct, preef of ged-coowecty 1z ake aeallable for the gemeralked Nnear form.
Speclfieally, B symmefrls with on-pesltiee off dlagnmal elementz 1 neceseary and sudficlent, fnr the
ghhal crmwedty of Hx) 1n ¢ [goe Diewert, (1974) for example.) Normalke one dement. o [y, p). Slnee
H(¥] 1z & nen-tecreashg ermwe funetlon of ¢, prowlkded « 1z 8 oonwe funetlen of the normallesd [p,y],
H(p, # 1z crowex I the normalleed (p,4). Flnally, dnee Vs 2 meonctenk: Inereadne funetlen of B,V
k muad-eonweyk In the nermalesd [, i)

1}



haw Lhia properly, applying ham Lo anylhing bol wide agprepgalbes of prodoels bhaa
powen diffieult 3

5 Additive Random Utility Discrete Choice Models

Conaidar Lha elass of ‘addilive’ randon wlilily diserals choies modals (ARUMY}. That
in, Ay random uliliy wodel in which eondilional indieeel ulililies have & locm which
in addilive in somea {posaibly eomposite} charaetarialie. ™ Thal ia, aach eonsumear with

individual ¢harpelarislics ¢ aolve Lhe maximisalion problam

vt gyl — Pyd(f = L,y og e 8 — dy

whare as hefora #n; denoles Lhe produel aharaelarislics obmarved by Lhe conaumer (only
aota of which may ba obsarwad by Lbe asonomelrician}, i danoles ineomnea, g danole Lha
priea of Lhe oulside allarnalive, £} i an indieabor lunelion, ¢ danole & weeloe of Lhia
conaumer s charaslarislies, and dy danoles & (poasibly eompoaila) produel characlarislie.

Kola in parlicular Lhal Lhis elass of addilive tandome olilily modals inelodes swoal
of Lhisa used in applied work, ineloding Lha panaralived axleama valua (GEY) elasa of
modala with an addilivaly sapacable characlarislie aueh as Lhisa eonsidared by Barry

*For example, the trangky hag an hdect, wiillty functln which has many terme ke fxylnp; and
Fettpiinge. Evldently, eeh a gpeclfication dees not eatlefy thle regularlty property. As a regult, the
temamd] systrme alee temed to kawe peor propertles a: the ameonnt of prics, or poede-price, warlatlon
k large. Following Haugman [1994), a typkal resprnee to thls problem has hem o nse data coly oo
the perled when all grods are cheerwed 1n the market. HWhile this appreach & affective [ potantially
hefficlent) o erme markets, swh 8z the pharmassinical markets atdled by Ellsen, Cocktirn, Grifiches,
anl Hamgman [1997) wher grmerln eairy 1z driwen by lnes of patant, prefectlon, 1n other arema's product,
entry aml scl, cerir dmnltanssisly maling thie appreach w practleal

'""For example, In & recent, eeries of miwentlsl papers, Berry [1994) Berry, Levlnenhn, axl Pakes
(1995] Berry, Levimanhn, and Fakes [1997) conslder mexdelz within this class where §; 1= & lwear onm-
Hunatlen of product chararterlsting that, are obesread by the anonemetriclan, o ; and & prechet, charan-
terlztle that 1z imobeerwsd by the srnemetrilan §; = o 84 £;.
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(1984}, Barry, Lavinaohn, and P'akes (1235}, and Berry, Lavinaohn, and Pakes (1997},
In Lhal ease, iy — pad (7 > L} po oy, 0 8} = wylye — ped(§ > 1}, 05,00, 8} + 65 And
Lhe weelor of individual chacpelarialies e = (84,....61} 18 & eomponanlt of ¢ = [, €}
and has A distribulion seross individusls which s & mambar of Lhe GEY elass. Olber
componanld of ¢ may ba rand om eoalicianls.

Dt & elass of lunelions, ¥, whose mambara salialy Lha Tollowing expecled i
mutn randon wlilily (#M 207} proparLie: !

1. For anch choics aal, F = {1 .., /Y, V(-} is & real valued function of 4y < 727

2. Vidr} has Lhe addilive propacly, Lhal Vids 4+ &8} = Vids} — &, whara # i3 any renl

scalar and dy 4 & denoles & fxl waelor wilh eomponanls dy 4+ &

3. All mixed partial derivalives of ¥ wilh respecl Lo Ay axisl, are non-podilive, and

indapandanl of Lha ordar of difaranlialion.
4. limg, | o Vyld}=—1lorall j€ 7.

5. Bupposa J ={é, . ér}and J' = {d, 6, i) anialy d —dg fork=1,..0"
Than Vl::!:ij'l']' = F[ﬁjr?-l-m?...?—kﬁ}]'.

Tha Lhenram provided by Williama (1977}, Daly and Zeebary [ 197%) and Mebaddan
(1981} (henealorlh denoled Lhe WEHHEM Lhaorarn and a vwaraion of which s provided ma
Thaorarn 1 halow} demwnaleale Lhal any addiliw random olilily seodel panarales an

axpecled maximum ulilily [unelion ¥ (8, -} = By [mae {vlz, ¢ — pr.p oy, 0,08} — g

'hIcFaklen [1981) callk a euperast, of thees propertlesz the Soclal Surple (39) properiles duee he
k nteregtad primarily In imderstandine the agerapation croditisneg regdred 1o Interprst, the Expacted
mayimum ntillty fimetlen sz an oedflrect, ity fimetlen for & SAngle Epreemtativse comimer. Slnee
oo of my primary pirpesss 1z to pemerats Aecihle demand aystams for darmets cheloe dtimtlone, that,
mee] et enrrespomed fo A elnele reprosmtative comminer maldne contimens chelres, T want, to eeparats
the ldeas nf an nnderlyine dlerrats cheloe randem ity nuwdel and the sdstaes of & reprecmtative
crnmmer. Thueg, I prefer the name EATRY,

12



Lhal ia a mambar of Lhe BEM A elass of Tunelions. Moceower, Lhair ramarkabla reaoll
damonalealed Lhal Lha eonveras i3 alao Lewa. Any mambar of Lhaelas of BM L Tunelions
oowld ha panaralad Crom an addilive random ulilily diserale ehoiea muodal [ ARLIIM].
The primary praclical implicalion of Lhe WLE¥M Lheoram ia Lhal demand ayalama
Lhal ara consislanl with an underlying dialribulion of eonaumears who are anch mnking
A diserale choies can ba paneralad by apeeilying paraowleie Tonelional Sorma Doe Lha
axpecled maximonm ulility funetion. 1o paelicular, Daxploea Lhe elass of axpectad o
i ubility [uelions deseribad by Equalions 2 and 3. 1 show lalar Lbhal parlicolee
apeci lealiong of Lha axpectad wlilily funelion ean panarale paramealeie damand 8yalama
Lhal ara cabable of panaraling eebilrery aubalilulion pallacbs balwean poods and archi-
Lrary ineomea alaalicilie of damand. OF eowras, sines i i3 o mambar o Lhe EMRL elas
of [uneliong, il eowld bapanaraled by an undeelying diateibulion of eonsumear Lypes anch
of whom tmake & diserale ehoica [rom Lhe aal of available oplions. Moreowar, givan an
addilive BUM, Lha Ganaralized Exlrama YValue disteibulion of eonqumar Lype provides
A direcl uliliLy and dialeibulion apeeileation [or & laege autzael of the ERUM elass of

[uheLinna.

Thocram 1 [WHEM} Censtder the addilive readam wlifily smodel (4 RUIM)

s vy — 4y
where Lhe dependence of ¥y 61 the veelnr [ﬂj;,y—pj,pj, e, T} fa lefl snnlied! for nalelionnl
drnplindy Suppase thal vg o dislrihuled in the popelelion with candiionel pumulnlive
divlrihulion funelion, Flviw g, poe} end deneily flv|w g, poe}. Phen this ARUM gen-
etnles & agoletn af chatee prabehdities, Prld|w y, poe, T}, whick are non- negelive, sum

o ane, end degend anly an (i g poe, T} theoweh v Defme

13



F[ﬁ}:_ﬂ'ﬂj’léﬂj'_ci?j—ﬁj I:-'l]'

where ecperlalions are leken with remend (o vy, Then, provided F(v, )} has & fosl
sssnend, ¥V oecdols and saliofies the progerlies EMIU . Morenper,

j’f{jlﬂ],ﬂ,p,ﬂ,f}:—a;i—?. "r-ﬁ]

Corvarae: Suppose Dhal V(8w pogy, e} o eny funelion with the BMRL pragerfics. Then
epuniion [§) defmes & profehifily shotre spdlem Forlher, there exisls an ARUM form
seeh Lhel V[A) coudd fe peneeled by eppalion (f)

Thua A valid malhod of enaraling demand ayslams which are eonsislanl wilh an
underlying diserala ehoies modal of damand s Lo [ollow Lhe approach Lypieally pralarred
in Lha elpagical livaralura: apecily & laxibla lorm for Lha funelion (-} sueh Lhal il saLislles
EMEL..

While ealablishing Lhal a fubelion ig in Lha EMERL elass of funeliong is sullicianl Lo
iL Lo he eonsislanl wilh an addilive random olilily modal, Lhe eroas derivalive eondilion
Lhal is required Lo elablish Lhe axislanes of A danily of eonsumar Lypes ia oflan non-
Lrivial Loealabliah. Thoa, following Meladdan (175}, in Propoailion 2 1 provide a ganaral
aal of aulicianl eondilions [or & elagg of luneliong of parlieular inLaresl Lhal are Lypically

much andiar for Lha resaarchar Lo warily.

Propoaltlon 2 4 Sel of Suflicdent Coandiliong for EIUM
Suppase vy =e ¥ §=1 . J and H{ri . v1 -} hes the folloming properises -

I, Hir} fs & non-negelive, kamorensons of degree v Junelion af (vq, ... vg} = 0

2. Suppase Jor any dickine! (... &) frem {1 S}, -ﬁ'r,-, __'&r’ i fun-nemelive § £

o odd end nen-pestitve i k o epen.
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5 bel J = {6, 5r) and P ={R, &8} 4wk} = vl forj=1, 4
then H((¥1, ., v1} } = H((r1, .. 7v0,0, 0},

Then, V(d,-} = Linkf(v(4}] is & Lhe dlass of BRUM fonslions Foerthermore, §f Hi(-), i=
L, .., J each selisfly all theee af theoe sandilions and exeh H io of the sme degree af ha-
mogeneily wg = v, then H( 3= UL Hi(-} in the in the elaw of BRUM fonslion.

Laing Lhis propoailion, il 8 amay Lo ealablish Lhe eondilions pequived Lor Lha apee-
iNealiong preovided in Equaliona 2 and 3 Lo eareapond Lo an addilive rasdom ulilily

bwdel .

Propogltlen 3 V(W) = beH (¥}, where H(v] is & genemlized neme form geteselized
lnear fort in Kgualion 8 and vy= W 0303 8 Pher V(8] dn i the elass of BMEL
Juneliony provided fi} o'v 4 %-ryﬁ-r% = 0 so H(} i neo-nepelive, (i) ng: = oy +
e ST bl 20 Jor afl§ (i) b < 0 Jor ol § # £.
Proof 1 See A ppendic

"Lhesa eondiliona Logather wilh Lhe raquiramant Lhal dem, o H (¥4, %1} = 4oc ara
prvwide A alighl relaxalion of Lhe eondilions provided by Melddan (1978} aa aulicianl
Ior Lhe Ganearalived Exlrama Value Modael 13

Propogltlen 4 GEV madel [Very slinh! genemltsnlion af Mefadden (1278))

13T he pameralzatlon to hemoeewelty of arbltrary degree o prevlded here amalytleally trivial ghe-
en earller remultz. Nemetheloes, It dees oot immedlatdly follow fom Mefadkden [1978) snee whie &
g e e rlﬂgmu e funetien raleed to the power 1M 18 emogememe of degee 1, the finetion
Hir,. ,r_:]l ™ wil net, generally gatlefy the rme derlvatiee property even I B e, ,r_;] dewg. For
mampls, condder Hiry, . #1) = EI L. Clearly, prewlded ¢ = () the fnst, derlwatles property
w held fnr all s > (), whils all subesrpient, croes rlﬂrha'r.lm are mern. New conller Ky, . ¢1) =

[:ELL " :] The firt, dertvative 35 27 = [:E,zl a :| #7 whike the eeennd eoas derteative

1——cl
k AE —mL 1) (ELL r;“:] = ¢7'+r—" which 1z only neo-peeltive provided e < 1.
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Seppose V(d,-} = Lind(v(#)} and H(} salisfies the condilions & Progesition 2.

Suppose in addilion, iy, wH (v, vo}=4oc for j=1,., 1. Then,

e H (e eR)
wH (eh ehe)

M=

defines & prahahilidie shoiee madel from allernelives § = 1,.,J whish &0 sonsiolend
wilh wlilily mecimielion. Moreaver, Lhio prodahilily shaire model fo penemmied by an
AR LM with the widily provided by good § ;= d; 4eg, where (g, e} £ dislribuled ao
Fleq,. eq} =8 HE 0™

Finally, noliea Lhal il ¥(} also aalialas Lhe indireel uliliLy proparlies, Lhan V(-} ia &
socinl indireel ulilily Tunelion e Lha sal of eonsumeara of Lype ¢ Thua, e eonaumears
of Lypa e, Lhare axigla A direel ulilily fubelion which rapresania Lha prafaranes of Lha

sommunily of peopla wilh charaelarialies, .

Propoaltlon & I Vip, 7,0} = inHl(¥] wih vy = axpleb(y,py, 91, 871} & & member of
the eleos af fenelions defmed o BEMI L end i alos an tdiresl eldily fonelion, then | &
& poeial indiren] wlfily funslion if Wiy, py, 1,0} = "';w —dg faralli=1_ [ le,
the detnend sypolesn restlling fram appligng WOEM's idenlily io the same as the detnand
dpalegnn Lhel reanlls from applying Hoys fdentily Lo V().
Proof

In panaral, Lhe damand ayalams eorreapoanding Lo diserala ehoiea habavior and eob-
linuoua choiea bahaviour will nol ba Lhe aama?? Howawr, Lhe damand ayalase eranlad
viR Bioy's idanlily or WLHEM' Lhaocam are idanlieal provided % = %% for all § > 1
and Lhe shares of Lha oulaide poods maleh. Undar Lhe eondilions in Lha peopoailion Toe
All§ =1,

LA ne could probably Imagine developlne fests of the “eootlonty® of cholre Bebhavlour or clearly for
the mdetenee of & representativs agent, In & dlzrete cheles ncelel.
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My by By~ dHly

vl liﬂiﬂﬂﬂi’k_ 1A ﬂ-l!ﬂH
iy P11 e

F‘J

whara Lha [nal aqualily Lollows sines & i linaaely homuogenaous in v,

Ona dalail ramning Lo ba ealablished, Lhal Lha ahares of Lhaoulaide gooda el The
pedAl L mbows eLablishes Lhal mnrkal ahaees [oe all insida poods are equal. Howaver, Lhara
s an iaporlanl distinelion halwean Lha diserabs echoies and eoslinwous choies modala in
whan Lhe oulaide good 8 eonaumied. Thal ia, in Lhe diserala craa, soma aowounl of Lha
ol laida @ood i eonsunwd whichawar inaide pood 19 chosan, When choies § is salecled,
"';M i# apanl ob Lha oulaide good. Thua, in A diserals choies modal, Lolal desand
for Lhe duLaide good s giivmee =y 3 B2 ;r{;:n} — Elgo 4= finca wa have
Alrandy ealabliahed Lhnl sfmrse — gpminume e gl 1, Lha oulaide muarkel ahaee ara
aqual ainea Lhis axpregion also delarmine Lhe shaea of Lhe oulaide pood chosan in Lha
ooblinuoud ehoies tuodal vie Lha budgl eonalrainl, O

6 Estimation

4.1 Diecrete Choice Modele

Conaider Lhe program naxg V(dH-o'd. 10V (8} ia convex in 4 20 ia Lhe objeclive funelion 4
Thua, aubijecl Lo minor repgularily eondilions Lha progeam hag & unigua aolulion, 4* which
aaLialles Lhe Oral order eondilions

gy fictent, condtlnme for V(4] 1 be conwex are prewlded 1o Lemma .
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Yy V@

~8d; U |

Thua, priwided V[A} 5 eobwx in A, Lhara A uniqua valua of 4 which sala Lhe model’s
prediclad markal ahare aqual o Lha vaelor of obsarwd markel shares. The valua of 4
can elantly quickly ba oblained using any eows programming alporithon, Following
Barry (1994} and Herry, Lavingohn, and P'akes (1985}, aupposa d; = wf 34 §; whera £
rapirasanls an unobserved produel eharaelarialie and g ia A veelor of obsarvad produel

charpclarialies of geod 7. Lo Lhal erse, A ganaralivad melbhod of omeanl aglimalor Toe

Lha paramalars of Lha model ean Lharalora ba based on Lha gal of omanl eondilions
Eg(8a} 2] =10

4.2 Continmwue Choice Models

Ervora are Lypically added oslo Lhe denand sysbam in eonlinous choies modeala. Thia ia
claarly ona oplion bava.
ay= 8y I.r_li]' -+ EI

On Lhe olbar band, i V(g g4} 9 an indiceel ulilily Tonelion, Lhan wa may [bvarl
e = Vg, .4} Lo ohlain Lhe eorveponding axpandilure [ubelion, Bp 4.} Conaidar
Lhe program maxg f(p 8w} — s’diﬂg{(%:] ! %}ﬁ, whare » is Lha veclor of obmarved
markal ahares, and diagf-} danolea o Jxf malrix wilh 77 alamant [:ﬂi:] 1,

By iy
10y = dhylts, By, P} — A Lhen Lha Larma in Lha diagonal malrix ave indapandanl of 4.
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Thusa Lhe aolulion L Lhia propram salislyie Lha Dral ardar eondilions

_ My (Y QE(p 4}
= ﬂﬁ( ) My (€

- V0 _ _:1 &1 _ 8V &R, o
Howawar, by Lhe ehain rula, 25, and girnilael y #y = 70, &;’ Thua, 2¥ % =

g B0, fany 1 o sy avikayy ! av
Eﬁt(ﬂ_wi:] ,lunddiLum,hthﬂmlfﬂlmquueunuLhmmT_ |: 2 :| i

Submliluling Lhesa inlo Equalion 6 yeilds Lha Oral ardar eondilions

2y = — (ﬂﬁﬁiﬂ]) AV (p. 6, 4}
By py
Thua, Lhe value of 4 Lhal solwes Lha progeam ia Lha value which aquale obsarved
markal ahaeed Lo Lhe model’s prediclad mackel shaees. For exampla, auppoas ¥ =
mH{} and H(r} = JE] Ti(4(j = B} + b}l e e ® Than the expendilurs
[uneLinn ia anaily aolwed Jor axplicilly ao Lhal

|

1 e te M
bk (1 pe} = g2 — E.ﬂn EE[![} .i:}+.&j;,] Py .

—1 -1

'viwided Lha axpandilure lunelion 9 eonwex of eobeaws i 4 Lhare 3 8 unique valdue of
A Lhal aolvea Lbe propram and hanes & ubiqua valua Lbal eguales olsarved and prediclesd
kel ahaeen.  Lioder Lhis parlicolar apecilenlion, DyV (-} = o, a0 D& e d) =
— IV (1,4} And £ i3 eoncave o 4 whanawar (-} 18 cotvax in .ﬁ.

Clanel y, ones again, limale of Lhe model preamalacs ean ba oblained using Lha sl

of wommanl eondilinons

Blgldl ] =

whare £;=d; — 233 Lo some inalanees, no produel eharaelarialied will ba available 1o

1%



Lhal ensa, Lhe ooly explanalary variable anbaring Lhis sepremion would be aeonslanl.

¥ Product Characteristics

Grnaralizing elasmical damand syabama, Lancaalar [1966) augmeala Lhal eonsumears Ara
inlbaresled in pooda beeause of Lha charnelarialica Lhay provide, Lhua he aepgues Lhal &
uaalul panaralizalion of elasienl choies modala provided wilh prafaranes diceclly ovar
prosducl charnelarialics. A Lechnobopgy deseribvs Lha fasbion in which produel ehaene-
larisliea’™ are ‘produeed” from produela Lhemsalves, w = f{2} Thus, in a laneastrian

world Lha eonsumer ia asumed Lo aolve Lhe ehoiea problam!®
. — !
r',,:":"';.’f”’“':i”: #al w= [z} andp's<y
HubaliLuling in Lha bew eondleainla, = [z}, yielda Lhe aquivalanl progeam
nﬂ’:{%fxum:x};ﬂ} al. p'e <y

Clanely, Lhia lallar preogream ia precisaly in Lhe loem of & elasaieal choios odal. Hanes
wilhoul addibg aleneture Lo sl } and f{<}, inleod veing prodoel chaepelarislics plaes no
addilinnal peslrielions o alroelurs oo Lbe loronol Lhe indiveel wliliby funetion, Vg, i}
I prineiple, Lharaloea, producl carmelarislics may anlar Lheough any of Lha parkinalars
of Lhea modal in an arbileary [ahion.

KFnllrwing the Mtarature, I asnmie that, 811 prechict, charastarizting are sheeread hy the commer b,
met nereszarlly by the scocoetriclan.

&N nta that, this epeclfcatlon & ronceptually & gpaeralkatin of the clasdea] mode] Anee ene prasdhle
prexhietien fimetlen 12 flx)=x. Howewer, i the sumber of prechiet, charartarlstios k& emaller than the
mmiher of presliets, then nere pardlmenlse demamnd systams w111 result.
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An addilional nalural maumplion Lhal doss have considarabla bile, i
iy, el (1,0 §ug,w g} =Vip 4w g}

7.l Product Characterigtics in Comtimious Choice Mocdel=

Conaider Lhe modal Vipy,p 5oy, 5} = el (g,p w5} whae H(r} = 1# 0+
Hyr =150 5 himvirmand vy =axpflo gy — lnp — &), 7 ia Lhe idenlily malrix, and

H s a aypunalric malrix of paraonabars. Lopodng

limg, o (05,9 505,90 )= V(p gm0 3}

requires Lhal Lha paramalar dy can only depand on Lha prodoel charpelarialies of pood
§ and Bye ean only depand on Lha preod wel eharne bavislies of gooda § and k.

A aecond nalural proparly of any specillealion [or goods Lhal are spholiiales ia Lhal
A Lha dislanea balwean any Lwo prodoels dectanss in eharpelarislics apaes, Lha sangi-
Livily of damand [ prodoel § W & chang in prodoel £ prica should inerassa. In Lha
parlicular apaeilealion of Lha eonlinwous-choiss edal eonsidared bhara,

- () (Shh)

whara &F’m = (d[i= Kk} +b;.5]--r;ﬂ

Hanea A polynomial ﬂpam.[lmum wilh by = 5 mad (g, e} whara ding wg; o)

is snona mealrie in charpelarialies apres, such ag diwng g e} = ul’Eﬂj oo (g — wg P wilh
waigghla Lhal ara eslimable paramalars Lhal aum Lo one 350 e = 1, will ba able Lo

Oaxibly eapLura Lha ralalionahip balwean Lha dislanes balwean Lwo produels in ehaene-

21



larialiea apea and Lha pesulling aubaliloulion pallarn balwean Lhose poods. Nolies Lhal
Lhia specillealion impoae symemalty on Lha malrix B while simollaseously subalanlially
reducing Lha numbear of paramabarg Lo ba elinaled whanewar Lbhe nombar of peod el

characlarialiea ara lawar Lhan Lha nombar of prodoels.

7.2 Product Characterigticg in Diecrete Choice Model=

Than, Lha d; paramalars in Lha ruodal ean only depand on Lha Lhe charaelarialies of good
j whila Lha 4 paramalars can only depand on Lhe characlarisliea of goods 7 and £37

A aecond nalural propacly of any specillenlion lor gooda Lhal are seholileles ia Lhal
m Lhe dislanea belwean any Lwo prodoels dectarsws in ehacpelarislicea apaes, Lha sanai-
Liviky of damand foe prodoel § b A changs in prodoel £% prics should inerasa Lo Lha
parlicular apecilealion of Lha diserala choies maodal eonaidared hara,

rm(d, )
Ny L

Y =
ngy, Lo E 1 ¥mld

g
= g+ X Sm (6. s
m—1

Hanes & polynomial specillealion wilh 4 = T3 nd(wy,we; e}, whare diig, wg; )

is anona mvalrie i charRelarialies apmes, auch aa ding, g e} = h."EEj o2 iy — g wilh
waighla Lhal ara elimable paramalars Lhal aum Lo one 350 e = 1, will ba able Lo
Daxibly enplura Lhe pelalionabip balwean Lhe dislanes balwean Lwo prodoels in chae-
Aclarialies apres and Lhe pesulling aubalilulion pallarn. One imporlasl eiwaal Lo Lhia
apecilealion ia Lhal inpose ayoawaley on Lhe 1" malrix. Thus, Lhare may ba ballar al-

Laralives Lo Lhia apping balwean otsarwsd prodocl ehaenelarislics and Lha parinalas

Otherwlen, Bt eV, g,y ] = 3., ¢ wonld depened oo the chararterlatya of goed §,
g, FIE e TR TR Bt
LTS
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of Lha tundel.

% Consumer Characteristics

I Vid e} ia an EMRL funelion and I8 eonvex in & for all eonsuewsr Lypes, Lhan Lha
problam maxg [ V(6 e} ekl + '8 18 eoowix problam progeameming preobilam v Lha
waclor, 4 wilh Oeal aedar eondilions Lhal equale Lha olsarved mackel share aqual L Lha
prediclad markal ahaee.

Himilarly, in Lhe eonlinuous chobes buwsdal, inverling Lha indieecl wliliby funelion Lo
obilain Lhe axpandiluea funelion for asch condumer Lypa, ¢ yialds B{p d e} Than
prowided E{p A e v} 8 eoncaw in d for aach o, Lha problam masg [ # (g A v, e} (ejdn —
Hdiag] [:%:] k % Ya ia eonewva in A, wilh leal aedar eondilions Lhal eguale Lha obsaeved
mnrkal shares aqual Lo Lha pradicled markal sharas.

Thua, all random eoalieianl waraions of Lha diserale and eonlinnous choies mudels,
iy Alan ba eonsidared uaing Lhe idenlical malhodology. Lo particular il is likaly Lhal
diferant Lypwes of eonaumwrd may have dilfaranl prafarance owalreiea over chacpelarialiea

apnea

Vi hore 1z cme gtark difference botwesn the modek. Namely, that, propertlss of ERIBY, fimetiome are
preeerw] imder ageregatlom armees consmier types, whie Y 1z well Inewn that, the eame & notk trme
fnr Inellvect, ity funetiene. Thue, aggragats disrrets cheloe demand fumetnne nhtalned by ntegratinge
arrraa the distribitlen of Ineome are EMET, demaxd fimetinne. Az McFadden [1981) notes [p. 216), all
EME], propertles are presareed by additlon. Henes, I V4, o] 1z an EMET; fimetlon for each consumer
type, o, whh recultlng demand eystrms a;(0) for each § € F. Then, the protablity mbctire over
consmer types, V(A = [ Vo) fle)de will alen be 8 member of the EMEY set, of finetlone with

aggregate demamnd svatam, a; = [a; f[e]de.
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9 Flexibility Properties of the Models

An alpabraie lunelional form e A complele ayabam of eonaummer damand Tunelions,
s 1.8} i aaid Lo be Daxible if, Al Aoy givan sal of boo-nagalive price of eoounodilie
and ineonw, Lhe paranwlbars & ean ba chosan so Lhal Lhe eomplala syalann of eons wonar
damand funelions, Lhair own- and eeomairios and ineome aladlicililie aca eaprble of -
suming arbileary value al Lbhe givan sal of pries and eonmodilies and ineoma aubijeel
aily Lo Lha requitennanls of Lhaoralical eonsialaney. (See Diewarl (1974} or Lao (1986].}
I Lhia aeclion of Lha papar 1 proposa peelieular lunelional foema for Lhe diserale- and
cotlinuougehoies damand owedals and show Lhal Lheaa specillealions ara Dexibla lune-
Linal oo,

Propogltlon 8 Fewihilily af the Diserele Choire Meodel Conoider Lhe madel H(v] =
¥y, where vy = axp{—d JE explyp(lny — lgl), I & & medeie of peremelers with
JES element vy, and 1p deneles & Sx] veslor of onso. This medel san melsh any
phoerped venlor of marckel sheres, malrie of rras price elealistlies, and veslor of insnme
elnolintlies provided [he daln penemiing proeess saliofies addiliniy end homogeneiy of
depree zemn in inmme end prives

Proof (Seae Appendhe.)

Proposltlon T Mewihilily of the Conlitivaws Choive Model Cansider the sadel H (v} =
%-r"[_f + B, mhere vy = axpfln gy — lnpy — dg}, 1 &0 bhe idenily meirie, and B fan
wptngnedie melric of perremelers. Thio suedel sen meleh aeny ehoerved veslaor af tnerked
shares, tneleie af ethas price elpndivdlies, and peelor of tnmme eledicilies provided Lhe
dile generaling pracess aeliofies hatnagenedy, addilioily eod slulaky symsneley.

Proof (Sea Appendhe.)
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10 Conclusion

In Lhia papar 1 proposa aoelass of mdals and dalinesle Lhe eondilions which land Lhia
clrag Lo ba eongislanl wilh ailber (i} an undeelying diateibulion of eonquovars kg
diserala choies or (2} A aingle apanl making eonlinious choies. Lo doing so, oy aim i
Lo dawalop diserale- and eonlinuous-choies models Lhal hava Lha ad vanLigaous propeael e
of bolh pravious likeralures, applying Lhe lessons learned in Lbe diserale and eonlinuous
chioica deaand libaraluees Lo Lhe olbar likaralure,

Thara ara Lwo main implicaliong and advanlages of Lhe naw mdala. Fieal, eonlin-
wiold choies modals ean anaily ba Dormolaled Lhal allow Lo Lha inleoduelion and axil
of haw produeta. This s & lealura nol shared by Lhe eursanl panaralion of eoalinuous
choies todals which, as & resull, are larpaly only Rppropriabe e broad agpeepale of
pooda. Thia lealuea ia paclicularly alleaclive lor tackel lavel aludies in markaling and
induaLrial organizalion whara iheranaingl y dalasela ave axliamly disagerapaled in nalura
and produel inlrodoetion and exil are bolh axleanal y Doquenl and wary Do bor sl iva
ahoul aubslilulion pallacss.

Hacond | Lhe diserale-choiea budal proposed 3 a mambar of Lha elass of GEY odals
and is Lharelors eonsisbanl wilh an wndaelying diateibulion of eonsuoars who asch ke
A diserela chaiea Fom Lha sel of availabla produela. In eonleaal Lo owedals auch pa Lha
o lli-nomial logil swedel, 1 show Lhal Lhe proposed diserale-choies model ia & Dexibla
[uneLional formin Lha sanse of Diawerl (1974} and as auch ia eapabila of approximaling
any obaarved pallarn of ibeome and pries alecls on deamand.
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11 Appendix A

Lemnma 1 4 w1, v1} {0 & tenl mleed e funelion thel fo eflher
I, nan-derrendng iy, and vi(x} ere sonves i0 x,
2. nan-fneressing in v, end r(x} ere coneroe X,

then d(vq(x}, ..., v(x]} {0 nen-fartecsing cnd songes i x

Proof Chooas any pair of weclors x and xf and lal <4 < L

L. Il #(x} is eonvex in x
rlag 4+ (L — A’} < dr(e}+ (1 — A,
Howaver, aibes 40 is non-decraraing in

D{r(hx+ (1 - 232} £ 0w(x}+ (1 - Ap(x'})
S Mrir(x}} + (1 - Ap(r(x'])

whara Lha lallar inequalily Iollows aines 40 is eonvax in ¢

2. I #(x} is eonchaws in x
rihx+ (1 - A’} = Ar(z}+ (1 - A ().
Hiwrawar | ainea 4 ia hoh-iheramaing in ¢

lr(ax+ (1 - A} = @lar(x}+ (1 - Apr(x'}}
< A(r(xf} + (1 - A e(r(x])



whare Lha lallar inequalily Tollows aines 40 ia eonvax in ¥
a

Lemma 2 Lef V(v} = o+ dinff (v} and vp = ¥ If H{r) i 8 non-nepalive, non-

derrensitng, and homogeneaws degree v > § fetrlion of v, wilh &f:g? < 0Yi £k and

Wy} & eonver iux for all § =1, ., J then ¥z} & ponver & o
Proof 1[ apch componanl funelion, vy(x}, ia A eonwax funelion of @, Lhan Lhe weelor
[uneLion ¥z} is alao eonwx in 2. By lanma 1 il sufies Lo elablish Lhal V¥ (<}]} ia

non-decrapsing in ¥ and (2} i3 A eonvax funeltion of 2. Do di so, nobs Lhal

whara Lha lral aqualily Lollowa [bomn Lhe chain role Tor difaranlinlion, Lhe second aines
% =+, And Lha lnal squalily [ollowa o Eulara Lheoramaines H (¥} ia A hobuoganenus
degrran v [unelion of ¥

DilfaranLinling holh sides wilh eeapacl Lo gy And rarerrnging wilds

Plnd E P ok
K3 71 Diniily

”aif';.’;, < 0 for all § £ &, then ﬁ%;,‘—* = 0 and Lha malrix of second derialives of
b (4} has A dominanl posiliv dingosnal and s Lharalore eobvex in 4 (sea Lanesslar
and Tiamenalaky (1985}, p 373 lor axample } Sinea V(44 ia an aling Leanaloralion of

Aoootvex [unelion, L I8 eonwvex i dvfd (3] 9 conwx.

Thua, il aulliees Lo eatablish Lhal Lhe eondilions in Lhe lamina angura Lhal ﬁﬁiﬂ <0
for all § # k. This follows Lrivially, sinea H,-r;,n,,ng'; = i} and
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By~ H by OBy

FPind 1 PH L OHOH 1”(:9“1{ 1&1{&1{)
*\ Oy T H O, Oy

Proof to proposgitien 2

L. Clearly if #(¥} ia a real valued funetion, and v; = ™% ia a renl valuad funelion
of d; for 3= 1,.... 4, than V' (4} ia a renl valuad funelion of 4.

2. Il H(r} is homoganeous o degres v in v, Lhan V(#8} = Lin((e *y~H(4}], %0
V(88 = V(d} - 8.

3. Firal nole Lhal the mixed eroaa paclinla with reapwel Lo 4 can ba wrillan ﬁ =
[— L}y "'-Ea-n—L_,a}F Thus, Lo anaure Lhal Lhe mixed eross parliala of —{'ﬂ— Are
Alwrys non-pesilive, Lhe mixed eross parliala of Lha [unelion wilh respecl Lo ¢
tnual allarnale in sign wilh ewan £ baing non-podilive and odd £ oon-negall va.
Hhiowing Lhis pequive an induelion aegunvenl Lhal @8 wary similar Lo Lha ona used
by Meladden (1978} Lo charpclariza Lha Ganaralived ExLrama Yaloa oodal . Laing

Lhe eonwinlion Lhal }-‘5 _& danolea &% and Hy_ g, = T&:,,r dell ne, recuraivaly,
Qv = Hyand Qg = — 1@y 1 Supposa Vg 1= 9= Then diffaren-
Lialing wilh reapacl L v yeilds ¥__ g = [:aq,,;, "Q,E jﬂi) Sinea ¥ = %—,
Vi._g= % lor all £ by induelion.

LT, for exampls,

Vi =
1

H)

"

Ha 1
o2

¥ia = H Hy.
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Keaxl, 1 charnelarisa Lha aaquanee 6. Firal nola Lhal Qg s A qum of signad Larms,
wilh anch Larm & produel of eross derivalivwig of H of various ardars. Supposas anch
digred Larmn in 6y 4 18 non-nepgalive. Than Qy Ay 18 nob-nepgalive. Fuelhar anch

larm in 5!1-—1

in pon-podilive, sines ona of Lhe darivalives wilhin aach Larm bas
ineraraed in ordar, ehanging Fom avwin Looodd o vies varan, wilh & hypolhesised
changs in aign. Hanea, Qg I8 hon-podilive. Similaely, iF Q2 1 8 nob-podilive Lhan
G 18 non-nagalive. Sines G} 18 noo-nepEalive, Lha sequanes of Q' Allarnale in
dign wilh Larena whan £ I8 a0 avan sumber non-podilive and laems with & an odd
nummbar, ok -t v,

a;-'{r}

Tharalora, ﬁ =(—1}n.. Ak g 18 DON-[NAILIve Lo all £ Ra requived.

CAade = —oc, Lha weelor (e s} eonwrpen Lo A veelor wilh 1 in Lhe £

compananl and warod alsewhara. Sinea

) ) ¥ (H (¥, '}
livng | o = —liwmg, |, gt
b i, )

_ lim ® tm Dhey Hy eV, ., e )

5 e e & i (e, eMr)
Hj'[:ﬂ"f'?'jr..?ﬂﬁf'i";]'
i iy e
! T v (Mg e%ier)
= 1 Hj’l:l:ﬂ,...,lrﬂ..ﬂ]',']'
s [ (,...,0, L, 0.0}, }
= -1

wharte Lha [nal aquality follows om Laking limila of Eolar's aqualion

rabalre, .71} I"J'Hkliﬂ"f'i"j L eM )
1= - FRAE) = . FREE)
¥ike E < e (v1,. ¥} e E mﬂ[ﬂ'ﬁ'ﬁ,...,ﬂ‘ﬂu]

—‘.I

_ H. Eﬁ"il"il' ey }
Jhll‘f j 1? i’ d
= limng, , mgﬂ i (efrry, ., e )
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i Hj[f""ﬂ'-j? ?P'ﬁ"r;]-
= o (ehry, L e%rs)

5 U0 F =i, i) and J' = &, .., 4&, ., 61}, salaly ?‘;’,[ﬁ,—f] = ?',;;I:ﬁ%] for § =
L., thandg, =dg foe k=1, F. Momeower, Vg, +oc, . +oc} = dnH{rg 0,
inH{¥s} =V dy].

Proof to propoeattion 8 1 show Lhal H(y¥} = a'r 4 #5 Hrs has Lha proparlie in
Propodilion 2 and ia theralora i Lha elasg of ERUM Tunelions.

Koliea Lhal H(r, -} is noo-negalive by asaumplion, linear homopaneous by eonslroe-
oo, and dallned for v = G The second eondilion follows o H(} = § and Lha el
Lhal Larma of adar -r} will dominale Lha aaymplolie properlies of Lhe funelion as vy he-
eomed sullicianlly large. Thus limg, |, | o H (¥} = +oc provided ay+ &gy > . The mixed
parlinl derivalives of B (¥} claarely axial provided all Lhe daman s v o and B are Ooile.

Than g’f = by Lha hypotheses in Lhe proposition, while 22 ﬂr;&r;. = lhi'-'l;i"hd'-rj- 15;-&15 Lo all
jF k. Sinesry = O Lhis is non-podilive provided by i non-posilive. All highar mived
parlinl derialiwa ara eleaely wavo and Lharalore salialy Lha paelial derlvalive eondilions.
Tha lourlh eondilion ia Leivially aalialled [or Lhe ganaralised linaar form whils Lha O0Lb
condilion ia saLisfled sines Larma of order +; dominale in A and E—‘:. Consaquanlly,
.Ei.-m,.f rm; = ay +byy whila .ﬂi.-m,.’ o =6+ by Tha reaull follows.
Thocram 2 Fenemlizd Eelremne Value Model (GEV]) [ Slighl relreelion af Mefaddesn
{1278}}
Huppoaa H(vq, .., ¥1} 8 A non-negalive, homoganeous of degees s > 0§ [ubelion of

(F1,.., %0} = 0 Suppose limy, o HiFy, 2} = oo e j = 1,0, Supposa for any

disLinel (4%, ..., 8} looen f1. . S}, hﬁh"&‘ ia non-tegaliva i & i3 odd and won-podiliva

il k& ia awn. Than
eyl . ™)
i (eh ...,P'F:]-

=
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dall e & probiabilialic ehoica pudal Crom Allarnalives § = 1, .. f which ia eonsislanl wilh
uLiliLy tuax inniwalion.

Praaf GEV madel (The aleps of Lthia prool Iollow Lhose in Theoramn 1 in Meladdan
(1978}, Howewar, Lha Lheoram 8 A mild relaxalion of Lbal Lheoran sinea while any
[unetion A} of horopanaly of degees soocan ba Leanaloroed inlo A homoganous degres
ana funetion H{-} = H(}™ Lhe sign properties of the derivalives of H{} are no
mnerally inharilad by H(-}}

Clonsider Lhe funelion #e, . es}=a TE"-F"0

1 Oeal prvowes Lhal Lhis i & molLi-variale eaxtrameg value digleibolion. 10 ey — — o, Lhan
H — o, implying # — 1 Dallne, recursivaly, ¢ = By and ¢ = Qr 15 — E?h—":
Than Qe ia & sum of signad Larms, wilh anch Larm & preoduel of etons darivali ves of #
of various ordars. Suppose arch aipnaed Larm in G 1 18 non-napgalive, Than 6 18y ia
non-nagalive. Furlher, anch Larm in E?h—": ia non-podilive, sines ona of Lha dearival wea
in anch Lermn bas inerensed in oedear, changing [vom avan Lo odd or vies varas, wilh &
bypolheisend change in aign. Hanes, anch Larm in €} ia bon-pepalive. By indoelion,
o L hon-pepgaliva lor k=1, [

Diflaranlinling #, 2% = ¢ 94 F. Suppose BF  — QR 1 Then _8'F —

By - ey Beq by

g 9e o {Qy o F - FIEY =g 9 g Qe By induelion, %Q&F = 1.

Hanea, # ia A eumulaliwe dialribulion [unelion. Whan ¢ = 4oo for § # 4, F =
srp—ogw o, whae ag = G(0,..,0,1,0,...,0} with Lha 1 in the #* place. This ia Lhe
Wb ivariale axleane valoe dislribulion. Henea, # 8 & mollivaciale exleaoe val e dislei-
batt Livaty.

Huppoaa & populalion bag olililie s = & 4 &, whara (e, . 61} 8 disteibuled as #
Than, Lha probabilily Lhal Lhe Deal allarsalive i salecbed salislas
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=]

.0 — da e, — it ¢ e

&
I

EE

¢ Hyle e PR e a PR el Hefe PR RIE O,

? H

L
f'

EE

— f' =(p=='*} B g (e B P enpl (P TH(P 6B M) e

_E

= &" .v= ’"{“}ijr"‘ P"" r“‘]ﬂp{ (e ’"{“}'H(a“‘,ﬂ"’,...,ﬂ"‘}}du
_ P,‘Hﬂf‘? ﬁ"ﬂ ﬁ?ﬁ:]f " m{u}unﬂ{eh.'_leq_r}ﬂzp{_[ﬂ m{u}ll!nﬂ'}d“

1y s [ﬂ"' ,ﬂ"’?...?ﬂ“-"}

i Hieh et}
MR M)

wH (b ef et

j[lm wng ™ LinH{=h rF"J}}ﬂP{_l:ﬂ m{u LinH{=h ‘E"""E‘J}}}dﬂ.

whara Lha seeond equalily [ollows sines H(} 8 homograneous of degres v and Lhe Lhird
[ollowsa by A chang of variable 2 =« 4+ 8. Now Lha Lype 1 exlrema value probabilily
dengily funelion wilh paramalara (8 £} ia piz} =& e ?ﬂp{—ﬁ %ﬂ} (#aa Johnson
Kolx, and Balakrishnan (1985}, pl1}. Seling &£ = lieif(eh b, 6M) and 8 = v
aLablishes Lha Onal equalily sines Lhe Aran under A dansily funelion is one. Sines Lhis
argumanl can ba appliad Lo any allarnalive, Lha Lhaoram is prowed. O,

Corrollary
L'ndar Lthe hypolhees of Theoram 4, axpeclad maximom ulility, dellnad by

| o

[=]
¥ = "'JIL_ m‘{j#[ﬁj‘ﬁﬂﬂ*h L epjdey. . deg

£1— &

(with [ Lha danaily of #7, aaliales

1 P
V= E.ﬂﬂgﬂ[ﬂ“?....?ﬁ‘ R ot



whare 4 = 1ATT215664%. .. ia Eular’s eonalanl and

Proof

Tha probabilily densily funelion lor Lhe axlrame valoe distribulion wilh paeamalars
(£} ia daseribad by Lha funetion [z} =8 Teepf 12 52 {’"" ﬁ:rTﬂ}, wilh & > ), and has
mwan £+ ~8. Tha inlepreal in 11 ean ba parlilionad inlo regions whara anch allarnaliva
hag maximom uliliby, yoilding

- =]
:EJ'( (A +egbigler e — oy, e — drldeg.
j’ E’— =]

Lal £ = Lindf (™ & . &™) and # = 7. Then,

Hyle BMelh a® ol o

Fyldgtey—dh Ay ey — o Ay ey —dr} = cxplH{e ™ 11 B h)

Making Lhe LranalormaLion s« = d; + ¢, Equalion 11 heeomes

- =]
0 = Ef weapl—e TMHED oM le T TR ehee w1,
i
=
— EW“:‘H‘{&M ‘i}} f _.,,,mp{,, mis indigh Gy, miu LinRih g,
H

1
— K] — — L e
= K] =£4 8= .ﬂ-ir:'.H[. BB —

Propogltlon Flaxibilily of Lhe eonlinuous choies odal. Consider Lha model H(y} =
' (d + B, whara v; = expfloy — lopy — d7}, 4 is Lha idanlily malrix, and & is a
gytunaliie maltix of paramabars. This model ean maleb any obfarved veelor of markal

sharen, malrix of eroas pries aaalicilie, and weelor of ibeone aralicilie provided Lha
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dalh ganaraling proea saliale addilivily and alolaky aymenaley.
Praof An alpabraie lunelional loem lie & eomglale syslbam of eonaumar darnend Tonelion-
8, &g, 1, #1198 anid Lo be Dexibla if Al any givan gel of nob-nepEalive priees of eoouodiLie
and ineoone Lhe preamalara, @ ean ba dhosan 3o Lhal Lhe eomplale ayaban of eons wonar
damand funelions, Lhair own- and eeomairios and ineome aladlicililie aca eaprble of -
suming arbileary value al Lbhe givan sal of pries and eonmodilies and ineoma aubijeel
aily Lo Lha requirernanla of Lhaoralical eonsialaney. (Sea Diawearl (1974} or Lao (1956).}
Hera L ahall take Lha only eequivamants of Lheoralical eonaislaney L ba addilivily and

Alutaky ayramwlry. Wa wanl Lo show Lhal Al an achileaey poinl (84"}, L wa ol wa
s
H ﬂnp',. H
chiwda Lha paranmlars of Lhe odal, # = (4, B} Lhal salialy Lhe lollowing equalions:

fn
ot & and E!n; Lhal salialy addilivily and alulaky aymumalry, Lhan wa can Al waya

s = sy 8 j=1,.4 (7}
ki ey (p* 4 8}
= E=1,..
ﬂt m j? hH ?"! I:'E']I
{E.I!iEE} _ a“wj&f?ifrﬂ} -
dny Ay i=Ld (%}

WiLhoul loss of paneraliLy wa ean ehoosa (5*.4°1 = (1, .., 1} sihea Lha physical unils
of apch damand equalion ean ba chosan. AL Lhal poinl, addilivily [vom Lhe budgal

eonalrainl impliea Lhal

jij.“?} = 1 I::lﬂ]-
o L]
Ei = —a} (11}
) -
E% — 1 (12}



whila alulaky syramelry anaures Lhal

it TP LT R
o Ty e T ay

Firal nole, Lhal if Lha Leue values of Lha olmarwed demands and alaslicilica salialy
addilivily rnd alulaky symumalry, Lhan al any valoe of & which salialles Equaliong (7}.08},
and (%}, a0 will Lha modal. Thus, wa ean saek values of & which salialy Lhe aqualions
whan Lhe modal i9 eonslrained Lo aalisly Lhesa Lheoralieal sonsislaney eonaleainls.

Hanea, in Larma of Lha muodal, Lhe addilivily esnalrainls amounl Lo

i)

Es;@*,f,ﬂ} = 1 (13)
g
S = (14
L dnyl', v ) _
E = 1 (15}

o aH 2 ?B a'H ?‘?
3 (. 1. 8] (.4, 6

=i 2y B T (16}
L PH(p G BH 8 PHE 6 -
=1 st A yilpw
Uy PHU ) _ OHE 8 PHE S
-1 py iy By A

Priwided H(-} s chosan Lo ba homiopaneous of degres waro o (pog} Lhe todal aolo-

onlically aaliales all of Lhesw addilivily eonalrainla al awiey valua of Lhe paramalar by

Eulara Thaoram.



Thua, ealablishing axibilily reduees Lo Doding A valoe of # 50 Lhal Lha squaliong

(aﬂtrr A, B}) L, H{py 8
T T apy
(am:p*z: ﬂ}) 5] _ _PHp w8 PHpy.8
By e dipy O T oyop
(ﬂﬂww}) 0 _ _PHp w8 LPHEH
By By Bpsy T g

are salialed.
Firal, nolica Lhal Lhee aqualions are all salialaed prosvided

OHE w8 _ |
My
LI N
ﬂﬁa’ Iﬂa
H iy 24y
lﬁi,{@k = _ﬂPk 9-";-‘3&4'-‘3'1&1;

. . - . . . A
sinea, vin Lhe addilivily eonslrainla Lhis solulion anaures Lhal ¥ % =5 -

N}, 8N _

EEH i, g o H HH

_ (Ej—‘l (_ i +2.-;I)) _1=_3
Thua, il remaing only o show LhaL wacan choosa (4, F} so Lhal Lha predielad shares

et

maleh Lha olsarvad shares and &g:; may hagal in Lha fashion requirad by Lhigaolulion.

For Lhe parlicolar H(} funelion alaled in Lha proposilion,

%{ = i(P %4‘%%’* e ﬁ’)

—1 i—1

I
3] = & ™Y bpe Re b
s



FPH

_— = &Ikﬂ @ﬂ A
Hpipn
By chovsing bge Me ® = —%—EH}H;+HIE%M11H “ﬁzﬂs}—%luﬂ andy Lo war Ly

LhaL anch of Lhena eonalrainla ara salialed sinea 325 b Me & = % —2414u7 = %E—.q},
i bpe ®e =T, (%’i - H}) =i, and T ye 3% = 1 Finally nolies Lhal a
Lhig aolulion # is A aymumalrie malrix provided slolaky symmeley holds.
Propogltien Flaxihilily of Lha diserala choica modal . Considar Lha modal H{v} = ¢1;,
whare ¥; = axp{—ﬁj}llf_j axpf{vg(lny — lng}), I' ia A malrix of paramelara wilh ik
alamanl 4, and 1; denoles A Sxl wveelor of oned. Thia model ean maleh any olmarved
wiclor of markal shaves, malrix ol erors prics alaaliciliseg, and vaelor of ineoma alraliciliea
prowided Lha daLa panaraling process salisles addilivily and homopenai Ly of degres waro
in ineoma and pries.
Proof

1 Laka Lha only requiremanta of Lheoralical amaislaney Lo be addilivily and hooao-
mnaily. Givan Lhese eonslrainla, we wanl Lo show Lhal AL an arbileary poinl (57, 47}, i
wa obRarw soma 3°, g%&? and —i Lhal saLialy Lha Addilivily and homopanai Ly eondi-
Linng, Lhan wa can Always chionaa Lha paramalars of Lhe modal & = (4.1} Lhal salisly Lha

nllowing aqualions:

= sy 8 i=1,.,4 (1%}
] Mg (87,178}
= ik=1,.. 2
ﬂd ﬂi ? H i""! I: ﬂ}
o} Al (17, E']-
By = By =1, 4 (21}

o, b Larod of Lhe owsdal
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- 1 oH

."Elj- = _HﬂTj ':22]'
o _ 1 Fu_sjou 2
dp,  Hdidp, Hop
i _ 1 FH a0H (24)

Hy H gy  H By

g g 4
Soap=1, 3,05 =0, 300 =0

-1 -1

Impaing Lha analopous eonaleainla on Lhe miodal itnplies Lhal we oy dusose &oapecill-

calint LhAL an loress

_H = iaﬂ (25)
a L P
_E B ‘{—E'Jaﬁl'ﬁjk (26}
e _ I ou
"o T Aoy (27

whila Lhe [acl Lhal Lhe Lrua V' = beH i homwpanaous of depres waro in (§, 5] inplies

Lhal wa may realricl our choies of & Lo aalialy

aH L OH
_FE = E %FI (25}
PH
_Fﬂﬁkﬂy - E aﬁk @IFI [29}



WiLhoul loss of panaraliLy wa can ehooss (5371 = (1, .., 1} aibea Lha physieal onils
of anch demand aqualion ean ba chosan. AL Lhal poisl, Lhese honwopanai Ly eonalrainla

b e

[yt Eﬂﬂiﬁ"m 8}

By = 2 an (30}
_PHpy 8 S EH )
C Addy E iy iy (31}

Laing Lhese eonalrainla Logalher wilh Lhe eobalrainls givan in Equaliona (25} (26]),

and (27}, wa may ce-wrile Equalions (19}, (2], and (21} ks

. L &H
@ 1 PH 5 P
oy _Hﬂﬁ;:ﬁn;+ﬁgﬂhﬂﬁ (38}
Osj _ LM g i (34)
My Hﬂﬁ;:‘ﬁ; H 4= ity
| LB Gl L P
: - T T &
HY age  HE L6 )
Laing Lhe propoasd apecillention, HF} = T 4 vy leal nolaLhal w = (g 47} =
—& % and eonsequantly Eﬁ:—%z —gi. Bloramwar,
o _ v o FELYY s
ﬂp:, = "y My L ﬂp:, —£ TNk [35}

Thua, ealrblishing laxibiliLy owaans showing Lhal Lhara i3 & valua of (1,4} Lhal aolva



Lhe equalions

1
5= g (37)
ﬂ-'!} 1 P M)
= ——g My Ay k 35
Bog % HE ik (35}
; B . _q; 4 1 N
= S 2.e T g & "Yim (38}
o~ Y T HE
(40}
Banrranging and re-wriling Lha lallar Lwo aqualions in malrix lorm yialds
Hip 0 = ¢ % j=1,.,J (41)
Hip* 3t Bl = —I'+ 1’0 (43}
= —{s- L (43}
H(p', i, Al = I'lp— 11y
= (I — LWL, (44}

Firal, wiLhoul loas of genaralily, we ean normalios H{p*, 3% 81 =T34 4 e % = I Lhara
are J pacamalars nod and aoly Jf — 1 markal shaves Lo dalarming, givan Lha addilivily
eOnALE bl

Nexl, nolics Lhal salling gy = —&i—;:}i aolves Eq ualion (43} aines Lhis aolulion anqures
hal, by additivily, Ty s = T 5t Gt =0

Finally noliea Lhal Lhia aolulion alao salisles Equalion 44 ainea, provided Lha shaea

aqUAaLiona ara homopanaous of degees waro 1o prics and ineome, Eular’s Theoram anaures



LhAL
g _

Evalualing al (g*, 4"} and dividing bolh aides by »7 eslablishes Lhal — T % =

&;If la, T4 e = T This i3 exaclly Equalion 44 AL Lhe proposad solulion sinea

ULy =8 Dylng® = 0.

References

AnpeErsom, % 1%, A, DE PALMA, AND ). V. THRSE (1933} Diserele Chotee Theory
af Produel Differesticlion. MIT Peea.

Berwy, 9. (1934} “Eslimaling Diserale-Choics Modals of Peoduel Dilaranlialion™
Hend fowenel of Beanaimies. 25 249963

Berwy, 9., J. LEvINsOHN, AND A, 1%xEs (1985} “Auloowobile Pries in Markeal
Equilibrium ™ Esensinelrion, 63, 341-50H)

(1997} ‘Dillarenlialed roducls Demvand Syabama [rom & Combisalion of
Micto and Maceo Dalh: The Naw Car Markal * NBER Working Papar 28 G451

Breswanaw, T., 8. 9TErn, awp M. TrATTENBEG (1997} “Markal Sepmanlalion
and Lhe Soures of Ranla From Inhovalioh: Pasobal Compolars in Lhe lale 1980 "
HAND

Dary, A., anp 5. Zaonany (1979} fdenlifping and Mersuring Lhe Deleridnnnla af
Made Chatrechan, Improved Mullipla Choies Modeals. Londaon: Tank(ald.

DeasTow, A, AaND ). MurLrsAvER (19580} “An Almval Ldaal Demand Syslam” The
Atnerivan Eranatnie Hegier, pp. 312-396.

Dewerr, W. B, (1371} “An Applieauion of Lha Shaphard Dualily Thaoram: A Goarar-
Alized LaonLiag Produelion Funelion " The fousrnal af Polilieel Eeanamy 7%, 481-507.

(1974} “Appliealions of Dualily Thaary," in Frealiers of Quaniisiioe K-
naties, ad. by M1 Inleiligabor, and 13 & Kandriek wol. 1 ehap. 3 Norlh Halland.

¥rimow, 9. V., 1. Cooksunn, £, GRILOHES, AND ). HAwssAw (1937} ‘Characlar-
igliea of Damand [or Pharmacaulical produels: an axaminalion of [owr eaphaloaporin-
8" Rend Joproel of Eeanamies, 25(3), $26-446.

41



Havsmaw, J. A (194} “Valualion of Kew Gooda Lndar Parlecl and Loapear foel Cin-
palilion” NHER Warkir Pager # L0270

Hovrraxker, H. (1960} “Addiliw Urelarences” Eesnomelrier, 3802}, 244-257.

Jommson, N, L., 8. Korz, avp N, BaraxmsHwan (1985} Cenltnwass Dinioariele
Dialrihulinns, wol. 2. John Wilay & Sona, Ine. | seeond adn.

LawoaxTer, K. (1966} “A Naw Approach Lo Consurner Theory” The Jowrnal of
Palidien] Erannmy, 742}, 132-155.

LANOAXTER, 1., AND M. TismENET=KY (1985} The Theory of Malriees, Compular
Seianes and Applied Malbamalie. Acadamic 1'resa, 2 adn.

Law, L. (1986}): Handheak af Emaatneleicovol. 3, dhap. Funelional Forms in Eeonoonal-
rie Model Building.

Max-Coreon, A, M. D, WHINETON, aND ). 1L GREEN (1995} Micreronomie
Theary. Oxlord Lniversily 'res.

Morsnoen, 1. (1978} Spalicl nlernelion Theary and Mennity Medelochap, Modalling
Tha Choies of Remidanlial Loealion. Korlh Holland, A malardam,

Mobapoewn, 1. (1981} “Siruclural Analyais of Diserale Dala wilh Eeonomelrie Ap-
plicaliona " in Eeannmie Models af Probehdisfe Choire ad . by C. Manaki, and 13 M-
chaddan. BT 'resa, Cambrid e Masa.

Mobaporewn, 1. (18859} “A Malhod of Siulaled Momanla [or Ealimalion of Diserala
Reaponaas Modals Wilthoul Numerienl Inlagralion ) Emoomelriea, 57, 335-10026.

MoFarpew, 13, aNm K. TrAm (1998} “Mixad MKL Maodals For Discrala Beaponaa,”
Mirneo, L nivarsily of Calilornia al Barkalay.

1xes, A, anp D, I"coraAre (1958} “Simulalion and Lhe Asyraplolic of Oplitniva-
Lint Ealimalom " Eenomelrise, 57, 271057

Iwowey, 4. (1989} Modelling Individual Cheiee. Blaokwall

Snearx, K. A, anp H. 3. Romew (1881} “Applied YWellaes Economnieq wilh Disepala
Choica Modals ? Esenatnelsion, 49(1).

Vamaw, H. 1%, (1954} Mirrmeranammie dnalpais Noelon.

Wraans, H. (1877} “On Lhe Formalion of Trawl Damand Modals and Eeonomie
Evalualion Meansures of Uaar Banalll " Eoedonsmend Menngr, A%, 285-344.



