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1 Introduction

The primary concern of this paper is de�nitions and tests of (weak) exogeneity apposite

for semiparametric moment condition models speci�ed for cross-section data. Several

de�nitions of exogeneity in di�erent contexts have been given in the literature. For

parametric models the version provided in Engle et al. (1983), henceforth referred to

as EHR, would seem to be consensual; see De�nition 2.5, p.282, in EHR. Essentially,

their de�nition of exogeneity is that of statistical ancillarity. That is, a random vector

x is exogenous for a vector of parameters if e�cient inference for the parameter vector

can be made based solely on the conditional distribution of observables conditional on

the random vector x. In other words, no loss of information is incurred by disregarding

the marginal distribution of an exogenous random vector. From a policy perspective,

exogeneity also assumes a central importance. Let a given random vector x be exogenous

for the parameter vector characterising the conditional distribution of a target vector y.

Suppose also that the conditional distribution of y given x under exogeneity may be

regarded as a behavioural relationship for the target vector y. If the exogenous random

vector x is also a vector of control variables for the policy maker then knowledge of

the conditional distribution of y given x enables the policy maker to accurately predict

the e�ect of a change in policy expressed through changes in the exogenous random

vector x without knowledge of the marginal distribution of x. For the dynamic linear

simultaneous equations model with normally distributed errors, Theorem 4.3 (a) and (b),

p.298, of EHR shows su�cient conditions for their exogeneity de�nition that involve the

uncorrelatedness of particular error terms. More speci�cally, for classical linear regression

this assumption is equivalent to that usually made when the objective is to estimate the

best linear predictor, namely, that the regression error is uncorrelated with the vector of

regressor variables.

More recently Blundell and Horowitz (2004) present a de�nition of exogeneity in a

non-parametric regression model setting for a random variable y in terms of a vector of

covariates x in which the expectation of the error term conditional on a set of identifying
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instruments w is maintained to be zero. Covariates x are said to be exogenous if the

conditional expectation of the regression error term given x is also zero. Their de�nition

has the advantage that standard nonparametric regression methods are then appropriate.

Because the instruments are ignored in this de�nition it may be characterised as a partial

form of exogeneity which we term below as marginal exogeneity. We demonstrate via

an example that marginal exogeneity is not equivalent to that given by EHR for the

parametric context. More importantly, however, if the instruments w are control variables

for the policy maker, the e�ect of changes in w on the dependent variable y is unknown

without further knowledge of the conditional distribution of the covariates x given w. Of

course, if the covariates x themselves are under the control of the policy maker, then the

e�ect of changes in x on the dependent variable y is perfectly predictable.

We therefore provide a di�erent de�nition of exogeneity in the context of a general

nonlinear conditional moment restrictions model. This de�nition more accords with that

found in many econometrics textbooks; see, for example, Hayashi (2000) and Wooldridge

(2002). A random vector is considered to be conditionally exogenous for the parameter

vector if the expectation of the vector of moment indicators conditional on both the

random vector x and maintained instruments w is zero. In particular, if covariates in a

regression model are conditionally exogenous then as a consequence the instruments will

be redundant as additional explanators, a property arising necessarily from ancillarity if

covariates are exogenous. This de�nition is of course stricter than that of Blundell and

Horowitz (2004). Consequently estimators which e�ciently incorporate this assumption

should dominate those which only make use of marginal exogeneity.

In addition, we also provide tests for both marginal and conditional exogeneity in

the conditional moment framework. Most tests of exogeneity proposed in the literature

focus on the best linear predictor setting. The most popular of these tests is probably

the Hausman test [Hausman (1978)] which contrasts estimators obtained assuming or-

thogonality conditions between errors and instruments and errors and covariates (and

instruments) respectively. Lagrange multiplier or score tests were suggested by Engle

(1982). Smith (1994) gives limited information classical test statistics for exogeneity in
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the dynamic simultaneous equations model discussed in EHR, Section 4, pp. 294-300.

However, these kinds of tests are inappropriate for models de�ned by conditional mo-

ment constraints. As noted out by Bierens (1990), orthogonality tests will generally be

inconsistent against some alternatives implied by conditional moment conditions as only

a �nite number of unconditional restrictions are incorporated in such tests. Moreover,

examples can be easily constructed in which although an orthogonality condition holds

the conditional moment restrictions may not; see De Jong and Bierens (1994). While

relatively little attention has been paid to tests of exogeneity in regression models de�ned

by conditional moment restrictions, there is a vast literature on akin tests of goodness

of �t in such models. Tests based on an in�nite number of unconditional moment re-

strictions may be designed to overcome the aforementioned test inconsistency. See, for

example, Eubank and Spiegelman (1990) in the non-linear regression context. Other

tests based on this principle have been proposed, also for this set-up, by De Jong and

Bierens (1994), Hong and White (1995) and Jayasuriya (1996). Donald, Imbens and

Newey (2003), henceforth DIN, extend this idea to the conditional moment restriction

setting for GMM [Hansen (1982)] and generalized empirical likelihood (GEL) [Newey and

Smith (2004), Smith (1997, 2001)]. Our paper adapts these last methods developed in

DIN to formulate tests for exogeneity in the conditional model framework.1

The approach in DIN approximates the conditional moment restrictions by a �nite

set of unconditional moment restrictions, the number of which is allowed to tend to in�n-

ity. Both marginal and conditional exogeneity hypotheses involve two sets of conditional

moment restrictions where the second set implies the �rst. Likewise these sets of con-

ditional moment conditions are replaced by corresponding sets of unconditional moment

restrictions with the �rst set a subset of the second. Hence, our tests for exogeneity

may be interpreted as tests for additional moment restrictions similar to those proposed

by Newey (1985) and Tauchen (1985) in a fully parametric setting and by Smith (1997,

2001) for GEL. Since asymptotically we are dealing with an in�nite number of moment

1Alternative tests for exogeneity could also be based on the approaches of Bierens (1982, 1990),
Wooldridge (1992), Yatchew (1992), H�ardle and Mammen (1993), Fan and Li (1996), Zheng (1996,1998),
Lavergne and Vuong (2000) and Ellison and Ellison (2000) among others.
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restrictions our test statistics do not converge to the usual chi-squared distribution but

rather the standard normal distribution after appropriate standardization. Furthermore,

unlike orthogonality test statistics, these tests do not require e�cient parameter estima-

tion under either conditional moment speci�cation.

Also of particular interest and relevance are the recent papers by Tripathi and Kita-

mura (2003) and Delgado et al. (2005) which like DIN also propose tests for conditional

moment restrictions. Tripathi and Kitamura (2003) propose a likelihood ratio (LR) test

based on a smoothed conditional empirical likelihood (EL) objective function. Since

the conventional EL ratio statistic does not allow one to test for conditional moment

restrictions directly, Tripathi and Kitamura (2003) replace the empirical log-likelihood

objective function by a kernel-based estimator for its conditional expected value. After a

location-scale standardisation their empirical LR test statistic converges in distribution

to a standard normal random variate under correctly speci�ed conditional moment re-

strictions. Moreover, they prove their test is asymptotically optimal among a particular

class of tests for over-identifying moment restrictions in the sense that it achieves maxi-

mum local average power in that class. More recently, Smith (2005a, 2005b) showed that

this approach can be extended to obtain tests based on the Cressie-Read (1984) power

divergence family of discrepancies and GEL. Delgado et al. (2005) propose two di�er-

ent methods. First, they replace the conditional moment restrictions by an equivalent

�nite number of non-arbitrary unconditional moment restrictions and test the validity of

the latter. This approach is similar to those of Fan and Li (1996), Zheng (1996, 1998)

and Lavergne and Vuong (2000) for regression models. Their test statistic also needs to

resort to kernel methods as it is necessary to estimate certain conditional expectations.

Like Tripathi and Kitamura's (2003) statistic their statistic also converges in distribu-

tion to a standard normal random variate under correct speci�cation. Secondly, they

show that their unconditional moment conditions are equivalent to some arbitrary set

of orthogonality conditions between generalized residuals and a known function of the

conditioning variables and some nuisance parameters. Since these moment conditions

depend on nuisance parameters it is necessary to resort to a Kolmogorov-Smirnov or
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Cramer-von-Mises form of test statistic. These test statistics are similar in spirit to

those proposed by Bierens (1982, 1990) and have a non-standard limiting distribution.

The paper is organized as follows. Section 2 provides a detailed discussion of the exo-

geneity concept in models de�ned by conditional moment restrictions. The test problem

is speci�ed in section 3 together with some notation and assumptions. GMM and GEL

test statistics for exogeneity are presented there also. Section 4 details the limiting dis-

tribution of these statistics under the exogeneity hypothesis whereas section 5 considers

their asymptotic distribution under a suitable sequence of local alternatives. Section 5

concludes. Proofs of the results in the text and certain subsidiary lemmata are given in

the Appendix.

2 Exogeneity

2.1 Some Preliminaries

We initially reconsider the landmark paper EHR which discusses exogeneity concepts

for fully parametric models in the classical likelihood context and relates de�nitions of

exogeneity to e�cient parameter estimation.

Let the random vector z be partitioned as z = (y0; x0)0. It is assumed that the

distribution of z is described by the density function f(�j�) which is known up to the �nite

dimensional parameter vector � 2 �. Suppose that � is partitioned as � = (�01; �02)
0, where

�1 2 �1 and �2 2 �2. Then [(yjx;�1) ; (xj�2)] operates a sequential cut on f (zj�) if and

only if f (zj�) = f (yjx; �1) f (xj�2), where f (�jx; �1) and f (�j�2) denote the conditional

and marginal densities of y given x and x respectively, and �1 and �2 are variation

free, i.e. (�01; �
0
2)
0 2 �1 � �2; see EHR, De�nition 2.4, p.282. The random vector x is

(weakly) exogenous for the parameters of interest  if (i)  is a function of �1 and (ii)

[(yjx;�1) ; (xj�2)] operates a sequential cut on f (zj�); see EHR, De�nition 2.5, p.282.

Consequently, for e�cient inference on  we may merely consider the conditional density

f(�jx; �1) of y given x and ignore, without loss of information, the marginal density f(�j�2)

of x.
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To illustrate the consequences of this de�nition consider the following model

y = x0�0 + u;

x = �xw + v;

where y and x are scalar and vector endogenous variables. Assume that the joint dis-

tribution of (u; v) conditional on w is multivariate normal with mean vector zero and

nonsingular conditionally heteroskedastic variance matrix

�(w) =

 
�2u �ux
�ux �xx

!
(w):

Thus, conditional on x and w, y is normally distributed with mean and variance given

by

E[yjw; x] = x0�0 + �ux(w)�xx(w)
�1 (x� �xw) ; (2.1)

var[yjw; x] = �2u(w)� �ux(w)�xx(w)�1�ux(w)0:

The assumption �ux(w) = 0 ensures the exogeneity of x for �0 in the sense of EHR

as then from (2.1) the density of y given x and w no longer depends on the parameter

matrices �x which characterises the marginal distribution of x conditional on w. If u

and v are independent of w this is precisely the condition in the best linear predictor

framework when E [yjw; x] = E [yjx] = x0�0.

More recently Blundell and Horowitz (2004) proposed a de�nition of exogeneity for a

non-parametric regression set-up. They considered the model

y = g (x) + u;

where the function g(�) is unknown and thus needs to be nonparametrically estimated.

The identifying conditional moment restriction E[ujw] = 0 is maintained where w is a

vector of instruments. Blundell and Horowitz (2004) de�ne the covariate vector x to be

exogenous if E[ujx] = 0. This de�nition, however, is not equivalent to that given by EHR

for the parametric setting. To see this reconsider the above example with g (x) = x0�0

and rewrite (2.1) as

y = x0�0 + u;
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where u = y � E[yjw; x] + �ux(w)�xx(w)�1(x� �xw). Now

E [ujw; x] = �ux(w)�xx(w)�1 (x� �xw)

which if x and w are proper random vectors equals zero if and only if �ux(w) = 0.

However,

E [ujx] = E
h
�ux(w)�xx(w)

�1jx
i
x� E

h
�ux(w)�xx(w)

�1�xwjx
i
:

Of course the condition �ux(w) = 0 is now su�cient rather than necessary for E[ujx] = 0.

More generally, the condition E[ujx] = 0 holds if and only if E [�ux(w)�xx(w)�1jx]x =

E [�ux(w)�xx(w)
�1�xwjx] which requires additional constraints on the joint distribution

of x and w.

Consequently, from a policy perspective, the particular de�nition of exogeneity given

in Blundell and Horowitz (2004) may be inadequate. Suppose that the vector of instru-

ments w is also a vector of control variables. Although under the exogeneity hypothesis

E[ujx] = 0 the e�ect of changes of x on y are predictable as E[yjx] = g(x), the impact of

altering w is not. In particular, E[yjw] = E[g(x)jw] which remains unchanged between

maintained and exogeneity hypotheses. Knowledge of the conditional distribution of x

given w is still required. A more apposite de�nition of exogeneity is given by E[ujw; x] = 0

in which case E[yjw; x] = g(x). The e�ect on y of any change in w only occurs through

any alteration consequently induced in x, the e�ect of which is predictable as above.2

2.2 De�nitions

Rather than considering u to be a regression error as in the above example, we now deal

with the more general form u = u(z; �0), where u(z; �) is a known J-vector of functions

of the random vector of observables z and the unknown p-vector of parameters � which

constitute the object of inferential interest.

2Note that if �(w) = �, i.e. u and v are independent of w, then the conditions E [ujw; x] = 0,
E [ujx] = 0 and �ux = 0 are mutually equivalent. In this case, therefore, the distinction between EHR
and Blundell and Horowitz (2004) does not apply.
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Like Blundell and Horowitz (2004) we assume that there exists an observable vector

of instruments w such that

E[u(z; �0)jw] = 0: (2.2)

The de�nition of exogeneity due to Blundell and Horowitz (2004) does not involve the

maintained instrument vector w. Thus we consider it to be a partial or marginal form of

exogeneity.

De�nition 2.1 (Marginal Exogeneity.) The random vector x is said to be marginally

exogenous for �0 if

E[u(z; �0)jx] = 0: (2.3)

In the regression example of section 2.1 u(z; �0) = y � x0�0. Marginal exogeneity

(2.3) of x for �0 clearly implies that the moment condition E[u (z; �0) jx] = 0 may be

used to obtain a consistent estimator for �0. However, such an estimator is unlikely to

be e�cient as it neglects the maintained information contained in the moment constraint

(2.2). Furthermore, an estimator for �0 based on the moment conditions (2.2) and (2.3)

should be at least as e�cient as an estimator which only used the conditions (2.2). Thus,

if (2.3) holds, not only is E[yjx] is correctly speci�ed as x0�0 but a more e�cient estimator

for �0 is also possible.

In the regression context a consequence of marginal exogeneity (2.3) is that E[yjx] =

x0�0 and, thus, the regressor vector x may be used to control y. However, as noted

above, if w is a policy control variable, the e�ect of changes in w on y is unknown as

E[yjw] = E[xjw]0�0 = w0�0x�0. Without further knowledge of the conditional distribution

of x given w, namely �x for this example, the impact of w on y is not predictable.

Consequently marginal exogeneity may represent an inadequate de�nition of exogene-

ity in some contexts. Revisiting the regression example the condition E [u (z; �0) jw; x] =

0 implies E[yjw; x] = E[yjx] = x0�0. Therefore, under this condition the instruments

w contribute no additional information to the conditional expectation of y than that
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provided by x. This property of conditional mean independence of y and w given x

might be considered inherently characteristic of an exogenous vector in the regression

setting. Furthermore, as noted in section 2.1, it approximates more closely the de�nition

of exogeneity given in EHR.

To deal with these issues, we revise the de�nition of exogeneity given in Blundell and

Horowitz (2004) to incorporate the maintained instruments w which therefore takes a

conditional form.

De�nition 2.2 (Conditional Exogeneity.) The random vector x is said to be condition-

ally exogenous for �0 if

E [u (z; �0) jw; x] = 0: (2.4)

Conditional exogeneity implies marginal exogeneity and is thus a more stringent re-

quirement. Therefore, estimators which utilise conditional exogeneity (2.4) should be

more e�cient than those based on the marginal moment conditions (2.2) and (2.3).

The next sections develop and analyse the large sample properties of tests for both

marginal and conditional types of exogeneity.

3 GMM and GEL Test Statistics

3.1 The Test Problem

Let s denote a generic random vector that will be made explicit in each particular in-

stance. The null hypothesis is

H0 : E[u(z; �0)js] = 0 (3.1)

with the alternative hypothesis as

H1 : E[u(z; �0)jw] = 0 (3.2)

where s is a random vector that may or may not include w. The null hypothesis (3.1)

encompasses both the de�nitions of exogeneity given in section 2.2 with s = x and

s = (w0; x0)0 as marginal and conditional exogeneity respectively.
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3.2 Approximating Conditional Moment Restrictions

It is well known [Chamberlain (1987)] that conditional moment conditions of the type

given in both null and alternative hypotheses (3.1) and (3.2) are equivalent to a countable

number of unconditional moment restrictions under certain regularity conditions. The

following assumption, DIN Assumption 1, provides precise conditions.

For each positive integer K, qK(s) = (q1K(s); :::; qKK(s))
0 is a K-vector of approxi-

mating functions.

Assumption 3.1 For all K, E[qK(s)0qK(s)] be �nite and for any a(s) with E[a(s)2] <1

there are K-vectors 
K such that as K !1,

E[(a(s)� qK(s)0
K)
2]! 0:

Possible approximating functions which satisfy Assumption 3.1 are splines, power

series and Fourier series. See inter alia DIN, Newey (1997) and Powell (1981) for further

discussion.

The next result, DIN Lemma 2.1, shows formally the equivalence between conditional

moment restrictions and a sequence of unconditional moment restrictions.

Lemma 3.1 Suppose that Assumption 3.1 is satis�ed and E[u(z; �0)
0u(z; �0)] is �nite. If

E [u (z; �0) js] = 0, then E[u(z; �0) 
 qK(s)] = 0 for all K. Furthermore, if

E [u (z; �0) js] 6= 0, then E[u(z; �0)
 qK(s)] 6= 0 for K large enough.

DIN de�ne the unconditional moment indicator vector as g(z; �) = u(z; �) 
 qK(s).

By considering the moment conditions E[g(z; �0)] = 0 and applying EL, IV, GMM or

GEL, if K approaches in�nity at an appropriate rate which will depend on n and the

type of estimator considered, then DIN show that such estimators are consistent and

achieve the semi-parametric e�ciency bound. To do so, however, requires the imposition

of a normalization condition on the approximating functions as in DIN Assumption 2

which follows.

Let S denote the support of the random vector s.
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Assumption 3.2 For each K there is a constant scalar �(K) and matrix BK such that

~qK(s) = BKq
K(s) for all s 2 S, sups2S




~qK(s)


 � �(K), E[~qK(s)~qK(s)0] has smallest

eigenvalue bounded away from zero uniformly in K and
p
K � � (K).

Hence we may reinterpret the null hypothesis of marginal (2.3) or conditional (2.4)

exogeneity as one consisting of additional moment restrictions. Therefore, we need to

replace appropriately the conditional moment constraints (2.2) and either (2.3) or (2.4).

The maintained conditional moment restrictions (2.2) consequently become

E[u(z; �0)
 qK1 (w)] = 0 (3.3)

for approximating functions qK1 (�) that satisfy Assumptions 3.1 and 3.2 for s = w.

Let qK0 (w; x) be a MK-vector of approximating functions that depends only on the

instruments w and on the random vector x, where M is some constant integer greater

than or equal to 1. Additionally de�ne qK(w; x) = (qK1 (w)
0; qK0 (w; x)

0)0. Therefore, if

Assumptions 3.1 and 3.2 are satis�ed for qK(s) with s = (w0; x0)0, the moment conditions

(2.2) together with either (2.3) or (2.4) are equivalent to

E[u(z; �0)
 qK(w; x)] = 0: (3.4)

For the case of (2.3), qK0 (w; x) depends only on functions of x whereas for (2.4) q
K
0 (w; x)

additionally depends on functions of both w and x. Therefore the null hypothesisH0 (3.1)

and the alternative hypothesis H1 (3.2) may be replaced by the equivalent hypotheses

(3.4) and (3.3) respectively, K !1.

For technical reasons our analysis requires that the number of elements of qK0 (w; x)

should depend linearly on K. Suppose a polynomial of order nw in the elements of w is

used to approximate E[u(z; �0)jw]. If w is a rw-vector, qK1 (w) will consist of
nwX
i=0

 
i+ rw � 1

i

!

elements. Then, as in Hirano et al. (2003), we can set K = (nw + 1)
rw which is an upper

bound for this value.
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To choose the MK additional functions corresponding to the conditional exogeneity

case consider an approximating polynomial of order nwx in the elements of x and w.

Then, if x is a rx-vector, removing all the terms that depend only on w, q
K
0 (w; x) consists

of
nwxX
i=0

 
i+ rw + rx � 1

i

!
�

nwxX
i=0

 
i+ rw � 1

i

!
elements.

Alternatively, consider a polynomial of order nwx in the elements of x and w and

remove all those terms that depend solely on w. Based on upper bounds for the elements

of qK1 (w) and q
K(w; x), MK = (nwx + 1)

rw+rx � (nwx + 1)rw . Hence, M is given by the

next integer greater than

(nwx + 1)
rw+rx � (nwx + 1)rw

(nw + 1)
rw (3.5)

Let nwx = An
w, say, for some positive constants A and 
. Then, if 
 = rw=(rw+rx), (3.5)

converges to Arw+rx as nw ! 1. Therefore M is the next integer greater than Arw+rx

given some A. If nwx is chosen as the closest integer to An
rw=(rw+rx)
w , an application of

Lorenz (1986, Theorem 8, p.90) shows that Assumption (3.1) is satis�ed for polynomials

in x and w.

For marginal exogeneity, consideration of a polynomial of order nx in x leads toMK =

(nx + 1)
rx additional elements in qK(w; x). Thus, M is given by the next integer greater

than

(nx + 1)
rx

(nw + 1)
rw (3.6)

which is required to be bounded, e.g., if nx = An
w similarly to above, 
 = rw=rx.

3.3 Basic Assumptions and Notation

The following conditions are needed to derive the asymptotic distributions of the test

statistics discussed below.

Assumption 3.3 (a) the data are i.i.d.; (b) there exists �0 2 int(B) such that

E[u(z; �0)js] = 0; (c)
p
n(�̂ � �0) = Op(1); (d) E[sup�2B ku(z; �)k

2 js] is bounded.
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Unlike DIN Assumption 6 (b), it is not necessary to assume that

E
h


sup�2B ku (z; �)k



i < 1 for some 
 > 2. As noted in Guggenberger and Smith

(2005), if the sample data is i.i.d. one can set 
 = 2 as in Assumption 3.3 by appeal

to Lemma 3 in Owen (1990). Indeed, Lemma A.1 in Appendix A may be substituted

for Lemma A10 in DIN. Therefore, 
 may be set to 2 in those succeeding Lemmata

and Theorems in DIN which concern GEL. Notice that we only require root-n consis-

tency for the estimator �̂, not e�ciency. Moreover, since under the null hypothesis

E[u(z; �0)js] = E[u(z; �0)jw] = 0, for s = x or s = (w0; x0), only a single estimator is

needed for �0.

Let u�(z; �) = @u(z; �)=@�0, D (s) = E[u�(z; �)js] and uj��(z; �) = @2uj(z; �)=@�@�
0,

j = 1; :::; J . Also let N denote a neighbourhood of �0.

Assumption 3.4 (a) u(z; �) is twice continuously di�erentiable in N ,

E[sup�2N ku�(z; �)k
2 js] and E[ku��j(z; �0)k2 js], (j = 1; :::; J), are bounded;

(b) � (s) = E[u(z; �0)u(z; �0)
0js] has smallest eigenvalue bounded away from zero; (c)

E[sup�2N ku(z; �)k
4 js] is bounded; (d) for all � 2 N , ku(z; �)� u(z; �0)k � �(z) k� � �0k

and E[�(z)2js] is bounded; (e) E[D(s)0D(s)] is nonsingular.

3.4 Test Statistics

Let gi(�) = u(zi; �) 
 qK1 (wi), hi(�) = u(zi; �) 
 qK(wi; xi), (i = 1; :::; n). Also let

ĝ(�) =
Pn
i=1 gi(�)=n and ĥ(�) =

Pn
i=1 hi(�)=n.

Conditional GMM statistics appropriate for both maintained and null hypotheses

take the standard form

T gGMM = nĝ(�̂)0
̂�1ĝ(�̂) (3.7)

and

T hGMM = nĥ(�̂)0�̂�1ĥ(�̂) (3.8)

where 
̂ =
Pn
i=1 gi(�̂)gi(�̂)

0=n and �̂ =
Pn
i=1 hi(�̂)hi(�̂)

0=n. See for example DIN, section

4, pp.63-64.
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A GMM statistic appropriate for testing the null hypothesis (3.1) comprising either

the marginal (2.3) or conditional (2.4) exogeneity hypotheses against the maintained

hypothesis (3.2) may be based on the di�erence of GMM criterion function statistics

(3.8) and (3.7) for the revised hypotheses (3.4) and (3.3) respectively. For �xed and �nite

K, standard asymptotic theory for tests of the validity of additional moment restrictions

[Newey (1985)] yields test statistics that are chi-square distributed with JMK degrees

of freedom. It is well known, however, that when the number of degrees of freedom is

very large a chi-square random variable can be approximated, after standardization by

subtraction of its mean and division by its standard deviation, by a standard normal

random variable. The GMM statistic is therefore de�ned by

J =
T hGMM � T

g
GMM � JMKp
2JMK

: (3.9)

Smith (1997, 2001) proposed a number of alternative test statistics to GMM-based

procedures based on GEL for a �nite number of additional moment restrictions which

may be adapted for the framework considered here.

As in DIN and Newey and Smith (2004) we de�ne �(v) to be a function of a scalar v

that is concave on its domain, an open interval V containing zero. Let

~Pn(�; �) =
nX
i=1

[� (�0hi(�))� �0]=n;

P̂n(�; �) =
nX
i=1

[� (�0gi(�))� �0]=n

de�ne the respective GEL criteria under null and alternative hypotheses where � and �

are the corresponding J(M + 1)K- and JK-vectors of Lagrange multipliers associated

with the unconditional moment constraints (3.4) and (3.3). Let �j(v) = @j�(v)=@vj and

�j = �j(0), (j = 0; 1; 2; :::). We normalize �1 = �2 = �1 without loss of generality.

Given an estimator �̂ for �0 which is root-n consistent under either null or alternative

hypotheses, Lagrange multiplier estimators may be computed for both � and �. Let

�̂n(�) = f� : �0gi(�) 2 V, i = 1; :::; ng and ~�n(�) = f� : �0hi(�) 2 V, i = 1; :::; ng. The

respective Lagrange multiplier estimators are then given by

~� = arg max
�2 ~�n(�̂)

~Pn(�̂; �); �̂ = arg max
�2�̂n(�̂)

P̂n(�̂; �):

[14]



Let �̂ = Sg�̂ where Sg = IJ
(IK ; 0MK)
0 is a J(M+1)K�JMK matrix. Additionally

let s(z; �) = S 00h(z; �) where S0 = IJ 
 (0K ; IMK)
0 is a J(M + 1)K � JMK selection

matrix. Hence, s(z; �) = u(z; �)
 qK0 (w; x). De�ne si(�) = s(zi; �), (i = 1; :::; n).

Similar to the GMM statistic J , a likelihood ratio (LR) form of GEL statistic for

testing either the marginal (2.3) or conditional (2.4) exogeneity hypotheses against the

maintained hypothesis (3.2) may be based on the di�erence of GEL criterion function

statistics; viz.

LR =
2n[ ~Pn(�̂; ~�)� P̂n(�̂; �̂)]� JMKp

2JMK
: (3.10)

Corresponding Lagrange multiplier, score and Wald-type statistics are de�ned respec-

tively as

LM =
n(~� � �̂)0�̂(~� � �̂)� JMKp

2JMK
;

S =

Pn
i=1 �1(�̂

0gi(�̂))si(�̂)
0S 00�̂

�1S0
Pn
i=1 �1(�̂

0gi(�̂))si(�̂)=n� JMKp
2JMK

; (3.11)

W =
n~�0S0(S

0
0�̂

�1S0)
�1S 00~� � JMKp

2JMK
: (3.12)

We will require an additional assumption on �(v) for statistics based on GEL as in

DIN Assumption 6, p.67.

Assumption 3.5 �(�) is a twice continuously di�erentiable concave function with Lip-

schitz second derivative in a neighborhood of 0.

4 Asymptotic Null Distribution

The following theorem provides a rigorous statement of the limiting distribution of the

GMM statistic J (3.9) under the null hypothesis (3.1).

Theorem 4.1 If Assumptions 3.1, 3.2, 3.3 and 3.4 hold for s = w and s = (w0; x0)0 and

if K !1 and � (K)2K2=n! 0, then J d! N(0; 1).
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Although this result is stated for a GMM-based test of the marginal or conditional

exogeneity of x against the conditional moment restriction (2.2) given the instruments

w of the maintained hypothesis (3.2) it has a wider signi�cance. It is also relevant and

may be straightforwardly adapted with little alteration for constructing a test for the

comparison of two sets of conditional moment restrictions where one set is nested within

the other.

The next result details the limiting properties of the GEL-based statistics for the

exogeneity hypotheses (2.3) and (2.4) and their relationship to that of the GMM statistic

J (3.9).

Theorem 4.2 Let Assumptions 3.1, 3.2, 3.3, 3.4 and 3.5 hold for s = w and s = (w0; x0)0

and in addition K ! 1 and �(K)2K3=n ! 0. Then the GEL statistics LR, LM, S

and W converge in distribution to a standard normal random variate. Moreover all of

these statistics are asymptotically equivalent to the GMM statistic J .

Similar to the GMM statistic J (3.9) the GEL statistics LR, LM, S and W may be

applied with little alteration to the general problem of testing nested conditional moment

restrictions.

Alternative unrestricted statistics for testing the exogeneity hypotheses (2.3) and (2.4)

may be also de�ned which ignore the information contained in the maintained hypothesis

(3.2); viz. the GEL-based statistics

LRh =
2n ~Pn(�̂; ~�)� J(M + 1)Kq

2J(M + 1)K
;LMh =

n~�0�̂~� � J(M + 1)Kq
2J(M + 1)K

and the GMM statistic based on T hGMM which takes the score form

Sh = nĥ(�̂)0�̂�1ĥ(�̂)� J(M + 1)Kq
2J(M + 1)K

:

It is straightforward to show from the analysis used to establish Theorems 4.1 and 4.2

similarly to DIN that these statistics also each converge in distribution to a standard

normal random variate and are mutually asymptotically equivalent but not to J , LR,
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LM, S and W . The statistics LRh and Sh are forms of those GMM and GEL statistics

suggested in DIN, section 6, pp.67-71, appropriate for testing the unrestricted hypothesis

H0 \H1.

5 Asymptotic Local Power

This section considers the asymptotic distribution of the above statistics under a suitable

sequence of local alternatives.

We follow the set-up in Eubank and Spielgeman (1990) and Hong and White (1995),

see also Tripathi and Kitamura (2003), which utilise local alternatives to the null hy-

pothesis (3.1) of the form

H1n : E[u(z; �n;0)jw; x] =
4
p
JMKp
n

�(w; x); (5.13)

where �n;0 2 B is a non-stochastic sequence such that �n;0 ! �0. We will also assume

that E[�(s)jw] = 0 in order that the maintained hypothesis E[u(z; �0)jw] = 0 in (3.2) is

not violated.

This sequence of local alternatives (5.13) is particularly apposite for conditional ex-

ogeneity. It is also appropriate as a description of local alternatives to the marginal

exogeneity hypothesis (3.1) E[u(z; �0)jx] = 0. In this case local alternatives may be

described by taking the expectation of (5.13) conditional on x, that is,

E[u(z; �n;0)jx] =
4
p
JMKp
n

E[�(w; x)jx]:

In order to obtain the asymptotic distribution of the statistics proposed in section 3.4

under the local alternatives (5.13) we invoke the following assumption.

Assumption 5.1 (a) �n;0 is a non-stochastic sequence such that (5.13) holds and

�n;0 ! �0; (b)
p
n(�̂��n;0) = Op(1); (c) for all � 2 N , �(w; x; �) = E[u(z; �)u(z; �)0jw; x]

has smallest eigenvalue bounded away from zero; (d) k�(w; x)k is bounded; (e) �(w; x; �)

and D(w; x; �) = E[u�(z; �)jw; x] are continuous functions on a compact closure of N .
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The next result summarises the limiting distribution of the statistics J , LR, LM, S

and W under the sequence of local alternatives (5.13). Let �(w; x) = �(w; x; �0).

Theorem 5.1 Let Assumptions 3.1, 3.2, 3.3, 3.4 and 5.1 hold for s = w or s = (w0; x0)0

and �(K)2K2=n! 0. Then J converges in distribution to a N(�=
p
2; 1) random variate,

where

� = E[�(w; x)0�(w; x)�1�(w; x)]:

If additionally Assumption 3.5 is satis�ed and �(K)2K3=n ! 0, then LR, LM, S and

W are asymptotically equivalent to J .

Although not discussed here, one might use a similar analysis to that underpinning

Lemma 6.5, p.71, in DIN to demonstrate the consistency of the statistics J , LR, LM,

S and W .

The following corollary is a special case of the previous Theorem and presents the

asymptotic distribution of LRh, LMh and Sh under the same local alternative.

Corollary 5.1 Let Assumptions 3.1, 3.2, 3.3, 3.4 and 5.1 hold for s = (w0; x0)0 and

�(K)2K2=n ! 0. Then Sh converges in distribution to a N(�h=
p
2; 1) random variate,

where

�h =

s
M

M + 1
�:

If additionally Assumption 3.5 is satis�ed and �(K)2K3=n ! 0, then LRh, LMh are

asymptotically equivalent to Sh:

Hence, for largeM , �h will di�er little from �. Tests based on unrestricted statistics that

ignore the maintained hypothesis H1 will have a similar discriminatory power to detect

the local departures from the null hypothesis H0 as tests that incorporate H1. Therefore,

M should be chosen as small as possible.

6 Conclusions

This article discusses de�nitions of exogeneity for models given by a set of semiparametric

conditional moment restrictions based on a vector of moment indicators. We assume

[18]



that there exists an initial set of identifying instruments. A random vector is said to be

marginally exogenous for the parameters specifying the conditional moment restrictions

if the conditional expectation of the moment indicator vector given the random vector is

zero. This de�nition accords with that proposed by Blundell and Horowitz (2004). We

suggest that this de�nition may prove to be inadequate in particular circumstances. We

therefore de�ne an alternative exogeneity concept which we term conditional exogeneity.

A random vector is said to be conditionally exogenous for the parameters specifying the

conditional moment restrictions if the conditional expectation of the moment indicator

vector given both instruments and the random vector is zero. This de�nition is more

closely related to those for fully parametric models based on classical likelihood theory.

The paper also provides GMM- and GEL-based test statistics for both marginal

and conditional exogeneity by reinterpreting the respective hypotheses as concerning

an in�nite number of unconditional moment restrictions. These tests may therefore be

viewed as tests for additional sets of in�nite moment restrictions. We derive the limiting

distribution of these test statistics under the null hypotheses of marginal and conditional

exogeneity and a suitable sequence of local alternatives.

Appendix: Proofs

Throughout the Appendix, C will denote a generic positive constant that may be di�erent

in di�erent uses, and CS, M, T and cr the Cauchy-Schwarz, Markov, triangle and Lo�eve

cr inequalities respectively.
3 Also we write w.p.a.1 for \with probability approaching 1".

A.1 Useful Lemmata

The following Lemma allows the relaxation of Assumption 6 in DIN for the GEL class

of estimators.

Lemma A.1 Let �n = o(n�1=2� (K)�1) and �n = f� : k�k � �ng. Then if Assumption

3.3(d) is satis�ed, max�2B;�2�n;1�i�n j�0gi (�)j
p! 0 and w.p.a.1 �n � �̂ (�) for all � 2 B.

3We use the general version of the Lo�eve cr inequality as stated in Davidson (1994, p.140).
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Proof: Write bi = sup�2B ku (zi; �)k
2. By iterated expectations and 3.3(d), E[bi] =

E[E[bijw]] <1 for 1 � i � n. Hence, it follows from Owen (1990, Lemma 3, p.98) that

max1�i�n bi = op(n
1=2). Therefore, by CS

max
�2B;�2�n;1�i�n

j�0gi (�)j � �n� (K) max
1�i�n

bi
p! 0

Thus w.p.a.1 �0gi (�) 2 V for all � 2 B and � 2 �n giving the second conclusion.

The next Lemma is used in the proofs for asymptotic normality of the test statistics

under both null and local alternatives.

Lemma A.2 Let k = tr (
nCn) where Cn and 
n are a symmetric and a positive de�nite

matrix respectively. If E[g(z; �0;n)] = 0, k ! 1, E[(g(z; �0;n)0Cng(z; �0;n))2]=k
p
n ! 0

and Cn
nCn = Cn, then

T =
nĝ (�0;n)

0Cnĝ (�0;n)� kp
2k

d! N (0; 1) :

Proof: Let gi;n = g(zi; �0;n) and write T = T1 + T2 where

T1 =
X
i;j:i<j

s
2

n2k
g0i;nCngj;n

T2 =

P
i g
0
i;nCngi;n=n� kp

2k

Since E[T2] = 0 and var[T2] � E[(g0i;nCngi;n)
2]=2kn! 0, T2

p! 0:

To prove the asymptotic normality of T1 we verify the hypotheses of Hall (1984,

Theorem 1, pp.3-4). Let gu;n � g(u; �0;n) and de�ne

Hn(u; v) �
s
2

n2k
g0u;nCngv;n:

Then

Gn(u; v) � E[Hn(z1; u)Hn(z1; v)]

=
2

n2k
E[g0u;nCngz1;ng

0
z1;n

Cngv;n]

=
2

n2k
g0u;nCn
nCngv;n

=

s
2

n2k
Hn(u; v):
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Now E[Hn(z1; z2)jz1] =
q

2
n2k
g0zi;nCnE[gz2;n] = 0 and

E[Hn(z1; z2)
2] =

2

n2k
E[(g0z1;nCngz2;n)

2]

=
2

n2k
E[g0z1;nCn
nCngz1;n] =

2

n2
:

On the other hand

E[Hn(z1; z2)
4]

nE[Hn(z1; z2)2]2
=

4

n5k2
E[(g0z1;nCngz2;n)

4]

4=n4
:

As Cn = Cn
nCn and 
n is positive de�nite, by CS

4

n5k2
E[(g0z1;nCngz2;n)

4]

4=n4
� 1

nk2
E[(g0z1;nCngz1;n)

2(g0z2;nCngz2;n)
2]

= (
1p
nk
E[(g0z1;nCngz1;n)

2])2 ! 0:

Since E[Gn(z1; z2)
2]=E[Hn(z1; z2)

2]2 = 1=k ! 0, T1
d! N (0; 1) as required.

The next Lemma mirrors DIN Lemma A3.

Lemma A.3 Let ai;n = an(zi), �ai;n = E[ai;njxi], ai = a(zi), �ai = E[aijxi], Ui;n = Un(xi)

and Ui = U(xi). If Assumption (3.1) is satis�ed, (i) E[kai;nk2 jxi] is bounded for large

enough n, (ii) Ui;n is a r � r p.d. matrix that is bounded and has smallest eigenvalue

bounded away from zero for large enough n, (iii) Ui is r � r p.d. matrix that is bounded

and has smallest eigenvalue bounded away from zero, (iv) E[



U�1i;n � U�1i




2] ! 0, (v)

E[k�ai;n � �aik2]! 0, (vi) K !1 and K=n! 0, then

X
i

a0i;n 
 q0i

 X
i

Ui;n 
 qiq
0
i

!�X
i

ai;n 
 qi=n� E[�a0iU
�1
i �ai]

p! 0:

Proof: The proof is similar to that of DIN Lemma A3. Let Fi;n = U
1=2
i;n , Pi;n =

Fi;n 
 qi, Pn = (P
0
1;n; :::; P

0
n;n)

0, Ai;n = F�1i;n ai;n, An = (A
0
1;n; :::; A

0
n;n)

0, �Ai;n = E[Ai;njxi] =

F�1i;n �ai;n and �An = E[An] = ( �A
0
1;n; :::; �A

0
n;n)

0. Note that P 0nPn =
P
i Ui;n 
 qiq

0
i and

X
i

a0i;n 
 q0i

 X
i

Ui;n 
 qiq
0
i

!�X
i

ai;n 
 qi=n = A0nQnAn

where Qn = Pn(P
0
nPn)

�Pn.
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Let x = (x1; :::; xn). As the data are i.i.d. and by (ii)

E[
�
An � �An

� �
An � �An

�0
jx] = diag(F�11;nvar[a1;njx1]F�11;n ; :::; F�1n;nvar[an;njxn]F�1n;n)

� CI

for n large enough. Let TA = (An � �An)
0Qn

�
An � �An

�
=n. Then

E[TA] = E[tr(QnE[(An � �An)
�
An � �An

�0
=n)jx]]

� CE[tr(Qn)]=n � CK=n! 0

using (ii) and (vi). Thus TA
p! 0 by M.

Now by cr

E[



U�1i;n �ai;n � �Kqi


2] = E[




(U�1i;n � U�1i )�ai;n + U�1i (�ai;n � �ai) + U�1i �ai � �Kqi



2]

� 3
�
E[



(U�1i;n � U�1i )�ai;n




2] + E[



U�1i (�ai;n � �ai)


2]

+E[



U�1i �ai � �Kqi




2]�! 0:

This follows as from Assumption 1 E[



U�1i �ai � �Kqi




2]! 0. For the �rst term, since �ai;n

is bounded for large enough n, by (iv) E[



(U�1i;n � U�1i )�ai;n




2]! 0 and for the second term

E[



U�1i (�ai;n � �ai)


2]! 0 by (v) as U�1i is bounded from (iii). Then, for ~
K = vec (�0K),

by M




 �An � Pn~
K



2 =n =

X
i




F�1i;n �ai � (Fi;n 
 q0i)~
K



2 =n

=
X
i

kFi;nk2



U�1i;n �ai � (I 
 q0i)~
K




2 =n
=

X
i

kFi;nk2



U�1i;n �ai � �kqi


2 =n

� C
X
i




U�1i;n �ai � �kqi


2 =n p! 0:

Now

���A0nQnAn=n� �A0n �An=n
��� =

�����An � �An
�0
Qn

�
An � �An

�
=n

+2 �A0nQn
�
An � �An

�
=n� �A0n (I �Qn) �An=n

��� :
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Notice that

�TA � �A0n (I �Qn) �An=n

=
�
�An � Pn~
K

�0
(I �Qn)

�
�An � Pn~
K

�
=n

�



 �An � Pn~
K




2 =n p! 0:

Also by M �A0n
�An=n = Op (1). By T and CS���A0nQnAn=n� �A0n �An=n

��� � TA + 2
q
TA
q
�A0 �A=n+ �TA

p! 0:

To examine the large sample behaviour of �A0n �An=n =
P
i �ai;nU

�1
i;n �ai;n=n, since �ai;n and

Ui;n depend on n, we need to resort to a LLN for triangular arrays such as Feller( 1971,

Chapter IX, section 9, Theorem 1, p.316). Speci�cally, �rst we need to prove that, for

each � > 0, nPf
����a0i;nU�1i;n �ai;n��� =n > �g ! 0. By Chebyshev

nPf
����a0i;nU�1i;n �ai;n��� =n > �g � E[

����a0i;nU�1i;n �ai;n���2]= �n�2�
For large enough n, as Ui;n is p.d. and bounded from (ii) and as �ai;n is likewise from

(i), E[
����a0i;nU�1i;n �ai;n���2] is also bounded. Therefore nPf����a0i;nU�1i;n �ai;n��� =n > �g ! 0. Secondly,

consider

nvar[

����a0i;nU�1i;n �ai;n���
n

1(
����a0i;nU�1i;n �ai;n��� < ns)] � nE[

����a0i;nU�1i;n �ai;n���
n2

2

1(
����a0i;nU�1i;n �ai;n��� < ns)]

� E[
����a0i;nU�1i;n �ai;n���2]=n! 0:

However,

E[�a0i;nU
�1
i;n �ai;n � �aiU�1i �ai] = E

h
(�ai;n � �ai)0U�1i;n (�ai;n � �ai)+

2(�ai;n � �ai)0U�1i;n �ai + �a0i(U�1i;n � U�1i )�ai
i
:

By CS and Jensen, since k�aik and



U�1i;n 


 are bounded from (i) and (ii), by (iv) and (v)

E[�a0i;nU
�1
i;n �ai;n � �aiU�1i �ai] � E[




U�1i;n 


 k�ai;n � �aik2]
+2E[




U�1i;n 


 k�ai;n � �aik k�aik] + E[



U�1i;n � U�1i




 k�aik2]
� C(E[k(�ai;n � �ai)k2] + 2E[k(�ai;n � �ai)k] + E[




U�1i;n � U�1i



])

! 0:
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The following Lemma is similar to DIN Lemma A4.

Lemma A.4 If Assumption 3.1 is satis�ed, (i) "i;n and Yi are r � 1 random vectors

with E["i;njxi] = 0 and E[k"i;nk4 jxi] � C for large enough n and E[kYik2 jxi] � C, (ii)

Ui;n = Un (xi) is r�r p.d. matrix that is bounded and has the smallest eigenvalue bounded

away from zero for n large enough, (iii) Ui = U (xi) is r � r p.d. matrix that is bounded

and has the smallest eigenvalue bounded away from zero, (iv) E[



U�1i;n � U�1i




2]! 0 and

(v) K !1 and K2=n! 0, then

X
i

Y 0
i 
 q0i

 X
i

Ui;n 
 qiq
0
i

!�1X
i

"i;n 
 qi=
p
n = Op (1) :

Proof: We prove the result by �rst showing that

X
i

Y 0
i 
 q0i

 X
i

Ui;n 
 qiq
0
i

!�1X
i

"i;n 
 qi=
p
n�

X
i

E[Yijxi]0U�1in "i;n=
p
n

p! 0

and secondly that

X
i

E[Yijxi]0U�1in "i;n=
p
n = Op (1) : (A.1)

The proof structure of the �rst part is similar to that of DIN Lemma A4. Let Fi;n,

Pn and thus Qn be speci�ed as in the proof of Lemma A.3, Ai;n = F�1i;n Yi, �Ai;n =

E[Ai;njxi] = F�1i;nE[Yijxi], An = (A01;n; :::; A0n;n), �An = ( �A01;n; :::; �A0n;n)0, Bi;n = F�1i;n "i;n and

Bn = (B
0
1;n; :::; B

0
n;n)

0. By assumption E [Bi;njxi] = 0 and, consequently,

X
i

Y 0
i 
 q0i

 X
i

Ui;n 
 qiq
0
i

!�1X
i

"i;n 
 qi=
p
n� E [Yijxi]0 U�1i;n "i;n=

p
n

= A0nQnBn=
p
n� �A0nBn=

p
n = (An � �An)

0QnBn=
p
n� �A0n(I �Qn)Bn=

p
n:

From the proof of Lemma A.3 (An� �An)
0Qn(An� �An) = Op(K) and B

0
nQnBn = Op(K),

the latter holding by (i) as E[k"i;nk2 jxi] � C for large enough n. Thus, for large enough

n, by CS

���(An � �An)
0QnBn=

p
n
��� � q

(An � �An)0Qn(An � �An)
q
B0
nQnBn=

p
n = Op(K=

p
n)

p! 0:

[24]



Also, as in the proof of Lemma A.3, E[ �A0n(I �Qn) �An=n]! 0. Thus, by iterated expec-

tations,

E[



 �A0n(I �Qn)Bn=

p
n



2] = E[ �A0n(I �Qn)E[BnB

0
njx](I �Qn) �An]=n

� CE[ �A0n(I �Qn) �An]=n! 0

using E [BnB
0
njx] is bounded for large enough n by (i) and (ii). The conclusion follows

by M and T.

It remains to prove (A:1) : We use the Corollary of section 1.9.3 of Ser
ing( 2002,

p:32) to prove this result.We only need to show that

lim
n!1

E
��
E[Yijxi]0U�1in "i;n

�4�
n2b4n

= 0; (A.2)

where b2n = V ar
h
E[Yijxi]0U�1in "i;n

i
. Now notice that by CS

E
��
E[Yijxi]0U�1in "i;n

�4�
� E

�
kE[Yijxi]k4




U�1in 


4 k"i;nk4�
= E

�
E
�
kE[Yijxi]k4




U�1in 


4E hk"i;nk4 jxii��
� C:

as E[k"i;nk4 jxi]; E[Yijxi] and U�1i;n are bounded for n large enough. Also by Jensen

inequality

b2n � E
��
E[Yijxi]0U�1in "i;n

�2�
� E

��
E[Yijxi]0U�1in "i;n

�4�1=2
� C:

Hence (A:2) follows.

The following Lemmata are needed to prove the asymptotic normality of the test

statistics under local alternatives.

Let ui(�) = u(zi; �), qi = q(si), gi(�) = ui(�)
 qi, ĝi = gi(�̂) and gi;n = gi(�0;n). Also

let ui;n = ui(�0;n), �i;n (si) = E[ui;nu
0
i;njsi] and


̂ =
X
i

ĝiĝ
0
i=n; ~
n =

X
i

gi;ng
0
i;n=n;

�
n =
X
i

�i;n (si)
 qiq
0
i=n;
n = E[gi;ng

0
i;n]:

[25]



Lemma A.5 If Assumptions 3.2, 3.3 and 3.4 hold and �̂��0;n = O (�n) with �n ! 0 then



̂� ~
n


 = Op (�nK),



~
n � �
n


 = Op(�(K)

q
K=n) and




�
n � 
n


 = Op(�(K)
q
K=n).

If Assumption 5.1(c) is satis�ed then 1=C � �min (
n) � �max (
n) � C and, if �nK +

�(K)
q
K=n ! 0, w.p.a.1 1=C � �min

�

̂
�
� �max

�

̂
�
� C, 1=C � �min

�
�
n
�
�

�max
�
�
n
�
� C.

Proof: The proof of these results are similar to that of Lemma A6 of DIN. However,

rather than some expectations being bounded as in DIN, here they are bounded for n

large enough.

Using the same arguments as in DIN we have





̂� ~
n


 � C



�̂ � �0;n




X
i

Mi;n kqik2 =n

= Op(�nE[Mi;n kqik2])

= Op(�nK);

whereMi;n = �2i +2�i kui;nk and �i = �(zi). The �nal equality follows as E[ku(z; �0;n)k2] is

bounded since E[�(z)2jx] is bounded and E[sup�2B ku(z; �)k
2] is bounded by Assumption

(3.3).

Now

E[



~
n � �
n


2] = E[






X
i

(ui;nu
0
i;n � �i;n(si))
 qiq

0
i=n







2

]:

Since �0;n ! �0 and �i(si; �) is bounded for all � 2 N it follows that for n large enough

�i;n (si) is also bounded. Thus using similar arguments to those of DIN

E[



~
n � �
n


2] � E[E[kui;nk4 jxi] kqik4]=n � C�(K)2K=n

as E[kui;nk4 jxi] is bounded for n large enough. Therefore the second conclusion follows

by M.

For the third conclusion as in DIN

E[



�
n � 
n


2] = E[






X
i

�i;n(si)
 qiq
0
i=n� 
n







2

]

� tr(E[�i;n(si)
2 
 (qiq0i)2]=n) � CE[kqik4]=n � C�(K)2K=n

[26]



where the second inequality holds for n large enough.

For the fourth conclusion, since, for all � 2 N , �(s; �) = E[u(z; �)u(z; �)0js] has

smallest eigenvalue bounded away from zero and E[sup�2B ku (z; �)k
2] is bounded, it

follows that C�1IJ � �i;n(si) � CIJ and therefore

C�1IJK = C�1E [IJ 
 qiq
0
i] � 
n � CE [IJ 
 qiq

0
i] = CIJK :

Hence C�1 � �min (
n) � �min (
n) � C. Note also that, if �nK + � (K)
q
K=n! 0, we

have




̂� ~
n


 = op (1) and




~
n � 
n


 = op (1). Thus, by T




̂� 
n


 = op (1). Since

j� (A)� � (B)j � kA�Bk, where �(�) denotes the minimum or maximum eigenvalue,����min �
̂�� �min (
n)
��� = op (1) and

����max �
̂�� �max (
n)
��� = op (1). The �nal conclusion

follows similarly.

Let u�i(�) = @u(zi; �)=@�
0, D (si; �) = E[u�i(�)jsi], Di;n = D(si; �0;n),

Ĝ =
X
i

u�i(�)
 qi=n; �Gn =
X
i

Di;n 
 qi=n;Gn = E[Di;n 
 qi]:

Lemma A.6 If Assumptions 3.2 and 3.4 hold and �̂ � �0;n = O (�n) with �n ! 0, then


Ĝ� �Gn



 = Op(�n

p
K +

q
K=n) and




 �Gn �Gn



 = Op(

q
K=n).

Proof: The proof is as in that for DIN Lemma A7. In fact the proof requires no stronger

assumptions than those in DIN.

Let u�i;n = u�i(�0;n), �i = � (zi) and ~Gn =
P
i u�i;n 
 qi=n. Then by DIN Lemma A2

E[



 ~Gn � �Gn




2] = E[






X
i

(u� (zi; �0;n)�Di;n)
 qi=n







2

]

� E[E[ku�i;nk2 jxi] kqik2]=n � CK=n;

where the last inequality follows for n large enough as �0;n ! �0 andE[sup�2N ku� (z; �)k
2 jx]

is bounded. Hence, by M



 ~Gn � �Gn




2 = Op(
q
K=n).

By the same arguments as in DIN Proof of Lemma A7, w.p.a.1




Ĝ� ~Gn



 �

X
i




u�i(�̂)� u�i;n



 kqik =n

�



�̂ � �0;n




X
i

�i kqik =n = Op(�n
p
K):

[27]



The �rst conclusion follows by T.

In addition

E[



 �Gn �Gn




2] = E[






X
i

Di;n 
 qi=n�Gn







2

]

� E
h
kDi;nk2 kqik2

i
=n � CK=n;

where the �rst inequality follows from Di;n bounded for n large enough as

E[sup�2N ku� (z; �)k
2 jx] is bounded from which the second conclusion follows.

The �nal lemma mirrors Lemma 6.1, p.69, of DIN.

Lemma A.7 Let Assumptions 3.1, 3.2, 3.3, 3.4 and 5.1 hold. If K ! 1 and

� (K)2K2=n! 0 then

nĝ(�̂)0
̂�1ĝ(�̂)� nĝ(�n;0)
0
�1n ĝ(�n;0)p

2JK

p! 0:

Proof: Let gi;n = gi(�n;0), ĝn = ĝ(�n;0) and ĝ = ĝ(�̂). By an expansion of ĝ = ĝ(�̂)

around �0;n

ĝ = ĝn + �Gn(�̂ � �n;0);

where �Gn = @ĝ( ��n)=@�
0 and ��n is a mean value between �̂ and �n;0 which may di�er

from row to row. Thus

nĝ(�̂)0
̂�1ĝ(�̂)� nĝ0n
�
�1n ĝnp

2JK
=

nĝ0n(
̂
�1 � 
�1n )ĝnp
2JK

+

2n(�̂ � �n;0)
0 �G0n
̂

�1ĝnp
2JK

+
n(�̂ � �n;0)

0 �G0n
̂
�1 �Gn(�̂ � �n;0)p

2JK
:

To show that each term converges in probability to zero, we need to prove �rst some

preliminary results.

Since �min
�

̂
�
� C and �min

�
�
n
�
� C w.p.a.1, by Lemmata A.5 and A.6



̂�1( �Gn �Gn)




2 = tr(( �Gn �Gn)
0
̂�2( �Gn �Gn))

� Ctr(( �Gn �Gn)
0( �Gn �Gn))

= C



 �Gn �Gn




2 p! 0:

[28]



Similarly,




̂�1(
̂� 
n)


 p! 0.

Now G0n

�1
n Gn is bounded for large enough n as �G

0
n
�
�1n �Gn

p! V �1 by Lemma A.3

where V = (E[D(x)0�(x)�1D(x)])�1 which exists from Assumptions 3.4 (d) and (e) as

E[D(x)0�(x)�1D(x)] � CE[D(x)0D(x)]. Thus, k
�1n Gnk is also bounded. Therefore, to

prove that




̂�1Gn


 = Op (1), by T





̂�1 �Gn � 
�1n Gn



 � 



̂�1( �Gn �Gn)




+ 



̂�1(
̂� 
n)
�1n Gn



 :

First, term




̂�1( �Gn �Gn)




 p! 0 by Lemma A.6. Secondly,




̂�1(
̂� 
n)
�1n Gn




 �



̂�1(
̂� 
n)


 k
�1n Gnkby CS and Lemma A.5. Consequently,




̂�1 �Gn


 = Op (1).

Now by independence

E[ĝ0n

�1
n ĝn] = E[g0i;n


�1
n gi;n]=n

= E[tr(
�1n gi;ng
0
i;n)=n] = K=n:

Hence, by M k
�1n ĝnk = Op(
q
K=n). By T and CS




 �G0n
̂�1ĝn �G0n

�1
n ĝn




 �



 �G0n
̂�1(
̂� 
n)
�1n ĝn




+ 


( �Gn �Gn)
0
�1n ĝn





� (




 �G0n
̂�1


 



̂� 
n


+ 


 �Gn �Gn



) 



�1n ĝn





� (Op(1)op(1) + op(1))Op(

q
K=n) = op(

q
K=n):

Moreover

E[



G0n
�1n ĝn




2] = E[tr(ĝ0n

�1
n GnG

0
n


�1
n ĝn)] = tr(G0n


�1
n Gn)=n � C=n:

Thus, by M, kG0n
�1n ĝnk = Op(1=
p
n) = op(

q
K=n) and, hence, by T




 �G0n
̂�1ĝn


 =
op(
q
K=n). Therefore, by Assumption 3.3(c),

n(�̂ � �n;0)
0 �G0n
̂

�1ĝnp
2JK

= op (1) :

Next, by CS and T,




 �G0n
̂�1 �Gn �G0n

�1
n Gn




 � (



 �G0n
̂�1


+ 



�1n Gn




) 


 �Gn �Gn





+



 �G0n
̂�1


 



̂� 
n


 



�1n Gn




 :
[29]



Hence, �G0n
̂
�1 �Gn = Op(1) since G

0
n


�1
n Gn = O (1). Therefore

n(�̂ � �n;0)
0 �G0n
̂

�1 �Gn(�̂ � �n;0)p
2JK

= Op(1=
p
2JK) = op (1) :

It remains to prove that

nĝ0n(
̂
�1 � 
�1n )ĝnp
2JK

= op (1) :

From Lemma A.5,

���nĝ0n �
̂�1 � 
�1n � ĝn��� =p2JK � n




�1n ĝn




2 (



̂� 
n


+ C




̂� 
n


2)=p2JK

= n(Op(K=n)(Op(
q
K=n) +Op(�(K)

q
K=n)))=

p
2JK

= Op(�(K)K=
p
n) = op (1) :

A.2 Asymptotic Null Distribution

Proof of Theorem 4.1: By DIN Lemma A6 and � (K)2K2=n! 0,





̂� 



 ; 


�̂� �


 = Op((K
3=2=n1=2 + �(K)K=n1=2)=

p
K) = op(1=

p
K);

where 
 = E[g(z; �0)g(z; �0)
0] and � = E[h(z; �0)h(z; �0)

0]. It also follows from DIN

Lemma A7 of DIN that



@ĝ �~�� =@�0 �G




 p! 0 and



@ĝ �~�� =@�0 �G




 p! 0 for any

~� = �0 + Op (1=
p
n). In addition, G0
�1G and H 0��1H are bounded, see the proof of

Lemma A.7. Hence, the conditions of DIN Lemma 6.1 are met. Therefore,

nĝ(�̂)0
̂�1ĝ(�̂)� nĝ(�0)
0
�1ĝ(�0)p

2JK

p! 0:

and
nĥ(�̂)0�̂�1ĥ(�̂)� nĥ(�0)

0��1ĥ(�0)q
2J(M + 1)K

p! 0:

[30]



Now

nĥ(�̂)0�̂�1ĥ(�̂)� nĝ(�̂)0
̂�1ĝ(�̂)� JMKp
2JMK

=
nĥ(�̂)0�̂�1ĥ(�̂)� nĥ(�0)�

�1ĥ(�0)p
2JMK

� nĝ(�̂)0
̂�1ĝ(�̂)� nĝ(�0)
0
�1ĝ(�0)p

2JMK

+
nĥ(�0)

0��1ĥ(�0)� nĝ(�0)
0
�1ĝ(�0)� JMKp

2JMK

=
nĥ(�0)

0��1ĥ(�0)� nĝ(�0)
0
�1ĝ(�0)� JMKp

2JMK
+ op(1):

De�ne Sg = IJ 
 (IK ; 0MK)
0 as a selection matrix such that S 0gĥ(�0) = ĝ(�0). Therefore

nĥ(�0)
0��1ĥ(�0)� nĝ(�0)

0
�1ĝ(�0)� JMKp
2JMK

=
nĥ(�0)

0(��1 � Sg

�1S 0g)ĥ(�0)� JMKp

2JMK
:

We use Lemma A.2 to obtain the conclusion of the theorem. First, tr((��1 �

Sg

�1S 0g)�) = tr(IJ(M+1)K) � tr(IJK) = JMK. Secondly, (��1 � Sg


�1S 0g)�(�
�1 �

Sg

�1S 0g) = �

�1 � Sg

�1S 0g. Thirdly,

E[(h(z; �0)
0(��1 � Sg


�1S 0g)h(z; �0))
2] � CE[kh(z; �0)k4]

� CE[ku(z; �0)k4



qK(w; x)


4]

� CE[



qK(w; x)


4]

� C�(K)2K:

The result follows from Lemma A.2 as �(K)2K=K
p
n = (�(K)2K2=n)=

q
K4=n! 0.

Proof of Theorem 4.2: First we focus on LR (3.10).

LR =
2n[ ~Pn(�̂; ~�)� P̂n(�̂; �̂)]� JMK

2
p
JMK

(A.3)

=
T hGMM � T

g
GMM � JMK

2
p
JMK

+
2n ~Pn(�̂; ~�)� T hGMMp

2JMK

�2nP̂n(�̂; �̂)� T
g
GMMp

2JMK
:

[31]



Write ĝi = gi(�̂), (i = 1; :::; n), ĝ = ĝ(�̂) and ĝ0 = ĝ(�0). Using T and CS twice we

have

kĝ � ĝ0k �
Xn

i=1




u(zi; �̂)� u(zi; �0)



 kq(wi)k =n

� (
Xn

i=1
�(zi)

2=n)1=2(
Xn

i=1
kq(wi)k2 =n)1=2




�̂ � �0



 = Op(

q
K=n)

where the second inequality follows from Assumption 3.4 (d). Thus, from T and DIN

Lemma A.9, kĝk = Op(
q
K=n) and, therefore,




�̂


 = Op(
q
K=n) by DIN Lemma A.11.

Consequently �̂ 2 �̂n(�̂) w.p.a.1 and the �rst order conditions for � are satis�ed w.p.a.1,

i.e.

@P̂n(�̂; �̂)

@�
=
Xn

i=1
�1(�̂

0ĝi)ĝi=n = 0: (A.4)

Expanding (A.4) around � = 0 gives

�ĝ(�̂)� _
�̂ = 0

where _
 = �Pn
i=1 �2(

_�0ĝi)ĝiĝ
0
i=n and

_� lies between �̂ and zero. Thus, w.p.a.1

�̂ = � _
�1ĝ(�̂): (A.5)

We deal with the third term in (A.3) �rst. Expanding 2nP̂n(�̂; �̂) around � = 0 and

plugging in �̂ from (A.5),

2nP̂n(�̂; �̂) = 2n[�ĝ(�̂)0�̂� �̂0 �
 �̂=2] = nĝ(�̂)0[2 _
�1 � _
�1 �
 _
�1]ĝ(�̂)

with �
 = �Pn
i=1 �2(

��0ĝi)ĝiĝ
0
i=n and

�� lies between �̂ and zero. Thus it remains to prove

that

2nP̂n(�̂; �̂)� T gGMMp
2JMK

= nĝ(�̂)0[2 _
�1 � _
�1 �
 _
�1 � 
̂�1]ĝ(�̂)=
p
2JMK

p! 0:

First notice that by DIN Lemma A.6




̂� 



 = Op(�(K)

q
K=n) = op(1=

p
K) and,

thus, by Lemma A.1 we also have



 _
� 



 = op(1=

p
K) and




�
� 



 = op(1=
p
K).

[32]



Hence



2 _
� �
� 



 p! 0. Consequently �max[(2 _
� �
)�1] � C w.p.a.1.. Thus, by T, as�

2 _
�1 � _
�1 �
 _
�1
��1

= _
(2 _
� �
)�1 _
,




 _
(2 _
� �
)�1 _
� 
(2 _
� �
)�1



 �



( _
� 
)(2 _
� �
)�1( _
� 
)


+ 2 



(2 _
� �
)�1( _
� 
)




� C(



 _
� 



2 + 


 _
� 



) = op(1=

p
K):

On the other hand as �max (
) � C





(2 _
� �
)�1
� 



 =




(2 _
� �
)�1 �
� (2 _
� �
)�




� C




� (2 _
� �
)


 = op(1=

p
K)

yielding



 _
�1(2 _
� �
) _
�1 � 
�1


 = op(1=

p
K). Therefore, as





̂�1 � 
�1


 = op(1=
p
K),

2nP̂n(�̂; �̂)� T gGMMp
2JMK

= nOp(K=n)op(1=
p
K)=

p
2JMK = op (1) :

By the same reasoning the second term in (A.3)

2n ~Pn(�̂; ~�)� T hGMMp
2JMK

p! 0:

Therefore, it follows from Theorem 3.8 that

LR d! N(0; 1):

We now turn to consider the Lagrange multiplier statistic

LM =
n(~� � �̂)0�̂(~� � �̂)� JMKp

2JMK
:

Write ĥi = hi(�̂), (i = 1; :::; n), ĥ = ĥ(�̂) and ĥ0 = ĥ(�0). By a similar argument to that

which established (A.5)

~� = � _��1ĥ(�̂)

where _� = �Pn
i=1 �1( _�

0ĥi)ĥiĥ
0
i=n and _� lies between ~� and zero.

Let the ((M + 1)JK)� JK selection matrix Sg = IJ 
 (IK ; 0MK)
0. Hence, S 0gĥ = ĝ

and S 0g�Sg = 
. Also write �̂ = Sg�̂. Thus, �̂ = Sg�̂ = �Sg _
�1ĝ = �Sg _
�1S 0gĥ.

[33]



Now

n(~� � �̂)0�̂(~� � �̂) = n~�0�̂~� � 2n~�0�̂�̂ + n�̂0�̂�̂

= nĥ0 _��1�̂ _��1ĥ� 2nĥ0 _��1�̂ Sg _
�1S 0gĥ+ nĥ0Sg _

�1S 0g�̂ Sg _


�1S 0gĥ:

and therefore

LM� T
h
GMM � T

g
GMM � JMKp
2JMK

=
nĥ0( _��1�̂ _��1 � �̂�1)ĥp

2JMK

+
nĥ0(Sg
̂

�1S 0g � 2 _��1�̂ Sg _
�1S 0gĥ+ Sg _

�1S 0g�̂ Sg _


�1S 0g)ĥp
2JMK

:

We now demonstrate in turn that these terms are each op(1).

By CS, the �rst term

nĥ0( _��1�̂ _��1 � �̂�1)ĥ=
p
K = nĥ0 _��1(�̂� _��̂�1 _�) _��1ĥ=

p
K

� n k~�k2



�̂� _��̂�1 _�




 =pK:
By DIN Lemma A.6




�̂� �


 = Op(�(K)
q
K=n) = op(1=

p
K). Thus �max(�̂

�1) � C.

Moreover




 _��̂�1 _�� ��̂�1�


 �



( _�� �)�̂�1( _�� �)


+ 


2��̂�1( _�� �)




� C(



 _�� �


2 + 


 _�� �


)

= Op(�(K)
q
K=n) = op(1=

p
K):

using DIN Lemma A.16. In addition, from CS and DIN Lemma A.6




��̂�1�� �


 =



��̂�1(�� �̂)




�



� �̂�1


 


�� �̂


 = op(1=

p
K):

Therefore, by T



�̂� _��̂�1 _�




 = op(1=
p
K). As k~�k = Op(

q
K=n) by DIN Lemma A.11,

nĥ0( _��1�̂ _��1 � �̂�1)ĥ=
p
K = nOp(K=n)op(1=

p
K)=

p
K = op(1).

For the second term, by CS

nĥ0(Sg
̂
�1S 0g � 2 _��1�̂ Sg _
�1S 0g + Sg _


�1S 0g�̂ Sg _

�1S 0g)ĥ=

p
K

� n



ĥ


2 


Sg
̂�1S 0g � 2 _��1�̂ Sg _
�1S 0g + Sg _


�1S 0g�̂ Sg
_
�1S 0g




 =pK:
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Now by T and DIN Lemma A.6 since �max( _�
�1) � C and �max(�̂

�1) � C




Sg
̂�1S 0g � _��1�̂Sg _

�1S 0g




 �



Sg _
�1( _
� 
̂)
̂�1S 0g


+ 


 _��1(�̂� _�)Sg _


�1S 0g





= op(1=
p
K):

Next by a similar argument




 _��1�̂ Sg _
�1S 0g � Sg _

�1S 0g�̂ Sg

_
�1S 0g



 �




Sg _
�1( _
� 
̂) _
�1S 0g


+ 


 _��1(�̂� _�)Sg _

�1S 0g





= op(1=

p
K):

Therefore since



ĥ


 = Op(

q
K=n) by DIN Lemma A.14 of DIN nĥ0(Sg
̂

�1S 0g � 2 _��1�̂

Sg _

�1S 0g + Sg _


�1S 0g�̂ Sg _

�1S 0g)ĥ=

p
K = nOp(K=n)op(1=

p
K)=

p
K = op(1).

The score test statistic

S =
Pn
i=1 �1(�̂

0ĝi)ŝ
0
iS
0
0�̂

�1S0
Pn
i=1 �1(�̂

0ĝi)ŝi=n� JMKp
2JMK

;

where ŝi = si(�̂), (i = 1; :::; n) and S0 = IJ 
 (0K ; IMK)
0. Expanding the �rst order

conditions
Pn
i=1 �1(ĥ

0
i~�)ĥi=n = 0 of (3.10) around �̂ gives

nX
i=1

�1(ĥ
0
i�̂)ĥi=n� _�(~� � �̂) = 0

w.p.a.1 where _� = �Pn
i=1 �2(ĥ

0
i _�)ĥiĥ

0
i=n and _� lies between ~� and �̂. Since

Pn
i=1 �1(ĥ

0
i�̂)ĥi=n =

S0
Pn
i=1 �1(ĝ

0
i�̂)ŝi,

Xn

i=1
�1(�̂

0ĝi)ŝ
0
iS
0
0�̂

�1S0
Xn

i=1
�1(�̂

0ĝi)ŝi=n = n (~� � �̂)0 _��̂�1 _� (~� � �̂) :

Thus by CS and T

jS � LMj = n
���(~� � �̂)0 ( _��̂�1 _�� �̂) (~� � �̂)

��� =p2JMK

� n



 _��̂�1 _�� �̂


 (k~�k+ k�̂k)2 =p2JMK = op (1)

as _��̂�1 _�� �̂ = op(1=
p
K) and k~�k, k�̂k are both Op(

q
K=n) by DIN Lemma A.11.

Finally we consider the Wald test statistic. From above, w.p.a.1

~� � �̂ = _��1S0
nX
i=1

�1(ĝ
0
i�̂)ŝi=n
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and thus

S 00~� = S 00 _�
�1S0

nX
i=1

�1(ĝ
0
i�̂)ŝi=n:

Therefore, w.p.a.1

jS �Wj = n
���~�0S0((S 00 _��1S0)�1S 00�̂�1S0(S 00 _��1S0)�1 � S 00�̂

�1S0)S
0
0~�
��� =p2JMK

� n kS 00~�k
2



(S 00 _��1S0)�1S 00�̂�1S0(S 00 _��1S0)�1 � S 00�̂

�1S0



 =p2JMK:

Since kS 00~�k = Op(
q
K=n) by DIN Lemma A.11 and by a similar argument to that

which showed _��̂�1 _� � �̂ = op(1=
p
K), (S 00 _�

�1S0)
�1S 00�̂

�1S0(S
0
0
_��1S0)

�1 � S 00�̂
�1S0 =

op(1=
p
K). Therefore, jS �Wj = op(1).

A.3 Asymptotic Local Alternative Distribution

Proof of Theorem 5.1: We prove the result for the GMM statistic. Proofs for GEL

statistics LR, LM, S and W are omitted for brevity but follow the same steps as in the

proof of Theorem 4.2 above.

Let ĝn = ĝ(�n;0) and ĥn = ĥ(�n;0). Then, by Lemma A.7,

nĥ(�̂)0�̂�1ĥ(�̂)� nĥ0n�
�1
n ĥnp

2JMK

p! 0;
nĝ(�̂)0
̂�1ĝ(�̂)� nĝ0n


�1
n ĝnp

2JMK

p! 0:

It then follows that J � (nĥ0n(��1n � Sg

�1
n S 0g)ĥn � JMK)=

p
2JMK

p! 0:

Therefore it remains to prove that

nĥ0n(�
�1
n � Sg


�1
n S 0g)ĥn � JMKp

2JMK

d! N(�=
p
2; 1):

We �rst consider the local alternative distribution under the conditional exogeneity

hypothesis when si = (w
0
i; x

0
i)
0, (i = 1; :::; n).

Let hi;n = hi(�n;0), �hi;n = E[hi;njsi] and ~hi;n = hi;n � �hi;n, (i = 1; :::; n). Also let

�hn =
Pn
i=1
�hi;n=n and ~hn =

Pn
i=1
~hi;n=n. Write Pn = �

�1
n � Sg


�1
n S 0g. Then,

ĥ0nPnĥn =
~h0nPn

~hn + 2�h
0
nPn

~hn + �h
0
nPn

�hn:

First, we show that

�h0nPn
�hn =

p
JMK

n
(�+ op(1)):
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Let �i = �(si) and qi = qK(si), (i = 1; :::; n). It follows by Lemma A.3 that

�h0n��
�1
n
�hn =

p
JMK

n

nX
i;j=1

(�i 
 qi)
0���1n (�j 
 qj)=n

2

=

p
JMK

n
(�+ op(1)):

Next, letting q1i = qK1 (wi), (i = 1; :::; n), and, again using Lemma A.3,

�h0nSg
�
�1n S 0g

�hn =

p
JMK

n

nX
i;j=1

(�i 
 q1i)
0 �
�1n (�j 
 q1j)=n

2

=

p
JMK

n
op(1)

as E[�ijwi] = 0 by hypothesis.

It therefore remains to show that

np
2JMK

�h0n(�
�1
n � ���1n )�hn

p! 0;
np

2JMK
�h0nSg(


�1
n � �
�1n )S 0g�hn

p! 0:

Similarly to the proof of Lemma 6.1 in DIN, from Lemma A.5,���n�h0n(��1n � ���1n )�hn
��� =p2JMK � n




��1n �hn


2 (


�n � ��n


+ C



�n � ��n


2)=p2JMK

= n



��1n �hn


2Op(�(K)qK=n)=p2JMK = op(1)

since



��1n �hn


2 = �h0n�

�2
n
�hn � C�h0n�

�1
n
�hn = Op(

p
K=n). Likewise���n�h0nSg(��1n � ���1n )S 0g�hn

��� =p2JMK = op(1). Therefore,

�h0nPn
�hn =

p
JMK

n
(�+ op(1)):

Secondly, we demonstrate that

n�h0nPn
~hn=

p
2JMK = op(1):

Now, notice k�ik2 is bounded and that �i;n(si)�1 is bounded for n large enough. In

addition by cr

E
h
kui;n � E [ui;njsi]k4

i
� 8

h
E
h
kui;nk4

i
+ E

h
kE [ui;njsi]k4

ii
= 8

�
E
h
E
h
kui;nk4 jsi

ii
+ E

�
JMK

n2
k�ik8

��
� C
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for n large enough as E
h
kui;nk4 jsi

i
� C and K=n2 ! 0: Hence, by Lemma A.4,

�h0n��
�1
n
~hn =

4
p
JMK

n

nX
i;j=1

(�i 
 qi)
0���1n

~hj;n=n
p
n

= Op(
4
p
JMK=n):

Next, by hypothesis,

���n�h0n(��1n � ���1n )~hn
��� =p2JMK � n




��1n �hn


 


��1n ~hn


 (


�n � ��n


+ C



�n � ��n


2)=p2JMK

= n



��1n �hn


 


��1n ~hn


Op(�(K)qK=n)=p2JMK = op(1)

since



��1n �hn


2 = Op(

p
K=n) from above and




��1n ~hn


 � 


��1n ĥn



+


��1n �hn


 = Op(

q
K=n)+

Op(
4

q
K=n2). A similar analysis yields n�h0nSg


�1
n S 0g

~hn=
p
2JMK = op(1).

Finally, we require
n~h0nPn

~hn � JMKp
2JMK

d! N(0; 1):

To prove this, we invoke Lemma A.2. First, tr(�nPn) = JMK. Secondly, we need to

establish

E[(~h0i;nPn
~hi;n)

2] = op(K
p
n):

By cr

E[(~h0i;nPn
~hi;n)

2] � 2E[(~h0i;n��1n ~hi;n)2] + 2E[(~h0i;nSg
�1n S 0g
~hi;n)

2]

Again using cr

E[(~h0i;n�
�1
n
~hi;n)

2] � 3E[(h0i;n��1n hi;n)
2] + 12E[(h0i;n�

�1
n
�hi;n)

2] + 3E[(�h0i;n�
�1
n
�hi;n)

2]:

Now, for n large enough, E[(h0i;n�
�1
n hi;n)

2] � CE[khi;nk4]. Since �n;0 2 N for n large

enough, by Assumption 3.4 (c), similarly to the proof of Theorem 6.3 in DIN,

E[khi;nk4] � E[kqik4E[kui;nk4 jsi]] � CE[kqik4] � C�(K)2K:

Next,

E[(h0i;n�
�1
n
�hi;n)

2] � C(
p
K=n)E[k�ik2 kqik2] � CK

p
K=n:

Lastly,

E[(�h0i;n�
�1
n
�hi;n)

2] � C(K=n2)E[k�ik4 kqik4] � C�(K)2K2=n2:
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Hence, E[(~h0i;n�
�1
n
~hi;n)

2] = op(K
p
n) as required. Likewise, E[(~h0i;nSg


�1
n S 0g

~hi;n)
2] =

op(K
p
n). Thirdly, Pn�nPn = Pn. Therefore,

n~h0nPn
~hn � JMKp
2JMK

d! N(0; 1):

The conclusion of the theorem then follows.
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