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Abstract

We study a simultaneous game with a parameterized normal-form representation that
has been the focus of previous work. By relying exclusively on the assumption of Nash
equilibrium we show that if players observe only a noisy signal of the payoff realization
then, if the amount of noise satisfies some conditions it is possible to identify more features
than in a complete information environment. In particular, the model produces a well-
defined likelihood function for symmetric versions of the game only if there is incomplete
information. If players condition their beliefs on observable signals whose exact distribution
is unknown to the econometrician, the resulting likelihood function is only partially known.
Assuming a Bayesian Nash equilibrium (BNE) is being played, we approach this problem by
estimating beliefs based on sample analog BNE conditions using semiparametric methods for
conditional moment estimation. The vector of payoff parameters is estimated by maximizing
a trimmed log-likelihood function in which unobserved BNE beliefs are replaced by their
analog estimators. The trimming set is an interior subset of the support of the signals
where each BNE is unique. The resulting estimator is v/ N-consistent and its asymptotic
variance depends partially on the degree to which the signals used by the players account
for the variation of the players’ private information. A simple specification test is proposed
by comparing estimated equilibrium beliefs against nonparametric choice probabilities.
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1 Introduction

In the recent past, much attention has been devoted to the problem of econometric estimation
of game-theoretic models with multiple equilibria. This is a potentially difficult task because
a particular realization of observables and a particular value of the parameter of interest(in
a parameterized model) may be consistent with different outcomes of the model. This may
be true even if agents’ actions and beliefs are logically coherent and consistent with some
equilibrium concept (e.g, Nash equilibrium). It has been argued (Morris and Shin (2001))
that multiple equilibria is often the result of assuming that agents have complete knowledge
about the primitives of the model: economic fundamentals as well as other agents’ behavior
are assumed to be common knowledge. The effect of these assumptions is to generate the
type of coordinating behavior that results in multiple equilibria.

In this paper we revisit the 2 x 2 game studied by Bresnahan and Reiss (1990, 1991)
and Tamer (2003). Assuming that players have complete information and ruling out mixed-
strategies, these authors showed that this game had multiple or nonexistent equilibria with
positive probability unless the payoffs of (at least) one of the players were independent of
the actions of his opponent. They showed that point-identification of the payoff parameters
was still possible even if players’ actions have a mutual effect on their opponent’s payofts
and suggested different ways to obtain v/N-consistent estimators. However, other important
features of the game are not point-identified under these assumptions. In particular, it is
not possible to point-estimate outcome probabilities for a subset of the four outcomes of the
game without introducing an ad-hoc equilibrium selection mechanism. Payoff parameters
are point-identified, but choice probabilities for a subset of outcomes are not.

In this paper we depart from the complete-information structure and assume an
incomplete-information environment in which players observe a noisy signal of the game’s
realized payoff structure. We assume that players condition their beliefs on this signal and
maximize their expected utility given these beliefs. The resulting Bayesian-Nash equilibrium
(BNE) conditions can be expressed as the solution to a vector of conditional moment
restrictions. Relying only on the assumption of a Nash equilibrium (without a theory of

equilibrium selection) we show that if the amount of noise in the signals is rich enough



in a well-defined sense, the game has more point-identified features if it is played with
incomplete information. The model generates a well-defined likelihood function for the four
outcomes of the simultaneous game under conditions that are generically weaker if players
have incomplete information. In particular, the model produces a well-defined likelihood
function for symmetric versions of the game only if there is incomplete information. This
result holds with or without mixed strategies.

Next, we focus on the incomplete-information case and analyze the problem of estimating
the payoff parameters when players’ beliefs are unobserved but a BNE is assumed. In
addition, the exact distribution of the signals is assumed to be known only by the players,
but not the researcher. Consequently, even if payoffs are assumed to have a known parametric
representation and if the distribution of unobservables is assumed to be known, BNE beliefs
turn out to be unknown functions. Therefore, the exact functional form of the likelihood
function is also unknown. BNE beliefs are the solution to a system of conditional moment
restrictions, which contain information about the parameter of interest. The proposal is
to estimate players’ beliefs by solving a semiparametric analog to the population BNE
conditions. Such estimated beliefs also depend on the parameter to be estimated. We then
proceed to maximize a trimmed version of the game’s log-likelihood function replacing the
unknown beliefs with their estimates. The trimming set is an interior subset of the support
of the signals where each realization has a unique BNE. The game’s likelihood function is
well-defined everywhere in that set.

We show that the resulting estimator is v/N-consistent and characterize its asymptotic
distribution. Its efficiency will be partially determined by the predictive power of the
signals observed by the players. A simple specification test is also suggested based a test-
statistic that measures the difference between the estimated BNE beliefs (a byproduct of
the estimation procedure) and the fully nonparametric choice probabilities. The procedure
is computationally simple to implement and —unlike the estimation procedures required
for the complete-information case— does not rely on prior knowledge about the signs of
the strategic-interaction parameters. The paper proceeds as follows: the properties of the
game that will be relevant for estimation purposes are presented in Section 2, we make a

detailed comparison between the complete and incomplete-information cases. We focus on
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the incomplete information version thereafter. Section 3 outlines the proposed estimation
procedure and describes the asymptotic properties of the resulting estimators for BNE
beliefs and for the payoff parameter vector as well as a simple specification test based on
a comparison between estimated equilibrium beliefs and nonparametric choice-probability
estimators. Section 4 briefly discusses extensions and Section 5 presents some concluding

remarks. All the proofs are included in the appendix.

2 Properties of the game

We focus on a 2 x 2 simultaneous game with the following normal-form representation,

PLAYER 2
Yy =1 Yy =0

PLAYER 1 Yi =1 X{ﬁl—El—FO{l ,Xéﬁz—gg—f—ag X{ﬁl — &1, 0

}/1:0 O,Xéﬁg—ég 0,0

This normal-form game was studied by Bresnahan and Reiss (1990, 1991) and Tamer(2003).
Let ¢ = (g1,62) and X = X; U Xy, where X, € R* for p = 1,2. We will denote
0, = (Bpya,) € R and 0 = (01,0,) € RF? with k = k; + ko.  Following
the aforementioned authors, we will assume throughout that the researcher observes the
realization of X but does not observe that of €. Here, we will assume € to be a vector of
mutually independent idiosyncratic shocks which are also independent of all other variables
in the model. For p = 1,2 we will assume ¢, to be continuously distributed with unbounded
support (S(e,) = R) and distribution function denoted by G,(e,) ~which does not depend
on #—, with corresponding density function g,(e,). The strategic interaction of the game is
summarized by (a1, ). We will say that the game is symmetric if ayay > 0, asymmetric

if ajan < 0 and not jointly strategic if ayap = 0.



2.1 Incomplete information assumptions

The following assumptions describe the way in which we will incorporate incomplete

information into the game:

Assumption I1. (A) The functional form for the game’s payoffs and the true value of 6
are common knowledge to both players. The realization of (X,,¢,) is perfectly observed by
player p. (B) The realization of ¢, is observed only by player p, and is independent of any
other variable in the model. (C) We allow the possibility that some elements of X, are only

privately observed by player p when the game is played.

Assumption 2. (A) There exists a vector of publicly observable variables Z, € R%»,
statistically related to X,,; we will denote Z = Z; U Z,. All publicly observable elements of
X are included in Z, but we can have Z # X. The distribution functions of X and Z do
not depend on . (B) Players condition their beliefs about their opponent’s expected actions

exclusively on the realization of Z.

Assumption 13. (A) Both players have perfect knowledge of the distribution of £ and (X, 7).

(B) Players’ actions constitute a Bayesian Nash Equilibrium (BNE).

Payoff functional form and the rationality of both players are assumed to be common
knowledge. The only source of incomplete information for each player is the inability to
observe the realization of his opponent’s payoffs. We will refer to Z as “signals”, although
they are not necessarily strategic signals sent by the players in a signalling game. Signals are
used only to extract information about the privately observed elements in X. Thus, if the
latter were publicly observed, we would have X = Z. The results and methods discussed in
this paper can be adapted to the case in which players use different sets of signals. The only
critical assumption would be that the conditioning signals be observable by the researcher.

This is a particular case of a more general result by Manski (1991), who showed that a



discrete choice model with uncertainty is estimable only if expectations are fulfilled and are
conditioned only on variables observed by the researcher.

This setup resembles that of a global game, which are games of incomplete information
in which players observe a noisy signal of the underlying state. Unlike the general setup of
a global game, here we assume that each player has perfect knowledge of his own realized
payoffs! Attributing the source of incomplete information exclusively to the unobserved
idiosyncratic shocks € would result in beliefs represented by unconditional expectations. This
is the case in Seim (2002) and Sweeting (2003). The existence of informative signals implies
that in a BNE, players’ beliefs are conditional expectations. This complicates the estimation
problem if beliefs are unobserved by the researcher and if the conditioning variables have

continuous support. This is exactly the scenario this paper deals with.

2.2 Equilibrium with incomplete information

Players condition their beliefs exclusively on the realization of Z, so conditional on Z
beliefs are completely deterministic. Denote player p’s equilibrium belief as 7* (Z,0) =
E,Y_, | Z,0] where Ep[-] denotes player p’s subjective expectation and —p denotes player p’s

opponent. BNE optimal actions are therefore given by
Yi = ﬂ{X{ﬁl —+ Oélﬂ';(Z, 9) — &1 2 O} and Yé = H{Xéﬂg -+ Oég’ﬂ'ik(Z, 9) — &9 2 O} (1)

Fix a parameter vector § € R¥*2 and a realization z € S(Z). For this pair (z, ), define the

following objects as functions of 7 = (m, 73) € R%:
o, (m| 2,601) = E[G1 (X{ﬁl—i—omrg)‘ 7 = z} and @, (71| z,6;) = E[Gg (Xéﬁg—kagﬂl){ 7 = z],

and denote ¢(7| z,0) = (¢, (2] 2,61) , ¢, (m] 2,92))/. Then 7*(z,0) = (77(z,0),73(2,0)) is
the solution for 7 to the system

T —(m| z,0) =0. (2)
Together, (1) and (2) summarize players’ behavior and beliefs in a BNE. (2) characterizes

BNE beliefs as the solution to a system of conditional moment restrictions. It will play a

LGlobal games were first studied by Carlsson and van Damme (1993). Their properties are thoroughly
analyzed by Morris and Shin (2001).



crucial role throughout the paper. As we will see, the incomplete-information model will
be self-contained for (z,60) whenever (2) has a unique solution. The next result establishes

existence of a BNE:

Lemma 1 (BNE existence) A solution to (2) exists for each z € S(Z) and each € R**2.

Every solution ©*(z,0) is strictly inside the unit-square [0,1]%.

By the properties of G1(-) and Gy(+), (7| z,60) is continuous function of 7 and strictly
bounded inside the set [0, 1]? for each z € S(Z) and each 6 € R¥*2. Existence of a solution
to (2) follows from Brouwer’s Fixed Point Theorem. This result does not rely on assuming

unbounded support for €,. The features of S(e,) will become relevant for BNE uniqueness.

Lemma 2 (BNE uniqueness) Consider a particular realization z € S(Z) and a given

0 € R¥*2. The solution to (2) is unique for this particular z and 0 if and only if all solutions

(7(0,2),75(0, 2)) satisfy

1 — B[ (X161 + anmy(0,2))| Z = 2] E[g2 (X562 + aami(6,2))| Z=2] >0 (3)
A sufficient —but not necessary— condition for the requirement of Lemma 2 to hold is
l—ayeE[gi (X]Bi4aim)| Z = 2] E[g2(Xsfotanm)| Z=2] >0 V (7, m) €[0,1°. (3)

The object on the left-hand side of (3) is the determinant of the Jacobian of the BNE system
(2). If condition (3') is satisfied, then the system is a contraction in [0, 1]%. The condition of
Lemma 2 is related to the notion of “regular” equilibrium, which would require the left-hand
side of (3) to be different from zero for all BNE solutions. All regular equilibria are locally
unique. Global uniqueness in our case requires that the determinant be strictly positive; we
could think of (3) as a “strong regularity” condition. The following result presents a simple,
sufficient condition for BNE uniqueness with probability one in S(Z). It will also illustrate

that multiplicity of equilibria is possible only in symmetric games.

Corollary 1 Let g, = max gp(€). Suppose ajas < 1/(g,g,), then each z € S(Z) has a
€c
unique solution to (2) for any 3, € R¥, 3, € RF2.



If the condition of Corollary 1 is satisfied, then (3') is true for all 7 € R? and all 2z € S(Z).
This very simple condition is satisfied by all asymmetric games, but it is also satisfied by
a subset of symmetric games. This illustrates an important result: under our assumptions,
multiple BNE can occur only if the game is symmetric. Next, we summarize the equilibrium

properties of the game with complete information.

2.3 Comparison with the complete information case

Players have complete information if they have perfect knowledge about each other’s payoff
realization. If the game is played with complete information and mixed-strategies are
ruled out, players’ Nash equilibrium actions are described by the simultaneous system
Y, = H{X{ﬁl + 1Yy — &1 > 0} and Y, = H{Xéﬁg + Y] — &9 > 0}. The properties of
this and other nonlinear systems were carefully studied by Heckman (1978). Under these
circumstances, the assumption of Nash equilibrium alone will yield a well-defined likelihood
function for the four outcomes of the game if and only if ajay = 0. This is the setting of
Tamer (2003) and Bresnahan and Reiss (1990, 1991).

If mixed-strategies are allowed, the nature of the game changes nontrivially. In a Nash
equilibrium, players choose the optimal randomization of their two available actions. Let
(X, &;0) = Pr(Y, = 1|X,e;6) and consider a strategy profile (77(X,e;6),m5(X, €;0))

expressed compactly as (7], 7). This profile is a Nash equilibrium if and only if

7] € argmax Ty - (X{ﬁl —g1 + ﬂ;‘al) and 7, € argmax Ty - (Xéﬁg — g9+ ﬂi‘ag)
w1 e[01] ma€[0,1]

Complete information allows each player to randomize in such a way that makes his opponent
ezxactly indifferent between his two actions. This is not possible with incomplete information.
Let M(X,0) = {5 D Min{ X8, X8, + ap} < g, < Max{ X3, X, 3, + o} for p=1,2 },
where as before € = (g1,¢2). If ¢ € M(X,0), the game has a unique equilibrium in mixed-
strategies if ajap < 0 and it has three equilibria (two pure, one mixed) if ajas > 0.
Equilibrium is unique w.p.1 whenever ¢ ¢ M(X,0) or if ayas = 0. Next, we describe
the concept of a self-contained model.

Consider a model with a finite set of outcomes ) and agents P. FEach agent p € P

chooses an action S, € J,, where J, could be finite or not. Let V' = (W, 13,),ep be a vector
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of covariates, where W), is observed by the econometrician and v, is not and let & = (§,)pep
be a vector of parameters. Suppose players’ actions —according to the model- are described
by a binary relation S, : S(V) x £ — J,, where = is the parameter space for £&. We will
say that the model is self-contained if it produces a well-defined likelihood function for the
entire space of outcomes Y conditional on W = (W,),ep and £&. A model is self-contained if
it generates a function P : 2¥ x S(W) x 2 — [0, 1] such that P(A,w,§) = Pr(A|W = w;¢)
for all A € 2Y. and P(-|w, £) satisfies all the axioms of probability in (),2”). This property
may hold only for a subset of S(W). We will say that the model is self-contained w.p.1 if it
is self-contained for all w € S(W).

This concept is closely related to that of a coherent model introduced by Gourieroux,
Laffont and Monfort (1980) and more generally, that of a complete econometric model?.
The model described above will be complete if the binary relation S,(-) is a well-defined
function. The only reason why we do not use the term “incomplete” here is to avoid
cumbersome statements such as “all symmetric games are incomplete if players have complete
information”. Self-containment focuses on the properties of the resulting likelihood function
instead of those of agents’ decision rules. Self-contained models are of interest because they
are potentially amenable to Maximum Likelihood-based estimation. They are also capable
of generating predictions for any subset of outcomes conditional on observables.

Assuming players behave optimally, the game analyzed here can be characterized as
the model described above. In the incomplete-information case we have W = (X, Z) and
J, =Y, € {0,1} —mixed strategy equilibria occur with probability zero with incomplete
information, so we can limit the space of actions to Y, € {0,1}. With complete information
we have W = X and J, = m, € [0, 1] -mixed strategy equilibria may arise with complete
information-; with v, = ¢, and = = © in both cases. The next result compares the conditions

under which each version of the game is self-contained if we assume a Nash equilibrium.

2Tamer makes the distinction between an incomplete and a (truly) incoherent model. A model is
incomplete if it has multiple solutions and incoherent if it has no solutions. See Lewbel (2005) for coherency

conditions of models with dummy endogenous variables.



Lemma 3 Suppose S(e1) = S(e2) = R. Assuming that players’ actions constitute a Nash
equilibrium conditional on the information they possess, then: (1) Not-jointly strategic games
are self-contained w.p.1 for all (B, 3:) € R*. (2) If players have incomplete information
according to 11-13, every asymmetric game is self-contained w.p.1 for all (31, 32) € R¥. This
is true with complete information if and only if mized-strategies are allowed. (3) Symmetric

games are self-contained only if players have incomplete information.

If players have complete information and mixed-strategies are ruled out, the resulting
model is not self-contained unless ajas = 0 due to multiple equilibria (if ayas > 0) and
non-existence of equilibrium (if ajas < 0). The assumption S(g,) = R for p = 1,2
is sufficient for Pr(e € M(X,)) > 0 to be true. Using Lemma 2 and Corollary
1, we conclude that symmetric games are self-contained only if players have incomplete
information. Asymmetric games are always self-contained with incomplete information and
also with complete information as long as mixed-strategies are allowed. Symmetric games
are never self-contained if players have perfect knowledge of the fundamentals of the game.
If players have incomplete information and observe the realization of payoffs with the right
amount of noise, symmetric games become self-contained. Symmetric games are amenable
to MLE estimation only with incomplete information. The remainder of the paper deals

with the problem of estimating # when the game is played with incomplete information.

3 Estimation

Looking at (1), players’ choices depend on their beliefs which are assumed to be unobserved.
Any estimation procedure must involve a strategy to estimate these beliefs. If the outcome of
the game is a BNE, players’ beliefs must satisfy (2). Lack of knowledge about the conditional
distributions involved implies that equilibrium beliefs are unknown functions of ¢ and Z. We
will focus on estimation procedures which recover players’ unobserved beliefs by using well-
defined sample analogs to the BNE conditions (2). Let L denote the dimension of Z, with

M = L + 1. We will make the following stochastic assumptions:



Assumption S1. (A) G1(-) and Ga(-) are M + 2 times differentiable with bounded derivatives
everywhere. (B) Z is absolutely continuous with respect to Lebesgue measure. (C) f, ,(z, 2)
and f,(z) are bounded, M times differentiable with respect to z with bounded derivatives
everywhere. (D) E[||XX ’H2| Z] is a continuous function of Z everywhere in S(Z), and
B[IXX)] < 0

Assumption S2. (A) The parameter space © C R¥ is compact. (B) There exists a compact

set Z C interior{S(Z)} with Pr(Z € Z) > 0 and in£ f-(2) > 0, such that Condition (3) of
zE€

Lemma 2 is satisfied for each (z,60) € Z x ©.

We will assume the econometrician knows G,(-) possibly up to a finite parameter vector.
This is not a crucial assumption, it could be dropped and we would still be able to obtain
a uniformly consistent and asymptotically normal estimator®. Moreover, knowing G,(-)
does not affect the fact that equilibrium beliefs are still unknown functions because the
distribution of Z is not known. Assumptions S1(B),(C) and (D) have to be satisfied only
by the elements of Z not included in X -recall that all publicly observed elements of X
are included in Z, and L would denote their dimensionality. Assumption S1(B) could be
relaxed and we would simply replace kernels with indicator functions for all variables in Z
with discrete support and all the results presented here would follow. If ayan < 1/7,7, any
arbitrary set Z € intS(Z) satisfies S2(B). This however is far more restrictive than what we
require, but it illustrates that we do not need to have prior knowledge of the individual signs
of a;,. S1(D) and the uniformly bounded nature of G,(-) will result in a “in probability”
Lipschitz condition that will be useful in establishing the uniform results in Lemmas 4 and

5%, Next, we describe two procedures to estimate equilibrium beliefs based on (2).

3See for example Ahn (1995).
4See Assumption A2 of Theorem 2 in the appendix. See also Lemma 2.9 in Newey and McFadden.
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3.1 Estimation of equilibrium beliefs

Take z € S(Z), 7 € R%, 6 € R**2 and let Q(7|z,0) = —(W—ap(ﬂz,9))’(7?—90(7r|z,9)). Given

S2(B), we can re-interpret 7*(f, z) as an optimization solution:

(0, z) = argmax Q(w|z,0). (4)

m€l0,1]2
We will present two estimators of 7*(-) based on this representation. The first estimator
solves a semiparametric sample analog to 4. The second is a two-step estimator based on
a linearization of this condition. Let K(-) and hy be a kernel function and a bandwidth

sequence respectively, with K (t) = K(t/h). We will assume the following:

Assumption S3. (A) Define S(K(-)) = {¢ € RF : K(¢) # 0}, then S(K(-)) is compact. K(-)
is bounded and symmetric about zero, with [ K(¢)dy = 1. Denote ¢ = (¢1,...,1;)’, then
Tl [ K ()] dr < o0 and [ (2" - - 2 K ()diby . . . dipy, = 0 for all 0 < gy +---+q1 < M.
There exists ¢, such that ||K(¢)—K(¢’)|| < cKHib—WH V1, € RE. (B) h,, — 0 satisfies:
NhEt? — co; NR2M — 0 and N'"7h2" — oo for some 0 > 0. (C) We have a sample of N
games, and observe their respective outcomes {Y,,}2_, and covariates {(X,, Z,)}\_,, where

the latter is an i.i.d. sample.

Compactness of S(K(-)) can be easily dispensed with, but we maintain this assumption
to avoid making assumptions about the size of S(Z). Some of the elements of X,, are
private information at the time the game is played but are assumed to be observed by the
econometrician. This is compatible with a situation where some covariates are only privately
observed when choices are made, but become publicly disclosed afterwards (e.g, financial
statements which are made public after the fact with a lag). Alternatively, the researcher
may have access to information which was prohibitively costly for the players to collect when
they played the game. Clearly, experimental data sets could be designed to fit exactly our
description. In each case, the econometrician is assumed to observe all covariates that were
publicly observed by the players, but is able to observe some pieces of private information
some time after the game is played and the outcome is known. We now present the first

estimator of beliefs.
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3.1.1 Analog estimator

Take 2 € R, 7 € R? and 6 € R¥*2. Let sz (2) = (NRR) ' SN Ki(Z, — 2), and for
p = 1,2 define @PN (mp | 2,0,) = (Nhk : ]/C\ (Z))_l 22[21 Gp(X;nﬁp‘i‘@pﬂ'-p)Kh(Zn —2),

ZN
with @ (7| 2,60) = ( b, (ma | 2,601) , @, (m1 | 2,09) )/. Define the corresponding quadratic
function @N(W | 2,0) = — (7 — PN (T | 2,0))/(71' — @n(m | 2,0)). Our semiparametric analog

estimator will be defined as

(0, 2) = argmax Qu (7 | 2,6),
m€el0,1]?

which is a semiparametric sample analog to 4. The next result summarizes the properties of

7?}‘:,() that will be relevant here.

Lemma 4 Let Z be as defined in Assumption S2(B). Take z € RY and 0 € RF and let

7?}‘?,(9,2’) = argmax Q /(7 | 2,0). If Assumptions (S1)-(S3) are satisfied, then for any § > 0,
w€l0,1]?

—

(A) sup (N*hE)*| 750, 2) —W*(G,z)H —0,(1),

zEZ
0O

_ 1/2
(B) sup (N'"°hg)
I=S)

sup (Nl";h%) 12
2€Z
€O

where for each z € Z and 0 € O, (0, z) is the unique solution to the BNE conditions (2).

Vo (0, 2) — Vor* (0, Z)H —0,(1),

Voo (0, 2) — Vogr* (6, Z)H —0,(1),

The key ingredients for this result are a set of in-probability Lipschitz conditions that
follow from Assumption S1, and a uniform bound for the inverse-Jacobian of the BNE system
(2), which follows from the strong regularity condition S2(B). The last part of assumption
S3(B) implies that the uniform rates of convergence in the previous lemma are in fact
0,(N~Y/%), which is the rate we need for v/N-consistency of the estimators for 6 which
we will describe below. The proof of Lemma 4 relies on a refinement —for the i.i.d case— to
an existing result by Collomb and Hardle (1986) which is useful to establish rates of uniform
convergence over compact sets for nonparametric estimators. Using their results would have
required us to assume compactness of S(X). The results of Collomb and Hardle have been

used previously by Stoker (1991) and Ahn and Manski (1993).
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3.1.2 Linearized, two-step estimator

Let J(m|z,6) denote the 2 x 2 Jacobian V. (m — ¢(n|z,6)). By S2(B), J(7*(0,z2)|z,0) is
invertible everywhere in Z x ©. Now denote Jy (7]2,0) = Va(m — §,(7|2,60)) and let
Ton(2) = (NRL - f 7, ( )) SN Y, Kin(Z, — 2) be the usual kernel-weighed estimator
of E[Y,|Z = z], which does not exploit the BNE conditions. Finally, let 7,,(2) =

Max{0, Min{7,,(2), 1} } and Tn(z) = (le(z)ﬁzN(z))/. The proposed linearized estimator
) )_1[@1\1 (%N(Z')‘Zﬁ) - %N(Z)}, which

is essentially a linear approximation of (4) around 7y(z). We force the first-step estimator

of 7*(+) is given by 7?}:\,(0,2) = 7n(2) + :]\N(?N(z)

inside [0, 1]? because all BNE are contained inside that set. It also allows us to take advantage
of the uniform convergence results over compact sets which are established in the Appendix.
Define p(0, Z) = (6o, 2) + J (7* (60, ) |2, 6) 1[@( (6o, 2)|2,0) —7*(6o, z)]. The next result

summarizes the properties of 7TN(-) that will be relevant here.

Lemma 5 Let Z be as defined in Assumption S2(B). Take z € RY and 0 € R*, and let
7}\;1\,(0,2') and p(0,Z) be as described above. If Assumptions I11-13 and S1-S3 are satisfied,
then for any 6 > 0,

(&) sup (N'05)"” 750, 2) = p(6. )| = 0,0,
[SC)

(B) sup (N'*hig)"* | Vomy(6.2) = V(6 2) | = 0, (1)
[USC)

sup (N'00%)"?|| Vo w3 (0. 2) = Vanp(0.2) | = O,(0).
zE
0cO

Note that p(6y, Z2) = 7*(0o,2), Vep(by,2) = Ver*(0y,z) but —in general- Vg p(6y, z) #

Vg (0o, 2). To first order of approximation this will not make a difference between the
asymptotic properties of the estimator for 6 that uses 7% (+) as the the estimator of 7*(-) and

the one that uses 7?}*\\,() We describe the proposed estimation procedure for ¢ next.

3.2 Estimation of the payoff parameter vector

Given S2(B), the model is self-contained everywhere in Z x ©. The proposal will be to

maximize a trimmed log-likelihood function where the unknown equilibrium beliefs are
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replaced with either of the estimators studied in sections 3.1.1 and 3.1.2. The trimming
set is Z, where the model is self-contained. Since the true functional form of the likelihood
function is not known (because beliefs are unknown functions), we call this a trimmed-quasi

maximum likelihood procedure. We begin by addressing the issue of identification of 6.

3.2.1 Identification

Assuming that the game is in a BNE, and that each BNE is unique (and therefore the
model is self-contained) in Z x © is not essential for identification of 6. The fact that all
beliefs —even nonequilibrium beliefs— must always be in [0, 1] implies that conditional choice
probabilities for p = 1,2 must satisfy G,(X, 3, +4,) < Pr(Y, = 1|X, Z,0) < Gp(XZ/,ﬁp—l—Zp),
where A, = Min{ap,O} and Zp = Max{ap,O}. Given a scale-normalization for ¢, and
provided that X, has full rank for p = 1,2, point-identification of § would be viable if for
all § # 6, there exist X, X' C S(X) such that G,(X)3, + A,) > G,(X) By, + A,,) for all
Xp € X and Gp(X, 5, + A,) < Gp(X,Bp, + 4,,) for all X, € X’. This would be possible for
example, if there exist a continuously distributed regressor X,,, € X, with 3,, # 0 such that
its conditional support S(X,,|Z, X,,,j # £) is unbounded for all Z € Z —see for example
Theorem 2 in Tamer (2003)-. Such a condition would be perfectly compatible with our
assumptions, in particular S1(D). Estimation could be carried out using some of the recently
developed estimation methods for semi-identified models or some variation thereof. See for
example Manski and Tamer (2002), Chernozhukov et al. (2004), Andrews et al. (2004) or
Pakes et al. (2005).

Multiple equilibria does come at a cost however. First of all, any estimation technique
would require exact prior knowledge of the signs of a; and as. Most importantly, since the
model would fail to be self-contained, point-estimation of all four outcome probabilities
conditional on observables would be impossible’ Given Lemma 3 and Equation (1), if
assumption S2(B) is satisfied then the model is self-contained, outcome probabilities are
identified and the parameter vector # would be identified too —~modulo a scale normalization

for e,— if a simple full-rank condition is satisfied —see for example McFadden (1981)-. We

°The set of observable implications (identified features) is smaller. See Jovanovic (1989) for a general

analysis of observable implications in models with multiple equilibria.
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will add the following assumption.

Assumption S4. If 0 # 6, then Pr(ﬁ;Xp—i—alwiP(Q, Z) # By Xp+ap,m* (00, Z) ‘Z € Z> >0
forp=1,2and all § € ©.

This full-rank condition does not depend crucially on the assumption S(e,) = R and the
resulting nonlinear nature of 7*(-) —remember that some elements in X may be included in
Z~. Suppose momentarily that ¢, ~ U[—1,1], cjay < 4 and X3, + a7 € (—1,1) w.p.1
for all 7 € [0,1]. Suppose now that X is publicly observable so that X = Z. The resulting
equilibrium beliefs are in fact linear functions of X. In this case, Assumption S4 would
be satisfied if there exist X, € X; and Xyp, € Xy such that Pr(X,, # Xs4,) > 0 and
Bre, # P24y, which is a simple exclusion restriction. Now let us define F(X,,Y,,0,,m) =
Gy (X! By +aym) " [1= Gy (X By +apm) ] T and W = (Y, X', Z')'. Then L(W, 0, 7(Z,)) =
F(X1,Y1,01,75(Z.0)) x F(X2,Ys,0,,75(Z,0)) is the likelihood function of Y conditional on
(X, Z) and a value of 0. Let Lz(W,0,7) = L(W, 0, 7)"?€2} and £z(W, 0, 7) = In Lz(W, 0, 7).
Then, (z (VV, 0,70, 2 )) denotes the trimmed log-likelihood function which is always well-
defined since the model is self-contained in Z. The next result establishes an information-

inequality result for £z (VV, 0,76, Z)) .

Lemma 6 Suppose Assumptions 11-13, S1, S2 and S/ are satisfied, then
E[KZ(W,G,W*(H, Z))] < E[KZ(W, 90,71'*(90,2))} V0 #0,, 0c0.

Lemma 6 establishes identification of 6. In order to exploit this inequality to estimate 6
consistently we need to estimate the unobserved equilibrium beliefs first. Next, we study the

properties of procedures which use the the estimators examined in sections 3.1.1 and 3.1.2.

3.2.2 Trimmed quasi-maximum likelihood estimation

One of the attractive properties of self-contained models is that they are amenable to
likelihood-based estimation. Choosing Z as the trimming set allows us to exploit that feature.
This also allows us to take advantage of Lemmas 4 and 5 which will ultimately yield v/ N-

consistency of our estimator of §. Before proceeding, let Vylz(w,8,7) and V lz(w,0, )
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denote the partial derivative of ¢z with respect to # and 7 respectively, leaving all other
arguments constant. The total first partial derivative of our trimmed log-likelihood function
with respect to 6 is given by

olz (w, 0,76, z))
00

= Vylz (w, 0,70, z)) + Vo (0, 2)' Vil z (w, 0,7 (0, z)),

which depends on Vyr*(6, z) unless oy = ay = 0. This illustrates why it is important to

estimate beliefs also as an (unknown) function of §. Define

—_ 02Uz (W, 00, 7 (00, Z))
Dz(2) = E 0007 ‘Z}

where 020z (w, 0, ) / 0007’ denotes the partial derivative of the score with respect to 7. As
before, let J(w|Z,0) = V(7 — ¢(n|Z,0)) denote the Jacobian of the BNE conditions. We
will denote Jo(Z) = J(7*(60, Z)|Z,600) and Bz(Z) = Dz(Z)Jo(Z)™", which is well-defined
by assumption S2(B)%. We will add the following assumption:

Assumption S5. (A) 6y € int ©. (B) E| sup |[lz(W,0,7)

0cO
wel0,1]2

Ty (X, 2,0,7) = HZ € Z}x |Gy (Xy8, + o) [1 = Gy (X158, + )] | " Thenforp=1,2

] < o0. Now, define

) 2
we have: FE 228 TP(XP’Z’Q’W)] < oo; FE 2“19) Xp'Tp(vaZvevﬂ) ] < oo and
7€[0,1] wee[o,u
2
E 21615 ‘(X X,) »(Xp, Z,0,7) < 00. (C) Let Sz denote the trimmed information
7el0,1]
matrix Sz — [(aez(w, 0o, 7 (00, Z)) /ae) (aez(w, 0, 7 (00, Z)) /ae) ] Then Sz is
invertible.

Assumption S5 includes the usual regularity conditions for maximum likelihood estimation.
The following result establishes v/ N-consistency of the proposed estimator, we also show
that its asymptotic properties (to first order of approximation) are the same if we use the

analog estimator 7(-) or the two-step linearized one 7(+).

6In fact, all we would have to assume for Bz(Z) to be well-defined is local-uniqueness of BNE, a much

weaker condition than global uniqueness.
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Theorem 1 Let 7?}‘;(8,,2) and (0, z) be as defined in Sections 3.1.1 and 3.1.2, and define
N N

- 1 _ _ 1 N
0= argmax - ZEZ (Wn, 0,75 (0, Zn)) and 6= argmax - Zﬁz (Wn, 6,70, Zn))

€O ="y €0 n=1

If I1-I3 and S1-S5 are satisfied: 0 = 0 + 0,(N~Y2) and 6§ — 6y = LS 0, (N712),

where

8€Z (Wn, 90, 7r*(90, Zn))
00

Uy = 3;1{ + B.(Z) (B[Y| Xo, Z4] - E[Y] Z,J)].

Consequently, \/N(@— 90) 2, N(O,%; + %ngg%}fl) and \/N(@\— 5) 250, where
Oz =E [BZ(Z)Var [E Y| X, 2] ‘Z] BZ(Z)’] .

If we had exact knowledge about f, ,(-), we could find 7*(6, z,) by solving (2) —perhaps
numerically— and perform MLE". The asymptotic variance of the resulting estimator would
simply be 3%'. In the case of the estimators in Theorem 1, lack of knowledge about about
fy,(-) results in an increase of the variance by $;'QzS7Z".

depends on Dz(Z), Jo(Z)~! and Var[E[Y|X, Z]|Z]. The term Dz(Z) is a measure of the

The correction matrix €z

interdependence between the problems of estimating ¢ and 7*(6, z). Such interdependence
comes from the BNE conditions unless oy = s = 0, in which case the estimation of 6 is
adaptive. Jy(Z)~! appears because both 7;}‘\\,(9, 2) and 7} (0, z) have an asymptotically linear
representation up to a term of order o,(IN ~1/2) ‘and this expression comes from a linear
approximation to the BNE conditions.

The asymptotic linear representation of 7%(6, 2) and 73(6,2) also causes the term
Var|[E[Y|X, Z]|Z] to appear because the BNE conditions (2) are simply E[E[Y|X, Z] —
E[Y|Z] | Z} = 0 when 6 = 60y. The magnitude of this term is related to the explanatory
power of the signals Z. Suppose for example that Var[¢(2)-E[Y|X, Z]| = Var[¢(Z)-E[Y|Z]]
for all functions ¢(-) with bounded variance, so that all the variability in E[Y|X, Z] is
explained by its best predictor based on Z (i.e, E[Y|Z]). Then, by iterated expectations
we would have E[¢(Z)Var[-E[Y|X, Z]|¢(Z)'] = 0 and therefore Qz = 0. The asymptotic
variance of § and 6 would simply be $z. We now present a compact expression for the

standard errors of our estimators.

"We would still use trimming to remain in regions of S(Z) where each BNE is unique.
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3.2.3 Standard Errors

Define 6, = E[g, (X! Bp, + ap,m* (00, 2))| Z]; G = E[Xpgp (X! Bpy + o™ (60, 2))| Z]. Let
g, and G, denote g, (X Bpo + apy™ (6o, Z)) and G (X "By + tpy* (90, Z)) respectively.
Define A, = gp/[ p( — p)], A = (A1,Ay) and d = 1 — §102. Using this notation, the

inverse Jacobian of the BNE system evaluated at 6, is given by:

great| 1 e
Oé20 (52 1
and Y — E[Y|X, Z] is simply (Yl — G, Yy — G2)/. To further simplify notation, we will use

7 and 1z to denote 7~ (6o, Z) and II{Z €z } respectively. With this in mind, let

Ale 0 aloa2052A1€1 a20A2C1
A17T>‘< 0 _ o, 5152A17T* [0 (51A27T*
AL (X, 2) = 2 xlz; Ay (X, Z)=d ' | 0% 2 %0 2 [ x1g;
0 AxXy CIVANTS) oy 0, 01800
0 Ag7y a1052A1ﬂ'1‘ a10a205152A27rf

0 [0 E[Gl(l — Gl)A%Xl} Z]

1o

0 B[G1(1 - G1)A2| Z]73
ElZ(Z) = o [ 1( 1) 1‘ ]772 x 1z
a, E[Gy(1 — Go)A3Xo| Z) 0
a, E[Go(1 — Go)A3| Z]7} 0
OégoE[ggAQ‘ Z]Cl OJ%OOéQOE[glAﬂ Z]dggl
Ezz (Z) _ dil OégoE[ggAQ‘ Z] (()‘17'1'5< Oé?OOéQOE[glAll Z] 515271'5 « ]]Z’
ay (12 E[QQAQ}Z]&CQ OJ?OE[Qlﬁﬂ Z]¢
0510053 E[QQAQ‘ Z](51(527Ti< OJ?OE[glAl‘ Z]égﬂ'f

and define A, (X,Z) = A (X, Z) + A, (X, Z) and 2,(Z) =Z,,(Z) + Z,,(Z). Then, we
have S, = B[ A (X, 2)Var[Y|X, Z]A, (X, 2)'| and B, (2) = 2,(2)J;". Standard errors
are obtained from these expressions, replacing 6, with its estimate (5 or 5), and using kernel-

weighed estimates for each one of the conditional moments involved. To estimate &

Q, respectively, we would use &, = %ZnNzl [KZ(XnaZn)Va\r[Y}XnaZn} KZ(‘Xn?Zn),] and
QZ = %25:1 Ez(Zn)\//a\r[E[HX, Z]‘ Zn} Ez (Z,)'. Given our assumptions, the resulting

. and

standard errors are consistent.
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3.2.4 A simple specification test

An interesting and useful byproduct of our estimation methodology is the estimated
equilibrium probabilities 7?]:\,(5, z). If the model is correctly specified, their difference with
respect to the completely nonparametric choice probabilities 7 (z) should converge to zero

in probability. We explore this idea formally in the next lemma.

Lemma 7 Let 7,(z) be the nonparametric, kernel-weighed estimator of E[Y|Z = 2]

described in Subsection 3.1.2. If the game is played according to our assumptions, then
PO ~ 1
T.(0) =+ > 1z, € ZH(ry (0, Z,) — 7, (Zn)) = v D> At o (N2
n=1 n=1

where Ny = WZy € Z}Jo(Z) (E[Y] X0 2] = E[Y| Z]) = (Yo — E[V]Z])] +
E[]I{Z € Z}V@E[Y‘Z:” X 1, where 1, is the influence function described in Theorem
1. Therefore, if the assumptions of the model are correct, vV NT, ((/9\) <, N(0, E[AAL)).

A consistent estimator of E[A\,\.] can be constructed by noting that if the model is
correct, then VoE[Y|z] and Jo(z) can be estimated by vg%;?v(é, 2) and Jy (7?}‘;(5, 2) z,@
respectively. Assuming E[A\,\]] is invertible, then NT N(é\)’ E[/\n)\;l]*lTN(é\) N X5. This

statistic could be the basis of a specification test. The same result holds if we use the two-
step equilibrium belief estimator 7;]?\,(5, z) instead of 7?}*\\,(/0\, z). We can construct alternative
specification tests based on the estimated beliefs 7};]\/,(5, z). For example, we could compare
NS U2 € 2} (Y~ oD, 2) and NS {2, € ZH(Y,, ~ Ty (Z)°. The
properties of this and other simple tests could be studied by using Theorem 1 and Lemma
12 and Theorem 2 in the appendix, which present uniform asymptotic linear representation
for @ (2,0) — 7(2,0) in © x Z. 8 The next subsection presents some additional comments

on trimming.

3.2.5 On choosing the trimming set Z

Assumption S2(3) states that any z € Z satisfies equation (3) in Lemma 2. As we discussed

previously, very simple conditions on the value of ajas guarantee that we can use any

~

8Those results could also help us study the properties of tests of the form Sup’;}‘:,(e, Z) =Ty (2)‘
z€EZ
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Z C S(Z). If we are completely agnostic about ajas, we can still device a way to infer if a
candidate set Z C S(Z) can be used as a trimming set. Let m,(Z) = E[Y,|Z], T,(X, 7.,(2)) =

E[Y,|X,7,(2)] and 6,(2) = E[%’;Zg@) Z]. Take z € S(Z), then condition (3) in

Lemma 2 is satisfied iff D(z) < 1. Let 72 be player p’s subjective expectation that Y., =1,
then D(z) < 1 yields BNE uniqueness in all games in which: (a) beliefs are conditioned on
Z, (b) 0 <Pr(Y, =1|X,7F) < 1for all X € S(X) and all 72 € [0,1], (c) Pr(Y, = 1| X, 7%
is a monotonic, C' function of ##, for all 7# € [0,1] and (d) E[Y,|X, Z] = T',(X, 7% (Z)).
The game studied in this paper satisfies these conditions for all possible values of 6. Given
assumption S2(3), any trimming set Z must satisfy the condition Pr(D(Z) < 1|Z €Z)=1
Based on this condition, we can devise a way to evaluate a candidate trimming set Z without
relying on 0.

Suppose we maintain the assumption that {Y,, X,, Z,} are iid observations from the
same data generating process —which may be completely unrelated to the game we studied
here. If we assume that m,(2), I',(X,7,(Z)) and 6,(Z) are well-defined and sufficiently
smooth everywhere in int(S(Z)), we can estimate Pr(D(Z) < 1|Z € Z) nonparametrically.
Suppose X includes L, continuously distributed elements and take a candidate trimming set

Z. Consider for example the following kernel-smoothed estimators

%P(z) hszz Z Kh1 )

fp(l',ﬂ'-p) = NhLz-q-lf (@ ZY KX )K;{Q (%_p<Z£) — 7]-_p)
7Tp p
~ 1 or (Xons Tp(Z1m)) R L
0,(z) = _ P y l-p KSZm—Z; D(2) = 8:(2)5(2
) Nh%fz(m; o s ); D(z) = 01(2)62(2)
~ 1 1 N N N N i
Pz = Nzhy /_W;K}u (D(Z,) —w)1{Z, € Z}du; where Nz = ; 1{Z, € Z}.

Suppose S(X) is compact? and that all the unknown densities are bounded away from zero

everywhere in S(X), Z (we could assume that S(Z) is also compact). Suppose in addition

9Compactness of S(X) is a strengthening of Assumption S1(D), we would need it here to avoid the
influence of points = near the boundary of S(X). Without it, we would have to do additional trimming on
X. Under some assumptions about the tails of fx(-) we can make this trimming disappear asymptotically,

see for example Lemma 8 below.
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that all the unknown functions involved are continuous and bounded. By choosing the
appropriate kernel functions and bandwidths we can show using standard nonparametric
techniques that ]35 NEN Pr(D(Z) < 1‘Z € Z~) = P3. In addition, suppose the unknown
functions involved are R-times differentiable with bounded derivatives everywhere in S(X, Z).
Using bias-reducing kernels of appropriate order and choosing carefully the relative rates of
convergence of the bandwidths involved, we can show that ¢(N, hq,..., h@(ﬁg — Pg) is
asymptotically normal for some function ¢(-). These results can be used to evaluate a

candidate trimming set Z.

3.2.6 Trimming when each z € S(Z) has a unique BNE.

Suppose we know that pair (z,0) € S(Z) x © has a unique BNE. The model would be self-
contained w.p.1. If some elements in Z have continuous support (S1(B)), even in this case
we still need to use trimming to control the bias of 7% (+) and 7 (-) near the boundary of
S(Z).'% The next result describes conditions under which we can make trimming disappear

asymptotically while retaining the results of Theorem 1.

Lemma 8 Suppose each pair (z,0) € S(Z) x © has a unique BNE. Suppose b,, — 0 is a
positive sequence such that N'"°h* b2 — oo, where o is as defined in S3(B). Let Z, =

{z e RE: f,(2) > by} and z, = sup ||z||. Suppose the trimming function 1{z, € Z}
ZN

is replaced with Il{fAZN (zn) > by }. Then, if there is no positive probability that f,(Z) = b
for any b > 0, if logZ, = o,(log N) and if Assumptions 11-13 and S1-S5 are satisfied, the

asymptotic distribution results of Theorem 1 hold, with ‘1’ replacing 1{Z € Z}.

If b, = o,(log N), then polynomial tails for Z would suffice for the conditions in the previous
lemma to hold. Exponential or sub-gaussian tails would allow b,, to go to zero at a faster
rate. Consider the following generalization of our trimming function: ]I{J?ZN (2) > by}-o(2).
We can show that \/N-consistency still holds if ¢(z) € (0,1) V z is M-times differentiable
with bounded derivatives (the same is true for Theorem 1 if we replace 1{z, € Z} with

1{z, € Z}¢(2)). The asymptotic distribution would depend on the choice of ¢(-) —the

O Trimming could be dropped altogether in this case if we assume S(Z) to be compact with strictly positive

density everywhere.
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information identity would fail to hold in general if ¢(-) is not constant, see footnote 14
in the appendix—. A formal analysis between efficiency and the choice of ¢(-) is left for

future research. We briefly discuss extensions to more complicated games next.

4 Extensions

The methodology examined here can be applied to simultaneous games with incomplete
information with more players and /or actions as long as beliefs are conditioned on observables
—to the econometrician—. For illustrative purposes, consider a more general version of our
game in which both players decide simultaneously to continue or exit and if they continue,
they choose Y, € {0,1}, the extensive form of this game is depicted in Figure 1. Let
C, = 1{Player ‘p’ Continues}. Then, player p can choose the following actions: {C, = 0},
{C, =1Y, =0} or {C, = 1,Y, = 1}. Normalizing the payoffs of Exit at zero would allow
us to identify a richer payoff structure when our 2 x 2 game is actually played (i.e, when
both players decide to continue). We could assume for example that g, = ﬁ;po — €gp >
rp =0y, Xp—¢r,, sp = By, Xp—¢s, and t, = 3, X, —e,, where qp, 1, 5, and ¢, are the payoffs
described in Figure 1 for p =1, 2.

If we maintain our incomplete-information structure assuming that the €’s are privately
observed idiosyncratic shocks, that some elements in X are private information and that
beliefs are conditioned on informative signals Z, then BNE beliefs are once again the solution
to a system of conditional moment restrictions (4 X 4 in this case), this BNE system is
described in the appendix. The distinction between symmetric and asymmetric versions of
this game becomes a bit more convoluted, but BNE uniqueness conditions can be stated
in terms of conditions on the signs of the principal minors of the BNE Jacobian at all
equilibrium solutions —a generalization of assumption S2(B)-. The methods discussed in
Subsection 3.2.5 could be extended accordingly —they would be multiple conditions now, as
the number of principal minors of the BNE Jacobian would increase in games with more
actions and/or players—. In any case, if the support of the £’s is unbounded, then continuity
of the distributions involved will always ensure BNE uniqueness in a region that includes
(0, 9,) = (0,0) as an interior point. Given a set of normalization assumptions concerning
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Var(e,), the proposal would be once again to estimate equilibrium probabilities based on
a semiparametric analog to the BNE conditions —see the BNE system for this game in the
appendix— and maximize a trimmed quasi log-likelihood replacing the unobserved beliefs

with these estimators.

PLAYER 1

Continue

PLAYER 2

Exit Continue Continue Exit

PLAYER 1

Y]= Y]=0 Y1=1

t oy t Sl+51 $1 0 0

tyta, |[S;10, t ) r; q2

Figure 1: Extensive form of a simultaneous game with two-dimensional strategies.

5 Concluding remarks

The set of features that can be econometrically identified in a game-theoretic model can be
determined by the knowledge players are assumed to possess about the primitives of the
model. If players are assumed to observe only a noisy signal of the underlying state (the
game’s payoff realization in the case of this paper) then, if the amount of noise satisfies
some conditions, it is possible to identify more features than in a complete information

environment. In particular, if we rely exclusively on the assumption of Nash equilibrium
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and introduce incomplete information, the model produces a well-defined likelihood function
for all outcomes of the game in cases in which this would be impossible with complete
information and the model becomes amenable to maximum likelihood estimation. If players
condition their beliefs on observable signals whose exact distribution is unknown to the
econometrician, then the resulting likelihood function is only partially known. We showed
here that this problem can be approached by estimating beliefs based on sample analog
BNE conditions using semiparametric methods for conditional moment estimation. The cost
paid in terms of efficiency for the lack of knowledge of the distributions involved depends
on the degree to which the signals used by the players account for the variation of the
privately observed payoff-relevant variables. Estimated equilibrium beliefs can also be used
to construct specification tests for the model by comparing them against nonparametric
choice probabilities. A thorough study of the relationship between agents’ information,
rationality and the set of identified features of an interactions-based model must become an

integral part of the incomplete and partially-identified models literature.
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A Mathematical appendix

A.1 Proof of Lemma 2

Fix (z,0) € S(Z) x R¥"? and let U(mi| 2,6) = ¢1(p2(m1l2,62)| 2,61). Then the pair
(75 (2,0), pa(7}(2,0)|2,62)) is a BNE < U(wi(z,0)| 2,0) = 7}(z,6), which makes the BNE

problem one-dimensional; all BNE occur when \11(77'1‘ z,0) crosses the 45-degree line.

) — sign(amas)

If S(e,) = R for p = 1,2, any fixed point 7} must be in (0,1). If oy < 0, then 111(7r1| 2,0)

AU (m |z, 0)
dﬂ'l

d\I;<7T1|Z,9)

= a1 - 61 (2(m1|2,02)| 2,61)02(m1|2, 62). = sign( I
1

crosses the 45-degree line only once and the BNE must be unique. This case trivially satisfies
Q109 - 01 (7T2| 2,01)05(m1|2,09) < 1 for all T € [0,1]2. Assume now that ajas > 0 and allow for
multiple BNE. Let 7} and 7}* be the smallest and largest BNE. S(e,) = R yields ¥(0| z,6) >
0 and W(1| z,0) < 1. Then ¥(m| 2,6) > m for all m € [0,7]) and ¥(m | z,0) < m for all
z,0) = 7y and ¥(7*

m € (71, 1]. Since ¥ (] z,0) = 7", there 3 € > 0 such that

aras - 61 (a(mi|z,00)| 2,01)02(mi|2,62) <1 ¥V m € (nf —e,m)), m € (7", 77" +¢€). (A1)

BNE is multiple & 77 # 7wf*. From (A-1), there exists m* € (7], 7]*) such that

U(ri™| 2,0) = n7* and ajas - & (¢2(w;**\z,92)| 2,91)52(7rf**|z,92) > 1. Thus, BNE is

unique if ajay - 81 (3| 2,61)62(}|2, 62) < 1 for all solutions (77, 73). Now suppose that BNE
is unique (7§, 73). From (A-1), 3 € > 0 such that ayas- 61 (p2(m1|2, 62)| 2,61)02(m1]2,62) < 1
for all m € (7} —e,mf +¢€) : m # w. Continuity of §;(-), ¢2(-) and d(-) yields
arag - 01 (pa(mf|2,02)| 2,601)02(w}|2,62) < 1. Since 73 = @a(n}|2,62), the BNE is unique
only if ayag - 01 (7@“‘ z,91)52(7ri‘|z,(92) <1.0

A.2 Proof of Lemma 3

The statement of the Lemma that involves the incomplete-information version of the game
follows directly from Equation (1) and Lemma 2 (see also Corollary 1). If players have
complete information and ajay > 0, the the game has two pure-strategy and one mixed-

strategy Nash equilibria whenever e € M(X, ) (see for example Figure 1 in Tamer (2003)).
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If S(e,) = R. If oy < 0, there is a unique Nash equilibrium whenever ¢ € M(X,0)

given by Pr*(Y1 = 1|X,5;0) = (52 — Xéﬁg)/ag and Pr*(Y2 = 1|X,5;0) = (51 — X{Bl)/al.

Equilibria are unique and involve only pure strategies whenever € ¢ M(X,0). The result of

Lemma 3 for the complete information follows from these equilibrium-uniqueness features

because Pr(YI,Y2|X;9) = fPr(Y17Y2|X,5;0)g(€)d5 and players’ randomization is always
R2

mutually independent in Nash equilibria. [

A.3 Proof of Lemmas 4 and 5

We begin by proving a result that will be used to establish Lemmas 4 and 5.

A.3.1 A uniform linear representation result

Suppose (X, Z) € R” xR" is a random vector with joint density f, ,(z,z) and let M = L+1.
Assume throughout we have an iid sample {X,,, Z,}_,. Fix two vectors v € RP and z € RY,
consider a function 7 : R x Rl x R? — R, a kernel K : R — R and a bandwidth h, — 0.
Let Ky () = K(¢/h,) and define R (z,7) = (Nhﬁ)_lzivzl (X, 2,7) Kn (Zn — 2),
sz (z) = (Nhﬁ)_1 27]:7:1 Ky (Zn —z) and iy (2,7) = RN(Z,V)/fZN (2). For any z € S(Z)
let p(z,7v) = E[n(X, 2, ”y)‘ Z = z} Consider the following assumptions:

Assumptions

Assumption A1. (A) Z is absolutely continuous with respect to Lebesgue measure. (B)
fxz(x,2) and f,(z) are bounded, M times differentiable with respect to z with bounded
derivatives everywhere in S(X, Z).

Assumption A2. There exist Z C int(S(Z)) with zlél}:g f,(2) > 0, and T' C R” where the
following conditions hold: (A) wu(z,7)is M times differentiable with respect to z and v with
bounded derivatives for every z € S(Z) and v € I'. (B) There exists a function 77 : RY — R,
such that |n(X,z,7)| < 7(X) wp.lforall X € S(X), z € Z, vy €Ty E[((X)? Z = 2]
is a continuous function of z for all z € S(Z), and E[f(X)!] < co. (C) There exists a
function 77, : R” — Ry, and ¢, > 0 such that |n(X,z,7) — n(X,2,7)| < 7,(X)|z — z’HW1
w.p.1 for all X € S(X), 2,2/ € Z,y €T, and E[7,(X)] < 0o . (D) There exists a function
7, : R — R, and ¢, > 0 such that }n(X,z,v) - n(X,z,y’)’ < ﬁQ(X)”V - V’H% w.p.1 for

26



all X € S(X), z € Z, 7,7 €T, and E[1,(X)] < oo .

Assumption A3. (A) Define S(K(-)) = {¢ € RF : K(¢) # 0}, then S(K(-)) is compact. K(-)
is bounded and symmetric about zero, with [ K (¢)di) = 1. Denote ¢ = (¢1,...,1)’, then
Tl[M K @) |d < oo and [ (8- - 3K (§)diby . .. diby, = 0 for all 0 < gy +---+qp, < M.
There exists ¢, such that ||[K(¢y) — K(@)| < e ||v — /|| Vo,¢' € RE. (B) hy — 0
satisfies: NhET2 — oco; Nh2E [log(N) — oo and NA2M — 0. 1!

Theorem 2 If assumptions A1-AS3 are satisfied, then for any z € Z, v € I' we have

11 &
1y (2,7) = p(z,7) = .() NiE ; [1( X, 2,7) = (2, 7)| K (Z — 2) + En(2,7)

where  sup ’fN(z,’y)‘ = Op(NJ_th_VL) for any 6 > 0.
z2€Z
')/EEF
Corollary 2 If we strengthen the condition log Nh_?* = o(N) to N°h *! = o(N) for some
d > 0. Let {n(2,7y) be as defined in Theorem 2, then sup |§N(z,7)’ = 0,(N 7/?).
2€Z

yel

Proof of Theorem 2: Let ¢ = Min {1,301,%}. Without loss of generality, suppose
Z = J[a,b1] x -+ X [ag,by] and T = [eg,hy] X -+ X [ep,hp] where a; < b, and
eq < hg'? For ¢ = 1,...,Land d = 1,...,D, let 2" = a5, " = ¢;, 29 =
Min{zég) + z'/Nl/“’ , bg} and fy](-d) = Min{%()d) + j/Nl/“’ , h(} where 4,7 € N. Define
the sets A1, C Z and Ay, C " as A, = {z(()l),...,zgl)} X - X {z(()L),...,zéLL)} and
Ay = {vél),...,wg)} X e X {WSD),...,ny))}. Let z* = I?EaZXHzH and v* = 13213(||7|| It
follows that @, < [2z*NYe| V¢, T, < [2y*NYe| V d; #A;, < (2(z* +1))*N"/* and
#As, < (2(y* +1))PNP/? for all N. For any (z,7) € Z x I' we will denote from now on:

2, = argmin ||u — z|| and v, = argmin ||lv — 7||. Note that sup ||z — z.|| < \/E/Nl/‘F’ and
€z

uEAlN ’UE.AQN z

SUIF) [y = ll < \/E/Nl/“" by construction.
S

UIf L > 2, NR2E /log(N) — oo implies NhET? — oo,
2Every pair compact sets in RY and RP with Lebesgue measure greater than zero contains a set of the

form [aq1,b1] X -+ X [ar,br] and [e1, h1] X -+ X [ep, hp] respectively, where ay < by and eq < hg.
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Step 1 Take any pair of random variables S, R, such that: S, < R, and S, €
[0,1] w.p.1 ¥V N. Suppose there exist e, € (0,1), g5 € (0,1) and N such that Pr(R, >
£1) <y ¥V N> N. Then, E[Sy]<e;+e VN >N.

Proof: E[SN] S 81'PI‘(SN S 61)+1'PI‘(SN > 81) S 51'1+1'PI'<RN > 81) S E1+E9 VvV N Z N

Step 2 Define the following: V;,(z) = (NhL)_1 SN T(Xn)? K, (Zy — 2)* and Voy(z) =
N1 Zf:[:lﬁ(Xn)‘KhN(Zn — z)|. If the assumptions are satisfied, then lé/ljx Vin(2) =
O,(1) and Max Von(2) = Op(1).

2€A1

Proof: Due to the continuity of E[7(X)|Z] in S(Z) and boundedness of K(-), there exist

K and V; such that %gf( ¥)| < K and Max EVi, (). Define Wi, = K0(X,)? + hEV,
(S zE 1y

and W7, = N'SN W2 . Existence of E[f(X)")] implies that W = O,(1). Take

any M > 0. Using Hoeffding’s inequality and the fact that #.A4,, < (2(z* + 1))FNE/¢,

A1-A3 yield Pr(zlé/lfx [Viy(2) = EVig(2)] > M) < ZzeAlN Pr(‘VlN(z) — EVi,(2)| >
In

M) < 2(2(z* + 1))ENE/e exp{—%NhJQVLM2/W12N}- Let a;,, =log(2) + L -log(2(z* + 1)) +

(L/¢)log(N). Take any € € (0,1). Since W2 = O,(1), there exists N. and A. > 0 such that

P1r<W2 > A ) < ¢/2 for all N > N.. Define M, = \/QA ai, —log(e/2) )/N. h2L. Since

Nh2E [log(N) — oo, we have ay,, — §Nh]2VLM52/A€ <log(e/2) V¥ N > N.. Therefore V ¢ €

(0,1), 3 M., N. s.th Pr (2(2(2* F1))ENE exp{_gNhiLMg/WfN} > 6/2) < ¢/2. Then

2€A1 N ze€A

Max Vi, (2) = O,(1) follows from Step 1 with S, = Pr(MaX Viy(2) = EViy(2)] > ME)

and R, = 2(2(z* + 1))ENL/# exp{—%Nh]QVLMf/WlN}. The result Max Van(z) = Op(1)

zE€EA1 N

follows more simply by noting that Max Vi, (2) < KN~' N 7(X,,) = O,(1). O

2€EA1 N

Step 3 If Assumptions A1-A3 are satisfied, then there exists N’ and R such that for all
N >N swp |ERy(2,7) = f,(2)(z,7)] < BIR

2€EZ

yel’

Proof: Fix i € N and let ); = {(ql,...,qL) ENL:q1+---—|—qL:i}‘ Define
Zafleb'l]
9209
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Given our assumptions, the following Taylor approximation is valid for any (z,7) € Z x I':

ERN(Za’Y):/U(UZ’Y[ UZ/K dw+z uzZ/zZ) TP K () dy

/ D gttt Anr(u, 2 + 1 wwwww] du,
Qum

with A7 € (0, h,). Since S(K(+)) and Z are compact and the latter is in the interior of S(Z),

there exists N’ such that z + h ¢ € S(Z) for all N > N’ and ¢ € S(K(-)). Existence and
uniform-boundedness of the m'* derivative of u(z,v) for m = 1,... M and the bias-reducing
properties of K (-) imply that there exists C' > 0 and N’ such that for all N > N’

sup [BR,(7) — Fo )| < OB | [y

z€Z
YT Qm

The result follows from the fact that fHQ/JHM‘K(w)‘dw < oo. [

Step 4 If A1-A3 are satisfied, then ﬁgg (Nl_‘shﬁ)lﬂ‘RN(z,’y) — ERN(Z,")/)) = 0,(1) for
yel’

any 0 > 0.

Proof: Let z, and 7, be as defined prior to Step 1. Using the triangle inequality we have

RN(Z>7) - ERN<277>‘ S ‘RN<zN77ﬁ) - ERN(ZM’VN)

+ ‘RN (Zv 7) - RN (Zm ’7/‘6)

(A2
+|BR, (27 = ERy (2 )

By A1-A3: sup (N'0RE)"? | R (2,7) = Ry (2 )| < ce(NHHORER2) 2S00 70X /N +

Z2EZ
vyel

E/(NWonk) 2 L2 o g (X)) /N + Lo ST (X)) /N] = o(1). Step 3

yields sup (N'=9AL) m‘ER 2,7) = ERy (20, )| < 2(N1ORLF2MY12R o (B / N1+0)/2.
z€EZ
’yeeF
[fer + 2] = o(1). Equation A-2 becomes sup (Nl_éhf,)l/z)RN(Zﬁ) - ERN(Z7’7)’ <
=

1/2
max (N1_5hL) /
2€A1 5 N
vEA2 )y

Take any M > 0, then Pr( max (N'7°hk)

Aty Az
D Pr((N1—5h§)1/2

’YGAQNZE.AlN

RN(Z,’}/) - ERN(277)‘ + OP<1)'

1/2‘R (2,7) — ERN(ZW)‘ > M) <

RN(z,fy)—ERN(z,fy)‘ > M) Let Vy(z) = Vi, (2)+2(h R+
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FR)Vay (2)+hE (h]]‘fﬁ—i-?ﬁ)Q and Vy = Zrenzi Vn(z), where Vi (2) and V4, (2) are as in Step 2,

= sup ‘,u(z, fy)| and f, R are as defined above. Using Steps 1, 2 and Hoeffding’s inequality:
z€EZ

vyel
Pr( (N1=2hL)

{—%N‘SMQ/VN z } Ve Z,yel < exp{—%N‘SMQ/VN} Vze A,y €T. Since
Ay, C I, this implies that

1/2‘3 — ER, (2, )‘ > M) < exp{_%NMz(Nl—ahﬁ)_l/vgéz)} _
N

exp

Pr(zreri%}; (Nl_‘shL UZ‘R z,v) — ER,(z, 7)‘ >M> < Z Z exp{—lN‘sMQ/V}

€Az, 2€A
’YE.AQN VEA2 Ny ALy

< (202" + 1)E(2(7 + 1))PN L+ exp{—%N‘sMQ/VN},
(A-3)
where z* and 7* were defined above. Using the results from Step 2, we have Vy = O,(1).
Having noted this, we complete the proof by invoking the result of Step 1 using the

same steps as those of Step 2, defining ay and M. in the same fashion and letting

Sy = Pr( max (N'°hk) 1/2
2€A1
vEA2y

1))PNE+D)/¢ exp{—%N(SMQ/VN}. 0

‘R z,7)—ER,(z, 7)‘ > M> and R, = (2(z*+ 1)) (2(y* +

Step 5 If A1-A3 are satisfied, then sup (Nl—‘shﬁ)l/2

zEZ
vyel

RN(%V) - fZ(’Z)/’I’(Z’fY) = Op(l) for

any ¢ > 0.

Proof: Follows immediately from Steps 3, 4 and the bandwidth condition N hJQVM — 0.0

Step 6 (final step) Note that ]?Z (z) satisfies Assumptions A1-A3 with n(X,z,7) = 1
V X, z,7v. Step 4 yields sup(Nl_‘shL 1/2}]“ ’ = ) for any 0 > 0. Take any
z€Z

z € Z,v €I Consider the second-order approximation

—u(z,v) = 1 z,7v) — 2z —M(Z’V) Fo(2)— z
i (227) = 1z = s [Ry (2,7) = £, (2)n(z,7)] e [£2, (2) = f2(2)]
-1
~ 5 (2)2 R f,(z
+ %[RN(Zv’Y) —f.(ulz7) 5 fa (2) = f2(2)] . ;EN(M) (fz )( - ;Z)(Z() )] ,

[PNCHPNEE

Ef_j]\] (2,7)
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with }"VZN (z) between fy(z) and f,(z), and Ry(z,7) between Ry(z,7v) and f,(2)u(z,7).
Using Step 5 and the characteristics of Z we get sup ||ﬁN(z,7)“ = O,(1). Given this, the
z€Z

vyel’
result of Theorem 2 follows immediately from Step 5. [

Take any z € R” and let fz,(2) = (Nh@)_l SN Ku(Z, — 2). For any function ¢(1)
we will denote P (2)¢p(W) = (Nh% fzy(2)) " SN (W) Kn(Zy — 2). If 2 € S(Z), let
P(2)p(W) = E[¢(W)|Z = z]. Fix any 6, € R®™ and 7 € R. Then P (2)p(W;0,7) =
(Nh@]/”\ZN(z))_1 SN O(Wo: 0, 0) K (Zy — 2) and P(2)p(W; 60, 7) = E[(b(W'Q ™|Z = z].
Define 3, (7 | 2,0,) = Pr(2)Gp(X108, + apr), o) (m | 2,0,) = Pre(2)gs™ (X18, + apr),
G (7 | 2,0,) = Pic(2) Xp05™ (X;8, + ) and &3 (7 | 2,6,) = Pic(2) X,05™ (X}, + )
where (m) denotes the m™ derivative with m > 0. Let o(7 | 2,0,) = P(2)G, (X, 53, + ap7),
§m(w | 2,0,) = P(z ) (X’ﬂp + o), (M7 | 2,6,) = IP’(z)ngp (X’Bp + a,7) and
Em(m ] 2,0,) = P(2) X, X, p(Xz’)ﬁp + a,m). We have the following result.

Lemma 9 Take any three compact sets A € R, B € Rk»*! and C € RL with C € int S(Z)
and infcc fz(z) > 0. Suppose assumptions S1 and S8 are satisfied. Then for any § > 0,
m=0,1....M and p=1,2: (A)sup (N'"°hk) 1/2’f fZ(z)‘ = 0,(1

zeC

(B) sup (N'~ ‘shL)lﬂ
zeC
0peB
7r€A

(C) sup (N'~ 6hL)
zeC
6,€B
TeA

(D) sup (Nl*‘;hﬁ)l/2
zeC
6,€B
TeEA

(E) sup (N'~ 5hL)
zeC
6,€B
TeA

@pw(w | 279;7) - 9017(7" | Zaep) = Op(l)

1/2

O (1 | 2,6,) — 6™ (x| 2,8,)| = O,(1)

(7 | 2,6,) — (™( | 2,6,)

= Op(l)

1/2

£ (1 | 2,0,) — €M (n | 2,6,)

= OP(1>

Proof: If S1 and S3 are satisfied, then each one of the objects described above satisfies the

conditions of Theorem 2 with v = (6, 7): Using S1(A), there exists D < oo such that w.p.1:

’Gp (X8, + apmy)| < D 9" (Xlﬁp + apmy) p)gl(?m) (X0 + apry)

D- HXPXI’,”. The conditions of Theorem 2 then follow from S1(B)-(D) and S3. [,
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Lemma 10 Let 7?}*\\,(2, 0) be as defined in Section 3.1.1 and let 7*(z,6) be the solution to the
BNE conditions (2). If S1-S3 are satisfied, then
Tlz0) = 7(2,0)|| = 0,(1).

sup ‘
Zx0
Proof:
Take § > 0, for each (6,2) € © x Z let My, = {7 : |7 — (6, 2)||< 6} and let My,
be its complement in R%. Now define the set Ny, = My, N[0,1]2. Then N, € [0,1]% is
compact for all (0, z) € © x Z, and by continuity we get that max Q(m | 0, z) exists for all
TENY, z
(0,z) € © x Z. Now define ¢ = inf [Q(7*(0,2) | 0,2) — max Q(x | 6,2)]. Then e > 0,
Zx© TEN, =
since (0, z) is the unique solution to max Q(m | 0,z) for each (0,2) € © x Z. Now let
meR?

An be the event sup

Zx0
we(0,1]2

ﬁ(z, ) € [0,1]? for all (A, z) € © x Z. This yields the following two implications:

On(r | 0,2) — Q(r | 6, z)‘ < /2. We have 7°(6,2) € [0,1]2 and

Ay = Q(74(0,2) | 6,2) > Qn (4 (60,2) | 0, 2) — g V(0,2) €0 x Z
An = @N(ﬂ*(H,z) 16,2) > Q(7*(0,2) | 6, 2) — g V(0,z) €O xZ.
Combining these the two implications with @N(;}“\V(é’, z) | 0, z) > @N(ﬂ*(é, z) | 9,z)

vV (0,2) € ©x Z we get: AN:>Q(7?}*\V(6’,2) 16,2) > Q(7*(0,2) | 0,2) —e V (0,2) eOx Z.
| <dforall (§,2z) € OxZ

By definition of e, we can conclude that Ay = ||7?];V(0, z)—m*(6, 2)

ﬁ(@, z) — (0, 2)|| < 8. As a consequence, we then have that

or equivalently, Ay = sup|
Zx0

Pr (sup| 7?];\,(9,2') —m(0,2)]| < 5) > Pr(Ayx). By Lemma 9(B), we have Pr(Ay) — 1.
Zx0
Therefore Pr (sup H;}*\V(@, z) — (0, z)” < 6) — 1. Since ¢ is an arbitrary positive number,
Zx0

7?}‘;(6, z) — (6, 2)|| = op(1), as claimed. [

this implies that sup ‘
Zx0

Lemma 11 Let 7?}?\[(2,9) be as defined in Section 3.1.1. Define
O/Z\N (ﬁ(z,@)’ z,0) =1—ajay - glN (%N(Z,HM 2,91)5\2]\, (ﬂ‘N(z,Hﬂ z,05).

Where gpN () = 515‘33(-), with the latter defined as in Lemma 9. If Assumptions S1-S3 are
dy (75(2,0)] 2,6) | = 0,(1).

satisfied, then sup
Zx0
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Proof: Let inf d(7*(6,2)[2,0) = d > 0. We have sup (gl - O/Z\N(ﬁ(z,ﬁ)‘ z,9)> <
iz 2+

sup ‘d (2,0)| 2,0) — d, ( (z, 9)‘29)‘—1—sup ‘d z@)’z,@)—d(ﬁ(z,&ﬂz,@)‘—We
used the fact that sup (c_i d( (2,9)‘ 2,9)) = 0-. Take any € > 0. Then

Pr <é§gd (7% ;(2,9;} z,0) <gl—e) < Pr (2&% d(7*(2,0)] 2,0) — d(77(2,0)] z,@)‘ >e/2)
+Pr (22% (7% (2,0)] 2,0) —d,, (77 (2,0)| 2, )’>e/2)

(A-4)
(7% (2,0)] 2,0) — d, (77 (2,0)| 2, )‘>6/2>§

ZxX0

7 (2,0) € [0,1]2¥ ZxO. Therefore Pr <sup

Pr | sup d(ﬂ z,0) —OTN(W‘ z,0)

Zx0
©€0,1]2

define Vd(r| z,6) = (—alafél (7| 2,91)551) (m,| 2,6,) | —af%ég) (7, 2,0,)0(m,| 2,92)>/,
where 6,(-) = (5,(30)(-) and 51(;1)(-) are as defined in Lemma 9(C). Using an intermediate

>€/2] — 0, the (using Lemma 9(C)). For 7 € [0, 1]2

value approximation along with assumption SI(A), there exists M < oo such that
sup ’d(ﬂ z,0) —d(n'| 2,9)) < M- ||x—='|| for any pair 7 € [0,1]? and 7’ € [0, 1]*. Therefore
Zx0

sup
Zx0

10, we have Pr (sup
Zx0

, and using Lemma

d(w*(z,@)‘ 2,6) —d(ﬁ(z,&)‘ 2,9)' < M - sup
Zx0

(z 0) —7*(z,0)

d(7*(z,0)| =,0) —d(ﬁ(z,ﬁ)‘ z,@)‘ > 6/2) — 0. Going back to
Equation A-4, these results yield Pr ( inf d, ( * (2, 0)| z,0) <d— e) — 0 for any € > 0.

Since d > 0, this is enough to show that sup ‘dN 7r]*V(z, 0)| =, 9)71‘ =0,(1). O
Zx0

-1

dy (7, (2,60)] =,0)
™ (2,0) — 7*(z, 6)” This fact will

An immediate consequence of Lemma 11 is that sup
Zx0

= 0,(1) for

any sequence 7 (z,6) such that Hﬂ';v(z, 0)

be useful in proving the next result.

Proof of Lemma 4: gN (7/@(2, 0)| z,0) is the determinant of J, ( (2,0)] 2,0) =V <7r -
(| 2,0))
in Z x ©, this Jacobian is invertible and ﬁ(z, 0) solves the first order conditions

7?1%(279> - @N (7?15(270>
33

. Lemma 11 implies that with probability approaching one uniformly

T=m% (2,0)

,0) = 0. (A-5)




A first order approximation yields jN (W;V (2,0) 2,0) (ﬁ(z, 0)—m*(z, 9)> =0, (7(2,0)|7,0)—
7*(2,0), where 7_(z,0) satisfies ||7 (z,0) —7*(2,0)|| < H@(z, 0) —m*(2,6)||. The discussion
immediately after Lemma 11 implies that with probability approaching one uniformly

in Z x ©, we can express ﬁ(z,@) —7(2,0) = J, (W;V(Z,Q)} z, 0)71 (@N (ﬂ*(z,0)|z,(9) —
J, (7' (2,0)] 2,9)_1 = O,(1). Since 7*(z,0) =

7r*(z,9)). Lemmas 9(C) and 11 yield sup
Zx0

¢(7*(2,0)|2,6), we have sup ‘7?15(2,6’) - W*(Z,H)’ = O,(1) sup H@N(W*(Z,Q) z,0) —
Zx0 Zx0
o(7*(2,0)|2,0) ’ Then by Lemma 9(B): sup (Nl_‘shﬁ)l/2 ﬁ(z,@) — 7(z,0) ‘ = 0,(1)
Zx0

for any § > 0. This proves part (A) of the lemma. To prove part (B), we start once again
with Equation A-5. Using the Implicit Function Theorem —which holds for Equation A-5
with probability approaching one uniformly in Z x © due to the result from Lemma 11— we
)V(;;]*\V(O, z) — Vor*(0, z)H and
of the objects described in Lemma 9(B)-(E) (with m < 2). The arguments presented there,

can express

V(;g/ﬁ(e, z) — Vg™ (0, Z)H solely in terms
along with that of Lemma 11 yield the final result. [

Proof of Lemma 5: Since Y, € {0,1} x {0,1} w.p.1, using Theorem 2 we get

sup (le‘;h%)l/QHWN(z) —E[Y| Z = 2] H = O,(1) for any 6 > 0. If the game is in a BNE,
z€EZ
then E[Y| Z = z] = 7*(6y, z). Unbounded support of (g1, €5) implies that 7* (6, ) € (0, 1)?

w.p.1 (ie, m3(0,z) = Max{0,Min{n%(6y, 2),1}} w.p.1). By the definition of T, (z) this
yields sup (le‘sh%)l/z‘ 7y (2) — 7 (60, 2)

z€EZ
bound result, the rest of the proof proceeds by replicating the steps used to prove Lemma

‘ = O,(1) for any 6 > 0. Given this uniform

4. In particular, the results of Lemma 9 hold because —as it was the case with 7?}*\\,(2, 0)— by

construction, 7, () € [0,1]? (a compact set) for all z, w.p.1. O

A.4 Proof of Lemma 6

Let Lz(W,0,0,) = LZ(VV, 0,76, Z))/Lz (I/V, 0o, (0o, Z)) Similarly, define L(W,0,6,) =

L(W.0,7*(0,2))/L(W,0p,7*(00,Z)). Then Lz(W,0,60) = L(W,0,6p) if Z € Z and

Lz(W,0,0y) = 1 otherwise. By Assumption S4, if § # 6, then Lz(W,0,6;) is not constant

with probability one. By construction Lz(W,6,6,) is always positive for every 6, 6.

Therefore, Jensen’s inequality yields E[log Lz(W, 6, 6,)] < log E[Lz(W,8,6))]. Let w denote
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a particular realization of W = (Y’ X', Z’)'. If Assumptions I1-13, S1 and S2 are satisfied,
then

E[Lz(W,0,6,)] = /GZ /GS {ZL(w, 0,76, 2)) }fx,z(a z)dzdz + (1 — Pr(Z € 2))
=Pr(Ze€Z)+(1-Pr(Z€ 2))=1.

The last equality follows from the fact that ZL(w 0,70, 2)) = ZPI(Y = y|z,2,0) =1

for all (0, x,z). Jensen’s inequality therefore ylelds E [log Lz(W,0 90)] < 0 whenever 6 # 6.
Equivalently, E[(z(W,0,7%(0,Z))] — E[lz(W, 6y, 7 (0o, Z))] < 0 for all 6 # 6. O

A.5 Proof of Theorem 1
We begin by characterizing an asymptotic linear representation for 7?1% (2,0) — 7*(z,0).
Lemma 12 Tuake any (z,60) € Z x © and denote
G(X,%0) = (GL(X{B1 +aumi(2,0)) , G (X560 + anri(, e)))'.
If Assumptions S1-S3 are satisfied then,
T (2,0) — 7*(2,0)
-1

= J(7*(2,0)] =,6) NhL Z( (Xp2,0) — 7 (z,@))Kh(Zn ~ ) vy (2, 0),

where sup HVN(Z,Q)H = Op(N‘s’lh;L) for any 6 > 0.
Zx0

Proof: A second order approximation of Equation (A-4) yields: 7*(z,0)—3, (7*(z,0)| z,6)+
T (7*(2,0)| 2,0) (75(2,0) — 7°(2,0)) + Ry(2,0) = 0, where R, (2,6) = ((ﬁ(z,e) -
(2,0) @ 12) X Hy(2,0) x (7%(2,0) — 7*(2,0)) and

! 0

H (2,0) = — —a20) (w) (2,0)] 2,0) .
2 0 —a30 (mh (2,0)] z,6)

! 0
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with |

m™(2,0) — 7 (2,0)]] < ||7*(z,0) — a(Zﬁ)H From Lemmas 9(C) and 4(A),
we have sup ||RN(Z,0)H = O,(N°"'h %) for any § > 0. Using Lemma 9(C), we obtain
Zx0

1/2

sup (N'=°hk) T, (7*(2,0)| 2,0) — J(7*(2,0)] z,G)H = O,(1) for any 6 > 0. By the
Zx0

BNE conditions, we have 7*(z,0) — cp(ﬂ*(z, 9)| z, 9) = 0 which yields

0= (7" (2,0)] 2,0) — B, (7"(2,0)| 2,0) + J(7*(2,0)| 2,0) (77 (2,0) — 7" (2,0)) + Ty (2.0),

where sup ||7,(z,0)|| = O,(N°h *) for any § > 0. BNE uniqueness implies that
Zx0
sup HJ(?T*(Z, 0)| =, 0)_1 = O(1). Using Theorem 2 and the BNE conditions we get
Zx0
1 X
Pu (T°(2,0)] 2,0) —p(7%(2,0)| 2,0) = N (G(Xn,z,0)_7T*(z,9)>Kh(zn—z)+vN(z,0)
N n=1

where sup |7, (2,0)|| = O,(N°"*h %) for any 6 > 0. The final result follows if we define
Zx0
vy(2,0) =7,(2,0)+v,(2,0). O

There exists a parallel result for the linearized estimator 7?;5 (z,60) uniformly in Z:

Lemma 13 Let G(X, 2,0) be as defined in Lemma 12. Take any z € Z. If Assumptions
S1-S8 are satisfied then,

W;(Z,e()) — T*(Z, 90)
= J (7" (2,00)| 2, 90)1%]\;# Z(G(Xn, 21 0) — 7 (= 90))Kh(Zn — 2) + 1, (2),

N n=1

where sup ||n, (2)|| = O,(N°*h F) for any 6 > 0.
z2€Z

Proof: In the proof of Lemma 5 we established —via Theorem 2- that 7, (z) satisfies

sup (Ai\fl_‘shjL\,)l/2
z€Z
essentially by replication of the steps in the proof of Lemma 12. We repeatedly rely on

Ty(2) — 77*(00,2)H = O,(1) for any 6 > 0. The rest of the proof follows

Lemma 5 and Theorem 2. O
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Lemma 14 Take any (z,0) € Z x ©. If Assumptions S1-S3 are satisfied, there exists
F(X,z,é’) such that
2% (k+2)

Vory (0, 2) — Vor* (0, 2)

1 N
= r e > (T (X0 2.6) = E[D(X,2,0)] Z = 2] ) Kn(Zn — 2) + v (,0)

n=1

where sup H’UN z 0)” Op(N‘s*lh;L) for any 6 > 0.
Zx0

Proof: We have V(;;}‘;(G,z) = jN (7@(9,2)‘ 2,0)_1V9@N (7;]*\\,(9, z)| 2,0) and Vor*(6,z) =
J (7 (6, z)| z, 0)_1V9<,0(7r*(6, z)| 2,6). Lemmas 11 and 4(A) can be used to show that

-1 1/2

J, (7?}‘\\,(9,2)} 2,6’)_1 — J(7*(0,2)| 2,0)

~0,(N* )

sup
ZX0

for any 6 > 0. Using Lemmas 4(A) and 9, we can show that
VggpN( (6, z)| 2,6) — VQQD(W*<9,Z)‘ 2,9) = Voo, (77*(0,2)‘ 2,9) — Vggp(ﬂ*(@,z)‘ z,&)
+ Vwec(Vggo(w*(H,z)‘ z,@)) ((7?}‘\\,(9, z) — (0, z)) ® [(Hg)) +On(z,0)
where sup ||6N(z,9)|| = Op(N°*h %) for any 0 > 0. The rest of the proof follows from
Zx0

the linear representations of Lemmas 9(B)-(E) (Theorem 2) and 12. O

Lemma 15 Fiz z € Z. If S1-53 are satisfied, there exists CID(X, z, 00) such that
2% (k+2)

VQ%V(HO, z) — Vo™ (0o, 2)
N

1
= Vo Z(@(sz,e@ = B[(X,2.00)| 2= 2] ) KalZo = 2) + 65 (2)
NJZ n=1
where sup HgN H = N5 1h LY for any 6 > 0.

Proof: vea{[(eo,z) = <12® (@N(%N(z)‘ 2,90) —%N(Z')>>/V9 (Vec(:fN (%N(Z” 2,90)—1>) +
jN(%N(ZH Z,@o)ﬂVeSBN(%N(Z)‘ 2790)_1' Using Theorem 2 we have 7, (z) — 7*(6, 2) =
(VB2 (20) ™ 0l (V= (B0, 2)) Kn(Zn = 2) 45, (2) where sup [[5,, (2)]] = Op (N0 )
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for any 6 > 0. Unbounded support of £1,¢5 yields 7 (6o, 2) = MaX{O,Min{ﬂ;(Qo,z), 1}}
w.p.1, and 7, (2) inherits this linear representation. Given this, the proof proceeds following
the steps of the proof of Lemma 14 by invoking the linear representation results of Lemmas

9(B)-(E) (Theorem 2) and the fact that 7 (z) € [0, 1]? for all z by construction. OJ

A.5.1 Consistency

Let U = sup ‘EZ(VV, 9,#)‘ and V = sup HVWEZ(VV, 9,7T)H. Assumption S5(B) implies
fcO 0co
©€[0,1]2 m€[0,1]2

that E[V] < co. Combined with Lemma 4(A), this yields

sup 50

0cO

1 & _ 1 & .
~ ;EZ(WN,Q,W;(H,ZR)) — N;zg(wn,e,ﬂ 0, Z,))

By S5(B) we also have E[U] < co. Lemma 2.4 in Newey and McFadden (1994) yields

% > tz(Wo,0.7°(0,2,)) — E [EZ(W, 0,70, Z))} ‘ -0

n=1

sup
=)

From Lemma 6 we know that F [6 =z (W, 0,70, Z ))} is uniquely maximized at 6 = 6. Given
the results above, consistency of 9 follows from Theorem 2.1 in Newey and McFadden. The
proof of Consistency of 0 follows the exact same steps using Lemma 5(A) and the following
result, which is equivalent to that of Lemma 6: Let p(6, z) be as defined in Subsection 3.1.2.
If Assumptions [1-13, S1, S2 and S4 are satisfied, then for all § #£ 6,, 6 € ©,

E[tz(W,0,p(0,2))] < E[tz(W, 00, p(60, Z))] = E[lz(W, 0,7 (60, Z))].

recall that p(6y, Z) = m*(6y, Z). If S4 is satisfied, then conditional on Z € Z, if 6 # 6, then
Pr{ﬁ;Xp + appp(0, Z) # B, Xy + a5 (6o, Z)} > ( for p = 1,2. The rest of the proof is
identical to that of Lemma 6 since Lz (W, 6, p(6o, Z)) = Lz (W, 6y, 7* (6o, 2)). O

A.5.2 Asymptotic normality

First, we present simplified expressions for the objects involved in the asymptotic distribution
of é\, 0. Let Vylz and V. lz denote the partial derivatives of £z w.r.t # and 7 respectively,

with all other arguments fixed. Let Vo lz, V,lz and Vg lz be the second-derivatives.
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Then,!3

8262 (I/Vu 907 7-[-*(90) Z)):|

E 0000’

=F [v%,ez (W, 00,760, Z)) + Vo lz(W, 60,7 (00, Z)) Vor* (60, Z)
+ VQTI'*(G(), Z)IVQﬂ/ZZ (VV, 90, 7T*(90, Z))/ + VQW*(QQ, Z)/er/fz (VV, 00, 71'*(90, Z))Vgﬂ'*(eo, Z):| .

Recall that 22085 02) — 70 (0,0, 7, 2)) + Ver* (0, 2)' Vol z (w, 0, 7(6, 2)). Tt is easy

to show that

E[Voigrtz (W, 60,7 (00, 2))| X, 2] = ~E[Vtz (W, 80,7 (60, 2)) Vo Lz (W, 60,7 (00, 2))’

|

for 0, € {0, 7} .1 From these facts it is easy to show that fz satisfies an information

identity result:

82€Z<VV,90,7T*(90,Z)) _ _E 8€Z(W,9077T*<90,Z)) afg(‘/v,eo,ﬂ'*(eo,Z))/
2000 - a0 . 20

Let Dz(Z) be as defined in Theorem 1. Using iterated expectations we have
Dz(2) = E[Vew'fz (W, 00,7 (00, Z)) + Vom* (00, Z)'V rrrlz (W, 0o, 7* (80, Z)) )Z]

From now on and until we explicitly say otherwise, we will use lowercase letters to denote
random variables. Since § € © and 0, € int ©, Lemma 11 implies that with probability

approaching one, the estimator 0 satisfies the first order conditions
1 & ~ ~ .
2 [vgez (wn, 0,750, 2,)) + Vor% (0, 2,) Vel z (w0, 0,775 (8, 2,)) | =0 (A-6)
=1

Once again, Lemma 11 and the fact that 6o imply that with probability approaching

one, the following approximation to (A-6) is valid:
é\ i\f: 3252 wn7 T (97 Zn)) o
— 8989’
N
1
N

3This expression does not depend on Vg 7* (0o, Z) because E [V bz (W, 00,7 (00, 2)) | X, Z] =0..
U Notice that a key to this result is the fact that 1{Z € £}* = 1{Z € Z}.

(A-T)

—

Volz(wy, 0o, 7 (907%)) + V@ﬁ(eoﬂn)lvwfz (wmeo,a(@oazn))]
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where ||7 — 6| < || — 6]| and

Oz (wy, 0, (H,Zn)) 1
N Z aeaef - N

WE

VGG’EZ (wna 07 7?i(07 Zn))

—_

n

+ V@WIKZ (wna 07 ﬂ-:, (07 Zn))veﬁ(e, Zn) + v@@’ﬁ(ea Zn>,(v7r€2 (wn> 67 7/7-5(07 zn)) X I(k+2)>

+ v@ﬁ (9’ Zn), (vWG’KZ (wna 07 ﬁ(@, Zn)) + VT(TI”EZ (wna 07 ﬁ(ea zn))Vm?i(@, Zn))

By S5(B) and Lemma 4, sup
90

Assumptions S5(A),(C) and the consistency of 8 yields (via a dominated convergence

H N 0%0z( wnGﬂ' (0,2n))

N a2ez(wn 0,7%(0,2n))
6060' - N Z

0000’

‘L)o.

argument )

N o~ — —1
1 82€Z (wnaevﬂz';(e? Zﬂ)) P 1
R (N )3 2006’ v (A-5)

n=

Using Lemma 12 the following approximation is valid

Vafz wn7907 (907Zn)) =

=z =
M= 1[]=

1 1 &
v [Vaﬁz (wn, B0, (0o, 1)) + ¥ Z Vorlz (W, Oy, 7 (00, 20) ) vy (20, 9)]

n=1

Vorrl wn,G, 0 ,zn J (zn)~ .
NghL ZZ ’ Z Of (i 0 . ( Imazmeo - (Zna90)>Kh<zm - Zn)
N n=1m=1 ”

We have (N2hE)™ D Vot (v, Bofﬂ (o:0)) Jo(zn) ( Tp, 2n, 0 *(zn,6)> = O,(N°~'h%)
and N1 Voulz(wn, 0o, 7 (Ho,zn))u (20,0) = O,(N°~ 1hL) for any § > 0, where

the last line follows from Assumption S5(B) and Lemma 12. If a sequence £, satisfies
&y = O,(N°'hL) for all § > 0, then using Assumption S3(B) we must have &, = o, (N ~/2)
by letting 6 = 0 /2. Therefore, Assumption S3(B) yields

— Zvegz wn)e()) (9072'”))

al -1
— % Z Vol z (wm ‘90, 71'*(80, Zn)) —+ (];[) Z TN (wm wm) + 0p (N_1/2)

n=1 m<n
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where

N-—-1 VQTIJEZ W, 607 7-(-*(007 Zn) JO('ZTL)il *
1 i) = it | T D () )
VGN’EZ wmvgoyﬂ-*(QOazm) JO(Zm>71 *
+ ( hﬁfz (Zm) ) <G(x’n7 Zm; 00) -7 (Zﬂ’w 00)) X Kh(zm - Zn)

Let a(zn,90| zm) = E[G(:L’m,zn,ﬁo)

Zn, zm} . Then

Vorlz (wn, o, 7* (0o, zn)) Jo(z) 71
ht fz (2n)

Vorlz (wn, 0o, 7 (6o, zn)

fz(2n)

By Assumptions S1 and S2(B), G(u,| v)f,(v) is M-times differentiable with respect to

E

Wn,

(G(azm, 2n,00) — 7 (2n, 00))Kh(zm — zn)

J() Zn -1 *
/ Znaeo‘zn"’_hsz) -7 (Zﬂ700)>K(1/))fZ(Zn+h‘N¢)d¢

v with bounded M derivatives for all u,v € S(Z). Assumption S3 and an Mth order
Taylor expansion yields [ G zn,%’zn—kh V) [y (zn+ R ) K (W)dp = G zn,Q()!zn (zn)+C,
and [ K(¥)f, (20 + hytp)dtp = f,(2n) + (I, where sup ||C}|| = 0,(N~/?) and sup [|¢| =

n?

op(N_l/Q). BNE conditions imply G(v,6p|v) = 7*(v,6,) for all v € Z. These results
combined yield [ (@(zn,90|zn+h1v¢) —W*(Zm@o))KW)fZ(Zn + hyv)d = (,, where
sup [|Gall = 0, (N7'/?). We move to the next term:

Vorlz (W, 0o, 7™ (00, 2m)) Jo(2m) w
itz (Zm) "

= /BZ<Zn + th) <G(xn7 Zn + thv 90) - W*(Zn + hN¢a 90))K(¢)d¢7

E

<G(mn, Zms 00) — 7 (2, 00)>Kh(zn — Zm)

where Bz(-) is as defined in Theorem 1. By Assumptions S1(A)-(C) and S2(B) and
the Implicit Function Theorem, 7*(v,6y) and G (xn,v,ﬁo) are M-times differentiable with
bounded M derivatives for all v € Z. Since Z is absolutely continuous with respect to
Lebesgue measure, this is also true w.p.1 for Bz(v). Assumption S3 and an Mth order
approximation yield [ Bz(z, + hyt) (G(xn, Zn 4 hyt,00) — T (20 + hN¢,90)> K@)dy =
Bg(zn)<G(xn,zn,00) — W*(Zn,00)> + v, where sup [|v,| = op(Nfl/Q). Letting ¢, be as
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described above, these results combined imply that

(N -—-1 1 & v@w’gz(wmQO;W*(90>ZTL>)JO<ZH)_1

n=1

e [t (6o ) = ) ]|

< C and therefore

_ -1
By Assumption S2(B), there exists C' such that sup H (fZ(U)JO(v)>
vEZ
Z VQW/EZ (wnue(b (007Zn))JO(Zn>_1
N f2(zn)

Similarly, &+ 3" |lua|| = 0,(N~1/2) and we obtain

sup [[Gal] < 0, (N712) - Op(1) = 0, (N7).

N
1 . _
N Z E wn7 W, ‘wn = ﬁ ; BZ(Zn) (G(xm Zny 90) -7 (Zm 90)) + Op(N 1/2)
Then, by Assumptions S2(B) and S3(A)-(B) and S5(B), there exist C, K such that
2
V@W’KZ(wna90a7r*<907zn))J0(2n)_1 ]

WL f,(2n)
< (2?)2 X E[vaﬂ/ez(wn,eo,w*(eo, ) (G(mm, 2, 00) — ﬂ*(zn,ﬁo)) 2] — o(N).

N

E

(G(xm, Zn, 90) — " (zn, 90)>Kh(zm — Zn)

Therefore, Lemma A.3 in Ahn and Powell (1993) yields!®

(];[) - Z T (W, wy) = %i}Bz(zn) (G(xn, 2, 00) — 7 (20, g0)> 1o, (N72)

m<n

and consequently,

—ZVGEZ wnaeoa (eo,zn)>

= NZVGZZ(U%;QO: GOaZn ZBZ Zn ( xn,Zn,e()) —W*(Zn700)> +Op(N_1/2).
n=1
(A-9)
Using Lemmas 4(A)-(B) and 14 and Assumptions S3(B) and S5(B), we have

N N
1 — — 1
N ; VQTI'TV (007 Zn),vﬂez (w’m 907 77;, (007 Zn)) = N ; VGW*(H(L Zn),vﬂez (w’m 007 71'*(907 Zn))

(D (@ms 20, 00) = E[T(,2,60)| ZHD/

NQhL fZ (Z ) Kh(zm - Z’Vl)vﬂ'gz (wn; 007 71-*(007 ZTL)) + Op(Nil/z)
N n

n=1m=1

157, (wn, wm) can also be shown to be Euclidean and satisfy Theorem 3 in Sherman (1994).
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f,(2)~! is uniformly bounded in Z, and E[Vﬂég (W, b, 7 (o, zm))‘ Toms zm] = 0. Then,

(T (s 2m,60) — B[D(,2,00)] 2] )

E WL T, (om)

Kh(zn - Zm)vwfz (wma Bo, 7 (6o, Zm))

W,y Tms Zm] =0

< C. Assumption S1(A)-

-1
Assumption S2(B) yields a uniform bound sup H <fZ (v)JO(v))

vEZ
(C) and an M order approximation yields

(F(mm,zn,Qo) — E[F(x,z,@o)‘ zn])/
hi [ (zn)

where the last equality follows Assumption S3. Using Assumptions S2(B), S3(A)-(B) and
S5(B) we have

E Kn(zm — 2zn)

wn] = op(N’l/Q)

(F(xm,zn,eo) — B[T(,2,60)] Z”D,
ht f,(zn)

Using Lemma A.3 in Ahn and Powell, we can show that these results combined yield

E Kh(zm - Zn)VﬂEZ(wnae();W*(eOazn))

] = o(N).

N 8 (D, 2, 00) — BT (2,2,60)] 20])

ZZ NQhﬁ f2(2n)

n=1 m=1

Kn(zm—2,)Vilz (wn, 0o, 7 (0o, zn)) = op(N_1/2)
and consequently,

N
1 — —
N E Vor* (6o, 2)' Vil z (wy, 0o, 7% (0o, 2n))

n=1

N
1
= N Z er*(@o, Zn)’Vﬂfg (wm 90’ 77*(90, Zn)) + op(N_l/Q).
n=1

(A-10)
Recall that 8£Z(w’L’0%’g*(9°’Z")) = Volz(wn, 00,7 (00, 20)) +Vor* (0o, 20)'V 1l z (Wi, 00, 7 (60, 21) ) -
Combining this with (A-8), (A-9) and (A-10), Equation (A-7) becomes
0 — 6y =
N
_ 1 agz (wn70077r*(00a ZTL)) % _
S N ;[ 50 + Bz(zy) (G(:Un, 2n,00) — 7 (20, 80)> +0,(N~1/2)
N
_ 1 aEZ (wn70077r*(9072n)) _
= 33! x N;[ 5a + Bg(zn)<E[yn| Ty Zn) — E [y an + 0,(N71/2)
(A-7)
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The first result in Theorem 1 follows from this and Assumption S5(A). To prove the second
result in Theorem 1 we start with the equivalent to (A-7), which is satisfied with probability
approaching one by 0. The equivalent of (A-8) follows from Lemma 5, Assumption S5 and
the consistency of 6. The approximations (A-9) and (A-10) follow from Lemmas 13 and
15, and Assumptions S2(B), S3(A)-(B) and S5(B) '7. The linear representation (A — 7') is
therefore satisfied by 0 — 0. This concludes the proof of Theorem 1. [J

A.6 Proof of Lemma 7

Let Iz(z,) = 1{z, € Z} and define T}, (w,,w,,) = HZ(Zn)fZ<Zn)_1J0<Zn)_1( [Y|Zm, 2n] —
Ely|zn]) Kn(2m — 2n) and Ty (wn, wn) = B2 (T1y (wny win) 4 Thy (Wi, wy)). Let R(wy, we) =
L2 (z) Vo Elylznltm + Lz (o) Vo Blylzmltn, Avy (wnywnm) = Tz(z) £ (20) 7 ((Elylom, za] -
Elylzn]) Ko = ) © 1) 85 o) ), Aa (i 10,) = Lz(e) o) (Elylen. ] —
E[y|zn])Kh(zm — z,) and An(wp,wy,) = Ay (Wn,w,) + Asy (W, wy,). Take 4,7,k €
N and let Co(i,5) = {(i,7.4), (J:5,9), (4,4, 9), (4. 8,0), (8,4, 7), (4, 5,0) } and Ca(i,j,k) =
{(z’,j, k), (i,k,5), (7,1, k), (4, k,i),(k,i,j),(k,j,i)}. Let ¢ be the influence function of
Theorem 1 and define Sy, (w,,w,) = h;L.ZAN(wi,wj)wk : (i,4,k) € Cy(n,m) and
Son Wy, Wi, wp) = W20 An(w;, wi)ey, - Z’(Jztljj,k) € C3(n,m,¢). Using assumptions

ik
S1(A),(D), S2(B), S3(A),(B), Theorem 1, Lemma 12, and the fact that G(z,z,6p) =

Ely|z, 2] and 7*(2,00) = Ely|z] we get N~ 1Z]Ig(zn)7rN(9 Zn) = N‘lzn:]lg(zn)ﬂ*(ﬁg,zn) +
N2 Tn(wp, W)+ N2 R(wy, wy,)+ N3 ZSlN(wn,wm)—l—N*?’ > Sop (W Wiy, we)+

n<m n<m n<m n<m</{

0,(N~1/%). Assumption S3(A),(B), Theorem 1 and the fact that E[y|z, 2], E[y|z] € [0,1]?
vields N7' Tz (2)Tn(20) = N7'3Tz(20)7% (60, 20) + N72 3 Un(wp, w) + 0, (N71/2),

n<m
where U (w0, wn) = b Lz (z) 5 (20) ™ (v = Blyl20]) +12(2m) f (2) ™" (g0 = Elylzm]) | %
Kh(zn — Zm>
By assumptions S1, S2 and S3, N=2 3" S, (w,, w,,) = 0,(N~1/?). Ignore the terms

n<m

involving Kp(-) in Ty, Sz, and Uy. By Assumptions S1(A)-(C), S2(B) and absolute

16See footnote 13 to see why the difference between Vg 7* (0o, Z) and Vg p(0o, Z) has no effect —to first

order of approximation— on the asymptotic distributions of v N (5 — 90) and VN (5 — 90).
1"Recall that Vep(0, Z) = Ver* (6o, Z) for all Z € Z.
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continuity of Z w.r.t Lebesgue measure, the remaining terms in these objects are M-
times differentiable with probability one w.r.t z with bounded M derivatives. Since f, ,(-)
does not depend on 6, we have E[%G(w,zﬂ)‘z] = %E[G(m,z,@)‘z} vV 6. Using all
these facts, an Mth-order approximation and Assumption S3 yield E[TN(wn,wm)‘wn} =
Lz () £, (o) o) (Elpltns 20l = Bl 0, (N 12), B[S (100 10,0, w0)[10,] = 0,(N-172)
and E[UN(wn,wm)‘wn] = Iz(2,)f,(20) " (yn — Elylza]) + 0p(N71/2). It is easy to see
that E[RN(wn,wm,wg)‘wn] = E[]Ig(Z)VgE[y|z]]wn. Assumptions S1, S2 and S3 yield
E[HTN(wn,wn,wn)H2] = o(N), E[HR(wn,wn,wn)H2] = o(N), E[HSQN(wn,wn,wn)HQ} =

o(N) and EH UN(wn,wn,wn)Hz] = o(N). From Lemma A.3 in Ahn and Powell (1993)

we get N72 5 Tn(wn, wn) = N7V Tz (20) f, (20) " o(20) " (Elylan, 0] — Elylza]) +

o (N12), N5 Ry(wnwm) = NSV, B[L()VoBlylz]]gn + op(N-2) and we

also have N3 ng:n eSgN(wn,wm,wg) = 0,(N"Y2) and finally, N2 Ux(wn,wn,) =
n<m< n<m

NS Ta(20) £,(20) 7 (Y — Elylza]) + 0,(N~V/2). This concludes the proof. [

A.7 Proof of Lemma 8

The first step of the proof is to show that the results of Theorem 2 still apply for Z,,. If the
assumptions of Lemma 8 are satisfied, we can show that the right-hand side of Equation A-3
converges in probability to zero when we replace z* with Z . Once this is established, Step
2 in the proof of Theorem 2 holds for Z,,. The remaining steps in the proof of such theorem
follow from this and the fact that f,(z,) > b, for all N and n < N and N'"27h26% — oo,
The next step of the proof of Lemma 8 relies on the fact that its assumptions are compatible
with those of Lemma 26 in Ichimura (2004). Letting I, (z) = ]l{]?ZN (z2) > b} and I,(2) =
1{f,(z) > b, }, this means that Pr(fN(zn) # I, (2,) for at least one n) — 0. The proof of
Theorem 1 proceeds with 1{z € Z} replaced with I, (z). The final result of Lemma 8 follows

from a dominating convergence argument. [

A.8 Equilibrium conditions of game in Section 4

Fix 7 € [0,1] and for p = 1,2 define G2 (u | ) = Pr(7we, + (1 — 7)ey, <u), GP(u|w) =

Pr(me,, + (1 —m)eq, <u), GaB(u,v | 7) =Pr(mey, + (1 —m)e,, <u, mey, + (1 —7)e,, <),
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G (u,v | m) = Pr(mey, + (1 —7)e,, <u , me,, + (1 —7)e,, <v). Take z € S(Z) and define
the following equilibrium probabilities for p = 1,2: w; (2,0) = Pr(C, =1 ’ Z = z0) and

T cp(2:0) = Pr(Y;) =1,C, = 1‘ Z =z 9). The probability of the third available strategy is

immediately determined. Now define 3,_; = B, — B}, 7 = o, — 9, and let

7)1

Al gt /
o (Tp, Tay T, 0) = G, (ﬂrpxp + Bi -, TpTa + QpTaT

7Ta) + Gf (ﬂép Tp + ﬂ;p—qp TpTg + OpTaTy

)

)

A,B / / / /
-G, <Brp Tp + By TpTa + pTaTh 5 By Tp+ Bs 4 TpTa + OpTaTy

,P;’l(xm Ta, T, 0) =

A-B,B /
Gp ’ <ﬁ1/ﬂp-qp Tp + [ﬂtp—rp - ﬁsp—qp] TpTa + VpTaThs ﬁqlﬂp Tp + /Bép-rp TpTq + QpTa Ty

).

The BNE beliefs solve the following 4 x 4 system for p =1, 2:

72 (2,0) = E[ P! (X, 7 (20),7  (2,0) /75 (2,0), 9) 1z = z}

*

T (2:0) = B PR (Xome (2,0), 7, (2,0) /7, (2,6),0) |2 = 2].
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