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Devwudfw

Rqh ri wkh prvw flwhg idfwv derxw dgyhuwlvlqj lv wkdw h{srvxuh wr dgv lqfuhdvhv d frqvxphu*v whqghqf| wr

ex| wkh surprwhg surgxfw1 Zh sursrvh d vlpsoh prgho ri lqirupdwlyh dgyhuwlvlqj wkdw lv frqvlvwhqw zlwk

wklv hpslulfdo uhjxodulw|1 Lq d gl�huhqwldwhg0surgxfwv hqylurqphqw/ �upv fdq wdujhw wkhlu dgyhuwlvlqj wr

gl�huhqw vhwv ri frqvxphuv/ zkr gl�hu lq wkhlu suhihuhqfhv ryhu wkh surgxfwv1 Frqvxphuv duh xqfhuwdlq derxw

surgxfwv* dwwulexwhv1 Zh vkrz wkdw wkhuh h{lvwv d vhsdudwlqj shuihfw Ed|hvldq htxloleulxp zkhuh �upv wdujhw

rqo| wkrvh frqvxphuv zkr ehvw �w wkhlu surgxfwv/ dqg frqvxphuv udwlrqdoo| lqihu wkh surgxfw dwwulexwhv ri

wkh �up dlulqj wkhvh dgv1 Lqwhuhvwlqjo|/ wkh +qrlv|, lqirupdwlrq frqwhqw lq wkh dgv lv qrw xvhg e| frqvxphuv lq

htxloleulxp/ exw rqo| d�hfwv wkhlu eholhiv r� wkh htxloleulxp sdwk1 Wkhuh duh vhyhudo rwkhu uhvxowv ri lqwhuhvw1

Iluvw/ zkhq dgv duh h{wuhpho| qrlv|/ wkdw lv dgv duh qrq0lqirupdwlyh/ wkh vljqdolqj htxloleulxp froodsvhv1

Vhfrqg/ wkh lqwhqvlw| ri dgyhuwlvlqj lq htxloleulxp lv d ghfuhdvlqj ixqfwlrq ri wkh suhflvlrq ri dgv1

MHO Fodvvl�fdwlrq= G44/ G;6/ O33/ P6:1

Nh|zrugv= Dgyhuwlvlqj/ Lqirupdwlrq/ Surgxfw gl�huhqwldwlrq/ Vljqdolqj1



�Kdugo| dq| exvlqhv sudfwlfh fdxvhv hfrqrplvwv juhdwhu xqhdvlqhvv wkdq dgyhuwlvlqj�

+Ohvwhu Whovhu/ 4<97,

4 Lqwurgxfwlrq

Rqh ri wkh prvw zhoo hvwdeolvkhg dqg zhoo0nqrzq idfwv derxw dgyhuwlvlqj lv wkdw h{srvxuh wr dgv lqfuhdvhv

d frqvxphuv* whqghqf| wr ex| wkh surprwhg surgxfw14 Wklv hpslulfdo uhjxodulw| kdv glvwxuehg hfrqrplvwv

iru d orqj wlph1 Wkh pdlq frqfhuq lv wkdw dgyhuwlvlqj lv d irup ri eudlqzdvklqj1 Dgyhuwlvlqj lv dffxvhg ri

fuhdwlqj zdqwv/ glvwruwlqj wdvwhv dqg shuvxdglqj frqvxphuv wr ex| surgxfwv wkdw wkh| gr qrw qhhg1 Mrkq

Nhqqhwk Jdoeudlwk +4<:4, kdv jrqh hyhq ixuwkhu/ fkdujlqj wkdw �wkh hfrqrp| iru lwv vxffhvv uhtxluhv rujdql}hg

sxeolf edperr}ohphqw1� Sdxo Plojurp dqg Mrkq Urehuwv +4<;9, dqg Jdu| Ehfnhu dqg Nhylq Pxusk|

+4<<6, suhvhqw prghov zlwk qrq0lqirupdwlyh dgyhuwlvlqj zklfk duh frqvlvwhqw zlwk wkh hpslulfdo uhjxodulw|15

Uhfhqwo|/ krzhyhu/ Dyhu| Dehuqhwk| dqg Jhrujh Iudqnh +4<<9, kdyh ghprqvwudwhg wkdw dssur{lpdwho| ;7

shufhqw ri doo dgv frqwdlq vrph lqirupdwlrq/ dqg wkxv qrq0lqirupdwlyh dgyhuwlvlqj lv dq h{wuhpho| qduurz

fdwhjru|16 Khuh zh sursrvh d vlpsoh prgho ri lqirupdwlyh dgyhuwlvlqj wkdw lv erwk frqvlvwhqw zlwk wklv ylhz

ri dgyhuwlvlqj dqg h{sodlqv wkh deryh0flwhg hpslulfdo uhjxodulw|1

Lq dq hud pdunhg e| vljql�fdqw surgxfw gl�huhqwldwlrq/ wkh delolw| ri lqirupdwlyh dgyhuwlvlqj wr

h{sodlq wkh hpslulfdo uhjxodulw| lv qrw reylrxv1 Frqvlghu wkh fdvh ri d srolwlfdo fdpsdljq1 Zkhq d fdqglgdwh

4Wklv hpslulfdo uhjxodulw| lv zhoo hvwdeolvkhg lq wkh pdunhwlqj olwhudwxuh +vhh/ iru h{dpsoh/ Wxolq Hughp dqg Plfkdho Nhdqh

^4<<9`,1 Uhfhqwo|/ d ihz vwxglhv lq hfrqrplfv kdyh dovr uhyhdohg wkh vljql�fdqw h�hfw ri h{srvxuh wr dgyhuwlvlqj rq frqvxphuv*

fkrlfhv +Pdun Urehuwv dqg Oduu| Vdpxhovrq ^4<;;` xvlqj gdwd rq fljduhwwhv/ Vfrww Vwhuq dqg Pdqxho Wudmwhqehuj ^4<<;` xvlqj

gdwd rq sk|vlfldqv* fkrlfhv ri guxjv/ Dyly Qhyr ^5333` xvlqj gdwd rq fhuhdov/ dqg Urq Vkdfkdu dqg Ekdudw Dqdqg ^4<<;` xvlqj

gdwd rq whohylvlrq vkrzv1 Lw lv zruwk qrwlqj wkdw erwk Gdq Dfnhuehuj ^4<<;`/ xvlqj gdwd rq |rjxuw/ dqg Pdwwkhz Vkxp ^4<<<`/

xvlqj gdwd rq fhuhdov/ �qg vljql�fdqw h�hfwv ri dgyhuwlvlqj dprqj lqh{shulhqfhg frqvxphuv rqo|,1
5Ehfnhu dqg Pxusk| zulwh= �lw lv dovr creylrxv* wkdw pdq| dgv surylgh hvvhqwldoo| qr lqirupdwlrq1� Plojurp dqg Urehuwv

zulwh= �d qrqwulyldo dprxqw ri dgyhuwlvlqj +hvshfldoo| rq whohylvlrq, kdv olwwoh ru qr reylrxv lqirupdwlrqdo frqwhqw1�
6Dodq Uhvqln dqg Euxfh Vwhuq +4<::, suhvhqwhg d phwkrg ri phdvxulqj dgyhuwlvlqj lqirupdwlrq1 Wklv phwkrg lqyroyhv

frqwhqw dqdo|vlv wr ghwhuplqh zklfk w|shv ri lqirupdwlrq duh suhvhqwhg lq dq dg1 Wkh| suhvhqwhg 47 lqirupdwlrq fdwhjrulhv

ru �fxhv�/ vxfk dv sulfh/ txdolw|/ shuirupdqfh hwf1 Wkh uhohydqw txhvwlrqv derxw shuirupdqfh/ iru h{dpsoh/ zhuh �Zkdw grhv

wkh surgxfw gr dqg krz zhoo lw gr zkdw lw lv ghvljqhg wr gr lq frpsdulvrq wr dowhuqdwlyh sxufkdvhv�1 Pdq| vwxglhv iroorzhg

wklv phwkrg dqg Dehuqhwk| dqg Iudqnh +4<<9, vxppdul}h wkhlu uhvxowv lq d phwd0dqdo|vlv1 Wkh| irxqg wkdw ;7 shufhqw ri doo

wkh dgv +<4/76;, kdyh kdg dw ohdvw rqh fxh +8; shufhqw kdyh kdg dw ohdvw wzr dgv dqg 66 shufhqw kdyh kdg dw ohdvw 6,1 Zkloh

qhzvsdshuv dsshdu wr lqfoxgh pruh lqirupdwlyh dgyhuwlvlqj +<; shufhqw ri wkhp kdyh kdg dw ohdvw rqh fxh,/ dgv lq whohylvlrq

duh dovr txlwh lqirupdwlyh +:4 shufhqw,1 Wkh surgxfw fdwhjru| wkdw zdv wkh prvw lqirupdwlyh zdv dxwrpreloh +<: shufhqw, dqg

ixuqlwxuh2krph ixuqlvklqjv2dssoldqfhv +<9 shufhqw,1 Hyhq li wkhvh qxpehuv duh qrw h{dfwo| uljkw/ lw lv fohdu wkdw lq prvw fdvhv

dgyhuwlvlqj lqfoxgh lqirupdwlrq1
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lqirupv wkh yrwhuv yld dgv wkdw vkh rssrvhv deruwlrq/ vkh lv lqfuhdvlqj wkh whqghqf| ri vrph shrsoh wr yrwh

iru khu/ exw ghfuhdvlqj wkh whqghqf| ri rwkhuv wr gr vr1 Wkxv/ d srvlwlyh fruuhodwlrq ehwzhhq dg h{srvxuh

dqg whqghqf| wr ex| iru doo frqvxphuv grhv qrw vhhp frqvlvwhqw zlwk lqirupdwlyh dgyhuwlvlqj1

Krzhyhu/ wklv h{dpsoh dovr looxvwudwhv rqh ri wkh prvw lpsruwdqw dgyhuwlvlqj vwudwhjlhv wkdw pljkw

eh deoh wr h{sodlq wkh hpslulfdo uhjxodulw|= qdpho|/ wdujhwlqj ri dxglhqfhv1 Wkh srolwlfdo fdqglgdwh vkrxog

kdyh olwwoh lqfhqwlyh wr lqirup �sur fkrlfh� yrwhuv derxw khu ylhzv rq wklv pdwwhu1 Prghuq phgld sodqqlqj

wrrov doorz khu wr vhqg wkhvh dgv wr pdlqo| wr �sur olih� yrwhuv1 Lq wkh vdph yhlq/ frpphufldov iru ehhu/

iru h{dpsoh/ dsshdu prvwo| gxulqj vsruwv hyhqwv/ dqg dgv iru fohdqlqj surgxfwv dsshdu pdlqo| gxulqj wkh

pruqlqj vkrzv rq whohylvlrq1 Wkxv/ wkh revhuydwlrq wkdw frqvxphuv zkr duh h{srvhg wr dgv duh pruh olnho|

wr ex| wkh surprwhg surgxfw wkdq wkrvh zkr duh qrw pljkw uhsuhvhqw dq htxloleulxp uhodwlrqvkls/ qrw d

fdxvdo rqh/ vlqfh lw pljkw vlpso| lqglfdwh wkdw wkrvh zkr zhuh h{srvhg wr wkh dgv zhuh pruh olnho| wr ex|

wkh surgxfw d sulrul1

Wklv lpsolhv wkdw hyhq zkhq xvlqj lqglylgxdo ohyho gdwd/ frqvxphuv* h{srvxuh wr dgv lv dq hqgrjhqrxv

yduldeoh iurp dq hfrqrphwulf shuvshfwlyh1 Lq rughu wr fruuhfw wklv eldv lq hvwlpdwlqj wkh h�hfwlyhqhvv ri

dgyhuwlvlqj rqh qhhgv wr dffrxqw iru lqglylgxdov* +revhuyhg dqg xqrevhuyhg, wdvwhv1 Lq Urq Vkdfkdu dqg

Ekdudw Dqdqg +4<<;, zh �qg/ xvlqj lqglylgxdo ohyho gdwd rq dgv iru whohylvlrq vkrzv/ wkdw hyhq diwhu fruuhfwlqj

iru wkh hfrqrphwulf eldv/ dgyhuwlvlqj h�hfwlyhqhvv lv vwdwlvwlfdoo| vljql�fdqw dqg vwurqj1 Lqghhg/ zlwkrxw

fruuhfwlqj wkh hqgrjhqlw| sureohp/ wkh h�hfwlyhqhvv ri dgv lv xszdug eldvhg1 Wkh prgho suhvhqwhg lq Vhfwlrq

5 ghprqvwudwhv/ krzhyhu/ wkdw �upv* wdujhwlqj vwudwhjlhv kdyh dqrwkhu dvshfw wkdw fdq h{sodlq wkh srzhuixo

h�hfwlyhqhvv ri dgyhuwlvlqj wkdw uhpdlqv diwhu fruuhfwlqj wkh hqgrjhqhlw| sureohp1

Wkh orjlf ri wkh prgho lv wkdw udwlrqdo frqvxphuv xqghuvwdqg �upv* lqfhqwlyhv wr wdujhw wkhlu dgv1

Wkxv/ frqvxphuv zkr duh dvvxphg wr idfh xqfhuwdlqw| derxw surgxfwv* dwwulexwhv/ xvh wkh lqwhqvlw| ri wkh

dgv wkdw wkh| zhuh h{srvhg wr dv d vljqdo rq surgxfwv* dwwulexwhv1 Lq htxloleulxp/ �upv vhqg dgv rqo| wr

wkh frqvxphuv wkdw ehvw �w wkhlu surgxfw/ dqg frqvxphuv edvh wkhlu shufhswlrq ri surgxfwv dwwulexwhv rqo|

rq wkh lqwhqvlw| ri dgv1 Wkxv/ wkhlu xqfhuwdlqw| lv frpsohwho| uhvroyhg lq htxloleulxp1 Zh vkrz wkdw wkhuh

h{lvwv vxfk d vhsdudwlqj shuihfw Ed|vldq htxloleulxp1 Wkhuh duh vhyhudo rwkhu uhvxowv ri lqwhuhvw1 Iluvw/ wkhuh
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grhv qrw h{lvw dq| +qrq0ghjhqhudwh, srrolqj htxloleulxp1 Vhfrqg/ wkh qrlv| lqirupdwlrq lq wkh frqwhqw ri

wkh dgv lv qrw xvhg e| frqvxphuv lq htxloleulxp> udwkhu/ lw rqo| d�hfw wkhlu eholhiv r� wkh htxloleulxp sdwk1

Wklug/ lq htxloleulxp/ dg lqwhqvlw| lv d ghfuhdvlqj ixqfwlrq ri dgv suhflvlrq1 Irxuwk/ zkhq dgv duh h{wuhpho|

qrlv| +wkdw lv/ dgv duh qrq0lqirupdwlyh,/ wkh vljqdolqj htxloleulxp froodsvhv1 Wklv frqwudvwv zlwk Plojurp

dqg Urehuwv +4<;9,1

Plojurp dqg Urehuwv +4<;9, ghprqvwudwhg wkdw lq htxloleulxp dg lqwhqvlw| vljqdov surgxfwv txdolw|/

wkxv h{sodlqlqj wkh olqn ehwzhhq h{srvxuh wr dgv dqg whqghqf| wr ex|1 Ehfnhu dqg Pxusk| +4<<6, ylhzhg

dgyhuwlvlqj dv d jrrg wkdw frpsohphqwv wkh surgxfw1 Wkxv/ djdlq/ dgyhuwlvlqj lqwhqvlw| lqfuhdvhv wkh whqghqf|

wr ex|1 Zkloh erwk wkhrulhv kdyh d judlq ri wuxwk/ wkh| dovr ehdu vhhgv ri glvfrxudjhphqw1 Plojurp dqg

Urehuwv ylhz dgyhuwlvlqj dv dq dfwlylw| dnlq wr exuqlqj prqh| wkdw fdq vhuyh dv d vljqdo1 Wklv kdv glvwxuehg

pdq| frpphqwdwruv iru wkh vlpsoh uhdvrq wkdw wkhuh zrxog dsshdu wr eh rwkhu/ pruh surgxfwlyh/ dyhqxhv wr

exuq prqh|1 Iru h{dpsoh/ kljk txdolw| �upv pljkw frqwulexwh odujh dprxqwv ri prqh| iru jrrg fdxvhv dqg

dqqrxqfh lw> wklv zrxog qrw rqo| vljqdo wkh txdolw| ri wkhlu surgxfwv/ exw pd| jdlq wkhp �jrrg zloo� srlqwv

dv zhoo1 Ixuwkhupruh/ dgyhuwlvlqj d od Plojurp dqg Urehuwv qhhg qrw frqyh| dq| lqirupdwlrq1 Krzhyhu

zkloh vrph dgv dsshdu wr eh frqvlvwhqw zlwk wklv ylhz/ wkh ydvw pdmrulw| ri dgv gr qrw1 Wkxv/ zh duh ohiw

zlwk d wkhru| wkdw pljkw h{sodlq rqo| d vpdoo iudfwlrq ri wkh skhqrphqrq1

Zkloh Ehfnhu dqg Pxusk| +4<<6, vxjjhvw d frpshoolqj ylhz ri dgyhuwlvlqj/ wkhlu wkhru| fdq eh

ylhzhg dv gh idfwr dvvxplqj wkdw dg lqwhqvlw| vwlpxodwhv wkh whqghqf| wr ex| wkh surgxfw1 Wkxv/ wkrvh zkr

duh sx}}ohg e| wkh shuvxdvlyh h�hfw ri dgyhuwlvlqj pljkw ylhz wklv h{sodqdwlrq dv d wdxwrorj|1

5 Wkh prgho

Wkhuh duh wzr �upv lqgh{hg e| m/ wzr lqglylgxdov lqgh{hg e| l/ dqg wzr phgld fkdqqhov lqgh{hg e| n1

Hdfk �up r�huv rqh surgxfw1 Wkh surgxfwv duh fkdudfwhul}hg e| wkhlu sulfhv/ sm / dqg dwwulexwhv/ [m 1 Wkh

glvwulexwlrq ri surgxfw dwwulexwhv lv jlyhq e|=
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[4 @ 4

[5 @ �4

Wkh lqglylgxdo qhhgv rqo| rqh surgxfw1 Wkxv/ vkh fdq hlwkhu ex| rqh surgxfw ru qrw ex| dq|1 Lqglylgxdo l*v

xwlolw| iurp frqvxplqj wkh surgxfw ri �up m lv jlyhq e|=

Xl>m @ �. 4

5
�l[m � sm

+4,

zkhuh �
4
@ 4 dqg �

5
@ �4= Khu xwlolw| zkhq vkh grhv qrw ex| dq| surgxfw lv }hur/ Xl>3 @ 31 Wkh lqglylgxdo*v

ghflvlrq yduldeoh/ gl>m / lv htxdo wr 4 li vkh fkrrvhv dowhuqdwlyh m/ }hur rwkhuzlvh1

Wkh sulfh ri hdfk surgxfw lv revhuydeoh dqg frpprq nqrzohgjh wr doo sduwlhv1 Wr ehjlq zlwk/ zh

irfxv rq �upv* dgyhuwlvlqj ghflvlrqv zkloh wdnlqj wkhlu fkrlfh ri sulfhv dv jlyhq1 Wr vlpsoli| wkh prgho/ zh

ixuwkhu dvvxph wkdw sm @ � iru dq| m1 Odwhu/ zh uhod{ wkhvh dvvxpswlrqv zlwkrxw dq| h�hfw rq rxu txdolwdwlyh

uhvxowv1

51314 Lqirupdwlrq vhwv

Hdfk lqglylgxdo nqrzv wkdw wkhuh h{lvw wzr surgxfwv dqg nqrzv wkh glvwulexwlrq ri surgxfw dwwulexwhv=

[m 5 i�4> 4j1 Krzhyhu/ wkh| gr qrw nqrz wkh wuxh dwwulexwhv ri hdfk surgxfw ehlqj r�huhg1 Hdfk lqglylgxdo*v

sulru suredelolw| wkdw d surgxfw lv ri d jlyhq w|sh lv lv 4

5
> wkdw lv Su+[m @ 4mLVl @ >, @ 4

5
iru dq| m/ zkhuh LVl

lv wkh lqirupdwlrq vhw ri lqglylgxdo l1 Wkh udwlrqdoh ehklqg wklv vhwwlqj lv dv iroorzv= Ehfdxvh ri lqfuhdvlqj

surgxfw glyhuvlw| dqg wkh frqvwdqw lqwurgxfwlrq ri qhz dowhuqdwlyhv dqg fkdqjhv lq surgxfw dwwulexwhv/ lw lv

gl!fxow iru lqglylgxdov wr vwd| lqiruphg derxw wkh dwwulexwhv ri doo wkh dowhuqdwlyhv1 Qrwlfh/ krzhyhu/ wkdw

rqfh wkh lqglylgxdo nqrzv zkdw �up m lv surgxflqj/ vkh dovr nqrzv wkh dwwulexwh ri wkh surgxfw ri wkh rwkhu

�up1
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Ilupv/ vlploduo|/ pd| qrw nqrz wkh suhihuhqfhv ri hdfk lqglylgxdo/ exw wkh| gr nqrz wkh glvwulexwlrq

ri suhihuhqfhv1 Lq sudfwlvh/ �upv riwhq vshqg odujh dprxqwv ri prqh| dqdo|}lqj wkh pdunhwv lq zklfk wkh|

rshudwh/ dqg wkh wdvwhv ri frqvxphuv1 Frqvhtxhqwo|/ wkh| kdyh d jrrg dvvhvvphqw ri wkhvh suhihuhqfhv edvhg

rq lqglylgxdov* ghprjudsklfv/ olih vw|ohv dqg sxufkdvh klvwrulhv1 Wkxv/ zh dvvxph wkdw wkh �upv nqrz wkh

suhihuhqfhv ri hdfk lqglylgxdo1

51315 Lqirupdwlrq lq dgyhuwlvlqj

Lqglylgxdov dftxluh lqirupdwlrq derxw wkh dwwulexwhv ri surgxfwv +khqfh/ wkh lghqwlw| ri �upv, wkurxjk

dgyhuwlvlqj1 Dv phqwlrqhg hduolhu/ d vljql�fdqw pdmrulw| ri dgv lqfoxgh vrph lqirupdwlrq rq wkh dwwulexwhv

ri wkh surgxfwv1 Krzhyhu/ lw lv dovr idlu wr vd| wkdw wkh lqirupdwlrq lq dgv lv qrlv|1 Lq 4<:</ wkh Hgxfdwlrqdo

Irxqgdwlrq ri wkh Dphulfdq Dvvrfldwlrq ri Dgyhuwlvlqj Djhqflhv vxuyh|hg qhduo| 5/:33 frqvxphuv derxw wkh

frqwhqw ri 93 wkluw|0vhfrqg whohylvhg frppxqlfdwlrqv�lqfoxglqj dgv/ sxeolf vhuylfh frppxqlfdwlrqv/ dqg

hglwruldo frqwhqw1 Wkh| irxqg wkdw derxw 5< shufhqw ri wkh frppxqlfdwlrqv +dgv ru rwkhu frqwhqw, zhuh

plvfrpsuhkhqghg e| frqvxphuv/ dv phdvxuhg e| d sduwlfxodu vhulhv ri wuxh0idovh txhvwlrqv +Mdfre Mdfre|

dqg Zd|qh Kr|hu ^4<;5`,1 D vhfrqg vwxg| zdv frqgxfwhg d ihz |hduv odwhu dqg lqfoxghg sulqw +pdjd}lqh,

dgv dqg hglwruldo frqwhqw1 Lq wklv vwxg|/ derxw 4/583 frqvxphuv zhuh dvnhg txhvwlrqv derxw �iw|0irxu ixoo0

sdjh pdjd}lqh dgv dqg dqrwkhu �iw|0irxu hglwruldo hglwruldo sdjhv1 Urxjko| 53 shufhqw ri wkh pdwhuldo zdv

plvfrpsuhkhqghg/ zlwk dqrwkhu 48 shufhqw ehlqj vlpso| �qrw xqghuvwrrg� +Mdfre Mdfre| dqg Zd|qh Kr|hu

^4<;<`,1 Frqvhtxhqwo|/ lw lv qdwxudo wr irupxodwh dgyhuwlvlqj dv d qrlv| vljqdo=

Vl>m>q @

;
AA?
AA=

[m zlwk suredelolw| t

�[m zlwk suredelolw| 4� t

+5,

zkhuh q lqgh{hv wkh qxpehu ri wkh vljqdo dqg t � 4

5
=7 Qrwlfh wkdw lq wklv vhwwlqj dq dg iurp rqh �up

surylghv lqirupdwlrq rq wkh dwwulexwhv ri wkh rwkhu �up*v surgxfwv dv zhoo1 Iru h{dpsoh/ dq lqglylgxdo wkdw

7Qrwlfh wkdw dq| ^ �' �

2
lv lqirupdwlyh1 Zh suhihu wr frqvlghu wkh qdwxudo fdvh ri ^ :

�

2
lq wklv sdshu= lq rwkhu zrugv/ �fruuhfw

vljqdov duh pruh olnho| wkdq lqfruuhfw vljqdov�1

8



uhfhlyhg rqh vljqdo zklfk zdv V4 @ 4 zrxog/ xvlqj Ed|hv* uxoh/ irup wkh iroorzlqj h{shfwdwlrqv derxw wkh

surgxfw dwwulexwhv= H+[4mV4 @ 4, @ +5t � 4, dqg H+[5mV4 @ 4, @ +4 � 5t,1 Zkhq t A 4

5
/ iru lqglylgxdo 4/

H+�
4
[4mV4 @ 4, A 3 dqg H+�

4
[5mV4 @ 4, ? 31

51316 Phgld fkdqqhov

Wkh �uvw lqglylgxdo lv h{srvhg rqo| wr phgld fkdqqho 4/ zkloh wkh vhfrqg lv rqo| h{srvhg wr phgld fkdqqho

51

Lq uhdolw| wkhuh duh pdq| fodvvhv ri phgld�lqfoxglqj whohylvlrq/ udglr/ qhzvsdshuv/ pdjd}lqhv/

elooerdugv/ dqg gluhfw pdlo�dqg pdq| fdwhjrulhv zlwklq hdfk phgld fodvv1 Iru h{dpsoh/ rq whohylvlrq wkhuh

duh pruqlqj vkrzv/ gd|wlph vkrzv/ sulph wlph vkrzv/ odwh qljkw vkrzv/ hwf1 Hyhq zlwklq hdfk fdwhjru| wkhuh

h{lvw ydulrxv rswlrqv wr dgyhuwlvhuv1 Iru h{dpsoh/ zlwklq sulph wlph/ wkhuh duh vkrzv wkdw dsshdo prvwo| wr

phq +olnh Prqgd| Qljkw Irrwedoo, ru vkrzv wkdw dsshdo hvshfldoo| wr zrphq/ vxfk dv urpdqwlf gudpdv zlwk

d ihplqlqh fdvw1 Wkxv/ phgld fkdqqhov/ zlwklq0fkdqqho fdwhjrulhv/ dqg zlwklq0fdwhjru| fodvvhv/ gl�hu lq wkhlu

dxglhqfh frpsrvlwlrq1 Iru h{dpsoh/ zkloh IR[*v dxglhqfh lv uhodwlyho| |rxqj/ FEV* dxglhqfh lv uhodwlyho|

rog1 Ixuwkhupruh/ dv wkh qxpehu ri phgld fkdqqhov kdv jurzq lq wkh odvw ghfdgh/ dqg wkh dxglhqfhv kdyh

ehfrph pruh iudjphqwhg/ hdfk ri wkhvh fkdqqhov kdv hqghg xs vhuylqj pruh vshfl�f lqwhuhvwv1 Wkxv/ dowkrxjk

rxu dvvxpswlrq wkdw hdfk lqglylgxdo lv h{srvhg wr rqh phgld fkdqqho lv d vwulfw rqh/ lw fdswxuhv wkh edvlf

qdwxuh ri vxfk fkdqqhov1 Zh dovr dvvxph wkdw �upv duh dzduh ri wkh phgld frqvxpswlrq ri lqglylgxdov1

Lq uhdolw|/ �upv kdyh pxowlsoh gdwd vrxufhv wkdw fkdudfwhul}h wkh dxglhqfhv ri wkh gl�huhqw phgld fkdqqhov/

dqg wkhvh fkdudfwhul}dwlrqv duh udwkhu ghwdlohg1 Iru h{dpsoh/ wkh| lqfoxgh qrw rqo| wkh ghprjudsklfv ri wkh

dxglhqfhv/ exw wkhlu olihvw|ohv dqg frqvxpswlrq kdelwv dv zhoo18

51317 Ilupv* remhfwlyh ixqfwlrq

Wkh frvw ri dq dg lq hdfk phgld fkdqqho/ fn/ lv dvvxphg wr eh wkh vdph/ dqg htxdo wr f A 31 Ixuwkhupruh/ zh

dovr dvvxph wkdw f lv qrw wrr elj +rwkhuzlvh/ vhqglqj dgv pljkw qhyhu eh sur�wdeoh,1 Hdfk �up pdqxidfwxuhv

8Vxfk gdwd vhwv duh r�huhg/ iru h{dpsoh/ e| uhvhdufk �upv olnh wkh Qlhovhq Uhvhdufk frpsdq|/ Lqirupdwlrq Uhvrxufhv/ Lqf/

dqg Vlpprqv Pdunhw Uhvhdufk Exuhdx1

9



lwv surgxfw dw frqvwdqw xqlw frvw em +em � 3,1 Wkxv/ wkh sur�w ri wkh �up m lv=

�m+Qm>4>Qm>5, @ +sm � em, �
S

l@i4>5j

gl>m � f � +Qm>4 .Qm>5, +6,

zkhuh Qm>n lv wkh qxpehu ri dgv wkdw �up m sodfhv lq phgld fkdqqho n1 Iru vlpsolflw| zh dvvxph wkdw em @ 3

iru dq| m1

Qh{w/ zh vroyh iru wkh rswlpdo dg lqwhqvlw| ri �upv xqghu wkh dvvxpswlrq wkdw lqglylgxdov gr qrw dfw

vwudwhjlfdoo|/ e| xvlqj wkh dg lqwhqvlw| dv d vljqdo derxw wkh �upv* lghqwlw|1 Wkdw lv/ lqglylgxdov* ghflvlrqv

ghshqg rqo| rq wkh frqwhqw ri wkh dgv1 Odwhu/ zh doorz lqglylgxdov wr xvh wkh lqirupdwlrq uhyhdohg e| wkh

lqwhqvlw| ri dgyhuwlvlqj dqg fkdudfwhul}h wkh udwlrqdo h{shfwdwlrqv htxloleulxp1

514 Qrq Vwudwhjlf Htxloleulxp

Zh vwduw e| ghprqvwudwlqj wkdw lq wkh qrq0vwudwhjlf htxloleulxp +QVH, hdfk �up m grhv qrw vhqg dgv wkurxjk

wkh phgld fkdqqho wkdw lv zdwfkhg e| lqglylgxdo l 9@ m1 Wkhq/ zh vroyh iru wkh rswlpdo qxpehu ri dgv vhqw

e| hdfk �up m wkurxjk wkh phgld fkdqqho wkdw lv frqvxphg e| lqglylgxdo l @ m1

51414 Wkh Lqglylgxdo*v ghflvlrq

Dv phqwlrqhg hduolhu/ lqglylgxdo l rqo| zdwfkhv phgld fkdqqho n @ l1 Diwhu ehlqj h{srvhg wr wkh dgv dluhg lq

wkdw fkdqqho e| erwk �upv/ vkh ghflghv zkhwkhu wr ex| rqh ri wkh surgxfwv ru qrw1 Xqghu wkh dvvxpswlrqv

pdgh deryh/ vkh jhwv }hur xwlolw| zkhq vkh grhv qrw ex| d surgxfw1 Khu h{shfwhg xwlolw| iurp ex|lqj surgxfw

m/ iru dq| m/ lv=

H+Xl>m mLVl, @
4

5
�l

#
4� +

4�t

t
,�vl>m

4 . + 4�t
t

,�vl>m

$
+7,

:



zkhuh �vl>m �
SQm>l

q@4
Vl>m>q�

SQ+6�m>l,

q@4
Vl>m3 >q dqg m3

� +6�m,1 Qrwlfh wkdw wkh vrxufh ri wkh dg grhv qrw pdwwhu1

Dv vshfldo fdvhv/ li t @
4

5
ru li �vl>m @ 3/ wkhq H+Xl>4mLVl, @ H+Xl>5mLVl, @ 3= Lq rwkhu zrugv/ erwk

dowhuqdwlyhv +ex| rqh surgxfw ru qrqh, |lhog wkh vdph ydoxh ri wkh h{shfwhg xwlolw|/ }hur/ li hlwkhu wkhuh lv

qr lqirupdwlrq lq wkh dgv d sulrul/ ru li wkh uhdol}dwlrqv ri wkh vljqdov fdqfho hdfk rwkhu rxw1 Lq vxfk fdvhv/

zh dvvxph wkdw wkh lqglylgxdo fkrrvhv hdfk surgxfw zlwk htxdo suredelolw|
4

5
1 Vlploduo|/ lw lv hdv| wr vkrz

wkdw/ li t A
4

5
/ wkhq/ iru dq| l=

H+Xl>m@lmLVl, A H+Xl>m3 9@lmLVl,+, �l�vl>m A 3 +8,

Lq rwkhu zrugv/ zkhq t A
4

5
dqg �vl>m 9@ 3/ wkh h{shfwhg xwlolw| iurp rqh surgxfw lv srvlwlyh/ khqfh wkh rwkhu

lv qhjdwlyh1 Lq vxfk d fdvh/ wkh lqglylgxdo*v ghflvlrq uxoh lv jlyhq e|=

gl>m @ 4 li �l�vl>m A 3 +9,

51415 Wkh Ilupv* vwudwhjlhv

Iurp wkh �upv* srlqw ri ylhz �vl>m lv d udqgrp yduldeoh1 Ohw H^�m+Qm>4> Qm>5,>Qm3>4> Qm3>5,` ghqrwh wkh h{shfwhg

sur�w ixqfwlrq iru �up m li lw dluv Qm>4 dgv lq fkdqqho 4 dqg Qm>5 dgv lq fkdqqho 5/ dqg jlyhq wkdw wkh rwkhu

�up dluv Qm3>4>Qm3>5 dgv lq wkh wzr fkdqqhov1 Wkxv/ khu h{shfwhg sur�w ixqfwlrq lv=

H ^�m+Qm>4> Qm>5>Qm3>4> Qm3>5,` @ +sm � em, �
S

l@i4>5j

hUQV
m>l +Ql,� f � ^Qm>4 .Qm>5` +:,

zkhuh wkh h{shfwhg uhyhqxhv wr �up m iurp lqglylgxdo l duh jlyhq e|=

;



hUQV
m>l +Ql, @ Su+�l�vl>m A 3mQl, .

4

5
� Su+�l�vl>m @ 3mQl, +;,

dqg Ql/ wkh qxpehu ri dgv wkdw lqglylgxdo l lv h{srvhg wr/ lv jlyhq e|= Ql � Q4>l .Q5>l1 Khuh zh douhdg|

wdnh lqwr dffrxqw wkdw lqglylgxdo l frqvxphv rqo| wkh phgld fkdqqho n @ l1 Qrwlfh wkdw zkhq �up 5 lv

vhqglqj dq dg wkurxjk phgld fkdqqho 4/ dqg wkh dg lv fruuhfw +Vm @ [m, lw lv ohdglqj wkh �uvw lqglylgxdo wr

frqfoxgh wkdw wkh rwkhu �up lv pruh dssursuldwh iru khu1

Wkh suredelolw| ixqfwlrqv lq +;, fdq eh uhzulwwhq dv=

Su+�l�vl>m A 3mQl, @
S

pAQ

5

3
EEC

Ql

p

4
FFD +tl>m,p+4� tl>m,+Ql�p,

Su+�vl>m @ 3mQl, @

;AAAAAA?
AAAAAA=

3
EEC

Ql

Ql

5

4
FFD ^t+4� t,`

Ql

5
zkhq Ql lv hyhq

3 zkhq Ql lv rgg

+<,

zkhuh tl>m @ t li l @ m dqg tl>m @ 4� t li l 9@ m1

Iru �up m/ wkh suredelolw| wkdw wkh h{shfwhg uhyhqxhv iurp lqglylgxdo l @ m duh srvlwlyh lv wkh vxp

ri wkh suredelolwlhv ri doo hyhqwv zkhuh wkh uhdol}dwlrqv ri wkh dg vljqdov duh/ lq wkh djjuhjdwh/ �fruuhfw�1 Li/

krzhyhu/ Ql lv hyhq dqg wkh wkh qxpehu ri fruuhfw vljqdov htxdo wkh qxpehu ri lqfruuhfw rqhv/ wkxv fdqfholqj

hdfk rwkhu rxw/ wkhq wkh lqglylgxdo rewdlqv qr dgglwlrqdo lqirupdwlrq iurp wkh dg vljqdov dqg fkrrvhv hdfk

surgxfw zlwk suredelolw|
4

5
1 Li Ql lv rgg/ krzhyhu/ wklv hyhqw fdq qhyhu rffxu1

Qh{w/ zh suhvhqw wzr Ohppdv wkdw duh xvhg lq wkh vxevhtxhqw sursrvlwlrq1

Ohppd 4 hUQV
m>l +Ql, lv d qrq ghfuhdvlqj ixqfwlrq lq Ql iru l @ m1

Surri1 Vhh Dsshqgl{ D1

<



Vshfl�fdoo|/ wkh fkdqjh lq hUQV
m>l +Ql, zkhq Ql lqfuhdvhv e| 4 lv=

+tl>m �
4

5
, Su+�vl>m @ 3mQl, zkhq Ql lv hyhq

3 zkhq Ql lv rgg

+43,

Wkh lqwxlwlrq ehklqg wkh uhvxow lv wkdw/ vlqfh t A 3=8 +l1h1/ dgv frqwdlq vrph lqirupdwlrq,/ dq lqfuhdvh lq wkh

wrwdo qxpehu ri dgv wkdw duh dluhg lq d fkdqqho zloo +zhdno|, lqfuhdvh wkh h{shfwhg uhyhqxhv iru wkh �up wkdw

lv �uljkw� iru wkh frqvxphuv zdwfklqj wkdw fkdqqho1 Krzhyhu/ zkhq Ql lv rgg/ wkh fkdqjh lq uhyhqxhv zlwk

rqh pruh dg lv }hur1
9

Wkxv/ dv wkh qxpehu ri dgv lq fkdqqho n lqfuhdvhv/ wkh suredelolw| wkdw lqglylgxdo

l @ n fkrrvhv �up m @ l grhv qrw ghfuhdvh1

Ohppd 5 Su+�vl>m @ 3mQl, lv d qrq lqfuhdvlqj ixqfwlrq lq Ql1

Surri1 Vhh Dsshqgl{ E1

Wklv uhvxow vlpso| vwdwhv wkdw dv wkh wrwdo qxpehu ri dgv dluhg lq d fkdqqho lqfuhdvhv/ wkh suredelolw|

ri d wlh +l1h1/ wkh qxpehu ri fruuhfw dqg lqfruuhfw vljqdov fdqfholqj hdfk rwkhu rxw, lv olnho| wr idoo1

Qrz/ ghqrwh dvQqv
m>n wkh qxpehu ri dgv dluhg e| �up m lq fkdqqho n/ iru dq| m> n/ lq dq| +qrq0vwudwhjlf,

htxloleulxp1 Dovr/ uhfdoo wkdw f lv qrw wrr elj1 Zh qrz vwdwh wkh pdlq uhvxow ri wklv vhfwlrq1

Sursrvlwlrq 6 Lq dq| qrq0vwudwhjlf htxloleulxp/ Qqv

4>5
@ Q

qv

5>4
@ 31 Pruhryhu/ Qqv

4>4
@ Q

qv

5>5
@ Q

�

qv
A 3/

zkhuh Q�

qv
lv �qlwh1

Surri1 Vlqfh hUQV
m>l +Ql, lv qrq0ghfuhdvlqj lq Ql iru dq| l @ m/ dqg jlyhq dq| qxpehu ri dgv ehlqj

dluhg e| wkh ulydo �up lq hdfk fkdqqho/ hdfk dg vhqw e| �up m wkurxjk phgld fkdqqho n 9@ m zhdno| ghfuhdvhv

9Wr vhh wklv lqwxlwlyho|/ qrwh wkdw d fkdqjh lq uhyhqxh fdq rffxu rqo| zkhq wkh qxpehu ri fruuhfw vljqdov wkxv idu h{fhhgv

ru lv ohvv wkdq wkh qxpehu ri lqfruuhfw vljqdov e|1 Ohw �
�

ghqrwh wkh suredelolw| ri dq| hyhqw zkhuh wkh vxp ri �fruuhfw�

vljqdov h{fhhgv wkh qxpehu ri lqfruuhfw rqhv e| 4> lq wklv fdvh/ wkh dgglwlrq ri rqh dg zloo/ zlwk suredelolw| E�3 ^�/ uhvxow lq

wkh wrwdo qxpehu ri fruuhfw dqg lqfruuhfw vljqdov fdqfholqj hdfk rwkhu rxw1 Frqyhuvho|/ ohw �
2
ghqrwh wkh suredelolw| ri dq|

hyhqw zkhuh wkh vxp ri �lqfruuhfw� vljqdov h{fhhgv wkh qxpehu ri fruuhfw vljqdov e| 4> lq wklv fdvh/ wkh dgglwlrq ri rqh dg zloo/

zlwk suredelolw| ^/ uhvxow lq wkh wrwdo qxpehu ri fruuhfw dqg lqfruuhfw vljqdov fdqfholqj hdfk rwkhu rxw1 Lw lv hdv| wr vhh wkdw

�
�
E�3^� ' �

2
^1 Wkhuhiruh/ wkh fkdqjh lq uhyhqxhv zkhq �� lv rgg dqg rqh dgglwlrqdo dg lv dluhg/ lv jlyhq e|= �

2
�
2
^3

�

2
�
�
E�3^�/

zklfk/ diwhu vxevwlwxwlqj iru �
�
lq whupv ri �

2
/ htxdov 31

43



lwv pdunhw vkduh1 Vlqfh dgv duh frvwo| +f A 3, vhqglqj dq| dg wkurxjk fkdqqho n 9@ m ghfuhdvhv �up m*v

h{shfwhg sur�wv1 Wkhuhiruh/ Qqv

4>5
@ Q

qv

5>4
@ 3 lv d grplqdqw vwudwhj|1

Lw lv txlwh fohdu wkdw Qqv

m>m
pxvw eh dq rgg qxpehu1 Li Qqv

m>m
zhuh hyhq/ wkh �up fdq ghfuhdvh wkh

qxpehu ri dgv e| 4 orzhulqj wkh frvw ri dgyhuwlvlqj zlwkrxw uhgxflqj lwv h{shfwhg uhyhqxh1

Ixuwkhupruh/ Qqv

m>m
vkrxog vdwlvi| wkh iroorzlqj frqglwlrqv=

H

�
�m+Q

qv

m>m
> 3,

�
�H

�
�m+Q

qv

m>m
� 5> 3,

�
� 3

H
�
�m+Q

qv
m>m . 5>3,

�
�H

�
�m+Q

qv
m>m > 3,

�
? 3

+44,

Lq rwkhu zrugv/ lqfuhdvlqj ru ghfuhdvlqj wkh qxpehu ri dgv e| 5 iurp wkh htxloleulxp qxpehu vkrxog uhvxow

lq qhjdwlyh pdujlqdo sur�wv iru wkh �up1 +Qrwlfh wkdw zh dgg +dqg vxevwudfw, 5 iurp Qqv
m>m vlqfh zh duh rqo|

frqvlghulqj rgg qxpehuv,1 Xvlqj +43,/ wklv frqglwlrq +44, fdq eh uh0zulwwhq dv=

Su+�vl>m @ 3mQqv
m>m � 4, �

5f

+t � 4

5
,

Su+�vl>m @ 3mQqv
m>m . 4, ?

5f

+t � 4

5
,

+45,

Vlqfh Su+�vl>m @ 3mQl, lv d zhdno| ghfuhdvlqj ixqfwlrq lq Ql dqg f lv qrw wrr odujh/ wkhuh h{lvwv dq Qqv
m>m A 3

wkdw vdwlv�hv wkh frqglwlrq +45,1

Wklv uhvxow lpsolhv wkdw wkhuh lv dssursuldwh wdujhwlqj lq htxloleulxp1 Ilupv zloo qrw sodfh dgv lq

wkh fkdqqho zkrvh frqvxphuv gr qrw �w lwv surgxfw/ vlqfh grlqj vr +zhdno|, uhgxfhv vkduh dqg lqfuhdvhv frvw1

Wklv vxjjhvwv wkdw lw pd| eh qdwxudo wr frqvlghu wkh fdvh zkhuh udwlrqdo lqglylgxdov vwudwhjlfdoo| lqihu wkh

surgxfw dwwulexwhv ri hdfk �up vlpso| iurp wkh orfdwlrq ri dgv1 Zh wxuq wr fkdudfwhul}lqj vxfk vwudwhjlf

htxloleuld lq wkh qh{w vxevhfwlrq1

Qqv
m>m +f> t, lv reylrxvo| d ghfuhdvlqj ixqfwlrq ri f1 Wkh h�hfw ri t rq Qqv

m>m +f> t, lv qrw prqrwrqlf/

krzhyhu1 Qrwlfh wkdw iru erwk t @ 4

5
dqg t @ 4 wkh ixqfwlrq +t � 4

5
, � Su+�vl>m @ 3mQl, @ 3 +zkhq t @ 4

5
/ vr

dgv kdyh qr lqirupdwlrq frqwhqw/ d �up lv dv olnho| wr orvh vkduh iurp dlulqj dq dg dv wr jdlq vkduh> zkhq

44



t @ 4> vlqfh doo wkh vljqdov duh fruuhfw/ wkh suredelolw| ri d wlh lv qhjoljleoh/ vr wkh pdujlqdo ehqh�w ri dlulqj

dgv lv vpdoo,1 Zkhq t lqfuhdvhv iurp 4

5
/ wkh suredelolw| ri d �wlh� +Su+�vl>m @ 3mQl,, glplqlvkhv/ exw wkh

h�hfwlyhqhvv ri dgv lq lqiruplqj wkh lqglylgxdov +5t � 4, lqfuhdvhv1 Wkh �uvw h�hfw uhgxfhv wkh lqfhqwlyh wr

vhqg dgv/ zkloh wkh vhfrqg lqfuhdvhv lw1 Lw fdq eh vkrzq wkdw �uvw h�hfw lv pruh vljql�fdqw iru t forvh wr 4

5
/

zkloh wkh vhfrqg grplqdwhv iru t forvh wr 41

Ilqdoo|/ qrwlfh wkdw iru t ? 4 dqg dq| �qlwh Qqv
m>m / wkh suredelolw| wkdw dq lqglylgxdo fkrrvhv wkh

surgxfw wkdw �wv khu ehvw/ lv vpdoohu wkdq rqh +Su+gl>l @ 4, ? 4,1 Wkxv/ zlwk vrph suredelolw| lqglylgxdov

pdnh plvwdnhv lq htxloleulxp�wklv iroorzv iurp wkh qrlvlqhvv ri dg vljqdov1

515 Vwudwhjlf Dgyhuwlvlqj

Khuh/ zh h{dplqh wkh fdvh zkhq lqglylgxdov lqfrusrudwh erwk wkh vwdwlvwlfdo lqirupdwlrq wkdw lv uhyhdohg

lq wkh frqwhqw ri dgv/ dqg wkh vljqdolqj lqirupdwlrq wkdw lv uhyhdohg e| wkh lqwhqvlw| ri dgyhuwlvlqj/ zkhq

iruplqj wkhlu h{shfwdwlrqv derxw surgxfwv* dwwulexwhv1 Zh vkrz wkdw lq htxloleulxp/ hdfk �up vwloo vhqgv

dgv rqo| wkurxjk rqh phgld fkdqqho1 Lq dgglwlrq/ krzhyhu/ lqglylgxdov kdyh qr xqfhuwdlqw| derxw surgxfwv*

dwwulexwhv lq htxloleulxp1

Zh vwduw e| vshfli|lqj wkh eholhiv ri lqglylgxdov dqg wkh vwudwhjlhv ri �upv/ dqg wkhq vkrz wkdw wkhvh

eholhiv dqg vwudwhjlhv duh sduw ri d shuihfw Ed|hvldq htxloleulxp1 Iluvw/ zh suhvhqw d ihz gh�qlwlrqv1 Ghqrwh

wkh srvwhulru suredelolw| ixqfwlrq ri wkh �upv* w|shv dv �+[mmQm>l>Qm3>l> vl>m,1 Dovr/ ghqrwh wkh lqglfdwru

ixqfwlrq dv Li�j1 Lw htxdov rqh li wkh h{suhvvlrq lq eudfnhwv lv wuxh/ }hur rwkhuzlvh1 Ilqdoo|/ ghqrwh wkh

suredelolw| ri vl>m +iurp wkh srlqw ri ylhz ri wkh �up, dv �+vmmQl,1

Wr ehjlq zlwk/ zh vshfli| wkh eholhiv�ghqrwhg e| E�ri lqglylgxdov=

�+[m @ �lmiQm>nj> vl>m, @

;
AAAAAA?
AAAAAA=

4 li Qm>4 @Q�
dqg Qm3>4 9@ Q�

3 li Qm>4 9@Q�
dqg Qm3>4 @ Q�

Su+[m @ �lmvl>m, @
4

4.+ 4�t

t
,�lvl>m

rwkhuzlvh

<
AAAAAA@
AAAAAA>

+46,
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zkhuh Q
�
vdwlv�hv wkh frqglwlrqv=

4� f �Q
� � pd{

3?Qm?Q
�

hUm>l@m+Qm, � f �Qm
+LF,

hUm3>l@m+5Q
�, � f �Q

�
? 3 +GF,

hUm3>l@m+5Q
�,� f �Q

� ghqrwhv wkh sur�wv wkdw �up m 9@ l jhwv li lw plplfv wkh rwkhu �up dqg sodfhv Q� dgv lq

fkdqqho l> gh�qh �g
m3>m+Q, � hUm3>l@m+5Q,� f �Q iru qrwdwlrqdo frqyhqlhqfh1 Vlploduo|/ iru �up m @ l/ 4� fQ

�

ghqrwhv lwv sur�wv li hdfk �up iroorzv wkhlu htxloleulxp vwudwhjlhv> pd{
3?Qm?Q

�

hUm>l@m+Qm, � f �Qm ghqrwhv lwv

sur�wv li lw ghyldwhv iurp lwv vwudwhj| dqg sodfhv Qm ? Q
� dgv lq fkdqqho n @ l1 Djdlq/ iru frqyhqlhqfh/

gh�qh �gm>m+Q, � pd{
3?Qm?Q

hUm>l@m+Qm,� f �Qm1

Odwhu/ zh vkrz wkdw eholhiv E vdwlvi| wkh uh�qhphqw frqglwlrqv ri Nuhsv dqg Zlovrq +4<;5,1 Wkh

orjlf ehklqg wkhvh eholhiv fdq eh vwdwhg dv iroorzv= li wkh dfwlrqv duh frqvlvwhqw zlwk wkh htxloleulxp vwudwhjlhv

iQ�>3j/ wkhq wkh lghqwlw| ri wkh �upv lv uhyhdohg shuihfwo|1 Wkh vdph krogv wuxh li rqh ri wkh �upv iroorzv

wkh htxloleulxp vwudwhj| ri wkh �fruuhfw� �up +l1h1/ Q @Q�,/ zkhuhdv wkh rwkhu grhv qrw1 Li rqh ri wkh �upv

iroorzv wkh htxloleulxp sdwk +vshfl�fdoo|/ Q�, zkloh wkh rwkhu grhv qrw/ wkh lghqwlw| ri wkh �upv lv uhyhdohg1

Zkhq qhlwkhu �up iroorzv htxloleulxp vwudwhjlhv/ wkhq lqglylgxdov edvh wkhlu h{shfwdwlrqv ri �up w|sh rqo|

rq wkh vwdwlvwlfdo lqirupdwlrq uhyhdohg yld wkh dgv/ dqg qrw rq wkh lqwhqvlw| ri dgyhuwlvlqj1

Wkh �upv* h{shfwhg sur�w ixqfwlrq lq wklv fdvh lv

H
�
�Vm +Qm>4>Qm>5,

�
+47,

@
S

l@i4>5j

QlS

vm@ �Ql

Li�+[mmQm>l> Q+6�m,>l> vm, A
4

5
j�+vm mQl, � f � ^Qm>4 .Qm>5`
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Qh{w zh suhvhqw wkuhh Ohppdv wkdw duh xvhg lq wkh pdlq sursrvlwlrq1 Lq Ohppd 6/ zh vkrz wkdw

�up m 9@ l zloo qrw �qg lw sur�wdeoh wr plplf wkh rwkhu �up li Q�
h{fhhgv vrph qxpehu QO

1 Wkhq/ lq

Ohppd 7/ zh vkrz wkdw wkhuh h{lvwv vrph qxpehu QK
vxfk wkdw iru doo Q� �QK

/ �up m @ l zloo qrw �qg lw

sur�wdeoh wr ghyldwh iurp lwv htxloleulxp vwudwhj| dqg sodfh ihzhu wkdq Q�
dgv lq fkdqqho l1 Ilqdoo|/ Ohppd

8 dvvhuwv wkdw QK AQO
iru t A 4

5
/ wkhuhiruh iru doo QO � Q � QK

/ Q�
@ Q fdq eh vxssruwhg lq d shuihfw

Ed|hvldq htxloleulxp1

Ohppd 7 +QO, Wkhuh h{lvwv dq QO � 5 wkdw vdwlv�hv wkh frqglwlrqv= �gm3 >m+Q
O, ? 3 dqg �gm3>m+Q

O�4, � 31

Ixuwkhupruh/ iru dq| Q A Q
O/ �gm3>m+Q, ? 31

Surri1 Vhh Dsshqgl{ F1

Ohppd 8 +QK, Wkhuh h{lvwv dqQK wkdw vdwlv�hv wkh frqglwlrqv= 4�f�QK � �
g
m>m+Q

K, dqg 4�f�+QK.4, ?

�gm>m+Q
K .4,1 Ixuwkhupruh/ iru dq| Q ? QK

/ 4� f �Q A �gm>m+Q,1

Surri1 Vhh Dsshqgl{ G1

Ohppd 9 Iru t A
4

5
/ QO

� QK
1

Surri1 Zh �uvw vkrz wkdw �gm3
>m
+QO

� 4, � 4� f �QO

� �g
m>m
+QO, dqg wkhq xvh wklv uhodwlrqvkls wr

vkrz wkdw QK ?QO

ohdgv wr d frqwudglfwlrq1

Qrwlfh wkdw hU
m
3
>l@m

+}, @ 4� hU
m>l@m

+},1 Wkxv/ �g
m
3
>m

+QO

�4, @ 4�f�QO

�i hU
m>l@m

�
5 � +QO

� 4,
�
�f�4j1

Qh{w zh vkrz wkdw i hU
m>l@m

+5 � +QO

� 4,,� f � 4j � �g
m>m
+QO,1 Vlqfh 5 � +QO

� 4, � QO

iru dq| QO

� 5/ dqg

hU
m>l@m

+}, lv d qrq ghfuhdvlqj ixqfwlrq lq }> lw iroorzv wkdw hU
m>l@m

+5 � +QO

� 4,, � hU
m>l@m

+}, iru dq| } ? QO

1

Wkhuhiruh/ �g
m>m
+QO, @ pd{

3?Qm?Q
O
i hUm>l@m+Qm, � f � Qmj � i hUm>l@m+5 � +QO � 4,, � f � 4j1 +Uhfdoo wkdw iurp

Sursrvlwlrq 6 zh nqrz wkdw Q
�

qv
� 4 dqg wkxv wkh frvw lq �

g

m>m
+QO, lv dw ohdvw f � 4,1 Wkxv/

�
g

m3>m
+QO

� 4, � 4� f �QO
� �

g

m>m
+QO, +48,
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Qrz/ li Q
K
? Q

O
wkhq e| wkh gh�qlwlrq ri Q

K
/ zh kdyh= 4 � f �QO � �

g

m>m
+QO, ? 31 Krzhyhu/ iurp wkh

gh�qlwlrq ri Q
O
/ zh nqrz wkdw �

g

m3>m
+QO � 4, A 31 Wklv frqwudglfwv wkh lqhtxdolw| lq +48,1

Wkh lqwxlwlrq ehklqg Ohppd 9 lv looxvwudwhg lq Iljxuh 41 Lq rughu wr vlpsoli| wkh lqwxlwlrq wkh

qrq0frqwlqrxv ixqfwlrq hUm3>l@m+}, lv suhvhqwhg dv d frqwlqrxv ixqfwlrq wkhuh1 Wkh vwudljkw olqh uhsuhvhqwv wkh

frvw ri dgyhuwlvlqj wr hdfk �up dv d ixqfwlrq ri Q 1 Wkh orzhu frqfdyh olqh uhsuhvhqwv wkh pdunhw vkduh ri

wkh �zurqj� �up zkhq erwk �upv vhqg wkh vdph qxpehu ri dgv/ dqg wkh xsshu frqfdyh olqhv lqglfdwhv wkh

pdunhw vkduh ri wkh �zurqj� �up zkhq rqo| rqh �up lv vhqglqj dgv1 Qrwlfh wkdw wkh wzr �upv duh frpshwlqj

rq wkh pdunhw vkduh ri wkh �zurqj� �up1 R� wkh htxloleulxp/ wkh �zurqj� �up jhwv d srvlwlyh pdunhw vkduh/

zkloh lq htxloleulxp lw jhwv }hur1 Wkxv/ wkh wzr frqfdyh olqhv uhsuhvhqw wkh lqfhqwlyhv ri wkh wzr �upv1 Wkh

orzhu olqh uhsuhvhqwv wkh lqfhqwlyh ri wkh �zurqj� �up wr ghyldwh iurp wkh htxloleulxp vwudwhj| dqg wkh

xsshu olqh vwdqgv iru wkh lqfhqwlyh ri wkh �uljkw� �up qrw wr ghyldwh iurp lwv htxloleulxp vwudwhj|1 Vlqfh wkh

lqfhqwlyh ri wkh �uljkw� �up lv dozd|v kljkhu wkdq wkh lqfhqwlyh ri wkh �zurqj� �up/ QK � QO
1

Zh duh qrz uhdg| wr vwdwh wkh pdlq uhvxow=

Sursrvlwlrq : +SEH, Iru t A 4

5
/ wkhuh h{lvwv d shuihfw Ed|hvldq htxloleulxp zkhuh eholhiv duh jlyhq e| E

dqg wkh �upv* sxuh vwudwhjlhv duh jlyhq e|= Qm>n@m @ Q� 5 iQO>QKj>Qm3>n@m @ 3/ iru doo m1

Surri1 Jlyhq eholhiv dqg Qm>m @ Q� 5 iQO> QKj +iru dq| m,/ �up m 3 zloo fkrrvh qrw wr ghyldwh

iurp Qm3>m @ 3 vlqfh= +d, dq| 3 ? Qm3>m ? Q� lqyroyhv wkh frvw f �Qm3>m zlwkrxw dq| uhyhqxhv> +e, Qm3>m @ Q�

ohdgv wr orvvhv iurp Ohppd 7> dqg +f, Qm3>m A Q� ohdgv wr odujhu orvvhv/ vlqfh hUm3>l+Ql, lv ghfuhdvlqj lq Ql=

Jlyhq eholhiv dqg Qm3>m @ 3 +iru dq| m 3,/ �up m zloo rswlpdoo| fkrrvh Qm>m @ Q� 5 iQO>QKj vlqfh=

+d, iurp Ohppd 8/ dq| Q ? Q� uhvxowv lq orzhu sur�wv> +e, dq| Q A Q� lqyroyhv dgglwlrqdo frvwv zlwkrxw

dq| lqfuhdvh lq uhyhqxhv1

Lw lv wulyldo wr vkrz wkdw eholhiv duh frqvlvwhqw/ jlyhq wkhvh vwudwhjlhv ri �upv1

Wkxv/ Q� 5 iQO> ===QKj1 Hdfk �up vhqgv dgv rqo| wkurxjk wkh phgld fkdqqho wkdw lv zdwfkhg e|

wkrvh frqvxphuv zkr ehvw ��w� lwv surgxfw1 Doo xqfhuwdlqw| derxw surgxfw dwwulexwhv lv uhvroyhg wkurxjk dg

orfdwlrq/ dqg hdfk lqglylgxdo fkrrvhv wkh surgxfw wkdw lv �uljkw� iru khu zlwk fhuwdlqw|1
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Wkh htxloleulxp qxpehu ri dgv lq hdfk fkdqqho/ Q�/ ghshqgv rq t dqg f1 Zh h{dplqh khuh wkh

h�hfw ri wkhvh sdudphwhuv rq Q�/ iru Q�
@ QO1: Dq lqfuhdvh lq f ghfuhdvhv wkh lqfhqwlyh ri �up m wr vhqg

dgv lq phgld fkdqqho n/ iru dq| m> m 9@ n/ vlqfh grlqj vr zrxog lqfuhdvh lwv frvwv ri vxfk ghfhswlrq zlwkrxw

d�hfwlqj wkh ehqh�wv +zklfk ghshqg rqo| rq t,> wkxv/ Q�
@ QO ghfuhdvhv1 Dq lqfuhdvh lq t dovr ghfuhdvhv

wkh lqfhqwlyhv wr plplf wkh ulydo dqg ghfhlyh frqvxphuv/ vlqfh lw orzhuv wkh ehqh�wv +htxdo wr hUm3
>m
+5Q, iru

dq| Q, zlwkrxw d�hfwlqj wkh frvwv> wkxv/ Q� @ QO ghfuhdvhv1 Dv lq wkh qrq0vwudwhjlf htxloleulxp/ wkhq/ wkh

lqwhqvlw| ri dgv ghfuhdvhv lq t dqg f1

Dq lqwhuhvwlqj ihdwxuh ri wkh vhsdudwlqj htxloleuld lv wkdw/ lq htxloleulxp/ lqglylgxdov ljqruh wkh

frqwhqw ri wkh dgv1 Pruhryhu/ grlqj vr ohdgv lqglylgxdov wr pdnh wkh ehvw fkrlfhv1 Wkh iroorzlqj h{dpsoh

lv looxvwudwlyh1 Frqvlghu d fdvh zkhuh wkh frqwhqw ri wkh dgv dluhg e| �up 4 lqglfdwhv wkdw wkh vhfrqg �up*v

surgxfw lv wkh ehvw pdwfk iru lqglylgxdov ri w|sh 4/ l1h1/ v4>4 ? 31 +Dowkrxjk wklv lv qrw wrr olnho| wr rffxu/

lw lv srvvleoh dv orqj dv t ? 4,1 Krzhyhu/ vlqfh lqglylgxdo 4 lv rqo| h{srvhg wr dgv e| �up 4/ vkh hqgv xs/

lq htxloleulxp/ fkrrvlqj wr ex| wkh surgxfw ri �up 4/ wkxv pdnlqj wkh uljkw fkrlfh1 Wkxv/ lq wkh shuihfw

Ed|hvldq htxloleulxp/ lqglylgxdov dozd|v fkrrvh wkh surgxfw wkdw jlyhv wkhp wkh kljkhvw xwlolw|1 Lq frqwudvw/

uhfdoo wkdw zkhq wkh lqglylgxdo lv qrw ehkdylqj vwudwhjlfdoo|/ vkh rffdvlrqdoo| fkrrvhv d surgxfw wkdw lv qrw

wkh ehvw �w iru khu1 Dv t lqfuhdvhv/ krzhyhu/ lw wkh suredelolw| ri plvwdnhv idoov1;

Qh{w/ frpsduh wkh qxpehu ri dgv dluhg e| �upv lq wkh vwudwhjlf dqg qrq0vwudwhjlf fdvhv1 Dowkrxjk

erwk Q� dqg Qqv ghshqg rq wkh lqirupdwlyhqhvv ri dgv/ wkh ixqfwlrqdo ghshqghqfh rq t lv gl�huhqw lq wkh wzr

fdvhv1 Lq wkh qrq0vwudwhjlf fdvh/ wkh ehqh�w ri dlulqj dgglwlrqdo dgv lv wkdw dgv euhdn wlhv1 Frqglwlrqdo rq d

wlh/ wkh pdujlqdo ehqh�w lqfuhdvhv lq t1 Krzhyhu/ wkh suredelolw| ri d wlh ghfuhdvhv lq t/ vr wkh xqfrqglwlrqdo

pdujlqdo ehqh�w ri dlulqj pruh dgv lv dpeljxrxv1 Lq wkh vwudwhjlf fdvh/ krzhyhu/ wkh h�hfw ri t lv rqo| wr

uhgxfh wkh ehqh�wv wr plplfnlqj e| wkh �zurqj� �up/ vlqfh t rqo| d�hfwv eholhiv r� wkh htxloleulxp sdwk1

Wkhuhiruh/ dq lqfuhdvh lq t xqdpeljxrxvo| ghfuhdvhv wkh jdlqv wr ghfhswlrq/ dqg uhgxfh wkh qhhg iru wkh

:Wklv pd| eh dujxhg wr eh wkh prvw uhdvrqdeoh htxloleulxp/ erwk srvlwlyho| dqg qrupdwlyho|1 Vlqfh/ lq dq| htxloleulxp/

lqglylgxdov fkrrvh �upv zkrvh surgxfwv ehvw �w wkhlu wdvwhv/ dqg wkh pdunhw vkduh ri �upv lv �

2
/ dq| �W : �u uhvxowv lq �upv

lqfxuulqj kljkhu frvwv zlwkrxw d�hfwlqj �upv* uhyhqxhv ru frqvxphu zhoiduh1
;Wkh suredelolw| ri plvwdnhv ghshqgv erwk rq wkh qrlvh lq dgv dqg wkh qxpehu ri dgv dluhg1 Dv ^ lqfuhdvhv/ dgv duh ohvv qrlv|/

khqfh wkh olnholkrrg ri plvwdnhv idoov1 Rq wkh rwkhu kdqg/ wkh qxpehu ri dgv dluhg e| hdfk �up pd| idoo zlwk ^ +uhfdoo wkdw �?r

lv qrw prqrwrqlf lq ^,1 Wkh �uvw h�hfw/ krzhyhu/ grplqdwhv wkh vhfrqg dv ^ lqfuhdvhv +lw lv hdv| wr vhh wklv gldjudppdwlfdoo|,1
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�fruuhfw� �up wr dlu pruh dgv1 Xvlqj vlpxodwlrqv/ zh �qg wkdw li t lv vpdoo +forvh wr 4

5
, ru odujh +forvh wr 4,/

Q� A Qqv> iru t qrw wrr vpdoo dqg qrw wrr odujh/ krzhyhu/ Q� � Qqv1 Wklv uhvxow lv lqwxlwlyh/ vlqfh/ lq wkh

qrq0vwudwhjlf fdvh/ uhfdoo wkdw wkh lqfhqwlyh wr vhqg dgv lv orz zkhq t lv vpdoo ru odujh1

Ixuwkhupruh/ zkloh lq wkh QVH wkh lqglylgxdo fkrrvh wkh �zurqj� �up zlwk d srvlwlyh suredelolw|1

Lq wkh SEH wkh suredelolw| ri fkrrvlqj wkh �zurqj� �up lv }hur1

Wkh suhylrxv Sursrvlwlrq vwxglhg wkh SEH zkhq t A 4

5
/ wkh iroorzlqj Ohppd dqg Sursrvlwlrq

h{dplqhv wkh fdvh ri t @ 4

5
1 Wkh iroorzlqj Ohppd lv txlwh fohdu iurp Iljxuh 51

Ohppd ; Iru t @
4

5
/ QK

?Q
O1

Surri1 Zkhq t @ 4

5
/ hUm3>m+Q, @ hUm>m+Q, @

4

5
iru dq| Q 1 Lq sduwlfxodu/ hUm3>m+5Q, @

4

5
/ iru dq|

Q dqg pd{
3?Q 3?Q

hUm>m+Q
3
, � f �Q

3
@

4

5
iru dq| Q 1 Frqvhtxhqwo|/ iurp wkh gh�qlwlrq ri QK / lw iroorzv wkdw

f �Q
K �

4

5
dqg f � +QK .4, A 4

5
1 Vlploduo|/ iurp wkh gh�qlwlrq ri Q

O
/ lw iroorzv wkdw f � +QO � 4, � 4

5
dqg

f � +QO, A 4

5
1 Uhzulwlqj wkhvh h{suhvvlrqv jlyhv=

4

5f
? Q

O � + 4

5f
.4, dqg 4

5f
�Q

K
A + 4

5f
� 4,=

Sursrvlwlrq < Zkhq t @ 4

5
d shuihfw Ed|hvldq htxloleulxp zkhuh eholhiv duh jlyhq e| E grhv qrw h{lvw1

Surri1 Vlqfh QK ? QO wkhuh lv qrw dq| Q� wkdw fdq vdwlvi| wkh frqglwlrqv ri eholhiv E1

Wklv phdqv wkdw zkhq t @ 4

5
. % wkh vhsduwlqj htxloleulxp h{lvwv/ exw zkhq t @

4

5
lw grhv qrw krog

dq| pruh1 Lq rwkhu zrugv/ dv orqj dv dgyhuwlvlqj lv lqirupdwlyh/ wkh hpslulfdo uhjxodulw| fdq eh h{sodlqhg

zlwk wkh vljqdolqj jdph1 Ixuwkhupruh/ wkh lqirupdwlrq lq wkh dgv fdq eh yhu| qrlv|1 Krzhyhu/ zkhq dgv duh

qrw lqirupdwlyh/ wkh vljqdolqj prgho fdqqrw h{sodlq wkh hpslulfdo uhjxodulw|1

Vr idu zh kdyh vkrzq wkdw xqghu eholhiv E wkhuh h{lvwv d vhw ri htxloleuld wkdw fdq h{sodlq wkh

hpslulfdo uhjxodulw| dv orqj dv dgyhuwlvlqj lv lqirupdwlyh +t A
4

5
,1 Qh{w/ zh vkrz wkdw d srrolqj htxlolelxp

grhv qrw h{lvw zkhq eholhiv duh E1

Sursrvlwlrq 43 Zkhq t A 4

5
d srrolqj htxloleulxp zkhuh wkh eholhiv duh jlyhq e| E grhv qrw h{lvw1

Surri1 Zkhq Qm>n@m @ Qm3
>n@m

?QO

/ �up m zloo ghyldwh1 Vlqfh hU
m
3
>l@m

+5 � +QO

�4,, A f � +QO

�4,>

zh nqrz wkdw 4 � hU
m>l@m

+5 � +QO

� 4,, A f � +QO

� 4, dqg wkxv 4 � f �QO A hU
m>l@m

+5 � +QO

� 4,, � f � 4 A

4:



hU
m>l@m

+Q
m>n@m

.Q
m
3
>n@m

,� f �Q
m>n@m

= Wklv phdqv wkdw �up m zrxog ehqh�w e| lqfuhdvlqj lwv dg lqwhqvlw| wr

QO

1

Zkhq Q
m>n@m

@ Q
m
3
>n@m

� QO

/ �up m3
zloo ghyldwh/ ehfdxvh lwv sur�wv duh }hur1

<

Lw wxuqv rxw wkdw wkh pdlq Sursrvlwlrq/ :/ fdq eh vwdwhg lq d pruh jhqhudo zd|1 Qh{w zh vkrz wkdw

E lv wkh rqo| vhw ri eholhiv wkdw ohdgv wr d vhsdudwlqj htxloleulxp zlwklq d odujhu vhw ri eholhiv/ E3
1

�+[m @ �lmQm>n@m >Qm3>n@m> vl>m, @

;
AAAAAA?
AAAAAA=

4 li +Qm>n@m >Qm3>n@m, 5 q

3

45

Su+[m @ �lmvl>m, li +Qm>n@m >Qm3>n@m, 5 q

33

45

3 li +Qm>n@m >Qm3>n@m, 5 q

333

45

+E3,

zkhuh q
45

lv d vxevhw ri doo sdluv ri qrq0qhjdwlyh qxpehuv Qm>n dqg Qm3 >n/ q
3

45
> q33

45
> dqg q333

45
duh pxwxdoo|

h{foxvlyh/ dqg E�E3
1 Wkh rqo| +lqwxlwlyh, uhvwulfwlrq rq E3

lv wkdw �+�, lv htxdo wr rqh ri wkuhh ydoxhv= 3/

Su+[m @ �lmvl>m, dqg 41 Qrwlfh wkdw vlqfh wkh lqglylgxdo grhv qrw nqrz d0sulrul zkrvh wkh �uljkw� �up iru

khu wkh vhwv q3

45
dqg q333

45
duh v|pphwulf1

43 Ixuwkhupruh/ wkh sdluv Qm>n@m @Qm3>n@m duh lq q33

45
1

Sursrvlwlrq 44 Wkh rqo| eholhiv lq E3 wkdw ohdg wr d vhsdudwlqj htxloleulxp duh E1

Surri1 Vlqfh zh duh rqo| lqwhuhvwhg lq fkdudfwhul}lqj vhsdudwlqj htxloleuld/ htxloleuld lq wkh vhw q33

45

duh qrw ri lqwhuhvw1 Ixuwkhu/ ehfdxvh ri v|pphwu|/ zh rqo| qhhg frqvlghu vhsdudwlqj htxloleuld lq q3

45
> wkh

vdph orjlf dssolhv wr htxloleuld lq q333

45
1 Zh vwduw e| uxolqj rxw sdluv wkdw fdqqrw eh dq htxloleulxp/ dqg vkrz

wkdw wkh rqo| vhw ri vwudwhjlhv dqg eholhiv wkdw fdq irup d vhsdudwlqj htxloleulxp duh wkh rqhv vwdwhg lq wkh

sursrvlwlrq1

Doo wkh sdluv lq q3

45
zlwk Qm3>n@m A 3 fdqqrw ohdg wr d vhsdudwlqj htxloleulxp/ ehfdxvh �up m 3

kdv qr

lqfhqwlyh wr vhqg dgv wr jhw }hur pdunhw vkduh1 Wklv hvwdeolvkhv wkdw Qm3>n@m @ 3 lq dq| vxfk htxloleulxp1

Dprqj doo sdluv +Qm>n@m> 3, 5 q3

45
> dq| sdlu zkhuh Qm>n@m ? QO

fdqqrw eh dq htxloleulxp vlqfh

<Qrwlfh wkdw iru vrph �W"t�uc �M� wklv surri zloo qrw krog1
43Ohw wkh dfwlrqv ri wkh wzr �upv � dqg � � eh E��c&c ��3c&� iru dq| &1 Wkhq/ li lqglylgxdov* eholhiv ri wkh �up w|shv duh=

ER� c R2�/ wkhq v|pphwu| lpsolhv wkdw li wkh dfwlrqv zhuh E��3c&c ��c&�/ wkhq eholhiv rq w|shv pxvw eh ER2c R�,1

4;



�up m 3 fdq sur�wdeo| ghyldwh dqg plplf �up m1 Krzhyhu/ hyhq sdluv +QO � Qm>n@m> 3, 5 q3

45
fdq qrw eh

dq htxloleulxp/ li wkh sdluv +Qm>n@m ? QO> 3, duh lq q3

45
1 Wkxv/ q3

45
lv uhvwulfwhg wr lqfoxgh rqo| wkrvh sdluv

zkhuh Qm>n@m � QO1 Ixuwkhupruh/ wkh sdluv +QO � Qm>n@m >3, 5 q3

45
fdq qrw eh dq htxloleulxp/ li wkh sdluv

+Qm>n@m> Qm3>n@m ? QO, duh qrw lq q
3

45
/ ehfdxvh �up m

3 fdq ghyldwh dqg jhw sur�wv1 Wkxv/ q3

45
vkrxog lqfoxgh

doo sdluv zkhuh +Qm>n@m � Q
O
>Qm3>n@m ? Q

O, dqg rqo| wkhvh sdluv144

Zh duh qrz uhdg| wr uhod{ vrph ri wkh dvvxpswlrqv pdgh deryh1

6 H{whqvlrqv

614 Hqgrjhqrxv Sulfh

Rqfh jdlq zh vwxg| wkh qrq vwudwhjlf htxloleluxp �uvw1

61414 Qrq Vwudwhjlf Htxloleulxp

Wkh lqglylgxdo ghflvlrq Zkhq wkh sulfh lv qrw htxdo wr �/ wkh lqglylgxdo pljkw ghflgh qrw wr ex| dq|

surgxfw1 Wklv zrxog kdsshq zkhq wkh sulfh lv kljk dqg wkh srvwhulru suredelolw| ri hdfk w|sh lv forvh wr 3181

Lq vxfk d fdvh wkh h{shfwhg xwlolw| iurp dq| surgxfw zrxog eh qhjdwlyh1 Iru h{dpsoh/ zkhq wkh sulfh ri erwk

surgxfw lv wkh vdph dqg kljk sm @ �.3=7< iru dq| m/ dqg wkh srvwhulru suredelolw| lv Su+[m @ �lm�, @ 3=84>

wkhq wkh h{shfwhg xwlolw| iurp surgxfw ri �up m lv �. 4

5
+3=84 � 3=7<, � +� . 3=7<, @ +�3=7:, ? 3 dqg wkh

h{shfwhg xwlolw| iurp wkh surgxfw ri wkh rwkhu �up lv hyhq vpdoohu1 Lw fdq eh vkrzq wkdw wkh ghflvlrq uxoh ri

wkh lqglylgxdo lv=

gl>m @ 4+, �l�vl>m � pd{
�
v
�

l>m+sm > �> t,> v
��

m +sm> s+6�m,> t,
�

+49,

zkhuh v
�

l>m+sm> �> t, �

oq
�
4.5+sm��,
4�5+sm��,

�

oq
�

t

4�t

� dqg v
��

m +sm > s+6�m,> t, �
oq
�
4.+sm�s+6�m,,

4�+sm�s+6�m,,

�

oq

�
t

4�t

�

44
Qrwlfh wkdw lw grhv qrw pdwwhu lq zklfk vhw duh wkh sdluv E��c&'� D �uc ��3c&'� D �u�1 Wkxv/ wkh eholhiv ���

zkhuh wkhvh

sdluv duh lq ?�

�2
dovr ohdg wr d vhsdudwlqj htxloleulxp1

4<



Qrwlfh wkdw li wkh sulfhv duh wkh vdph/ v��m +sm> s+6�m,> t, @ 31 Ixuwkhupruh/ li wkh sulfhv duh wkh vdph dqg

sm A � wkhq iru vpdoo hqrxjk �vl>m / wkh lqglylgxdo zrxog qrw ex| dq| surgxfw +vlqfh khu h{shfwhg xwlolw| iurp

erwk surgxfwv lv qhjdwlyh,1

Wkh Ilupv* Vwudwhjlhv Wkh �upv fkrrvh wkh sulfh dqg wkh dg lqwhqvlw| wkdw pd{lpl}h wkhlu sur�w ixqfwlrq1

Jlyhq wkh sulfhv/ wkh rswlpdo qxpehu ri dgv iru hdfk �up lq hdfk phgld fkdqqho vdwlv�hv wkh iroorzlqj

frqglwlrqv=

t+5t � 4, Su
�
+�l�vl>m .4, A �l �pd{

�
v�l>m+sm> �> t,> v

��

m +sm > s+6�m,> t,
�
A �l�vl>m m+Qm>l .Q+6�m,>l,

�
� 5f

dqg

t+5t � 4,Su
�
+�l�vl>m .4, A �l �pd{

�
v�l>m+sm> �> t,> v

��

m +sm > s+6�m,> t,
�
A �l�vl>m m+Qm>l . 5 .Q+6�m,>l,

�
? 5f

Qrwlfh wkdw wkh �upv frqvlghu dgglqj wzr dgv dw wkh pdujlq/ vlqfh wkh rswlpdo qxpehu zrxog eh hlwkhu rgg ru

hyhq ghshqglqj rqpd{
�
v�l>m+sm> �> t,> v

��

m +sm> s+6�m,> t,
�
= Iru h{dpsoh/ zkhqpd{

�
v�l>m+sm> �> t,> v

��

m +sm> s+6�m,> t,
�
@

3=4 wkh rswlpdo qxpehu ri dgv +ri erwk �upv, lq d phgld fkdqqho vkrxog eh hyhq1 Qrwlfh wkdw zlwk }hur

dgv wkh lqglylgxdo zrxog qrw ex| dq| surgxfw/ zlwk rqh dg +dqg t @
6
7
, vkh zrxog ex| wkh surgxfw ri wkh

�uljkw� �up zlwk suredelolw| 6
7
dqg wkh zurqj �up zlwk suredelolw| 4

7
= Zlwk wzr dgv wkh suredelolwlhv duh

+ <
49

dqg 4
49
, hwf1 Wkxv/ wkh rswlpdo qxpehu ri dgv lq d phgld fkdqqho zrxog qrw eh hyhq/ vlqfh dq| �up fdq

orzhu wkh qxpehu ri dgv e| rqh/ lqfuhdvh lwv pdunhw vkduh dqg ghfuhdvh lwv frvw1 Wkxv/ lq htxloleulxp iru

dq| sdlu ri sulfhv Qm>m A 3 Qm>+6�m, @ 31

Ixuwkhupruh/ xvlqj vlpxodwlrqv zh �qg wkdw lq htxloleulxp sm @ s+6�m,= Wkdw lv wkh wzr �upv fkrrvh

wkh vdph sulfh1 Wklv lv qrw vxusulvlqj jlyhq wkh v|pphwulf vhw0xs1 Wkh sulfhv duh dozd|v ehwzhhq � dqg

� . 3=8= Wklv pdnh vhqvh vlqfh iru dq| sulfh ehorz � wkh h{shfwhg qxpehu ri frqvxphuv ri hdfk �up lv

rqh/ dqg wkxv lwv uhyhqxhv lv sm = Wkxv/ wkh iru dq| sm ? � wkhuh lv d kljkhu sulfh sm ? s

3

m � � wkdw |lhogv

d kljkhu sur�w1 Iru dq| sm A +� .
4
5
, wkh h{shfwhg qxpehu ri frqvxphuv lv }hur1 Zh dovr �qg wkdw zkhq

t lqfuhdvhv wkh sulfhv lqfuhdvhv dqg wkh qxpehu ri dgv ghfuhdvhv1 Wklv lv dovr txlwh lqwxlwlyh1 Li wkhuh zdv
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qrw xqfhuwdlqw| lq wklv prgho/ wkhq wkh rswlpdo sulfh zrxog kdyh ehhq sm @ +�.
4
5
, +zh dvvxph wkdw zkhq

wkh h{shfwhg xwlolw| lv }hur wkh lqglylgxdo ex|v wkh surgxfw,1 Rq wkh rwkhu kdqg li wkhuh lv xqfhuwdlqw| dqg

t @
4
5
wkh �upv zrxog qrw vhqg dq| dgv dqg fdqqrw fkdujh dq| sulfh deryh �1 Wkxv/ zkhq t lqfuhdvhv wkh

sulfh lqfuhdvhv/ dqg vr duh wkh sur�wv ri wkh �upv1 Rq wkh rwkhu kdqg/ zkhq f lqfuhdvhv wkh �upv vhqg ohvv

dgv dqg wkxv fkdujh orzhu sulfhv1 Qrwlfh wkdw zkhq wkh �upv vhqg ohvv dgv wkh srvwhulru suredelolw| ri hdfk

�up lv forvhu wr 318 dqg wkxv wkh olnholkrrg ri wkh lqglylgxdo qrw ex|lqj dq| surgxfw lqfuhdvhv1

Wr vxppdul}h/ zlwk hqgrjhqrxv sulfhv/ wkh sulfhv ri erwk �upv duh wkh vdph/ wkh| duh d srvlwlyh

ixqfwlrq ri t dqg d qhjdwlyh ixqfwlrq ri f1 Ixuwkhupruh/ hdfk �up vhqgv dgv rqo| wkurxjk wkh phgld fkdqqho

frqvxphg e| wkh lqglylgxdo zkr ehvw �w lwv surgxfw1 Wklv lv wkh prwlydwlrq iru wkh vwudwhjlf htxloleulxp1

61415 Vwudwhjlf Dgyhuwlvlqj

Lq vxfk d vhwwlqj d vhshudwlqj SEH zlwk wdujhwlqj h{lvwv dqg �upv fkdujh wkh kljkhvw sulfh sm @ �.
4

5
1 Wkh|

fkdujh wkh kljkhvw sulfh/ vlqfh lq htxloleulxp lqglylgxdov pdnh wkhlu fkrlfhv zlwkrxw xqfhuwdlqw|1 Wkh surri

lv lq Dsshqgl{ H1 Khuh zh suhvhqw wkh eholhiv dqg glvfxvv wkh htxloleulxp eulh |1

Wkh eholhiv +ghqrwhg zlwk E4, duh=

�+[m @ �lmQm>l>Q+6�m,>l> �vl>m, @ +E4,;
AAAAAA?
AAAAAA=

4 li Qm>l @Q

SEH / Q+6�m,>l @ 3

3 li Qm>l @ 3> Q+6�m,>l @ Q

SEH

Su+[m @ �lm�vl>m, @
4

4.+ 4�t

t
,�l�vl>m

rwkhuzlvh

<
AAAAAA@
AAAAAA>

zkhuh Q
SEH

vdwlv�hv wkh frqglwlrqv=

�.
4

5
� f �Q

SEH
A pd{

s
is �

k
4 . Su

�k
�l�vl>+6�m, A �l � v

�

l>+6�m,+s>�> t,

l
m5 �QSEH

�l
� 5f �QSEH

j+GF4,

�.
4

5
� f �Q

SEH
A pd{

s>Q?QSEH
is � Su

��
�l�vl>m A �l � v

�

l>m+s>�> t,
�
mQ

�
� f �Qj +LF4,

Zh frqvlghu eholhiv wkdw gr qrw lqofxgh sulfhv1 Wkdw lv sulfhv gr qrw vhuyh dv d vljqdo1 Wkh ghwhudqfh
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frqglwlrq phdqv wkdw zkhq �up m vhqg QSEH
vljqdov lq phgld fkdqqho n @ m/ wkh rwkhu �up fdqqrw �qg

d sulfh vxfk wkdw lwv sur�w lq erwk pdunhwv lv kljkhu wkdq � . 4

5
� f � QSEH

1 Vlqfh sulfhv duh qrw sduw ri

wkh eholhiv/ �up +6 � m, zrxog vwloo jhw wkh lqglylgxdo l @ +6 � m, zlwk fhuwdlqw| dv orqj dv lw vhqg QSEH

dgv lq phgld fkdqqho n @ +6� m,1 Wkxv/ lwv sur�w lq lwv pdunhw zrxog eh +s � f �QSEH, dqg wkh sur�w lq

wkh rwkhu pdunhw zrxog eh

k
s � Su

�k
�l�vl>+6�m, A �l � v

�

l>+6�m,+s>�> t,
l
m5 �QSEH

�
� f �QSEH

l
= Rq wkh rwkhu

kdqg/ li �up m gr qrw vhqg QSEH dgv/ wkh lqglylgxdo lv xqvxuh derxw lwv lghqwlw| dqg �up m fdqqrw fkdujh

s @ +�. 4
5 , dq| pruh1 Wkxv/ lwv sur�w zrxog eh pd{

s>Q?QSEH

is � Su
��
�
l
�vl>m A �

l
� v�

l>m
+s>�> t,

�
mQ

�
� f �Qj=

Wkhuhiruh/ doorzlqj sulfhv wr eh ghwhuplqh hqgrjhqrxvo| grhv qrw fkdujh wkh pdlq uhvxow�hdfk �up

vhqg dgv rqo| wr wkh frqvxphuv wkdw ehvw �w lwv surgxfw/ dqg frqvxphuv duh xvlqj wkh dgv lqwhqvlw| dv vljqdov1

615 Lqglylgxdov gr qrw zdwfk doo wkh wlph

Lq uhdolw| lqglygxdov gr qrw zdwfk doo wkh wlph1 Wkxv/ wkh| fdqqrw eh vxuh wkdw wkh �up vhqw QSEH dgv1

Lw fdq eh vkrzq wkdw zkhq lqglylgxdov frqvxph rqo| sduw ri wkh phgld fkdqqho erwk �upv zrxog vhqg dgv

wkurxjk erwk phgld fkdqqhov zlwk wkh �uljkw� �up vhqglqj pruh dgv wr wkh frqvxphuv zkr ehvw �w lwv

surgxfw1 Lq vxfk d fdvh wkh lqglylgxdov duh xvlqj erwk wkh frqwhqw ri wkh dgv dqg wkh dgv lqwhqvlw| zkhq

pdnlqj wkhlu fkrlfhv1 Wkxv/ dg lqwhqvlw| vwloo vhuyh dv d vljqdo1

7 Rwkhu zd|v lqirupdwlyh dgyhuwlvlqj pd| orrn suhvxdvlyh

Wkhuh duh rwkhu zd|v wkdw lqirupdwlyh dgyhuwlvlqj pljkw orrn olnh suhvxdvlyh dgyhuwlvlqj1 Lq wkrvh zd|v wkh

irfxv lv qrw rq wkh wdujhwlqj vwudwhjlhv ri wkh �upv1 Wkxv/ zh dvvxph dw wklv srlqw wkdw wkhuh lv rqo| rqh

phgld fkdqqho1

714 Ulvn Dyhuvlrq

Vr idu zh kdyh dvvxphg wkdw wkh lqglylgxdov duh ulvn qhxwudo1 Zkhq wkh| duh ulvn dyhuvh wkhlu h{shfwhg xwlolw|

iurp hdfk �up ghshqgv qrw rqo| rq wkh h{shfwhg dwwulexwh ri hdfk surgxfw exw dovr rq rwkhu prphqwv ri lwv
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glvwulexwlrq1 Iru h{dpsoh/ zkhq wkh xwlolw| lv txdgudwlf/ wkh h{shfwhg xwlolw| ghshqgv dovr rq wkh yduldqfh ri

wkh dwwulexwhv1 Wkh vpdoohu wkh yduldqfh/ wkh pruh olnho| wkh lqglylgxdo fkrrvhv wkh surgxfw1 Lw pljkw hyhq

eh wkh fdvh/ wkdw d surgxfw wkdw pljkw orrn ohvv vxlwdeoh iru wkh lqglylgxdo zloo eh fkrvhq e| khu/ vlqfh lw kdv

d vpdoohu yduldqfh1 Lq rxu prgho wkh yduldqfh ghshqgv rq wkh qxpehu ri wkh dgv uhfhlyhg e| wkh lqglylgxdo1

Wkh kljkhu wkh qxpehu ri dgv frqvxphg e| wkh lqglylgxdo/ wkh vpdoohu wkh yduldqfh ri wkh dwwulexwhv dqg

wkh pruh olnho| wkh frqvxphu fkrrvhv wkh surgxfw1 Wkxv/ wkhuh lv d srvlwlyh fruuhodwlrq ehwzhhq wkh qxpehu

ri dgv dqg wkh vdohv ri wkh surgxfw1 Lq wklv zd| ulvn dyhuvlrq fdq ohdg wr wkh hpslulfdo uhjxodulw| wkdw wklv

vwxg| lv wu|lqj wr h{sodlq1

Wklv dujxphqw fdq eh ghvfulehg irupdoo| lq wkh iroorzlqj vlpsoh prgho1 Wkh xwlolw| kdv dq lghdo

srlqw vwuxfwxuh zklfk fdq dovr eh zulwwhq dv=

Xl>m @ �3 .�4[m .�5[
5

m � sm +4:,

zkhuh �3 A 3> �4 A 3 dqg �5 ? 31 Zkloh sulfhv duh nqrzq wr wkh lqglylgxdov/ wkh dwwulexwh [m lv xqnqrzq1

Wkh dwwulexwhv ri wkh wzr �upv duh gudzq lqghshqghqwo| iurp d qrupdo glvwulexwlrq zlwk phdq �{ dqg

yduldqfh 4

�{
1 Dgyhuwlvlqj lv d qrlv| vljqdo ri wklv dwwulexwh=

Vm>q�Q+[m >
4

�v

, +4;,

zkhuh q lqgh{ wkh qxpehu ri wkh vljqdo1

Iru vlpsolflw| zh dvvxph wkdw �3 lv odujh hqrxjk vr wkdw wkh lqglylgxdo dozd|v suhihuv wr ex| d

surgxfw/ dqg wkdw vkh qhhgv rqo| rqh surgxfw1 Xqghu wkhvh frqglwlrqv wkh ghflvlrq uxoh ri wkh lqglylgxdo lv=

gl>m @ 4 +, �4 ^H+[mmiVmj, �H+[m3 miVm3j,` .�5

�
H+[m miVmj,

5 �H+[m3 miVm3j,5
�

+4<,

��5 ^Y +[m3 miVm3j, � Y +[m miVmj,` . ^sm3 � sm`
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Xvlqj Ed|hv uxoh zh nqrz wkdw=

H+[m miVmj, @
�{�{ . �v

SQm

q@4
Vm>q

�{ .Qm�v
+53,

Y +[m miVmj, @
4

�{ .Qm�v

zkhuh Qm lv wkh qxpehu ri dgv uhfhlyhg e| wkh lqglylgxdo derxw dowhuqdwlyh m dqg m 3 @ +6 � m,1 Wkxv/ dv

Qm lqfuhdvhv wkh hohphqw ��
5
^Y +[m3 miVm3j, � Y +[m miVmj,` lqfuhdvhv dqg wkh whqghqf| ri wkh lqglylgxdo wr

fkrrvh dowhuqdwlyh m lqfuhdvhv1 Qrwlfh wkdw zkhq Qm lqfuhdvhv wkhuh lv dqrwkhu h�hfw= wkh hvwlpdwh ri wkh

dwwulexwh [m lpsuryhv1 Wkxv/ dq lqfuhdvh ri Qm pljkw dfwxdoo| kxuw d �up zklfk uhfhlyhg d orz [m 1 Wklv lv

wkh �lqirupdwlyh h�hfw�1 Krzhyhu/ li �5 lv odujh hqrxjk/ wkh ulvn dyhuvlrq grplqdwhv wkh uhvxow1 Ixuwkhupruh/

zkhq wkh wzr �upv duh forvh hqrxjk wr �{ wkh �lqirupdwlyh h�hfw� lv vpdoo dqg Qm kdv d srvlwlyh h�hfw rq

vdohv1

Wklv vlpsoh prgho vkrxog eh frqvlghuhg rqo| dv dq h{dpsoh iru wkh zd| wkdw ulvn dyhuvlrq fdq ohdg

wr dq revhuyhg ehkdylru wkdw orrnv olnh shuvxdvlyh dgyhuwlvlqj1

715 H{lvwhqfh

Dqrwkhu zd| wr h{sodlq wkh revhuyhg shuvxdvlyh h�hfw zlwk �lqirupdwlyh dgyhuwlvlqj� lv e| dfnqrzohgjlqj

wkdw prvw frqvxphuv duh qrw dzduh derxw doo wkh dowhuqdwlyhv wkdw wkh| duh idflqj1 Wkh vwdqgdug dvvxpswlrq

wkdw wkh lqglylgxdov duh dzduh ri doo khu dowhuqdwlyhv vhhpv wr xv dv txlwh h{wuhph lq wkh prghuq hfrqrp|1 Lw

lv kdug wr eholhyh wkdw prvw shrsoh duh idploldu zlwk doo wkh dxwrprelohv wkdw h{lvwv/ iru h{dpsoh1 Dgyhuwlvlqj

�upv nqrz wkdw d pdmru uroh ri dgyhuwlvlqj lv wr lqirup frqvxphuv rq wkh h{lvwhqfh ri dowhuqdwlyhv1 Wklv zdv

h{dfwo| wkh uroh ri dgyhuwlvlqj lq Jhudug Exwwhuv +4<::,1 Dgyhuwlvlqj wkdw lqirup wkh lqglylgxdov derxw wkh

h{lvwhqfh ri dq dowhuqdwlyh pljkw orrn shuvxdvlyh1 Frqvlghu wkh iroorzlqj h{dpsoh/ zkhq pdnlqj khu fkrlfh

wkh lqglylgxdo uhphpehuv rqo| d vxe0vhw ri wkh dowhuqdwlyhv1 Lqfuhdvh lq wkh dgyhuwlvlqj lqwhqvlw| lqfuhdvhv

wkh suredelolw| wkdw wkh lqglylgxdo uhphpehuv wklv dowhuqdwlyh zkhq vkh ghflghv1 Vlqfh wklv dowhuqdwlyh lv wkh

ehvw fkrlfh iru vrph ri wkh lqglylgxdov/ dq lqfuhdvh lq wkh suredelolw| ri uhphpehulqj lw ohdgv wr dq lqfuhdvh
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lq lwv pdunhw vkduh ri wklv surgxfw1 Vxfk dq h�hfw orrnv olnh shuvxdvlyh dgyhuwlvlqj/ vlqfh lw fuhdwhv d srvlwlyh

fruuhodwlrq ehwzhhq dg lqwhqvlw| dqg vdohv1

8 Frqfoxvlrq

D vljql�fdqw fkdudfwhulvwlf ri wrgd|*v hfrqrp| lv wkh khwhurjhqhlw| ri surgxfwv1 Lq doprvw hyhu| dvshfw

ri olih/ qhz surgxfwv dqg vhuylfhv duh ehlqj lqwurgxfhg wr vdwlvi| vrph vshfl�f vhjphqw ri wkh srsxodwlrq1

Hyhq surgxfwv wkdw dsshdu krprjhqhrxv�olnh preloh skrqhv�duh ghvljqhg wr dwwudfw gl�huhqw vhjphqwv

ri frqvxphuv1 Iru h{dpsoh/ wkh| frph lq gl�huhqw froruv/ vrph vxewoh/ rwkhuv mxps|1 Vrph skrqhv fdq

rqo| uhfhlyh fdoov/ rwkhuv jhw vshfldo glvfrxqwv iru vshfl�f fdoov/ hwf1 Dw wkh vdph wlph/ phgld fkdqqhov kdyh

dovr ehfrph lqfuhdvlqjo| vhjphqw0vshfl�f1 Wkh qxpehu ri pdjd}lqhv/ whohylvlrq fkdqqhov/ dqg zhevlwhv lv

jurzlqj lqfuhgleo| udslgo|1 Prvw ri wkhvh fkdqqhov dgguhvv wkh lqwhuhvwv ri d vshfl�f vhjphqw1 Iru h{dpsoh/

wkhuh duh qrw mxvw vshfl�f mrxuqdov rq ixuqlwxuh/ exw hyhq zlwklq wklv fdwhjru|/ wkhuh duh pdjd}lqhv rq kljk

txdolw| ixuqlwxuh/ �zhoo0sulfhg� ixuqlwxuh/ prghuq ixuqlwxuh/ fodvvlfdo ixuqlwxuh/ hwf1 Ilqdoo|/ dgv iru surgxfwv

duh yhu| gl�huhqw lq wkhlu vw|oh1 Vrph dgv frqwdlq vklq| ru euljkw froruv/ rwkhu dsshdu zlwk vriwhu froruv1

Vrph ihdwxuh fkdudfwhuv zlwk orxg/ vfuhdplqj yrlfhv/ rwkhuv zlwk orz/ fdop yrlfhv1 Vrph ihdwxuh idplolhv/

rwkhuv ihdwxuh vlqjohv1 Wkhvh gl�huhqfhv vxjjhvw wkh lqirupdwlyhqhvv ri dgyhuwlvlqj hyhq wkrxjk wkh| pd|

qrw dsshdu wr frqwdlq dq| h{solflw/ wdqjleoh lqirupdwlrq145

Wkhvh wkuhh fkdudfwhulvwlfv�surgxfw gl�huhqwldwlrq/ khwhurjhqhrxv phgld fkdqqhov +wdujhwlqj gli0

ihuhqw vhjphqwv,/ dqg lqirupdwlyh dgyhuwlvlqj�duh wkh fulwlfldo hohphqwv ri rxu prgho1 Lq wklv vhwwlqj/ zh

vkrz wkdw lqirupdwlyh dgyhuwlvlqj fdq ohdg wr ehkdylru wr grhv qrw vhhp udwlrqdo dw �uvw�qdpho|/ h{srvxuh

wr dgv lqfuhdvhv wkh whqghqf| wr ex| wkh surprwhg surgxfw1 Zh vkrz wkdw vxfk ehkdylru lv frqvlvwhqw zlwk

vwudwhjlf/ udwlrqdo ehkdylru ri frqvxphuv1 Wkh orjlf ehklqg wklv fodlp lv txlwh lqwxlwlyh1 Ilupv gluhfw wkhlu

lqirupdwlyh dgv wr wkrvh frqvxphuv zkr wkhlu surgxfw �wv ehvw1 Frqvxphuv/ dzduh ri wklv vwudwhj|/ xvh wkh

dg lqwhqvlw| dv d vljqdo ri surgxfw dwwulexwhv1 Wkdw lv/ wkh frqvxphu wklqnv= �Li L kdyh vhhq pdq| dgv iru

45Iru h{dpsoh/ vrprh ri wkh dgv wkdw wdujhw whhqdjhuv xvh odqjxdjh wkdw lv vr xqfohdu wr xv +zh duh erwk roghu wkdq wkluw|,

wkdw zh gr qrw dozd|v nqrz zkdw wkh| phdq1
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wklv surgxfw/ lw lv suredeo| ehfdxvh lw lv wkh ehvw surgxfw iru ph1� Lw wxuqv rxw wkdw dgv gr qrw kdyh wr eh

yhu| lqirupdwlyh iru wklv orjlf wr krog1 Hyhq li wkh lqirupdwlrq lq dgv lv yhu| qrlv|/ �upv vhsdudwh wkhpvhoyhv

vxffhvvixoo| lq htxloleulxp1 Zh dovr vkrz wkdw= +d, d srrolqj htxloleulxp grhv qrw h{lvw lq wklv vhwwlqj> +e,

d vhsdudwlqj htxloleulxp grhv qrw h{lvw zkhq dgv duh frpsohwho| xqlqirupdwlyh> dqg +f, wkhvh uhvxowv duh

urexvw wr wkh lqfoxvlrq ri sulfhv/ dqg qrq0h{foxvlyh fkdqqho0zdwfklqj ehkdylru1

Wklv prgho fdq eh h{whqghg lq ydulrxv zd|v wr pdnh lw pruh uhdolvwlf/ dqg dssolhg wr gdwd1 Iru

h{dpsoh/ dv phqwlrqhg deryh/ zh dvvxph wkdw hdfk w|sh ri lqglylgxdo zdwfkhv rqo| rqh phgld fkdqqho1 Lq

uhdolw|/ vrph lqglylgxdov rffdvlrqdoo| frqvxph phgld fkdqqhov wkdw gr qrw qhfhvvdulo| �w wkhlu fkdudfwhulvwlfv

h{dfwo|1 Krzhyhu/ vxfk dgdswdwlrqv wr uhdolw| zrxog qrw fkdqjh wkh pdlq lpsolfdwlrqv ri wkh vwxg|1

Ilqdoo|/ wklv vwxg| vxjjhvwv wkdw vrph ri wkh frqfhuq wkdw hfrqrplvwv kdyh kdg derxw dgyhuwlvlqj lv

qrw dw sodfh1 Dgyhuwlvlqj fdq ohdg wr lpsuryhphqw lq zhoiduh e| dvvlvwlqj wkh pdwfk ehwzhhq frqvxphuv dqg

surgxfw dw d uhodwlyho| orz frvw1

9 Dsshqgl{hv

914 Dsshqgl{ D= Surri ri Ohppd 4

Zh fdq uhzulwh HUQV
m>l +Ql, dv=

HUQV
m>l +Ql, @ Su+�l�vl>m A 4mQl, .Su+�l�vl>m @ 4mQl, .

4

5
� Su+�vl>m @ 3mQl,

Qrwlfh wkdw +iru l @ m,=
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Su+�l�vl>m A 3mQl . 4, @

+t . +4� t,, � Su+�l�vl>m A 4mQl,

. t � Su+�l�vl>m @ 4mQl, . t � Su+�l�vl>m @ 3mQl,

dqg

Su+�l�vl>m @ 3mQl . 4, @

+4� t, � Su+�l�vl>m @ 4mQl,

. t � Su+�l�vl>m @ �4mQl,

Wkxv/

HUQV
m>l +Ql .4,�HUQV

m>l +Ql, @

+t �
4

5
, �Su+�l�vl>m @ 3mQl,

.
4

5
� ^t � Su+�l�vl>m @ �4mQl, � +4� t, � Su+�l�vl>m @ 4mQl,`

Qrwlfh wkdw wkh vhfrqg olqh lv uhohydqw rqo| zkhq Ql lv hyhq dqg wkh wklug olqh lv uhohydqw rqo| zkhq Ql lv

rgg1 Ixuwkhupruh/ qrwlfh wkdw

^t � Su+�l�vl>m @ �4mQl,� +4� t, �Su+�l�vl>m @ 4mQl,` @ 3

5:



vlqfh

Su+�l�vl>m @ 4mQl, @

3
EEC

Ql

Q4.4

5

4
FFD t

Q4.4

5 +4� t,
Q4�4

5

dqg

Su+�l�vl>m @ �4mQl, @

3
EEC

Ql

Q4�4

5

4
FFD t

Q4�4

5 +4� t,
Q4.4

5

+Qrwlfh wkdw

3
EEC

Ql

Q4.4

5

4
FFD @

3
EEC

Ql

Q4�4

5

4
FFD,1

Wkxv/ zkhqQl lv rgg
�
HU

QV
m>l +Ql .4,�HUQV

m>l +Ql,
�
@ 3 dqg zkhqQl lv hyhq

�
HUQV

m>l +Ql .4,�HUQV
m>l +Ql,

�
@

+t � 4

5
, � Su+�l�vl>m @ 3mQl,1 Vlqfh t A 4

5
/ HUQV

m>l +Ql, lv d qrq ghfuhdvlqj ixqfwlrq lq Ql iru l @ m1

915 Dsshqgl{ E= Surri ri Ohppd 5

Uhfdoo wkdw iru hyhq Ql

Su+�l�vl>m @ 3mQl, @

3
EEC

Ql

Ql

5

4
FFD ^t+4� t,`

Ql

5

Lw lv hdv| wr vkrz wkdw

3
EEC
Ql .5

Ql.5

5

4
FFD

3
EEC
Ql

Ql

5

4
FFD

@ 7 �

�
Ql . 4

Ql . 5

�

5;



Wkxv/

Su+�l�vl>m @ 3mQl . 5,

Su+�l�vl>m @ 3mQl,
@ 7 �

�
Ql .4

Ql .5

�
� ^t � +4� t,`

Vlqfh t A 4

5
/ 7 � ^t � +4� t,` ? 41 Reylrxvo|

�
Ql.4

Ql.5

�
? 4 dqg wkxv Su+�l�vl>m @ 3mQl.5, ? Su+�l�vl>m @

3mQl,1

916 Dsshqgl{ F= Surri ri Ohppd 6

Vlqfh hUm3 >l@m+Q, lv zhdno| ghfuhdvlqj lq Q dqg f � Q lv lqfuhdvlqj lq Q> �g
m3>m+Q, lv ghfuhdvlqj lq Q=

Qh{w zh vkrz wkdw �
g
m3>m+4, A 3 dqg �

g
m3>m+4, ? 3 wr frpsohwh wkh �uvw sduw ri wkh surri1

hUm3>l@m+4, A f e| dvvxpswlrq +rwkhuzlvh/ �up m 9@ l zrxog qhyhu kdyh dq lqfhqwlyh wr plplf �up

m @ l iru dq| Q / dqg lw lv wulyldo wr vkrz wkdw wkhuh h{lvwv d vhshudwlqj htxloleulxp,1 Vlqfh dgglqj 4 wr dq

rgg qxpehu Q grhv qrw fkdqjh hUm3>l@m+Q,/ zh nqrz wkdw hUm3>l@m+5, @
hUm3>l@m+4,1 Wkxv/ hUm3>l@m+5, � f @

�
g
m3>m+4, A 31

Dv Q $4/ �
g
m3>m+Q,$ �41

Wklv hvwdeolvkhv wkh h{lvwhqfh ri dq Q
O
wkdw vdwlv�hv wkh frqglwlrqv lq wkh �uvw sduw ri wkh Ohppd1

Wkh vhfrqg sduw ri wkh Ohppd iroorzv iurp wkh idfw wkdw �
g
m3 >m+Q, lv prqrwrqlfdoo| ghfuhdvlqj lq Q1

917 Dsshqgl{ G= Surri ri Ohppd 7

�
g
m>m+}, lv qrq0ghfuhdvlqj lq }/ dqg f �} lv vwulfwo| lqfuhdvlqj lq }/ wkhuhiruh 4�f �}��

g
m>m+}, lv d prqrwrqlfdoo|

ghfuhdvlqj ixqfwlrq lq }1

Qh{w zh vkrz wkdw 4� f � 4� �
g
m>m+4, A 3 dqg 4� f � 4 � �

g
m>m+4, ? 3 wr frpsohwh wkh �uvw sduw ri

wkh surri1

Qrwlfh wkdw �
g
m>m+4, @

4

5
1 Wkxv 4 � f � 4� �

g
m>m+4, @

4

5
� f A 3 e| dvvxpswlrq +rwkhuzlvh/ �up m zloo

qhyhu sodfh dq| dgv lq fkdqqho n @ l @ m lq htxloleulxp,1

5<



Reylrxvo|/ lw lv hdv| wr vkrz wkdw dv } $4/ 4� f �}��
g
m>m+},$�41 Wklv hvwdeolvkhv wkh h{lvwhqfh

ri dq Q
K

zklfk vdwlv�hv wkh frqglwlrqv lq wkh �uvw sduw ri wkh Ohppd1

Wkh vhfrqg sduw ri wkh Ohppd iroorzv iurp wkh idfw wkdw 4�f �}��gm>m+}, lv prqrwrqlfdoo| ghfuhdvlqj

lq }1

918 Dsshqgl{ H= Surri ri SEH zlwk sulfhv

Gh�qlwlrq 45 Q
O

vdwlv�hv wkh frqglwlrqv=

f �QO A D+QO, dqg f � +QO
� 4, � D+QO

� 4, +54,

zkhuh D+{, � pd{
s
is �

k
4 . Su

�k
�l�vl>+6�m, A �l � v

�

l>+6�m,+s> �> t,
l
m5 � {

�l
j � +�.

4

5
,

Gh�qlwlrq 46 QK
vdwlv�hv wkh frqglwlrqv=

E+QK, A f �QK
dqg E+QK .4, � f � +QK . 4, +55,

zkhuh E+{, �

�
�.

4

5

�
� pd{

s>Q?{
is �Su

��
�l�vl>m A �l � v

�

l>m+s>�> t,
�

mQ
�
� f �Qj

Ohppd 47 +QO, Wkhuh h{lvwv dq Q
O

Surri1 D+{, lv d ghfuhdvlqj ixqfwlrq lq {1 Qrwlfh wkdw zkhq { lqfuhdvhv/ wkh suredelolw| ri l fkrrvlqj

�up m 9@ l ghfuhdvhv xqohvv lwv sulfh ghfuhdvhg1 Krzhyhu li wkh sulfh ghfuhdvhg dv d uhvxow ri dq lqfuhdvh lq

{> wkhq D+{, pxvw ghfuhdvhg1 Rwkhuzlvh/ wkh sulfh zlwk wkh orzhu { zdv qrw rswlpdo1

Ixuwkhupruh/ D+3, A f � 3 dqg D+4, ? f �41

Ohppd 48 +QK, Wkhuh h{lvwv dq QK

Surri1 E+{, +e| gh�qlwlrq, lv d qrq lqfuhdvlqj ixqfwlrq lq {1

Ixuwkhupruh/ E+3, A f � 3 dqg E+4, ? f � 4

Sursrvlwlrq 49 Iru t A 4

5
> Q

K
A Q

O
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Surri1 46Li t @ 4 wkhq iru dq| { � 4> E+{,�D+{, A 31 Li t @ 4

5
. % wkhq wkhuh h{lvw dq { iru zklfk

E+{, � D+{, �@ 3 dqg E � D A 3 iru dq| qxpehu deryh {1 Zh vkrz/ xvlqj vlpxodwlrq wkdw iru dq| vhw ri

sdudphwhuv +�> f> t, vxfk dq { ? QO1 Wkxv/ iru { @ QO> E A D dqg wkxv QK A QO1

Sursrvlwlrq 4: Iru t A 4

5
/ wkhuh h{lvw dw ohdvw rqh shuihfw Ed|hvldq htxloleuld zlwk eholhiv E4 dqg sxuh

vwudwhjlhv zkhuh iru hdfk m/ Q�

m>m @Q
SEH

A 3/ Q
�

m>+6�m, @ 31

Surri1 Wkh orjlf lv wkh vdph dv wkh surri iru SEH zlwkrxw sulfhv1

Uhihuhqfhv

^4` Dfnhuehuj/ Gdqlho +4<<;, �Hpslulfdoo| glvwlqjxlvklqj lqirupdwlyh dqg suhvwljh h�hfwv ri dgyhuwlvlqj/�

Plphr1

^5` Dehuqhwk|/ Dyhu| dqg Jhrujh Iudqnh +4<<9, �Wkh Lqirupdwlrq Frqwhqw ri Dgyhuwlvlqj= D Phwd0

Dqdo|vlv/� Mrxuqdo ri Dgyhuwlvlqj/ 58 +Vxpphu,/ 404:1

^6` Ehfnhu/ Jdu| dqg Nhylq Pxusk| +4<<6, �D Vlpsoh Wkhru| ri Dgyhuwlvlqj dv d Jrrg ru Edg/� Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 43; +7,/ <740<971

^7` Exwwhuv/ Jhudug +4<::, �Htxloleulxp Glvwulexwlrqv ri Vdohv dqg Dgyhuwlvlqj Sulfhv/� Wkh Uhylhz ri

Hfrqrplf Vwxglhv/ 77 +6,/ 79807<41

^8` Hughp/ Wxolq dqg Plfkdho Nhdqh +4<<9, �Ghflvlrq0Pdnlqj Xqghu Xqfhuwdlqw|= Fdswxulqj G|qdplf

Eudqg Fkrlfh Surfhvvhv lq Wxuexohqw Frqvxphu Jrrgv Pdunhwv/� Pdunhwlqj Vflhqfh/ 48 +4,/ 40531

46�Ef� ' 4@ E2kc Ekn �

2
�� ' 2k/ �Ef� ' Ekn �

2
�c �E"� ' fc �E"� : f1 Ixuwkhupruh/ lw fdq eh vkrzq wkdw � lv ghfuhdvlqj

vorzhu wkdq �1

64



^9` Jdoeudlwk/ Mrkq Nhqqhwk +4<:4, Wkh Qhz Lqgxvwuldo Vwdwh/ Vhfrqg Hglwlrq1 Qhz \run/ Wkh Qhz Dphu0

lfdq Oleudu| Lqf1

^:` Mdfre|/ Mdfre dqg Zd|qh Kr|hu +4<;5, �Ylhzhu Plvfrpsuhkhqvlrq ri Whohylvhg Frppxqlfdwlrq= Vh0

ohfwhg Ilqglqjv/� Mrxuqdo ri Pdunhwlqj/ 79 +7,/ 450591

^;` Mdfre|/ Mdfre dqg Zd|qh Kr|hu +4<;<, �Wkh Frpsuhkhqvlrq2Plvfrpsuhkhqvlrq ri Sulqw Frppxqfd0

wlrq= Vhohfwhg Ilqglqjv/� Mrxuqdo ri Frqvxphu Uhvhdufk/ 48+7,/ 76707761

^<` Nuhsv/ Gdylg dqg Urehuw Zlovrq +4<;5, �Vhtxdqwldo htxloleulxp/� Hfrqrphwulfd/ 83 +7,/ ;960;<71

^43` Plojurp/ Sdxo dqg Mrkq Urehuwv +4<;9, �Sulfh dqg Dgyhuwlvlqj Vljqdov ri surgxfw Txdolw|/� Mrxuqdo ri

Srolwlfdo Hfrqrp|/ <7 +7,/ :<90;541

^44` Qhyr/ Dyly +5333, �Phdvxulqj Pdunhw Srzhu lq wkh Uhdg|0wr0Hdw Fhuhdo Lqgxvwu|/� iruwkfrplqj Hfrqr0

phwulfd1

^45` Urehuwv/ Pdun dqg Oduu| Vdpxhovrq +4<;;, �Dq hpslulfdo Dqdo|vlv ri G|qdplf/ Qrqsulfh Frpshwlwlrq

lq dq Roljrsrolvwlf Lqgxvwu|/� UDQG Mrxuqdo ri Hfrqrplfv/ 4< +5,/ 53305531

^46` Vkdfkdu/ Urq dqg Ekdudw Dqdqg +4<<;, �Wkh H�hfwlyhqhvv dqg Wdujhwlqj ri Whohylvlrq Dgyhuwlvlqj/�

Mrxuqdo ri Hfrqrplfv dqg Pdqdjhphqw Vwudwhj|/ : +6,/ 69606<91

^47` Vkxp/ Pdwwkhz +4<<<, �Dgyhuwlvlqj dqg vzlwkflqj ehkdylru lq wkh euhdnidvw fhuhdov pdunhw/� Plphr1

^48` Vwhuq/ Vfrww dqg Pdqxho Wudmwhqehuj +4<<;, �Hpslulfdo lpsolfdwlrqv ri sk|vlfldq dxwkrulw| lq skdupd0

fhxwlfdo ghflvlrq pdnlqj/� Wkh Irhughu lqvwlwxwh iru hfrqrplf uhvhdufk zrunlqj sdshu qr1 570<;1

^49` Whovhu/ Ohvwhu J1 �Dgyhuwlvlqj dqg Frpshwlwlrq/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ :5 +9,/ 86:08951
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