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Abstract

In an infinite horizon setting, how does a sophisticated hyperbolic discounter decide

when to purchase a durable good or a commitment product that is costly in the present

but yields benefits in the future? In this paper, I describe a new type of agent, the semi-

sophisticated hyperbolic discounter. This agent is aware of her time-inconsistency, but fails

to anticipate that her future selves might renegotiate to a different equilibrium. When faced

with a deadline, a semi-sophisticate will behave like a sophisticated hyperbolic discounter,

but without a deadline (when she faces a multiplicity of equilibria), she will appear naïve.

With a growing population, a government seeking to maximize social welfare will not offer

the good everyday. A monopolistic firm might generate higher consumer surplus than a

competitive market, since a monopolist can commit to a pattern of sale and non-sale prices,

thus effectively creating deadlines.
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1 Introduction

Hyperbolic discounting as a description of preferences has gained legitimacy in the development

economics literature1. When hyperbolic discounters face high transactions costs and lack access

to the complex contracts available to consumers in industrialized countries, what are the impli-

cations for market equilibrium and welfare? In this paper, I propose a distinction between two

types of sophisticated hyperbolic discounters. Full-sophisticates always play a renegotiation-

proof equilibrium with their future selves. Semi-sophisticates are sophisticated in the sense that

they are aware of their future time-inconsistency. Yet, in situations with multiple equilibria, they

fail to anticipate the possibility that their future selves will renegotiate to a different equilibrium.

This generates several insights into markets for durable goods and commitment products.

Deadlines are salient: regardless of the distance of the deadline, semi-sophisticates perform

well with deadlines, and badly without. In particular, I study environments where individuals

must choose whether and when to perform tasks with immediate costs and delayed benefits.

When faced with a deadline, a semi-sophisticate is indistinguishable from a sophisticated hyper-

bolic discounter, but when the deadline is lifted the same individual is indistinguishable from a

naive hyperbolic discounter.

This model also provides a rationalization of sale pricing of durable goods that does not

rely price discrimination. Monopolists who sell to semi-sophisticates will choose to vary prices,

leading to sale periods and non-sale periods. When there are competitive firms, there are

multiple equilibria. Competitive equilibrium can lead to lower social welfare than a monopolistic

equilibrium, especially when the population is a mix of semi-sophisticated hyperbolic discounters

and exponential discounters.

1.1 Motivation

The first question relates to equilibrium selection. Typically, hyperbolic discounters are classified

as either naive or sophisticated.2 A naive hyperbolic discounter believes that, from the next pe-

riod onwards, she has time-consistent preferences. A sophisticated hyperbolic discounter is fully

aware of her future time-inconsistency. Suppose this individual must decide when to complete a

1See, for example, Mullainathan (2004).
2O’Donoghue and Rabin (2001a) argue that people might also be partially naive ; i.e. they underestimate

the degree of future time-inconsistency. They show that even a little bit of naivete can significantly increase
procrastination.
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task with immediate costs and future benefits. Under finite horizons, as O’Donoghue and Rabin

(1999) show, a sophisticated hyperbolic discounter will complete the task in accordance with her

unique Subgame Perfect Nash Equilibrium. The outcome is less clear under an infinite horizon.

When faced with multiple equilibria, which one will the agent choose? In any period, she might

wish to "renegotiate" with herself if the previously selected equilibrium does not maximize her

lifetime welfare. This renegotiation problem must be taken seriously because there is no one

the agent needs to communicate with. Rather than renegotiate, she can simple re-choose an

equilibrium for herself and her future selves. The fact that an agent is sophisticated about her

preferences does not automatically provide a solution to the renegotiation problem. I separate

sophisticated hyperbolic discounters into two groups: full-sophisticates restrict themselves to

renegotiation-proof equilibria, while semi-sophisticates fail to recognize the possibility of rene-

gotiation. I argue that semi-sophistication is not only psychologically realistic, but provides

some new and potentially important insights into the second question.

The second question is this: How does a hyperbolic discounter decide when to purchase a

durable good or a commitment product?3 Even when she values the product, there is often no

contract that commits her to adopting it by a given date. In this paper, I study how the take-up

of these products is affected by the individual’s preferences, beliefs about preferences, beliefs

about equilibrium selection, and market structure.

A hyperbolic discounter’s optimizing behavior at any time might conflict with what her past

selves would want her to do. Commitment products (which essentially contract the individual’s

choice set in future periods) can therefore raise lifetime welfare. Once the product has been

purchased, future selves behave more in accordance with early selves’ objectives. However, the

adoption of these products can be costly in itself. If adoption involves even a simple transaction

cost, the agent might have an incentive to postpone it to the following period. So, it doesn’t

follow from the fact that a product increases the individual’s lifetime utility, that she will indeed

decide to purchase it when it is offered. In the case of commitment products, then, the question

becomes: What can be done when I can’t commit to commit? The problem is especially relevant

in developing countries for two reasons: poor contracting and high transaction costs (in the form

of geographic distance, time, and bureaucratic hurdles).

3 I present examples of such products in Section 1.3.
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1.2 Preview of Results

In my model, an infinitely-lived4, sophisticated quasi-hyperbolic discounter has the option of

purchasing a product, which provides delayed benefits and involves immediate costs that cannot

be transferred to future periods. I assume these costs and benefits are such that the agent is

willing to buy the good immediately, but would ideally like to postpone the purchase to the

next period. Sophistication does not directly inform us about how an equilibrium is selected

when there is more than one to choose from. I describe as "fully-sophisticated" those who play a

renegotiation-proof equilibrium5, and as "semi-sophisticated" those who choose an equilibrium

without realizing that it is subject to renegotiation by their future selves. To put it another

way, full-sophisticates understand that they must restrict themselves to equilibria that are not

strictly dominated by other equilibria in the future. A semi-sophisticate is fully aware of her

future time preferences but is naive about equilibrium reselection. In each period, she switches

out of the equilibrium played by his past self if there is another equilibrium that gives her strictly

higher continuation utility.

First, I show that this results in strong deadline effects. Semi-sophisticated agents ap-

pear sophisticated under finite horizons and naive under infinite horizons. Unlike either fully-

sophisticated or naive agents, a semi-sophisticate does much better under a deadline, however

distant, relative to when there is no deadline at all. This is because a deadline locks her into

a unique equilibrium, while the absence of one allows her to perpetually renegotiate and never

buy the good.

Second, I show that, with a growing population, a benevolent government that provides

the good (priced at marginal cost) will fail to maximize consumers’ welfare. To induce semi-

sophisticates to buy the good, there must be stretches when it is not offered. As a result, agents

born during those stretches will be forced to wait until the next date of availability. In this

section, I also show that the government might offer the good in a similarly staggered manner

to fully-sophisticated hyperbolic discounters as well. This can lead to more frequent purchases

than with some renegotiation-proof equilibria under continuous access.

Finally, I study markets with profit-maximizing firms. Firms list their prices for every future

period, based on which semi-sophisticated agents make their purchasing decisions. A monopolist

will always vary prices over time. By keeping prices high in certain periods, the firm effectively
4The infinite horizon can also be interpreted as an inter-generational setting.
5 I adapt renegotiation-proofness as defined in Farrell and Maskin (1989) and Kocherlakota (1996) to my setting.
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generates deadlines. This allows semi-sophisticates to play a unique equilibrium and buy the

good during sale periods. Under perfect competition, there are multiple equilibria. There is

an equilibrium where firms coordinate on sale and non-sale periods, but also an equilibrium

in which the good is always offered at marginal cost (and therefore never purchased). In the

competitive equilibrium with sales, social welfare is higher than under monopoly, but in the equi-

librium without sales it is strictly lower. Furthermore, if the population contains any exponential

discounters, competitive firms can no longer maintain the equilibrium with sales.

1.3 Applications

The model makes predictions that are relevant to several applications.

A rosca (rotating savings and credit association) is an informal savings group that serves as

a natural example. Gugerty (2007) provides evidence from Kenyan roscas that suggests they

are an effective commitment device for hyperbolic discounters. In Basu (2008a), I find explicit

conditions under which a rosca will survive as a commitment device even if social sanctions are

ineffective. However, even when an agent knows she will never leave a rosca upon joining, this

leaves open the question of when and if she will join at all. Given that there are initial time

and administrative costs, a semi-sophisticated agent could indefinitely postpone entry. One way

to deal with this is to coordinate ahead of time—either we all start the rosca tomorrow, or we

don’t start for another month. Alternatively, attempts to reduce the first-period cost (such as

shortening the distance the person needs to travel to sign up) can prove more beneficial than

other models would suggest.

This kind of reasoning can be extended to other commitment products as well. Ashraf, Kar-

lan, and Yin (2006) offer women in the Philippines access to a bank account which makes savings

illiquid until a certain date or target accumulation level. They find that hyperbolic discounting

(elicited through hypothetical questions) is a significant predictor of take-up. The people who

perceive the need for a commitment product must be sophisticated hyperbolic discounters. Of

those, the ones who are semi-sophisticated and face high transaction costs will nevertheless not

join. Here, a limited-time offer will create a unique equilibrium for semi-sophisticates, and gen-

erate higher takeup than an open offer would. The model should also help answer one of the

questions they pose: "A natural question arises concerning why, if commitment products appear

to be demanded by consumers, the market does not already provide them" (p. 638). While
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their focus is on the design of the product, I suggest here that patterns of access to the prod-

uct also matter6. The analysis with competitive firms shows how markets could fail to deliver

commitment even when individuals value it. It is possible to design experiments that vary the

deadlines associated with a commitment product to test the strength of the semi-sophistication

assumption.

This model also provides a framework for distinguishing between goods that have a nat-

ural deadline, and those that don’t. Take, for example, a roof that needs to be fixed. Upon

completion, this will yield a stream of future benefits. The constraint is that the roof must be

fixed before winter sets in and makes outdoor work impossible. The model predicts that a naive

hyperbolic discounter will fix the roof on the last possible day, an exponential discounter will do

it on the first day itself, and a semi-sophisticated (and fully-sophisticated) hyperbolic discounter

will do it sometime in between. Now consider the case where the agent resides in a tropical

climate with perpetual summer. Under these circumstances, the semi-sophisticate, like the naif,

will never fix the roof.

1.4 A Note on the Preferences

Properties of hyperbolic discounting have been investigated in several papers, including Phelps

and Pollack (1968), Laibson (1997), Harris and Laibson (2001), and O’Donoghue and Rabin

(2001a, 2001b). I suggest that semi-sophistication is interesting not only because of the unusual

predictions it generates, but also because it is a new and reasonable description of preferences.

This captures the idea that people are not under the foolish illusion that their future selves

are exponential discounters, but are nevertheless frustrated about the choices they make and

continue to make. The model allows people to be fully aware of their hyperbolic tendencies (so

they are not naive), even as they make mistakes along another dimension (not realizing that

future action sets also include choices over equilibria).

Choi, Laibson, Madrian, Metrick (2001) find that employees are much more likely to join

and remain in 401(k) savings plans if these plans are offered as the default option. If we are

to assume that, in either case, most people would prefer to be enrolled in 401(k) than not, but

that there is a small cost to deviating from the default option, then the empirical results are

6 In Basu (2008b), I suggest some other reasons for this in a finite horizon setting. I show that firms might not
offer commitment if they can enforce lending contracts. Also, takeup of NGO-delivered commitment devices will
be low if there is a moneylender nearby.
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consistent with my model. When the 401(k) option is not a default, sophisticated hyperbolic

discounters are failing to adopt it. In contexts such as this, semi-sophistication might provide

an alternative interpretation for status-quo bias. Also, Cialdini (2001) writes about how the

illusion of scarcity can make people more willing to purchase a good: "A great deal of evidence

shows that items and opportunities become more desirable to us as they become less available"

(emphasis mine). This could be taken as further indirect evidence of semi-sophistication.

2 Model Setup

The timing of the model is as follows. Time is discrete. There is one good. In period 0,

a firm/government declares prices for all future periods. Starting in period 1, infinitely-lived

individuals are born in every period. The individuals take the prices as given and plan their

lifetime behavior (which depends of preferences and levels of sophistication as described below).

2.1 Preferences

The setup is a modified version of the model by O’Donoghue and Rabin (1999). An individual

lives for infinite periods, with each period indexed t, t ∈ (1, 2, 3, ...). Her per-period instantaneous

utility is ut (yt) and her lifetime utility in period t is U t (ut, ut+1, ut+2, ...). This is the utility she

wishes to maximize. The lifetime utility is a discounted sum of current and future instantaneous

utilities. For a time-consistent agent (TC ), it is simply:

∀t, U t =
∞X
τ=t

δτ−tuτ

A quasi-hyperbolic agent overweights present utility relative to all future periods:

∀t, U t = ut + β
∞X

τ=t+1

δτ−tuτ

In either case, β ∈ (0, 1) and δ ∈ (0, 1).

Assume that, in the absence of any action, ut = 0 in every period t (In other words, her

consumption level is yt = 0, and u (0) = 0). Also assume that u0 (y) > 0. In this model,

the agent’s chance to improve her lifetime utility comes from the opportunity to purchase a

product (or, equivalently, perform a task). At most one such purchase can be made over an

entire lifetime, and only in a period when a ‘seller’ decides to offer it. Since the only variation in

7



utility comes from the purchase of this product, we can rewrite continuation utility as a function

of the period in which the purchase takes place, and the price in that period, pτ . ∀t, U t (τ , pτ ) is

the continuation utility from the perspective of time t, if the good is to be purchased in period

τ ≥ t, with the special case of τ = 0 if it will not be purchased from period t onwards.

I assume that the price of the good is not transferrable across periods. By restricting the

impact of the monetary cost to the period in which is it incurred, I rule out saving and borrowing.

The price could therefore be viewed as a transaction cost that the agent incurs. Suppose that

the lowest possible transaction cost is given by c > 0. This means that a firm is not able to

reduce the price below c, or that the marginal cost of producing the good is c. An interpretation

of this is that the firm can choose the location of the sale: the further away from the agent the

sale takes place, the higher the price p paid by the agent, and the higher the firm’s profits.

The product yields a benefit of b in the period after which it is purchased. This benefit can

be viewed as a one-period consumption benefit, or the discounted lifetime benefit from a durable

good, or the future benefits of a commitment product. Then, for a hyperbolic discounter:

U t (τ , pτ ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if τ = 0

u (−pτ ) + βδu (b) , if τ = t

βδτ−t [u (−pτ ) + δu (b)] , if τ > t

This notation can accommodate a probabilistic purchase of the good as well. For example, if

there is µ probability of the good being purchased in period τ at price p, and v probability of

it being purchased in period τ 0 at price p0, the continuation utility in some period t ≤ τ , τ 0 is

µU t (τ , p) + vU t (τ 0, p0).

I make the following assumptions about the product (restricting the parameters to the range

of interest):

1. When the product is offered at marginal cost, it is better to purchase the it today than

never at all (for all types of discounters): u (−c) + βδu (b) > 0

2. No indifference when prices are c: in any period t, for any τ > t, either U t (t, c) > U t (τ , c)

or U t (t, c) > U t (τ , c).

3. If the product is always offered at marginal cost, then in any period t, the hyperbolic agent

would rather purchase it in t+ 1 than in t: u (−c) + βδu (b) < βδ (u (−c) + δu (b))
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For simplicity, I will often refer to U t (τ , c) as U t (τ).

To make predictions about when an individual will buy the product, I classify individuals

into types based on their time preferences and beliefs about preferences. As is standard in

the literature, individuals with β = 1 are exponential discounters (TC) and those with β < 1

are hyperbolic discounters. Hyperbolic discounters can be naive (NH) or sophisticated (SH).

A Naive hyperbolic discounter, in any period, believes that her future selves are exponential

discounters. A sophisticated hyperbolic knows that her future selves discount the future exactly

as she does; i.e. by placing relatively greater weight on instantaneous utility.

For sophisticated hyperbolic discounters, it is convenient to think of a person’s lifetime

behavior as a game with infinite agents, where each agent decides whether to purchase the

product, given that it has not been purchased so far. The game ends in the first period that

the product is purchased. Every player makes a decision at a different node. Figure 1 shows

what the game would look like if the product was offered in every period (payoffs are in terms

of continuation utilities from the point of view of each player, assuming prices are c).

1

2

3

4

5

Y

Y

Y

Y

N

N

N

N

(U1(1), 0, 0, 0…)

(U1(2), U2(2), 0, 0,…)

(U1(3), U2(3), U3(3), 0,…)

(U1(4), U2(4), U3(4), U4(4),…)

Figure 1: The dynamic game played by a sophisticated hyperbolic discounter’s per-period selves
when the good is offered in every period at price c.

In this paper, I draw a further distinction within the set of sophisticated hyperbolic dis-

counters. These agents can be either semi-sophisticated or fully-sophisticated. Implications of

this distinction are derived in the following sections. Semi-sophisticates are fully aware of their

future preferences; hence they always play a Subgame Perfect Nash Equilibrium with their fu-
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ture selves. However, in any period, a semi-sophisticate chooses to play the equilibrium that

maximizes her continuation utility, while failing to anticipate that future selves may switch to a

different equilibrium. A full-sophisticate restricts herself to a strongly renegotiation-proof equi-

librium, if available. We can see here that full-sophisticates and semi-sophisticates will behave

similarly in games with a unique equilibrium, but their respective strategies can diverge if there

are multiple equilibria.

2.2 "Optimal" Pure Strategies

In this and the following section, I formally define the equilibrium concept, or notion of optimiza-

tion, for each type of agent. First, in this section, I restrict the agent to playing pure strategies.

In any period, she either purchases the product with certainty, or she does not purchase it at

all.

We can fully describe behavior by a strategy s ≡ (s1, s2, s3, ...), where st in any period t

belongs to the action set at = {Y,N}. So a strategy is a description of what an individual

in any time t would do, conditional on the good having not been purchased so far. Now, we

need a way to determine which strategies constitute an "equilibrium" for each type of agent.

O’Donoghue and Rabin use the concept of a perception-perfect strategy (PPS) in a finite-horizon

model. This means that, in any period (assuming the good has not yet been bought), the

optimizing individual would take future prices and the behavior of his future selves as given and

make decisions according to the rules described below. A strategy, s, is a perception-perfect

strategy if in every period t, the individual’s optimal action is st given his beliefs about the

actions played by her future selves.

For exponential discounters, the PPS is equivalent to a standard intertemporal maximization

problem. Since there is no disagreement across selves, the agent will purchase the product in a

given period as long as she cannot do better by purchasing it in the future instead.

Definition 1 The optimal strategy for a TC is a strategy sTC ≡
¡
sTC1 , sTC2 , ...

¢
such that ∀t,

sTCt = Y iff [U t (t, pt) ≥ 0 and ∀τ > t, U t (t, pt) ≥ U t (τ ,mτ )].

A Naive hyperbolic makes a similar comparison. In any period, she will again purchase

the product only if she cannot do better by purchasing it in the future. However, this is a

flawed comparison, because she mistakenly believes that if it is now optimal for the product to
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be bought in some future period t, it will continue to be optimal for the period t agent. The

definition below follows from the fact that a NH believes that, starting tomorrow, she is a TC.

Definition 2 A PPS for a NH is a strategy sNH ≡
¡
sNH
1 , sNH

2 , ...
¢
such that ∀t, sNH

t = Y iff

[U t (t,mt) ≥ 0 and ∀τ > t, U t (t,mt) ≥ U t (τ ,mτ )].

For a sophisticated hyperbolic discounter, a PPS is equivalent to a Subgame Perfect Nash

Equilibrium with multiple selves. An agent will choose to purchase the good in any period as

long as it is better than waiting for the next time it is purchased under a given equilibrium.

In other words, in any period she understands that future periods will choose actions that are

optimal from their own perspective, not hers.

Definition 3 A PPS for a SH is a strategy sSH ≡
¡
sSH1 , sSH2 , ...

¢
such that ∀t, sSHt = Y iff

U t (t,mt) ≥ 0 and U t (t,mt) ≥ U τ (τ 0,mτ 0), where τ 0 ≡

⎧⎪⎨⎪⎩ 0, if ∀τ > t, sSHτ = N

minτ>t
©
τ : sSHτ = Y

ª
, otherwise

.

Finally, it is useful to define τ z (sz) as the period in which the good actually gets purchased

under a given strategy, sz.

Definition 4 For any z ∈ {TC, SH,NH},

τ z (s
z) ≡

⎧⎪⎨⎪⎩ 0, if ∀t, szt = N

mint {t : szt = Y } , otherwise

τ z (s
z) is the period in which the product will be purchased, given a strategy sz.

2.3 "Optimal" Mixed Strategies

The definitions above can be extended to allow for mixed strategies. Behavior is now captured

by a mixed-strategy profile s ≡ (ρ1, ρ2, ρ3, ...), where ρt in any period t is the probability that

the player chooses Y : ρt ∈ [0, 1]. I will sometimes write ρt = Y or ρt = N when either of those

strategies is played with certainty. (In the future, I drop superscripts when it is obvious which

type of player we are referring to.
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Definition 5 A PPS for a TC is a strategy sTC ≡ (ρ1, ρ2, ρ3, ...) such that ∀t,

sTCt =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Y if [U t (t,mt) > 0 and ∀τ > t, U t (t,mt) > U t (τ ,mτ )]

N if [U t (t,mt) > 0 or ∃τ > t s.t. U t (t,mt) < U t (τ ,mτ )]

x ∈ [0, 1], otherwise

Definition 6 A PPS for a NH is a strategy sNH ≡ (ρ1, ρ2, ρ3, ...) such that ∀t,

sNH
t =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Y if [U t (t,mt) > 0 and ∀τ > t, U t (t,mt) > U t (τ ,mτ )]

N if [U t (t,mt) > 0 or ∃τ > t s.t. U t (t,mt) < U t (τ ,mτ )]

x ∈ [0, 1], otherwise

Definition 7 A PPS for a SH is a strategy sSH ≡ (ρ1, ρ2, ρ3, ...) such that ∀t,

sSHt =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Y , if U t (t,mt) > 0 and U t (t,mt) >

P∞
τ=t+1 ρτU

τ (τ ,mτ )
Qτ−1

r=t+1 (1− ρr)

N , if U t (t,mt) < 0 or U t (t,mt) <
P∞

τ=t+1 ρτU
τ (τ ,mτ )

Qτ−1
r=t+1 (1− ρr)

x ∈ [0, 1], otherwise

3 Basic Case: The Product is Offered at Marginal Cost

Now that we have a theory to limit the set of strategies that constitute a PPS for any type

of agent, we can study outcomes in a simple setting. Assume that the good is offered at price

c in every period. In this setting, it is natural to think of the good as a task instead. This

task could be a job application, a trip to Ikea, or the first phone call to a romantic interest. By

eliminating the role of markets, we are able to make some interesting predictions about outcomes

for different types of agents.

I consider two cases here. First, look for PPSs when there is a deadline. Here, the task can

be completed at cost c in any period up to a deadline T . The results here intuitively match

those in O’Donoghue and Rabin (1999). An exponential discounter completes the task in period

1. A naive hyperbolic discounter completes the task in period T . Both fully-sophisticated and

semi-sophisticated hyperbolic discounters play the unique PPS and complete the task by some

date in between.

However, when we lift the deadline, outcomes diverge dramatically for full-sophisticates and

semi-sophisticates. A full-sophisticate plays a renegotiation-proof PPS and performs the task
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with some probability in each period. However, a semi-sophisticate finds that, in each period, she

can switch to a new PPS that allows her to postpone the task. As a result, she never completes

the task. This highlights the fact that a semi-sophisticated agent appears sophisticated when

there is a deadline, but naive when there isn’t. The distance of the deadline is irrelevant; rather,

it’s existence plays a major role.

3.1 With Deadline

I assume that the product is offered in each period until some deadline. This restricts the action

sets in the following way:

at =

⎧⎪⎨⎪⎩ {Y,N} , if t ≤ T

{N} , if t > T

Alternatively, to be fully consistent with the strategies defined in the previous section, we

could simply assume that the price from period T onwards is prohibitively high, so that it is

never in any agent’s interest to purchase the good after that date. To simplify notation, I write

utility as U t (τ), because the price is always c until the deadline T .

What will behavior look like in this case? For a TC, the unique PPS is:

sTCt =

⎧⎪⎨⎪⎩ Y , if t ≤ T

N , if t > T

. This follows from A1. Then, τTC = 1. She will always complete the task in the first period of

her life. For a NH:

sNH
t =

⎧⎪⎨⎪⎩ N , if t 6= T

N , if t = T

This follows from A1 and A3. Then, τNH = T . In any period, she believes that her next period

self will find it optimal to complete the task. Hence, she procrastinates until period T .

We can also uniquely determine the PPS for a SH. The intuition for this can be gained easily

using backward induction. We know that the agent in period T will certainly complete the task

if it has not yet been completed. Then, clearly it cannot be in the interest of the period T − 1

agent to complete it, since she is able to attain her optimal continuation utility by leaving it

for the next period. Now consider the agent in period T − 2. She knows that, if she does not
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complete the task immediately, she will have to wait 2 periods. Suppose she finds it is best to

complete it immediately. Then, period T − 3 will certainly not complete it, and period T − 2

certainly will, and so on. This gives a strategy where the agent plays Y every other period. If

she were a bit more hyperbolic, we might have a PPS where she plays Y every 3 periods (using

the same reasoning).

1

2

3

4

5

Y

Y

Y

Y

N

N

N

N

6

N

N

Y

Y

Figure 2: A possible PPS when the task cannot be completed after period 6.

Figure 2 provides a possible equilibrium (the thick lines are the equilibrium strategies). In

this case, T = 6, and the unique PPS results in the task being completed by period 2.

Proposition 1 When the task must be completed by a deadline, T , there is a unique PPS for

a SH. This PPS satisfies, for some integer α > 1,

sSHt ≡

⎧⎪⎨⎪⎩ Y , if t ∈ {t ≥ 1 : t = T − kα} , where k is any integer ≥ 0

N , otherwise

Proof. Given the deadline restriction, st = N for t > T .

By A1, UT (T ) > UT (0). So, sT = Y .

By A3, UT−1 (T ) > UT−1 (T − 1)

For any i ≥ 1, UT−i (T ) = βδi (u (−c) + δu (b)). Clearly, UT−i is decreasing in i and

limi→∞UT−i (T ) = 0. Therefore (given A2), ∃i∗ s.t. [UT−i∗ (T ) < UT−i∗ (T − i∗) and ∀i < i∗,
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UT−i (T ) > UT−i (T − i)].

If i∗ > T − 1, then ∀t < T , st = N , and the unique equilibrium has been found by construc-

tion.

Alternatively, if i∗ ≤ T − 1, then ∀T − i∗ < t < T , st = N and sT−i∗ = Y .

Repeating the above steps by backward induction, we can characterize the unique PPS of

this problem, with α ≡ i∗.

In Section 4, I specify a utility function and provide an explicit solution for α (Equation 2).

3.2 Without Deadline

Now we assume that ∀t, at = {Y,N}. The task can be completed in any period at price c.

Since the TC is time consistent and given A1, there is a unique PPS for TC: ∀t, sTCt = Y . So,

τTC = 1. She will again complete it in the first period of her life. Since the NH consistently

mis-predicts her future preferences, and given A3, she ends up never purchasing the product:

∀t, sNH
t = N . So, τTC = 0.

The interesting case is that of the SH. Since there are multiple PPSs in this case, we need

a theory of equilibrium selection to predict outcomes. Sophistication is an assumption about

beliefs about preferences: in any period, the individual is fully aware of her future intertemporal

preferences. Yet that does not pin down her beliefs about what her future selves will actually

do. I now list all possible equilibria.

3.2.1 Equilibria for Sophisticates

Recall that, under a deadline, a pure-strategy PPS involved completing the task every α periods.

Even without a deadline, any pure-strategy PPS must have the same property. However, there

are now α such PPSs: one in which the agent plays Y in period 1 and then waits another α

periods, one in which the agent plays N in period 1 and Y in period 2 and then waits another

α periods, and so on. It is important to note here that, in any period, there exists a PPS that

involves a certain purchase in the next period.

Proofs of the following propositions are in the Appendix.

Proposition 2 When there is no deadline, there are exactly α pure-strategy PPSs (α is as

defined in Proposition 1). They are:
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1) st =

⎧⎪⎨⎪⎩ Y , if t = 1 + kα, where k is any nonnegative integer

N , otherwise

2) st =

⎧⎪⎨⎪⎩ Y , if t = 2 + kα, where k is any nonnegative integer

N , otherwise

and so on, up to:

α) st =

⎧⎪⎨⎪⎩ Y , if t = kα, where k is any nonnegative integer

N , otherwise

We can also solve for mixed-strategy PPSs. For an agent to play a mixed strategy in any

period, she must be indifferent between completing the task today and leaving it for the future.

To have the agent be similarly indifferent in each period, there must be some fixed probability

with which she completes the task in every period starting with t = 2. This probability, ρ, is

uniquely defined for the following reason: if the agent plays Y with probability ρ0 > ρ in any

period, her previous self loses the incentive to play a mixed strategy and prefers to play N . If

the agent plays Y with probability ρ00 < ρ in any period, her previous self now has a strict

incentive to play Y .

Proposition 3 There are infinite fully mixed-strategy PPSs. However, there is some ρ ∈ (0, 1)

such that every fully mixed strategy PPS involves playing Y with probability ρ for all t > 1.

So, we end up with a set of fully mixed-strategy PPSs that all look like (ρ1, ρ, ρ, ρ, ...). Period

1 is free to mix in any way she likes since this does not affect the choices of her future selves.

Note that ρ must satisfy the following condition:

u (−c) + βδu (b) =
ρβδ

1− (1− ρ) δ
[u (−c) + δu (b)]

The LHS is the individual’s continuation utility from completing the task immediately, while

the RHS is the continuation utility from not completing the task. Solving explicitly for ρ, we

get7:

ρ =
(1− δ) (u (−c) + βδu (b))

δu (−c) (β − 1) (1)

There can also be partly-mixed-strategy PPSs. Among these are equilibria that follow pure

strategies until some time t̂ and then switch to fully mixed-strategies forever. These can take

7The comparative statics are as we would expect: ρ rises in β, δ, u (b), and u (−c).
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the following form: follow one of the pure-strategy equilibria until some time t̂ and switch to a

strategy of ρ from time t̂ +2. In particular, if t̂ > 1, it must have the property that st̂ = Y or

st̂−1 = Y . If neither of these conditions is satisfied, it will be the case that st̂ = st̂−1 = N . But

since player t̂ is indifferent, it must be that player t̂− 1 prefers Y . Also, it is clear that one of

the pure-strategy equilibria must be played in the first t̂ periods, because if not, at least one of

the first t̂− 1 players will have an incentive to deviate from the given strategy.

3.2.2 Equilibrium Selection

We have seen above that a sophisticated hyperbolic discounter can choose from several equilibria.

I now formally define semi-sophisticated and fully-sophisticated hyperbolic discounters, and show

that this allows us to predict how each type of agent will behave when faced with the option to

complete a task under an infinite horizon.

Definition 8 A sophisticated hyperbolic discounter is semi-sophisticated (SS) if she is so-

phisticated about her preferences but naive about her equilibrium-reselection tendencies. In any

period t, she selects her optimal equilibrium regardless of the equilibrium her previous selves

played.

A SS makes a different kind of mistake than a NH does. A SS wrongly believes that her

future selves’ strategy sets are merely {Y,N} when in fact the effective strategy sets also include

a choice over available equilibria. So, in each period, she is indeed playing an equilibrium, but

she fails to recognize that the might be mis-predicting future behavior (since the next period

self could play according to a different equilibrium).

A fully-sophisticated hyperbolic discounter, on the other hand, chooses from a smaller set

of equilibria. I apply the definitions of renegotiation-proofness developed for repeated games by

Farrell and Maskin (1989), and for hyperbolic discounters by Kocherlakota (1996).

Definition 9 A SPNE is weakly renegotiation-proof if it contains no two subgames such

that equilibrium continuation strategies in one of them provides a strictly higher continuation

utility than the other.

Definition 10 A weakly renegotiation-proof SPNE is strongly renegotiation-proof if none

of its subgame equilibria provides a strictly lower continuation utility than a subgame equilibrium

of any other weakly renegotiation-proof SPNE.
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Definition 11 A sophisticated hyperbolic discounter is fully-sophisticated (FS) if she plays

a strongly renegotiation-proof equilibrium.

This means that a FS restricts herself to a set of equilibria in which each has the following

property: there is no other equilibrium in this set that provides a higher continuation utility

in any period. This is a reasonable description of full-sophistication. Since the agent is always

aware that certain equilibria would tempt future selves to renegotiate, she eliminates those from

the set that she chooses from.

Now we are in a position to make predictions about behavior. A hyperbolic discounter

maximizes her utility in any equilibrium where the task is performed in the following period. A

SS, being sophisticated, will be knowledgeable about the set of equilibria available to her. Among

these, she will choose an optimal equilibrium. We have shown above that there are several

possible equilibria that start with s1 = N and s2 = Y (and thus maximize the intertemporal

utility of the period 1 agent). In period 2, however, the equilibrium played by her in period 1

is no longer optimal. She can do strictly better by playing any of the equilibria that contain

s2 = N and s3 = Y . Continuing this equilibrium reselection over time, this means that, in the

absence of a deadline, the semi-sophisticated hyperbolic discounter will never perform the task:

τSS = 0.

On the other hand, a FS will only choose an equilibrium that is strongly renegotiation-proof.

Proposition 4 The set of strictly renegotiation-proof equilibria includes all SPNE that give the

agent a continuation utility of U t (t) in every period, and no other SPNE.

Proof. First, any equilibrium strategy that gives any player t a utility higher than U t (t) is

not weakly renegotiation-proof. To see this, consider a continuation strategy (that must be a

SPNE itself): (st, st+1, st+2, ...). Suppose this strategy gives player t some continuation utility

Û > U t (t). Given our set of available equilibria, this can only be the case if there is some t̃

greater than t but less than t+α+1 with st̃ = Y . For player t̃, then, the equilibrium being played

is strictly dominated by the following continuation equilibrium: (st̃ = st, sv+1 = st+1, ...). Since

this is also a subgame equilibrium of the game, this equilibrium cannot be weakly renegotiation-

proof.

This leaves us with equilibria that give each player no more than the utility she could get from

completing the task in that period. Clearly, there is no equilibrium that gives any less utility
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either (since the player could always do better by simply completing the task immediately). So,

the only equilibria that are candidates for weak renegotiation-proofness are those that yield an

identical utility of U t (t) in every subgame. And in fact, all such equilibria are both weakly and

strongly renegotiation-proof (since there is never a subgame of any of these equilibria that yields

a higher continuation utility). The following equilibria are therefore strongly renegotiation-proof:

(ρ1, ρ, ρ, ρ, ...) where ρ is as defined previously and ρ1 ∈ [0, 1]

(Y, ρ2, ρ, ρ, ρ, ...) where ρ is as defined previously and ρ2 ∈ [0, ρ]

We have seen here that, even though semi-sophisticates and full-sophisticates would display

identical choices under a deadline, they behave very differently when the deadline is lifted. In

the next subsection, I think about the welfare implications of these outcomes.

3.3 Welfare

The assessment of welfare for people with time-inconsistent preferences is fundamentally prob-

lematic since there is no natural measure of the "true" intertemporal utility function. I define

welfare from the perspective of both the period 1 player and the hypothetical period "0" player.

The period 1 welfare is simply the period 1 agent’s continuation utility.

Welfare from the perspective of the period 0 agent, simply denoted welfare, is period 1’s

continuation utility with β set to equal 1. This notion of welfare does not privilege the present-

biased preferences of the period 1 agent. It can be interpreted as the benevolent objectives of

an agent’s parents or the government, or even the objectives of the agent herself just before she

starts making decisions.

In this model, then, welfare is maximized when the task is completed in period 1, while the

hyperbolic discounter’s continuation utility is maximized when the task is completed in period

2. The exponential discounter attains her optimal level of welfare regardless of deadline.

Definition 12 For any player in period 1, let her maximized feasible continuation utility be Ū .

If the actual attained utility is U∗, her utility loss is defined as L ≡ Ū − U∗.

Definition 13 For any player, let the maximized feasible non-hyperbolic welfare be W̄ . If the

actual attained non-hyperbolic welfare is W ∗, her welfare loss is defined as LW = W̄ −W ∗.

For a NH, both the existence and length of deadline are crucial in determining her welfare.

Her maximized utility is U1 (2). However, since she will perform the task only on the day of the
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deadline, T , her utility loss is L = U1 (2) − U1 (T ). In the limit as T approaches infinity, this

ratio approaches U1 (2). When there is no deadline, her entire potential utility gain is lost. The

same intuition holds for her welfare loss.

For a sophisticated hyperbolic discounter, the utility loss is relatively low as long as there

is a deadline. The interesting point here is that, regardless of how distant the deadline is, her

utility loss is bounded above by U1 (2) − U1 (1). When the deadline is lifted, her beliefs about

equilibrium reselection come into play. If she is fully-sophisticated, her utility loss is now exactly

U1 (2)−U1 (1). This is the same as the upper bound on utility loss when a deadline exists. For

the same reasons, we can see that, both with and without a deadline, the fully-sophisticated

welfare loss is limited.

However, when the agent is only semi-sophisticated and there is no deadline, her utility loss

and welfare loss are the same as for a naive hyperbolic discounter. For this type of agent, the

welfare loss in the limit as the deadline goes to infinity can be much smaller than the welfare

loss when there is actually no deadline. A semi-sophisticated hyperbolic discounter behaves like

a sophisticate as long as there is a deadline, however far, but behaves like a naif as soon as the

deadline is lifted.

4 Government Provision

In the next 3 sections, I study the implications of semi-sophistication in different market settings.

Before proceeding, it is useful to make some further assumptions. Suppose there is a growing

population that consists only of semi-sophisticated hyperbolic discounters. In each period, g

infinitely-lived agents are born. Let us also simplify the utility function to u (y) = y. This does

not affect the results of the following sections. Now, if the good is bought in any period τ at

price p, ut = −p + βδb and uτ+1 = b. For a good bought in period τ at price p, the welfare is

W (τ , p) = δτ−1 [−p+ δb] and period 1’s continuation utility is:

U1 (τ , p) =

½
[−p+ βδb] , if τ = 1

βδτ−1 [−p+ δb] , if τ > 1

Assume there is a well-meaning government that wishes to maximize total individual welfare

by providing these products at marginal cost. The government discounts future generations

according to some discount rate, δg ∈ (0, 1). Total welfare is the discounted sum of individual
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welfare (welfare for all individuals born on day 1, plus δg discounted welfare for all individuals

born on day 2, and so on). Total utility is the discounted sum of individual continuation

utility. Assume the government can choose when to make the product available, but cannot

discriminate across individuals. In period 0, the government declares the dates in which it will

offer the product.

Clearly, total utility is maximized when each individual purchases the product in the second

period of her life. Even before attempting to characterize the government’s optimal strategy,

we can see that this will never be achieved. Similarly, total welfare is maximized when each

individual buys the product in the first period of her life. This will not be achieved either.

To maximize total utility or total welfare, the good would have to be offered everyday (since

the population is increasing). As we have seen in the previous analysis, the semi-sophisticated

hyperbolic discounter will never buy it since she can always play a pure strategy PPS under

which she postpones purchase. In any period, such a strategy involves playing Y tomorrow

and every α periods from then. Since we have simplified the utility function, α can be derived

explicitly as the smallest integer that satisfies:

−c+ βδb ≥ βδα [−c+ δb] (2)

⇒ α ≥
ln
h
−c+βδb
−βc+βδb

i
ln δ

Since the maximized welfare and maximized utility are not attainable, we can ask what

the government’s best option is. What pattern of availability should the government offer to

maximize social welfare? We see below that the government can do no better than with a

pattern in which the good is offered every α periods. This locks semi-sophisticated hyperbolic

discounters into a unique equilibrium. As a result, some individuals have to wait longer than

others to buy the good.

Proposition 5 The maximum total utility achievable by the government is given by

g
£
U1 (2) + δgU

1 (1) + δ2gU
1 (α) + δ3gU

1 (α− 1) + ...+ δα−1g (3)
¤

1− δg

This can be achieved through any of the following patterns of offers: the good is offered in periods

2, 2 + α, 2 + 2α, 2 + 3α and so on, and at any time t, there is some t0 > t starting at which the
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good is not offered for α− 1 consecutive periods.

Proof. Consider any period t in which the surviving individuals have a strict incentive to

purchase it. Then, for individuals born in t−2, t−3, and so on until t− (α−1), the equilibrium

that involves playing N in the period of birth (N,N,N, and so on, followed by the best possible

equilibrium starting in period t) is superior to any equilibrium that involves playing Y in the

period of birth. So, in any period in which an individual has a strict incentive to purchase the

product, there will be no take-up for the previous α − 1 periods. Suppose instead that, in the

best possible equilibrium, the incentive to purchase in t is weak, not strong. Now consider an

agent in t− 1. This person’s best equilibrium involves N in t− 1 and Y in period t. Similarly,

for people born in t − 2, t − 3, and so on until t − (α− 1), the equilibrium of playing N until

period t− 1 and then playing Y in t is better than purchasing it in their current period. Once

again, there will be no purchase for α− 1 periods before t. Finally: how frequently can we have

a period in which the agent purchases the good? Clearly, this can be achieved by offering the

good at least every α periods, as long as there are occasionally (α− 1) consecutive periods when

the good is not offered.

The proposition above can be easily modified to deal with total welfare as well (offer starting

in period 1 rather than 2). It is interesting to note that the same pattern will also allow naive

hyperbolic discounters to buy the product when otherwise they would not.

This also suggests some variations on this setting that would allow the government to achieve

higher levels of welfare. Clearly, if the population was not growing, the government could

simply offer the good in period 1. With a growing population, this leaves out all newborns

starting in period 2. However, in cases where the offer can be conditioned on birthdate, the

government can immediately maximize total welfare. Secondly, in cases where it is at all feasible

for the government to reduce prices below c, it would make sense to lower them enough (so that

hyperbolic discounters optimally purchase the good immediately), while making up the revenue

difference by taxing the entire population.

4.1 Government Provision to Full-Sophisticates: An Aside

Recall that the following equilibria are strongly renegotiation-proof: (1) (ρ1, ρ, ρ, ρ, ...) with

ρ1 ∈ [0, 1] and (2) (Y, ρ2, ρ, ρ, ρ, ...) with ρ2 ∈ [0, ρ]. First, we can explicitly solve for ρ:
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−c+ βδb =
ρβδ

[1− (1− ρ) δ]
[−c+ δb] (3)

⇒ ρ =
(1− δ) (−c+ βδb)

δc (1− β)

If fully-sophisticated agents play an equilibrium that involves Y in period 1, the government

could offer the product everyday and maximize total welfare. However, it is also possible that

individuals play a fully mixed strategy. Consider the following strongly renegotiation-proof

PPS: (ρ, ρ, ρ, ρ, ...). An interesting result that emerges from the construction of ρ is that the

government might be able to raise welfare further by offering the product every α periods rather

than everyday.

First suppose the good is offered everyday. The probability that an individual who has not

purchased it so far will do so on any given day is ρ. Now suppose the good is offered every α

periods. At any time, all remaining people will purchase the good in the next period that it is

offered. Therefore, the probability that an individual who has not purchased it so far will do

so on any given day is 1
α . The lemma below shows that if α satisfies Equation 2 with equality,

then ρ < 1
α .

The intuition for this is the following. First, suppose that α does, in fact, satisfy Equation

2 with equality. Then:

−c+ βδb = βδα [−c+ δb]

Now suppose, under the mixed strategy, the expected number of days an individual had to

wait for the good to be purchased was exactly α. Then, his continuation utility from waiting

would be greater than δα [−c+ δb], because the probability of buying it early is overweighed

(due to discounting) relative to the probability of buying it late. But then this means that the

RHS of Equation 3 is greater than the LHS — waiting is strictly better than purchasing now. So

this mixing strategy cannot be a PPS. Therefore, the only acceptable value of ρ must be one

that leads to an expected wait that is longer than α.

Lemma 14 If α satisfies Equation 2 with equality and ρ satisfies Equation 3, then ρ < 1
α .
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Proof. Since α satisfies Equation 2 with equality,

−c+ βδb =
ρβδ [−c+ δb]

[1− (1− ρ) δ]
= βδα [−c+ δb]

⇒ ρ =
δα−1 − δα

1− δα

Since δ < 1, ρ is increasing in δ. Applying L’Hopital’s rule, we get limδ=1 ρ =
1
α . Therefore,

ρ < 1
α for δ < 1.

The reason this intuition does not always hold is that time is discrete, and therefore α might

be larger than the non-integer value that satisfies Equation 2 with equality. If α is sufficiently

large, the mixed strategy equilibrium could result in more frequent purchases than a staggered

provision.

5 Monopolist Seller

Consider the case of an infinitely-lived monopolist or some infinitely-lived oligopolists. One can

think of a setting like a shopping mall. Assuming the stores in the mall sell similar items (winter

coats), and the mall is the only place one can buy coats, it might be possible for the firms to

behave strategically and sell to all agents. Suppose, first, that there is just one monopolist

that has a discount factor of δf . This monopolist must post a menu of prices in period 0:

(p1, p2, p3, ...). As we have seen before, if the firm offers the good at a fixed price above marginal

cost in each period, then semi-sophisticates will never buy the good. To encourage agents to

buy the product, the firm will have to occasionally raise the prices to a prohibitively high level.

This leads us to a new rationalization of sales. Among existing theories, Sobel (1984) proposes

a model where each firm has monopoly power over a group of impatient buyers who value the

product highly, and all firms compete for access to a set of patient buyers with lower valuations

of the product. In this model, firms keep prices high as long as they can make higher profits

from their core clients than they can by selling to the patient agents. Once enough patient

clients develop, prices are lowered.

In our model, price variation can be justified not as a form of price discrimination, but as

a way to generate deadlines. These deadlines come in the form of high prices, and help to lock

semi-sophisticated hyperbolic discounters into a unique equilibrium. While the actual pattern

of prices offered by a firm will depend on the tradeoff between frequency of sales and price at
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which sales are made (higher price at time of purchase means that these sale periods must be

more staggered), we can see that there is always a credible pricing rule that produces strictly

higher profits than flat pricing.

Definition 15 A stream of prices is credible if, at any time t, given the future stream of prices,

the firm has no incentive to change the current price.

Proposition 6 With a growing population of semi-sophisticated buyers, there is always a credi-

ble pricing strategy with sales that is more profitable for the firm than any strategy with constant

prices.

Proof. First, it is easy to see that a firm will have zero profits with constant prices. If the firm

sets a price p in each period, it must be the case that c ≤ p ≤ βδb. By A1,

βδ[−c+ δb] > −c+ βδb

⇒ [c][1− βδ] > b[βδ − βδ2]

For any p > c, the condition above always holds at any price the firm sets. So, for any fixed

price strategy, the optimal SPNE for the buyer will involve purchasing the good in the next

period. Therefore, the good will never be bought. Regardless of the price the firm sets, it will

always have zero profits.

Second, we can show that regardless of δf , there is at least one pricing strategy with sales

that yields positive profits and is credible. Consider the following pricing rule: the good is offered

at price p every α periods (where α is defined in Equation 2) and at p̄ in all other periods. Let

p̄ > βδb, so an agent would never purchase at that price. Let p = c+ ε, where ε satisfies:

− (c+ ε) + βδb = βδα [− (c+ ε) + δb] (4)

By A2, it must be the case that ε > 0. Since Equation 4 is satisfied, the agent will always buy

the good when it is offered at the low price.

These prices are always credible. The firm has no incentive to lower prices in high price

periods since agents will not buy anyway. It has no incentives to lower prices in sale periods

since all agents are anyway buying at c + ε. Finally, it has no incentive to raise prices in sale
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periods since this will break Equation 4 and all consumers will choose to wait until the next sale

period.

6 Competitive Markets

Consider m infinitely-lived competitive firms, each able to produce the product at a constant

marginal cost, c. In period 0, each firm i posts a menu of prices
©
pit
ª
. The firms have a discount

rate of δf . At any time t, the firm’s discounted value of profits is given by:

Πit = πit + δfπ
i
t+1 + δ2fπ

i
t+2 + ...

The timing is as described before. After the firms publicize their respective menus of prices,

each individual plays according to her optimal equilibrium in each period. Observe that the

relevant set of prices for the consumer is simply the lowest posted price for each period t. Let

us denote this menu of prices {pt}. A competitive equilibrium is defined as a set of prices with

the following property: there is no period t in which any firm is able to strictly increase Πit

by deviating from its proposed price. Note that any firm that posts pit > pt will sell 0 units

in period t. Suppose in some period t, that q firms each set some price pt. Then, each firm’s

expected profit from that period is given by the total expected profits divided by p.

First, it is clear that firms cannot make profits in competitive equilibrium. If there is any

period t in which a firm makes a profit by selling with positive probability at pt > c, every other

firm has an incentive to sell at some pt − ε.

Proposition 7 (1) There is always a competitive equilibrium in which semi-sophisticates never

buy the good. (1) There is also always a competitive equilibrium in which semi-sophisticates buy

the good every α periods (as defined in Equation 2) at price c.

Proof. (1) Consider a pricing strategy pit = c for every firm for every period t. This is a

competitive equilibrium, since no firm can raise profits by changing its price in any period. As

proved before, semi-sophisticates will never purchase the good under such a pricing strategy.

(2) Consider a pricing strategy pit = c for every firm in t ∈ (1, 1 + α, 1 + 2α, ...) and pit > βδb

in all other periods. This is a competitive equilibrium. No firm can make a sale by lowering

prices in a high price period. No firm can make positive profits by changing prices in a low price

period.
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This proposition shows us that competition can lead to both the worst and the best possible

outcomes. In one equilibrium, no individual ever buys the good. In another equilibrium, total

welfare is equal to the highest total welfare under government provision. While this leads to an

ambiguous prediction about the relative merits of monopoly and competition, it is nevertheless

interesting to note that competitive equilibrium can lead to strictly lower total welfare than a

monopolistic market.

This comparison becomes more favorable to monopoly if the population also contains a small

fraction of exponential discounters. As long as this fraction is sufficiently small, the monopolist

will still find it in its interest to sell to semi-sophisticates by using deadlines. However, regardless

of the fraction of exponential discounters, there will no longer be a competitive equilibrium in

which semi-sophisticates buy. To see this, suppose µ fraction of the population are exponential

discounters. In competitive equilibrium, if there is some period in which a semi-sophisticate

purchases the good with a positive probability, then there must be a period t in which the

lowest market price is pt > c. Then, in period t, a firm can strictly raise its profits by lowering

its price by some ε that satisfies: µg (pt − ε− c) > µg(pt−c)
m . So prices must collapse to c in each

period.

7 Conclusion

In this paper, I have proposed a new way to classify sophisticated hyperbolic discounters based

on their beliefs about equilibrium selection in the future. I argue that semi-sophistication is

a reasonable way to think about individuals who are aware of their preferences but still make

mistakes. By investigating the behavior of semi-sophisticates when they must purchase products

that have immediate costs and delayed benefits, I have shown that deadline effects can be very

strong. This also provides an alternate theory of sale pricing of durable goods. Finally, we have

seen that it is possible for competitive equilibria to lead to lower welfare than markets with a

monopolist.

There are some natural directions for continued research. In my model, I have assumed

homogenous preferences. It would be useful to carefully study market equilibria with multiple

types of individuals — varying the discount rates as well as the levels of time-inconsistency. The

model contains some stark predictions about the takeup of commitment devices under different

settings, and it would be instructive to test these predictions in the field. Also, there might be
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interesting insights to be gained from a model that allows people to learn from their mistakes

and move from semi-sophistication to full-sophistication.

8 Appendix

Proposition 2: When there is no deadline, there are exactly α pure-strategy PPSs (α is as

defined in Proposition 1). They are:

1) st = {
Y , if t = 1 + kα, where k is any nonnegative integer

N , otherwise

2) st = {
Y , if t = 2 + kα, where k is any nonnegative integer

N , otherwise
and so on, up to:

α) st = {
Y , if t = kα, where k is any nonnegative integer

N , otherwise
Proof. Because of the way α is defined, it is clear that all of the above are SPNE.

Now, suppose there is another pure-strategy PPS. For it to be distinct from the PPSs above,

it must have the property that either:

a) ∃t s.t. st = st+1 = st+2 = . . . = st+α = N

or b) ∃t, t0 s.t. 0 < t0 − t < α and st = st0 = Y

If (a) is the case, it cannot be a PPS because in period t she can do better by choosing

st = Y . If (b) is the case, it cannot be a PPS because in period t she can do better with st = N .

Therefore there are exactly α pure-strategy PPSs.

Proposition 3: There are infinite fully mixed-strategy PPSs. However, there is some

ρ ∈ (0, 1) such that every fully mixed strategy PPS involves playing Y with probability ρ for all

t > 1.

Proof. In any mixed-strategy equilibrium, it must be the case that at some time t, the player

is indifferent between Y and N . Given A2, this is possible only if the next time Y is played

with a positive probability, it is not played with certainty. And this is only possible if the next

time Y is played with a positive probability, it is again not played with certainty. And so on.

So, any mixed strategy equilibrium must have some period t after which Y is never played with
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certainty. Specifically, the condition for indifference is:

u (−c) + βδu (b)

= ρ2βδ[u (−c) + δu (b)] + (1− ρ2) ρ3βδ
2[u (−c) + δu (b)]

+ (1− ρ2) (1− ρ3) ρ4βδ
3[u (−c) + δu (b)] + ...

If ρ1 = ρ2 = ρ3 = ... = ρ, then the condition is:

u (−c) + βδu (b) =
ρβδ [u (−c) + δu (b)]

1− (1− ρ) δ

By A1 and A3, there must exist a value of ρ such that the above equality is satisfied. Can

there be other kinds of fully mixed-strategy equilibria? The second player’s indifference condition

is:

u (−c) + βδu (b)

= ρ3βδ[u (−c) + δu (b)] + (1− ρ3) ρ4βδ
2[u (−c) + δu (b)]

+ (1− ρ3) (1− ρ4) ρ5βδ
3[u (−c) + δu (b)] + ...

Equating the right-hand sides of the first and second players’ indifference conditions yields:

u (−c) + βδu (b) =
ρ2δ [u (−c) + δu (b)]

1− (1− ρ2) δ

Applying the same conditions to future players, we get:

u (−c) + βδu (b)

=
ρ2δ [u (−c) + δu (b)]

1− (1− ρ2) δ

=
ρ3δ [u (−c) + δu (b)]

1− (1− ρ3) δ

=
ρ4δ [u (−c) + δu (b)]

1− (1− ρ4) δ
= ...

This determines a unique ρ2 = ρ3 = ρ4 = ... = ρ. Therefore, if a player at time t is indifferent,

then it must be that all future players choose Y with probability ρ. The fully mixed-strategy

equilibria of this game must be of the kind (ρ1, ρ, ρ, ρ, ...) where ρ1 ∈ (0, 1) and ρ is determined
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uniquely as shown above.
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