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Abstract

This paper establishes the asymptotic distributions of the likelihood ratio (LR),
Anderson-Rubin (AR), and Lagrange multiplier (LM) test statistics under “many
weak IV asymptotics.” These asymptotics are relevant when the number of IVs is
large and the coefficients on the IVs are relatively small. The asymptotic results hold
under the null and under suitable alternatives. Hence, power comparisons can be
made.

Provided k3/n→ 0 as n→∞, where n is the sample size and k is the number of
instruments, these tests have correct asymptotic size. This holds no matter how weak
the instruments are. Hence, the tests are robust to the strength of the instruments.
The power results show that the conditional LR test is more powerful asymptotically
than the AR and LM tests under many weak IV asymptotics.

Keywords: Anderson-Rubin test, conditional likelihood ratio test, instru-
mental variables, Lagrange multiplier test, many instrumental variables,
weak instruments.
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1 Introduction

This paper presents new results for testing in the linear IV regression model under
“many weak instrument (IV) asymptotics.” Such asymptotics are designed for the
case in which the IVs are weak and the number of IVs, k, is relatively large compared
to the sample size n. Asymptotics of this type have been considered recently by Chao
and Swanson (2005), Stock and Yogo (2005), Han and Phillips (2005), Anderson,
Kunitomo, and Matsushita (2005), Hansen, Hausman, and Newey (2005), Newey
and Windmeijer (2005), and Andrews and Stock (2005a). Most of these papers focus
on the properties of estimators. In contrast, we are interested in the properties of
tests–both for testing purposes and for obtaining confidence intervals via inversion.
In particular, we are interested in the properties of tests when the equation errors
are non-normal.

We consider the conditional likelihood ratio (CLR) test introduced in Moreira
(2003), the Anderson-Rubin (1949) (AR) test, and a Lagrange multiplier (LM) test
introduced in Kleibergen (2002) and Moreira (2001). We find that in the many weak
IV asymptotic set-up the CLR, AR, and LM tests are completely robust asymptoti-
cally to weak IVs with normal and non-normal errors. That is, the asymptotic levels
of the tests are correct no matter how weak are the IVs. On the other hand, the
asymptotic levels of the CLR, AR, and LM tests are not completely robust to the
magnitude of k relative to n. One does not want to take k too large relative to n.
With non-normal errors, k3/n→ 0 as n→∞ is required for our results to show that
the tests have the correct asymptotic size.

Andrews and Stock (2005a) show that the CLR test is essentially on the asymp-
totic power envelope for normal errors under many weak IV asymptotics–regardless
of the relative strength of the IVs to k in the asymptotics. In addition, the AR and
LM tests are found not to be on the power envelope. In the present paper, we show
that the asymptotic power properties of the CLR, AR, and LM tests are the same
under non-normal errors as under normal errors given the k3/n→ 0 condition. The
aforementioned results combine to establish that the CLR test has power advantages
over the AR and LM tests for non-normal, as well as normal, errors.

We conclude that the “many weak IV” asymptotic results for non-normal errors
given in the present paper buttress the arguments in Andrews, Moreira, and Stock
(2004) and Andrews and Stock (2005a) for employing the CLR test over the AR, LM,
and other tests in model scenarios with potentially weak IVs.

The proofs of the results given here make use of the degenerate U-statistic central
limit theorem of Hall (1984), as in Newey and Windmeijer (2005).

Other papers in the literature that consider many weak IVs, include Chamberlain
and Imbens (2004) and Chao and Swanson (2003). Weak IV asymptotics (with k
fixed) were introduced in Staiger and Stock (1997). Many IV asymptotics (with
strong IVs) have been employed in Anderson (1976), Kunitomo (1980), Morimune
(1983), Bekker (1994), Donald and Newey (2001), Hahn (2002), Hahn, Hausman, and
Kuersteiner (2004), and Hansen, Hausman, and Newey (2005) among others.

This paper is organized as follows. Section 2 introduces the model and assump-
tions employed. Section 3 defines the CLR, AR, and LM tests. Section 4 gives the
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results. An Appendix provides the proofs.

2 Model and Assumptions

The model we consider is an IV regression model with one endogenous right-
hand side (rhs) variable, p exogenous variables, and k IVs. The sample size is n. The
number of IVs, k, depends on n, i.e., k = kn. We note that the case of a single rhs
endogenous variable is by far the most important in empirical applications.

The model consists of a structural equation and a reduced-form equation:

y1 = y2β +Xγ1 + u,

y2 = hZπ +Xξ1 + v2, (2.1)

where y1, y2 ∈ Rn, X ∈ Rn×p, and hZ ∈ Rn×k are observed variables; u, v2 ∈ Rn
are unobserved errors; and β ∈ R, π ∈ Rk, γ1 ∈ Rp, and ξ1 ∈ Rp are unknown
parameters. The exogenous variable matrix X and the IV matrix hZ are random.
The n× 2 matrix of errors [u:v2] is iid across rows. The variable y2 is endogenous in
the equation for y1 (i.e., y2 and u may be correlated). Endogeneity may be due to
simultaneity, left-out variables, or mismeasurement of an exogenous variable.

The two reduced-form equations are

y1 = hZπβ +Xγ1 + v1

y2 = hZπ +Xξ1 + v2, where

v1 = u+ v2β. (2.2)

The reduced-form errors [v1 :v2] are iid across rows with each row having mean zero
and 2× 2 nonsingular covariance matrix Ω.

Let Y = [y1 : y2] ∈ Rn×2 and V = [v1 : v2] ∈ Rn×2 denote the matrices of
endogenous variables and reduced form errors, respectively. We write the ith rows of
Y, V, X, and hZ as the column vectors Yi, Vi ∈ R2, Xi ∈ Rp, and hZi ∈ Rk, respectively.
The two equation reduced-form model can be written as

Yi = aπ� hZi + η�Xi + Vi for i ≤ n, where
a = (β, 1)�, and η = [γ1 : ξ1] ∈ Rp×2. (2.3)

Define

Z∗i = hZi −E hZiX �i(EXiX �i)−1Xi and
λ∗n,k = nπ�EZ∗i Z

∗�
i π. (2.4)

λ∗n,k indicates the strength of the IVs (and is proportional to the concentration
parameter).

We use the following assumptions.

Assumption 1. {(Vi,Xi, hZi) : i ≤ n} are iid across i for each n and {(Vi,Xi) : i ≤
n;n ≥ 1} are identically distributed across i and n.
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Assumption 2. EVi = 0, EVi hZ �i = 0, EViX
�
i = 0, EXiX

�
i is pd, lim infn→∞

λmin(EZ
∗
i Z

∗�
i ) > 0, and supj≤k;n≥1(E||Vi||4 hZ4ij + E||Vi||4 + E hZ4ij + E||Xi||4) < ∞,

where hZi = ( hZi1, ..., hZik)�.
Assumption 3. EViV �i = Ω, E(ViV �i ⊗Z∗i Z∗�i ) = Ω⊗EZ∗i Z∗�i for all n ≥ 1, and Ω is
pd.

Assumption 4. k →∞ and k3/n→ 0 as n→∞, and p does not depend on n.
Assumption 5. λ∗n,k/kτ → rτ as n → ∞ for some constants rτ ∈ [0,∞) and
τ ∈ (0,∞).
Assumption 6. β is fixed for all n when τ ≤ 1/2; β = β0+Bk

1/2−τ when τ ∈ (1/2, 1];
and β = β0 +Bk

−τ/2 when τ ≥ 1.
Assumption 1 states that the errors, exogenous variables, and IVs are random and

iid across i ≤ n. Note that (Vi,Xi, hZi) cannot be iid across n because the dimension,
k, of hZi depends on n.

Assumption 2 requires that the IVs and exogenous variables are uncorelated with
the reduced-form errors and satisfy standard moment conditions.

Assumption 3 implies that the reduced-form errors are homoskedastic.
Assumption 4 states that the number of IVs goes to infinity as n → ∞, but not

too quickly, and the number of exogenous variables is fixed.
Assumption 5 controls the relative magnitude of the IV strength, as measured by

λ∗n,k, to the number of IVs k. For example, Assumptions 5 holds if π = C(kτ/n)1/2

for some C ∈ Rk with ||C|| = 1 and CEZ∗i Z∗�i C → rτ . The smaller is τ , the weaker
are the IVs relative to k. Andrews and Stock (2005a) find that the key value of τ for
inference concerning β is τ = 1/2. For τ = 1/2, some tests (such as the CLR, AR,
and LM tests) have non-trivial power asymptotically against fixed alternatives. For
τ > 1/2, these tests have asymptotic power equal to one against any fixed alternative.
Many of the papers in the many weak IV literature only consider the case of τ = 1.
Note that Assumptions 2 and 5 imply that π�π = O(kτ/n), see (5.6) below.

Assumption 6 specifies the true value of β that is considered in the results below.
Assumption 6 takes β such that the asymptotic distributions of the test statistics
considered are non-degenerate. It is shown that this requires that β is a fixed value
when τ ≤ 1/2 and β is a sequence of local alternatives to the null value β0 when
τ > 1/2. Of course, β = β0 is allowed when τ ≤ 1/2 or τ > 1/2.

3 Tests

In applications, interest often is focused on the parameter β on the rhs endogenous
variable y2. Hence, our interest is in the null and alternative hypotheses:

H0 : β = β0 and H1 : β 9= β0. (3.1)

The parameter π, which determines the strength of the IVs, is a nuisance parameter
that appears under the null and alternative hypotheses. The parameters γ1, ξ1, and
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Ω also are nuisance parameters, but are of lesser importance because tests concerning
β typically are invariant to γ1 and ξ1 and the behavior of standard tests, such as t
tests, are much less sensitive to Ω than to π.

We now define the AR, LM, and CLR tests. We estimate Ω (∈ R2×2) via
eΩn = (n− k − p)−1eV � eV , where eV = Y − P hZY − PXY. (3.2)

We define

eSn = (Z �Z)−1/2Z �Y b0 · (b�0eΩnb0)−1/2, where Z = hZ − PX hZ and b0 = (1,−β0)�,eTn = (Z �Z)−1/2Z �Y eΩ−1n a0 · (a�0eΩ−1n a0)−1/2, where a0 = (β0, 1)�,eQλ,k,n = [eSn : eTn]�[eSn : eTn] = % eS�n eSn eS�n eTneT �n eSn eT �n eTn
&
=

% eQS,n eQST,neQST,n eQT,n
&
, and

eQλ,k,n = ( eQλ,k,n − kI2)/k1/2. (3.3)

The AR, LM, and LR test statistics can be written as

gARn = eQS,n/k,gLMn = eQ2ST,n/ eQT,n, andgLRn = 1

2

� eQS,n − eQT,n +t( eQS,n − eQT,n)2 + 4 eQ2ST,n� (3.4)

(see Andrews, Moreira, and Stock (2004) and Andrews and Stock (2005a).)
Under H0, gARn →d χ2k/k and gLMn →d χ21 as n → ∞ under strong and weak

IV asymptotics assuming iid homoskedastic errors and k fixed for all n (e.g., see
Andrews, Moreiera, and Stock (2004)). Under the additional assumption of normal
errors, gARn ∼ Fk,n−k−p. Hence, an F critical value is typically employed with the
AR test and a χ21 critical value is used for the LM test.

The CLR test rejects the null hypothesis when

gLRn > κCLRα ( eQT,n), (3.5)

where the conditional critical value function κCLRα ( eQT,n) is defined to satisfy
Pβ0(

gLRn > κCLRα (qT )| eQT,n = qT ) = α. Moreira (2003) gives a table of κCLRα (qT )
values.

4 Asymptotic Results

This section contains the results of the paper. We establish the asymptotic dis-

tributions of the statistic eQλ,k,n and the test statistics gARn, gLMn, andgLRn, which
depend on eQλ,k,n, under many weak IV asymptotics. In contrast to the assump-
tions in Andrews and Stock (2005a), we do not assume that the errors are normally
distributed.
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The asymptotic distribution of eQλ,k,n depends on the following quantities:

cβ = (β − β0) · (b�0Ωb0)−1/2 ∈ R,
dβ = a�Ω−1a0 · (a�0Ω−1a0)−1/2 ∈ R,

V3,τ =

⎧⎪⎪⎨⎪⎪⎩
Diag{2, 1, 2} if 0 < τ ≤ 1/2
Diag{2, 1, 0} if 1/2 < τ < 1
Diag{2, 1 + d2β0r1, 0} if τ = 1
Diag{2, d2β0rτ , 0} if τ > 1, and

γB = (b�0Ωb0)
−1/2dβ0B ∈ R, (4.1)

for the scalar constant B given in Assumption 6. Let χ21(δ) denote a noncentral
chi-square distribution with one degree of freedom and noncentrality parameter δ.

Theorem 1 Suppose Assumptions 1-6 hold. Then, the following results hold.
(a) If 0 < τ < 1/2 and β is fixed,⎛⎜⎝ (eS�n eSn − k)/k1/2eS�n eTn/k1/2

(eT �n eTn − k)/k1/2
⎞⎟⎠→d

⎛⎝ QS,∞
QST,∞
QT,∞

⎞⎠ ∼ N
⎛⎝⎛⎝ 0

0
0

⎞⎠ , V3,τ
⎞⎠ ,

(gARn − 1)k1/2 →d QS,∞ ∼ N(0, 2), gLMn →d Q
2
ST,∞ ∼ χ21(0), andgLRn/k1/2 →d

1

2

�
QS,∞ −QT,∞ +

t
(QT,∞ −QS,∞)2 + 4Q2ST,∞

�
.

(b) If τ = 1/2 and β is fixed,⎛⎜⎝ (eS�n eSn − k)/k1/2eS�n eTn/k1/2
(eT �n eTn − k)/k1/2

⎞⎟⎠→d

⎛⎝ QS,∞
QST,∞
QT,∞

⎞⎠ ∼ N
⎛⎝⎛⎝ c2βr1/2

cβdβr1/2
d2βr1/2

⎞⎠ , V3,1/2
⎞⎠ ,

(gARn − 1)k1/2 →d QS,∞ ∼ N(c2βr1/2, 2),gLMn →d Q
2
ST,∞ ∼ χ21(c

2
βd
2
βr
2
1/2), andgLRn/k1/2 →d

1

2

�
QS,∞ −QT,∞ +

t
(QT,∞ −QS,∞)2 + 4Q2ST,∞

�
.

(c) If 1/2 < τ ≤ 1 and β = β0 +Bk
1/2−τ for a scalar constant B,⎛⎜⎝ (eS�n eSn − k)/k1/2eS�n eTn/k1/2

(eT �n eTn − k)/kτ
⎞⎟⎠→d

⎛⎝ QS,∞
QST,∞
QT,∞

⎞⎠ ∼ N
⎛⎝⎛⎝ 0

γBrτ
d2β0rτ

⎞⎠ , V3,τ
⎞⎠ ,

(gARn − 1)k1/2 →d QS,∞ ∼ N(0, 2),gLMn →d Q
2
ST,∞ ∼ χ21(γ

2
Br

2
τ ) when 1/2 < τ < 1,gLMn →d Q

2
ST,∞/(1 + d

2
β0
r1) ∼ χ21(γ

2
Br

2
τ/(1 + d

2
β0
r1)) when τ = 1,gLRn = (1/(d2β0rτ ))k1−τgLMn(1 + op(1)) when 1/2 < τ < 1, andgLRn = ((1 + d2β0r1)/(d2β0r1))gLMn + op(1) when τ = 1.
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(d) If τ ∈ (1, 2], rτ > 0, and β = β0 +Bk
−τ/2,⎛⎜⎝ (eS�n eSn − k)/k1/2eS�n eTn/kτ/2

(eT �n eTn − k)/kτ
⎞⎟⎠→d

⎛⎝ QS,∞
QST,∞
QT,∞

⎞⎠ ∼ N
⎛⎝⎛⎝ 0

γBrτ
d2β0rτ

⎞⎠ , V3,τ
⎞⎠ ,

(gARn − 1)k1/2 →d QS,∞ ∼ N(0, 2),gLMn →d Q
2
ST,∞/(d

2
β0
rτ ) ∼ χ21(γ

2
Brτ/d

2
β0
)) provided dβ0 9= 0, andgLRn = gLMn + op(1).

Comments. 1. Theorem 1 shows that one obtains the same limit distribution when
the errors are non-normal and Ω is estimated as when the errors are normal and Ω
is known. The critical value function for the CLR test and critical values for the AR
and LM tests yield the correct asymptotic significance level α under normality of the
errors. Hence, the three tests also have the desired asymptotic significance level α
under non-normality.

2. Given that the asymptotic distributions of the AR, LM, and LR statistics are
the same under non-normal errors as under normal errors, the power comparisons
of the three tests given in Andrews and Stock (2005a) for the case of normal errors
also applies to the case of non-normal errors. In particular, when τ < 1/2, all three
tests have trivial asymptotic power. (It is shown in Andrews and Stock (2005a)
for the case of normal errors that no test has non-trivial asymptotic power when
τ < 1/2.) In the most interesting case in which τ = 1/2 and the whole range of
possible fixed alternatives is considered, the CLR test is essentially uniformly more
powerful asymptotically than the AR and LM tests (and the CLR test is essentially
on the asymptotic power envelope for two-sided tests for the case of normal errors).1

When τ > 1/2, the CLR and LM tests have equal asymptotic power against local
alternatives (and are on the asymptotic power envelope for two-sided tests for the
case of normal errors) and the AR test has trivial power against these alternatives.

3. Note that the cases considered in Chao and Swanson (2005) and Han and
Phillips (2005) correspond to τ > 1/2. Those considered in Stock and Yogo (2005),
Anderson, Kunitomo, and Matsushita (2005), Hansen, Hausman, and Newey (2005),
and Newey and Windmeijer (2005) correspond to the case where τ = 1.

4. An interesting feature of Theorem 1 is that the statistics eS�n eSn, eS�n eTn, andeT �n eTn are asymptotically independent.
To conclude, the many weak IV asymptotic results given in this section show that

the significance level of the AR, LM, and CLR tests are asymptotically correct no
matter how weak are the IVs with normal or non-normal errors. On the other hand,
these tests are not completely robust to many IVs. One cannot employ too many IVs
relative to the sample size. For non-normal errors, the tests have correct asymptotic
significance level provided k3/n→ 0 as n→∞ no matter how weak are the IVs. For

1By “essentially,” we mean that exhaustive simulations show that the asymptotic power of the
CLR test is on the asymptotic power envelope.
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normal errors, the results of Andrews and Stock (2005a) show that the less restrictive
condition k3/2/n→ 0 as n→∞ suffices.

The many weak IV asymptotic results for parameter values in the alternative
hypothesis show that the CLR test is more powerful asymptotically than the AR
and LM tests for both normal and non-normal errors. The LM test, in turn, is more
powerful asymptotically than the AR test.

The level and power results established under many IV asymptotics, combined
with the properties of the CLR test under weak IV asymptotics, see Andrews, Mor-
eira, and Stock (2004), lead us to recommend the CLR test (or heteroskedasticity
and/or autocorrelation robust versions of it) for general use in scenarios where the
IVs may be weak.

7



5 Appendix of Proofs

In this Appendix, we prove the results of Section 4. We start by stating several
Lemmas, the purposes of which are discussed following Lemma 1 below. Lemma 1
is a CLT for multivariate degenerate U-statistics. The CLT is proved by using the
Cramer-Wold device and verifying the conditions of Hall’s (1984, Thm. 1) univariate
CLT for degenerate U-statistics. Newey and Windmeijer (2005, Lem. A2) makes a
similar use of Hall’s result when establishing the asymptotic distribution of empirical
likelihood estimators with many weak IVs.

Lemma 1 Let {(ξni, ηni) : i ≤ n;n ≥ 1} be a triangular array of random vectors that
satisfies (i) ξni, ηni ∈ Rk, for all i ≤ n, where k = kn; (ii) for each n ≥ 1, (ξni, ηni)
are iid across i ≤ n; (iii) Eξni = Eηni = 0; (iv) V ar(ξni) = Ik, V ar(ηni) = Ik, and
Cov(ξni, ηni) = 0; (v) sup�≤k,n≥1(Eξ

4
ni� + Eη

4
ni�) < ∞, where ξni = (ξni1, ..., ξnik)

�

and ηni = (ηni1, ..., ηnik)
�; (vi) k → ∞ as n → ∞; and (vii) k2/n → 0 as n → ∞.

Then,

(a)
1

nk1/2

[[
1≤i<j≤n

⎛⎝ 2ξ�niξnj
ξ�niηnj + ξ�njηni

2η�niηnj

⎞⎠→d N(0, V3), where V3 = Diag{2, 1, 2},

(b)
1

nk1/2

n[
i=1

⎛⎝ ξ�niξni − k
ξ�niηni

η�niηni − k

⎞⎠→p 0, and

(c)
1

k1/2
vech

⎛⎝ 1

n1/2

n[
i=1

[ξni:ηni]
� 1

n1/2

n[
j=1

�
ξnj :ηnj

�− kI2
⎞⎠→d N(0, V3).

Comment. In Lemma 1 (and Lemma 2 below), Assumption (vii) can be relaxed
if assumption (v) is strengthened. We do not state such a result because a stronger
condition than assumption (vii) is needed anyway in Lemmas 3 and 4 below.

We now summarize the purpose of Lemma 1 and the Lemmas that follow. The
result of Theorem 1 concerns [eSn : eTn]. The k × 2 matrix [eSn : eTn] is roughly
of the form n−1/2

Sn
i=1[ξni : ηni], which appears in Lemma 1(c), with ξni = Z∗i ·

Y �i b0(b�0Ωb0)−1/2 and ηni = Z∗i ·Y �i a0(a�0Ω−1a0)−1/2. Since the means of these random
vectors are not zero, assumption (iii) of Lemma 1 does not hold. Hence, Lemma 1 is
extended in Lemma 2 below to allow for non-zero means that are of a magnitude that
corresponds to τ < 1 in Theorem 1. Since the variance matrices of ξni and ηni as
defined above are not Ik and are unknown, assumption (iv) of Lemma 1 does not hold.
Hence, Lemma 2 is extended in Lemma 3 below to allow for general variance matrices
that are estimated. Next, [eSn : eTn] are based on Zi = hZi − [n−1 hZ �X(n−1X �X)−1]Xi,
not Z∗i = hZi − [E hZiX �i(EXiX �i)−1]Xi, so Lemma 3 is extended in Lemma 4 to allow
ξni and ηni to be linear combinations of iid random vectors, such as hZi and Xi,
with coefficient matrices for the linear combinations that converge in probability to
constant matrices. Thus, Lemma 4 is needed when the model includes exogenous
variables. All of the Lemmas mentioned above apply when the means of ξni and
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ηni are of a magnitude that corresponds to τ < 1. Lemmas 5 and 6 provide results
analogous to those of Lemmas 1-4 for the case in which the means are of a magnitude
that corresponds to τ ∈ [1, 2]. Finally, Lemma 7 provides results on the asymptotic
behavior of the sample matrices hZ � hZ, X �X, X � hZ, and Z �Z.
Lemma 2 Let {(ξni, ηni) : i ≤ n;n ≥ 1} be a triangular array of random vectors
that satisfies the assumptions of Lemma 1, but with assumption (iii) replaced by
(iii)� Eξni = μnξ, Eηni = μnη, and (λnξ + λnη)/k → 0, where λnξ = nμ�nξμnξ,
λnη = nμ

�
nημnη, and λnξη = nμ

�
nξμnη. Then,

(a)
1

nk1/2

[[
1≤i<j≤n

⎛⎝ 2ξ�niξnj
ξ�niηnj + ξ�njηni

2η�niηnj

⎞⎠−
⎛⎝ λnξ/k

1/2

λnξη/k
1/2

λnη/k
1/2

⎞⎠→d N(0, V3),

(b)
1

nk1/2

n[
i=1

⎛⎝ ξ�niξni − k
ξ�niηni

η�niηni − k

⎞⎠→p 0, and

(c)
1

k1/2
vech

⎛⎝ 1

n1/2

n[
i=1

[ξni:ηni]
� 1

n1/2

n[
j=1

�
ξnj :ηnj

�− kI2
⎞⎠−

⎛⎝ λnξ/k
1/2

λnξη/k
1/2

λnη/k
1/2

⎞⎠
→d N(0, V3), where V3 = Diag{2, 1, 2}.

Let || · || denote the Euclidean norm of a vector or matrix.

Lemma 3 Let {(ξni, ηni) : i ≤ n;n ≥ 1} be a triangular array of random vectors
that satisfies the assumptions of Lemma 1, but with assumption (iv) replaced by
(iv)� V ar(ξni) = Σnξ ∈ Rk×k, V ar(ηni) = Σnη ∈ Rk×k, Cov(ξni, ηni) = 0, andeΣnξ and eΣnη are random k × k matrices that satisfy ||eΣnξ − Σnξ|| = op(k

−1/2) and
||eΣnη−Σnη|| = op(k−1/2), with assumption (iii) replaced by (iii)�� Eξni = μnξ, Eηni =

μnη, and (λ
∗
nξ + λ∗nη)/k → 0, where λ∗nξ = nμ�nξΣ

−1
nξ μnξ, λ

∗
nη = nμ�nηΣ−1nημnη, and

λ∗nξη = nμ�nξΣ
−1/2
nξ Σ

−1/2
nη μnη, with assumption (vii) replaced by (vii)

� k3/n → 0, and
with the addition of assumption (viii) infn≥1 λmin(Σnξ) > 0 and infn≥1 λmin(Σnη) > 0.
Then,

1

k1/2
vech

⎛⎝ 1

n1/2

n[
i=1

keΣ−1/2nξ ξni:eΣ−1/2nη ηni

l� 1

n1/2

n[
j=1

keΣ−1/2nξ ξnj :eΣ−1/2nη ηnj

l
− kI2

⎞⎠
−
⎛⎝ λ∗nξ/k1/2

λ∗nξη/k1/2

λ∗nη/k1/2

⎞⎠ →d N(0, V3), where V3 = Diag{2, 1, 2}.

Lemma 4 Suppose (a) (ξni, ηni, eΣnξ, eΣnη) satisfy the conditions of Lemma 3,
(b) ξni = ξn1i + Dnξξn2i and ηni = ηn1i + Dnηηn2i, where Dnξ,Dnη ∈ Rk×k are
non-random matrices, (c) {(ξn2i, ηn2i) : i ≤ n} are iid across i ≤ n with ||Eξn2i||2 =
O(k2/n) and ||Eηn2i||2 = O(k2/n), (d) eDnξ, eDnη ∈ Rk×k are random matrices
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that satisfy || eDnξ − Dnξ|| = op(k
−1) and || eDnη − Dnη|| = op(k

−1), and (e) eξni =
ξn1i + eDnξξn2i and eηni = ηn1i + eDnηηn2i. Then, the result of Lemma 3 holds with
(eξni,eηni) in place of (ξni, ηni).

The next Lemma is an extension of Lemma 1 that is needed when τ ≥ 1.
Lemma 5 Let {(ξni, ηni) : i ≤ n;n ≥ 1} be a triangular array of random vectors
that satisfies the conditions of Lemma 1. Let {hn : n ≥ 1} be a sequence of constant
k-vectors that satisfies nh�nhn/kτ → m as n → ∞ for some constants τ > 0 and
m ≥ 0. Then,⎛⎜⎜⎜⎜⎝

1
nk1/2

SS
1≤i<j≤n

⎛⎝ 2ξ�niξnj
ξ�niηnj + ξ�njηni

2η�niηnj

⎞⎠
1

kτ/2

Sn
i=1

�
h�nξni
h�nηni

�
⎞⎟⎟⎟⎟⎠→d N(0, V5), where V5 = Diag{2, 1, 2,m,m}.

Comment. The proof of Lemma 5 is similar to Newey and Windmeijer’s (2005)
proof of their Lemma A.2, which is an extension of Hall’s (1984) CLT for degenerate
U-statistics to cover joint convergence with sums of iid random variables. However,
Newey and Windmeijer’s Lemma A.2 does not cover the terms ξ�niξni and η�niηni in
the Lemma 5 (because of their assumption that EYiZi = 0).

The next result is employed when τ ∈ [1, 2]. For a constant κητ ≥ 0, define

V ∗3,τ =
�
Diag{2, 1 + κητ , 2 + 4κητ} if τ = 1
Diag{2,κητ , 4κητ} if τ > 1.

(5.1)

Lemma 6 Suppose τ ∈ [1, 2] and (ξn1i, ξn2i, ηn1i, ηn2i, eDnξ, eDnη, eΣnξ, eΣnη) satisfy the
conditions of Lemma 4 but with ||Eηn2i||2 = O(k1+τ/n), rather than ||Eηn2i||2 =
O(k2/n), and with λnξ/k → 0 and λnη/k

τ → κητ for some constant κητ ≥ 0, rather
than (λnξ + λnη)/k → 0. Then,

(a)
1

n

[[
1≤i<j≤n

⎛⎜⎝ k−1/2[2ξni�eΣ−1nξ ξnj ]
k−τ/2[(eΣ−1/2nξ ξni)

�eΣ−1/2nη ηnj + (eΣ−1/2nξ ξnj)
�eΣ−1/2nη ηni]

k−τ/2[2η�nieΣ−1nη ηnj ]
⎞⎟⎠

−
⎛⎝ λnξ/k

1/2

λnξη/k
τ/2

λnη/k
τ/2

⎞⎠→d N(0, V
∗
3,τ ),

(b)
1

n

n[
i=1

⎛⎜⎝ k−1/2[ξ�nieΣ−1nξ ξni − k]
k−τ/2(eΣ−1/2nξ ξni)

�eΣ−1/2nη ηni
k−τ/2[η�nieΣ−1nη ηni − k]

⎞⎟⎠→p 0, and

(c)

⎛⎜⎝ k−1/2[n−1/2
Sn
i=1(

eΣ−1/2nξ ξni)
�n−1/2

Sn
j=1

eΣ−1/2nξ ξnj − k]
k−τ/2[n−1/2

Sn
i=1(

eΣ−1/2nξ ξni)
�n−1/2

Sn
j=1

eΣ−1/2nη ηnj ]

k−τ/2[n−1/2
Sn
i=1(

eΣ−1/2nη ηni)
�n−1/2

Sn
j=1

eΣ−1/2nη ηnj − k]

⎞⎟⎠−
⎛⎝ λnξ/k

1/2

λnξη/k
τ/2

λnη/k
τ/2

⎞⎠
→d N(0, V

∗
3,τ ).
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Comment. In the proof of Lemma 6, the constraint that τ ≤ 2 is used only at the
end of the proof when showing that an analogue of Lemma 4 holds. In addition, the
proof of part (b) uses τ < 6 at an earlier stage of the proof.

Lemma 7 Suppose Assumptions 1, 2, and 4 hold, then (a) ||n−1 hZ � hZ − E hZi hZ �i|| =
op(k

−1/2), (b) ||(n−1X �X)−1 − (EXiX �i)−1|| = Op(n
−1/2), (c) ||EXi hZ �i|| = O(k1/2),

(d) ||n−1X � hZ −EXi hZ �i|| = op(k−1), and (e) ||n−1Z �Z −EZ∗i Z∗�i || = op(k−1/2).
Proof of Theorem 1. First, we show that the results of the Theorem hold for
τ ∈ (0, 1) with eSn and eTn defined with the true Ω in place of eΩn. The statistics
(eSn, eTn) are invariant to the coefficient η on Xi. Hence, wlog we take η = 0. Let
b∗ = b0(b�0Ωb0)−1/2 and a∗ = Ω−1a0(a�0Ω−1a0)−1/2. We apply Lemma 4 with

ξni = Z∗i · Y �i b∗, ξn1i = hZi · Y �i b∗, ξn2i = (X �i · Y �i b∗, 0�k−p)� ∈ Rk,eΣnξ = eΣnη = n−1Z �Z, Dnξ = Dnη = [E hZiX �i(EXiX �i)−1 : 0k×(k−p)] ∈ Rk×k,eDnξ = eDnη = [n−1 hZ �X(n−1X �X)−1 : 0k×(k−p)] ∈ Rk×k, (5.2)

ηni = Z∗i · Y �i a∗, ηn1i = hZi · Y �i a∗, and ηn2i = (X
�
i · Y �i a∗, 0�k−p)� ∈ Rk.

Assumptions (b) and (e) of Lemma 4 follow immediately from (5.2).
Assumption (a) of Lemma 4 requires that Assumptions (i), (ii), (iii)��, (iv)�, and

(v)-(viii) of Lemmas 1-3 hold. Assumptions (i), (ii), and (v)-(viii) hold immediately
by Assumptions 1-4.

Assumption (iv)� holds because ||eΣnξ − Σnξ|| = ||eΣnη − Σnη|| = op(k
−1/2) by

Lemma 7(e), where

Σnξ = V ar(ξni) = EZ
∗
i Z

∗�
i ·E(V �i b0)2(b�0Ωb0)−1 = EZ∗i Z∗�i ,

Σnη = V ar(ηni) = EZ
∗
i Z

∗�
i ·E(V �iΩ−1a0)2(a�0Ω−1a0)−1 = EZ∗i Z∗�i ,

Cov(ξni, ηni) = EZ∗i Z
∗�
i ·E(b�0ViV �iΩ−1a0)(b�0Ωb0)−1/2(a�0Ω−1a0)−1/2 = 0, (5.3)

each equation uses Assumptions 1-3, and the last equality uses b�0a0 = 0.
Assumption (iii)�� holds using Assumption 5 because

μnξ = Eξni = EZ
∗
i Y

�
i b∗ = EZ

∗
i ( hZ �iπa� +X �iη)b∗ = EZ∗i Z∗�i πa�b∗ = EZ∗i Z∗�i πcβ,

μnη = Eηni = EZ
∗
i Y

�
i a∗ = EZ

∗
i Z

∗�
i πa

�Ω−1a∗ = EZ∗i Z
∗�
i πdβ, (5.4)

(λ∗nξ,λ
∗
nξη,λ

∗
nη) = nπ

�EZ∗i Z
∗�
i π · (c2β, cβdβ, d2β),

(λ∗nξ + λ∗nη)/k = (λ
∗
n,k/k

τ )kτ−1(c2β + d
2
β) = O(k

τ−1) = o(1),

where λ∗n,k is defined in (2.4) and the last equality holds because τ < 1.
To show assumption (c) of Lemma 4, we write

||Eξn2i||2 = ||EXi · Y �i b∗||2 = ||EXi hZ �iπ||2(a�b∗)2 ≤ ||EXi hZ �i||2 · ||π||2(a�b∗)2, (5.5)

where the second equality uses the assumption above that the coefficient, η, on Xi is
0 wlog. Now, ||EXi hZ �i||2 = O(k) by Lemma 7(c). Also, Assumption 5 gives

O(1) = λ∗n,k/k
τ = nπ�EZ∗i Z

∗�
i π/k

τ ≥ nπ�πλmin(EZ∗i Z∗�i )/kτ . (5.6)
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This, Assumption 2, and τ < 1 yield π�π = O(kτ/n) ≤ O(k/n). Combining these
results gives ||Eξn2i||2 = O(k2/n), as desired. The same argument gives ||Eηn2i||2 =
O(k2/n). Thus, assumption (c) holds.

Assumption (d) of Lemma 4 holds because

|| eDnξ −Dnξ|| = ||n−1 hZ �X(n−1X �X)−1 −E hZiX �i(n−1X �X)−1
+E hZiX �i(n−1X �X)−1 −E hZiX �i(EXiX �i)−1||

≤ ||n−1 hZ �X −E hZiX �i|| · ||(n−1X �X)−1||
+||E hZiX �i|| · ||(n−1X �X)−1 − (EXiX �i)−1||

= op(k
−1)Op(1) +O(k1/2)Op(n−1/2) = op(k−1), (5.7)

where the second equality holds by Lemma 7(b)-(d) and the fact that (n−1X �X)−1 =
Op(1) by the WLLNs, Slutsky’s Theorem, and EXiX �i > 0 and the third equality
uses Assumption 4.

The means of the asymptotic normal distributions given in Theorem 1(a)-(c) arise
in the present case because, by (5.4) and Assumptions 5 and 6, we have

(λ∗nξ/k
1/2,λ∗nξη/k

1/2,λ∗nη/k
1/2)� = (λ∗n,k/k

1/2) · (c2β, cβdβ, d2β)�

→
�
r1/2(c

2
β, cβdβ, d

2
β)
� when τ = 1/2

(0, 0, 0)� when τ < 1/2.
(5.8)

When τ ∈ (1/2, 1), (5.4) and Assumptions 5 and 6 lead to
cβ = Bk

1/2−τb0, b0 = (b�0Ωb0)
−1/2, dβ = dβ0(1 + o(1)), and

(λ∗nξ/k
1/2,λ∗nξη/k

1/2,λ∗nη/k
τ )� = (c2βλ

∗
n,kk

−1/2, cβdβλ∗n,kk
−1/2, d2βλ

∗
n,kk

−τ )�

= (B2b
2
0k
1−2τλ∗n,kk

−1/2, Bb0dβk1/2−τλ∗n,kk
−1/2, d2βλ

∗
n,kk

−τ )�

→ (0, Bb0dβ0rτ , d
2
β0
rτ )

� = (0, γBrτ , d
2
β0
rτ )

�. (5.9)

Hence, when τ ∈ (1/2, 1), Lemma 4 shows that ((eS�n eSn − k)/k1/2, eS�n eTn/k1/2) →d

(QS,∞, QST,∞) and (eT �n eTn − k)/kτ − d2βλ∗n,k/kτ = op(1) because τ > 1/2. The latter,
combined with d2βλ

∗
n,k/k

τ → d2β0rτ , gives the desired result that (
eTn� eTn − k)/kτ →p

d2β0rτ when τ ∈ (1/2, 1). Here and below, the stated results forgARn, gLMn, andgLRn
hold given those for eS�n eSn, eS�n eTn, and eT �n eTn by the same argument as in (11.10)-(11.14)
of the proof of Thm. 1 of Andrews and Stock (2005a).

To complete the proof for τ < 1, we extend the results to the case where (eSn, eTn)
are defined with eΩn, not Ω. This extension holds by the result of Lemma 1 of Andrews
and Stock (2005a) that k1/2(eΩn − Ω) = op(1) (which holds under Assumptions 1-3)
and the proof of Theorem 4 of Andrews and Stock (2005a).

Next, we consider the case where τ ∈ [1, 2]. The proof is the same as for τ < 1 with
the following changes. First, we apply Lemma 6 instead of Lemma 4. Second, the
last line of (5.4) does not hold because τ ≥ 1. Instead, we have c2β = O((β − β0)

2) =

O(k−τ ), λ∗nξ/k = (λ∗n,k/kτ )kτ−1c2β = O(k−1) = o(1) as required by Lemma 6, and
λ∗nη/kτ = (λ∗n,k/kτ )d2β → rτd

2
β0
, which verifies an assumption in Lemma 6 with
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κητ = rτd
2
β0
. Third, by (5.5) and (5.6) with ξ replaced by η, we have ||Eηn2i||2 ≤

O(||EXi hZ �i||2 · ||π||2) = O(k1+τ/n) as is assumed in Lemma 6.
Fourth, when τ = [1, 2], (5.4) and Assumptions 5 and 6 lead to

cβ = Bk
−τ/2b0, b0 = (b�0Ωb0)

−1/2, dβ = dβ0(1 + o(1)), and

(λ∗nξ/k
1/2,λ∗nξη/k

τ/2,λ∗nη/k
τ )� = (c2βλ

∗
n,kk

−1/2, cβdβλ∗n,kk
−τ/2, d2βλ

∗
n,kk

−τ )�

= (B2b
2
0k
−τλ∗n,kk

−1/2, Bb0dβkτ/2λ∗n,kk
−τ/2, d2βλ

∗
n,kk

−τ )�

→ (0, Bb0dβ0rτ , d
2
β0
rτ )

� = (0, γBrτ , d
2
β0
rτ )

�. (5.10)

Hence, Lemma 6 shows that ((eSn� eSn − k)/k1/2, eSn� eTn/kτ/2) →d (QS,∞, QST,∞). In
addition, Lemma 6 implies that (eT �n eTn − k)/kτ − d2βλ∗n,k/kτ = op(1) because τ >

τ/2. This, combined with d2βλ
∗
n,k/k

τ → d2β0rτ , gives the desired result that (
eTn� eTn −

k)/kτ →p d
2
β0
rτ .

Proof of Lemma 1. To prove part (a), by the Cramer-Wold device, it suffices to
show that for any α = (α1,α2,α3)� ∈ R3 with α 9= 0,

α�Un =
[[
1≤i<j≤n

Snij =
n[
j=2

Mnj →d N(0,α
�V3α), where Mnj =

j−1[
i=1

Snij and

Snij =
1

nk1/2
(2α1ξ

�
niξnj + α2(ξ

�
niηnj + ξ�njηni) + 2α3η

�
niηnj). (5.11)

We establish this result using Hall’s (1984, Thm. 1) univariate CLT for degenerate
U-statistics. Hall’s CLT is established by writing the U-statistic as a martingale (with
martingale differences {Mnj : j ≥ 1}) and applying Brown’s (1971) martingale CLT.

We apply Hall’s Thm. 1 with his Xni = (ξ�ni, η�ni)
� and his Hn(x, y) equal to

Hn(x, x∗) =
3[
s=1

αsHsn(x, x∗), where x = (ξ�, η�)� ∈ R2k, x∗ = (ξ�∗, η�∗)� ∈ R2k,

H1n(x, x∗) = 2n−1k−1/2ξ�ξ∗, H2n(x, x∗) = n
−1k−1/2(ξ�η∗ + ξ�∗η), and

H3n(x, x∗) = 2n−1k−1/2η�η∗. (5.12)

Note that E(Hn(Xn1,Xn2)|Xn2) = 0 a.s. because Xn1 and Xn2 are independent with
mean zero. In consequence, the U-statistic α�Un in (5.11) is degenerate. Hall’s Thm.
1 states that

α�Un/
�
n2EH2

n(Xn1,Xn2)/2
�1/2 →d N(0, 1) provided

(I) n−1EH4
n(Xn1,Xn2)/(EH

2
n(Xn1,Xn2))

2 → 0 and

(II) EG2n(Xn1,Xn2)/(EH
2
n(Xn1,Xn2))

2 → 0, where

Gn(x, x∗) = EHn(Xn1, x)Hn(Xn1, x∗) for x, x∗ ∈ R2k. (5.13)

Conditions (I) and (II) suffice for the Lindeberg condition and the conditional variance
condition, respectively, required in Brown’s martingale CLT. We verify (I) and (II)
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for Hn(x, x∗) defined in (5.12). First, we have

n2EH2
n(Xn1,Xn2)/2 =

1

2k
α�E

⎛⎝ 2ξ�n1ξn2
ξ�n1ηn2 + ξ�n2ηn1

2η�n1ηn2

⎞⎠⎛⎝ 2ξ�n1ξn2
ξ�n1ηn2 + ξ�n2ηn1

2η�n1ηn2

⎞⎠� α,
(5.14)

where Xni = (ξ�ni, η�ni)
�. Next, we have

E(2ξ�n1ξn2)
2 = 4tr(Eξn2ξ

�
n2ξn1ξ

�
n1) = 4tr(Eξn2ξ

�
n2 ·Eξn1ξ�n1) = 4k,

E(ξ�n1ηn2 + ξ�n2ηn1)
2 = E(ξ�n1ηn2)

2 + 2Eξ�n1ηn2ξ
�
n2ηn1 +E(ξ

�
n2ηn1)

2

= tr(Eξn1ξ
�
n1 ·Eηn2η�n2) + 2tr(Eηn2ξ�n2 ·Eηn1ξ�n1) + tr(Eξn2ξ�n2 ·Eηn1η�n1) = 2k,

E(2ξ�n1ξn2)(ξ
�
n1ηn2 + ξ�n2ηn1) = 2Eξ

�
n1ξn2ξ

�
n1ηn2 + 2Eξ

�
n1ξn2ξ

�
n2ηn1

= 2tr(Eξn1ξ
�
n1 ·Eξn2η�n2) + 2tr(Eξn2ξ�n2 ·Eηn1ξ�n1) = 0, and (5.15)

E(2ξ�n1ξn2)(2η
�
n1ηn2) = 4tr(Eξn1η

�
n1ηn2ξ

�
n2) = 4tr(Eξn1η

�
n1 ·Eηn2ξ�n2) = 0,

using assumptions (ii) and (iv) of the Lemma. Likewise, we have E(2η�n1ηn2)2 = 4k
and E(2η�n1ηn2)(ξ

�
n1ηn2+ ξ�n2ηn1) = 0. Combining these results with (5.14 and (5.15)

implies that
n2EH2

n(Xn1,Xn2)/2 = α�V3α > 0 for all n, (5.16)

which yields the asymptotic variance given in (5.11).
Now, to verify condition (I) of (5.13), we have

EH4
1n(Xn1,Xn2) =

16

n4k2
E(ξ�n1ξn2)

4 =
16

n4k2
E(

k[
�=1

ξn1�ξn2�)
4

=
16

n4k2

k[
�1=1

k[
�2=1

k[
�3=1

k[
�4=1

Eξn1�1ξn2�1ξn1�2ξn2�2ξn1�3ξn2�3ξn1�4ξn2�4 (5.17)

≤ 16k
2

n4
sup

�1,�2,�3,�4≤4,n≥1
Eξn1�1ξn1�2ξn1�3ξn1�4 ·Eξn2�1ξn2�2ξn2�3ξn2�4 = O(

k2

n4
),

where ξni = (ξni1, ..., ξnik)
� and the last equality holds by assumption (v) of the

Lemma and the Cauchy-Schwartz inequality. Similar calculations and the use of
Minkowski’s inequality yields EH4

sn(Xn1,Xn2) = O(k
2/n4) for s = 2, 3. These results

and Minkowski’s inequality then give EH4
n(Xn1,Xn2) = O(k2/n4). Combining this

with (5.16) establishes condition (I) of (5.13).provided n−1k2 → 0, which holds by
assumption (vii) of the Lemma.

To verify condition (II) of (5.13), by the Cauchy-Schwartz inequality, it suffices to
verify condition (II) with EG2n(Xni,Xnj) replaced by EG

2
sn(Xni,Xnj) for s = 1, 2, 3,

where Gsn(·, ·) is defined as Gn(·, ·) is defined in (5.13), but with Hsn(·, ·) in place of
Hn(·, ·). We have

G1n(x, x∗) = EH1n(Xn1, x)H1n(Xn1, x∗) =
4

n2k
Eξ�n1ξξ

�
n1ξ∗ =

4

n2k
ξ�ξ∗,

G2n(x, x∗) = EH2n(Xn1, x)H2n(Xn1, x∗)

=
1

n2k
E(ξ�n1η + ξ�ηn1)(ξ

�
n1η∗ + ξ�∗ηn1) =

1

n2k
(ξ�ξ∗ + η�η∗), (5.18)
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where x = (ξ, η)� and x∗ = (ξ∗, η∗)�. Hence,

EG21n(Xn1,Xn2) =
16

n4k2
E(ξ�n1ξn2)

2 =
16

n4k2
tr(Eξn1ξ

�
n1 ·Eξn2ξ�n2) =

16

n4k
,

EG22n(Xn1,Xn2) =
1

n4k2
E(ξ�n1ξn2 + η�n1ηn2)

2 =
2

n4k
. (5.19)

Similarly, EG23n(Xn1,Xn2) = 16/(n
4k). Combining (5.16), (5.18), and (5.19) yields

condition (II) of (5.13) provided k → ∞, which holds by assumption (vi) of the
Lemma.

Part (b) of the Lemma holds because the left-hand side in part (b) has mean zero
and variance that is o(1). The latter holds because

E(ξ�n1ξn1)
2 =

k[
�1=1

k[
�2=1

Eξ2n1�1ξ
2
n1�2 ≤ k2 sup

�≤k,n≥1
Eξ4n1� = O(k

2), (5.20)

V ar(n−1k−1/2
n[
i=1

(ξ�niξni − k)) = n−1k−1V ar((ξ�niξni − k)) = n−1O(k) = o(1)

using assumptions (v) and (vii) of the Lemma. Similarly, E(ξ�niηni)2 = O(k2) and
E(η�n1ηn1)2 = O(k2) yield V ar(n−1k−1/2

Sn
i=1 ξ

�
niηni = o(1) and V ar(n

−1k−1/2
Sn
i=1

(η�niηni − k) = o(1).
Part (c) follows from parts (a) and (b) because the lhs of part (c) equals the sum

of the lhs of parts (a) and (b).

Proof of Lemma 2. To prove part (a), we write

2

nk1/2

[[
1≤i<j≤n

ξ�niξnj = A1n +A2n +A3n, where

A1n =
2

nk1/2

[[
1≤i<j≤n

(ξni − μnξ)
�(ξnj − μnξ),

A2n =
2

nk1/2

[[
1≤i<j≤n

[μ�nξ(ξni − μnξ) + μ�nξ(ξnj − μnξ)], and

A3n =
2

nk1/2

[[
1≤i<j≤n

μ�nξμnξ. (5.21)

Now, some calculations yield

A3n =
n(n− 1)
nk1/2

μ�nξμnξ =
1

k1/2
λnξ − 1

nk1/2
λnξ =

1

k1/2
λnξ + o(1),

A2n =
2(n− 1)
nk1/2

μ�nξ
n[
i=1

(ξni − μnξ), EA2n = 0, and

V ar(A2n) =
4(n− 1)2
nk

μ�nξV ar(ξni)μnξ =
4(n− 1)2
n2k

λnξ = o(1), (5.22)
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using λnξ/k → 0 and k2/n→ 0. Combining (5.21) and (5.22) gives

2

nk1/2

[[
1≤i<j≤n

ξ�niξnj −
1

k1/2
λnξ = A1n + op(1). (5.23)

Similar calculations yield

1

nk1/2

[[
1≤i<j≤n

(ξ�niηnj + ξ�njηni)−
1

k1/2
λnξη (5.24)

=
1

nk1/2

[[
1≤i<j≤n

[(ξni − μnξ)
�(ηnj − μnη) + (ξnj − μnξ)

�(ηni − μnη)] + op(1) and

2

nk1/2

[[
1≤i<j≤n

η�niηnj −
1

k1/2
λnη =

1

nk1/2

[[
1≤i<j≤n

(ηni − μnη)
�(ηnj − μnη) + op(1).

Stacking the results of (5.23) and (5.24) and applying Lemma 1(a) to the rhs of these
stacked equations yields convergence in distribution to N(0, V3), which is the result
of part (a).

To show part (b), we write

1

nk1/2

n[
i=1

(ξ�niξni − k) = F1n + F2n + F3n, where

F1n =
1

nk1/2

n[
i=1

[(ξni − μnξ)
�(ξni − μnξ)− k], F2n =

2

nk1/2

n[
i=1

μ�nξ(ξni − μnξ),

F3n =
1

nk1/2

n[
i=1

μ�nξμnξ. (5.25)

We have F1n →p 0 by Lemma 1(b). In addition,

F3n =
1

nk1/2
λnξ =

k1/2

n

λnξ
k
→ 0, EF2n = 0, and

V ar(F2n) =
4

nk
μ�nξV ar(ξni)μnξ =

4

n2k
λnξ → 0 (5.26)

using assumptions (vii) and (iii)�. These results combine to show that F1n + F2n +
F3n is op(1). Similar calculations show that n−1k−1/2

Sn
i=1(η

�
niηni − k) = op(1) and

n−1k−1/2
Sn
i=1 ξ

�
niηni = op(1), which completes the proof of part (b).

Part (c) follows from parts (a) and (b) because the lhs of part (c) equals the sum
of the lhs of parts (a) and (b).

Proof of Lemma 3. Lemma 2(c) with (ξni, ηni) of that Lemma set equal to
((Σ

−1/2
nξ ξni,Σ

−1/2
nη ηni) of the present Lemma gives the desired result but with (Σnξ,Σnη)

in place of (eΣnξ, eΣnη). Hence, it suffices to show
δn = A

�
n(Σ

−1
nξ − eΣ−1nξ )An = op(k1/2), where An = n−1/2 n[

i=1

ξni, (5.27)
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and likewise with (ξni,Σnξ) replaced by (ηni,Σnη).

Lemma 2(c) applied to (Σ−1/2nξ ξni,Σ
−1/2
nη ηni) also gives

A�nΣ
−1
nξAn = Op(k) (5.28)

(due to the centering at kI2). In addition, we have

λ−1min(eΣnξ) = Op(1) (5.29)

because |λmin(eΣnξ) − λmin(Σnξ)| ≤ ||eΣnξ − Σnξ|| = op(1) by assumption (iv)� and
λ−1min(Σnξ) = O(1) by assumption (viii).

The following are standard or hold by algebra: If H is a symmetric psd k × k
matrix, G is a k × k matrix, and c is a k-vector, then (a) ||HGH|| ≤ λ2max(H)||G||,
(b) ||Hc|| ≤ λmax(H)||c|| ≤ ||H|| · ||c||, (c) c�Gc ≤ ||G|| · ||c||2, and (d) Ik −H−1 =
H − Ik − (H − Ik)�H−1(H − Ik).

Let Cn = Σ
1/2
nξ and Dn = eΣ1/2nξ . Then, we have

δn = A�n(C
−2
n −D−2n )An

= A�nC
−1
n (Ik − CnD−2n Cn)C−1n An

= A�nC
−1
n (C−1n D2nC

−1
n − Ik)C−1n An

−A�nC−1n (C−1n D2nC
−1
n − Ik)CnD−2n Cn(C−1n D2nC

−1
n − Ik)C−1n An

≤ A�nC−1n [C−1n (D2n − C2n)C−1n ]C−1n An

+||Cn(C−1n D2nC
−1
n − Ik)C−1n An||2 · λ2max(D−1n )

≤ ||C−1n (D2n − C2n)C−1n || · ||C−1n An||2
+||(D2n − C2n)C−1n C−1n An||2 · λ−2min(Dn)

≤ ||D2n − C2n|| · λ2max(C−1n ) · ||C−1n An||2
+||D2n − C2n||2||C−1n C−1n An||2 · λ−2min(Dn)

≤ ||D2n − C2n|| · λ−1min(C2n) · ||C−1n An||2
+||D2n − C2n||2 · ||C−1n An||2 · λ2max(C−1n ) · λ−2min(Dn)

= op(k
−1/2)O(1)Op(k) + op(k−1)Op(k)O(1)Op(1)

= op(k
1/2), (5.30)

where the third equality uses (d) with H = C−1n D2nC
−1
n , the first inequality holds by

the triangle inequality and (b), the second inequality holds by (c), the third inequality
holds by (a) and (b), the fourth inequality holds by (b), and the second last equality
holds by assumptions (iv)� and (viii), (5.28), and (5.29). This establishes (5.27).

The same argument holds with (ξni, eΣnξ) replaced by (ηni, eΣnη). Hence, (5.27)
holds and the Lemma is proved.

Proof of Lemma 4. It suffices to show ∆n = op(k1/2) and an analogous result with
(ξn1i, ξn2i) replaced by (ηn1i, ηn2i), where ∆n is defined by

Gn = n−1/2
n[
i=1

ξn1i, Hn = n
−1/2

n[
i=1

ξn2i,
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∆n = |(Gn + eDnξHn)�eΣ−1nξ (Gn + eDnξHn)− (Gn +DnξHn)�eΣ−1nξ (Gn +DnξHn)|
= |H �n( eDnξ −Dnξ)�eΣ−1nξ ( eDnξ −Dnξ)Hn + 2H �n( eDnξ −Dnξ)�eΣ−1nξ (Gn +DnξHn)|
≤ P1n + 2P 1/21n P

1/2
2n ,

P1n = ||eΣ−1/2nξ ( eDnξ −Dnξ)Hn||2, P2n = (Gn +DnξHn)�eΣ−1nξ (Gn +DnξHn), (5.31)

and the inequality holds by the Cauchy-Schwarz inequality. We have P2n = Op(k)
by Lemma 3. Hence, the Lemma holds if P1n = op(1).

We have

P1n ≤ λ2max(eΣ−1/2nξ ) · ||( eDnξ −Dnξ)Hn||2 ≤ λ−1min(eΣnξ) · || eDnξ −Dnξ||2||Hn||2, (5.32)
where the two inequalities hold by inequality (b) stated following (5.29) above.

Next, we have: (I) ||Hn||2 = Op(k
2) because ||Hn|| ≤ ||Hn − EHn|| + ||EHn||,

E||Hn −EHn||2 = E(ξn2i−Eξn2i)�(ξn2i−Eξn2i) = O(k), which implies that ||Hn −
EHn||2 = Op(k), and ||EHn||2 = ||n1/2Eξn2i||2 = O(k2) by assumption (c) of the

Lemma, (II) λmax(eΣ−1/2nξ ) = λ
−1/2
min (

eΣnξ) = Op(1) by (5.29) above, and (III) || eDnξ −
Dnξ|| = op(k

−1) by assumption (d) of the Lemma. Hence, P1n = op(1) and ∆n =
op(k

1/2).
An analogous result holds with (ηn1i, ηn2i) in place of (ξn1i, ξn2i), which completes

the proof.

Proof of Lemma 5. The result is established by applying Brown’s (1971) mar-
tingale CLT to a linear combination of the 5-vector in the Lemma and then ap-
plying the Cramér-Wold device. For the former, it suffices to show that for any
α∗ = (α1,α2,α3,α4,α5)� 9= 0,

n[
j=1

(Mnj +Gnj)→d N(0,α
�
∗V5α∗), where Gnj = k

−τ/2h�n(α4ηnj + α5ξnj), (5.33)

Mnj and α are defined in (5.11), andMn1 = 0. Note that E(Mnj+Gnj |Fj−1) = 0 a.s.,
where Fj−1 = σ(ξnj−1, ηnj−1, ..., ξn1, ηn1). Brown’s CLT requires the verification of
(i) the convergence of V ar(

Sn
j=1(Mnj +Gnj)) to α�∗V5α∗, (ii) a Lindeberg condition,

and (iii) a conditional variance condition. For (i), we have

V ar(
n[
j=1

(Mnj+Gnj)) =
n[
j=1

(EM2
nj+EG

2
nj)→ α�V3α+m(α24+α

2
5) = α�∗V5α∗, (5.34)

where the equality uses EMnj = EGnj = EMnjGnj = 0 and the convergence holds
by (5.14)-(5.16) and EG2nj = nk

−τh�nhn(α24 + α25)→ m(α24 + α25).

The Lindeberg condition is implied by
Sn
j=1EM

4
nj → 0 and

Sn
j=1EG

4
nj → 0.

The former holds by condition (I) of (5.13) and the proof of Hall’s (1984) Thm. 1.
The latter holds because

n[
j=1

EG4nj =
n[
j=1

E[k−τ/2h�n(α4ηnj + α5ξnj)]
4

≤ n−1(nh�nhn/kτ )2E||α4ηnj + α5ξnj ||4 → 0, (5.35)
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using the Cauchy-Schwarz inequality, nk−τh�nhn → m, and E||ηnj ||4+E||ξnj ||4 <∞.
The conditional variance condition holds if

n[
j=1

E((Mnj +Gnj)
2|Fj−1)→p α

�
∗V5α∗. (5.36)

We have
Sn
j=1E(M

2
nj |Fj−1) →p α

�V3α by condition (II) of (5.13) and the proof of
Hall’s (1984) Thm. 1. In addition, E(G2nj |Fj−1) = EG2nj a.s. and

Sn
j=1EG

2
nj →

m(α24 + α25), as above. Hence, it remains to show that
Sn
j=1E(MnjGnj |Fj−1)→p 0.

We have

E(Mnjk
−τ/2h�nηnj |Fj−1)

= n−1k−1/2−τ/2E(
j−1[
i=1

(2α1ξ
�
niξnj + α2(ξ

�
niηnj + ξ�njηni) + 2α3η

�
niηnj)h

�
nηnj |Fj−1)

= n−1k−1/2−τ/2
j−1[
i=1

(α2ξ
�
nihn + 2α3η

�
nihn). (5.37)

Next, we have

E

⎛⎝ n[
j=1

n−1k−1/2−τ/2
j−1[
i=1

ξ�nihn

⎞⎠2 = n−2k−1−τE# n[
i=1

(n− i)ξ�nihn
$2

= n−3k−1(nh�nhn/k
τ )

#
n[
i=1

(n− i)
$2
= O(n−1k−1) = o(1). (5.38)

The same holds with ξni replaced by ηni. These results, combined with (5.37) and
Markov’s inequality, gives

Sn
j=1E(Mnjk

−τ/2h�nηnj |Fj−1) →p 0. Analogously,
Sn
j=1

E(Mnjk
−τ/2h�nξnj |Fj−1)→p 0. In consequence,

Sn
j=1E(MnjGnj |Fj−1)→p 0 and the

proof is complete.

Proof of Lemma 6. First, we consider the case where eΣnξ = Σnξ = Ik, eΣnη =
Σnη = Ik, eDnξ = Dnξ, and eDnη = Dnη, which is analogous to the situation in Lemma
2. We start with the proof of part (a). Because λnξ/k → 0, just as in Lemma 2,
(5.23) still holds. Next, we write

1

nkτ/2

[[
1≤i<j≤n

[ξ�niηnj + ξ�njηni] = B1n +B2n +B3n +B4n, where

B1n =
1

nkτ/2

[[
1≤i<j≤n

[(ξni − μnξ)
�(ηnj − μnη) + (ξnj − μnξ)

�(ηni − μnη)],

B2n =
1

nkτ/2

[[
1≤i<j≤n

[μ�nη(ξni − μnξ) + μ�nη(ξnj − μnξ)] =
n− 1
nkτ/2

n[
i=1

μ�nη(ξni − μnξ),
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B3n =
1

nkτ/2

[[
1≤i<j≤n

[μ�nξ(ηni − μnη) + μ�nξ(ηnj − μnη)] =
n− 1
nkτ/2

n[
i=1

μ�nξ(ηni − μnη),

B4n =
2

nkτ/2

[[
1≤i<j≤n

μ�nξμnη =
n− 1
n

λnξη/k
τ/2. (5.39)

We have: EB3n = 0, V ar(B3n) = ((n − 1)/n)2λnξ/kτ → 0, and hence B3n = op(1).
Thus,

1

nk1/2

[[
1≤i<j≤n

[ξ�niηnj + ξ�njηni]− λnξη/k
τ/2 = B1n +B2n + op(1). (5.40)

When τ > 1, B1n = op(1), because Lemma 1(a) implies that kτ/2−1/2B1n = Op(1).
As in (5.21)-(5.23), but with (η, kτ/2) in place of (ξ, k1/2), we can write

2

nkτ/2

[[
1≤i<j≤n

η�niηnj −
1

kτ/2
λnξ = C1n + C2n + op(1), where

C1n =
2

nkτ/2

[[
1≤i<j≤n

(ηni − μnη)
�(ηnj − μnη) and

C2n =
2(n− 1)
nkτ/2

μ�nη
n[
i=1

(ηni − μnη). (5.41)

In the present case C2n is not op(1) because V ar(C2n) = 4((n−1)/n)2k−τλnη → 4κητ .
When τ > 1, C1n = op(1), because Lemma 1(a) implies that kτ/2−1/2C1n = Op(1).

Now, we stack the results of (5.23), (5.40), and (5.41) and apply Lemma 5 to the
rhs of these stacked equations. When τ = 1, the rhs satisfies (A1n, B1n +B2n, C1n +
C2n)

�+ op(1) and we apply Lemma 5 with (ξni, ηni) equal to (ξni−μnξ, ηni−μnη) of
the present Lemma, with hn = ((n − 1)/n)μnη, and with m = κη1. Then, Lemma 5
gives (A1n, B1n+B2n, C1n+C2n)� →d N(0,Diag{2, 1+ κη1, 2+ 4κη1}) = N(0, V ∗3,1),
which is the result of part (a). When τ > 1, the rhs of the stacked equations sat-
isfies (A1n, B2n, C2n)� + op(1) and we apply Lemma 5 in the same way as above to
obtain (A1n, B2n, C2n)� →d N(0,Diag{2,κητ , 4κητ}) = N(0, V ∗3,τ ), as desired. This
completes the proof of part (a) for the case where eΣnξ = Σnξ, etc.

Next, we prove parts (b) and (c) for the case where eΣnξ = Σnξ = Ik, etc. The
proof that (nk1/2)−1

Sn
i=1 ξ

�
niξni = op(1) is exactly the same as in (5.25)-(5.26) be-

cause λnξ/k → 0. The proof that (nkτ/2)−1
Sn
i=1(η

�
niηni − k) = op(1) is analo-

gous to that given in (5.25)-(5.26) with ξ replaced by η, with (nkτ/2)−1 in place
of (nk1/2)−1, and with λnη/k

τ = O(1) rather than λnξ/k = o(1). In consequence,
F3n = (nk

τ/2)−1λnη = (kτ/2/n)(λnη/kτ )→ 0 provided k3/n→ 0 and τ < 6.We have
EF2n = 0 and V ar(F2n) = 4n−2(λnη/kτ ) → 0. In addition, F1n →p 0 by Lemma
1(b). Hence, (nkτ/2)−1

Sn
i=1(η

�
niηni − k) →p 0. Similar calculations, using the fact

that λ2nξη ≤ λnξλnη by the Cauchy-Schwarz inequality and hence λnξη/k
(1+τ)/2 ≤

(λnξ/k)
1/2(λnη/k

τ )1/2 = o(1), show that (nkτ/2)−1
Sn
i=1 ξ

�
niηni = op(1), which com-

pletes the proof of part (b). Part (c) follows from parts (a) and (b) because the lhs
of part (c) equals the sum of the lhs of parts (a) and (b).
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We complete the proof by showing that the same asymptotic distributions arise
when eΣnξ 9= Σnξ, Σnξ 9= Ik, eDnξ 9= Dnξ, etc. as when eΣnξ = Σnξ, etc. using the argu-
ments in the proofs of Lemmas 3 and 4. In these proofs, exactly the same arguments
hold under the assumptions of the current Lemma when δn and ∆n are based on
ξni, because the normalization is by k

−1/2 and ||Eξn2i||2 = O(k2/n). When δn and
∆n are based on ηni, the arguments need to be altered because the normalization
is by k−τ/2, not k−1/2, and ||Eηn2i||2 = O(k1+τ/n), not ||Eηn2i||2 = O(k2/n), in
the second and third elements of the 3-vector in part (c) of the present Lemma. In
particular, in the proof of Lemma 3, it suffices to show that δn = op(kτ/2) when δn is
defined with η in place of ξ. Nevertheless, the proof of Lemma 3 goes through without
change to show that δn = op(k1/2), which is stronger than necessary. (This relies on
the fact that A�nΣ−1nηAn = ||C−1n An||2 = Op(k), due to the centering by k, by the

result proved above for the case eΣnξ = Σnξ, etc.) In the proof of Lemma 4, it suffices
to show that ∆n = op(k

τ/2) when δn is defined with η in place of ξ. When τ = 1,
the same proof goes through without change. But, when τ > 1, the proof needs to
be altered. In the present case, we still have P2n = Op(k) (due to centering at k),
but ||EHn||2 = ||n1/2Eηn2i||2 = O(k1+τ ) by the assumption of the present Lemma,
rather than O(k2). In consequence, using (5.32), P1n = op(k−2)Op(k1+τ ) = op(kτ−1).
Using P2n = Op(k), this leads to P

1/2
1n P

1/2
2n = op(k

τ/2). Also, if τ ≤ 2, this gives
P1n = op(k

τ/2). These results and (5.31) combine to give ∆n = op(kτ/2) if τ ≤ 2.
Proof of Lemma 7. Part (a) holds because for all ε > 0

P (k||n−1 hZ � hZ −E hZi hZ �i||2 > ε)

≤ kEtr
⎛⎝#n−1 n[

i=1

hZi hZ �i −E hZ1 hZ �1
$⎛⎝n−1 n[

j=1

hZj hZ �j −E hZ1 hZ �1
⎞⎠⎞⎠ /ε

= k · tr
�
n−1E

� hZ2 hZ �2 −E hZ1 hZ �1�� hZ2 hZ �2 −E hZ1 hZ �1�� /ε
= kn−1

�
E( hZ �2 hZ2)2 − 2E( hZ �2 hZ1)2 + tr �[E hZ1 hZ �1]E hZ1 hZ �1�� /ε

≤ O(k3/n) = o(1), (5.42)

where the first inequality holds by Markov’s inequality, the first equality holds because
the expectation of terms with i 9= j is zero by independence, the second equality holds
by algebra, the second inequality holds because supj≤k;n≥1E hZ4ij <∞ by Assumption
2, and the third equality holds by Assumption 4.

Part (b) holds by the CLT and the delta method because E||Xi||4 <∞, EXiX �i
is pd, and the dimension p of Xi is fixed for all n.

Part (c) holds because ||EXi hZ �i|| ≤ k1/2p1/2 supj≤k,n≥1(E||Xi hZij ||2)1/2 = Op(k1/2)
using the fact that p is fixed for all n.

Part (d) is established as follows. By Markov’s inequality, for all ε > 0,

P (k2||n−1X � hZ −EXi hZ �i||2 > ε)

≤ k2Etr((n−1
n[
i=1

Xi hZ �i −EXi hZ �i)�n−1 n[
j=1

Xj hZ �j −EXj hZ �j))/ε
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= (k2/n)tr((E(Xi hZ �i −EXi hZ �i)�(Xi hZ �i −EXi hZ �i))/ε
≤ (k3/n)p sup

j≤k,n≥1
E||Xi hZij ||2 = o(1), (5.43)

where the first equality holds by the iid assumption, the second inequality uses the
fact that the dimensions of Xi and hZi are p and k, and the second equality uses
Assumption 4.

To prove part (e), we write

n−1Z �Z = n−1 hZ � hZ − n−1 hZ �X(X �X)−1X � hZ and
EZ∗i Z

∗�
i = E hZi hZ �i −E hZiX �i(EXiX �i)−1EXi hZ �i. (5.44)

By the triangle inequality, we have

||n−1 hZ �X(X �X)−1X � hZ −E hZiX �i(EXiX �i)−1EXi hZ �i|| ≤ Ln1 + Ln2 + Ln3, where
Ln1 = ||n−1 hZ �X(n−1X �X)−1(n−1X � hZ −EXi hZ �i)||,
Ln2 = ||n−1 hZ �X[(n−1X �X)−1 − (EXiX �i)−1]EXi hZ �i||, and
Ln3 = ||(n−1 hZ �X −E hZiX �i)(EXiX �i)−1EXi hZ �i||. (5.45)

Using parts (c) and (d), we have

||n−1 hZ �X|| ≤ ||n−1 hZ �X −E hZiX �i||+ ||E hZiX �i|| = op(k−1) +O(k1/2) = Op(k1/2).
(5.46)

In addition, ||(n−1X �X)−1|| = Op(1) by the LLN, Slutsky’s Theorem, and the fact
EXiX

�
i is pd. These results, the result of part (d), and ||AB|| ≤ ||A|| · ||B|| give

Ln1 ≤ ||n−1 hZ �X|| · ||(n−1X �X)−1|| · ||n−1X � hZ −EXi hZ �i||
= Op(k

1/2)Op(1)op(k
−1) = op(k−1/2). (5.47)

By similar calculations, Ln3 = op(k−1/2).
Using the results of (5.46) and parts (b) and (c), we have

Ln2 ≤ ||n−1 hZ �X|| · ||(n−1X �X)−1 − (EXiX �i)−1|| · ||EXi hZ �i||
= Op(k

1/2)Op(n
−1/2)O(k1/2) = Op((k3/n)1/2k−1/2) = op(k−1/2). (5.48)

Hence, the left-hand side in (5.45) is op(k−1/2). This, (5.44), and part (a) combine
to establish part (e).
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