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Abstract

We consider the Gaussian ARFIMA(j,d,l) model, with spectral density fy(\), § € © C RP,
A€ (—m,m),d € (0,%) and an unknown mean p € R. For this class of models, the information matrix
of the full parameter vector, (u,0), is asymptotically degenerate. To estimate #, Dahlhaus (1989)
suggested using the maximizer of the plug-in log-likelihood, L, (0, fi,), where fi, is any n(—2D/2
consistent estimator of y. The resulting estimator is a plug-in maximum likelihood estimator (PMLE).
This estimator is asymptotically normal, efficient and consistent, but in finite samples it has some
serious drawbacks. Primarily, none of the Bartlett identities associated with L, (6, fi,) are satisfied for
fixed n. Cheung and Diebold (1994) conducted a Monte Carlo simulation study and reported that the
bias of the PMLE is about 3 —4 times the bias of the regular MLE. In this paper, we derive asymptotic
expansions for the PMLE and show that its second-order bias is contaminated by an additional term,
which does not exist in regular cases. This term arises due to the failure of the first Bartlett identity
to hold and seems to explain Cheung and Diebold’s (1994) simulated results. We derive similar
expansions for the Whittle MLE, which is another estimator tacitly using the plug-in principle. An
application to the ARFIMA(0, d,0) shows that the additional bias terms are considerable.



1 Introduction

Let {X;,t € Z} be a stationary Gaussian ARFIMA(j, d,[) process with an unknown mean p € R and
covariance matrix T, (fg). The spectral density, fg (A),is parametrized by 6 € © C RP, X\ € (—m,m)
and the memory parameter of the process, d, which is an element of 6, is assumed to lie in (0,1/2).
The main feature of this model is that fp (A) behaves as

Jo () = 0 (]AI7*) as 2] = 0. M

A process satisfying (1) is said to be long-memory, since it is consistent with a non-summable auto-
covariance function.

There is a thriving research on long-memory processes, dating back to Hurst (1951). Naturally,
much of the econometric thought in this context has been dedicated to the estimation of (u,6) and
in particular, of the long-memory parameter. A primary candidate for estimation is the Gaussian
maximum likelihood estimator (MLE), based on the log-likelihood

L (0, 1) = =3 Yog (20) = 3 log et T (fo) = 5 (o — )/ T (fo) “(an = pila), (2

where 1,, is an n-vector of 1’s, n is the sample size and =/, = (X31,...,X,,). However, unlike the
short-memory case, corresponding to d = 0, the estimation of 6 is generally not done jointly with pu.
The second-order partial derivative of L, (i, 6) with respect to (wrt) u equals —1/, T, ( fg)_l 1, and
Adenstedt (1974, Theorem 5.2) showed that this quantity is of the order O (n*~??) . This unusual rate
is a consequence of the long-memory property of the process. On the other hand, the expected value
of the second-order partial derivative of L, (u,6) wrt the 6 components is O (n). The implication is
that in the d > 0 case, the information matrix of the full parameter vector, (i, ), normalized by n~1,

is asymptotically degenerate.

Dahlhaus (1989) adopted the plug-in principle for this class of models. The Gaussian plug-in
maximum likelihood estimator (PMLE) of € is defined as the maximizer of

L(0,],) = _g log (27) — %logdet Ty (fo) — % (@n = finln) T (f0) ™" (20 — fin1n), (3)

where fi,, is any nt/2=d_consistent estimator of y. We denote the PMLE by 0,,. The sample mean,
X,=n"1 Z?:l X, is the most common candidate for fi,,, in both theoretical and empirical research,
its variance being of the order O (n*l+2d) . Dahlhaus (1989) showed that the family of PMLE’s of 0
is consistent, asymptotically normal and efficient. This estimator is often referred to in the literature
as the ‘exact’ MLE, perhaps to distinguish it from estimators such as the Whittle MLE (WMLE), but
the PMLE can only be exact if fi,, is the profile MLE of (.

We shall refer to the exact MLE (EMLE) as the maximizer of (2) when the mean is known and
denote it by @n While the PMLE has desirable asymptotic properties, There is evidence that this is
not the case in finite samples. Cheung and Diebold (1994) used Monte Carlo simulation to compare
the finite sample behavior of various estimators, including the EMLE, the PMLE and the WMLE.
Table 2 of their paper reveals that for the simple, zero-mean, ARFIMA (0, d, 0) model, the bias of the
PMLE in which fi,, = X,,, is about 3-4 times the order of magnitude of the bias of the EMLE. In this
paper we provide an analytical explanation for this phenomenon.

The principal cause of the finite sample drawbacks of the PMLE as compared with the EMLE
is that the plugged-in likelihood is not a density type of an object and hence, none of the Bartlett
identities associated with it is satisfied for fixed n. Among the various implications of this failure are
that the stochastic expansion to the PMLE is non-standard, moment expansions associated with the
PMLE are generally contaminated by additional terms which are non-negligible to second order, and
Bartlett corrections of the likelihood ratio test involve additional terms. In particular, we show that



as compared with the EMLE, for each 6 > 0 the bias expansion of the PMLE to order O (n_3/ 2+5)
contains the additional term
K"%ks =0 (n71+6) , (4)

where x™° is the n~*-normalized inverse information matrix of the EMLE, &,is the expected score
associated with (3) and fi,, = X,,. The additional term (4) is a manifestation of the failure of the first
Bartlett identity to hold for (3). It does not appear in the bias expansion of the EMLE because the
density associated with (2) is regular.

1

A competing estimator to the PMLE is the WMLE, denoted by éW’m which maximizes the function

o[ s 8},

where

n

L) = 5 3¢ (X, - X)) (©)

2mn
=1

The motivation behind the WMLE is mainly computational - the determinant and the matrix inverse
in (3) are replaced by simple univariate integral approximations. Fox and Taqqu (1986) proved
asymptotic normality of the WMLE at the usual y/n-rate and Dahlhaus (1989) proved asymptotic
efficiency of the estimator. However, since the estimator is based on approximations to det (T}, (fy))
and T,;1 (fs) and since the plug-in principle is tacitly applied in (6), (5) is not a density type of an
object and the Bartlett identities associated with it do not hold. We conduct high-order analysis for
the WMLE which reveals similar complications as of the PMLE.

Generally speaking, while small sample theory and asymptotic expansions are not as abundant as
first-order theory for time series and in particular, for long-memory processes, there is, nevertheless,
some progress in the area. Among the various contributions in the area, the reader is referred to
Lieberman, Rousseau and Zucker (2000, 2001, 2003), Andrews and Lieberman (2002a, 2002b) and
Lieberman and Phillips (2001, 2002). The present paper continues this line of research.

The plan for the remainder of the paper is as follows. In Section 2 we provide Assumptions, basic
set up and notation. In Section 3 we outline some well-known results concerning the EMLE, to be
used as benchmarks. Asymptotic expansions for the PMLE are given in Section 4. In Section 5 we
provide expansions for the WMLE. In Section 6 we discuss the effects of plugging-in on the likelihood
ratio test. The ARFIMA(O0, d,0) model is used for illustration in Section 7. Section 8 contains a small
simulation study. Section 9 concludes. All proofs are contained in the Appendix.

2 Setup, Assumptions and Notation

The model under consideration is
®(B)(1 - B)* (X; — n) = ¥(B)ey,

where B is the backshift operator, BX; = X;_1,

J

O(w) = 1+Z<I>er,
r=1
!

U(w) = 1+Z\IJTU)T,
r=1

and g, ~ NID(0,02). Let 0 = (Jg, Dy, ., 05, Uy, T, d), dim () = p. Denote the true covariance
parameter of the process by 0p. Formally, the assumption on the process is:



Assumption 1. {X;,t€ Z} is a stationary Gaussian process with mean p € R, covariance
parameters § € © C RP, spectral density

AL 1N B
fe(A)_727r|<I>()\)|2 |1 e | JAE (—m, )

and
de(0,1/2).

The roots of ®(w) and of ¥(w) lie outside the unit circle.

We remark that all the results of the present paper hold in fact for models more general than
ARFIMA(j,d,1). This model is a special case of more general long-memory models considered by
Fox and Taqqu (1986), Dahlhaus (1989) and Lieberman, Rousseau and Zucker (2003). In all of these
studies, the spectral density of the process is assumed to behave as

FoA) ~ AP Lo(A) as |A| — 0,

where 0 < a(f) < 1 and Lg(\) = 0(|A]°) as |[\| — 0, V6 > 0. The spectral density of the
ARFIMA(j,d,1) model satisfies all the assumptions in the aforementioned papers. We only work
with the ARFIMA(j, d, 1) model for the sake of simplicity and clarity of the exposition.

Where no ambiguity arises, we shall omit the dependence on n and on 6 for brevity. For log-
likelihood derivatives and their expectations, we use index notation and write U, = 0L/0u, U, =
0?L)ou?, U, = OL/00", U,s = 0?L/00700°, U,y = 9°L/00"00°00", etc. The indices r, s, run from
1 to p. The null cumulants are denoted by s, = n_lEg’MUu, Kupy = n‘lEg,HUW, Ky = n‘lEg,HUT,
Kps = n_lEg’HUTS7 Kps = n_lEg,HU,,US, Krst = n_lEg,HUTSUt7 etc., and (k™*) in the inverse matrix
of (Krs)i<rs<p- To avoid unnecessary use of additional notation, we shall not distinguish between
null cumulants associated with (2) when the mean is either known or not.

_ The plug-in log-likelihood is denoted by L (0, fi,,) = L and the quantities associated with it are
U, = 0L/00", U,, = 0°L/00700°, &, = n_lEg,MUr, Rrs = n_lEg,MUrs, etc. Finally, derivatives
of the covariance matrix will be denoted by T} = 9T (fg) /00", T,s = 02T (fo) /00" 00%, and T's=

83T (f5) /06" 96°96" .

To give a precise exposition of the problem of joint estimation of (u,d), we will need the basic
results:

) 1 1 :
A, = —=(—=logdetT ) =—=tr (T7'T,
ae’“( 5 o8 e > i (17) @
A = o —llogdetT :fltr(fT’lTT’lT +T*1T)
e 00°00" \_ 2 2 : " "
) 1 1 4
B, = —|(-—=17Y)==1",71
ae’“( 2 ) 2
By, = _o _Lp :1(fT*lT'sTflT'rTfl+T*1TTST*1folT;TflTsTfl).
0°00" \ 2 2

B, is defined and derived similarly. The first- and second-order partial log-likelihood derivatives wrt
the # components are
U.= A, + (z — pl) B, (x — pl)

and
Urs = Aps + (-73 - ,U1>l By (x - /J/l) .

The first- and second-order partial log-likelihood derivatives wrt p are

U,=1UT"Y(x—pl)



and

Further,

1
Rrs = _E07u Urs
n

= % {A;s +tr (B,sT)}

1 . .
= —tr (T*lTsTflTr) (8)

and

1
—Fy U,
n 0,u"Y pp

1
——1T11.
n

The Lemma below follows immediately from Dahlhaus (1989, Theorem 5.1) and Adenstedt (1974,
Theorem 5.2).

Lemma 1 Under Assumption 1, ,, = O (1) and £, = O (n=2%).

Since d > 0, the lemma implies that lim,, .o £, = 0 and that the asymptotic information matrix
of the full parameter vector (6, 1) is degenerate. This problem does not occur in the short memory
case.

3 Expansions for the EMLE

In this section we outline some well-known results concerning 6 and relate them to 6 and fyy in the
following sections. Set 8 = Vn 6— Ho)r. Formal expansions for regular MLE’s are given by, among
others, Lawley (1956) and McCullagh (1987). All of these results are based on the assumption that at
least one solution to the first-order conditions exists with probability that goes to unity at a fast rate.
With this assumption, we can expand U, 0) = 0 around 6y and then extract 5. While most work in

the area is done under the iid assumption, the following also holds for long-memory processes.

Proposition 2 Under Assumption 1, the stochastic expansion to 8 is given by

e 1 r,s 1 rs tu 1 rs ti, u,j —
5 = %/ﬁ U + WK/ )8 et (Ust — n/ist) U, + W,‘q 08 bl e ’J/istuUin + Op (n l) . (9)

Equation (9) is the one appearing in McCullagh (1987, p 209) with the exception that his k’s
are covariances between log-likelihood derivatives, whereas our x’s are expectations of (product) log-
likelihood derivatives, normalized by n~1. Lieberman, Rousseau and Zucker (2003) showed that the
r’s are O (1) uniformly in any compact subset of ©. They also proved the validity of the Edgeworth
expansion for the distribution of 6" under a class of models more general than the ARFIMA(j,d,1)
type. We note that the first term in (9) is O, (1) and the second and third terms are O, (n=%/2).

Taking expectations, the bias and covariance of 0 are given by



Ey (é — HO)T = l,‘ir’s,‘it’u (Kstu + Kstu/2) + O (n_3/2> , (10)

n

and s
Covyg (6 ,0 ) = k" +0(n1). (11)

Formula (10) is given by Cox and Snell (1968). Two remarks are in place. First, the moment
expansions (10)—(11) are only formal. There are delicate issues in showing that (10)—(11) are indeed
valid asymptotic expansions and we do not attempt to do it in this paper. Secondly, the development
of (10) hinges on the fact that the first and second Bartlett identities hold for (2), and that the matrix
(Krys)1<ps<p 18 invertible.

4 Expansions for the PMLE

We consider the plug-in likelihood L., (6, fi,,) . The most popular choice of fi,, in both theoretical
and empirical research, is i, = X,. It is stressed that in this case, L, (0,7,) is not even a profile
likelihood. Although our developments are more general than this case, we shall concentrate on it in
order to illustrate the main points. Here,

1 1 _
Lo (0,7,) = —g log (2) — 5 log det T, (fo) — 52, Ma T, (fo) Y Mo, (12)
where 1
M, =1, — P, P, = —1,1, (13)
n

and I, is the identity matrix of order n. Since 1, M, = 0,z M, = (z, — pl,) M,. Consequently,
the object L, (0, Z,) is invariant to p and we may set p = 0 without loss of generality. We obtain:

Lemma 3 Under Assumption 1, for i, = X,, and for each 6 > 0,
Fpr =0 (n_1+5) , and s + Rps = O (n_1+5) ,r,s=1,...,p.

Thus, the first and second Bartlett identities associated with Ly, (6, %,) hold only asymptotically.
The result plays a critical role in the derivation of the expansions for 6.

Set § = vn (é — 00) and let d,.; = Rps — Krs. The term d,. is then the discrepancy between the

plug-in information per observation and the information per observation corresponding to (2) with
known . We show in Lemma 8 that d,.s = O(n=1%%),¥6 > 0. As in the regular case, we assume that
there exists at least one solution to U, = 0, with probability that goes to one at a sufficiently fast
rate.

Proposition 4 Under Assumption 1

. 1 - 1 - _ - L e i - .
67 _ ﬁ thS + WIir,sﬂtu (Ust o nlfst) Uu + QnS/ZH f /{t"jli 7k/€stuUjUk:
1 -
+—=r"* kb d U, + O, (n_l) . (14)

N

We show in the Appendix that the first term on the rhs of (14) is O (1), the second and third
terms are O, (n~1/2) and the fourth term is O, (n~1*®), V§ > 0. Comparing (9) to (14), we observe

that to order O, (n_l) , (14) contains KT7SUT/\/E7 which, by Lemma 3, does not have a zero mean,



and k"5 k4d U, //n = O, (n=1*%),¥§ > 0. In addition, the second term on the rhs of (14) involves
Rst, which differs from kg by an order of O(n=1*%), ¥é > 0.

Taking expectations, the formal moment expansions are
~ 1
Ey (9 — 9) = K"Rks + =K KDY (Kstu + Fstu/2) + O (n73/2+5) (15)
n

and

Covy (ST, SS) =xr""4+0 (n71+5) . (16)

Note that on the rhs of (15) all terms apart from &, are null cumulants associated with L,, (9). In
contrast with (10), the bias of 8 to order O (n=3/2*%) includes the additional term ™%, = O (n=1*?) .
This probably explains the huge difference between the biases of the PMLE and the EMLE, see Cheung
and Diebold (1994). The error rate in this case is actually O (n‘3/ 2+5) , which is slightly different

from the O (n*3/2) rate in the regular case.

The expression (15) can provide a basis for bias correction. The bias corrected estimator is

~7 ~7 1
Opc=0 — <Ii Rs + E:‘irsﬁf M (Kst,u + fistu/Q)) (17)

or=0"

The correction is generally sufficient for the removal of the first order bias.

5 Expansions for the WMLE

We proceed to investigate the WMLE, which is another estimator using the plug-in principle. We
use the notation TWW = ITw /00", TWW = 9%Ty /00780°, f. = 0fy/00", fre = 82fy/00700°,
UW,’I" = 8LW/89T, UW,rs = 82LW/897”8057 Rw,r = n_lEO,p,UW,'m RwW,r,s = n_lEG,,uUW,rUW,sa RW,rs =
n‘lE97MUW7T5, and so on. The analogue of Lemma 3 is the following.

Lemma 5 Under Assumption 1, for each 6 > 0,

Rw,r = O(n_“é) and Ky, s + kwrs = O(n_lﬂs)m7 s=1,...,p.

Thus, the first and second Bartlett identities associated with Ly, (6) hold only asymptotically.

~ ~ s
As in the regular case, let 6;‘/ =+/n (0W — 00) and assume the existence of at least one solution
to the Uy, = 0 with probability that tends to unity fast.

Proposition 6 Under Assumption 1

T8 r,s tau
Oy \/EHW Uw,s + —n3/2 Ky By (UW,st — n/iW’st) Uw,u

r,s t,i u,j r,s tu -1
+2 3/2 Ry HWK/W KW&tuUWzUWj \/—H'W H‘W dW,stUW,u + Op (n ) .

We show in the Appendix that

A r 1
r,8 r,s tau
Ey (OW — 0) = Ky Kw,s + EKW Ky

x H%tr (M) (MTW,MMT)} + KWst /2]

Lo (). (15)



It follows from Theorems 1 and 3 of Andrews and Lieberman (2002a) and from Lemma 5 of the present
paper, that the first term in (18) is O (n_1+5) , and the second and third are O (n‘l). Comparing
the last expression to (15), we see that the bias expansion is also contaminated by the additional,
non-negligible term k};’ ks, due to the failure of the first Bartlett identity to hold. The variance of
dw is easily shown to be

Cov (S;V, 3;[,) =k +0(nh).
Similar to (17), we can construct the Whittle based bias corrected estimator of  as

A" A" r,s 1 rs tu 1 7 r
Ow.pc = Ow — {/ﬁv{, Kw,s + EI{W I{;’V [{%tr (MTW,StMT) (MTW,HMT)} + HW,stu/Q] }

0" =0y

6 Testing implications

Following (9), we can write

a7 1
57 = ar + ﬁcr + Op (’I’Lil) (19)
with
T 1 T8
a = %F\Z ) US = Op (1) (20)
1 1 oo
= ﬁlﬁr’slﬁt’u (Ust —nkgy) Uy + %HT’SHt’Zﬁu’JHStuUZ‘Uj =0,(1).
Now, half of the LRT is given by
1 N
SW () =L (9) —L(6), (21)
which can be expanded as
Ywey=Lus Unud 8"+ 0,,878%" + 0, (n
W (0= U8+ U8 4 ol 68 40, ™)
Substituting (19)-(20) into (21) and collecting terms of the same order results in
lI/V 0) = llir’sz zs + Ln 225+ Lz 2"z + 0, (n7h) (22)
2 2 TS 6\/’5 rst Qﬁ TS §4 )

with 2z, = U,./\/n, 205 = (Ups — nkys) //n. Taking expectations,

n

Ee(W(@)):p{l—i-bn—(m—i-O(n_WZ)},

where b, (0) is O (1). A full formula for b, () is given by Lawley (1956). This result provides the
basis for the Bartlett correction of the LRT, viz,

W (6)

4 —
W) =

(23)

The mean correction corrects for the distribution as well and it is well known that the distribution of
W’ (0) is x? (p) with an error of the order O (n™2).

In the plug-in case, it is not difficult to show that

1~ 1 1
W) == r,s~r~s s srzsst

5 (9) 5k zz+6\/7_lfitzzz+2\/ﬁ
with 2, = U,/\/n and 2., = (U, — nf.s)/v/n. The expansions (22) and (24) differ wrt the O, (n71)
term, which in the plug-in case contains additional terms. As a consequence, the Bartlett correction
(140, (0) /n) appearing in (23) is not valid when the plug-in principle is employed. The same
argument is true when the the LRT is based on the Whittle estimator.

22 2+ O (n70) (24)



7 An application

Consider the ARFIMA(0,d,0) model (1 — B)? X, = &, “ N (0,1), and d € (0,1/2). The true

mean of the process in this example is taken to be zero. In this section we develop explicit bias and
variance approximations for the EMLE, PMLE and WMLE. For the former, we treat the mean as
known, whereas for the PMLE and WMLE, we treat the mean as unknown. The spectral density can
be written as

F ) = 5e e, (25)
with
c(A) =log (2 (1 —cos(N))). (26)

First, we deal with the EMLE of d. The first bias approximation to the EMLE, based on (10), is
shown in the appendix to be

b (i) =~ for (08"} e (7807 )
so that

Eq(d — d) = bappr(d; d) + O(n=3/?).

This formula can be simplified by using integral limit approximations to the traces. An approximation
to (27), based on an application of Theorem 7 of Lieberman and Phillips (2003), gives

Bapp2 (d) - —msff’) , (28)

so that R R

Ea(d — d) = bappz (d) +O(n"%?),
Note that bgpp2 (d) is independent of d, which is a manifestation of Lieberman and Phillips’ (2001)
result that d is second-order pivotal in this model. The bias corrected EMLE in this model is simply

108¢ (3)

JBC:CZ+ 2
nm

In view of (11) and (61), the first variance approximation for 8 = \/n(d — d), is
Vapp1 (6;6 Ly (r17) B
i 6) - {2 ()} .

so that . .
Var(6;6) = Vappa (5;6) +0(n™1).

Using (65), the simplified variance approximation is
- 6
VappZ (6> = F, (30)

which is just the well-known asymptotic variance of 8.

Next, we investigate the PMLE. The additional bias term in (15) is, using Lemma 7(1) and eqn’s
(7) and (61),

- (%tr (TlT)Z) - {%tr (—PB,T — B,PT + PBTPT)}
- (tr (T1T>2> - {tr (fQPTflT + PT*lT'TflpT) } . (31)

8



The first bias approximation to d is the sum of (31) and bappl((f; d). The simplified bias approximation
will be based on

Dapp2 (CZ; d) -5 {%tr (—PT—lT —TT P+ PT—lTT—lpT) }

~108¢ (3)

%

32
: (3)
The reason that ks is not simplified any further is that its limit is zero. The first and second bias
approximations to the variance of the PMLE are identical to those of the MLE, as follows from (16).
We can construct a bias corrected estimator by subtracting from d the rhs of (32), evaluated at d.
Note that unlike the corrected EMLE, in this case the correction depends on d. Finally, we deal with

the WMLE. For the ARFIMA (0, d, 0) model,

T{'ﬁ B - B )
wf(A)dA_/ﬂ( (V) dA =0,

Together with (44) and (52), this implies that
1 .
Ky = ——tr (MTWMT) (33)
2n

and 1
Favstu = =5t (M Tow MT) . (34)

The first bias approximation to the WMLE is obtained upon substitution of (55), (33) and (34) into
(18). To obtain a simplified approximation to the bias of the WMLE, we apply Proposition 2 and
Theorem 3 of Andrews and Lieberman (2002a). This yields

108¢ (3)

nmt

7 T,8
bappZ (dW7 d) = Ry Kw,s —

We remark that the second summand in bgyp2 (azW; d) is just bapp2 (cz, d). We could also replace Ii;i,s

by 6/72 but empirically the first choice seem to perform better. Bias correction can easily be based
on the last formula.

The first variance approximation of Sw is given by

Vippl (SW;é) - %I{W =~ l%tr {MT'WMT}2 +n {—%tr (MT'WMT) }2 B

and the integral limit gives the simplified version

Vappz (8{/[/,5) = %

8 Simulations

We compute the various approximations presented in the previous section and compare them to the
simulated results obtained by Cheung and Diebold (1994). Table 1 contains bias of the three estimators
for the ARFIMA (0, d, 0) model with n = 50,100,300 and 500 and d in the range [.05,.45] at a .1 grid.
The terms ‘appl’ and ‘app2’ correspond to the first and second type approximations for each of the
estimators, as described in the previous section. The ‘adt’ terms correspond to the additional bias
terms k%K, and Ky Kw,s, for the PMLE and WMLE, respectively. Cheung and Diebold’s (1994)
simulated values are taken to be the benchmark.

We start with Table 1. In general, all the approximations improve with n and the approximations
of the first type are superior to those of the second type. However, the latter are much simpler



to compute, especially for large n. The main feature of the Table is that the additional bias term
of the PMLE captures much of the difference between the simulated biases of the EMLE and the
PMLE. This shows that the additional term is not only non-negligible, but in fact dominant in terms
of real magnitude (as opposed to order of magnitude), for the sample sizes under consideration.
The simplified bias approximations of all estimators deteriorate as d increases. The reason is that

bapp2 (cf) is the leading term in the approximation of bapp1 (J, d) and while the former is independent
of d, the same does not hold for higher order terms in the expansion for b,p,1 (d, d). See Lieberman

and Phillips (2003) for discussion. Both bgpp2 ((i, d) and bgpp2 (dw; d) are based on bgpp2 (ci), so that

the deterioration as d increases affects the bias of these estimators as well. As seen from the ‘bcor’
entries in the Table, the reduction in the bias of the bias corrected estimators can be dramatic.

Mean squared errors are considered in Table 2. It appears that the approximations of the first
type are accurate for all estimators and that the approximation errors diminishes with n, as expected.

The variance approximation Vgpp2 (5) is constant but the mse’s of the PMLE and the WMLE differ

slightly as they involve their non-constant bias approximations. When n = 500, all approximations
are excellent and are practically indistinguishable from the simulated values.

Figures 1 and 2 contain PP plots of the likelihood ratio tests based on the EMLE (LRT) and the
PMLE (PLRT) against the asymptotic x? (1) distribution, with sample sizes of n = 50 and 100. While
the LRT does not seem to need the Bartlett correction for this model and sample sizes, it appears that
the curve associated with the PLRT lies markedly underneath the 45 degree line. It is comforting to
know that the first order distortion in the distribution approximation diminishes when we move from
the n = 50 to the n = 100 case. However, the effect of the plugging-in on the x? (1) approximation to
the distribution of the PLRT is substantial and cannot be ignored.

9 Conclusions

Gaussian Maximum likelihood estimation of long-memory models with an unknown mean is generally
done with an application of the plug-in principle in which the true mean is replaced by an n{—29/2.
consistent estimator of it, prior to maximization of the plugged-in log-likelihood wrt the covariance
parameters. While the principle does not harm the asymptotic properties of the PMLE and the
WMLE, the same is not true for the finite sample properties of these estimators.

In this paper we derived asymptotic expansions for the PMLE and the WMLE. It turns out that
as compared with regular MLE’s, the expansions for the estimators and for their bias are not regular.
In particular, the bias expansions for these estimators contain additional terms which do not exist in
the regular case. We have found explicit expressions for these terms for general long memory models
and calculated them in the simple ARFIMA(O, d,0) case. For this model, the additional bias term is
in fact dominant, causing an inflation in the bias of the PMLE of up to 3-4 times the magnitude of
the bias of the EMLE.

While the interest in this paper is in long-memory models, in principle, the PMLE and WMLE
expansions can be used for models of short- or intermediate-memory. In the long-memory case the
motivation behind using the PMLE is the degeneracy of the asymptotic Fisher information matrix
of the full parameter vector (u,6). This breakdown does not occur in the short memory case and so
it would be difficult to justify the use of the PMLE and with it the need to conduct a high order
analysis for it when one can simply use the true, exact MLE. However, this argument clearly does not
extend for the WMLE, which is a popular estimator by its own merits. For the WMLE, the results of
the paper can be used for processes of short- and intermediate-memory and to our knowledge, similar
results are not available yet in the literature.
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Appendix

Lemmas 7 and 8 below are used throughout. Define

dr = E“T — Rp; drs = /%rs — Rprs; dr,s = "%ns — Rrs (35)
drst = "%rst — Rrsts drs,t = Rrs,t — Rrs,t
and so on. Let 5
ars = ~tr { (=P B, (=) T (~=P) B, (-P)** T}, (36)
n

each &; iseither Oor 1,1 <> "¢, <4, (—P)O = I and the summation is over all possible configurations
(€1,€9,8&3,&4), except for (0,0,0,0). Similarly, we define

st = 2tr { (=P)% By (~P)2 T (~P)fs B, (-P) T}

where the &,’s satisfy the same conditions as above.
Lemma 7 Under Assumption 1

1. &, =d, =n"*r(-PB,T — B,PT + PB,PT).
dys =n"Yr (-PB,.,T — B,sPT + PB,,PT).
Firis = —Firs + drs + ar s + ndypdy # —Firs.

drs = Qr,s + nd,ds.

. dysy =n"Yr (=PB,yT — B,y PT + PB,oPT).

SRS O

. dst,u = *Tllisﬂgdu + Ast,u + ndstdu.

Proof of Lemma 7 We obtain from (12)
U= A, +2'MB, Mz

and

1 .
fr = —FEoU,
n

1
= —Fy(A, +2'MB,Mx)
n

Kr + dy (37)
drv

where )
d. = =tr (-PB, T — B.PT + PB,PT). (38)
n

This establishes part 1 of the lemma. For part 2
Ups = Ay + 2’ MB, Mz,
and
Frs = lEe Uy s
n
= (At tr (MB.MT))

= Kps Tt drs
= —Rrs + dT87 (39)
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where

1
d’l‘S = _tr <_PBTST - B’I"SPT + PB""SPT) :
n

Similarly,

1 ~
Rrst - _EOUrst
n
= Kpstt drst
with 1
drst = EtT (*PBTstT — BTStPT + PBTstPT) ,

yielding part 5. Further,

Now, in view of (36),

Cov ( ) — 2 {(MB,MT) (MB,MT)}
= Covg (Uy,Us) + nay
= FEo(UUs) + nars
= n(kns+ars),
It follows from (37)-(39) and (41)-(42) that
Frs = Frstars + ndpds
= —HKps+ars +nd,dg
= s+ dps + ap s +nd,dy
#  —Frs,
which proves part 3. Tt also follows from (35) and (43) that
drs = ars +nd,ds,
giving part 4. The remaining null cumulant we require for our analysis is
NRetu = Lo (ﬁstﬁu)
— Cous (7 5) + B (0) B (0).
Here

Covg ( " Uu) = 9tr {(MByMT) (MB,MT)}
= Covg (Ust,Uy) + naseu
- E0 (UstUu) + NGst,u
= n ("ist,u + ast,u) .
We see from (44), (45) and the definition of dg; that
n’%st,u = n (Hst,u + ast,u) + nzf%st’%u
n ("ist,u + ast,u) + nZ (’ist + dst) du

or
"%st,u = Kst,u + dst,u;
with
dst,u = Qst,u — n’is,tdu + ndstdua

showing 6. [
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Lemma 8 Under Assumption 1, For each § > 0,

1. d, = O (n*9)
2. dpy = O (1)
3. dpy = O (0149
4 dpyy = O (1),
).

o
£
Il
QQQQQ
£
%

Note apart from d,5; which is O (n‘s), all the other terms in Lemma 8 are O (n’1+5).

Proof of Lemma 8 It will be enough to deal with d,.. Other quantities are established analogously.
In view of (7) and (31)

)| < — [VB.T1| + = [VTB,1| + — |1'B,1| [T (46)
T = nz T nz T TL3 T N

By the proof of Lemma 3 of Andrews and Lieberman (2002b), which holds under Assumption 1,
there exists a 0 < K < oo, such that for each 6§ > 0, I'B,T1| < Kn'**® |I'TB,1| < Kn'*%,
|'B, 1| < Kn'=24*%and 1'T'1 = n?Varg (X,,) = O (n**??). Thus, the rhs of (41) is at most Kn~*%.
O

Proof of Lemma 3 The first part follows from Lemma 7 (1) and Lemma 8 (1). The second part
follows from Lemma 7 (3) and Lemma 8 (1), 8 (2), 8 (5).

Proof of Proposition 4 We expand U, around g to get

0 = U+ %ﬁmss +5-0,ud'8 +0y (n112)
~ 04 % (s + s = i) 8"+ 50,8+ 0, (72 (47)
Rearranging (47),
i = Oy (= ) 8 4 50,85 4.0, (n72). (48)

Now, (48) is equivalent to

i (s — ) 8 = Uy + % (T~ nkye) 8 4 50’ 4 0, (n7172)
or
8 = kO 2 (0 i) (Lﬁtauﬁ L0 (n—1/2)>
\/T_l s n £ s \/’E u p

L TSz L tIrT. -1/2 L w,k 77 —-1/2

+2\/ﬁli Iistu<\/ﬁ,‘i Uj—i-Op(n )) (\/ﬁli l)k+0p(n )
r,8 1 UTT - —

+r"d g (ﬁﬂt’ U+ Op (n UZ)) +0, (n7)

1 -~ 1 ~ - = 1 _— R
= %n’“éUs + 32 KR (Ust - nnst> Uu + 5,372 K™K KR R, U Uk

1 ) ~
o D 0y (07 (49)
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By the definition of d,s; and Lemma 8(4), (49) is equivalent to (14). The term involving dg; is
O (n71*%) by Lemma 8(2).0

Proof of eq’n (15) By parts 1,2 of Lemma 8,
Ey (RT75nt7“dStUu/\/ﬁ> = Ve kP d gy = O (n_3/2+6) ) (50)
Taking expectations of (14), using Lemmas 7 and 8, we get
P " .8 1 T8t 1 r,s tau ~ ~
Ey (9 - 90) = KRy + =K R Y Rgpu + L (—nfkst) (nky)
n
1 ;o -
+—H7’Snt’jn“’km5tu/ﬁj7k +0 (n_3/2+6)
2n
1
— HT,S‘%T + —HT’SHt’u (/ist,u _ ’rlli37tdu +0 (n71+6))
n
1 .
+KTE R (HS ++ 0 (n71+5)) Fu + — KK K ki e + O (n—3/2+0
5 m 7>
1
— H’I’,S‘%T 4 _HT,SHt,uHStﬂ,& _ KJT’Sds
n
1 A
+I€T’SIZJS + Q—HT’SKJt’j Ru’kﬁstunj,k + 0] (n73/2+6)

n

1
= KR + —K" KDY (Kt + Kstu/2) + O (n*3/2+5) .0
n

Proof of Lemma 5

The score of (5) and its expected value are easily shown to be

B 1 (™ (N 1,
U = n{4ﬂ_ T dA + -2/ My, M (51)
and )
1 1 (™ £ 1 :
== - — —trMTyw ,MT, 2
RW,r nEg (UW,T') . ‘/77T f()\) d\ m T w, (5 )

respectively. It is clear that k. is not zero for finite n so that the first-order Bartlett identity does
not hold. However,

1 ) 1 ) ) )
—tr (MTW,TMT) = —5tr (TW,TT — 2PTyw. T + PTW,TPT) 7
n n

where Pis defined in (13). Theorem 3(a) of Andrews and Lieberman (2002a) imply that for each
6>0
tr (PTW,TT> =0 (n‘s) .

In addition,
] 1 ]
tr (PTW,TPT) == (1’TW,T1) (1'T1).
n

Now, 1'T'1/n? is the variance of X,, which is O (n"**?%) and from the proof of Theorem 3(b) of

Andrews and Lieberman (2002a, p 20), 1’TW7T1 =0 (nl’2d+5), V6 > 0. Finally, By Theorem 5 of
Lieberman and Phillips (2003), V6 > 0

—%tr (fiw,e7) L1 o / i (<2 ) F N ar+0 ()

i

IR e e
= E _Wf(A)d/\’+O(n16)
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Thus,
kw,y =0 (n71?) V6 > 0, (53)

establishing the first part of the lemma.

Continuing,
Unrs = { / [ PR LS O+ £ Foa O] + oM 01
- [ F2O0 £ f )+ £ Frs (V)]
szIMTWmsMx
and
RW,rs = %EQ (UW,rs) = _i B [_fiz ()‘) fs ()\) fr ()‘) + fil ()‘) frs ()\ﬂ dX
—%tr (M MT) . (54)

Also,

RWr,s = %EG (UW,TUW,S)

1 1
= ECOUe (Uw,r, Uw,s) + EEO (Uw,r) Eo (Uw,s)

1 1

- = <§)2 2y { (MTWJ,MT) (MTWSMT)} + NEW W s

1 . .
= ootr { (MTw, MT) (M Ty MT) | + s, i (55)
Eq’ns (54) and (55) show that the second-order Bartlett identity does not hold either. By (53), the
second summand in (55) is O (n_“&), V6 > 0. This fact, together with Proposition 2 and Theorem
3 of Andrews and Lieberman (2002a) leads to

Jm s = e [ IR0 F ) ) e )]
;412% / (272 ) Fe ) ) = 20 Fra ) £ (1) A
1

= _E B f_z()‘)fé(/\)fr()‘) (56)
and

lim mw. = %(4%)2(%)3 [ (20 hm) s (120 W) s ay

n—oo

Eq’ns (53)-(57) complete the proof. O

Proof of Proposition 6 We expand the Whittle score as

1 ~8 1 ~8 at _
0 = U+ Z=Unirsdiy + 5 Uiy + 0y (n 1/2)

1 ~S8 1 ~8 ~t _
UW,T + % (n"{W,rs + UW,Ts - nHW,rs) ] + %UW,TSt(SW(SW + Op (n 1/2) .
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This yields

1 ~8 1 ~5 2t _
*\/—HWrs = UW’!‘ + % (UWrs - n"’/’:W,rs) 5W + %UW,rst(SWéW + Op (Tl 1/2) .
Let
dW,TS = RW,r,s + RW,rs- (58)
Then
~S ~S 1 ~S 1 ~8 at
\/EKW,T,S(SW = \/EdW,rs(SW + UW,r + ﬁ (UW,TS - nKW,rs) 6W + %UW,rst(SW(SW + Op (n_l/z)

~S ~S 1 A8 at
= \/EdW,rs(SW + UW,r + (UW,TS - n'%W,rs) 6W + §KW,rst6W6W + Op (n—l/Z) .

1
vn
Now, using the proof of Lemma 5,

‘dW,st| = |"<5W,st + HW,s,t| (59>

< ‘HW,st — lim Kw,st| + ’KW,s,t + lim RW,st
n—oo n—oo

‘ch,st — lim Kwe| + ‘Hw,s,t — lim Kws ¢
n—oo n—oo

S Kn_l+6-
Thus,
P 1 1 r.s t 1
6W = K‘,W dwétéw + TK]W UW@ Eﬂm’/ (UW75t — ’I’LHW7St) 2\/_HW /iwétu(SW(SW + O ( )

1 1
- "iW dW st \/—KW UWu + \/,TLKWUV[/’S 3/2 (UW st — n"iW,st) HJWUW,U
1

1 T,8 1 t,2 u,j -1
+mﬁw “W,stu\/—T—l’waw,iﬁ’fvijw,j +0,(n7).

Hence, the WMLE expansion is

1
7,8 7,8 t,u
dw 7w Uw.s + —3kw (Uw,st — nkw,st) fiyir Uw,u

r,s t,ai u,J rs tu -1
2 3/2’€WHWHWHWstuUWzUWy \/—HWHWdWstUWuWLOp (TL )-D

Proof of egq’n (18) For the WMLE
) " r,s 1 r,s tau T8 t,u
Eyp (0w - 0) = Ry AW TRy R KWstu — By KW stRYy KW
1
+%n’$n%f€$y Kw,stulkw,ij + O (n*3/2) .
In the last line of the calculations we omitted x;f ki dw,seriw,u = O (R727%) . Now

1
RW,stou = EEO(UW,stUW,u)

1 1
= ECOW) (Uw,st, Uw.u) + EEe (Uw,st) Eo (Uw,u)

= %tr (MTW,StMT) (MTW,uMT) + NEW, st KW,u- (60)
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Because of (58), (59), (60)
) T T,8 1 rs tu 1 . r
FEy (HW — 9) = Ky Kw,s + EHW Ky %tr (MTWMT) (MTWMT) — NEW,s tKW,u

1 o
T8 t,u r,s ti u,j —3/2
TR KW,s thy KW,u T 5o Ry R Ky KW, stuliwsi,j + o (” / )

7,8 1 r,s tu
= HWHW7S+EHWF£W

H%tr (M) (MTWMMT)} + HW,stu/% +0 (n73/2).

(]
A justification of (27) From (8) we learn that

1 ~2) L
=St (T) 61
o= { et } (61)
By a manipulation of the third-order Bartlett identity, which holds for (2), we get

Rst,u + ’istu/2 = - (K/s,t,u + Ks,tu) /2a (62>

which avoids the calculation of third-order derivatives. For this model, eq'ns (7)-(8) of Lieberman
(2001) show that

! 1
(Rt + o) 2 = oot (THET ). (63)
Equations (10), (61)-(63) suggest a bias approximation to the MLE based on
SN 11 a2 %1 i1
bapp. (0:0) = — {%tr (7727) } ot (72771, (64)

or just (27).00
A justification of (28) By Theorem 7 of Lieberman and Phillips (2003),

Brlrn) = 2 [ (f) ool

I —1/2+6
- 47T/_7rc (A)dA—&—O(n ),v5>o

-

1 273 1
_ Lam —1/2+6
yh +0(n ),v&>o
2
- % ) (n_l/2+6) V8 > 0. (65)

The second line above follows from (25) and (26) and the third line follows from a result by Gradshteyn
and Rhyzik (1980). The second term needing simplification in (64) is

sir (TMTF) = = / ’ <§>3d)\+0(n‘1/2+5)

I T A —1/2+6
- c()\)d)\+0(n )

—T

_ _8% (—247C (3)) + O (n_1/2+6)

= 3¢(3)+0 (n*1/2+5) V6 > 0, (66)

the second to last line again follows from Gradshteyn and Rhyzik (1980). Using ( 65) and (66) in (64),
the second bias approximation to the MLE reduces to (28).00
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EMLE

PMLE

WMLE

EMLE

PMLE

WMLE

EMLE=Exact MLE; PMLE=plug-in MLE; WMLE=Whittle MLE; sim=results from Table 2 of
Cheung and Diebold (1944); appl=first order bias term ; app2=an integral approximation to appl;
adt=additional bias term due to mean estimation; bcor=bias corrected estimator.

d
sim
appl
app2
bcor
sim
appl
app2
adt
bcor
sim
appl
app2
adt
bcor

d
sim
appl
app2
bcor
sim
appl
app2
adt
bcor
sim
appl
app2
adt
bcor

.05
-.0283
-.0261
-.0267
-.0016
-.0950
-.0723
-.0729
-.0462
-.0683
-.1030
-.0663
-.0829
-.0562
-.0763

.05
-.0048
-.0044
-.0044
-.0004
-.0173
-.0155
-.0155
-.0111
-.0129
-.0184
-.0152
-.0163
-.0119

-.014

15

-.0213
-.0282
-.0267

.0054
-.0916
-.0752
-.0737
-.0470
-.0649
-.0972
-.0675
-.0845
-.0578
-.0705

15
-.0041
-.0046
-.0044
.0003
-.0174
-.0163
-.0160
-.0116
-.0130
-.0170
-.0153
-.0165
-.0121
-.0126

Table 1

Bias of estimators

n=50

.25
-.0318
0.0317
-.0267
-.0051
-.1068
-.0789
-.0739
-.0472
-.0801
-.1031
-.0678
-.0846
-.0579
-.0764

n=300

.25

-.0041
-.0050
-.0044

.0003
-.0186
-.0174
-.0168
-.0124
-.0142
-.0156
-.0149
-.0160
-.0115
-.0112

.35
-.0365
-.0385
-.0267
-.0098
-.1182
-.0845
-.0727
-.0460
-.0915
-.0929
-.0671
-.0833
-.0567
-.0662

.35
-.0064
-.0061
-.0044
-.0020
-.0224
-.0200
-.0183
-.0139
-.0180
-.0147
-.0137
-.0146
-.0102
-.0103

19

45
-.0433
-.0450
-.0267
-.0166
-.1339
-.0775
-.0592
-.0325
-.1072
-.0886
-.0656
-.0808
-.0542
-.0619

45
-.0133
-.0131
-.0044
-.0089
-.0349
-.0296
-.0210
-.0166
-.0305
-.0253
-.0117
-.0124
-.0079
-.0209

.05
-.0150
-.0131
-.0133
-.0017
-.0494
-.0401
-.0401
-.0270
-.0361
-.0530
-.0381
-.0441
-.0308
-.0397

.05
-.0019
-.0027
-.0027
.0008
-.0095
-.0099
-.0099
-.0072
-.0923
-.0135
-.0098
-.0103
-.0077
-.0108

15
-.0143
-.0141
-.0133
-.0010
-.0503
-.0419
-.0411
-.0280
-.0307
-.0502
-.0387
-.0449
-.0315
-.0369

15

-.0013
-.0028
-.0027

.0014
-.0094
-.0104
-.0103
-.0076
-.0067
-.0116
-.0099
-.0104
-.0078
-.0089

n=100

.25
-.0137
-.0157
-.0133
-.0004
-.0528
-.0447
-.0421
-.0290
-.0395
-.0471
-.0384
-.0445
-.0311
-.0338

n=500

.25

-.0020
-.0029
-.0027

.0007
-.0119
-.0111
-.0109
-.0082
-.0092
-.0097
-.0093
-.0098
-.0071
-.0070

.35
-.0188
-.0198
-.0133
-.0055
-.0594
-.0500
-.0434
-.0303
-.0461
-.0435
-.0374
-.0429
-.0296
-.0302

.35
-.0018
-.0035
-.0027
.0009
-.0113
-.0127
-.0120
-.0093
-.0086
-.0057
-.0087
-.0091
-.0064
-.0030

45
-.0271
-.0313
-.0133
-.0193
-.0789
-.0580
-.0398
-.0267
-.0656
-.0412
-.0353
-.0401
-.0268
-.0279

45
-.0056
-.0076
-.0027
-.0029
-.0195
-.0199
-.0150
-.0123
-.0168
-.0105
-.0059
-.0062
-.0035
-.0078



Table 2

Mean-squared error of estimators

EMLE PMLE WMLE
d sim appl app2  sim appl app2  sim appl app2
n=50

.05 .0156 .0132 .0129 .0280 .0178 .0179 .0335 .0200  .0190
15 .0127 0122 .0129 .0274 .0171 .0180 .0342 .0200  .0192
25 .0128 .0109 .0129 .0296 .0162 .0181 .0343 .0198  .0192
35 .0102 .0089 .0129 .0297 .0146 .0179 .0311  .0195  .0193
45 .0079  .0045 .0129 .0302 .0085 .0161 .0307  .0191  .0187

n=100

.05 .0076 .0063 .0063 .0110 .0078 .0078 .0121  .0086  .0080
.15 .0062  .0060 .0063 .0103 .0076 .0078 .0111  .0086  .0081
.25 .0060 .0056 .0063 .0105 .0073 .0079 .0112  .0085  .0081
35 .0049  .0048 .0063 .0103 .0069 .0080 .0109  .0083  .0079
45 .0035 .0029 .0063 .0114 .0053 .0077 .0113  .0081  .0077

n=300

05 .0022 .0021 .0020 .0027 .0023 .0022 .0027  .0024  .0023
15 .0021  .0020 .0020 .0026 .0022 .0023 .0027  .0024  .0023
.25 .0020 .0019 .0020 .0026 .0022 .0023 .0027  .0023  .0023
35 .0020 .0018 .0020 .0027 .0021 .0023 .0028  .0023  .0022
45 .0014 .0013 .0020 .0028 .0020 .0024 .0026  .0022  .0022

n=500

.05 .0014 .0012 .0012 .0016 .0013 .0013 .0016  .0014  .0013
.15 .0013 .0012 .0012 .0014 .0013 .0012 .0015 .0014  .0013
25 .0012 .0012 .0012 .0015 .0013 .0016 .0015  .0014  .0013
35 .0011 .0011 .0012 .0014 .0013 .0013 .0015 .0013  .0013
.45 .0008 .0009 .0012 .0013 .0012 .0014 .0012 .0012  .0013

EMLE=Exact MLE; PMLE=plug-in MLE; WMLE=Whittle MLE; sim=results from Table 1 of
Cheung and Diebold (1944); appl=first order mse term ; app2=an integral approximation to msel;
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Figure 1: PP plot for the LRT and PLRT in the ARFIMA (0, d,0) model with n =50 and p = 0.
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Figure 2: PP plot for the LRT and PLRT in the ARFIMA (0, d, 0) model with n = 100 and u = 0.
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