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1 Introduction

The primary purpose of structural econometric modeling is to explain how endogenous variables
evolve according to fundamental processes such as taste shocks, policy, and productivity variables.
To completely characterize the behavior and the evolution of a particular endogenous variable in a
data consistent manner, the economist needs to estimate the structural parameters of the model. It
is well known that because these parameters are often coefficients attached to endogenous variables,
endogeneity bias invalidates least squares estimation. There is a long history and continuing interest

L' In this paper, we suggest a new way of constructing

in estimation by instrumental variables.
instrumental variables. We show that if we have a large panel of data and the common variations
in the panel data coincide with those that underlie the endogenous regressors, the factors estimated
from the panel are valid and efficient instruments for the endogenous regressors. We provide the
asymptotic theory for single equation estimation, and for systems of equations including panel data
models. In the single equation case, we show that the estimates are /I consistent and that the
estimated factors can be used as though they are the ideal but latent instruments. In the case
of a large panel, we show that consistent estimates can be obtained even when there is no valid
instrument in the conventional sense.

There are two reasons why the common factors can be valid instruments. In economic analysis,
firms and households are assumed to make decisions given a set of primitive conditions. Some
of these primitives are common to households and firms, while others are not. For example, an
individual’s consumption depends on cash-on-hand, which will likely be high when the economy
is strong, but it may also vary according to the individual’s status. Firms’ decisions, on the
other hand, are affected by the conditions of the aggregate economy, as well as specific conditions
such as productivity. The (linearized) general equilibrium solution of DSGE models is almost
always a system of linear (expectational) stochastic difference equations in which the endogenous
variables are expressed as a function of a small number of fundamental variables. It follows that
the realized endogenous variables is a function of these fundamental variables, which are common
across endogenous variables, plus expectational errors, which are specific to the endogenous variable
in question. In these examples, the fundamental variables, if they were observed, would have been
perfect instruments because they are correlated with the included endogenous regressors, but are
uncorrelated with the equation-specific error. Our main premise is that even though the common
fundamental variables are not observed, we can estimate them consistently.

An alternative view can also be developed by noting that the variables as defined in an economic

!See, for example, Andrews et al. (2006) and the references therein.



model may not coincide exactly with how the measured data are defined. For example, non-durable
consumption is often used to estimate preference parameters, but non-durable consumption ignores
service flows, which the model’s notion of consumption includes. As is well known, measurement
error in the regressors will invalidate least squares estimation, but estimation by instrumental
variables will yield consistent estimates. The question is just how to find these instruments. In this
view, our proposed estimator works if there are many indicators of the variable that is observed
with error.

In conventional analysis, variables that are weakly exogenous for the parameters of interest
are valid instruments. For estimation of parameters of a small sub-system that is part of a large
system, the number of potentially relevant instruments can be very large because there are many
variables that are weakly exogenous for the parameters of interest. It is well recognized that use
of all potentially relevant instruments in the first stage of two-stage least squares estimation will
lead to a degrees of freedom problem. This motivates Kloek and Mennes (1960) to construct
a small number of principal components from the predetermined variables as instruments. Our
methodology is similar in some ways, but we put more structure on the predetermined variables.
Our point of departure is that if the variables in the system are driven by common sources of
variations, then the ideal instruments for the endogenous variables in the system are their common
components. Thus, while we have many valid instruments, each is merely a noisy indicator of
the ideal instrument that we do not observe. We use a factor approach to estimate the feasible
instruments space from the space spanned by the observed instruments. In the terminology of
Bernanke and Boivin (2003), what we propose is a way to construct instrumental variables in a
‘data rich environment’. Favero and Marcellino (2001) used estimated factors as instruments to
estimate forward looking Taylor rules with the motivation that the factors contain more information
than a small number of series. Here, we provide a formal analysis and show that the estimated
factors are more efficient instruments than the observed variables. As far as we are aware of,
Kapetanios and Marcellino (2006) is the only other paper that considers using estimated factors
as instruments. Their framework assumes that there are many observed weak instruments having
a weak factor structure. In contrast, we assume that there are many observed instruments with
an identifiable factor structure, but that some of the factors maybe unnecessary for estimating the
parameters of interest. As such, we adopt standard instead of weak instrument asymptotics. A
further point of departure is we consider single equation as well as large systems estimation.

Based on biased considerations, our methodology suggests but do not insist that we first estimate
the feasible instrument space, and from it, select a set of most relevant instruments. These relevant

instruments are then used to identify and estimate the structural parameters of interest. The



variable selection methodology we consider is ‘boosting’. Boosting is a statistical procedure that
performs subset variable selection and shrinkage simultaneously to improve prediction. It has
primarily been used in bio-statistics and machine learning analysis as a classification and model
fitting device. Consideration of boosting as a method for selecting instrumental variables appears
to be new. Boosting can also be used to select observed instruments and is thus of interest in its
own right. We show here that when the instruments are factors estimated from a large panel of
data, it can recover the space spanned by the relevant instruments, but that the boosting stopping
rule has an upper bound because of the sampling error from estimation of the factors.

The rest of this paper is organized as follows. Section 2 presents the framework for estimation
using the feasible instrument set. Section 3 presents boosting as a method for selecting the relevant
set from the feasible set. Simulations and illustrations are given in Section 4. Our analysis is
confined to cases in which the model is linear in the endogenous regressors, though we permit non-
linear instrumental variable estimation when the non-linearity is induced by parameter restrictions.
Non-linear instrumental variable estimation is a more involved problem even when the instruments

are observed, and this issue is not dealt with in our analysis.
2 The Econometric Framework

Consider a system of structural equations where for ¢ = 1,...G and t = 1,...T, the endogenous

variable y4; is specified as a function of a K, x 1 vector of regressors x:

/
Ygt = ﬁgwgt + €gt-

We assume equation ¢ is correctly specified for every g. The parameter vector of interest is
By = (ﬁig,ﬁég)’ and corresponds to the coefficients on the regressors xg = (T1g¢,%24t), Where
the exogenous and predetermined regressors are collected into a K14 x 1 vector x14. The Koy x 1
vector xo4 is endogenous in the sense that E(xzage4:) # 0 and the least squares estimator suffers

from endogeneity bias. We assume that for each g,
T2gt = \I/gth + Ugt

where ¥, is a Ka; X ry matrix, Fy is a 74 x 1 vector of fundamental variables, and r, is a small
number. Endogeneity arises when E(Fyeq) = 0 but E(uge) # 0. This induces a non-zero

correlation between x4 and e4¢. The reduced form in terms of (x14, Fy) is

/ /
Ygt = ﬂlg:plgt + 7Tgf?gt + Vgt



where m; = W 55, and vy = ﬁ;ugt + egt- If Fyy was observed, 8 can be estimated, for example, by
using Fy; to instrument x4. Here, we assume that Fy; is not observed. Let F; be the vector that
collects the linearly independent Fy; (¢ = 1,2,...,G).

We assume that there is a ‘large’ panel of data, z1y, . .. zn+ that are weakly exogenous for 8 and
generated as follows:

zit = NjFy + eqr. (1)

The r x 1 vector F; above is a set of common factors, \; is the corresponding vector of loadings,
)\gFt is referred to as the common component of z;, e;; is an idiosyncratic error that is uncorrelated
with Fy and with €45. Neither e; nor F; is observed. Viewed from the factor model perspective,
Zg¢ is just Ko4 of the many other variables in the economic system that has a common component
and an idiosyncratic component.

Although z, like x5, is driven by F, we assume e;; is uncorrelated with €44, and z; is correlated
with @94 through F}. Thus, z is weakly exogenous for 3, and z constitutes a large panel of observed
valid instruments. While valid, z; is a ‘noisy’ instrument for each z24; because the ideal instrument
for woy is WyFy. When the context is clear, we will simply refer to F; as instruments instead
of ‘factor-based instruments’. We cannot use F; only because it is not observed. Subsection 2.1
therefore begins by replacing F; with its consistent estimates, ﬁ’t. This forms a ‘feasible’ instrument
set. The single equation and systems equation estimators (FIV and PFIV) are proposed. For the
purpose of bias reduction, Section 3 considers an fIV estimator that uses f, a subset of F as

instruments. We then discuss how to go from the feasible to the relevant instrument set.

2.1 Estimating F;

We assume that the (static) factors are estimated from the panel of data consisting of z;, i =
1,...N,t = 1,...T by the method of principal components. Let Z; = (21, 2, ..., z2n7)" be the
T x 1 matrix for the ith cross-section regressors, and let Z = (Z1, Za, ..., Zn), which is T'x N. The
estimated factors, denoted F= (FV Ty eees ﬁT), is a T'x r matrix consisting of r eigenvectors (multiplied
by v/T) associated with the r largest eigenvalues of the matrix ZZ'/(T'N) in decreasing order. Then
A=(\,...., N) =Z'F/T,and €= Z — FA'. Also let V be the r x r diagonal matrix consisting
of the r largest eigenvalues of ZZ'/(TN). Hereafter, variables denoted a ‘tilde’ are (based on)

principal component estimates, while ‘hatted’ variables are estimated from the regression model.

Assumption A:

a. E||F|* < M and %Zle FyF]-25%p >0, is a 7 x 7 non-random matrix.



b. \; is either deterministic such that ||\;|| < M, or it is stochastic such that E||\;||* < M. In
either case, N"'A/A-253, > 0, a r X 7 non-random matrix, as N — oo.
ci E(ey) =0, Eley|® < M.
cil E(eiejs) = Tijus, |0ijies| < 045 forall (¢, s) and |oyj,s| < 745 for all (7, j) such that % Zgjzl gij <
M, % ZZS:I Tts < M, andﬁ Zi,j,t,s:l |oijas| < M.
c.ii For every (t,s), E|N‘1/2 Zf\; eiseir — Fleiseq) ||t < M.
civ For each t, <= S0, Niey—N (0, Ty), where Ty = limpy oo 4 310y S0, B ciren).
d. {Ni}, {Fi}, and {e; }, are three mutually independent groups. Dependence within each group
is allowed.

e . Foreach g=1,...G and for each i = 1,... N, E(ege;) = 0.

Assumption A was used in Bai and Ng (2006) to show consistency of estimates of factor augmented
regressions. Note that e;; is allowed to be cross-sectionally and serially correlated, but only weakly
as stated under condition (A.c). Assumption (A.e) is specific to the present analysis. By assuming
that the error of each primary equation is uncorrelated with the idiosyncratic errors of the panel,
z is exogenous for 8. The results most relevant for the present analysis are summarized in the
following lemma;
Lemma 1 Let H =V Y(F'F/T)(NA/N). Fori=1,...N, and let z; be stationary with Blzi| <
oo. Under Assumption (A) and as N,T — oo (jointly):

i 7 iz | By = HE|? = Op(min[N, T]1);

i T-Y(F — HF)ey = Op(min[N,T|™1), for g =1,2,...,G;
The proof of part (i) is in Bai and Ng (2002); the proof of part (ii) is the same as that of Lemma
B.1 of Bai (2003). As indicated in Lemma 1(i), we can only estimate the space spanned by the

factors, and not F} per se.

2.2 Single Equation

For the case of a single equation, we can drop the subscript g. The regression model is

Y = il?luﬁl + 96’2,:52 + &4
= 28+ e (2)
Tor = \I/,Ft + uy (3)

where z; = (z};,25,)" is K x 1. The K; x 1 regressors x1;, which may include lags of y;, are
exogenous or predetermined while the Ko x 1 regressors xo; are not. Thus E(zse;) # 0 because
E(zoer) # 0. We let 8° = (89, 89) denote the true value of 3.



In the following analysis, the instrument vector is really F;t = (a/,, F})'. To fix ideas and for
notational simplicity, we assume the absence of regressor z; (K; = 0) so that the instrument is
E. It is understood that when z is present, the results still go through upon replacing F in the

estimator below by F'*.

Assumption B

a. E(gy) =0, Eleg]*% < oo for some § > 0. The r x 1 vector process g;(3°) = Fye;(3°) satisfies
Elg:(8%)] = E(¢9) = 0 and ﬁgOLN(O, S0) where S° is the asymptotic variance of v/7'g,
and g0 = % Zle Fiei(B0).

b. x1; is a predetermined, covariance stationary processes with E(z1:e¢) = 0.

c. x9t = V' F} + uy is covariance stationary and W'¥ > 0, E(Fiu) = 0, E(uer) # 0.

Part (a) states that the model is correctly specified so that at the true value of 3, denoted 3°, a
set of orthogonality conditions hold. Heteroskedasticity of ¢! is allowed and will be reflected in the
asymptotic variance, S°. Part (b) distinguishes a predetermined regressor from an endogenous one
through their correlation with &;. Validity of F} as an instrument requires that F}; has a non-zero
loading on w9 for each j = 1,...7r. Thus, F; forms the ideal but infeasible instrument set.

Assumptions A and B are sufficient to analyze how F} can be exploited in estimation when
zjt,J = 1,... N are valid instruments by weakly exogeneity. In certain cases, lags of F; can also
serve as instruments, though in general, lags of F; should provide no further information about
9 once conditioned on F;. When w; is serially uncorrelated and all the dynamics in z9x; are due
to Fi, then lags of F; are always better instruments than lags of xop;. Lags of xzo can be better
instruments only if F} do not contribute at all to the dynamics in x».

Lags of the observed variables in the equation of interest are often used as instruments in
empirical work. To compare our proposed estimator with estimators currently in use, we also need

to make precise when lags of observed instruments can be used in conventional IV estimation.

Condition C: (a) I'yox(j) = E(xokirore—j) # 0 for some j > 1. and (b) E(e|l;—1) = 0 where
t—1

Loy =A{21—j, Tou—j -5}y

In order to use past values of the observed variables as instruments, £; must be uncorrelated
with the past observations, as required by part (b). Furthermore, xo; must be serially correlated
as required by part (a). Note that if lags of xo are valid instruments, they are always better
instruments than lags of y because the latter are correlated with xo only through the correlation

between x5 and its past values. Not every xor; needs to satisfy Condition C. Those xok; that are



serially uncorrelated will fail (a). When x1; is strongly exogenous such that z1:6, = 0 for all ¢, and
s (this situation of course rules out x1; being the lag of y), €; itself can be serially correlated of
unknown form. When this occurs, the lags of x9; cannot be used as instruments since xo;—; can
be correlated with e;_;, which is correlated with ;. If x1; is simply the lags of y, then as argued
earlier, it can be used as instrument though the lags of xo are better instruments. When x1; does
not include the lags of y, it can be valid instrument only if it is correlated with xo through the
common component Fy.

The conventional treatment of endogeneity bias is to use lags of y, x1 and x2 as instruments for
x9 and invoke Condition C. Our point of departure is to note that g; contains all the information
about 8. The reason why the moments g; are not used to estimate 3 is that F; is not observed.
Define §(8) = Fyey(3). Consider estimating 3 using the r moment conditions () = x ST Fiey.
Let Wr be a r x r positive definite weighting matrix. Where appropriate, the dependence of g on

B will be suppressed. The linear GMM estimator is defined as

Brry = arg;ning(ﬁ)’WTg(ﬁ)
— (s’ﬁxWTsﬁx)*ls%mWTSﬁ,y

where Sz = % 23:1 ﬁtq:; Let & = y; — .’E;BF v and let S be a consistent estimate of S based upon

g = ﬁtét. Then the efficient GMM estimator, which we will focus, is to let Wy = S —1 giving
) _ 1 Sd—-1g_ \-1lgr &-1¢g_
Brrv = (SﬁxS Sz,) SﬁzS SF,y.

Theorem 1 Let 39 be K x 1 vector of true values of 3 and let F, be arx1 vector of common factors
estimated from the T x N panel of data, z. Let g, = Fiey, § = % Zthl gi, and let S = % Zle(gtgg),
G = Fy&, and & = y; — @) fppv. Let Brry minimizes G(8)'S™1g(B). Under Assumptions A and
B, Briv = 8%+ 0p(1). Let S = 5L Gy, G = Fi&r with & =y, — &4 Br1v. Then S-S, where
ﬁgLN(O, S). If, in addition, % — 0 as N,T — oo,

~ d ~
VT (Bpry — °)-5N (0, AWT‘(ﬁFIV))
where Avar(Bpry) = plim(Sﬁx(g)_lS%x)_l. Furthermore, J = Tg(Brv)' S 3(Briv) ~ X2 k-
Theorem 1 establishes consistency and asymptotic normality of the GMM estimator when ﬁt
are used as instruments, and is a direct consequence of Lemma 1. Just as if F' was observed, BF v
reduces to (1?’ ! a:)_ll?’ 'y and is the instrumental variable estimator in an exactly identified model

with K = r. It is the two-stage least squares (2SLS) estimator, i.e., Briv = («/ Pza) 12’ Ppy,



under conditional homoskedasticity. Furthermore, T" times the value of the objective function is
asymptotically x? distributed with » — K degrees of freedom. Essentially, if % — 0, estimation
and inference can proceed as though F; was observed.

Because we have a large panel of valid instruments, and mechanically speaking, F are the
principal components of z, one might be tempted to interpret the FIV as a principal components
approach to instrumental variables, such as considered in Kloek and Mennes (1960), and in Gal-
braith and Zinde-Walsh (2005). For one thing, the N and 7' we consider are much larger than in
Kloek and Mennes (1960). These authors were concerned with situations when N is large to the
given T' (such as 30) so that the first stage estimation is inefficient. For another, these authors
motivated principal components as a practical dimension reduction device. In contrast, we moti-
vated principal components as a method that consistently estimates the space spanned by the ideal
instruments with the goal of developing a theory for inference. Our asymptotic theory necessitates

a factor structure on z, and it is because of this structure that leads to the following.

Proposition 1 Let zo be a subset of r of the N observed instruments (zi¢,...2znt). Let my =
zot(ye — 2 3) with ﬁmiW(o, Q). Let BIV minimizes m’(@)*lm be the GMM estimator with the
property that \/T(EIV - ﬁO)LN(O, AU@T(/B\[V)). Then

Avar(ﬁlv) — AUCLT(BF]\/) > 0.

Proposition 1 says that EFIV is more efficient than BIV, which uses an equal number of z as
instruments. The intuition is straightforward. The observed instruments are the ideal instruments
contaminated with errors while F is consistent for the ideal instrument space. More efficient
instruments thus lead to more efficient estimates. The FIV estimator can be especially useful when
we observe a large number of individually valid but noisy instruments in the sense of Hahn and
Kuersteiner (2002). Pooling information across the observed variables washes out the noise to
generate more efficient instruments for xs.

In some instances, the structural coefficients 31, B2 are non-linear functions of the deep param-
eters, say, 6. Although Theorem 1 is presented as a result of linear estimation, }7} can still be used
as instruments in GMM estimation with cross-parameter restrictions. This is because F is used to
instrument zo and not functions of xo. It is then straightforward to show that Theorem 1 holds

with S_z replaced by Gz, which is the derivative of g; = ﬁtet(ﬂ) with respect to 6. Details are

zF
omitted.
The single equation set up extends naturally to a system of equations. Suppose there are G

equations, where G is finite. For g =1,...G,and t=1,...T,

/
Ygt = 379;559 + gt



where x4 is Ky x 1. As an example of G = 2, (y1,y2) could be aggregate consumption and earnings,
while the endogenous regressor is wages. Let fgt be the 74 x 1 vector of instruments for the g-th
equation, g =1,...G,and let r = >_ g9 Then g; is a r x 1 vector of stacked up moment conditions.
Assuming that for each g = 1,...G, the ry x K, moment matrix E(ﬁgtx;t) is full column rank,
Theorem 1 still holds, but the r x r matrix S is now the asymptotic variance of the stacked up
moment conditions. Note that this need not be a block diagonal matrix. Likewise, Sj is a K xr
matrix. If each equation has a regressor matrix of the same size and uses the same number of
instruments, the Sz matrix under systems estimation will be G' times bigger, just as when F' is

observed. See, for example, Hayashi (2000).

2.3 A Control Function Interpretation

We have motivated the FIV as a method of constructing more efficient instruments, but the es-
timator can also be motivated in a different way. Under the assumed data generating process, ie
x9 = F¥ + u, the non-zero correlation between xo and e arises because cov(u,e) # 0. We can

decompose ¢; into a component that is correlated with u;, and a component that does not. Let
er = upy + Et|u
where Etfu 18 orthogonal to u; and thus xo. We can rewrite the regression y = x131 + x2032 + € as
Yy = 218 + upy + €4y

If F' was observed, we can estimate the reduced form for x5 to yield fitted residuals u. Then least
squares estimation of

yr = 3 + Uy + error

not only provides a test for endogeneity bias, it also provides estimates of J that are numerically
identical to two stage least squares with F' as instruments. This way of using the fitted residuals to
control endogeneity bias is sometimes referred to as a ‘control function’ approach due to Hausman
(1978).

In our setting, we cannot estimate the reduced form for x5 because F' is not observed. Indeed,
if we only observe x9, and o = F'WU’ + u, there is no hope of identifying the two components in
r9. However, we have a panel of data, z with a factor structure, and ﬁt are consistent estimates of
F; up to a linear transformation. The control function approach remains feasible in our data rich
environment and consists of three steps. In step one, we obtain F.In step 2, for each i = 1,... Ko,
least squares estimation of

!
ot = FyW; + ug



will yield v/T consistent estimates of ¥;. By Bai (2003), Cj; = ﬁt’ U, is min[v/N, v/T] consistent for
Cy = F],. Tt follows that @ — uy = Op(min[v/N,/T]™!). Least squares estimation of

yr = @1 + by Bo + Uy + € (4)

will yield /T consistent estimates of 3. It is straightforward to show that the estimate is again
numerically identical to 2SLS with F as instruments. In this regard, the FIV is a control function
estimator. But the 2SLS is a special case of the FIV that is efficient only under conditional
homoskedasticity. Thus, the FIV can be viewed as an efficient alternative to controlling endogeneity
when conditional homoskedasticity does not hold or may not be appropriate. The control function
approach also highlights the difference between the FIV and the IV.. With the IV, wu; is estimated
from regressing xo on 29, where zo are noisy indicators of F'. With the FIV, u; is estimated from

regressing xs on a consistent estimate of F' and is thus more efficient than the IV.

2.4 Panel Data and Large Simultaneous Equations System

Consider a large panel data regression model and assume for simplicity that there are no predeter-
mined variables. For ¢ =1,2,.... N,;t =1,2,...,7 with N and T both large, let

yit = 25,0 + €t
where z;; is K x 1. This is a large simultaneous equation system since we allow
E (ZEith’t) 7& 0

for all 7 and ¢. Therefore, the pooled OLS estimator
N T N T
Brors = (D> awh) ' > miyi
i=1 t=1 i=1 t=1
is inconsistent. Unlike the single equation system, we do not need to assume the existence of valid

instruments z;;. When N is large, x;; can play the role of z;; despite the fact that none of x; is a

valid instrument in the conventional sense. We continue to maintain the assumption that
xy = NFy + uiyg = Cig + ugt

where A; is a matrix of r x K, F; is r x 1 with r > K. We assume ¢ is correlated with u; but
not with F; so that E(Fie;) = 0. The loading A; can be treated as a constant or random; when it

is regarded as random, we assume &;; is independent of it. Therefore we have
E(Citgit) =0.

10



In this panel data setting, the common component Cj; = AéFt is the ideal instrument for x;. It is a
much more effective instrument than F; in terms of convergence rate and the mean squared errors
of the estimator. This will be detailed later. Again, Cj; is not available, but it can be estimated.

Let X; = (241, %2ty ..., znT)" be the T x K matrix for the ith cross-section regressors, so that
X = (X1, X5,..,Xn) is T x (NK). Let A be a (NK) x r matrix while F is T x 7. Let F be
the principal component estimate of F' from the matrix X X', as explained in Section 2.1 with Z
replaced by X. Let Cit = Kgﬁt, which is K x 1.

Consider the pooled two-stage least-squares estimator with @t as instruments?®
R N T LN T
Bpriv = (Z > Citasét) > > Cuya (5)
i=1 t=1 i=1 t=1

To study the properties of this estimator, we need the following assumptions:

Assumption A’: Same as Assumption A (a-d) with three changes. Part (b) holds with \; replaced
by A;; part (¢) holds with e;; replaced by each component of u; (note that w; is a vector). In

addition, we assume u;; are independent over 1.

Assumption B’:

a. E(ey) =0, Eley|*™® < M < oo for all 4,t, for some 6 > 0; €;; are independent over i.

b. xit = ALF; + ui; E(uieir) # 0; €1 is independent of Fy and A;.

c. (NT)_I/2 sz\il Z?:l Citeiti>N(0, S), where S is the long-run covariance of the sequence
& =N-1/2 Zf\il Cieir, defined as

N
S:NITHBOONTZZZE tClEitEis)-

T T
i=1 t=1 s=1

Theorem 2 Suppose Assumptions A’ and B’ hold. As N,T — oo, we have

2 This estimator can be easily extended to include additional regressors that are uncorrelated with e;;. For
example, yit = ;.51 + Th;1 B2 + €ir With z1, being exogenous. We estimate ' and A from z2 alone. Then the pooled

2SLS is simply
N T N T
Bosrv = (LY Zurt) " Y 2

7

=1 t=
where Z;; = (4t C, ). Tt is noted that equation (5) can be written alternatively as

BPFIV:(EN:XP X) ZXPY
i=1

where Y; = (yi1, iz, -, yir)’ is (T x 1). This follows from the fact that (@1, C~'i2, ey éiT)’ =PpX; = FA;. However,
this representation is not easily amendable in the presence of additional regressors xi;;.

11



(i) Bprrv — 8% = Op(T™1) + Op(N™Y) and thus Bprry——3°.
(ii) If T/N — 7> 0, then
V NT(EPFIV — 50)L>N(7'1/2A(1) +7712A9, Q)

where Q = plim[Szz] "1 S[Szz] "t with Szz = (NT)~! Zfil @tx;t, and AY and AY are defined
in the appendix.

Theorem 2 establishes that the estimator Bpp 7v is consistent for 3 as N, T — co. Remarkably,
there can be no instrument in the conventional sense, yet, we can still consistently estimate the
large simultaneous equations system. In a very rich data environment, the information in the data
collectively permits consistent instrumental variable estimation under much weaker conditions on
the individual instruments. Because the bias is of order max[N !, T~1], the effect of the bias on
BPF 1v can be expected to vanish quickly.

If Cj; is known, asymptotic normality simply follows from Assumption B’(c) and there will be no
bias. However, C}; is not observed, and biases arise from the estimation of Cj.. More precisely, @t
contains elements of u;, which is correlated with €;, and is the underlying reason for biases. When
T and N are of comparable magnitudes, BPFIV is vV NT consistent and asymptotically normal, but
the limiting distribution is not centered at zero, as shown in part (ii) of Theorem 2.

A biased corrected estimator can be considered to recenter the asymptotic distribution to zero

for small N and T'. For this purpose, we assume that €;; are serially uncorrelated.® Let

T N K
~ 1 o R -
01 = (NTZZZA;V 1)\i,kzuit,k€it>, and A; = (Sz) 710

t=1 i=1 k=1

NT i=1 t=1

N T
~ 1 PSP . S
Oy = < > Zuz‘tFt/FtEit), and Ay = (Szz) "' 02,
where u;; = T — éit, Eit = Yit — xgtﬁpplv, and Szz = ﬁ Zfil Zthl CNYitm;t. The estimated bias is*

N 1 ~ 1 ~
A=—A+=A,.
NOoLT o

31t is possible to construct biased corrected estimators when e;; is serially correlated. The bias correction involves
estimating a long-run covariance matrix, denoted by Y. The estimated long-run covariance Y must have a convergence
rate satisfying \/N/T(T —7) = 0p(1). Assuming T*/* ('? —7) = 0p(1), this implies the requirement that N/T%/% — 0
instead of N/T? — 0 under no serial correlation.

“In the presence of exogenous regressors =1+ as in footnote 2, the corresponding terms become

R XTI 7o R XTI T o
A= (W ;;anit) [ ) ], and Ap = (ﬁ;;an‘n) { % }

A small sample adjustment can also be made by using NT — (N + T')r instead of NT when computing 51 and 02,
where 7(N 4 T') is the number of parameters used to estimate Us:.
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Corollary 1 Suppose Assumptions A’ and B’ hold. If ey are serially uncorrelated, T/N? — 0,
and N/T? — 0, then
VNTBprrv — A — 80)-5N(0,9).

Both BPF 7v and its bias-corrected variant are v/ NT consistent. One can expect the estimators to
be more precise than single equation estimates because of the fast rate of convergence. However,
while BPFIV is expected to be sufficiently precise in terms of the mean squared errors, the bias
corrected estimator, B;FF v = BPFIV — A should provide more accurate inference in terms of the ¢
statistics because it is properly re-centered around zero.

It is worth noting that the PFIV estimator is different from the traditional panel IV estimator

that uses F as instruments. Such an estimator, PTFIV, would be constructed as
-1
2 _ (o &-1c fG-1g_
Bprriv = (Sﬁxs Sz) S5 Sk,

where Sz = w7 SN ST Fal,, and § = 7 SN ST FRF[é2, & is based on a preliminary
estimate of § using a r x r positive definite weighting matrix. However, the probability limit of
Sg, 18 Xpz = E(X\;)'Xp, which can be singular if E();) =0, and in that case the estimator is only
VT consistent. The E PTEIV 1S V'NT consistent only if one assumes a full column rank for Xg,. In
contrast, the proposed estimator uses the moment SN ST wud, = o SN ST end, +
op(1) > 0 and is always VNT consistent, without the extra rank condition.

In view of the reduced form y;; = 8'A;F; + ['uis + €44, one can actually estimate F' by pooling
X and Y. Theorem 2 can be extended to allow for other exogenous or predetermined regressors,
such as gender, race, etc. For example, y;; = w},y + 2},5 + €+ and w;; is independent of & (or is
predetermined). In this case, extracting F' from Y as well as from X may not be desirable. If there

is another large panel of data z that is informative about F', it too can be used together with X to

estimate F'.
3 Determining the Relevant Instruments

Theorems 1 and 2 are stated in terms of Ft, which is a set of r estimated factor instruments. In a
widely used macroeconomic panel of 132 series put together by Stock and Watson and used in Stock
and Watson (2004) for example, researchers often found between 8 and 12 factors depending on
the sample period. To understand why r can be much larger than the number factors suggested by
economic analysis, we need to clarify that the method of principal components estimates the number
of ‘static’ factors from Z, whereas economic analysis assumes that the number ‘dynamic factors’, say,

q, is small. This distinction is most easily understood using an example: z;; = A1 G+ Ao Gi_1 4+ €44.
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Here, there is only one dynamic factor Gy because the population spectral density matrix of z is
rank one. However, if we let F}y = G¢, Foy = G;_1 and ignore the dynamic relation between Fi;
and Fy;, we will have two static factors because the population covariance matrix of z has rank two.
More generally, if we have ¢ dynamic factors that are themselves moving-average of order s, we
will end up with r = ¢(s + 1) static factors. Although knowledge of the dynamic factors are useful
in some analysis, it is not necessary for the purpose of estimating 3, and importantly, estimation
and inference based on the estimated static factors are much better understood from a theoretical
standpoint. The implication, however, is that the dimension of F' can sometimes be quite large,
though it is still much smaller than the dimension of Z, being N.

While BFIV is asymptotically unbiased and is more efficient than BIV, it is biased in finite

samples, just as when F' is observed. A well known result is as follows:

Lemma 2 Let BGMM be the linear GMM estimator obtained with r observed instruments. The

bias of Baarn increases with r.

Theorem 4.5 of Newey and Smith (2004) showed using higher order asymptotic expansions that the
bias of the GMM estimator is linear in r — Ks, which is the number of overidentifying restrictions.
Phillips (1983) showed that the rate at which @SLS approaches normality depends on the true
value of # and r. Hahn and Hausman (2002) showed that the expected bias of 2SLS is linear in
r, the number of instruments. The result arises because FE(z'Ppe/T) = E(u'Ppe/T) = oyuer/T.
When F' is not observed, we can still expect the bias of BFIV to increase with r because ﬁ}; — Pp =
Op(min[\/N ,v/T]™1) . This motivates forming a set of L instruments with Ko < L < r by removing
those elements of F; that have weak predictive ability for xa.

By assumption, xzg; = W'F; + u; and F; is r dimensional. But not every Fj; needs to be of
first order importance in predicting x2. We call those Fj; C Fy with ¥, taking on small values the
‘relatively weak’ instruments. Hahn and Kuersteiner (2002) defined relatively weak instruments as
those with ¥; in the T—9 neighborhood of zero with 6§ < % and showed that standard asymptotic
results hold when such instruments are used to perform 2SLS. Let f C F' be the set of L instruments
that remain after the relatively weak instruments are removed from F', and with the property that
they predict the endogenous regressors xo as well as when the relatively weak instruments are
present. That is to say,

B(F) = B(as|F) ~ &(f) = Elwalf).

We refer to f as the ‘relevant instruments’. We do not allow for weak instruments with in the sense

of Staiger and Stock (1997); such a case is considered in Kapetanios and Marcellino (2006). Now
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consider the estimator
a /- a—1 —1lg/ &-1¢
Brrv = (szS St,) S5 Sy
As Eflv is a special case of BFIV when r = L, it is consistent and asymptotically normal. It can

also be shown that B 7y has a smaller variance. But the bias of B ¢rv should be smaller than BF IV,

and B v can be desirable in finite samples.

3.1 Selecting fFrom F

In the case of large panel regressions, the factors in x;; are of direct interest because we do not need
additional instruments. Then selecting g is the same as selecting the number of factors, and we
can use the criteria developed in Bai and Ng (2002). For the case of a single equation, we need a
different approach. We will proceed to discuss how to select ffrom F to keep the analysis focused,
though our proposed approach also applies, and is in fact just as useful when selecting z5 from a
large number of observed instruments Z.

To motivate the approach, consider first the simple case when F' is observed, and there is no
predetermined variable. From

zor = V' F 4+ up = Cop + uy

with E(uie;) # 0, we see that the semi-optimal instrument for xo here is actually the one-
dimensional common component, Co, though F' is the set of instrumental variables that permit
the construction of Cy. But Cj is just the conditional mean, ®(F) = E(xz2|F). Thus in the ter-
minology of 2SLS, the first stage estimation should be to uncover ®(F'). But by the definition of

relevant instruments and under linearity,
Co =Y’ fr.

The preferred instrument from the point of view of bias is therefore f, since L < r. In this sense,
determining f is the same as determining those factors that load non-trivially on z9 with the goal
of uncovering F(xz2|F).

When there are predetermined regressors and F is not observed, we want to fit zo by }7}
controlling for the explanatory power of z; for xo. To this end, let Xo = Mjzs and G = Mlﬁ,
where My = I — xl(m’lxl)_1$1. Thus, =9 and G are the residuals from regressing xo and ﬁ,
respectively, on x7. Selecting the best subset f out of F after controlling for xz; is then the same
as selecting g from G such that g has the most explanatory power for Xs. The problem is now one
of variable selection.

Oone way is to proceed along the lines of Andrews and Lu (2001) or Donald and Newey (2001),

who proposed using information type criteria to select the number of moment conditions in a GMM
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setting. However, if G has r columns, there would be 2" models to evaluate, and as just mentioned,
r, being the number of static factors, can be large. Now if there is a way to pre-order the components
of C:’, we would only need to evaluate r sets of G. But the only available ordering we can exploit
is that of F , since by construction, these are r factors ordered such that Fu explains the most
variance in zj, ﬁrt explains the most variance not explained by ﬁlt, - ﬁr—l.t and so on, with F it
orthogonal to ﬁkt for j # k. However, of interest is not what explains the panel of instruments z;;
per se, but what explains x5. Factors that have strong explanatory power for Z need not be good
instruments for xo. Furthermore, G, need not preserve the ranking of F, once the effects of z; are
partialled out. We now suggest boosting as a variable selection procedure that does not require

pre-ordering the instruments.

3.2 Selecting fby Boosting

Boosting was initially introduced by Freund (1995) and Schapire (1990) to the machine learning
literature as a classification device. It is recognized for its ability to find predictors that improves
prediction without overfitting and for its low mis-classification error rate. Buhlmann and Hothorn
(2006) provide an excellent introduction to boosting from a statistical perspective. For our purpose,
it is best to think of boosting as a procedure that performs model selection and coefficient shrinkage
simultaneously. This means that variables not selected are set to zero, as opposed to being shrunk
to zero. In consequence, boosting results in very sparse models. Here, we want to use boosting
to select the most relevant instruments from a large set of feasible instruments with no natural
ordering to the instruments in the set.

The specific Lo boost algorithm we use is based on component-wise least squares. Component-
wise boosting was considered by Buhlmann and Yu (2003) when the number of predictors is large.
Instead of evaluating sets of regressors one set at a time, the regressors are evaluated one at a
time. Under component-wise boosting the r-th instrument is as likely to be chosen as the first; the

ordering does not matter. The algorithm for fitting ®(G), the conditional mean of a variable X,

(T x 1) with a set of r predictors G is as follows.

1 let 50 = XQ;
2 form=1,...M
afort=1,...7T, let uy = Xop — ggm,l be the ‘current residuals’.

b for each ¢ = 1,...r, regress the current residual vector u on éz (the i-th regressor) to
obtain /l;l Compute the € ; = u — éza as well as SSR; =€ ;€ ;;

c let ¥ be such that SSR;+ = min;epy ) SSR;;
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d let éﬁ\m = 5.72‘*31'*

3 fort=1,...T, update ‘/I\’t,m = @t’m_l + I/(Zth, where 0 < v <1 is the step length.

Component-wise Lo boost is nothing more than repeatedly fitting least squares to the current
residuals and selecting at each step the predictor that minimizes the sum of square residuals. Note
that component wise Lo boosting selects one predictor at each iteration, but the same predictor
can be selected more than once during the M iterations. This means that boosting makes many
small adjustments, rather than accepting the predictor one and for all. This seems to play a role
in the ability of boosting not to overfit. Step 3 is not directly relevant since we are interested in
boosting as a selector, and not the fit it produces.

After m steps, boosting produces &Jm(é) = égm If ¢4+ is a selection vector that is unity at

position 7* and zero otherwise, then Sm can be shown to follow the recursion.
Om = Om—1 + Li © b,

where ® denotes element by element multiplication. Thus, Sm and gm_l differ only in the #*-th

position. If X5 is T' x Ks, the algorithm needs to be repeated Ko times.

3.3 Determining the Stopping Rule

o~ o~

The boosting estimate of the conditional mean can be rewritten as ®(G) = B,,Y, where

By = Bpnoa+vPS"(Ip — Buoa) = I — (Ir —vPO)YI = vPP) o (Ip —vPS)  (6)

= IT — H(IT - VPém)) (7)
j=1

where PZ! = ém(é’mém)_lé’m, the projection matrix based upon the regressor selected at
the m-th step. A distinctive feature of boosting is that it will produce a sparse solution when the
underlying model structure is sparse. In our context, a sparse structure occurs when there are
many relatively weak instruments and ¥ has small values in possibly many positions.

If M (the number of boosting iterations) tends to infinity, we will eventually have a saturated
model in which case all predictors are used. The sparseness of Sy is possible only if boosting is
stopped at the ‘appropriate’ time. In the literature, M is known as the stopping rule. Because

we apply the boosting algorithm to potential predictors that are themselves estimated, we need to

take care of one detail.

Proposition 2 Let @(G) be the boosting estimate of the conditional mean when the factors are
observed and let </Is(é) be obtained when the latent factors are replaced by the principal component

estimates. Then @(é) - &)(G) =op(1) if m — 0 as N,T — oc.
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The projection matrix formed using G has an error rate of min[v/N,vT]~!. Repeated use of it thus
accumulates sampling error. Proposition 1 puts discipline on how long the boosting algorithm can
continue. Zhang and Yu (2005) and Buhlmann (2006) showed that when G is observed, boosting
will consistently estimate the true conditional mean, even if the number of units in G increases
with 7. Thus if ®(G)—2>®(G), we also have &(G)—d(G).

In practice, cross-validation is often used to determine M when a researcher has access to

training samples. But this is not often the case in time series economic applications. Let
dfym = trace(By,).
Consider the information criterion

M = argmin IC(m)
m=1,..M

Ar - dfm

IC(m) = log(c2) + T

where in light of Proposition 2, we set the upper bound on M at
M = ¢-min[NV/3 T3] c>0.

The BIC obtains when Ap = log(7T'), and when Ap = 2, the criterion is as proposed in Buhlmann
(2006). The primary departure from the standard AIC/BIC is that the complexity of the model is
measured by the degrees of freedom, rather than by the number of predictors. In our experience,
the degrees of freedom in a model with k predictors tends to be higher than k.

Boosting determines that éw is an instrument if gM,j is non-zero, and SM is expected to be
sparse if the number of truly relevant instruments is small. The sparseness of SM is a feature also
shared by the LASSO estimator of Tibshirani (1996), defined as

5L = arg;nin HXQ — C~¥52)H2 + )\Zr: 1651
j=1

That is, LASSO estimates § subject to a L1 penalty. Instrumental variable selection using a ridge
penalty has been suggested by Okui (2004) to solve the ‘many instrument variable’ problem.’> The
ridge estimator differs from LASSO only in that the former replaces the L; by an Ly penalty.
Because of the nature of Ly penalty, the coefficients can only be shrunk towards zero but will not
usually be set to zero exactly. As shown in Tibshirani (1996), the L; penalty performs both subset

variable selection and coefficient shrinkage simultaneously. Efron et al. (2004) showed that certain

°In a recent paper, Carrasco (2006) also takes a regularization approach to reduce the number of instruments.
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forward-stage wise regressions can produce a solution path very similar to LASSO, and boosting
is one such forward-stagewise regression. We consider boosting because the exact LASSO solution
is numerically more difficult to solve, and that boosting has been found to have better properties
than LASSO in the statistics literature.
Let L be the number of non-zero elements of SM, and let l1,...,[; denote their position in SM.
Then f is defined as
fo=A{Fu,, Fuy,.. . Fu, .}

This is the eventual set of instruments that is used in GMM estimation. As Ko instruments
are necessary for (o to be identified, it follows that if L < Kb, then § cannot be identified. In
some analysis such as DSGE models, § are the structural coefficients which are functions of deep
parameters of the model, say, § with § = h(f). To estimate 6, one can first estimate (3, and then
find estimates of 6 that minimize the distance between (3 and h(0). It is then immediate that if
the structural coefficients, 3 are not identified, there is no hope of identifying the deep parameters,
6. The L that emerges from boosting can be used to determine whether the necessary (but not
sufficient) condition for identification of 6 is satisfied.

We have motivated boosting as a method for selecting instruments when the instruments are
estimated factors. But by assumption, Z is a set of variables that are weakly exogenous for the
parameter of interest and are thus valid instruments. It follows that boosting can also be used to
select observed instruments. When there is a large number of valid observed instruments (which
exceeds one hundred in the empirical considered), boosting provides an effective and systematic

method of instrument selection especially when the instruments have no natural ordering.
4 Finite Sample Properties

In this section, we study the finite sample properties of the fIV. It is implemented as follows:

1. estimate r factors by the method of principal components from the panel of data, Z. Form

the potential instrument set, F’;

2. partial out the effect of z1 from x5 and F to yield X5 and é;

3. use boosting to determine ®(G) = Gdyr, where M is determined by an information criterion
with M = 10 min[N'/3, 7/3].

4. let Iq,...1;, be those positions in SM that are non-zero. Let ﬁ = (ﬁtlp .. .EZL);

5. perform GMM estimation with f+ = [1 f] as instruments and an identity weighting matrix
to yield 3. Let S = %Zthl §%ﬁ+ﬁ+/, & =y — )3

6. re-do GMM one more time using W = S~ to yield BfIV-
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The FIV obtains when f* = F*. For the sake of comparison, we report three other estimators.
The first is labeled CFn, the control function estimator. It uses f? as instruments, which amounts
to using W = o 2(f+f+) as the weighting matrix. The second estimator is GMM with the first L
variables in the panel of Z as observed instruments. This is labeled IV. The final estimator is OLS,
which does not account for endogeneity bias. We compare the estimators using the mean estimate

and the root-mean-squared error. The ¢ statistic for testing 3 is only reported for the fIV.

4.1 Simulations

We consider three data generating processes. In all cases,

Zit = NioFy+rosein

Fj = ijjt_l—i—ejft j=1...r

where e;,; ~ N(0,1), ejpe ~ N(0,1), X\iz ~ N(0,1), pj ~ U(.2,.8). The examples differ in how

y, 21, and xo are generated.

Example 1 We modify the DGP of Moreira (2003). The equation of interest is

/
Yy = 111+ T P2 + oy
Titt = QpTi—1+€iz1e, t=1,... K
Tiot = MpFy+ e 1=1,... K>

with g, = %(5% — 1) and €0 = %(E?xzt —1). We assume p, ~ U(.2,.8), ejz1t ~ N(0,1) and

uncorrelated with €5 and &. Furthermore, (€,€5,) ~ N(0x241, %) where diag(X) =1, X(j,1) =
¥(1,7) ~ U(.3,.6), and zero elsewhere. This means that & is correlated with €;49; with covariance

¥(1,4) but €z9; and €jz9; is uncorrelated. By construction, the errors are heteroskedastic. The

2
Yy

the noise-to-signal ratio in the primary equation of roughly one-half.

parameter o2 is set to K152, + K252, where 0y, is the average variance of xj, j = 1,2. This puts

The parameter of interest is B12, the coefficient on the first endogenous variable. We considered
various values of K», 0,, and r. To evaluate the difference between the fIV and FIV, we vary
rmaz, the number of factors used in FIV, while boosting determines the number of factors used
in fIV. The results are reported in Table 1 with Ko = 1, and o, = 3. This is the least favorable
situation since the factors are less informative with a low common component to noise ratio. The
column labeled p, is the correlation coefficient between x15 and € and thus indicates the degree of

endogeneity. Under the assumed parametrization, this correlation is around .2. The true value of
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B12 is 2, and the impact of endogeneity bias on OLS is immediately obvious. The three estimators
that use the factors as instruments are less biased.

The factor based instruments dominate the IV either in bias or RMSE, if not both. The fIV
generally has better properties than the CFn because the CFn imposes homoskedasticity when the
data have heteroskedasstic errors. The J test associated with the fIV is close to the nominal size
of 5%, while the two-sided t statistic for testing B2 = 2 has some size distortion when N,T are

both small. The size distortions of both tests decrease with 7.

Example 2 In this example, all data are generated via the factor model. The regression model
is

yr = x5 02 + &1 (8)
The endogenous variables xo are spanned by L factors, while the panel of observed instruments is
spanned by r factors and r > L. To generate data with this structure, let F' be a T' X r matrix of
iid N(0,1) variables and let F'(:,1 : L) be a T' x L matrix consisting of the columns 1 to L of F.

We simulate T" observations for y, a 7' x N matrix z, and a T" x L matrix X as

y = F(,1:L)A, +oye,
Xy = F(;,1:L)N, + e,

where ej; ~ N(O,O'JQ-), 0]2- ~ U(oy,0p). Now if F(:,1: L) is L dimensional, it can be represented
in terms of any L variables spanned by the these factors. Thus, using F(:,1: L) = (Xo — e,)A !

yields

y = XoA'A,+ey — e AJTA,
— XQﬁ* +€*

where 3% = A;_lAy is L x 1 and € = e, — e,8". For given A;, we then solve for A, such that
By = (1%,,07_k,). The x3 in (8) corresponds to the first K> columns of X5. This also implies
that the true value of every element of (35 is unity. The endogeneity bias is ('cov(e;)3. For the
loadings, we assume A\, ~ N(Oy,In). The elements of the L x L matrix A, are drawn from the
N(1,1) distribution. Written in terms of r factors, Xo = F(:,1 : T)A;(,f) where AY” only has the
first L x L positions being non-zero. Viewed this way, the first L factors are the relevant factors.
We estimate rmax = r + 2 factors and let boosting determine how many estimated factors to
use as instruments. We perform simulations for K5 = 2 with 9 = (1 2). The parameter of interest
is O12, the coefficient on the first endogenous variable. The results are reported in Table 2. Unlike

Example 1, the correlation between x2 and € is now negative. In this example, the IV is actually
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more biased than OLS. However, the factor IV estimators all perform well, with the FIV being the
more biased than fIV and CFn. The CFn performs better than the fIV here because the data are
homoskedadstic and imposing the restriction improves efficiency. The ¢t and J tests have rejection
rates close to the nominal size.

One of the purposes of considering the two examples above is to assess the usefulness of selecting
ffrom ﬁ, where E is rmax dimensional. As can be seen from E, the average dimension of ft is
much smaller than rmaz and is much closer to r. This shows that boosting chooses the appropriate
number of relevant instruments on average. For a given N and T', the bias of the FIV increases
with rmaz, as predicted by the theory. By using fewer instruments, the fIV has a smaller bias but
a slight larger than RMSE than the FIV. In general, the fIV is more stable with respect to the size

of the feasible instrument set.

Example 3 Here, we consider estimation of 3 by panel regressions. The data are generated as

yit = P14+ Bowi + i
Ty = NFy+rey
Peiresr ™ U('37 '6)'

where F} is again r x 1. We set the true value of 3 to (0,1) but include an intercept in the regression.
According to Theorem 2, we can use the factors estimated from x;; to instrument itself. Because
of the pooled nature of the estimator, boosting was not used. We simply estimate L factors, where
L is determined by the ICy criterion developed in Bai and Ng (2002). For the PFIV, we use r + 2
factors. The PCFn imposes homoskedasticity while the PfIV and PFIV do not. Note that these
estimates are not corrected for bias in order to to show that the bias is of second order importance.
We do not consider the PIV since there is no valid observed instrument in this example. For the
sake of comparison, we also consider PTfIV. Note that in this example, E(\;) = 0 and the PT{IV
should be more unstable because Sz can be near singular.

The results are reported in Table 3. As expected, the pooled POLS estimator is quite severely
biased. The PTfIV has noticeably larger RMSE than the three factor based estimators, which are
all centered around the true value. The PfIV has smaller bias than the PFIV with no increase in
variance. Even with min[/NV,T] as small as 25, the PfIV is quite precise. Increasing N and/or T
clearly improves precision even without bias correction. Because the PfIV has a small variance, the
t test becomes very sensitive to small departures of the estimate from the true value. Thus, without
bias correction, the t test based on the PfIV has important size distortions. The bias-corrected

test is, however, much more accurate though there is still size distortions when r is large. The test
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based on PTfIV is much closer to the nominal size of 5% regardless of r, primarily because the
variance of the estimator is much larger than the PfIV. In terms of MSE, The PfIV is clearly the

estimator of choice.

4.2 Application

The Phillips curve has long played an important role in our understanding of inflation dynamics.
The New Keynesian Phillips Curve (NKPC) is

= VBT + w1 + A + €y

where 7, is inflation, x is a measures the state of the economy and is often taken to be real marginal
cost or the output gap. The equation allows for backward and forward looking expectations and is

thus a hybrid Phillips curve. The NKPC implies that the orthogonality conditions
Elzg—1(me — vymep1r — Wme—1 — Az)] = 0

should hold for any set of variables z;_; available in period ¢ — 1. Gertler and Gali (1999) first
estimated the equation with four lags of inflation, labor share, commodity price and wage inflation,
long-short interest rate spared, and the output gap as measured by detrended log GDP as instru-
ments. Many researchers have raised issues about these instruments.® Some suggest that they are
‘weak’, while others suggest that the estimates are potentially biased because of the large number
of moment conditions. Theorem 1 suggests that the many instrument problem can be alleviated
by taking a factor instrumental variable approach. In effect, we expand the space spanned by
the instruments from variables within the model to variables outside of the model but within the
economic system. Because ﬁ is low dimension, we also alleviate the many instrument problem.

We use data collected in Ludvigson and Ng (2005), which consist of quarterly observations on a
panel of 209 quarterly macroeconomic series for the sample 1960:1-2002:4, where some are monthly
series aggregated to quarterly levels. We remove two variables from the panel, the GDP deflator
used to construct m;, and unit labor cost. Real unit labor cost (RULC) is the first difference of
log nominal labor cost divided by the GDP deflator. The remaining 207 series are then used to
estimate 8 factors.” We consider 3 different models to evaluate different sets of instruments. These
are listed in Table 4.

In the base case, the endogenous variable is future inflation. Boosting selects m;_o and z;_1 as

observed instruments for Models A and B, but m;_o, E_Lg, and ﬁ’t_m for Model C. As instruments

5See, for example, Kichian et al. (2004) and Ma (2002).
"The PCP criterion developed in Bai and Ng (2002) also chooses 8 factors.
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used in the fIV, boosting selects factors 1,2,3,6, 8 for Model A and 1,2,3,6 for Model B. When
E,l and ﬁt,g are both in the feasible instrument set, boosting selects factors 1,2,3,6 from ﬁt,l
and factors 1,2 from ﬁt_g. Notably, boosting drops 10 of the 16 factors considered in Model C.
Although F are linear combinations of the true underlying factors, we can give some interpretation
to the factors by considering the marginal R? of each factor in each series. This is obtained by
regressing each series on the factors one at a time. This exercise reveals that the highest marginal
R? associated with F] is UTIL1 (capacity utilization), Fy is PUXHS (CPI excluding shelter), Fj
is DLAGG (a composite index of seven leading indicators), Fs is GDEXIM (terms of trade), and
Fy is GMXQF (exports minus imports). While the observed instruments such as output gap also
contain information about capacity utility and inflation, boosting suggests that open economy
variables have predictive power for inflation that could have been exploited.

The results are reported in Table 4. We find little effect of marginal cost on inflation dynamics
though the evidence for forward looking behavior is strong. The point estimate of ~ is slightly
below .8. This is larger than the IV estimate of .7 which is slightly higher than those reported in
the literature. See, for example, Gali et al. (2005). The J tests for the three models are 6.045,
4.911 and 8.424. We cannot reject the model at the 5% level. Because Fyy is highly correlated with
real variables, we also used it in place of real marginal cost as z;. The results are similar. We also
considered an alternative specification that treats both x; and m;1 as endogenous variables without
changing the set of feasible instruments. The results continue to find no statistically significant
effect of real marginal cost on inflation and a 7y of around .7.

Instrumental variables estimation plays a central role in economic analysis, and there has been
much research to resolve estimation and inference problems that arise from the number and proper-
ties of instruments. The NKPC is an example in which such problems arise. Rather than developing
bias corrections and robust tests to improve finite sample inference, we suggest that constructing
more efficient instruments can be a solution to these problems. As our analysis showed, there are
indeed instruments in the feasible set that are not relevant, and the factor based instruments can
produce point estimates that are different from the observed instruments. Conditional on the factor
structure being true, the fIV produces more precise estimates because it uses more more efficient

instruments.
5 Conclusion

In this paper, we take as starting point that in a data rich environment, there are many valid
instruments that are weakly exogenous for the parameters of interest. Pooling the information

across instruments enable us to construct factor based instruments that are not only valid, but are
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more strongly correlated with the endogenous variable than each individually observed instrument.
The result is a factor based instrumental variable estimator (FIV) that is more efficient and a
fIV estimator that further reduces bias. For a large simultaneous systems, we show that valid
instruments can be constructed from invalid ones. We also suggest boosting as a useful procedure
for selecting the relevant instruments from the feasible set. The resulting fIV estimator has good
finite sample properties. The factor instruments can be used in placed of observed instrumental
variables in hypothesis testing, so they can potentially improve inference. We leave this for future
research to focus on our main point that F forms a better set of instruments than the observed
instruments when the data admit a factor structure, and that f can further reduce bias in finite

samples.
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Table 1: Finite Sample Properties of B, B =202 =3.

T N r rmax|fIV FIV CFn IV OLS|pp L | J

Mean/RMSE
50 30 5 8 2.04 2.04 205 228 230 0.21 4.02 | 0.04 0.10
0.27 0.24 0.29 1.62 0.39
100 50 5 8 2.03 2.03 204 227 233 | 0.23 4.26 | 0.02 0.07
0.19 0.18 0.20 3.46 0.38
100 100 5 8 2.01 2.02 202 210 227 0.20 4.77|0.08 0.08
0.16 0.15 0.18 1.81 0.32
200 100 5 8 2.02 2.02 202 254 237 0.26 4.58 | 0.09 0.06
0.14 0.13 0.15 5.52 0.40
50 50 5 12 220 223 228 254 278 | 048 4.39]0.056 0.22
0.39 037 045 234 0.86
100 50 5 12 213 217 216 258 292 | 055 3.90 | 0.07 0.14
0.29 028 032 286 0.97
100 100 5 12 221 226 225 227 3.05 | 061 3.80|0.13 0.20
0.38 036 042 1.23 1.09
200 100 5 12 2.03 2.05 204 203 275|046 493 |0.15 0.07
0.15 0.14 0.16 0.86 0.77

'3,

Table 2: Finite Sample Properties of B, B =1,0%=3.

T N r L|fIV FIV CFn IV OLS | ppe L | J

Mean/RMSE
50 50 4 41104 1.06 1.04 1.16 0.92 || -0.40 4.20 | 0.04 0.07
1.33 1.16 1.30 2.07 0.50
100 50 4 41098 1.02 097 1.02 1.10 || -0.38 4.10 | 0.04 0.04
1.08 0.80 1.07 1.65 0.34
100 100 4 4 |1.02 1.03 1.02 0.99 093 | -0.34 4.20 | 0.05 0.06
0.71 071 0.70 1.38 0.39
200 100 4 4107 1.10 1.07 1.29 1.04 || -0.46 4.25|0.05 0.06
0.73 064 0.73 1.50 0.19
50 50 6 4]1.01 1.06 1.04 1.25 0.95 | -0.41 5.07 | 0.02 0.07
1.78 131 1.79 2.78 0.46
100 50 6 4101 1.02 1.02 1.05 0.80 || -0.37 5.52 | 0.04 0.07
0.79 0.77 0.77 117 041
100 100 6 4 |1.05 106 1.06 1.07 085 || -049 5.29 | 0.06 0.07
0.40 0.40 0.39 0.97 0.26
200 100 6 4 (101 1.02 1.01 1.15 0.82 | -0.50 5.99 | 0.06 0.06
0.32 031 0.31 1.15 0.23

%51,

Note: fIV are FIV are GMM estimators with fand F as instruments, where ﬁ and F, are of dimension L and r,
respectively. CFn is the 2SLS with ]?as instruments. IV is the GMM estimator with z; C Z as instruments, where

z2¢ is the same dimension as ﬁ }; is selected from Fj by boosting. The t statistic is based on Bf]v.
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Table 3: Finite Sample Properties of 32, BY = 1.

T N r rmax | PfIV PfIVt PFIV PCFn PTFIV POLS || pre

tBPfIV tBPfIV+ tBPTfIV

Mean/RMSE

15 15 2 4 1.05 1.02 1.08 1.05 1.12 1.10 || 0.29 | 0.34 0.17 0.10
0.06  0.05 0.09 0.06 0.22 0.11
25 25 2 4 1.03 1.01 1.06 1.03 1.08 1.10 || 0.30 | 0.38 0.10 0.07
0.04 0.02 0.06 0.04 0.18 0.10
25 50 2 4 1.03 1.01 1.05 1.03 1.07 1.10 || 0.30 | 0.48 0.08 0.08
0.03  0.02 0.05 0.03 0.17 0.10
50 25 2 4 1.02 1.01 1.04 1.02 1.07 1.09 || 0.27 | 0.39 0.09 0.10
0.03  0.02 0.04 0.03 0.13 0.10
50 50 2 4 1.02 1.00 1.03 1.02 1.06 1.10 || 0.29 | 0.36 0.06 0.08
0.02 0.01 0.03 0.02 0.13 0.10
100 50 2 4 1.01 1.00 1.02 1.01 1.05 1.09 | 0.28 | 0.36 0.06 0.09
0.01 0.01 0.02 0.01 0.10 0.09
50 100 2 4 1.01 1.00 1.03 1.01 1.04 1.10 || 0.29 | 0.48 0.06 0.06
0.01 0.01 0.03 0.01 0.13 0.10
100 100 2 4 1.01 1.00 1.02 1.01 1.04 1.10 || 0.29 | 0.38 0.06 0.07
0.01 0.00 0.02 0.01 0.11 0.10

15 15 4 6 1.04 1.03 1.07 1.04 1.08 1.07 || 0.28 | 0.44 0.30 0.15
0.05 0.05 0.07 0.05 0.14 0.08
25 25 4 6 1.03 1.01 1.05 1.03 1.06 1.07 || 029 | 0.44 0.16 0.14
0.03  0.02 0.05 0.03 0.11 0.07
25 50 4 6 1.03 1.01 1.05 1.03 1.06 1.08 | 0.30 | 0.74 0.20 0.12
0.03  0.02 0.05 0.03 0.10 0.08
50 25 4 6 1.02 1.01 1.04 1.02 1.05 1.07 | 0.28 | 0.70 0.22 0.15
0.03  0.02 0.04 0.03 0.08 0.07
50 50 4 6 1.02 1.01 1.03 1.02 1.04 1.07 || 0.28 | 0.79 0.15 0.11
0.02 0.01 0.03 0.02 0.08 0.07
100 50 4 6 1.02 1.00 1.02 1.02 1.03 1.07 || 0.29 | 0.90 0.14 0.14
0.02 0.01 0.03 0.02 0.06 0.07
50 100 4 6 1.02 1.00 1.03 1.02 1.03 1.07 || 0.29 | 0.90 0.16 0.09
0.02 0.01 0.03 0.02 0.08 0.07
100 100 4 6 1.01 1.00 1.02 1.01 1.02 1.07 || 0.29 | 0.88 0.09 0.10
0.01 0.00 0.02 0.01 0.05 0.07

Note: PfIV and PFIV are panel instrumental variable estimators with ¢;; = X;ﬁ and éit = X;ﬁt as instruments.
PfIV* is the biased-corrected estimator. Fy is r x 1, and ﬁ is L x 1, where L is determined by the PCP criterion.
PCFn is the same as pfIV but imposes conditional homoskedasticity. PTFIV is the ‘traditional’ panel IV estimator

that uses fas instruments.
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Table 4: Phillips curve estimates

fIV t FIV t CFkn  tyv v tyy | OLS  tors
v | 0.23 217 | 0.26 253 | 0.25 2.89 | 0.29 1.73 | 048 8.94
A |-005 -1.85|-0.04 -1.66|-0.04 -1.60 |-0.03 -1.08 |-0.01 -0.47
v¢ | 079 716 | 0.77 726 | 0.77 788 | 0.72 3.91 | 0.49 9.04
v | 0.27 2.07 | 0.24 1.97 | 0.22 1.98 | 0.28 2.55 | 0.48 8.94
A | -0.04 -1.39|-0.04 -1.52|-0.04 -1.66 |-0.03 -1.20 | -0.01 -0.47
vr | 076 535 | 0.78 573 | 0.80 6.37 | 0.74 6.51 | 0.49 9.04
v | 0.35 4.64 | 0.31 4.18 | 0.34 454 | 0.38 4.69 | 048 8.94
A |-0.02 -1.01]-0.02 -0.751|-0.03 -1.18 |-0.03 -1.11 |-0.01 -0.47
vr | 0.66 857 | 0.68 9.22 | 0.66 8.06 | 0.64 7.69 | 0.49 9.04
Instruments:
Model | IV, FIV v

A fzt—l =2y Li—1, Tt—2

B _Fio IV(A)+ Fro11, Fioa2

C Fy 1, Fp o IV(A)+ Fi_q
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Appendix

Proof of theorem 1: Let g;(3°) = Fiey, &) =y — )3y, g = % Zthl gt- Then
Brrv — B° = (S}xs_lsfx)_lS}sz_lg.

Now

T
\/Tg = T_1/2 Z thé‘t
t=1

T T
= T2y (F,— HF))e, + HT 'Y " Fe
t=1 t=1

T
= HT'?Y Flei+0p(1)
t=1

By Lemma 1(ii), 7-/2 Zthl(ﬁt — HF?)e; = Op(VT/ min[N, T]) = 0,(1), provided that vT /N —
0. By assumption, T-/2 "7 Fde,~L,N (0, 50). Thus vVT§—N (0, HySH})), where Hy = plim H.
But plim § = HyS°H),. This implies that $~1/2y/Tg—2>N(0,I). This further implies that

VI (Brrv = 8)-5N(0, plim(S, 57'57,) ™)
Proof of Proposition 1 Without loss of generality, assume there is no x; so that x = xs.
The asymptotic variance of the GMM estimator with a r observed variables as instruments is the
probability limit of
Avar(Bry) = 64T~ '2' Pow) ™!

The asymptotic variance of the FIV when F' is observed is the probability limit of

Avar: (Brrv) = o2(T~'a! Prar) ™.
Now z = FV +u, P,x = P,FV + P,u and T~'P,u = 0p(1). Thus,

T %' Py = T 2/ P,FU 4 0,(1).
Furthermore, Ppz = PpFV 4+ u = FV + 0,(1) and therefore

T Y9 Prox = T2/ FU + 0,(1) = T7'2' (M, + P,)FV + 0,(1).

Consider now
Avar(Brv) "' —Avar (Brry) ™' = T~ 2/ Mo FU) = T~/ My (z—u)) = —T~'a' Myz+o,(1) < 0.
The result holds when F' is replaced by F since by Lemma 1, @O(BF]\/) - @'(Bpﬂ/) =

Op((min[N, T])_1/2).
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Proof of Proposition 1 We are interested in

M M
By — By = H Zim — H Ay, = (51 — al)Al + Bl(ag — CLQ)AQ + .. .BMfl(EL/M — CLM)AM
m=1 m=1

where a,, = I — Pém), am = It — P((;m), and A4,, = HM aj . But a; and a; are projection

j=m+1
matrices whose largest eigenvalue is one, and thus ||a;|| < 1 and ||a;|| < 1. It follows that ||A,,| <1
and || By,|| < 1 for all m. Furthermore, (G, — an,) = Pém) - P(%m) and HPé P(m | = Op(6nr)

by Lemma A1l below. It follows that
1Bj-1(a; — a;) Ajl| < 1Bj-1ll lla; — ;| 14;]] < [[@; — a;]l = Op(657),
and || By — Bl = Op(M/dn7).

Lemma Al Let P = ﬁ’(ﬁ’ﬁ)_lﬁ’ where F is a T x r matriz of factors estimated from a T x N
panel of data by the method of principal components. Also let P = F(F'F)~'F' where F is the
factor matriz. From Lemma 2 of Bai and Ng (2002), with Sy = min[v'N,/T],

|7~ 7] = onttii)

The above implies in our context that HPém) - Pém)” = Op(dx7) for each m.

Proof of Theorem 2, part(i) We shall show Bprry — 8 = O,(T™H) + 0O ( -1, equlvalently,

VNT(BPFIV_Q):OP(VN/T)+OP(VT/N) FromBPFIV:ﬂ+S§5TT i= 1Zt 1 tgzt, it is
sufficient to consider the limit of (NT)~Y/2 >N ST Ciyey. Since (NT)~V/2 2N ST tazt—>N(O S),

we need to show, for part (i)

N T
(NT)™123 > (Ci = Ci)ein = Op(V/N/T) + Op(VT/N).
i=1 t=1
Notice
Cit — Cy = NiFy — NiFy = (A — HTA)'Fy + NJ(F, — HE)
= (A — H'A)(F, — HF,) + (A; — H'A\,))HF, + N)(F, — HF))
The first term is dominated by the last two terms and can be ignored. Let A; = (Ai1,..., A\ik)
(r x k) and wjz = (w1, ..., uie, k)’ (K x 1). From Bai (2003), equations (A.5) and (A.6)

K
N o1~ 1 _
F,—HF = VN%(TF/F)W Z Z AjkUjt e + Op(éN%“)
j=1 k=1
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Denote G = V]\}}(%ﬁ/F), which is O,(1), we have

T N N K
(NT) —1/2 Z Z A’ Ft HFy)ey = (NT) —1/2 Z % Z Z Z Nicit G ujep + op(1)

i=1 t=1 t=1"" i=1 j=1k=1

Note that g;; is scalar, thus commutable with all vectors and matrices. Here A;e;; is understood as

A; ® g4, which is K x r. We can rewrite the above as

N T
(NT)"2N "N " Nj(F, — HF))ey

= 2211 T 1 N 1 N K
1/2
(T/N)2 g (7 ;m)a(m ZkZA ki) + op(1) (A1)
(T/N)V20,(1)

Next, by (B.2) of Bai (2003),

_ 1 &

N — H7 A, = H Zl Foul, + Op(0n7)
Thus

N T
—WZZA — H'A))HFey = (NT)~

N T T
Z > wi FLH'HY  Fiei + op(1)
=1 s=1

=1 t=1 T t=1
WS WRATZICS 3
N/T U,ZSFI HH tzt +Op (A2)
Nz:l 81 t=1 )
= (N/T)20,(1)

Combining (A.1) and (A.2), we prove part (i) of the theorem.

Proof of Theorem 2 part (ii). The biases equal to 35_51 multiplied by the expected values of
(A.1) and (A.2). We analyze these expected values below. Introduce

N K
\/» Z Aieir, and B; = 1N Z Z Aj kWt k

i=1 j:1 k=1

Ay =

The summand in (A.1) is A;G By, which is a vector. Thus

AyG By = vec(A;GBy) = (B @ Ay)vec(G)
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it follows that (again ignoring the o,(1) term):
1 X
(A.1) = (T/N) 1/2( > (B @ Ar)vee(G)
=1
Because of the cross-sectional independence assumption on &;; and on u;, we have
1
E(B/ &® At N Z )\/ & &® A (uit’kéiﬂ

Let
T N K
5= (x ZE B @A) vee(G) = 7 750 MG kB (ui i)

t=1 i=1 k=1

From Y1 (Bl ® Ay) — E(B] ® Ay)] = O,(T~1/?), it follows immediately that
(A1) = (T/N)Y26, 4 0,(1)
Let 69 denote the limit of &;. If T/N — 7, it follows that
(A1) — 71/269

Next consider (A.2). Let
T T
0; =T 2> w,F, and & =T '?> Fey
s=1 t=1
then (A.2) can be rewritten as (ignoring the o,(1) term):
| X
(A2) = (N/T)/? (ﬁ Y (@ @i))vec(H’H)
i=1
The expected value of @, ® ©; contains the elements of the long-run variance of the vector sequence
ne = (vec(uyFy)', Fley)'. From + Zfil[(q); ® 0;) — BE(®, ® ;)] = O,(N~1/2), we have
(A.2) = (N/T)Y2As + 0,(1)
where dy = (% Zfil E(®® @i))vec(H’H). It can be shown that

H'H = (F'F/T)™" + 0,(65%) = S5 + 0,(1)

Let
N

89 = lim (% Y EB@ e @Z-))E;J

i=1
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If N/T — 7, we have (A.2) — 771/259. Denote
AY = [plim S33]71?, and A9 = [plim S5z] 169
then the asymptotic bias is
T2AY + 12 A,

proving part (ii).

Proof of Corollary 1. The analysis in part (ii) of the theorem shows that

N T

~ 1

VNT (Bprry — B) = 5;;ﬁ YN Cuei + VT/NSH 61+ N/TS 62+ 0,(1)  (A3)
i=1 t=1

It can be shown that A; — 551(51 = Op(dyr) and Ay — 5_5152 = Op(0yy). These imply that
(T/N)V2(Ay — SZ161) = 0p(1) if T/N? — 0, and (N/T)Y?*(Ag — S2282) = 0,(1) if N/T? — 0.
Thus, we can replace Sgilél by 31 and replace S?;El(sg by 32 in (A.3). Equivalently,

1

T
~ 1~ 1~

NT — A - Ay —B)=85—— Citgir + 0,(1).

VNT(Bpriv F A1~ 74 ) m\/N—Zlg t€it + op(1)

1=

N
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