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1 Introduction

Recently a number of estimators have been proposed for average treatment effects under the
assumption of unconfoundedness or selection on observables. Many of these estimators re-
quire nonparametric estimation of an unknown function, either the regression function or the
propensity score. Typically results are presented concerning the rates at which the smoothing
parameters go to their limiting values, without specific recommendations regarding their values
(Hahn, 1998; Hirano, Imbens and Ridder, 2000; Heckman, Ichimura and Todd, 1998; Rotnitzky
and Robins, 1995; Robins, Rotnitzky and Zhao, 1995)).

In this paper we make two contributions. First, we propose a new estimator. Our estimator
is a modification of an estimator introduced in an influential paper by Hahn (1998). Like
Hahn, our estimator relies on consistent estimation of the two regression functions followed
by averaging their difference over the empirical distribution of the covariates. Our estimator
differs from Hahn’s in that it directly estimates these two regression functions whereas Hahn
first estimates the propensity score and the two conditional expectations of the product of the
outcome and the indicators for being in the control and treatment group and then combines
these to get estimates of the two regression functions. Thus our estimator completely avoids
the need to estimate the propensity score!. Our second and most important contribution
is that we are explicit about the choice of smoothing parameters. In our series estimation
setting the smoothing parameter is the number of terms in the series. We provide a criterion
for choosing this number of terms and show its asymptotic optimality in terms of expected-
mean-squared-error. This criterion is related to, but differ from from the standard one for
nonparametric estimation as in Li (1987) and Andrews (1991) in that it focuses explicitly on
optimal estimation of the average treatment effect rather than on optimal estimation of the
entire unknown function.

In the next section we discuss the basic set up and introduce the new estimator. In Section
3 we analyze the asymptotic properties of this estimator. In Section 4 we propose a method for

choosing the number of terms in the series.

2 The Basic Framework

The basic framework is standard in this literature (e.g Rosenbaum and Rubin, 1983; Hahn,
1998; Heckman, Ichimura and Todd, 1998; Hirano, Imbens and Ridder, 2003) We have a random
sample of size N from a large population. For each unit ¢ in the sample, let W; indicate whether
the treatment of interest was received, with W,; = 1 if unit ¢ receives the treatment of interest,
and W; = 0 if unit ¢ receives the control treatment. Using the potential outcome notation
popularized by Rubin (1974), let Y;(0) denote the outcome for unit ¢ under control and Y;(1)

'Independently Chen, Hong, and Tarozzi (2004) have established the efficiency of their CEP-GMM estimator

that is similar to our new estimator.



the outcome under treatment. We observe W, and Y;, where
Vi =Yi(W;) =W, Yi(1) + (1 - W) - Y5(0).

In addition, we observe a vector of pre-treatment variables, or covariates, denoted by X;. We

shall focus on the population average treatment effect:

Similar results can be obtained for the average effect for the treated:
7= E[Y(1) =Y (0)|W =1].

The central problem of evaluation research (e.g., Holland, 1986) is that for unit ¢ we observe
Yi(0) or Y;(1), but never both. Without further restrictions, the treatment effects are not con-
sistently estimable. To solve the identification problem, we maintain throughout the paper the
unconfoundedness assumption (Rubin, 1978; Rosenbaum and Rubin, 1983), which asserts that
conditional on the pre-treatment variables, the treatment indicator is independent of the po-
tential outcomes. This assumption is closely related to “selection on observables” assumptions
(e.g., Barnow, Cain and Goldberger, 1980; Heckman and Robb, 1984). Formally:

Assumption 2.1 (UNCONFOUNDEDNESS)

W L (Y(0),Y(1) | X. (2.1)
Let the propensity score be the probability of selection into the treatment group:

e(z) =Pr(W =1|X =2z) = E[W|X = z], (2.2)

Assumption 2.2 (OVERLAP)

The propensity score is bounded away from zero and one.
Define the average effect conditional on pre-treatment variables:
7(x) =E[Y(1) = Y(0)| X = z]
Note that 7(x) is estimable under the unconfoundedness assumption, because

E[Y(1) - Y(0)|X =2] = E[Y(1)[W =1,X =] - E[Y(0)|W =0, X = 1]
= EY|W=1X=z]-E[Y|W=0,X = a].

The population average treatment effect can be obtained by averaging the 7(z) over the distri-
bution of X:

T =E[r(X)],

and therefore the average treatment effect is identified.
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3 Efficient Estimation

In this section we review two efficient estimators previously proposed in the literature. We then

discuss two new estimators, which will facilitate the mean-squared error calculations.

3.1 The Hahn Estimator

Hahn (1998) studies the same model as in the current paper. He calculates the efficiency
bound, and proposes an efficient estimator. His estimator also imputes the potential outcomes
given covariates, followed by averaging the difference in the estimated regression functions.
The difference with our estimator is that Hahn first estimates nonparametrically the three
conditional expectations E[Y - W|X], E[Y - (1 — W)|X], and e(X) = E[W|X]. and then uses
these conditional expectations to estimate the two regression function pg(z) = E[Y (0)|X = «]
and pp(z) =E[Y(1)|X = z] as

CEY(1-wW)X =1

fio(z) = T X) 7 BYW|X = ]

é(X)

and fi(z) =

The average treatment effect is then estimated as
1N
™= 2 (A (Xi) = fio(X5)) -
1=

Hahn shows that under regularity conditions this estimator is consistent, asymptotically nor-

mally distributed, and that it reaches the semiparametric efficiency bound.

3.2 The Hirano-Imbens-Ridder Estimator

Hirano, Imbens and Ridder (2003) also study the same set up. They propose using a weighting

estimator with the weights based on the estimated propensity score:

N
1 Wi 1-W
hira = = D Vi (e — e )
Thir,1 N; (e(Xi) 1—e(XZ~)>

They show that under regularity conditions, and with é(x) a nonparametric estimator for the

propensity score, this estimator is consistent, asymptotically normally distributed and efficienty.

It will be useful to consider a slight modification of this estimator. Consider the weights
for the treated observations, 1/é(X;). Summing up over all treated observations and dividing
by N we get ) .(W;/é(X;))/N. This is not necessarily equal to one. We may therefore wish to
modify the weights to ensure they add up to one for the treated and control units. This leads

to the following estimator:

i=1




3.3 A New Estimator

The new estimator relies on estimating the unknown regression functions ui(z) and po(z)
through nonparametric regression of Y on X for the two subpopulations indexed by the treat-
ment status. It is a modification of Hahn’s estimator. Like Hahn’s estimator it estimates the

average treatment effect as

oo = 3 D (1100 ~ f(X0).

The difference with Hahn’s estimator is that the two regression functions are estimated directly
without first estimating the propensity score and the two conditional expectations E[Y - W|X]
and E[Y - (1 — W)|X]. This implies that we only need to estimate two regression functions
nonparametrically rather than three and this will make the optimal choice of smoothing para-
meters easier. Note that this estimator still requires more unknown regression functions to be
estimated than the HIR estimator which requires only estimation of the propensity score, but
since the new estimator relies on estimation of different functions, it is not clear which is to be
preferred in practice.

To provide additional insight into the structure of the problem, we introduce one final esti-

mator, which combines features of the Hirano-Imbens-Ridder estimators and the new estimator:

Tmod = f: <We(l§'()X> 55 - > /Z (é 11—_6(‘;)) '

=1

In order to implement these estimators we need estimators for the two regression functions.
Following Newey (1995), we use series estimators for the two regression functions p,,(x), with
K terms. As the basis we use power series. Let A = (A1,..., \x) be a multi-index of dimension
k, that is, a k-dimensional vector of non-negative integers, with |A| = Zle A, and let 2 =
! l‘gk Consider a series {\(r)}92; containing all distinct such vectors such that |[A(r)] is
nondecreasing. Let p,(z) = 2" where pX(z) = (p1(x), ..., px (z))". The nonparametric series

estimator of the regression function p,,(z), given K terms in the series, is given by:
fw(x) =pS () | D pM XM (X | D> pF
W= Wi=w

where A~ denotes a generalized inverse of A. Given the two estimated regression functions we

estimate the average treatment effect as

For the propensity score we use the series logit estimator (Hirano, Imbens and Rubin, 2003)

Let L(z) = exp(z)/(1+exp(z)) be the logistic cdf. The series logit estimator of the population

[4]



propensity score e(x) is éy(x) = L(pM (z)'#1r), (for simplicity we use the same series pM (z),

although this is not essential) where

iy = arg max Ly (), (3.3)
for
N
Lyy(m)=> (Wi -InL(pM(X;)'m) + (1 = Wi) - In(1 — L(p™ (X;)'n))) . (3.4)
=1

3.4 First Order Equivalence of Estimators

We make the following assumptions.

Assumption 3.1 (DISTRIBUTION OF COVARIATES)
X € X c R?, where X is the Cartesian product of intervals i, zu], 7 = 1,...,d, with
xjr, < xju. The density of X is bounded away from zero on X.

Assumption 3.2 (PROPENSITY SCORE)
(1) The propensity score is bounded away from zero and one.

(ii) The propensity score is s times continuously differentiable.

Assumption 3.3 (CONDITIONAL OUTCOME DISTRIBUTIONS)
(i) The two regression functions j,(x) are t times continuously differentiable.

(ii) the conditional variance of Yi(w) given X; = x is bounded by o2,.

Assumption 3.4 (RATES FOR SERIES ESTIMATORS)
(1) K =NV, with <v <,
(i) L = N§, with < & <.

The properties of the estimators will follow from the following lemma:

Theorem 3.1 (ASYMPTOTIC EQUIVALENCE OF Binr, Bmod AND SBhir)
Suppose Assumptions 3.1-3.4 hold. Then

(2),

VN - (Finr — Fnod) = 0p(1),
(i),

VN - (Fmod = Fhirt) = 0p(1).
(iii),

VN - (Fnirg — Thira) = 0p(1).



and (iv),

\/N' (’f’h - 'f_hir,l) = Op(l).

Proof: See Appendix.

4 A feasible MSE criterion

All three estimators contain a function or functions that are estimated nonparametrically. For
the Hahn estimator we need nonparametric estimates of the propensity score and the conditional
expectation of the product of the outcome and the treatment indicator and of the outcome and
the control indicator given the covariates. For the HIR weighting estimator an estimator of the
propensity score is needed, and for the imputation estimator introduced in section 3.3 we need
estimators for the conditional means in the treatment and control populations. Both Hahn and
HIR use series estimators for either the propensity score or the conditional expectations. That
leaves the question how to select the order of the series. For a meaningful comparison of the
performance of these asymptotically efficient estimators such a selection rule is essential.
Despite its practical importance there has been little work on the selection of the nonpara-
metric estimators. The only paper that we are aware of is Ichimura and Linton (2003) who
consider bandwidth selection if the propensity score in the weighting estimator is estimated by a
kernel nonparametric regression estimator. The current practice in propensity score matching,
which is a nonparametric estimator that is different from the estimators considered in section

3, is that the propensity score is usually selected using the balancing score property
WL1X|e(X)

In practice this is implemented by stratifying the sample on the propensity score and testing
whether the means of the covariates are the same for treatment and controls (see e.g. Dehejia
and Wahba (2000)). This method of selecting the model for the propensity score focuses exclu-
sively on the bias in the estimation of the treatment effect. This could lead to ’overspecification’
of the propensity score and inflation of the variance of the estimator of the treatment effect.
We consider both the bias and the variance associated with a choice of the nonparametric
function in the treatment effect estimator. Initially we consider the missing data problem in
which we observe X for all observations, but Y only if an observation indicator D =1. If D =0
we observe X but not Y. We refer to this type of data as one-sample data. Alternatively, we
could have two samples. The first sample is from the marginal population distribution of X.
The second sample is a random sample from the subpopulation Y, X|D = 1. This type of data
is referred as the two-sample data. We develop the theory for two-sample data, but it turns

out that the results are identical for the one-sample case.

[6]



Throughout we assume that the Y is Missing At Random (MAR), i.e.
Y L D|X

The notation in this section will differ from that used in section 3 to reflect that we consider
the missing data instead of the treatment effect problem. In particular, we use p(z) for the

propensity score, and ;i (x) for the orthonormal polynomials that are used in the estimation
of p(x).

4.1 The MSE and its estimator
As in Li (1987) we consider a population in which the joint distribution of Y, X is such that
Y=puX)+U

with E(U|X) = 0 and Var(U|X) = o2. Andrews (1991) has generalized Li’s results to the
heteroskedastic case and we could do the same. To concentrate on essentials first we maintain
the assumption that U is homoskedastic.

Initially we assume that we have two independent samples. Sample 1 is a sample of size N7
from the marginal distribution of X. We denote this sample by X;,i = 1,..., N;. Sample 2
is a random sample of size N from the distribution of Y, X|D = 1. We denote this sample by
Y, X;,i=1,...,N. The imputation estimator for the parameter of interest uy = E(Y") is

fic () = ric(z) (R Ric) "' Ry

The subscript K is the number of base functions used in the estimation of u(z), and we use the

notation
Yi 1(X1) Ui
y=1 : W= : u=1
YN w(Xn) Un
and
rik () rr(X1) re(X1)
ri(x) = : Ry = : Rk = :
rik(z) T (Xn)' ric(Xny )

The parameter of interest is py = E(Y). The MSE is obtained from

VN(fiyk—py) = \]/\? Z]jl: </1K(Xz‘) —Ey|x {ﬂK(Xz‘)DJr\]/\? i (EY\X [ﬂx()@)} - M(Xz')) +

=1

[7]



(4.5)

We can treat X; and f(i as constants. Therefore, it is reasonable to redefine the parameter of

interest as
1y
=N Z; w(Xi)
1=

If we do so, the final term in the comparison can be omitted, and we need only consider the
first two terms. This parameter is the missing data analogue of the sample treatment effect of
Imbens (2003).
We now consider the first two terms separately. The first corresponds to the variance and
the second to the bias term in the MSE. The first term can be written as
N1
ff > (e (X) — By (X)) = fVNN Ric(RicRic) ™ Rigu

V=
If we treat the covariates as constants, it is easily seen that the expected value of the cross-
product of the bias and variance term is 0. Hence we can deal with the bias and variance terms
separately.

The variance term can be expressed as

~ ~ li
N, - - Uy Ric\ (ReRi\ Y [ Uy, R
E(V?) = UQFfuNlRK(R}cRK) 'Ricun, =0 ( ]1\[1 ) < I?\f ) ]1V1

Because

_ P ip— .
f@) = TS fElD =1) (4.6)

with p = Pr(D = 1), the variance term can be computed from the observations in the subpop-

ulation X |D =1 if we use the weights %, so that

2 202 /
E(VS)=p e Mka

with

p(X1)
a= : My = Rg (R Ry) 'R},

1
p(XN)
The bias term is

\]/\77 i (EY\X [ﬂK(Xi)} — ~z')) = \]/V?zz]j; (TK(Xi)/( K Ri) ' Rigp — u(&:))

=1
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Again we average over the distribution of X|D = 1 using the weights %. Hence, the bias

term is written as

N
B-— > iy (X (Richa) ™ R — (X)) = bl A

with Ax = I — Mg. Note that aIATK“ is the covariance of the residuals of the regressions of
on Rg and a on Ry, respectively. By Lorentz (1986), Theorem 8, p. 90, we have that

la' Agp| = O (NK_Su/d—Sp/d>

so that the squared bias term is of order O (NK‘2SH/d_25@/d) with s, the number of continuous
derivatives of p(z), s, the number of continuous derivatives of p(z), and d the dimension of X.

If we add the variance and squared bias terms we obtain the population MSE

En(K) = i (0%’ Mga+ (a' Arp)?) (4.7)

To use the MSE we need to estimate the bias term. This can be done in several ways?. Let

ek be the vector of residuals of the regression of y on Ry, i.e. ex = Agy. Using
dex =dAgp+ad Agu
so that
(deg)? = (d' Agp)? + d’ Agun’ Aga + 2/ A pa’ Agu
Hence,
E [(dek)?’] = (dAxp)® + 0%d Aka
so that the bias term is estimated by
(deg)? — o?d' Aga
Note that
(@' Agp)? = O(Nszzsu/dfzsp/d)
and
0% Aga = O(NK~2%/9)

Upon substitution of the estimate we obtain the estimated MSE

On(K) = ¥ (20%a'Mka — 0*d'a + (d'ex)?) (4.8)

?Note that a'AKﬂK = 0, so that this obvious estimator cannot be used.

[9]



Both the population MSE and its estimator are proportional to p?. Hence the value of K that
minimizes the (estimated) MSE is independent of the fraction of observations for which we

observe Y. In the sequel we omit p? and redefine

1
EN(K) = N (JQa’MKa—i— (GIAKIU,)Q)

1
CN(K) = N (202a'MKa —o%da + (a’eK)z)

4.2 The population MSE
If N, N1 — oo the variance term converges to
~ / ~
0B |ric(X)] SR [k (X)]

with ¥ the probability limit of RKJ\? K. The variance term simplifies if we choose the base

functions rix as orthonormal polynomials with respect to the density of X|D = 1, so that
Elrig(X)rjx(X)|D=1]=0, j #k E[rr(X)?)ID=1] =1
For this choice the variance term converges to

o2E [TK()N()}/E [TK(X)} = g2 f: (E {rkK(X)DQ
k=1

Because the constant function is one of the orthonormal polynomials, we have that for all

non-constant base functions
E [rkK (X)] = 0

Using (4.6)

& p
B |rexc(X)| = E [rkK(X)]
p(X)
which is proportional to the covariance of ;%X) and ri (X). If the inverse of the probability that
Y is observed is smooth in the sense that it can be well approximated by a linear combination
of a relatively small number of base functions, then the variance will not increase much if K
exceeds the number of base functions needed.

As an example take

4
c + VQ(OTKO (x)

p(x) =



With bounded support of X we can always find a ¢ so that p(z) is nonnegative. For this choice
of p(x) we have

E [p(p)(-)?”kK(X)} = pWE [rex(X)?] = pyx
if the base functions are orthonormal. Hence for large N, N7 the variance term is proportional
to p? Zszl ’y,%. Hence the variance term increases with K for K < Ky, and is constant for
K > K.

In this example the bias decreases with K and is 0 for K > Kj for all N. Because the bias
term increases with N we find that the value of K that minimizes the MSE is bounded by Kj
if N is large. In this example a is orthogonal to the residuals eg,, and @’ Ag,a = 0, so that the
estimate of the bias is 0 (as is the bias) for K > K.

As we will see in section 4.4 these same results apply (approximately) if Wla,-) is not exactly
a linear combination of base functions. Unless Wlx) is very unsmooth, only a few base functions
are needed to minimize the MSE.

It is instructive to compare the population MSE with Li’s (1986) average squared error

criterion. We obtain intuitive results if we assume that

1 KO KO
—— = wri(@) wlx) =Y Spri()
i) o =

with 7, (z) orthogonal polynomials with respect to the density of X|D = 1. Li’s average squared

error criterion is
1 N
Ly(K) = = o (ix(X) = u(X0))?
i=1

i.e. it is average squared deviation in the sample in which we observe both Y and X. The

expected value of the variance term is
2 1 - 1t -1 o K
N ;TK(Xi) (Ric i)™ ric(Xi) = 0*
The bias term is equal to
Lo LR (B R R
NHH— kB (R Ri)™ Ry

which converges to ZkKZO K1 62. Hence Li’s criterion is

Ko
B Ly (K)] :(72%+ S o (4.9)
k=K 41

Under these assumptions the bias in our criterion is
D la'u — la'RK(R'KRK)_lR’K,u
N N

[11]



We have

. N Ko N Ko
Na n=5 Z (Z Yirr(X > <Z qiry (X, ) = Z > wOer(X Z > wbiri(X
i=1 \k=1 i=1 k=1 i=1 k#l

Because the 7y are orthonormal, the second term on the right hand side converges to 0, and
the first converges to Z,I::‘)l Ykdk. Finally, because ~-a'Rg converges to vjIx and + Rjp to
Ik, the second term in the bias converges to Zszl ;0. Combining the results we find

K Ko 2
02272+N< > Wsk> (4.10)
k=1 k=K+1

These two criteria are clearly different. For instance, if we take v, = -, then for fixed N,
E[Ly(K +1)] < E[Ly(K)] if and only if t%,; > 1 with

the asymptotic t-ratio for dx 1. For our criterion we find that it decreases if and only if

tky1 2> 4/1+ T;2(+2 — T4

or

ki1 < —y/1 +T[2<+2 —Tg4o

. K
with T 4o = ZkZOKJrQ tr

4.3 Optimality of minimizer of estimated MSE

Define K as

A~

K = argmin g, On(K)

with Cn an index set that grows with N at rate N*. We will show that K is optimal in the

sense that (Li (1987))
En(K)

ianE/CN EN(K)

R (4.11)

This does not imply that the difference between K and the minimizer of En(K) converges to
0.

We make the following assumptions

Assumption 4.1 The smallest eigenvalue of E[ri(X)rx(X)'|D = 1] is bounded from 0 for all
K.

[12]



Assumption 4.2 E[U]"] < co for some integer m.

Assumption 4.3

Nﬁ(msp/d—l) inf Ex(K =z
KlEn/CN N( ) ’

— 00
with d the dimension of X.

Theorem 4.1 If assumptions 4.1-4.3 hold, then

En(K) p
. -1
lanEICN EN(K)

Proof See Appendix.

4.4 Simulation results

The finite sample performance of our estimator is investigated in a number of sampling exper-

iments. The population model is

Y =uX)+U
with
8
w(z) = 52:;1:]€
k=1

X a scalar variable and U standard normal. We choose a simple logit model for p(z)

ol5+3e
p(z) = 1+ elo+3z

As base functions we choose the Legendre polynomials. These polynomials are defined on [—1, 1]
and are orthogonal with weight function equal to 1 on this interval. For that reason we choose
the marginal distribution of X such that X|D =1 is a uniform distribution on [—1,1], i.e. the
distribution of X has density

p 1
flx)==—— —-1<z<1
(=) 2 p(x)
with
_ 6
p= 6+ (el5 — 45 )

Of course, in practice it may not be feasible to choose polynomials that are orthogonal with a
weight function that is equal to the distribution X|D = 1.

Table 1 gives some statistics for the data generating process. The fraction with a missing
Y is .429. The mean of both X and Y is larger in the subpopulation with observed Y.

[13]



Table 1: Statistics sampling experiment

Mean Std dev
Y -.222 1.914
X -.287 .587
Y|ID=1 .504 2.032
D 571

Table 2: Optimality of minimizer estimated GMM

En(K)

Fraction K = K ()
N1 =100 .621 1.044
N1 = 1000 .650 1.011
N1 = 10000 .740 1.0007

We consider three sample sizes N1 = 100, 1000, 10000. The number of repetitions is 1000.

The results are in Table 2 and the figures.
The second column is in line with the asymptotic result in section 4.3. That result does

not imply that the minimizer of the population and estimated population MSE are closer if the

sample size increases. However, this is what we find in the experiments.

[14]



Figure 1: Population and estimated MSE, N; = 100

In the figures 1-3 we report the population MSE and its estimator. Note that with the
simple logit model the MSE is flat after the inclusion of a few basis functions. To avoid scaling

problems we omit some population and estimated MSE values for small K.
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Figure 2: Population and estimated MSE, N; = 1000




Figure 3: Population and estimated MSE, N; = 10000




5 Appendix

For matrices A we use the norm ||A|| = (tr(A’A))'/2.

Lemma A.1 (PROPERTIES OF NORM) For conformable matrices A and B,

(i), |AB| < A - | B,

(id), | A’BA < |[BI|- | AA]|.

If B is positive semi-definite and symmetric, then, for Amax(B) equal to the maximum eigenvalue of B,
(iii), tr(A’BA) < || A]|? - Mmax(B),

(1), [AB|| < [|A]l - Amax(B).

(v), IBA[| < [|A]l - Amax(B)-

Proof: Let A be of dimension K x L, and B of dimension L x M. First we prove (i): AB is of dimension
K x M, with its (k,m) element equal to ZzL:1 akbim. Hence the (m,m) element of the M x M matrix

1 Al : K L 2
B'A’AB is equal to Y, (lel aklblm> , and thus

M K /L 2 M K L L
|AB|? = tr(B'A’AB) = ZZ(Zamblm> <Y N> al Y b = A1 IBI7,

2
where the last inequality follows from the Cauchy-Schwartz inequality which implies that (ZzL: 1 aklblm) <

S a2, S b2 Next, consider (i):
|A’BA||? = tr(A'B’AA’BA) = tr(B'AA'BAA’) = tr(D'E),
where D = AA'B and E = BAA'. Let § = tr(D'E)/tr(E'E), and F = D — §E, so that tr(F'E) = 0.
Then tr(D'E) = tr((§E + F)'E) = 6tr(E'E), and tr(D'D) = §% - tr(E'E) + tr(F'F), so that
tr(D'E)? = 6 - tr(E'E)? < (6% - tr(E'E) + tr(F'F)) - tr(E'E) = tr(D'D) - tr(E'E).
Thus
|A'BA|? = tr(B'AA'BAA’) < (tr(B'AA'AA'B))? - (tr(AA'B'BAA)? = ||[AA'B| - | BAA'|.

By part (i) of the lemma, |AA'B| < ||[AA’]| - ||B||, and | BAA’|| < ||B]| - ||AA’||, so that the conclusion
follows.

Next, consider (iii). Because B is symmetric L x L, and positive definite, we have B = SAS’, where
S’'S = Ir,, and A is diagonal with the eigenvalues of B on its diagonal, so that Apax(B) = Amax(A). Let
C = A’S, with ¢;; the (7, 5) element of A’S. With A of dimension L x K, C is of dimension K x L. Then

tr(A’BA) = tr(A'SAS'A) = tr(AS'AA’S)

L K

L K
= tr(AC'C) = 3N D < Anax(B) DD ¢ = Amax(B) - 2(C'C)
j=1 i=1

j=1i=1
= Amax(B) - t1(S'AA'S) = Amax(B) - tr(AA'SS") = Anax(B) - tr(AA)
= Amax(B) - tr(A’A) = Anax(B) - | A||2.

[18]



Next, consider (iv). Again write B = SAS’, with A diagonal and S’S = I,. Then:
|AB||* = tr(B’A’AB) = tr(A’ABB’) = tr(A’ASAS’SAS’) = tr(A’ASA%S’)

<\

max

(B) - tr(S'A’AS) = )2

max

(B) - tr(A’ASS") = A2

max

(B) -tr(A’A) = A2

max

(B) - 1Al

Finally, (v) can be proven the same way. O

The data consist of two random samples (X,;,Y;),i =1,...,N, and (Z;),i = 1,..., M. Let pu(z) =
E[Y|X = z] be the conditional expectation of the outcome given the covariates.

We use a series estimator for the regression function p(z). Let K denote the number of terms in the

series. As the basis we use power series. Let A = (A, ..., A\q) be a multi-index of dimension d, that is, a

. . o . d .
d-dimensional vector of non-negative integers, with |A| = "7 _; Ax, and let z* = m{‘l ...xfl‘d. Consider

a series {\(r)}22, containing all distinct vectors such that |A(r)| is nondecreasing. Let p,.(z) = 2",

where P.(z) = (p1(2),...,pr(2))".

Assumption A.1 X € X, where X is the Cartesian product of intervals [x;r,zu], 7 =1,...,d, with

;L < xju. The density of X is bounded away from zero on X.
Assumption A.2 Z € X, and the density of Z is bounded away from zero on X.

Given Assumption A.1 the expectation Qx = E[Pxk(X)Px(X)'] is nonsingular for all K. Hence we
can construct a sequence Ry (z) = Q;(l/QPK(:c) with E[Rx (X)Rk(X)'] = Ix. Let Riyx(z) be the kth
element of the vector Rx (x). It will be convenient to work with this sequence of basis function Rx (z).
Define

((K) = sup || Rk ()]].
rzeX

Lemma A.2 (NEWEY, 1994)

Proof: (see other notes)
Let Rk be the N x K matrix with ith row equal to R (X;), and let QK,N =R} Rk /N.

Lemma A.3 (NEWEY, 1997)

€25 = Il = O, (C(B)KM2N7172)
Proof: We will show that

E[||Rjc Ric /N — I |[?] < C(K)2K/N, (A1)
so that the result follows by Markov’s inequality.

E[|RxRx/N — Ik|*] = E [tr (R Rk Ry R /N? — 2Ry Ric /N + Ic)]

= tr (E [Rx Rk RixRi/N?| — 2E [Rx Rk /N] + Ix)
=tr (E [Rx Rk Rk Rk /N?]) — K



K K N N
=> 3 3 E[Rex(Xi)Rik (Xi)Rik (X;) Rix (X;)/N?] - K.
k=11=1 i=1 j=1

The terms with 7 # j and k # [ have expectation zero. The terms with k = [ and i # j have expectation
E[Rkk (X;)*Rix (X;)?] = 1. There are K x N x (N — 1) of those terms, each divided by N?, leading to
a total of K(N —1)/N = K — K/N. Hence

K K N N
S S ST B[R (Xi) Ruse (X Rurc (X5) R (X5)/N?] = K

k=11=1 i=1 j=1

E [Rix (Xi) R (Xi) Ric (Xi) Rire (X3) /N?]

M-
M= M=
WMx

1

‘ -

E
1

2

K
ZRkK (X;)? ZRZK(XOz] . (A.2)
7 =1

By definition, ((K) = sup, | Rk (v)|| = sup, (3", Rix(z))'/2. Hence it follows that Y, R?(z) < (}(K),
and thus (A.2) can be bounded by

1 & =
WZCQ(K E ZRZK(Xi)21 = KC*(K)/N
i=1 =1

This shows that (A.1) holds, and thus finishes the proof. O
Let U; =Y; — u(X;). Let U, Y, and X be the N vectors and N x d matrix with ith row equal to
Ui, Y;, and X/. Furthermore, let 1 be an indicator for the event )\min(QKN) > 1/2. By Lemma A.3,

it follows that 1y = 1. For a symmetric matrix A, we can write A as FAF, where F is symmetric

2

and A diagonal. Let A~'/2 be the diagonal matrix with each diagonal element equal to the reciprocal of
the square root of the corresponding diagonal element of A, and let A=%/2 = FA=/2 so that A=1/2 is
symmetric and satisfies A~1/2471/2 = A-1,

Assumption A.3

sup Var(Y|X) < 52
zeX

Lemma A.4 (i),

1 - HQ‘”Q U/NH— (KY2N-1/2y,
and (ii),
1y HQ;(NR’ U/NH = 0,(K'2N~1/2),

Proof: First we prove ().
B 1[0 meom| | x]

=E[ly- U/RKQ;(}NR’KU/M’ x|

[20]



=E[ly - URk(RixRk) 'RxU/N| X]
=1y -E[tr (URk(RxRk) 'Rk U)|X] /N
—1y-E [tr (RK( " Ri)” X} /N

Ly - tr (RK (RyRi) "' RLE[UU| X]) /N

! ’KUU’)

IN
Qi

> 1y -tr (Rg(RxRk) 'Ri) /N

Il
Qi

2.1y -K/N
< &*K/N.

Then by the Markov inequality 1NHQ_1/2R’ U/N|| = O,(KY/?/N~1/2).
Next, consider part (i4). Using Lemma A.1(v),

I - HQ;(NRKU/NH<1N e (U £2) HQ‘W ’KU/NH.

Since )\maX(QI_(TZ/VQ) = 0p(1), the conclusion follows. O
This conditional expectation p(z) is estimated by the series estimator fix(x) = Rl (2)yx with 4k
the least squares estimator. Formally R} Rx may be singular, although Lemma A.3 shows that this

happens with probability going to zero. To deal with this case we define i as

) (17% if Amin(RRic/N) < 1/2, A3)
= —1 .
T\ (SN Re(X)Ri(X) SN Re(X)Y: otherwise,

where Ok is a K-dimensional vector of zeros, and Apin(A) is the minimum eigenvalue of the matrix A.
Define 7} to be the pseudo true value defined as

fy%:argn}yinE[(( ) — R (X ‘W—l} (A.4)

with the corresponding pseudo true value of the regression function denoted by ui () = R (z) v}
First we state some of the properties of the estimator for the regression function. In order to do so

it is useful to first give some approximation properties for u(x).

Assumption A.4 pu(x) is s times continuously differentiable on X.

Lemma A.5 (LORENTZ) Suppose Assumptions A.1-A.2 hold. Then there is a sequence v% such that

sup |u(x) = Ric(@) 15 = O (K~*/7) .

Proof: (see notes)
For the sequence 7% in Lemma A.5, define the corresponding sequence of regression functions,

pi(z) = Ric ()" vk -

[21]



Lemma A.6 (CONVERGENCE RATE FOR REGRESSION FUNCTION ESTIMATORS)
Suppose Assumptions A.1-A.2 hold. Then (i):

e = 2%ll = 0 (c)E /7)), (A.5)
()
sup | () — e (@)] = O(C ()K", (A.6)
s = vicll = Op (/N2 4 =5/, (A7)
(iv):
i = k| = 0p (KVPN2 4 K o/), (A.8)
(v):
sup s (x) = ()| = Oy (CU) KNV 4 ()K=, (A9)
and (vi):
sup i (x) = ()] = Op(CKYK 2N 4 C(K)K /1), (A-10)

Proof: First, consider (i):

-1

vic = (E[Rk (X)Ric (X)) E[Ri (X)Y] = (B[Rx (X)Ri(X)]) ™" E[Ric (X)p(X)]

= B[Rk (X)u(X)],

where we use both [Ry(X)U] = 0 and E[Rg(X)Rk(X)'] = Ix. Also, 7% = E[Rx(X)Ry(X)v%], so
that

i = il = B[Rk (X)u(X)] — E[Rk (X) R (X) 7]

— B[Rk (X)(u(X) — Ry (X)'72)]|
< sup [ Rac ()| - sup [1(X) = Rac (X)'fe] < CC()K 1.

Next, consider (i7):
sup |pjc (z) — pic (2)] = sup | Ric (2)' (v — 7|
x xT
< sup | Ric(@)] - [vic =2l < CCE) K/,

using the result in Lemma A.6(7).
Next, consider (#i4):

175 = vkl = In - Ax — vkl + (1= 1n) - 175 — V&,

[22]



since Pr(1y = 1) — 1. The second term is
(1 =1n) - & =7kl = (1 = 1n) - vkl = 0p(1).
The first term is
v - 9K = Vil = 1 - 195! (R Y /N) = Qi (R Rievie /N) |
= Iy - [ Q!N (RKU/N) + Qi (R (1(X) = Rivic) /N) |
< Iv - Q!N (R U/N) | + 1y - Q5 (Ric (1(X) = Rievie) /N

By Lemma A.4(ii) the first term is O, (K /2N ~1/2). For the second term, we have, using Lemma A.1(v),
and using the fact that if 1 is equal to 1, then Apax (2 _1/2) <2,

Iy Q% N (Rl (1(X) = Revic) /NI < 1 Amax (e 47) - Q5K (Rl (1(X) — Ricvic)/N) |

1 B B 1/2
<ly-v2e (N2<u<X> Ricvic) Ry i Rl ( <X>Rmr<>)

1/2
= 1V (000 — R R Ric i)™ RicuX) — R

1 1/2
< L V2 () = Racrie) (uX) ~ Racri) (A1)

where we use the fact that because Ry (R Rr) 'R} is a projection matrix, it follows that Iy —
Ry (R Ri)™ 1R is positive semi-definite. Since by the definition of v}

B | 000 — R () — Ricic)| < B |00 = Rofe) (u(X) = Racr)

< sup |u(z) — Ry (z)' 7% | < CK—2/4,

it follows by the Markov inequality that (A.11) is O, (K ~*/%). Hence ||yx —vi| = Op(K~%/%) 4 0,(1) +
Op(Kl/QNfl/Q) _ Op(Kfs/d + K1/2N71/2).

Next, consider (iv). We use the same argument as for (iii):
v - Ak =2kl = v - Q5 (R Y /N) = Qi (R Ricvie /N

< 1y - 1%y (R U/N) |+ 1 - 195y (R (1(X) = Ricyic) /NI

The first term is again O, (K/2N~1/2). For the second term we now have:
Ly [y (R (1(X) = Rcvie) /N < I Ama( Q1) - 190547 (R (1(X) = Ricvi) /N
< 1y - V2 sup u(2) — R (2) 7| = O(K /).

Next, consider (v):
sup |fuxc (x) — e ()] = sup [ R () (Y — i)

< sup | Ric (@) - 1 — il = Op (CUE)KANTY2 4 (K K1),

[23]



Finally, consider (vi).

sup ljuic (x) — p()] < sup [ () — pic ()] + sup i () — pxc ()] + sup | () — pu(2))|

= Oy (KK N2 (R K=/ G K/ K%)= O, () KV AN V24 (1)K /).

The new imputation estimator developed in this paper is

1Y 1Y
Binr = N ;ﬂK(Xi) = ;RK(XH"?K

(A.12)

It is useful to consider in this discussion three additional estimators that are based on the propensity

score. In all cases we estimate the propensity score using a logistic series estimator, as suggested

in Hirano, Imbens and Ridder (2003). Here we briefly summarize the relevant results. Let L(z) =
exp(z)/(1 + exp(z)) be the logistic cdf and L'(z) = L(z) - (1 — L(2)). The series logit estimator of

the population propensity score e*(x) is éx(x) = L(Rxk(z)' 7k ), (for simplicity we use the same series

R (z), although this is not essential) where
g = arg IH;}XLN(TF),
for
N
Ly(m) =Y (Wi-InL(Rk(X;)'m) + (1= W) - In(1 — L(Rk (X;)'T))).
i=1
For N — oo and K fixed we have g = T, with 7% the pseudo true value:
Ty = arg mSXE [€*(X) - InL(Rx(X)'m)+ (1 —€*(X)) - In(1 — L(Rk(X)'7))] .
We also define the pseudo true propensity score: e} (x) = L(Rg (z)'75).
Assumption A.5 e(x) is s times continuously differentiable on X.

Lemma A.7 Suppose Assumptions A.1, A.3 hold. Then there is a sequence 7% such that

sup|e(e) — L(RL(x)'wf0)| = O (L"),
Assumption A.6 inf,e(z) > 0 and sup, e(x) < 1.

Lemma A.8 (CONVERGENCE RATE FOR PROPENSITY SCORE ESTIMATORS)
Suppose Assumptions ??, A.1, and A.4 hold. Then (i):

17 = 7Ll = Op(LV2NT2),
(id):

|75 = 2] = O (£7/e),
(iid):

sup|e (z) — e (a)] = O, (C(L)LY2N717).

[24]

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)



(iv):

sup|e (x) — e (2)] = O (C(L)L*S/(Qd)) . (A.19)
(v):

sup e (x) — e(x)| = O, (L‘S/d> . (A.20)
(vi),

L — 72| = Op(LV2NTV2 4 L3/, (A.21)
(vid),

sup e (z) - ep(x)| = Op(C(L)(LYANTV2 4 [ 75BN, (A.22)
and (viii),

suplér(z) — e(z)] = Op(C(L)(LYVENTY2 4 [75CDy), (A.23)

Proof: See Hirano, Imbens and Ridder (2003).
The second estimator is a modified imputation estimator that only averages over the observations
with W; = 1:

Wi - furc (X5)
Bimod = NET;(() (A.24)

The third estimator is the weighting estimator proposed by Hirano, Imbens and Ridder (2003):

(A.25)

Hirano, Imbens and Ridder (2003) show that Bhir,l is consistent, asymptotically normal and efficient.
The fourth estimator is a modified version of the Hirano-Imbens-Ridder estimator where the weights

are normalized to add up to unity:

6hzr 2 = (A26)
6L
The properties of er will follow from the following lemma:
Proof of Theorem 3.1: First we prove (7). We have
\/N|anr - Bmod‘ Z HK Z W ,uK (A27)
f \F

ér(X;) ér(X;)

B

1 i (Xi) - ep(Xy) Wi ﬂK(Xi)>’
1 k(Xi)-ep(Xi) Wi (Xi)

ér(X;) ér(X;)

3
M= I[V]=

A
Wl

i=1

[25]



P (Xo) en(X) | pr(X) - en(Xo) | fuc(Xo) Wi fuc(Xi) - Wi
er(Xi) er(Xi) AX)  A(X)

P (Xo) - en(Xi)  pi(Xi) - en(X;) L Ar(Xi) - er (Xi)  ar(Xi) - el (X))

7 (Xi) - €9 (Xi) €9 (Xi) €9 (X;)
+u‘}((X¢) e (Xi)  px(X) - ef (X5) 4 Ar(X) e(Xo)  fuc(Xo) - e(Xi)
e (X;) e (X;) S(X)  A(X)
+M9<(Xi) e(Xi)  p(X) - e(Xi) | A (Xa) -e(Xa)  ag(Xi) - e(Xi)
€9 (X;) €9 (X;) e(X;) - e(Xi)
+M(1)<(Xi) e(Xi)  py(X) - e(Xy) | px(Xa) Wi ik (X)W
_‘_H(})(((;Xz) Wi Py (Xa) - Wi | pge(X5) - W, _ 1 (Xi) - W
€7 (X) el (X;) e(X;) e(X;)
+ﬂ(X1 er(Xs) _ p(Xs) - en(Xi)  p(Xi) - Wi _ u(Xs) - Wi
e(X; e(X;) e(X;) e(X;) )
L N b (X5)-en(Xs)  pr(Xp) - én(X:) Wi ir(X; L (X;) - W;
=2 (e e
+ﬂK(Xi) en(Xi)  px(Xa)-en(Xi) (X)) -ed(Xi) | pg(Xi) - el (Xi)
€9 (Xi) €9 (Xi) €9 (Xi) €9 (X;)
+,ELK(X1) ) (Xi)  pk(Xi) en(Xi) (X)) -e(Xi) | pk(Xi) - e(Xi)
e (X;) e (X;) €7 (X;) " €7 (X;)
+ﬂK()gi) e(Xy)  pr(X)-e(Xi) (X)) -e(X) | pk(Xi) - e(Xi)
e (Xi) €9 (X;) e(X;) e(Xi)
MK(OXz) Wi | px(Xo) Wi | (X)) Wi pg(Xi) - Wi
€7 (X) e (X) e(X;) e(X;)
+ﬂK(Xi) e(Xi)  py(Xi)-e(Xa)  px(Xi) - W, n 1y (Xi) - Wi
e(X;) e(X;) e(X;) e(X;)
e (Xi) e(X;) €9 (Xi) e(X;)
+IU/(X1) ) éL(X’L) _ M(Xz) Wz)
e(X5) e(X;)
Ng;(eL(Xi) ik ) G0 =
1 X (X)) — p (X,
o e e —
1 X (X)) — p (X,
7 2 P ) —e(x0)
L (e (X)) — 5K (Xa) — (X
v (P - B ) oo -y

(A.28)

(A.29)

(A.30)

(A.31)



Lo e (Xi) = e (Xs)

+ ﬁ; e(X,-)K (e(Xi) — Wi) (A.32)
RIRSVITSCORNTC NN

+ \/N;(e%()(l) e(Xl-)) (L(XZ) Wz) (A.33)
1 w(Xi) o

We will deal with equations (A.28)-(A.34) separately. First consider (A.28). This itself will be broken

up into seven parts.

LS (RO | R
VN Z (L(RL(Xi)'ﬁL) N L(RL(XZ')/TF%)) (ér(Xi) — W)

" i (5t~ ) vt -
- wlﬁi’“((x’)' (2~ g ) - evxo - w0
< TIN ij; (i (X3) — pc (X3)) (eL(lxi) - eL(1X1)> (er(X:) — Wo) (A.35)
* iN é“K(Xi) ' (éL(Xé%(_Xif(Xi) - <éL(1Xi) - eL(1XZ.)>) -(er(Xi) = Wi)|  (A.36)
+ 1N§_VZ (L5 - 250 ulx) - enlX) - @06 - W) (A7
+ 1N‘_£ e’i@ (e0(X0) = en(X) — e(X)(1 = e(X) Ry (Xi) (e — 73)) - (€x(X,) — W)
(A.38)
- LN i_v; H(Xi)e()e(;();i)_ D)y (), — 70) (62.(X:) — en(X2) (A.39)
+ LN i_v; “(Xi)e(f;()%) D)y (X0) (7, — 2 e () — (X)) (A.40)
n % ; :L"(Xi)e(-j;i();(li)— X)) g (X0 — 70) (e(X3) — Wi) (A1)

First consider (A.35). Since inf,e(x) > ¢ for some ¢ > 0, it follows that for large enough N,
inf, €% (z) > ¢/2, and therefore for large enough N we have inf, e} (z) > ¢/4. Thus for large enough N,
with arbitrarily high probability, inf, ér,(z) > ¢/8. Thus, since sup, |ér.(z) — e} (z)| = O, (C(L)L™5/( 4
C(L)LY2N~1/2) it follows that

1 1

- = —s/(2d) 1/2 n7—1/2
en(X:)  en(Xy) Op(C(L)L + (L) LV2AN1/2),

[27]



Thus

S )~ ) (5~ ) 090 )
\/N v 1%3¢ i 173:¢ i éL(Xz) eL(Xi) er i i

1 1

en(Xi)  en(Xy)
= Op (N2 - (CE)K ™/ 4 (B KN TY2) - (((L)L™*/CD 4 (L) LY2N 1),

-2

< N2 sup ljige () — prc ()] - sup

T

Next, consider (A.36).
1 & 1 1 eL(X) —en(X)\ . v '
w20 (00~ aom) + i) @0 - W)

—= > r(Xi)- ((61';(L)((;()Z)—(§L€(L)(§)z)> - éL(X;%(_Xi)L(Xi)> (ep(Xi) = Wi)

N
px (Xi) N (X)) L1 (e (X) — TV
> (a0 - 00 (50— ) (€260 - W)

< N2 supleg(z) — €} ()] - sup -2

1 _—
m e |en(Xi)  ern(Xy)
0, (NVA(GURYK 1+ ((K)K Y2 INV2)R),

Next, consider (A.37).

L (XD DN ey e (e ()
: N?_}(ei()ﬁ) eL(Xz)> (60(Xs) = er(Xu)) - (ex(Xe) = W)
L g~ (40X p(x) o B
7w 2 (B ~ iy ) 600 el - (en(x) - )
<N R ~ ey i) e 2
+N1/? sup 6%(();3) - 52(();3) - sup lép(x) —ep(x)| -2

= Op(Nl/ch(K)K*S/d(C(L)Ll/QNfl/Q + C(L)Lfs/@d)))
+O,(NY2¢(L)L=3/CD(¢(L)LY2N~Y2 4 ¢(L)L=3/ D)),

Next, consider (A.38). Using a mean value theorem, we can write
ér(Xi) — €} (X;) = L(Rp(Xi)7r) — L(RL(Xi)7)

= L(R(Xi)7L) - (1 — L(RL(X;)7L))RL(Xy) (R — 1),

[28]



for some intermediate value 7. Since 7, is between 7 and 71'%7 it follows that

17, — 7|l = LOH(LY2N—1/2),

and

Sup |L(RL(x)'7L) — L(RL(x)7%)| = O, (¢(L)LY2N~1/2),
Hence

Lfi M. (60(X0) - en(X0) — e(X,)(1 - (X)) Ru(X0)(r — 7)) - (e0(X) — W)

N i=1 GQ(XZ) r A L L L L ?
L o~ p(X)

v 200 (PR = LRk (X0)T2)) = e(X:) (1 = e(X) Re (X0) (e = 7)) - (e2(X) = W2)
< N1/2 sup 52(();)) sup |L(Ri (Xi)1) (1 = L(Ri (X)) — e(Xa) (1 — e(Xi)))| sup IR ()| -2 -2

= Op(N'2((L)LYENY2(L)C(D) LN Y2).
Next, consider (A.39).

N
Z Xi)(1 —e(X5)) .RL(XZ-)(er—ﬂ'%) (er(X;) —er(Xy))

e2(X;)

< N1/2 “sup M(x)e(ﬂgiﬂlv)— e(z)) sup IR (2)] - i — 72 sup en(2) — € ()]

= Op(N1/2C(L)(L1/2N71/2 + L*S/(Zd))(C(L)L1/2N*1/2 + C(L)Lfs/(Qd)))'
Next, consider (A.40).

N
T Z Agé)— e(Xi)) “Rp (X)) (7L — 71'%) (e (X;) — e(X;))

< V12 sup M) )] [ = 7] suple o) — efa)

— 0,(NV2¢(L)(LV2N—1/2 4 [~/ [~5/d),
Next, consider (A.41).

1 L u(X)e(X) (1 — e(X; )
ﬁ ; ,U,( ) (62()§(i) ( )) . RL(Xi)(Tf'L — 71'%) (G(Xl) _ Wz)
N
=l \/lﬁ Z MXi)e()e(;())((l?)_ e(X%%L(Xi)(e(xz) - W)




< sup MU OB R (X Ry (X0) = O,

it follows that (A.41) is O,(L(LY2N~1/2  [=5/Cd) Expression (A.29) is bounded by

. 1 .
145 = x| - sup || Ric ()] - N'/? - sup -sup |ép(z) — ep(z)]
x T €L<$) x

= O0p(N_12¢(K)) - Op(((K)) - N2 - O (NTV2E2(L)) = O, (N2 (K)E*(L)).

(Note that inf, er(z) > sup, e(x)/2 for L large enough, so that sup,(1/er(x)) = O(1).) Expression
(A.30) is bounded by

. 1
1Ak — vkl - sup |[Ri ()] - N2 - sup -sup |er(z) — e(z)|
T T 6[,(1') T

= Op(N_126(K)) - Op(¢(K)) - N2 O, (L™4) = 0, (L€ (K)).
Expression (A.31) is bounded by

1 1
S — .sup ||R N2,
s =]l - sup Rl NV -sup | s = o

= Op(N_126(K)) - Op(¢(K)) - N2 O, (L™4) = 0, (L™ €3 (K)).
Expression (A.32) is bounded by

Re(X) v\

1 N
TR

A& — vl - ’
The first factor is O,(N~Y/2¢(K)). Because

|

it follows that the second factor is O,(¢(K)). Thus (A.32) is O,(N~1/2¢2(K)).
Next, consider (A.33):

2

Re(X) (v
S ERRGCORLA

1 Y )




1 N e (X5) - e(X;) — uw(X;) - e(X;) : B

+ \/N; GQ(Xi) ( (Xz) Wz)
1L u(X) - el X)) — pl(X0) -en(X))

T ﬁ; (X)) (e(X5) — Wy)

= Op(L™%) + Op(K /%) + O (L),

so that expression (A.33) is O, (L% + K—/4).
Next, consider (A.34). Because e(x) is bounded away from 0 on X, X is a compact subset of R,

and p(z) and e(z) are s and ¢ times continuously differentiable, it follows that £ (())g)) is min(s, t) times

continuously differentiable, has a finite second moment, and the projection of this random variable on
R (X) exists. Define

reming | (HE) 5\
(5Lfargrr161nIE [(e(X)—RL(X) 6) ] (A.42)

By Lorentz (), the uniform approximation error is

min(s,t)

=0 (L*T) . (A.43)

5((;) — Rp(z)'61

sup
zeX

Hence,

wXa)
X)) (en(Xy) —Wy) (A.44)

;X
o
p(Xi)
e(Xi)
wXa)
e(Xi)
because the second term vanishes as a result of the first order conditions for the series logit estimator
which imply that ), Ry (X;)(é(X;) — W;) = 0. The last expression, (A.45) can be bounded by

|e(X;) — Wil <2-sup ) =0 (L_ mmf("m) ;
- vex | €(z)

RL(Xi)/(SL) (en(Xy) = Wi+

1 & e
< ‘ Wi ;RL(Xi) (e (Xi) = Wi)

o
v
o
Wv; , (A.45)

RL<XZ->’6L) (en(X) — W)

p()

e(x)

because of (A.43). This proves that (A.34) is O (L~ ™n(=:)/4) Thus combined with (), this finishes the

proof of the first assertion in Theorem 3.1.

sup — Rp(2)'6r, — Rp(x)'é,,

N
zeX —

7

Next, consider part (i) of Theorem 3.1. By the triangle inequality we have

N ~
VN (ﬁm"d - Bhir) L Z Wi(Y: — fux (X3))

VN = er(X)
Lo Wil — p(X))
< o
1 & A 1 )
+ ﬁ;m(u(xi) — i (X3)) - (éL(Xi) —~ e(Xi)>‘ (A.47)




+

N
T D () (e - &))‘ s

0
L

+

1 Y 1 )
ﬁ ; Wi(Y; — px (X)) - (éL(Xi) _ SOL(Xi)) ‘ . (A.49)

First consider (A.46). Because e(x) is s times continuously differentiable and bounded away from
zero, it follows that there is a dx such that for some finite C' we can approximate 1/e(x) by Rx (),
with

sup
x

1
- < 7s/d'
o(@) RK($)5K‘ <CK

By the first order conditions for §x it follows that
N
> WilY; — i (X:)) Ric (X3) = 0.
i=1

Hence

L - Wil — i (X))
‘WZ e(Xy)

K3

1 Y A 1
< |7 =000 (e —RK(XZ)6K>|
1 N
+ WZWZ(Yz_/:LK(Xz)) RK(Xi)5K
1 Y 1
< | 2= 000 (s RK(Xi)6K>|
1 Y 1
< | 2w ) (o RK(X1)5K>’
1 Y A 1
| 7 090 — () - (5 RK(X1)6K>|
< N1/2 1 al WY, e 1 R 5
— szzl‘ z( i ,u( z))‘SIﬁJL.p @— K(Jf) K’
N s (o) i o) - sup | o = RKu)aK‘

— Op(Nl/QKfs/d) + Op(Nl/Z(C(K)K1/2/N1/2 + C2(K)Kfs/d)Kfs/d) — Op(Nl/ZKfs/d).
Next, consider (A.47).

2

N
e S ~ i (50)- (5575 - &))'

< VN sup|u(z) — jix(z)| - sup

1
er(z) e(w)



= Op(N2(CU) K2 N2 4 U)K (C(L)(LYAN T2 4 L72R0)).

Next, consider (A.48).

1 Y 1 1
= ;Wi(Yi — pu(Xy)) - < 00X, €(Xi>>|

=

1 1

1 N
<VN- (N;WZ-(YZ- —u(XZ-))I> P T (X))

= Op(N'/2L75/4),

Finally, consider (A.49).

N & eL(X)el (X))
<[ (ARG -S| e
+ LN i_v; Wi(Y; — p(X3)) (ifj{;;g%}({X)) . eéﬁf")RﬂXﬂ(m - m) (A.51)
+ TIN i Wi(Y; — (X)) - - ;(iﬁj“ Ry (X:)(7y — %) (A.52)

First, consider (A.50).

<

LN (X)) — X)) en(X) — (X))
78 2 Wil = (X)) ( SNA(K) X)X )

1 1
) (x)-ep(z) €p(@) ey(x)

= Oy (N2 (G(L)(LY2NY2 4 L=/ C0))((L)(LH2NY? 4 L79/3D)).

N
1 A
=N (N > Iwi(vi - u(Xi)|> sup |1 (x) - €} (2)] - sup,
=1

Next, consider (A.51). Note that
ér(x) — e (r) = L(Rp(x)7r) — L(R(x)mp) = L(Rp(2)7)(1 — L(Rp(2)7 L)) Ry () (7, — 77),

with % in between # and 7%. Hence |7 — 7| = O,(LY2N~1/2 4 [=5/CD) and sup, |L(R(x)7L) —
e(z)] = O, (C(L)(LY2N~Y2 4 [=3/(2d))). Thus

sup ez («) — ef,(z) — e(2)(1 — e(2)) Ry (x)(7p — 1)

Op(((L)(LANTY2 4 L7/CD)) - sup | R (@) - |7 — 72|

= Op(CHL)(LMANY2 4 [=5/QY(LV2N-1/2 4 [=5/CD)),

[33]



Then we have

L Sy eL(X:) = e (Xs)  1—e(Xi) B
7R 2 Wi — uxa) (rttte, —a)  Reon ”L)>|
N i (B SR e
N;WAY; uX:) ( e(Xi)e(X;) e(Xy) Ru(X) (7 L)>‘
LSy . () (X en(X) — (X
g oo (R~ e )‘
The first term is O, (¢?(L)(LY2N=1/2 4 L=/CD)(L1/2N=1/2 1 [=5/(D)) The second term is bounded
by
VL S I8 - ) s () — ) 1 1
N; i — U A SI;P er{Aq €A Slrlp e%(Xz)e%(Xz) e(Xi)e(XZ)

= Op(NVA(C(L)(LY2 NV 4 L5/ GO) (L) (LY [NV2 4+ 171G )

Finally, consider (A.52).

N
7 DVl X)L R )
< |7 SN Wi — p(x) - o) g x)
H7TL_7TL|| \/N; i\Li — U{A4 e(Xz) L\A4

The first factor is O, (¢(L)(L'/?N~1/2 4 L=%/(9), The expectation of the square of the second factor is

|l

al 1—e(X) |
22: (Y — (X X Rp(X5).

L—elX )) Ry(X)Ry(X)

— 5 |72 - 00 (F

2
1—

<supa (o) -sup (1 5 ) LR () Ry ()] = O(L).
Hence (A.52) is O,(L(L)(LY2N~1/2 4 [,=3/(24)) This finishes the proof of part (ii) of the Theorem

Finally, consider part (iii) of the Theorem. First we prove

v (2 ) o
(/) -l

YW, — er(Xi)
(X5)

(A.53)

(A.54)




+

1 1
e(xX;) 6(Xi)>‘ (4.55)
1 1
9 (X;) e(Xi)>| (4.56)
1 1
S0 ™ ) ’ | (457

We will deal with (A.54)-(A.57) one by one. First consider (A.54). There is a sequence of d;, such that
for some finite C' we have

1
sup @ Rp(x)'6r| < COL™/1,
Then
1 i W; — en(X,)
VN = e(Xi)

<

N
e 0 (W 60 (X0) B (X,

1

;XN
+ ﬁ ; (Wi —éL(X3)) - (RL(Xi)’(SL — 6(7

)l

Xi)

Because of the first order conditions for 7;, the first term vanishes. Then The second term is bounded

by
C-NY? . sup|Ry ()6, — L
. e(x)
Next, consider (A.55).
LS e —en(x)) - -
N e

< N2 sup|e(z) — ér(z)| - sup

1
€(Xi))‘
1
e(r) ér(z)

‘ = O(NY2L=3/4) = 0,(1).

= Op(NV2((L)(LYEN T2 4 L7/ (L) (LYVEN T2 4 L73/4) = 0, (1).

Next, consider (A.56).

1 & 1 1
‘m 2 (Wi = e(Xu)) (300~ <x>>|
§2~\/N81;p 6%1(%) 6<1x = O,(NY2L=s/4) = 0,(1).
Finally, consider (A.57).
1 & 1 1
7x & Wi elx) (e - e%(Xi>)|
| & ey €LG) — e (X))
_‘ N;(Wl (X)) e (Xi)er(X)




1

er

<1i(W—e(X'))-(eO(X-)—é<X‘>)-( - =503)
LR =h AR I (Xen(Xi)  e(X5)

e(X)

1
T\ e?(X5)
1—e(Xi)

e(Xi)

3
g en-

60 (Xz) — é (Xz) 1-— /A
< L L (X)) Ry (X;) (7r, — W%))‘

RL(X;) (7, — 77)

The first of these terms is of order O,(N/2¢?(L)(L'/2N~1/2 4 L=+/(4))2) = o (1). The second term is

of order5 Op() = 0,(1). For the third term, note that
2
1-— G(XZ) ]

\/N £ 1 e 3 . e(Xi) RL(X’L)

N .
e Do W = o)) S R (X G~ )

g CL1/2 . Hﬁ_L _ 7('%” — OP(L1/2(L1/2N_1/2 +L—s/(2d))) —

This finishes the proof of (A.53). Next, define

N
1 = W; Y,
On=—Y —t1,
N N;eL(Xi)

so that /N - Cy = 0,(1), and

) (1 1+1CN)'

N
ﬂhzr 1= 6hzr 2 = N ;

GS)

Hence

\/]V~ ’/éhir,l - Bhir,Q

ii Wi - Yi
TN & en(X,

. VN -Cx
1+ Cy

= 0p(1) - 0p(1) = 0p(1).

i)

O

Lemma A.9 If

|En(K) — Cn(K)| »
-0
Koty En(K)

then

EN(K) p
b1
lanElCN EN(K)

op(1).



Proof: Define
K= argmin g En(K)

For N large enough we have that for any 6,17 > 0

Pr < sup

KeKn

Hence if N is sufficiently large then with probability of at least 1 — 7

Cn(K)
En(K)

—1‘<5)>1—n

146 Cn(K) _ Cn(K) _ Ex(K)
1-0 = (1-0)Ex(K) ~ (1-0)Ex(K) = Ex(K)

>1
and the conclusion follows because §,7n >) are arbitrary. O
Proof of Theorem 4.1: We have
Cny(K) =EN(K) + %E’AKaa’AK,u + %(a'AKss’AKa — 0%d' Aka)

We need to show

L' Agad Axp|

su 0 A58
KE)?N EN(K) -~ ( )
and
1 / / 2.1
< |’ Aguu'Aga — o%ad’ Aka
e N4 2 A59

I consider the first statement.
We have for § > 0

1 Ja' Agcpll Arcp 1 Jo/ Agcpalle Acpd

Pr| su ——— >4 < Pr ————— >0 <
<K€£N N En(K) ) B K;N (N En(K) ) -

S Lo Asnl” B Aal)

<
= S N™En (K)™

KeKn
By Whittle’s theorem

E(lu'Aga|™) < C(d'Aga) #
We have

a Aga < CNK 20/d
Also

(a'Agp)® < NEy(K)

Combining this we find

oK
En(K)=

S ol B Agal) 5~
SmN™E N (K)™

Kekn Kekn



so that we require that (compare with Li)

> L 0

KeKn KBy (K)*

We have

1
_ < K- msy/d
K§N Kms/dEN(K)% ™ infrexy EN K;N

If we take the dimension of Ky as N*, this holds if (compare with Li)

K(msp/d—1) o
N i En(K)% — oo (A.60)

so that optimal MSE cannot decrease too fast with V.
We now consider (A.59). We have

uwArad Agu — aQa’AKa’
Pr| su ’ >0 <
<K6£’N NEN(K)

/ / 2.1
Z Pr(‘uAKaaAKu aaAKa‘ >5> <

KeKn NEN (K)

S Z E(|u’AKaa’AKu—a2a’AKa|m) <
SmN™EN(K)™
Kekn

Ctr (Agad' Ag)?)
< D TN BN

KeKn

Z IAKa)
on 5mNmEN )

so that we require

1
Z 2ms, /d m —0
&, T )

or

Nﬁ(stp/d—l) inf Ex(K)™
KlenICN N( ) e

which is implied by (A.60). O
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