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The Problem

� A given function r(x;w) has the following
structure. There exist functions h and g
such that

r(x;w) = h[g(x); w];

where
� g is linearly homogeneous, i.e., g(cx) =
cg(x) for c 2 R

� h is strictly monotonic in g; i.e.,
@h=@g > 0.

� Homotheticity:
r(x) = h[g(x)]

� Linear homogeneity vs any other nonzero
known degree (or any known monotonic
transformation of g) is WLOG.

� Goal: consistent and asymptotically
normal estimator of h and g based on some
estimator br(x;w) of r(x; z) when h; g are
unknown but continuous/smooth.
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Literature Review

� Homothetic and homothetically separable
functions are common in models of
consumer preferences and �rm production.

� r(x;w) could be a utility, cost function
or production function, either directly
estimated or recovered from consumer or
factor demand equations.

� Examples: Blackorby, Primont, and Russell
(1978), Chiang (1984), Zellner and Ryu
(1998), Matzkin (1994). Zellner and
Revankar (1969)

Y e�Y = AK�(1��)L��

� Linear index models like standard censored,
truncated, or discrete response models
are homothetic functions, with g(x) =
x>�. Replacing x>� with an arbitrary
linearly homogeneous function g(x) is
a natural generalization for contexts like
price indices or constant returns to scale
technologies.
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Other Homogeneity related estimators

� Matzkin (1992) consistent estimator for
y = I [g(x) + " � 0];

g(x) homogeneous, " ?? x. Newey and
Matzkin (1993) similar to ours, no w, more
steps, incomplete.

� Matzkin (2003)
y = m(x; ")

with " ?? x and e.g., m homogeneous in
x; ":

� Nonparametric homogeneous functions:
Matzkin (1992), Tripathi and Kim (2001).

� Yatchew and Bos (1997) consider estimat-
ing some homothetic demand models by
nonparametric least squares.
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Other Separability related estimators

� Weak separability: r(x;w) = h[g(x); w]
without g homogeneous. Gorman (1959),
Goldman and Uzawa (1964), Blackorby,
Primont, and Russell (1978). Pinkse
(2001) estimates g up to monotonic
transformation.

� Strong or additive separability:
r(x;w) = g(x) + t(w):

Härdle, Kim, and Tripathi (2001), Fried-
man and Stutzle (1981), Breiman and
Friedman (1985), Andrews (1991), Tjøs-
theim and Auestad (1994), Linton and
Nielsen (1995), Stone (1986).

� Generalized additive separability:
r(x;w) = H (g(x) + t(w))

for some known or unknown H: Hastie
and Tibshirani (1990), Linton and Härdle
(1996), Horowitz (2001).
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Estimation Idea
Matching

� Normalize g(x0) = 1.
� For a given x;w, �nd uxw such that

r (x;w) = r(uxwx0; w);

a match.
� Then
g (x) = g(uxwx0) = uxwg(x0) = uxw;

so
g(x) = uxw:
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More Matching

� By homogeneity, if know g(vx), then know
g(x), because

g(x) = g(vx)=v for any v:
� For each v, �nd the match uxw(v) such that

r (vx; w) = r(uxw(v)x0; w):

Then
g(x) = uxw(v)=v:

� Alternatively, for each v, �nd the match
uxw(v) such that

r (vx; w) = r(uxw(v)vx0; w):

Then
g(x) = uxw(v):

� Alternatively, for each v �nd the match
uxw(v) such that

r (uxw(v)x;w) = r(vx0; w):

Then
g(x) = v=uxw(v):
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Averaging

� Reduce dimension and speed convergence
of estimator by averaging over v and w:

g(x) =

Z
	v;wjx

uxw(v)

v
dFv;wjx(v; wjx)

where Fv;wjx is any distribution function
with support 	v;wjx such that
� for all (v; w) 2 	v;wjx, (vx; w) 2 	x;w
and (uxw(v)x0; w) 2 	x;w.

� Could instead have averaged r over w
before matching.
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Identifying h

� The function h could be identi�ed by
r(
x0; w) = h(g(
x0); w) = h(
g(x0); w) = h(
; w)

but this would lead to a very inef�cient
estimator because it ignores all x's except
for those on the same ray from the origin as
x0.

� It will be better to recover the function h
given the estimated g(x) by setting

h(
; w) =

Z
r(x;w)1(g(x) = 
)dx

� In practice it will be desirable to do local
averaging, smoothing over the indicator

h�(
; w) =

Z
r(x;w)1(g(x) 2 [
��; 
+�])dx

for some small �.
� An alternative is to write
h(
; w) = E[r(X;W ) j g(X) = 
;W = w];

which amounts to similar local averaging
in practice.
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Where to locate?

� Don't need to �nd a match for every x,
only for vectors of length one. Replace
x by x=jjxjj everywhere above. By
homogeneity, if know g(x=jjxjj), then
know g(x), because

g(x) = jjxjjg(x=jjxjj):
� Replacing x by x=jjxjj simpli�es support
considerations. Only need 	v;wjx=jjxjj. If
	X contains a ball around zero, then can
choose Fv;wjx to be same for all x.

� Replacing x by x=jjxjj also imposes
homogeneity on g:
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Estimation Algorithm

1. For each x, draw Vi;Wi, for i = 1; :::; n
from some distribution Fv;wjx.

2. For each Vi;Wi, �nd the match bUi such thatbUi = argmin
u
[br(Vix;Wi)� br(ux0;Wi)]

2 :

3. Let bg(x) = 1
n

nX
i=1

bUi
Vi
:

4. Do this for x = Xi; i = 1; : : : ; n
5. For any c = (
; w) with 
 2 fg(x) : x 2
	Xg; let bh(
; w) be the intercept from a
local polynomial regression of order q ofbr(Zi) on bCi = (bg(Xi);Wi):
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A More General Approach
Polar Coordinates

� Estimating g(x=jjxjj) by averaging over
x's that lie on the same ray from the
origin as the given x can be conveniently
expressed in polar coordinates. Write x in
polar coordinates as �; �, where � is length
and � is direction, so � contains the same
information as x=jjxjj. Let �0 denote the
direction of x0

� De�ne the functions R and G that are just
the functions r and g expressed in polar
coordinates

R(�; �; w) = r(x;w) and G(�) = g(x=jjxjj);
� Any function G automatically corresponds
to a homogeneous function g, de�ned by

g(x) = �G(�):

13



� Without loss of generality take x; x0 to
have unit length, and for simplicity ignore
w: Our estimation trick uses the fact that
R(v; �) = R(u0v; �0) =) u0 = G(�):

This is true for all v: Replace v 7! �

� Can think of this as a moment condition
with
M(u; �; �) = R(�; �)�R(u�; �0)

so that
M(u; �; �) = 0

if and only if u = u0: True for all �:
� We do this matching for each � and then
average the answer.
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Quadratic Forms

� For a given �, we could estimate u0 = G(�)
by minimizing the quadratic form

Q(u) =

Z
M(u; �; �)2f�(�)d�

which is averaged over �. As long as h
is invertible on its �rst element for some
positive measure subset of the support of
w, this criterion function will have a unique
zero at u = u0:

� The �rst order condition is thatZ
M(u0; �; �0)

@R

@�
(u0�; �0)�f�(�)d� = 0

� i.e., you are matching on some integral of
R(�; �) over �Z

R(�; �)
@R

@�
(u0�; �0)�f�(�)d�

=

Z
R(u0�; �0)

@R

@�
(u0�; �0)�f�(�)d�:
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� This can be taken one stage further. Let
us de�ne the function u0(�) as the unique
minimizer of

Q(u(�)) =
Z
[M(u(�); �; �)]2 V (�; �)f�;�(�; �)d�d�;

where

� V (�; �) is some weight function
� f�;�(�; �) is the joint density of the
random variables �; �.

� Should choose V f�;� to be the inverse vari-
ance of estimates of R(�; �)�R(u0�; �0):
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� Letting
u(�) = u0(�) + �h(�);

where h is any measurable function of �
and � is a scalar; we have the �rst order
condition

0 =

Z
[R(�; �)�R(u0(�)�; �0)]

@R

@�
(u0(�)�; �0)

��V (�; �)h(�)f�;�(�; �)d�d�

= E [[R(�; �)�R(u0(�)�; �0)]

� �@R
@�
(u0(�)�; �0)V (�; �)h(�)

�
=

Z
E

�
[R(�; �)�R(u0(�)�; �0)]

@R

@�
(u0(�)�; �0)

�V (�; �)j�]� h(�)f�(�)d�

by standard calculus of variations argu-
ments, where f�(�) is the marginal density of
the random variable �.
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� Taking h(�) to be the Dirac delta function
��(:); this implies that

E

�
R(�; �)

@R

@�
(u0(�)�; �0)�V (�; �)j�

�
= E

�
R(u0(�)�; �0)

@R

@�
(u0(�)�; �0)�V (�; �)j�

�
for all �: This is a nonlinear equation in
u0(�); but it is `separable' in �:

� In practice we would obtain
�(�; �) =

@R

@�
(u0(�)�; �0)�V (�; �)f�j�(�j�)

from some preliminary estimation and then
match by �nding the u0(�) that solvesZ
R(�; �)�(�; �)d� =

Z
R(u0(�)�; �0)�(�; �)d�

for each �:
� That is, you compute
m(u; �) =

Z
[R(�; �)�R(u�; �0)]�(�; �)d�

for each � and then �nd the value of u;
u0(�); that zerosm(u; �):
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� The optimal weighting function V (�; �)f�;�(�; �)
should be the inverse of the asymptotic
variance ofbR(�; �)� bR(u0(�)�; �0)
and can be estimated as well.

� Basically, for each � you are matching
on some integral of R over � where the
weighting is optimally determined from
some preliminar procedure, just like GMM.
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Distribution Theory

� Pointwise asymptotic normality for bg and bh
at ratesKx� 1 andmaxfKw+1; Kx� 1g:

� The analysis for bg involves some arguments
like that of estimates of mode of a density or
regression function to derive the properties
of the inverse function bs

� Argument for bh is a very complicated
generated regressors problem.

� Messy formulae, simpli�ed by using polar
coordinates for x; analytic standard errors.

� Assumptions on bR; smoothness and
support conditions.

� Performance comparison between the
integrate �rst then invert versus invert �rst
then integrate. Answer depends.
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Consistency for each v

� For each v; w can think of as an optimiza-
tion estimator

Qn(u; v) = [Mn(u; v; �)]
2 =

h bR(v; �)� bR(uv; �0)i2
such thatbu(v) 2 argmin

u2U
Qn(u; v)

is an estimator of G(�):
� Provided bR is continuous along the two
rays there exists a minimizer, but it may not
be unique for every sample.

� Consistency of bu(v) follows from uniform
consistency of bR along the two rays

sup
v
j bR(v; �)�R(v; �)j = op(1)

sup
v
j bR(v; �0)�R(v; �0)j = op(1)

along with the identi�able uniqueness
coming from the strict monotonicity of h:

� Consistency of the average of bu(v) over v
follows under minimal conditions on the
averaging measure.
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Asymptotic Distribution for each v

� Recall
Mn(u; v; �) = bR(v; �)� bR(uv; �0)

is the moment condition.

� By Taylor expanding around the true value
in this case denoted u0(�); can show thatbuv(�)� u0(�)
' �

�
@Mn(u; v; �)

@u

��1
u=u0(�)

[Mn(u0(�); v; �)]

'
�
@R(�; �0)

@�
�

��1
�=vu0(�)

�h bR(v; �)�R(v; �)� ( bR(u0(�)v; �0)�R(u0(�)v; �0))i ;
� Furthermore,�
@R(�; �0)

@�
�

�
�=vu0(�)

= h0(vu0(�))vu0(�)

because by assumption u0(�0) = 1:
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� For asymptotic normality need some
additional conditions on bR(v; �): We
assume they are like local polynomial polar
co-ordinate regression estimators.

� Then we have

(nhd)1=2[buv(�)�u0(�)�b2�(v; �)] =) N(0; s2(v; �));

where

s2(v; �) = jjKjj2 1

[h0(vu0(�))vu0(�)]
2 ��

�2(v; �)

f�;�(v; �)
+
�2(u0(�)v; �0)

f�;�(u0(�)v; �0)

�
�(v; �) =

�2(k)

2

�1
[h0(vu0(�))vu0(�)]

�

[r2R(v; �)�r2R(u0(�)v; �0)] :

� Here,r2R(v; �) is the trace of the Hessian
evaluated at v; �.
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Asymptotics for General Class of Estimators

� Suppose thatbm(bu(�); �) = 0
withbm(u; �) = Z [ bR(�; �)� bR(u�; �0)]�(�; �)d�
for some weight function �:

� Then by Taylor expansionbu(�)� u0(�)
' �

�Z
@R

@�
(u0(�)�; �0)��(�; �)d�

��1
�
Z
[ bR(�; �)� bR(u0(�)�; �0)]�(�; �)d�
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� This has the asymptotic distribution
(nhd�1)1=2[bu(�)�u0(�)�b2��(�)] =) N(0; s2�(�));

where:

��(�) =
�
R
�(�; �)�(�; �)d�R

h0(�u0(�))�u0(�)�(�; �)d�

s2�(�) =

R
s2(�; �)�2(�; �)d��R

h0(�u0(�))�u0(�)�(�; �)d�
�2

s2(�; �) = jjKjj2�
�
�2(�; �)

f�;�(�; �)
+
�2(u0(�)�; �0)

f�;�(u0(�)�; �0)

�
�(�; �) =

�2(k)

2
[r2R(�; �)�r2R(u0(�)�; �0)] :

� Optimize with respect to � from earlier,
that is, take
�(�; �) = h0(�u0(�))�u0(�)V (�; �)f�j�(�j�)

V (�; �)f�;�(�; �) = 1=s
2(�; �)

� Then you get
s2�opt(�) =

1R
[h0(�u0(�))�u0(�)]2s�2(�; �)d�
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Simulations

� The design is g(x) = jjxjj=
p
2; h(g) =

exp(g); and y = h[g(x)] + " so there is no
w. The distribution of X is uniform over
the donut

	X = fx : 0:2 < jjxjj2 � 2g:
We take V = jjXjj and x0 = (1; 1), which
makes g(x0) = 1 and 	V = (0:08;

p
2):

� local constant kernel regressions with a
Gaussian kernel. 100 reps

� Four �t criteria: integrated mean squared
error IMSE, integrated mean absolute
error IMAE, pointwise mean squared error
PMSE (at central point), and pointwise
mean absolute error PMAE.
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Results

� Table 1 shows that for estimation of g
the largest bandwidth produces superior
estimates in all designs, with error criteria
reduced by roughly 1/2 to 1/4 relative to
estimates based on the smallest bandwidth.

� When estimating g using the large band-
width, most criteria in most designs are
approximately halved when the sample size
is increased from 100 to 500 observations.

� Estimates of h, Table 2, are generally less
accurate than the estimates of g.

� The best choice of bandwidth for b varies
across designs, but the differences in
�t across different bandwidths is less
pronounced for h than for g:

� The improvement in the �t of h when
increasing the sample size from 100 to 500
varies across designs, with decreases in the
error measures ranging from about 40% to
80%.
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Application to Nonparametric Production
Function Estimation

� Let y be the log output of a �rm and x be a
vector of inputs, and suppose that

E(yjx) = r(x) = h[g(x)]
with linearly homogeneous g.

� A property of production that is empirically
important is returns to scale, de�ned as

S(g) =
@h(g)

@ ln g
� Other important properties are measures
of substitutability of inputs, such as the
technical rate of substitution and the
elasticity of substitution. When x consists
of just two elements, for example, capital
K and labor L, then a simple measure of
substitutability is

�(K=L) =
@ ln g (K=L; 1)

@ ln(K=L)
Note in interpreting this measure that
g (K=L; 1) = g (K;L) =L.
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� The substitutability measure �(K=L)
equals a constant � when g(x) = K�L1��,
that is, when the production function r(x)
is a monotonic transformation of a Cobb
Douglas, which is a common speci�cation
for homothetic production.

� Observations of chemical manufacturing
�rms in mainland China in two time
periods, 1995 and 2001. For each �rm, we
observe
� the net value of real �xed assetsK
� the number of employees L
� Y de�ned as the log of value-added real
output.

� Output and capital are measured in thou-
sands of Yuan converted to the base year
2000 using a general price de�ator for the
Chinese chemical industry. A total sample
size of 1638 �rms in 2001 and 1560 �rms
in 1995.
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� We consider both nonparametric and
parametric estimates of the production
function r(K;L). The parametric model
we employ is a homothetic Translog
production function, in which log output

Y = h[g (K;L)] + �

g (K;L) =

�
K

L

��
L

h (g) = �0 + �1 ln (g) + �2 ln (g)
2

� Fitting this model by nonlinear least
squares in each of the years of data yields
the parameter estimates reported in Table 3
(standard errors are in parentheses).

TABLE 3: Parametric Translog Estimates
� �0 �1 �2

2001 Translog 0.696 9.815 0.783 0.036
(0.043) (0.031) (0.028) (0.012)

1995 Translog 0.478 9.585 0.961 0.045
(0.046) (0.024) (0.041) (0.017)
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� Figures 2 and 3 show homothetic Translog
and homothetic nonparametric estimatesbg(K=L; 1) and bh(g) in 2001.

� Figure 3 also shows �ts from a simple
nonhomothetic kernel regression of Y on
K;L, that is, the initial unconstrained
estimator of the function r.

� For simplicity, at each nonparametric
estimation step we used ordinary kernel
regressions with a normal kernel and
bandwidth given by Silverman's rule.
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� The nonparametric �ts of r and those of h
shown in Figure are quite similar, indicating
that the imposition of homotheticity is
reasonable for this data set.

� The nonparametric estimates of the func-
tions g and h are roughly similar to the
parametric Translog model estimates, but
show quite a bit more curvature, departing
most markedly from the parametric model
for g at low capital to labor ratios and from
the model for h(g) at low values of g.

� These differences are greatly magni�ed
when one calculates the returns to scale
S(g) and the substitution measure �(K=L).
For the Translog model,
S(g) = �1 + 2�2 ln (g) and �(K=L) = �:
For the nonparametric model we use the
approximationbS(bgi) t [bh(bgi+1)� bh(bgi�1)]=(bgi+1 � bgi�1)
after sorting the data by bgi for each �rm i,
and similarly for b�(K=L).
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� Unlike the popular homothetic Translog
model, which assumes � constant, the
nonparametric estimates have � sharply
increasing at low capital labor ratios and
leveling off only at high levels. This
result indicates likely inadequacies of the
parametric model. The assumption of a
constant � may be more reasonable for
advanced economies like the United States,
which tend to have higher capital labor.

� The models also differ in returns to scale
S(g). Both models imply similar returns
to scale on average, but the parametric
model has S(g) mildly increasing, based
on a small but statistically signi�cant
positive estimate of b�2. In contrast, the
nonparametric estimates are roughly U
shaped, with a majority of the data in the
decreasing part. Given the substantial
variability of the nonparametric bS, it is
dif�cult to draw conclusions about the
dependence of S on g.
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� The estimates based on 1995 data are
broadly similar to 2001. The major
difference between the two years is that
average returns to scale appear to have
declined over time, from approximately
constant returns with average S near one in
1995, to decreasing returns with S near 0.8
in 2001.

� This �nding could be an artifact of sub-
stantial ownership reform during this
period. Many larger �rms in the Chinese
chemical industry may still be state-owned
in 2001, while many smaller enterprises
were privatized after 1995 and so could
have substantially restructured, thereby
enhancing their productivity. Combining
these into a single cross section might then
create the appearance of decreasing returns
on average.

� This could explain the overall difference in
mean S between the two years, but would
explain the observed patterns in S(g)
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within each year, though as noted above
these departures of S(g) from a constant
are at best weakly estimated.

� Changes over time may more generally
be due to changes in technology, demand,
and other aspects of China's increasing
economic liberalization and growth over
this time period.
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Some Extensions
Endogenous Regressors

� Assume
y = H [g(x); w; "];

and elements of X;W are endogenous,
correlated with ". Let

U = (X;W )� E(X;W j Z):
Then " j X;W;Z v " j U;Z. De�ne
�(X;W;U) = E(Y j X;W;U):

Assume that " j U;Z v " j U . Then
�(x;w; u) = h[g(x); w; u]:

� Let bU be residuals from nonparametrically
regressing X;W on Z. Let b� be a
nonparametric regression of Y onX;W; bU .
Then apply the homotheticity estimator tob� to get bg.

� Assumption " j U;Z v " j U is like
control functions of Blundell,Powell
(2000,1) nonparametric triangular system
of Newey, Powell,Vella (1999), Imbens and
Newey (2001), Chesher (2001).
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Another Model

� Now consider
r(v; z; w) = h[m(z) + v; w]

m need not be homogeneous. This is the
same as above taking m(z) = ln(G(�));
v = ln(�) and h = exp(h) from the polar
notation of our old model.

� Example: partly linear index models,
reservation price and willingness to pay
models such as y = I [�m(x) + " � v]
where v is the price.

� Also censored regression. Suppose that we
observe Y;X where

Y � = g(X)� "
Y = maxfY �; 0g:

Then
Pr(Y � yjX = x) = F" (y � g(x))

for all y � 0 and all x:
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Estimate the Scale

� Have de�ned a class of estimators for
homothetic functions with known scale of
homogeneity � = 1:

� Can also allow scale � to be unknown, i.e.,
g(cx) = c�g(x)

for some unknown � : In polar co-ordinates
r(�; �) = H(��G(�)):

� Algorithm is as before for each � 2 [� ; � ]
except there is a �nal stage where you
optimize over � using some criterion. For
regression function r we could minimize

Qn(� ) = n
�1

nX
i=1

n
Yi � bH�(��i bG�(�i))o2 ;

where bH� ; bG� are our estimates for a
speci�c � :
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TABLE 4: Substitutability and Returns to Scale Estimates
� parametric � nonparametric S parametric S nonparametric

mean 2001 0.696 0.537 0.788 0.821
standard deviation 2001 0.000 0.281 0.082 1.286
mean 1995 0.478 0.562 0.968 1.101
standard deviation 1995 0.000 0.225 0.072 1.528
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