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Abstract

This paper establishes the asymptotic distributions of the likelihood ratio (LR),
Anderson-Rubin (AR), and Lagrange multiplier (LM) test statistics under “many
weak IV asymptotics.” These asymptotics are relevant when the number of IVs is
large and the coefficients on the I'Vs are relatively small. The asymptotic results hold
under the null and under suitable alternatives. Hence, power comparisons can be
made.

Provided &3 /n — 0 as n — oo, where n is the sample size and k& is the number of
instruments, these tests have correct asymptotic size. This holds no matter how weak
the instruments are. Hence, the tests are robust to the strength of the instruments.
The power results show that the conditional LR test is more powerful asymptotically
than the AR and LM tests under many weak IV asymptotics.

Keywords: Anderson-Rubin test, conditional likelihood ratio test, instru-
mental variables, Lagrange multiplier test, many instrumental variables,
weak instruments.
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1 Introduction

This paper presents new results for testing in the linear I'V regression model under
“many weak instrument (IV) asymptotics.” Such asymptotics are designed for the
case in which the IVs are weak and the number of IVs, k, is relatively large compared
to the sample size n. Asymptotics of this type have been considered recently by Chao
and Swanson (2005), Stock and Yogo (2005), Han and Phillips (2005), Anderson,
Kunitomo, and Matsushita (2005), Hansen, Hausman, and Newey (2005), Newey
and Windmeijer (2005), and Andrews and Stock (2005a). Most of these papers focus
on the properties of estimators. In contrast, we are interested in the properties of
tests—both for testing purposes and for obtaining confidence intervals via inversion.
In particular, we are interested in the properties of tests when the equation errors
are non-normal.

We consider the conditional likelihood ratio (CLR) test introduced in Moreira
(2003), the Anderson-Rubin (1949) (AR) test, and a Lagrange multiplier (LM) test
introduced in Kleibergen (2002) and Moreira (2001). We find that in the many weak
IV asymptotic set-up the CLR, AR, and LM tests are completely robust asymptoti-
cally to weak IVs with normal and non-normal errors. That is, the asymptotic levels
of the tests are correct no matter how weak are the IVs. On the other hand, the
asymptotic levels of the CLR, AR, and LM tests are not completely robust to the
magnitude of k relative to n. One does not want to take k£ too large relative to n.
With non-normal errors, k3/n — 0 as n — oo is required for our results to show that
the tests have the correct asymptotic size.

Andrews and Stock (2005a) show that the CLR test is essentially on the asymp-
totic power envelope for normal errors under many weak IV asymptotics—regardless
of the relative strength of the IVs to k in the asymptotics. In addition, the AR and
LM tests are found not to be on the power envelope. In the present paper, we show
that the asymptotic power properties of the CLR, AR, and LM tests are the same
under non-normal errors as under normal errors given the k3/n — 0 condition. The
aforementioned results combine to establish that the CLR test has power advantages
over the AR and LM tests for non-normal, as well as normal, errors.

We conclude that the “many weak IV” asymptotic results for non-normal errors
given in the present paper buttress the arguments in Andrews, Moreira, and Stock
(2004) and Andrews and Stock (2005a) for employing the CLR test over the AR, LM,
and other tests in model scenarios with potentially weak IVs.

The proofs of the results given here make use of the degenerate U-statistic central
limit theorem of Hall (1984), as in Newey and Windmeijer (2005).

Other papers in the literature that consider many weak IVs, include Chamberlain
and Imbens (2004) and Chao and Swanson (2003). Weak IV asymptotics (with &
fixed) were introduced in Staiger and Stock (1997). Many IV asymptotics (with
strong IVs) have been employed in Anderson (1976), Kunitomo (1980), Morimune
(1983), Bekker (1994), Donald and Newey (2001), Hahn (2002), Hahn, Hausman, and
Kuersteiner (2004), and Hansen, Hausman, and Newey (2005) among others.

This paper is organized as follows. Section 2 introduces the model and assump-
tions employed. Section 3 defines the CLR, AR, and LM tests. Section 4 gives the



results. An Appendix provides the proofs.

2 Model and Assumptions

The model we consider is an IV regression model with one endogenous right-
hand side (rhs) variable, p exogenous variables, and k£ IVs. The sample size is n. The
number of IVs, k, depends on n, i.e., k = k,. We note that the case of a single rhs
endogenous variable is by far the most important in empirical applications.

The model consists of a structural equation and a reduced-form equation:

y1 = Y20+ Xy +u,
Y2 = Z7m+ X&; + va, (2.1)

where y1,y2 € R", X € R"P  and Z € R™F are observed variables; u,vo € R™
are unobserved errors; and f € R, 1 € R¥, 4, € RP, and &, € RP_are unknown
parameters. The exogenous variable matrix X and the IV matrix Z are random.
The n x 2 matrix of errors [u:vs] is iid across rows. The variable ys is endogenous in
the equation for y; (i.e., y2 and u may be correlated). Endogeneity may be due to
simultaneity, left-out variables, or mismeasurement of an exogenous variable.

The two reduced-form equations are

Y1 = Zwﬂ—i—X’h + v1
Y2 = ZW—l—Xfl + vy, where
v1 = u+ v20. (2.2)

The reduced-form errors [v;:vs] are iid across rows with each row having mean zero
and 2 x 2 nonsingular covariance matrix €2.

Let Y = [y1 : yo] € R™2 and V = [v1 : v3] € R™? denote the matrices of
endogenous variables and reduced form errors, respectively. We write the ith rows of
Y, V, X, and Z as the column vectors Y;, V; € R%, X; € RP, and Z; € R*, respectively.
The two equation reduced-form model can be written as

Y, = aW'Zi +1'X; +V; for i <n, where
a=(B,1), and n = [y,:§] € R (2.3)

Define

7 = Z; — EZ; X/(EX; X))~ X; and

7

wk =nm EZ; Z . (2.4)

A,k indicates the strength of the IVs (and is proportional to the concentration
parameter).
We use the following assumptions.

Assumption 1. {(V;, X;,Z;) : i < n} are iid across i for each n and {(V;, X;) : i <
n;n > 1} are identically distributed across ¢ and n.



Assumption 2. EV; = 0, EV;ZZ/ = 0, EV;X! = 0, EX;X] is pd, liminf, .
Amin(BZ{ Z7') > 0, and supj<y.,>1 (E||Vil|*Z}; + E||Vi|[* + EZ}; + E||Xi||*) < oo,
where Zz = (22'1, ceey sz)l

Assumption 3. EV;V/ =Q, E(V,\V/ @ Z}Z) = Q@ EZZ} for all n > 1, and Q is
pd.

Assumption 4. k — oo and k3/n — 0 as n — oo, and p does not depend on n.

Assumption 5. A}, /k" — r; as n — oo for some constants r, € [0,00) and
7 € (0,00).

Assumption 6. 3 is fixed for all n when 7 < 1/2; 8 = B4+ Bk'/?>~" when 1 € (1/2,1];
and 8 = By + Bk~™/? when 7 > 1.

Assumption 1 states that the errors, exogenous variables, and IVs are random and
iid across ¢ < n. Note that (V;, X;, Z;) cannot be iid across n because the dimension,
k, of Z; depends on n.

Assumption 2 requires that the IVs and exogenous variables are uncorelated with
the reduced-form errors and satisfy standard moment conditions.

Assumption 3 implies that the reduced-form errors are homoskedastic.

Assumption 4 states that the number of IVs goes to infinity as n — oo, but not
too quickly, and the number of exogenous variables is fixed.

Assumption 5 controls the relative magnitude of the IV strength, as measured by

nk» to the number of IVs k. For example, Assumptions 5 holds if 7 = C(k” /n)/?

for some C' € R* with ||C|| = 1 and CEZ}Z}'C — r,. The smaller is 7, the weaker
are the IVs relative to k. Andrews and Stock (2005a) find that the key value of 7 for
inference concerning 3 is 7 = 1/2. For 7 = 1/2, some tests (such as the CLR, AR,
and LM tests) have non-trivial power asymptotically against fixed alternatives. For
T > 1/2, these tests have asymptotic power equal to one against any fixed alternative.
Many of the papers in the many weak IV literature only consider the case of 7 = 1.
Note that Assumptions 2 and 5 imply that 7'm = O(k" /n), see (5.6) below.

Assumption 6 specifies the true value of 3 that is considered in the results below.
Assumption 6 takes B such that the asymptotic distributions of the test statistics
considered are non-degenerate. It is shown that this requires that 3 is a fixed value
when 7 < 1/2 and 3 is a sequence of local alternatives to the null value 3, when
T > 1/2. Of course, = 3 is allowed when 7 < 1/2 or 7 > 1/2.

3 Tests

In applications, interest often is focused on the parameter 3 on the rhs endogenous
variable y2. Hence, our interest is in the null and alternative hypotheses:

H[):ﬁ:ﬂo and Hliﬁ#ﬂo. (31)

The parameter m, which determines the strength of the IVs, is a nuisance parameter
that appears under the null and alternative hypotheses. The parameters 7, £;, and



Q also are nuisance parameters, but are of lesser importance because tests concerning
0 typically are invariant to v, and &; and the behavior of standard tests, such as t
tests, are much less sensitive to {2 than to 7.

We now define the AR, LM, and CLR tests. We estimate Q (€ R?*?) via

Qp=(n—k—p) V'V, where V=Y — P;Y — PxY. (3.2)
We define
Sy = (Z'2)72Z'Y by - (bhQnbo) /2, where Z = Z — PxZ and by = (1, —3,)’,
I = (2'2)"V?2'Y Qa0 - (apQ, " a0) ™/, where ag = (B, 1),

Osson = [Sn: Tol[Sn : To] =

SiS, SiTw | | Qsn Qs
A =1 % = , and
TS, TIT, Qstn QT

Qopn = (Qrin — klo) /K2, (3.3)

The AR, LM, and LR test statistics can be written as

Z]\%n = @S,n/]ﬁ
LM, = Q%1,,/Qrpn, and

—

LR, = % (@\S,n - CTjT,n + \/(Q\S,n - Q\T,n)2 + 4©%T,n> (34)

(see Andrews, Moreira, and Stock (2004) and Andrews and Stock (2005a).)

Under Hy, Z]\%n —q X%/k and f]\\Jn —d X% as n — oo under strong and weak
IV asymptotics assuming iid homoskedastic errors and k fixed for all n (e.g., see
Andrews, Moreiera, and Stock (2004)). Under the additional assumption of normal
errors, Z]\i’n ~ Fypn—k—p- Hence, an F critical value is typically employed with the
AR test and a x? critical value is used for the LM test.

The CLR test rejects the null hypothesis when

LR, > kS"(Qry), (3.5)

where the conditional critical value function /@gLR(@TW) is defined to satisfy
Ps (LR, > £SR(qr)|Qrm = qr) = a. Moreira (2003) gives a table of k{%(qr)
values.

4 Asymptotic Results

This section contains the results of the paper. We establish the asymptotic dis-
tributions of the statistic @A,k,n and the test statistics AR,,, LM, and LR,,, which
depend on @A’k’n, under many weak IV asymptotics. In contrast to the assump-

tions in Andrews and Stock (2005a), we do not assume that the errors are normally
distributed.



The asymptotic distribution of @ Akn depends on the following quantities:

cs = (B—Bo) - (bQbo)~"/? € R,
dg = a'Q ag - (ap Lag) /% € R,
Diag{2,1,2} if0<7<1/2
Ve — Diag{2,1,0} ifl1/2<7<1
37 =\ Diag{2,1+ d%orl,O} ifr=1
Diag{Q,d%OrT,O} if 7>1, and
v = (bhQbo)~H?dg, B € R, (4.1)
for the scalar constant B given in Assumption 6. Let x3(§) denote a noncentral

chi-square distribution with one degree of freedom and noncentrality parameter 9.

Theorem 1 Suppose Assumptions 1-6 hold. Then, the following results hold.
(a) If 0 <7 < 1/2 and (3 is fized,

(57.5n — k) /K12 Q800 0
AS/ézTn/kl/2 —d CiS'T,oo ~ N 0 ) ‘/:3,7 )
(T! Ty, — k) /K2 Q00 0

(ARn — DEY? =4 Qg0 ~ N(0,2), LM, —q Qoo ~ X3(0), and

_ 1/ _ — — —

LRn/kl/2 —d 5 (QS,OO - QT,oo + \/(QT,OO - QS,OO)2 + 4QS’T,00> :
(b) If T =1/2 and ( is fized,

(5.5, — k)/k\/2 Q5.0 A1y
AS/';\LTn/kl/2 —d CL'_:]T,oo ~ N Cﬁdﬂrl/Q ’ ‘/3,1/2 ’
(TLT,, — k) /K2 Q700 0%7”1/2

(ZETL - 1)k1/2 —d @S,oo ~ N(C%Tl/% 2),

— —2

LMy —q Qgp oo ~ X%(C%d%rf/z), and

— 1 /— — — — —
LRn/kl/2 —d 5 <QS,oo - QT,oo + \/(QT,OO - QS,OO)2 + 4QST,00> .

(¢) If1/2 <7 <1 and B = By + BE'/>"7 for a scalar constant B,

(87,50 — k) /K112 Q500 0
ST /kY? —a | Qsreo | ~N || 877 | Var],
(Ty T — ) /KT Qroc dg,Tr

(AR, — kY2 =4 Qg ~ N(0,2),

LMy, —a Qsro0 ~ X3(V5r2) when 1/2 <7 < 1,

LM —a Qsr00/(1+ d3 1) ~ X (7Er2/ (14 dd 1)) when 7 =1,
Eﬁn = (1/(d%0r7))k17TI//J\\4n(1 +0p(1)) when 1/2 <7 <1, and
LRy = (1 + 3 r1)/(d%, 7)) DMy, + 0p(1) when 7 = 1.
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(d) If T € (1,2], 7+ > 0, and § = By + Bk~7/2,

(8,50 — k) /K/? Qom0 0
S;LT‘n/kT/2 —d CL,S'T,oo ~N YBTT ) V:?,T )
(ThT, — k) /KT Q1,0 dg,rr

(ﬁn - 1)k1/2 —d @S,oo ~ N(07 2)7
LM, —4 QST,oo/(d%OTT) ~ X%(w%u/déo)) provided dg, # 0, and
LR, = LM, + 0y(1).

Comments. 1. Theorem 1 shows that one obtains the same limit distribution when
the errors are non-normal and {2 is estimated as when the errors are normal and {2
is known. The critical value function for the CLR test and critical values for the AR
and LM tests yield the correct asymptotic significance level o under normality of the
errors. Hence, the three tests also have the desired asymptotic significance level «
under non-normality.

2. Given that the asymptotic distributions of the AR, LM, and LR statistics are
the same under non-normal errors as under normal errors, the power comparisons
of the three tests given in Andrews and Stock (2005a) for the case of normal errors
also applies to the case of non-normal errors. In particular, when 7 < 1/2; all three
tests have trivial asymptotic power. (It is shown in Andrews and Stock (2005a)
for the case of normal errors that no test has non-trivial asymptotic power when
7 < 1/2.) In the most interesting case in which 7 = 1/2 and the whole range of
possible fixed alternatives is considered, the CLR test is essentially uniformly more
powerful asymptotically than the AR and LM tests (and the CLR test is essentially
on the asymptotic power envelope for two-sided tests for the case of normal errors).!
When 7 > 1/2, the CLR and LM tests have equal asymptotic power against local
alternatives (and are on the asymptotic power envelope for two-sided tests for the
case of normal errors) and the AR test has trivial power against these alternatives.

3. Note that the cases considered in Chao and Swanson (2005) and Han and
Phillips (2005) correspond to 7 > 1/2. Those considered in Stock and Yogo (2005),
Anderson, Kunitomo, and Matsushita (2005), Hansen, Hausman, and Newey (2005),
and Newey and Windmeijer (2005) correspond to the case where 7 = 1.

4. An interesting feature of Theorem 1 is that the statistics S!S, S'T,, and
T!T, are asymptotically independent.

To conclude, the many weak IV asymptotic results given in this section show that
the significance level of the AR, LM, and CLR tests are asymptotically correct no
matter how weak are the IVs with normal or non-normal errors. On the other hand,
these tests are not completely robust to many IVs. One cannot employ too many IVs
relative to the sample size. For non-normal errors, the tests have correct asymptotic
significance level provided k3/n — 0 as n — 0o no matter how weak are the IVs. For

!By “essentially,” we mean that exhaustive simulations show that the asymptotic power of the
CLR test is on the asymptotic power envelope.



normal errors, the results of Andrews and Stock (2005a) show that the less restrictive
condition k%/2/n — 0 as n — oo suffices.

The many weak IV asymptotic results for parameter values in the alternative
hypothesis show that the CLR test is more powerful asymptotically than the AR
and LM tests for both normal and non-normal errors. The LM test, in turn, is more
powerful asymptotically than the AR test.

The level and power results established under many IV asymptotics, combined
with the properties of the CLR test under weak IV asymptotics, see Andrews, Mor-
eira, and Stock (2004), lead us to recommend the CLR test (or heteroskedasticity
and/or autocorrelation robust versions of it) for general use in scenarios where the
IVs may be weak.



5 Appendix of Proofs

In this Appendix, we prove the results of Section 4. We start by stating several
Lemmas, the purposes of which are discussed following Lemma 1 below. Lemma 1
is a CLT for multivariate degenerate U-statistics. The CLT is proved by using the
Cramer-Wold device and verifying the conditions of Hall’s (1984, Thm. 1) univariate
CLT for degenerate U-statistics. Newey and Windmeijer (2005, Lem. A2) makes a
similar use of Hall’s result when establishing the asymptotic distribution of empirical
likelihood estimators with many weak IVs.

Lemma 1 Let {(£,;,Mp;) ¢ < nyn > 1} be a triangular array of random vectors that
satisfies (i) &5, Mng € RE, for all i < n, where k = ky; (ii) for each n > 1, (€, M)
are #d across i < n; (iii) E¢,,; = En,; = 0; (iv) Var(&,;) = Ix, Var(n,;) = Ix, and
COU(fm',nm) = 0; (V) Sup@gkmzl(ngLiZ + En;lm'é) < 00, where gm’ = (gnz'l?“'?gnik),
and Np; = Mpits o Tnir); (Vi) k — 00 as n — oo; and (vii) k2/n — 0 as n — oo.
Then,

1 263 n;
(a) nkl/2 ZZ Enillng T Englni | —a N(0,V3), where V3 = Diag{2,1,2},
1<i<j<n QH;Linnj
n gfmgnz —k

1 !
(b) nkl/2 E lfninni —p 0, and
i=1 77m77m - k

1 1 n 1 n
(©) gvect | i 2 nimail S D [eniotos] = Kl | —a N(0,V5).
i=1 ot

Comment. In Lemma 1 (and Lemma 2 below), Assumption (vii) can be relaxed
if assumption (v) is strengthened. We do not state such a result because a stronger
condition than assumption (vii) is needed anyway in Lemmas 3 and 4 below.

We now summarize the purpose of Lemma 1 and the Lemmas that follow. The
result of Theorem 1 concerns [S,, : Tp]. The k x 2 matrix [S, : T, is roughly
of the form n=1/23"" [¢.. : m,,], which appears in Lemma 1(c), with &,, = Z; -
Y/ bo(byQbo) /2 and n,,; = ZF - Y{ao(ahQ Tag) /2. Since the means of these random
vectors are not zero, assumption (iii) of Lemma 1 does not hold. Hence, Lemma 1 is
extended in Lemma 2 below to allow for non-zero means that are of a magnitude that
corresponds to 7 < 1 in Theorem 1. Since the variance matrices of &,; and n,,; as
defined above are not I} and are unknown, assumption (iv) of Lemma 1 does not hold.
Hence, Lemma 2 is extended in Lemma 3 below to allow for general variance matrices
that are estimated. Next, [§n : T,,] are based on Z; = Z; — [n ' 2/ X (n "' X' X) "1 X;
not Z* = Z; — [EZ; X}(EX; X!)"1X;, so Lemma 3 is extended in Lemma 4 to allow
&, and n,; to be linear combinations of iid random vectors, such as Z; and Xi,
with coefficient matrices for the linear combinations that converge in probability to
constant matrices. Thus, Lemma 4 is needed when the model includes exogenous
variables. All of the Lemmas mentioned above apply when the means of &,; and



7N,; are of a magnitude that corresponds to 7 < 1. Lemmas 5 and 6 provide results
analogous to those of Lemmas 1-4 for the case in which the means are of a magnitude
that corresponds to 7 € [1,2]. F inally, Lemma 7 provides results on the asymptotic
behavior of the sample matrices Z'Z, X'X, X'Z, and Z'Z.

Lemma 2 Let {(&,,;,n,;) : @ < n;n > 1} be a triangular array of random vectors
that satisfies the assumptions of Lemma 1, but with assumption (iii) replaced by
(iii)/ E¢,; = Hng> Enn; = Honays and ()‘nf + )‘m])/k — 0, where )‘n§ = ”M%gﬂn@
Ann = Nhgybngs A0d Apgy = Nty efiny. Then,

2% ni€n; Ang K/
k1/2 Z Z §;m77n3 + 5;”777” - /\nﬁn/kl/2 —d N(Ov Vé)v
1<i<j<n 211, )\nn/klh
gnigm‘ —k

mpz Enilni | —p 0, and
=1\ N — K

) Lo Lo Ane /K1
(C) mveCh m Z [gni:nnz / _/ Z gn] 7771] - 2 - An&n/klﬂ
i—1 =1 )\my/kl/Q

—q N(0,V3), where V3 = Diag{2,1,2}.
Let || - || denote the Euclidean norm of a vector or matrix.

Lemma 3 Let {(§,, M) @ @ < nyn > 1} be a triangular array of random vectors
that satisfies the assumptions of Lemma 1, but with assumption (iv) replaced by
( ) Va’l“(fm) - an € Rka Var(nm) - Em? € Rka Cov(gnwnm) - 0 and
5 ng and S ny are random k X k matrices that satisfy ||Zn§ Ynell = op(k™ 1/2) and
||Em] Snl| = 0p(k~Y2), with assumption (iii) replaced by (iii)” E€,; = Nng» En,; =
s and (Mg + Anp)/k — 0, where A = n,u;lgE;gl,ung, Ay = Nl S oy, a0l

Aen = nunangﬂEn;/Zum, with assumption (vii) replaced by (vii) k3/n — 0, and

with the addition of assumption (viii) inf,>1 Amin(Eng) > 0 and infy,>1 Ayin(Eny,) > 0.
Then,

kll/Q vech 1/2 Z [ _1/25711 1/27771'5}/ L/ Z [ _1/25713 E 1/ 277nj - kI2

)\* /k1/2
— | Arey/EY2 | —a N(0,V3), where V3 = Diag{2,1,2}.
)\* /k1/2

Lemma 4 Suppose (a) (§m,nm,in5,§)nn) satisfy the conditions of Lemma 3,
(®) &ni = Eui + Dn£§n2i and Np; = Nn1i + Donlipas, where Dure, Dpyy € RFXF are
non-random matrices, (c) {(§n2i; Mn2i) 1@ < n} are did across i < n with ||E€ 9% =
O(K%/n) and ||En,|> = O(k?/n), (d) Dng,Dm, € RF** are random matrices



that satisfy || Dng — Drell = 0p(k™!) and ||Dpy — Dunl| = 0p(k™Y), and (e) & =
Enti + Dnebpoi and 0, = 1,15 + Dmﬂ?mz- Then, the result of Lemma 3 holds with
(fnhﬁni) in place Of (fnia nni)'

The next Lemma is an extension of Lemma 1 that is needed when 7 > 1.
Lemma 5 Let {(&,,;,n,;) : @ < n;n > 1} be a triangular array of random vectors
that satisfies the conditions of Lemma 1. Let {h, : n > 1} be a sequence of constant

k-vectors that satisfies nhl hy,/k™ — m as n — oo for some constants T > 0 and
m > 0. Then,

L , 2€;n£n,]
=77 22 | Enittng + Enjtni
Isi<jsn 277;11'77713' —q4 N(0,V5), where V5 = Diag{2,1,2,m,m}.
w77 i1 ( PN >

Comment. The proof of Lemma 5 is similar to Newey and Windmeijer’s (2005)
proof of their Lemma A.2, which is an extension of Hall’s (1984) CLT for degenerate
U-statistics to cover joint convergence with sums of iid random variables. However,
Newey and Windmeijer’'s Lemma A.2 does not cover the terms &),€,,; and 7),7,,; in
the Lemma 5 (because of their assumption that EY;Z; = 0).

The next result is employed when 7 € [1,2]. For a constant k,, > 0, define

v _{ Diag{2,1 + kyr,2 + 4Ky} if7=1

37 7 Diag{2, knr, 4k} if 7> 1. (5-1)

Lemma 6 Suppose 7 € [1,2] and ({14, En2is nnli,nn%Dng,Dnn, Eng, Yiny) satisfy the
conditions of Lemma 4 but with ||En,y|?> = Ok /n), rather than ||En,ql? =
O(k?/n), and with Apg/k — 0 and \py/k™ — Kyr for some constant ki, > 0, rather
than (Ane + Any)/k — 0. Then,

) B[, 50 6 )
—r —1 2 1/2 1 2 —1/2
) E ZZ k /2[( / fm) E’m]/ nn] +( / §nj) En’ﬂ/ 77m]
IS k22,
)\ng/kl/Z
B >"’1§77/k"‘r/2 —a N(0, V?:T)a
)\nn/kT/Q

nn ﬁn;]

1 k"_l/Z[gnz nggnz_ ]
() =37 | F 28 S P | =0 0, and

i=1 E—7/2 [nmzm] Npi — K]

k—1/2[n—1/2 Z 2 ( 1/2€m), ~1/2 Z] ) i;glﬂgnj — K] /\ng/kl/2
© | B Pl L (B P S S Pg) || nn/ K

k—7/2[n—1/2 Zizl(zn#/%m), ~1/2 Z] . i;&ﬂnnj — K] /\m,/k:T/2

—a N(0,V5,).

10



Comment. In the proof of Lemma 6, the constraint that 7 < 2 is used only at the
end of the proof when showing that an analogue of Lemma 4 holds. In addition, the
proof of part (b) uses 7 < 6 at an earlier stage of the proof.

Lemma 7 Suppose Assumptions 1, 2, and 4 hold, then (a) Hn‘lZ’Z EZ Z’|| =
op(k~12), (b) [[(n~' X' X) ™t = (EX; X))V = Op(n~172), (c) ||EX;Z]|| = O(K'/?),
() [|n"'X'Z —EX;Z!|| = 0,(k™Y), and (e) |[n"'2'Z — EZ}Z}'|| = op(k~1/?).
Proof of Theorem 1. First, we show that the results of the Theorem hold for
T € LO, 1) with S, and T, defined with the true 2 in place of €,. The statistics
(Sn,T),) are invariant to the coefficient n on X;. Hence, wlog we take n = 0. Let
be = bo(bQbo) /2 and a. = O Lag(ahQ 'ag)~ /2. We apply Lemma 4 with

gni = Z;k ’ }/z‘,b*a fnli = ZZ ’ Y;/b*v £n2i = (X; ’ Y;‘/b*a O;C*p)/ € Rk?

Sng = Sy =n"1Z'Z, Dpe = Doy = [EZXJ(EX;X]) ™" : O (h_p)) € B,

Dng = Dy = [0 1Z'X (0P X'X) 71 2 O rpy] € RF¥F, (5.2)

Mni — Zz* ’ )/ila*v Mnli = ZZ ’ }/ila*v and Mn2i = (X Yl&*’ k— p) € Rk'

Assumptions (b) and (e) of Lemma 4 follow immediately from (5.2).

Assumption (a) of Lemma 4 requires that Assumptions (i), (i), (iii)”, (iv)’, and
(v)-(viii) of Lemmas 1-3 hold. Assumptions (i), (ii), and (v)-(viii) hold immediately
by Assumptions 1-4. ~ R

Assumption (iv)’ holds because ||Sne — Snel| = |[Zny — Zngl| = 0p(k~1/2) by
Lemma 7(e), where

Sne = Var(é,,) = EZ; Z7 - E(Vibo)?(byQbo) ' = EZ;ZY,
Sy = Var(n) = EZ; 2" BV} Ya0)(ap@ " ao) ™} = EZ 2,

Cov(Episnni) = EZ; 27 - E(bpViViQ " ao) (bQbo) ™/ (apQ "ag) /2 = 0, (5.3)
each equation uses Assumptions 1-3, and the last equality uses bjag = 0.

Assumption (iii)” holds using Assumption 5 because

ung = E¢,; = EZ}Y]b, = EZ}(Ziwd + Xin)b, = EZ Z'wa'b, = EZ} Z'mcg,

=En,; = EZY/a. = EZ; Z¥7d Y Ya. = BEZ; Z}'ndp, (5.4)
( né» Z{m )‘ ) = nﬂ-/EZ;Z;,W ’ (C%a Cﬁdﬂ7 d?})v

(Mg + Xan)/k = (N /KT)ETH(ch + dj) = O(K™™1) = o(1),

where A, ;. is defined in (2.4) and the last equality holds because 7 < 1.
To show assumption (c (c) of Lemma 4, we write

1B ol = | EX; - Y{b,1* = [|EXiZim| P (a'b:)* < |EX,Z|P - ||« *(a'bs)?, (5.5)

where the second equality uses the assumption above that the coefficient, 7, on X is
0 wlog. Now, ||EX;Z!||?> = O(k) by Lemma 7(c). Also, Assumption 5 gives

O() =X\, /K" =nn' EZ; Z'w [kT > na'nAmin(EZ; Z]) /K. (5.6)
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This, Assumption 2, and 7 < 1 yield 7’7 = O(k"/n) < O(k/n). Combining these
results gives ||EE,5;||* = O(k?/n), as desired. The same argument gives || En,,5;|*> =
O(k?/n). Thus, assumption (c) holds.
Assumption (d) of Lemma 4 holds because
|Dne = Del| = [In "' Z’X(n ' X'X) ™ — EZiX](n ' X'X) ™!
+EZ:X!(n ' X'X) — EZXI(EX; X))
< In7'Z'X — EZX]|| - [|(n 7' X" X) 7|
HIEZX|| - [|(n 7' X' X) 7! = (EXX) 7|
= 0p(k1)Op(1) + O(K?)0p(n ™) = 0, (k71), (5.7)
where the second equality holds by Lemma 7(b)-(d) and the fact that (n "1 X’X)~! =
Op(1) by the WLLNSs, Slutsky’s Theorem, and EX; X/ > 0 and the third equality
uses Assumption 4.

The means of the asymptotic normal distributions given in Theorem 1(a)-(c) arise
in the present case because, by (5.4) and Assumptions 5 and 6, we have

(Nne /K2, Ny /K2 0 [K2) = (X5 /K42) - (e, cadg, dB)'

= r1/2(¢%, cpdp, d3)' when 7 =1/2
(0,0,0) when 7 < 1/2.

When 7 € (1/2,1), (5.4) and Assumptions 5 and 6 lead to

cg = BEY* by, bo = (byQbo) V2, dg = dg, (1 + o(1)), and
e/ K2 Neen [V 2 N0 JET) = (BN, k™2, cpdahy k™2, dBNG kT

» \nén
— (B%hok 27 X% kY2, Bhodgh/> N5 kY2, d3NL kT
— (0, Bbodg,rs,d3 rr) = (0,7p7r,d5 7r)'. (5.9)

Hence, when 7 € (1/2,1), Lemma 4 shows that (8.8, — k) kY2, 8! T, [kY?) =g
(Q5,00 QsT.00) and (T, 15, — k) /KT — d%)\;’k/kf = 0p(1) because 7 > 1/2. The latter,
combined with d%/\:;k JkT — d%on., gives the desired result thaﬁ\(fnlz— k)/kT 7
d%orT when 7 € (1/2,1). Here and below, the stated results for AR,,, LM, and LR,

hold given those for S, S,,, S T,,, and T T}, by the same argument as in (11.10)-(11.14)
of the proof of Thm. 1 of Andrews and Stock (2005a).

To complete the proof for 7 < 1, we extend the results to the case where (§n, T, n)
are defined with Qn, not 2. This extension holds by the result of Lemma 1 of Andrews
and Stock (2005a) that k/2(Q, — Q) = 0p(1) (which holds under Assumptions 1-3)
and the proof of Theorem 4 of Andrews and Stock (2005a).

Next, we consider the case where 7 € [1, 2]. The proof is the same as for 7 < 1 with
the following changes. First, we apply Lemma 6 instead of Lemma 4. Second, the
last line of (5.4) does not hold because 7 > 1. Instead, we have c% =0((B—By)?) =
O(k™7), Ape/k = (A;yk/kT)kT_lc% = O(k™!) = o(1) as required by Lemma 6, and
Ao/ kT = (Mk /kT)d% — er%O, which verifies an assumption in Lemma 6 with
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Kpr = er%O. Third, by (5.5) and (5.6) with & replaced by 7, we have ||En,q;]? <
O(|EX: Z)|? - ||7|[2) = O(kM7 /n) as is assumed in Lemma 6.
Fourth, when 7 = [1, 2], (5.4) and Assumptions 5 and 6 lead to
cg = Bk, o = (0(Q0) /2, dg = dg, (1 + o(1)), and
(Nne /K2, N /KT N0 JKT) = (B k™2, cada s k™2, dBN, kT
— (B2hok ™\, kY2, Bhodgk™ 2N, kT 2N kT
— (O,BzodﬁorT,d%OTT)’ = (07’}’37"776[%07“7)/- (5.10)

Hence, Lemma 6 shows that ((S,'S, — k)/kY/2, 8,/ T, /k™/?) —4 (Q5,00) Q5T,00)- In
addition, Lemma 6 implies that (ﬁ’tfn —k)/kT — d%)\;’k JET = op(1) becauAse 7>
7/2. This, combined with d%)\;';k JET — d%OrT, gives the desired result that (T,,'T, —
k)/ET —p d%OrT. O

Proof of Lemma 1. To prove part (a), by the Cramer-Wold device, it suffices to
show that for any a = (a1, as, a3)’ € R? with a # 0,

n Jj—1
U, = ZZ Snij = ZMnj —4 N(0,a'Vaa), where M,; = ZSm-j and
1<i<j<n j=2 i=1
1
Smj = nkl/2 (20[15;11'571]' + aQ(f;ziT/nj + &;z]nnz) + 2a377;1i77nj)‘ (511)

We establish this result using Hall’s (1984, Thm. 1) univariate CLT for degenerate

U-statistics. Hall’s CLT is established by writing the U-statistic as a martingale (with

martingale differences {My; : j > 1}) and applying Brown’s (1971) martingale CLT.
We apply Hall’s Thm. 1 with his X,,; = (&},;,7,;)" and his H,(z,y) equal to

3
Hn(w7w*) = ZasHsn(w7x*)a where x = (5',77')/ S R%? Ty = (5;777:«)/ S R2k7

s=1
Hln(wi*) = Qn_lk_l/gglgw H2n(x7 .%‘*) = n_lk_1/2(£/77* + 5;77)7 and
Hsp(z,2y) = 20 kY20, (5.12)

Note that E(Hy,(Xp1, Xn2)|Xn2) = 0 a.s. because X,,; and X5 are independent with
mean zero. In consequence, the U-statistic &’U,, in (5.11) is degenerate. Hall’s Thm.
1 states that

o'Up/ (n*EHE(Xn1, Xn2)/2) 12 —q N(0,1) provided

M) n'EHY( X1, Xn2)/(EH2 (X1, Xn2))? — 0 and
(IT) BG? (X1, Xn2)/(EH2( X1, Xp2))? — 0, where
Gn(z,x,) = EHy(Xp1, 2)Hpy(Xp1, @) for z,x, € R?. (5.13)

Conditions (I) and (II) suffice for the Lindeberg condition and the conditional variance
condition, respectively, required in Brown’s martingale CLT. We verify (I) and (II)

13



for Hy(z, ) defined in (5.12). First, we have

/
2 2 1 / / 26;115732 / 26;7J1§n/2
n EHn(anv Xn?)/Q = ﬂa E gnlnn2 =+ §n2nn1 §nlnn2 =+ §n2nn1 Q,
20172 20172

(5.14)
where X, = (£, 1,;) - Next, we have

E(2831602)? = 4r(B&o€roémén) = Ur(E€po€hg - BEmény) = 4k,
E (&2 + Enan1)” = E(En1n2)” + 2B Mmooty + E(Epann)”
= tr(B&m&nt - Enaning) + 27 (Enpg&ng - Enn&nn) +tr(E€nang - Enniin) = 2k,
B(26116n2) (§n17n2 + En2tin1) = 2E€516008m17n2 + 2E6016008027m
= 2tr(E&&n1 - E&natng) + 2tr(E€n6ns - Enpi&ny) = 0, and (5.15)
E(2631€n2) 2Nn1Mn2) = 47 (E€p11n1Mn2én) = 41 (Bt - ENpaéng) =0,
using assumptions (ii) and (iv) of the Lemma. Likewise, we have F(21/,11,2)* = 4k
and E(21),102) (€112 + EnaNp1) = 0. Combining these results with (5.14 and (5.15)
implies that
n2EH2(Xp1, Xn2)/2 = o'Vza > 0 for all n, (5.16)
which yields the asymptotic variance given in (5.11).
Now, to verify condition (I) of (5.13), we have

k
16 16
EH,(Xn1, Xng) = WE(&ml&ﬂ)él = WE(Z En1e6nae)”
=1

kK k kk
= % Z Z Z Z Egnlél§n2€1gnllg5712@2£n1€3£n2é3§n1€4€n2l4 (517)
l1=102=143=144=1
16k2 k2
<=7 ol E&n1e,EmirEn1esEnits * ot Enatr€nats Enze, = O(—7),
where &,; = (§,i15 -5 Enix) and the last equality holds by assumption (v) of the
Lemma and the Cauchy-Schwartz inequality. Similar calculations and the use of
Minkowski’s inequality yields EHZ, (X1, Xn2) = O(k?/n?) for s = 2, 3. These results
and Minkowski’s inequality then give EH (X1, Xn2) = O(k?/n*). Combining this
with (5.16) establishes condition (I) of (5.13).provided n~k* — 0, which holds by
assumption (vii) of the Lemma.

To verify condition (II) of (5.13), by the Cauchy-Schwartz inequality, it suffices to
verify condition (II) with EG2(X,;, Xp;) replaced by EG2,(Xpi, Xpj) for s =1,2,3,
where Gy (-, -) is defined as Gy (-, -) is defined in (5.13), but with Hgy(-,-) in place of
Hp(-,-). We have

4 4
Gln(xam*) = EHln(anal')Hln(anax*) = mEg{rng&;ng* = mglf*,
G2n($a$*) = EH2n(Xn17$)H2n(Xn17$*)

1 1
=~ B + &) (G + Etar) = — (€6 '), (5.18)
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where z = (£,n)" and x, = (¢,,n,)’". Hence,

16 16 16
2 _ 2 _ _
EGln(anvXTZ?) - n4k2E(€;Ll£n2) - n4k2tr(E€n1£;ﬂ E£n2£;12) = AR

1 2
EG%n(X'ﬂ«l?X'ﬂ«?) = WE(gizlfrﬂ =+ 77;1177712)2

prys (5.19)

Similarly, EG2, (Xu1, Xn2) = 16/(n*k). Combining (5.16), (5.18), and (5.19) yields
condition (II) of (5.13) provided k& — oo, which holds by assumption (vi) of the
Lemma.

Part (b) of the Lemma holds because the left-hand side in part (b) has mean zero
and variance that is o(1). The latter holds because

E k
E(S;ﬂgnl)Q = Z Z Efguel 31152 < k2 sup Efiu _ O(,{:Q)7 (5.20)
l1=142=1 £<kn>1

Var(n k=2 Z(f;nfm' — k) =n" kT War((§hé — k) = n"'O(k) = o(1)
i=1

using assumptions (v) and (vii) of the Lemma. Similarly, E(¢),n,,)? = O(k?) and
By 0)? = O(k?) yield Var(n~ k2 0, €, = o(1) and Var(n=k-V2 30
(MniMni — k) = o(1).

Part (c) follows from parts (a) and (b) because the lhs of part (c) equals the sum
of the lhs of parts (a) and (b). O

Proof of Lemma 2. To prove part (a), we write

2
nkl/2 Z Z g;llé-’nj = Ay + Aoy + A3y, where

1<i<j<n
2
1<i<j<n
2 / /
Az =TT ZZ (g (€ i = Hng) + Hng(Eng — tne)], and
1<i<j<n
2 /
Asn = 575 3D Haghine 21
1<i<j<n

Now, some calculations yield

nin—1) , 1 1 1
Asn = Wﬂngﬂng = mAnE - W/\ni = m)‘né +o(1),
2(n—1 -
Aoy = ﬁﬂ;ﬁ Z(gm - Mn&): EAgp, =0, and
i=1
4(n —1)? 4(n —1)?
Var(As) = D Vareme = e o). (522
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using A\ne/k — 0 and k?/n — 0. Combining (5.21) and (5.22) gives

2 1
T2 Z Z Eninj — W)\ng = A1n + 0p(1). (5.23)
1<i<j<n

Similar calculations yield

1 ) ) 1
nkl/Q 1<ZZ<; (Sninnj + gnjnni) - W)\nfn (524)
1
- kl/Z Z Z [(gnz - Mnf),<nnj - Mnn) + (fn] - Mnf),<nni - Mnn)] + Op(l) and
n 1<i<j<n
2 , 1 1 .
nk1/2 Z Z nninnj - k‘l/2 )\nn - Tl,k‘l/z Z Z (nm' - 'unr]) (nnj - /Lnn) + Op(l)'
1<i<j<n 1<i<j<n

Stacking the results of (5.23) and (5.24) and applying Lemma 1(a) to the rhs of these
stacked equations yields convergence in distribution to N (0, V3), which is the result
of part (a).

To show part (b), we write

1 n
— 375 D (i — k) = Fin + Fon + Fin, where
=1

1 ~ / 2 = /
Fin = —73 E[(gm. = ting) (s = ting) = K], Fon = —775 ;Mng(ﬁm = fing);

1 n
Fsp, = RV Z M,ngﬂng- (5.25)
i=1

We have Fi, —p 0 by Lemma 1(b). In addition,

1 K2 Mg
an = W nngTHO, EFQTLIO, and
4 4
Var(Fa) = %M%gvar(fm)ﬂng = o ne =0 (5.26)

using assumptions (vii) and (iii)’. These results combine to show that Fi,, + Fa, +
Fi, is 0p(1). Similar calculations show that n= k123" () .n,; — k) = 0p(1) and
n kY230 €l n,: = 0,(1), which completes the proof of part (b).

Part (c) follows from parts (a) and (b) because the lhs of part (c) equals the sum
of the lhs of parts (a) and (b). O

Proof of Lemma 3. Lemma 2(c) with (§,,;,7,;) of that Lemma set equal to
((E;; / 2§m~, Eﬁg / 277m) of the present Lemma gives the desired result but with (X,¢, Xpy)

~

in place of (X, inn) Hence, it suffices to show

Op = A;(Z;g - i;g)An = 0,(k*?), where A, =n~/? Zém, (5.27)
i=1
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and likewise with (&,,;, ¥n¢) replaced by (71,;, Xny)-

Lemma 2(c) applied to (E;g / 2§m-, Z;,}/ Qnm-) also gives

ALY AL = Op(k) (5.28)

(due to the centering at kl3). In addition, we have

Arain(Sn) = Op(1) (5.29)
because [Amin(Ene) — Amin(Sne)| < [|Zne — Znell = 0p(1) by assumption (iv)’ and
At (Zne) = O(1) by assumption (viii).

The following are standard or hold by algebra: If H is a symmetric psd k X k
matrix, G is a k x k matrix, and c is a k-vector, then (a) ||[HGH|| < X2, .(H)||G||,
(b) [[Hell < Amax(H)]lel| < [[H]] - [lel], (¢) ¢Ge < |G| - [lell?, and (d) Iy — H™* =
H -1 — (H — Ik),H_l(H — Ik).

Let C, = Ei/g and D,, = ii/g Then, we have

bn = A;(CJQ - Dﬁ2)An
= ALCN (I — C,D,2C,)C Ay
= A,C NG DRC = TGy Ay
AL CoHCID2C! — 1) CR D, 2 Cuh(C ' D2C T — 1) Ot Ay,
< AL GG (DR = GGG, A
HICn(C ' DRC = ) O Anl P - Ao (D7 )
< |G 1Dy = CHICH] - [1C7 Anl P
HI(D7 = CHC O A - A5, (Dn)
< (107 = CRll - M (G 1) - 1O A2

H|[D2 — C2|P||C Ot A1 - AL2 (D)
|DZ — C2| - Ak (C2) - |G A2

HID; = CRIP 10 Anl? - M (C 1) - A (D)

op(k™1%)0(1)Op(k) + op(k*I)Op(k)O(l)O:(uln)
= 0,(k'?), (5.30)

where the third equality uses (d) with H = C,;'D2C,;1, the first inequality holds by
the triangle inequality and (b), the second inequality holds by (c), the third inequality
holds by (a) and (b), the fourth inequality holds by (b), and the second last equality
holds by assumptions (iv)" and (viii), (5.28), and (5.29). This establishes (5.27).

The same argument holds with (,,, ing) replaced by (Um:inn)- Hence, (5.27)
holds and the Lemma is proved. [

IN

Proof of Lemma 4. Tt suffices to show A,, = 0,(k'/?) and an analogous result with
(€nt1i> En2i) Teplaced by (7,15, M52:), Wwhere Ay, is defined by

n n
Gn = n—1/2 Z £n1i7 Hy, = n71/2 Z 57121’7
i1 i=1
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A, = |< +Dn§H )E (G +Dn§H ) (G +Dn§H) (G +Dn§H )|
= |Hy,(Dyg — Dn)'S,,¢ (Dng — Drg) Hy + 2H,,(Dyg — Dig)'S ¢ (G + DrgHn))|
< P, +2P* P2

Pin = [[S5"*(Dug — Dug) Hul[?, Pon = (G + Dig Hy)' Sl (Gr + Dy Hy),  (5.31)

and the inequality holds by the Cauchy-Schwarz inequality. We have P, = O,(k)
by Lemma 3. Hence, the Lemma holds if Pi,, = op(1).
We have

PlngA2

max

ng

—1 2 N
(Sre”™) + [1(Dng — Dng) Hal* < Mgy (Sne) - | D — Dl [P Hnl %, (5.32)

m1n<

where the two inequalities hold by inequality (b) stated following (5.29) above.

Next, we have: (I) ||Hy||* = O,(k?) because ||Hy|| < ||Hn — EHy|| + ||EH,||,
B||Hy — EHy|* = E(€n2i — E€p:) (€ng; — Eépa;) = O(k), which implies that || H, —
EH,|? = Op(k), and ||[EH,||?> = |[n'/2E¢, ][> = O(k?) by assumption (c) of the
Lemma, (1) Amax(S /%) = Aptl? (Sne) = Op(1) by (5.29) above, and (I11) || Dye —
Dye|| = 0p(k™1) by assumption (d) of the Lemma. Hence, Pi, = 0,(1) and A,, =
op(k'/?).

An analogous result holds with (7,,1,,7,,2;) in place of (,,1;,€,,9;), which completes
the proof. (I

Proof of Lemma 5. The result is established by applying Brown’s (1971) mar-
tingale CLT to a linear combination of the 5-vector in the Lemma and then ap-
plying the Cramér-Wold device. For the former, it suffices to show that for any
ax = (a1, 2,03, a4,a5)" # 0,

Z(Mnj + Gnj) —a N(0,, Vsa), where Gpj = kiT/2h;L(a477nj +as5,;),  (5.33)
j=1
Mp; and « are defined in (5.11), and M,; = 0. Note that E(M,;+Gp;|Fj—1) =0 a.s.,
where Fj—1 = 0(§n5-1,Mnj—15 - En1s Mn1)- Brown’s CLT requires the verification of
(i) the convergence of Var(3_i_ | (Mnj + Grj)) to aiVsau, (ii) a Lindeberg condition,
and (iii) a conditional variance condition. For (i), we have
n n
Var(Z(Mnj+an)) = Z(EM,,%J»—FEG%]-) — a'Vsa+m(ai+a?) = o Vs, (5.34)
J=1 J=1
where the equality uses EM,,; = EG,; = EM,;G,; = 0 and the convergence holds
by (5.14)-(5.16) and EG}; = nk™"hp,hn(of 4+ a3) — m(aj + a3).
The Lindeberg condition is implied by Z;;l EMfL‘j — 0 and Z?:l EGij — 0.
The former holds by condition (I) of (5.13) and the proof of Hall’s (1984) Thm. 1.
The latter holds because

ZEG?LJ- = ZE K2R ( (Qany,; + a5§n])]
S n- (nh;L n/kT) EHa‘lT/nj + O‘5£njH4 - 07 (535)
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using the Cauchy-Schwarz inequality, nk™"h} hy, — m, and E||n,,;||*+ E||¢,;||* < oo.
The conditional variance condition holds if

n

ZE((MHJ + an)2‘~7'—j—l) —p Vs (5.36)
j=1
We have > E(]W2 |Fj—1) —p &’ Vaa by condition (II) of (5.13) and the proof of
Hall’s (1984) Thm. 1. In addltlon E(G’2 | Fi—1) = EG’2 a.s. and )0, EG . —

m(a3 + o), as above. Hence, it remains to show that Z?:l E(M,;Gnj|Fj-1) —>p 0.
We have

E(Myjk™ 2R | Fi-1)
7j—1

nflkil/QiT/zE(Z(Qalfmfnj + @2 (Enitng + Enjtn) + 20037000, ) hy 1 Fi—1)
i1
j-1
= n 2T Z(agfgihn + 2a3m),; ). (5.37)
i—1

Next, we have

2
n j—1 " ’
E n~ g Y/2T/2 E & ohy| =n 2k VTE ( E (n— i)&mﬂﬂ)
j=1 i=1 =1

n

= n 3k Y (nhl by /KT (Z(n — i)) = O(n %) =o(1). (5.38)

i=1
The same holds with &,,; replaced by 7,,;. These results, combined with (5.37) and
Markov’s inequality, gives » %) F(Mp;k~ /2p! nMnjlFj—1) —p 0. Analogously, > 7,

E(Mnjk*T/zh;lfnj]fj_l) —p 0. In consequence, Y37 E(Mp;Gnj|Fj-1) —p 0 and the
proof is complete. [

Proof of Lemma 6. First, we consider the case where ing = Yne = I, inn =
Ynn = Ii, ﬁng = Dy, and ZA)m] = Dy, which is analogous to the situation in Lemma
2. We start with the proof of part (a). Because A,¢/k — 0, just as in Lemma 2,
(5.23) still holds. Next, we write

leT/2 Z Z gmnn] + gn]nnz] Bipn + Ban + Bsn + Ban, where

1<z<j<n
Byip = k‘T/2 Z Z énz /Lng nn] Mnn) (gny - /Lnﬁ)/(nni - iunn)]a
1<i<j<n
n—1
BQ” krr/2 1<Z<; M'rm gnz Mng) + iun'r] (gn] Mng) k‘T/2 Z}unn £n2 Mng)
<j<n
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n—1<

1
By =——5 > >, (i = tinn) + g (0 = tiag)) = ——73 Z; g (Mni = o)

1<i<j<n
2 / . TL - 1 ,7_/2
Bin =3 DD Haghng = e/ K7/, (5.39)
1<i<j<n

We have: EBs, = 0, Var(Bs,) = ((n — 1)/n)*\se/k™ — 0, and hence Bs, = o,(1).
Thus,

1 T
RYRYD) Z Z [0 + Enjtnil — Anen/k /2 = Bin + Bon + op(1). (5.40)
1<i<j<n

When 7 > 1, By, = 0,(1), because Lemma 1(a) implies that k7/271/2By,, = O,(1).
As in (5.21)-(5.23), but with (1, k7/2) in place of (¢, kY/?), we can write

2 1
nk7/2 Z Z n;linnj I Ane = Cin + Cop + 0p(1), where
1<i<j<n
2
Cln = /2 ZZ (nnz - Mnn),(nnj - M’”]) and
nk by
<i<j<n
2(n —1 "
02" = E”Lk?T 2 )M;m Z(nm - 'unn)' (5,41)
i=1

In the present case Cy, is not o,(1) because Var(Cay,) = 4((n—1)/n)2k~" Apy — 4kinr.
When 7 > 1, C1,, = 0p(1), because Lemma 1(a) implies that k™/271/2C},, = O,(1).
Now, we stack the results of (5.23), (5.40), and (5.41) and apply Lemma 5 to the
rhs of these stacked equations. When 7 = 1, the rhs satisfies (A1, Bin + Ban, Cin +
0271)/ + Op(l) and we apply Lemma 5 with (éma Um) equal to (gnz Mg Nng — iunr]) of
the present Lemma, with h,, = ((n — 1)/n),,, and with m = k1. Then, Lemma 5
gives (Aln7 Bip + Bop, C1n + C2n)/ —d N(O7 DZCLg{Q, 1+ Rnl, 2+ 4”771}) = N(07 ‘/E’:tl)v
which is the result of part (a). When 7 > 1, the rhs of the stacked equations sat-
isfies (Ain, Ban, Capn)" + 0p(1) and we apply Lemma 5 in the same way as above to
obtain (A1, Bon, Can) —4 N(0, Diag{2, kyr,4kq:}) = N(O, V3*:T), as desired. This

~

completes the proof of part (a) for the case where ¥,¢ = ¥, etc.

Next, we prove parts (b) and (c) for the case where f)ng = Ype = Iy, etc. The
proof that (nk'/2)=1 37" ¢ £ = 0,(1) is exactly the same as in (5.25)-(5.26) be-
cause Ap¢/k — 0. The proof that (nk™?2)~1S°" (00 — k) = 0,(1) is analo-
gous to that given in (5.25)-(5.26) with & replaced by 7, with (nk7/2)~! in place
of (nk'/2)71) and with A,,/k” = O(1) rather than \,¢/k = o(1). In consequence,
F3p, = (nk™2) "\ = (K72 /1) ( Ay /kT) — 0 provided k*/n — 0 and 7 < 6. We have
EFs, = 0 and Var(Fy,) = 4n72(\py/k™) — 0. In addition, Fy, —, 0 by Lemma
1(b). Hence, (nk™/2)=1 3% (nliMn; — k) —p 0. Similar calculations, using the fact

that )\3@7 < AngAnp by the Cauchy-Schwarz inequality and hence Anep/ EA+7)/2 <

(Ang/k) /2Ny /KT)1/2 = 0(1), show that (nk™2)~1 3" | € .n,; = 0p(1), which com-
pletes the proof of part (b). Part (c¢) follows from parts (a) and (b) because the lhs
of part (c) equals the sum of the lhs of parts (a) and (b).
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We complete the proof by showing that the same asymptotic distributions arise
when ing # Yng, Xne # I, ﬁng # D¢, etc. as when i\)ng = Yn¢, etc. using the argu-
ments in the proofs of Lemmas 3 and 4. In these proofs, exactly the same arguments
hold under the assumptions of the current Lemma when 6, and A, are based on
€,i> because the normalization is by k~'/2 and ||E€,||*> = O(k?/n). When §,, and
A,, are based on 7,,;, the arguments need to be altered because the normalization
is by k=7/2, not k=2, and ||En,q]|> = O(k'7/n), not ||En,yl||? = O(k%/n), in
the second and third elements of the 3-vector in part (c) of the present Lemma. In
particular, in the proof of Lemma 3, it suffices to show that ¢, = op(kT/ 2) when 6, is
defined with 7 in place of £. Nevertheless, the proof of Lemma 3 goes through without
change to show that &, = o,(k"/?), which is stronger than necessary. (This relies on
the fact that A},%, A, = ||[C;; Ap|[> = Op(k), due to the centering by k, by the
result proved above for the case ing = Yp¢, etc.) In the proof of Lemma 4, it suffices
to show that A, = op(k‘T/Q) when 6, is defined with n in place of &. When 7 = 1,
the same proof goes through without change. But, when 7 > 1, the proof needs to
be altered. In the present case, we still have Pa, = Op(k) (due to centering at k),
but ||[EH,|[? = ||nY/2En,y||> = O(k™*7) by the assumption of the present Lemma,
rather than O(k?). In consequence, using (5.32), Pi,, = 0,(k2)O, (k') = 0,(k™1).
Using Py, = Op(k), this leads to P1142P217{2 = 0,(k™/?). Also, if 7 < 2, this gives
Pi,, = 0,(k7/?). These results and (5.31) combine to give A,, = 0,(k™/?) if 7 < 2. 0

Proof of Lemma 7. Part (a) holds because for all € > 0
Pk|n'Z'Z — EZ;Z!||* > ¢)

S kEtr (n_l Z 2127{ — E2121> n_l Z Z]ZJI — E2121 /8
i=1 j=1
=k-tr (nilE (2225 - E2121> (ZQZé - EZlgi)) /8
= kn! (E(Z{Z}V —9B(Z4Z,)? + tr ([EZZ{]EZZ{)) /e
< O(K3/n) = o(1), (5.42)
where the first inequality holds by Markov’s inequality, the first equality holds because
the expectation of terms with ¢ # j is zero by independence, the second equality holds
by algebra, the second inequality holds because sup;<j.,,>1 Eij < 00 by Assumption
2, and the third equality holds by Assumption 4.
Part (b) holds by the CLT and the delta method because E||X;||* < 0o, EX; X
is pd, and the dimension p of X is fixed for all n. B
Part (c) holds because | EX; Z!|| < k'/2p!/? supjgk’nE(EHXiZiﬂ]2)1/2 = 0,(k'/?)
using the fact that p is fixed for all n.
Part (d) is established as follows. By Markov’s inequality, for all € > 0,
PE3||n*X'Z — EX; Z!|]? > ¢)

< KEtr(n™Y_ XiZ] - EX;,Z))n™ 'Y X,;Z; — EX;Z}))/e
i=1 Jj=1
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(K n)tr(B(X;Z, — EX;Z})(XiZ] — EXiZ}))/e
< (K*/n)p sup E||XiZyj||* = o(1), (5.43)

Jj<knz1

where the first equality holds by the iid assumption, the second inequality uses the
fact that the dimensions of X; and Z; are p and k, and the second equality uses
Assumption 4.

To prove part (e), we write

n 272 =n'2'Z —n ' Z’X(X'X) "' X' Z and
EZ:Z¥ = EZ;Z — EZ; X)(EX; X)) 'EX; Z.. (5.44)
By the triangle inequality, we have
In'Z'X(X'X)"'X'Z — EZ;X!(EX; X)) "EX;Z!|| < Ln1 + Lng + Lns, where
L= |[n ' Z’X(n ' X'X) " (n'X'Z — EX; 7)),
Lpy = ||n7 ' Z'X[(n ' X' X))~ — (EX; X)) EX;Z!||, and
Lpz = ||(n'Z'X — EZ; X)) (EX; X)) 'EX; Z!||. (5.45)
Using parts (c) and (d), we have

In'Z'X|| < |In"'Z'X — EZX{|| + ||[EZiX]|| = 0p(k™") + O(k'/?) = Op(K'/?).
(5.46)
In addition, ||(n"1X’X)71|| = Op(1) by the LLN, Slutsky’s Theorem, and the fact
EX; X! is pd. These results, the result of part (d), and ||AB|| < ||A]| - || B]| give

Ly < |[n7'Z'X)| - |07 X' X) Y| - [|In ' X' Z — EXZY)|
= Op(K*)0p(1)0p(k ™) = 0p(k~/?). (5.47)

By similar calculations, L,3 = o,(k™1/?).
Using the results of (5.46) and parts (b) and (c), we have

Lnz < [[n 7 Z'X] - [|(n ' X"X) ™ = (EX:X]) 7| - [|EXZ)|
= Op(K/2)0p(n12)O(k'?) = Op((K* )2k 1/2) = 0y (k71/2). (5.48)

Hence, the left-hand side in (5.45) is 0,(k~'/2). This, (5.44), and part (a) combine
to establish part (e). O
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