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1 Introduction

The primary concern of this paper is definitions and tests of (weak) exogeneity apposite
for semiparametric moment condition models specified for cross-section data. Several
definitions of exogeneity in different contexts have been given in the literature. For
parametric models the version provided in Engle et al. (1983), henceforth referred to
as EHR, would seem to be consensual; see Definition 2.5, p.282, in EHR. Essentially,
their definition of exogeneity is that of statistical ancillarity. That is, a random vector
x is exogenous for a vector of parameters if efficient inference for the parameter vector
can be made based solely on the conditional distribution of observables conditional on
the random vector x. In other words, no loss of information is incurred by disregarding
the marginal distribution of an exogenous random vector. From a policy perspective,
exogeneity also assumes a central importance. Let a given random vector x be exogenous
for the parameter vector characterising the conditional distribution of a target vector y.
Suppose also that the conditional distribution of y given x under exogeneity may be
regarded as a behavioural relationship for the target vector y. If the exogenous random
vector x is also a vector of control variables for the policy maker then knowledge of
the conditional distribution of y given = enables the policy maker to accurately predict
the effect of a change in policy expressed through changes in the exogenous random
vector x without knowledge of the marginal distribution of x. For the dynamic linear
simultaneous equations model with normally distributed errors, Theorem 4.3 (a) and (b),
p-298, of EHR shows sufficient conditions for their exogeneity definition that involve the
uncorrelatedness of particular error terms. More specifically, for classical linear regression
this assumption is equivalent to that usually made when the objective is to estimate the
best linear predictor, namely, that the regression error is uncorrelated with the vector of
regressor variables.

More recently Blundell and Horowitz (2004) present a definition of exogeneity in a
non-parametric regression model setting for a random variable y in terms of a vector of

covariates x in which the expectation of the error term conditional on a set of identifying
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instruments w is maintained to be zero. Covariates = are said to be exogenous if the
conditional expectation of the regression error term given z is also zero. Their definition
has the advantage that standard nonparametric regression methods are then appropriate.
Because the instruments are ignored in this definition it may be characterised as a partial
form of exogeneity which we term below as marginal exogeneity. We demonstrate via
an example that marginal exogeneity is not equivalent to that given by EHR for the
parametric context. More importantly, however, if the instruments w are control variables
for the policy maker, the effect of changes in w on the dependent variable y is unknown
without further knowledge of the conditional distribution of the covariates = given w. Of
course, if the covariates x themselves are under the control of the policy maker, then the
effect of changes in = on the dependent variable y is perfectly predictable.

We therefore provide a different definition of exogeneity in the context of a general
nonlinear conditional moment restrictions model. This definition more accords with that
found in many econometrics textbooks; see, for example, Hayashi (2000) and Wooldridge
(2002). A random vector is considered to be conditionally exogenous for the parameter
vector if the expectation of the vector of moment indicators conditional on both the
random vector x and maintained instruments w is zero. In particular, if covariates in a
regression model are conditionally exogenous then as a consequence the instruments will
be redundant as additional explanators, a property arising necessarily from ancillarity if
covariates are exogenous. This definition is of course stricter than that of Blundell and
Horowitz (2004). Consequently estimators which efficiently incorporate this assumption
should dominate those which only make use of marginal exogeneity.

In addition, we also provide tests for both marginal and conditional exogeneity in
the conditional moment framework. Most tests of exogeneity proposed in the literature
focus on the best linear predictor setting. The most popular of these tests is probably
the Hausman test [Hausman (1978)] which contrasts estimators obtained assuming or-
thogonality conditions between errors and instruments and errors and covariates (and
instruments) respectively. Lagrange multiplier or score tests were suggested by Engle

(1982). Smith (1994) gives limited information classical test statistics for exogeneity in
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the dynamic simultaneous equations model discussed in EHR, Section 4, pp. 294-300.
However, these kinds of tests are inappropriate for models defined by conditional mo-
ment constraints. As noted out by Bierens (1990), orthogonality tests will generally be
inconsistent against some alternatives implied by conditional moment conditions as only
a finite number of unconditional restrictions are incorporated in such tests. Moreover,
examples can be easily constructed in which although an orthogonality condition holds
the conditional moment restrictions may not; see De Jong and Bierens (1994). While
relatively little attention has been paid to tests of exogeneity in regression models defined
by conditional moment restrictions, there is a vast literature on akin tests of goodness
of fit in such models. Tests based on an infinite number of unconditional moment re-
strictions may be designed to overcome the aforementioned test inconsistency. See, for
example, Fubank and Spiegelman (1990) in the non-linear regression context. Other
tests based on this principle have been proposed, also for this set-up, by De Jong and
Bierens (1994), Hong and White (1995) and Jayasuriya (1996). Donald, Imbens and
Newey (2003), henceforth DIN, extend this idea to the conditional moment restriction
setting for GMM [Hansen (1982)] and generalized empirical likelihood (GEL) [Newey and
Smith (2004), Smith (1997, 2001)]. Our paper adapts these last methods developed in
DIN to formulate tests for exogeneity in the conditional model framework.?

The approach in DIN approximates the conditional moment restrictions by a finite
set of unconditional moment restrictions, the number of which is allowed to tend to infin-
ity. Both marginal and conditional exogeneity hypotheses involve two sets of conditional
moment restrictions where the second set implies the first. Likewise these sets of con-
ditional moment conditions are replaced by corresponding sets of unconditional moment
restrictions with the first set a subset of the second. Hence, our tests for exogeneity
may be interpreted as tests for additional moment restrictions similar to those proposed
by Newey (1985) and Tauchen (1985) in a fully parametric setting and by Smith (1997,

2001) for GEL. Since asymptotically we are dealing with an infinite number of moment

! Alternative tests for exogeneity could also be based on the approaches of Bierens (1982, 1990),
Wooldridge (1992), Yatchew (1992), Hardle and Mammen (1993), Fan and Li (1996), Zheng (1996,1998),
Lavergne and Vuong (2000) and Ellison and Ellison (2000) among others.
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restrictions our test statistics do not converge to the usual chi-squared distribution but
rather the standard normal distribution after appropriate standardization. Furthermore,
unlike orthogonality test statistics, these tests do not require efficient parameter estima-
tion under either conditional moment specification.

Also of particular interest and relevance are the recent papers by Tripathi and Kita-
mura (2003) and Delgado et al. (2005) which like DIN also propose tests for conditional
moment restrictions. Tripathi and Kitamura (2003) propose a likelihood ratio (LR) test
based on a smoothed conditional empirical likelihood (EL) objective function. Since
the conventional EL ratio statistic does not allow one to test for conditional moment
restrictions directly, Tripathi and Kitamura (2003) replace the empirical log-likelihood
objective function by a kernel-based estimator for its conditional expected value. After a
location-scale standardisation their empirical LR test statistic converges in distribution
to a standard normal random variate under correctly specified conditional moment re-
strictions. Moreover, they prove their test is asymptotically optimal among a particular
class of tests for over-identifying moment restrictions in the sense that it achieves maxi-
mum local average power in that class. More recently, Smith (2005a, 2005b) showed that
this approach can be extended to obtain tests based on the Cressie-Read (1984) power
divergence family of discrepancies and GEL. Delgado et al. (2005) propose two differ-
ent methods. First, they replace the conditional moment restrictions by an equivalent
finite number of non-arbitrary unconditional moment restrictions and test the validity of
the latter. This approach is similar to those of Fan and Li (1996), Zheng (1996, 1998)
and Lavergne and Vuong (2000) for regression models. Their test statistic also needs to
resort to kernel methods as it is necessary to estimate certain conditional expectations.
Like Tripathi and Kitamura’s (2003) statistic their statistic also converges in distribu-
tion to a standard normal random variate under correct specification. Secondly, they
show that their unconditional moment conditions are equivalent to some arbitrary set
of orthogonality conditions between generalized residuals and a known function of the
conditioning variables and some nuisance parameters. Since these moment conditions

depend on nuisance parameters it is necessary to resort to a Kolmogorov-Smirnov or
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Cramer-von-Mises form of test statistic. These test statistics are similar in spirit to
those proposed by Bierens (1982, 1990) and have a non-standard limiting distribution.
The paper is organized as follows. Section 2 provides a detailed discussion of the exo-
geneity concept in models defined by conditional moment restrictions. The test problem
is specified in section 3 together with some notation and assumptions. GMM and GEL
test statistics for exogeneity are presented there also. Section 4 details the limiting dis-
tribution of these statistics under the exogeneity hypothesis whereas section 5 considers
their asymptotic distribution under a suitable sequence of local alternatives. Section 5
concludes. Proofs of the results in the text and certain subsidiary lemmata are given in

the Appendix.

2 Exogeneity
2.1 Some Preliminaries

We initially reconsider the landmark paper EHR which discusses exogeneity concepts
for fully parametric models in the classical likelihood context and relates definitions of
exogeneity to efficient parameter estimation.

Let the random vector z be partitioned as z = (y/,2')". It is assumed that the
distribution of z is described by the density function f(-|\) which is known up to the finite
dimensional parameter vector A € A. Suppose that A is partitioned as A = (\}, \,)’, where
A1 € Ay and Ay € Ay. Then [(y|z; A1), (x| \2)] operates a sequential cut on f (z|\) if and
only if f(z|A\) = f (y|z, A1) f (x| A\2), where f (-]x, A1) and f (-|\2) denote the conditional
and marginal densities of y given x and x respectively, and \; and Ay are variation
free, i.e. (M, \y)" € A x Ay; see EHR, Definition 2.4, p.282. The random vector x is
(weakly) ezogenous for the parameters of interest ¢ if (i) v is a function of A\; and (ii)
[(y|z; A1), (z|A2)] operates a sequential cut on f (z|\); see EHR, Definition 2.5, p.282.
Consequently, for efficient inference on 1) we may merely consider the conditional density
f(-]z, A1) of y given z and ignore, without loss of information, the marginal density f(:|A2)

of x.



To illustrate the consequences of this definition consider the following model

y = 2'Bo+u,

r = ILbw+w,

where y and x are scalar and vector endogenous variables. Assume that the joint dis-
tribution of (u,v) conditional on w is multivariate normal with mean vector zero and

nonsingular conditionally heteroskedastic variance matrix

g2 ¥
Y(w) = u Y (w).
(w) ( 2 B ) w)
Thus, conditional on x and w, y is normally distributed with mean and variance given

by

Elylw,z] = 2'8y+ Bue(w)See(w) ™ (x — Myw) , (2.1)

varfylw,x] = 02(w) — Vue(w)Xae(w) 1 Lz (w)'.

u

The assumption ¥,,(w) = 0 ensures the exogeneity of = for [y in the sense of EHR
as then from (2.1) the density of y given x and w no longer depends on the parameter
matrices II, which characterises the marginal distribution of x conditional on w. If u
and v are independent of w this is precisely the condition in the best linear predictor
framework when E [y|w, z] = E [y|z] = /.

More recently Blundell and Horowitz (2004) proposed a definition of exogeneity for a

non-parametric regression set-up. They considered the model

y=g()+u,

where the function ¢(-) is unknown and thus needs to be nonparametrically estimated.
The identifying conditional moment restriction E[u|w] = 0 is maintained where w is a
vector of instruments. Blundell and Horowitz (2004) define the covariate vector x to be
exogenous if Eu|x] = 0. This definition, however, is not equivalent to that given by EHR
for the parametric setting. To see this reconsider the above example with g (z) = /5
and rewrite (2.1) as

Y= $/50+u7
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where u =y — Ely|lw, ] + Sy (w) X (w) ! (x — T,w). Now
Eulw, 2] = B (w)See(w) ! (z — Tw)

which if z and w are proper random vectors equals zero if and only if ¥, (w) = 0.

However,
E[u|z] = B[S () Saa(w) o] & = B[Sy (w) S (w) " Twl]

Of course the condition ¥, (w) = 0 is now sufficient rather than necessary for Efu|z| = 0.
More generally, the condition F[u|z] = 0 holds if and only if F [, (w)X..(w) 2]z =
E 22 (w) X, (w) I,w|z] which requires additional constraints on the joint distribution
of x and w.

Consequently, from a policy perspective, the particular definition of exogeneity given
in Blundell and Horowitz (2004) may be inadequate. Suppose that the vector of instru-
ments w is also a vector of control variables. Although under the exogeneity hypothesis
Elu|z] = 0 the effect of changes of = on y are predictable as E[y|z] = g(x), the impact of
altering w is not. In particular, E[y|lw] = E[g(x)|w] which remains unchanged between
maintained and exogeneity hypotheses. Knowledge of the conditional distribution of x
given w is still required. A more apposite definition of exogeneity is given by E[u|w, z] = 0
in which case E[y|lw,z] = g(x). The effect on y of any change in w only occurs through

any alteration consequently induced in x, the effect of which is predictable as above.?

2.2 Definitions

Rather than considering u to be a regression error as in the above example, we now deal
with the more general form u = u(z, 5y), where u(z, §) is a known J-vector of functions
of the random vector of observables z and the unknown p-vector of parameters S which

constitute the object of inferential interest.

2Note that if ¥(w) = ¥, i.e. u and v are independent of w, then the conditions F [u|w,z] = 0,
E[u|z] = 0 and X, = 0 are mutually equivalent. In this case, therefore, the distinction between EHR
and Blundell and Horowitz (2004) does not apply.



Like Blundell and Horowitz (2004) we assume that there exists an observable vector

of instruments w such that
Elu(z, Bo)|w] = 0. (2.2)

The definition of exogeneity due to Blundell and Horowitz (2004) does not involve the
maintained instrument vector w. Thus we consider it to be a partial or marginal form of

exogeneity.

Definition 2.1 (Marginal Ezogeneity.) The random vector x is said to be marginally

exogenous for By if
Elu(z, fo)|z] = 0. (2.3)

In the regression example of section 2.1 u(z,3y) = y — 2’'5o. Marginal exogeneity
(2.3) of z for [y clearly implies that the moment condition E[u(z, ) |x] = 0 may be
used to obtain a consistent estimator for ,. However, such an estimator is unlikely to
be efficient as it neglects the maintained information contained in the moment constraint
(2.2). Furthermore, an estimator for 3y based on the moment conditions (2.2) and (2.3)
should be at least as efficient as an estimator which only used the conditions (2.2). Thus,
if (2.3) holds, not only is E[y|z] is correctly specified as 2’3y but a more efficient estimator
for fy is also possible.

In the regression context a consequence of marginal exogeneity (2.3) is that Ely|z| =
2’y and, thus, the regressor vector x may be used to control y. However, as noted
above, if w is a policy control variable, the effect of changes in w on y is unknown as
Ely|w] = E[z|w]' By = w'TL,By. Without further knowledge of the conditional distribution
of x given w, namely II, for this example, the impact of w on y is not predictable.

Consequently marginal exogeneity may represent an inadequate definition of exogene-
ity in some contexts. Revisiting the regression example the condition F [u (z, fo) |w, 2] =
0 implies Ely|w,x] = Ely|z] = 2'8y. Therefore, under this condition the instruments

w contribute no additional information to the conditional expectation of y than that
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provided by x. This property of conditional mean independence of y and w given x
might be considered inherently characteristic of an exogenous vector in the regression
setting. Furthermore, as noted in section 2.1, it approximates more closely the definition
of exogeneity given in EHR.

To deal with these issues, we revise the definition of exogeneity given in Blundell and
Horowitz (2004) to incorporate the maintained instruments w which therefore takes a

conditional form.

Definition 2.2 (Conditional Exogeneity.) The random vector x is said to be condition-

ally exogenous for By if
Elu(z, 6y |w,z] = 0. (2.4)

Conditional exogeneity implies marginal exogeneity and is thus a more stringent re-
quirement. Therefore, estimators which utilise conditional exogeneity (2.4) should be
more efficient than those based on the marginal moment conditions (2.2) and (2.3).

The next sections develop and analyse the large sample properties of tests for both

marginal and conditional types of exogeneity.

3 GMM and GEL Test Statistics
3.1 The Test Problem

Let s denote a generic random vector that will be made explicit in each particular in-

stance. The null hypothesis is

Hy : Elu(z, fo)|s] =0 (3.1)
with the alternative hypothesis as

H, : Elu(z, fo)|w] =0 (3.2)

where s is a random vector that may or may not include w. The null hypothesis (3.1)
encompasses both the definitions of exogeneity given in section 2.2 with s = z and

s = (w',2") as marginal and conditional exogeneity respectively.
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3.2 Approximating Conditional Moment Restrictions

It is well known [Chamberlain (1987)] that conditional moment conditions of the type
given in both null and alternative hypotheses (3.1) and (3.2) are equivalent to a countable
number of unconditional moment restrictions under certain regularity conditions. The
following assumption, DIN Assumption 1, provides precise conditions.

!/

For each positive integer K, ¢%(s) = (q1x(5), ..., axx(s))" is a K-vector of approxi-

mating functions.

Assumption 3.1 Forall K, E[g¥ (s)'q" (s)] be finite and for any a(s) with Ela(s)?] < oo

there are K-vectors vi such that as K — oo,
El(a(s) = ¢" (s)'7x)?] — 0.

Possible approximating functions which satisfy Assumption 3.1 are splines, power
series and Fourier series. See inter alia DIN, Newey (1997) and Powell (1981) for further
discussion.

The next result, DIN Lemma 2.1, shows formally the equivalence between conditional

moment restrictions and a sequence of unconditional moment restrictions.

Lemma 3.1 Suppose that Assumption 3.1 is satisfied and Eu(z, By) u(z, 5o)] is finite. If
Elu(z,b)]s] = 0, then Elu(z,B) ® ¢%(s)] = 0 for all K. Furthermore, if
Elu(z,Bo)|s] # 0, then Elu(z, By) ® ¢*(s)] # 0 for K large enough.

DIN define the unconditional moment indicator vector as g(z, ) = u(z, ) ® ¢*(s).
By considering the moment conditions E[g(z, 5y)] = 0 and applying EL, IV, GMM or
GEL, if K approaches infinity at an appropriate rate which will depend on n and the
type of estimator considered, then DIN show that such estimators are consistent and
achieve the semi-parametric efficiency bound. To do so, however, requires the imposition
of a normalization condition on the approximating functions as in DIN Assumption 2
which follows.

Let S denote the support of the random vector s.

[10]



Assumption 3.2 For each K there is a constant scalar ((K) and matriz Bx such that
% (s) = Brq®(s) for all s € S, sup,cs HQK(S)H < ((K), E[G"(s)G"(s)'] has smallest

eigenvalue bounded away from zero uniformly in K and VK < ¢ (K).

Hence we may reinterpret the null hypothesis of marginal (2.3) or conditional (2.4)
exogeneity as one consisting of additional moment restrictions. Therefore, we need to
replace appropriately the conditional moment constraints (2.2) and either (2.3) or (2.4).

The maintained conditional moment restrictions (2.2) consequently become
Elu(z, Bo) ® g1 (w)] = 0 (3:3)

for approximating functions ¢ (-) that satisfy Assumptions 3.1 and 3.2 for s = w.

Let ¢ (w,r) be a M K-vector of approximating functions that depends only on the
instruments w and on the random vector x, where M is some constant integer greater
than or equal to 1. Additionally define ¢"(w,z) = (¢F(w), ¢¥ (w,z)")'. Therefore, if
Assumptions 3.1 and 3.2 are satisfied for ¢®(s) with s = (w/, 2’)’, the moment conditions

(2.2) together with either (2.3) or (2.4) are equivalent to
Elu(z, 5o) ® ¢" (w, )] = 0. (3.4)

For the case of (2.3), ¢& (w, x) depends only on functions of x whereas for (2.4) ¢ff(w, z)
additionally depends on functions of both w and x. Therefore the null hypothesis Hy (3.1)
and the alternative hypothesis H; (3.2) may be replaced by the equivalent hypotheses
(3.4) and (3.3) respectively, K — oc.

For technical reasons our analysis requires that the number of elements of ¢& (w, z)
should depend linearly on K. Suppose a polynomial of order n,, in the elements of w is

used to approximate Efu(z, 3o)|w]. If w is a r,-vector, ¢F (w) will consist of
"Zw T4 7y —1
=0 ¢

elements. Then, as in Hirano et al. (2003), we can set K = (n,, + 1)" which is an upper

bound for this value.
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To choose the M K additional functions corresponding to the conditional exogeneity
case consider an approximating polynomial of order n,, in the elements of z and w.

Then, if x is a r,-vector, removing all the terms that depend only on w, ¢f (w, z) consists

of
% T4+7ry,+7r,—1 _% 147, —1
i=0 i i=0 i
elements.

Alternatively, consider a polynomial of order n,, in the elements of x and w and
remove all those terms that depend solely on w. Based on upper bounds for the elements
of ¢f(w) and ¢%(w,x), MK = (nye + 1) — (nye + 1)™. Hence, M is given by the
next integer greater than

(nwx + 1)Tw+1"z o (nwx + 1)1“w

(N +1)™ (3:5)

Let n,, = An], say, for some positive constants A and «. Then, if v = r,/(ry+72), (3.5)
converges to A™ "= as n,, — oo. Therefore M is the next integer greater than A™*"=
given some A. If n,, is chosen as the closest integer to An’=/("e*7=) an application of
Lorenz (1986, Theorem 8, p.90) shows that Assumption (3.1) is satisfied for polynomials
in z and w.

For marginal exogeneity, consideration of a polynomial of order n,, in x leads to M K =
(n, + 1) additional elements in ¢® (w, z). Thus, M is given by the next integer greater
than

Tz

(ne +1)

(e + D o0

which is required to be bounded, e.g., if n, = An similarly to above, v = /7.
3.3 Basic Assumptions and Notation

The following conditions are needed to derive the asymptotic distributions of the test

statistics discussed below.

Assumption 3.3 (a) the data are i.i.d.; (b) there exists Sy € int(B) such that
Elu(z, bo)ls] = 0; (¢) V(B = o) = Op(1); (@) Elsupseg |[u(z, 8)|* |s] is bounded.

[12]



Unlike DIN Assumption 6 (b), it is not necessary to assume that
E [HsupﬁeB ||u(z,ﬁ)||7H] < oo for some v > 2. As noted in Guggenberger and Smith
(2005), if the sample data is i.i.d. one can set 7 = 2 as in Assumption 3.3 by appeal
to Lemma 3 in Owen (1990). Indeed, Lemma A.1 in Appendix A may be substituted
for Lemma A10 in DIN. Therefore, v may be set to 2 in those succeeding Lemmata
and Theorems in DIN which concern GEL. Notice that we only require root-n consis-
tency for the estimator B, not efficiency. Moreover, since under the null hypothesis
Elu(z, 6o)|s] = Elu(z, Bo)|w] = 0, for s = z or s = (w',2’), only a single estimator is
needed for fy.

Let ug(z, 8) = du(z,8)/98', D (s) = Elug(z, B)|s] and u;ss(z, ) = 0%u;(z, 8) /0893,
j=1,...,J. Also let N denote a neighbourhood of f3.

Assumption 3.4 (a) wu(z,8) is twice continuously  differentiable in N,
E[supﬁeN\]ug(z,ﬁ)|\2 s] and El|ugg;(z,60)|1s, (G = 1,..,J), are bounded;
(b) 3 (s) = Elu(z, fo)u(z, fo)'|s] has smallest eigenvalue bounded away from zero; (c)

Elsupgen [[u(z, 8)|*|s] is bounded; (d) for all B € N, [[u(z, 5) — u(z, Bo)l| < 6(2) |15 — Bol
and E[5(2)?|s| is bounded; (e) E[D(s)'D(s)] is nonsingular.

3.4 Test Statistics

Let ¢;(8) = u(z, B) @ ¢ (w;), hi(B) = u(z;,8) @ ¢%(ws,x;), (i = 1,...,n). Also let
3(8) = ity gi(B)/n and h(B) = Sy ha(B)/n.

Conditional GMM statistics appropriate for both maintained and null hypotheses
take the standard form

T = ng(BYQ"9(B) (3.7)

and

~

TC};MM = nh(ﬁ)é_lﬁ(ﬁ) (3.8)

where Q = 3", 6:(3)g;(8) /n and 2 = ¥, hi(B3)hi(B)' /n. See for example DIN, section
4, pp.63-64.

[13]



A GMM statistic appropriate for testing the null hypothesis (3.1) comprising either
the marginal (2.3) or conditional (2.4) exogeneity hypotheses against the maintained
hypothesis (3.2) may be based on the difference of GMM criterion function statistics
(3.8) and (3.7) for the revised hypotheses (3.4) and (3.3) respectively. For fixed and finite
K, standard asymptotic theory for tests of the validity of additional moment restrictions
[Newey (1985)] yields test statistics that are chi-square distributed with JM K degrees
of freedom. It is well known, however, that when the number of degrees of freedom is
very large a chi-square random variable can be approximated, after standardization by
subtraction of its mean and division by its standard deviation, by a standard normal

random variable. The GMM statistic is therefore defined by
~ Tln — Téum — IMK
- 2IMK '
Smith (1997, 2001) proposed a number of alternative test statistics to GMM-based

J (3.9)

procedures based on GEL for a finite number of additional moment restrictions which
may be adapted for the framework considered here.
As in DIN and Newey and Smith (2004) we define p(v) to be a function of a scalar v

that is concave on its domain, an open interval V' containing zero. Let

n

Py(B,n) = ;[p(n'h@-(ﬁ))—/)o]/m

Pa(B,A) = Y lp(Ngi(B)) — pol/n

i=1
define the respective GEL criteria under null and alternative hypotheses where n and A

are the corresponding J(M + 1)K- and JK-vectors of Lagrange multipliers associated
with the unconditional moment constraints (3.4) and (3.3). Let p;(v) = &/ p(v)/0v’ and
p; = p;(0), (7 =0,1,2,...). We normalize p; = po = —1 without loss of generality.
Given an estimator B for By which is root-n consistent under either null or alternative
hypotheses, Lagrange multiplier estimators may be computed for both 1 and A. Let
A(B) = {N: Ngi(B) € V,i=1,...n} and A (B) = {n:nhi(B) € V,i=1,...n}. The

respective Lagrange multiplier estimators are then given by

i = arg max_P,(8,1), A = arg max_P,(, ).
nedn(d) AeAn (D)

[14]



Let 7 = S,\ where Sy = I;® (I, Oprx) is a J (M 41) K x JM K matrix. Additionally
let s(z, ) = Syh(z,8) where Sy = I; ® (O, Ink) is a J(M + 1)K x JMK selection
matrix. Hence, s(z,) = u(z, ) ® ¢ (w, z). Define s,(3) = s(2;, B), (i = 1,...,n).

Similar to the GMM statistic 7, a likelihood ratio (LR) form of GEL statistic for
testing either the marginal (2.3) or conditional (2.4) exogeneity hypotheses against the
maintained hypothesis (3.2) may be based on the difference of GEL criterion function

statistics; viz.

~

on[B,(3,7) — Po(B,0)] — IMK
2JMK '

LR = (3.10)

Corresponding Lagrange multiplier, score and Wald-type statistics are defined respec-

tively as

~ A

o = M= n)E@m—1) - JME

(11>

Y

<
%
=

S — S o (N ai(8))si(B) Sh =180 iy pi(Ngi(B))si(B) /n — IMEK 1
B 2IMK » (311)
i’ So(SHZ1S0) 1547 — JMK

2JMK

W:

(3.12)

We will require an additional assumption on p(v) for statistics based on GEL as in

DIN Assumption 6, p.67.

Assumption 3.5 p(-) is a twice continuously differentiable concave function with Lip-

schitz second derivative in a neighborhood of 0.

4 Asymptotic Null Distribution

The following theorem provides a rigorous statement of the limiting distribution of the

GMM statistic J (3.9) under the null hypothesis (3.1).

Theorem 4.1 If Assumptions 3.1, 3.2, 3.3 and 3.4 hold for s = w and s = (w', 2')" and
if K — 00 and ¢ (K)*K2/n — 0, then J % N(0,1).

[15]



Although this result is stated for a GMM-based test of the marginal or conditional
exogeneity of x against the conditional moment restriction (2.2) given the instruments
w of the maintained hypothesis (3.2) it has a wider significance. It is also relevant and
may be straightforwardly adapted with little alteration for constructing a test for the
comparison of two sets of conditional moment restrictions where one set is nested within
the other.

The next result details the limiting properties of the GEL-based statistics for the
exogeneity hypotheses (2.3) and (2.4) and their relationship to that of the GMM statistic
J (3.9).

Theorem 4.2 Let Assumptions 3.1, 3.2, 3.3, 3.4 and 3.5 hold for s = w and s = (w', z")’
and in addition K — oo and ((K)?K?/n — 0. Then the GEL statistics LR, LM, S
and W converge in distribution to a standard normal random variate. Moreover all of

these statistics are asymptotically equivalent to the GMM statistic J .

Similar to the GMM statistic J (3.9) the GEL statistics LR, LM, S and W may be
applied with little alteration to the general problem of testing nested conditional moment
restrictions.

Alternative unrestricted statistics for testing the exogeneity hypotheses (2.3) and (2.4)
may be also defined which ignore the information contained in the maintained hypothesis

(3.2); viz. the GEL-based statistics

LR =

P, (5,7) — J(M + 1)K v ni/Zi — J(M + 1)K
2J(M + 1)K 2J(M + 1)K

and the GMM statistic based on 7%,,,, which takes the score form

~

St nh(BYE-'h(B) — J(M + 1)K
2J(M + 1)K '

It is straightforward to show from the analysis used to establish Theorems 4.1 and 4.2
similarly to DIN that these statistics also each converge in distribution to a standard

normal random variate and are mutually asymptotically equivalent but not to J, LR,

[16]



LM, S and W. The statistics LR" and 8" are forms of those GMM and GEL statistics
suggested in DIN, section 6, pp.67-71, appropriate for testing the unrestricted hypothesis
HyN Hy.

5 Asymptotic Local Power

This section considers the asymptotic distribution of the above statistics under a suitable
sequence of local alternatives.

We follow the set-up in Eubank and Spielgeman (1990) and Hong and White (1995),
see also Tripathi and Kitamura (2003), which utilise local alternatives to the null hy-
pothesis (3.1) of the form

VJMK
vn

where (3, € B is a non-stochastic sequence such that 3,9 — ;. We will also assume

Hy, : Elu(z, Buo)|w, x] = ¢(w, x), (5.13)

that E[¢(s)|w] = 0 in order that the maintained hypothesis E[u(z, fy)|w] = 0 in (3.2) is
not violated.

This sequence of local alternatives (5.13) is particularly apposite for conditional ex-
ogeneity. It is also appropriate as a description of local alternatives to the marginal
exogeneity hypothesis (3.1) Efu(z,o)|z] = 0. In this case local alternatives may be
described by taking the expectation of (5.13) conditional on z, that is,

vV JIMK
Vn

In order to obtain the asymptotic distribution of the statistics proposed in section 3.4

Elu(z, Bno)lz] = Elg(w, x)|x].

under the local alternatives (5.13) we invoke the following assumption.

Assumption 5.1 (a) B,0 is a non-stochastic sequence such that (5.13) holds and
@n,o - 607‘ (b) \/ﬁ(/é_ﬁn,()) - Op<]-); (C) fOT’ a”ﬁ € N7 E(U),LE,B) = E[u(z,ﬁ)u(z,ﬁ)'|w,x]
has smallest eigenvalue bounded away from zero; (d) ||&(w,x)|| is bounded; (e) X(w, z; 3)

and D(w,xz; 5) = Elug(z, B)|w, x| are continuous functions on a compact closure of N'.

[17]



The next result summarises the limiting distribution of the statistics J, LR, LM, S
and W under the sequence of local alternatives (5.13). Let X(w, z) = X(w, z; fo).

Theorem 5.1 Let Assumptions 3.1, 3.2, 3.3, 8.4 and 5.1 hold for s = w ors = (v, 2")
and ((K)?K?/n — 0. Then J converges in distribution to a N(u/v/2,1) random variate,

where

p = Elf(w,2) (w, 2)"E(w, ).
If additionally Assumption 3.5 is satisfied and ((K)?K3/n — 0, then LR, LM, S and
W are asymptotically equivalent to J .

Although not discussed here, one might use a similar analysis to that underpinning
Lemma 6.5, p.71, in DIN to demonstrate the consistency of the statistics J, LR, LM,
S and W.

The following corollary is a special case of the previous Theorem and presents the

asymptotic distribution of LR", LM" and S" under the same local alternative.

Corollary 5.1 Let Assumptions 3.1, 8.2, 8.3, 8.4 and 5.1 hold for s = (w',z') and
C(K)2K?/n — 0. Then S" converges in distribution to a N(uy/\/2,1) random variate,

where
M
M+1

If additionally Assumption 8.5 is satisfied and ((K)?K?/n — 0, then LR", LM" are

fh = -

asymptotically equivalent to S".

Hence, for large M, py will differ little from p. Tests based on unrestricted statistics that
ignore the maintained hypothesis H; will have a similar discriminatory power to detect
the local departures from the null hypothesis Hy as tests that incorporate H;. Therefore,

M should be chosen as small as possible.

6 Conclusions

This article discusses definitions of exogeneity for models given by a set of semiparametric

conditional moment restrictions based on a vector of moment indicators. We assume

[18]



that there exists an initial set of identifying instruments. A random vector is said to be
marginally exogenous for the parameters specifying the conditional moment restrictions
if the conditional expectation of the moment indicator vector given the random vector is
zero. This definition accords with that proposed by Blundell and Horowitz (2004). We
suggest that this definition may prove to be inadequate in particular circumstances. We
therefore define an alternative exogeneity concept which we term conditional exogeneity.
A random vector is said to be conditionally exogenous for the parameters specifying the
conditional moment restrictions if the conditional expectation of the moment indicator
vector given both instruments and the random vector is zero. This definition is more
closely related to those for fully parametric models based on classical likelihood theory.

The paper also provides GMM- and GEL-based test statistics for both marginal
and conditional exogeneity by reinterpreting the respective hypotheses as concerning
an infinite number of unconditional moment restrictions. These tests may therefore be
viewed as tests for additional sets of infinite moment restrictions. We derive the limiting
distribution of these test statistics under the null hypotheses of marginal and conditional

exogeneity and a suitable sequence of local alternatives.

Appendix: Proofs

Throughout the Appendix, C' will denote a generic positive constant that may be different
in different uses, and CS, M, T and ¢, the Cauchy-Schwarz, Markov, triangle and Loeve

¢, inequalities respectively.® Also we write w.p.a.1 for “with probability approaching 1”.

A.1 Useful Lemmata

The following Lemma allows the relaxation of Assumption 6 in DIN for the GEL class

of estimators.

Lemma A.1 Let 6, = o(n 2 (K)™") and A, = {\: ||\|| < 6,}. Then if Assumption
3.3(d) is satisfied, maxgepaca, 1<i<n |Ngi (3)| 2 0 and w.p.a.1 A, C A(B) for all B € B.

3We use the general version of the Loéve c, inequality as stated in Davidson (1994, p.140).

[19]



Proof: Write b; = supgcs |u (2, B)||>. By iterated expectations and 3.3(d), E[b;] =
E[E[b;j|w]] < oo for 1 <i < n. Hence, it follows from Owen (1990, Lemma 3, p.98) that

max; <<, b; = 0,(n/2). Therefore, by CS

INgi (8)] < 6. (K) max b; 2 0

max
BEBNEAR,1<i<n i<i<n

Thus w.p.a.1 Ng; (B) € V for all § € B and A € A, giving the second conclusion. B

The next Lemma is used in the proofs for asymptotic normality of the test statistics

under both null and local alternatives.

Lemma A.2 Let k = tr (£2,C,) where C,, and 2, are a symmetric and a positive definite

matriz respectively. If E[g(z,Bon)] = 0, k — oo, E[(g(z, Bon) Cng(z, Bon))?]/kv/n — 0

and C,Q,C,, = C,, then

1§ (Bo) Cug (o) —
V2k

Proof: Let g;, = g(zi, fon) and write T = T} + T, where

2 /
1,5:1<j

i 9inCnGin/m — k
V2k

Since E[T3] = 0 and var[T3] < E[(g;,,Cngin)?]/2kn — 0, T 0.

T <4 N(0,1).

T, =

To prove the asymptotic normality of 77 we verify the hypotheses of Hall (1984,
Theorem 1, pp.3-4). Let gy, = g(u, Bo,) and define

2
H,(u,v) = \/ %g;,ncngv,n-

Gn(u,v) = E[H,(z1,u)H,(z1,0)]

2

= %E[Q;,ncngzl,ngglangv,n]

Then

——q CnQnCn v,n
ngkgu,n g )

2
= \/;Hn(u, v).
[20]



Now E[H,(z1,22)|21] = \/ 3595 nCrnE[gz0m] = 0 and

2
BlH, (o1 ) = 2Bl ot
2
= —F]|¢. CnQnCn z1,m] =
an [gzl,n g 1, ]

n2’
On the other hand

ElH,(21,2)"] _ 4 El(gnCngznn)’]
nE[H,(z1,22)%> ndk? 4/n4

As C, = C,Q2,C,, and €, is positive definite, by CS

4 E[(¢.,,Cngzn)’] 1
ndk2 1’4/714 : < WE[(Q,{Q,ncngz1,n)Q(g;Q,nCang,n)2]

1
- (WE[(gél,nCngzhn)Q])Q — 0.
Since E[Gy(z1,22)%/E[Hy (21, 22)%)2 = 1/k — 0, Ty % N (0,1) as required. ®
The next Lemma mirrors DIN Lemma A3.

Lemma A.3 Let a;,, = a,(2;), Gin = Elain|zi], a; = a(2), a; = Ela;|zi], Ui, = Uy(2;)
and U; = U(x;). If Assumption (3.1) is satisfied, (i) E[||a;n|” |z:] is bounded for large
enough n, (i) U;, is a v X v p.d. matric that is bounded and has smallest eigenvalue
bounded away from zero for large enough n, (iii) U; is r X r p.d. matriz that is bounded

2
and has smallest eigenvalue bounded away from zero, (iv) E[‘ Uin — U[lH ] =0, (v)

E|in — al]’] = 0, (vi) K — oo and K/n — 0, then
Z a;n ® g (Z Uin® Qz‘(ﬂ) Z Qi @ /1 — ElaU ' a,] 0.

Proof: The proof is similar to that of DIN Lemma A3. Let F;, = U2 P, =

E,n ® qi, Pn = (P1/7na ceey P;L,n)la Ai,n = F’ijnla'i,na An = (A/Lna "'7A;L,n)la Ai,n = E[Az,n|xz] -

F;la;, and A, = E[A,] = (A],,,...., Al ). Note that P, P, = ¥, Ui, ® ¢;q; and

Z a';n X Qz,' (Z Ui,n & Cﬁ%) Z ai,n & Qi/n = A;QnAn
where Q,, = P,(P.P,)” P,.

[21]



Let © = (x1,...,x,). As the data are i.i.d. and by (ii)

El(An = A40) (A0 = A) lal = diag(Fy Joarlas o] B B varlan o L)
< CI

for n large enough. Let Ty = (4, — A,)'Qx (An — fln) /n. Then

BITa] = Eltr(QuE[(A, — A,) (Au = A,)' /m)lal]
< CE[tr(Qn)]/n < CK/n —0

using (i) and (vi). Thus T4 2 0 by M.

Now by ¢,
E[HU;}ELM — FK(J@‘HZ] = E[H(Uz_nl — U i + U M@0 — a;) + U 'a; — FK(J@‘HQ]
< 3| Bl - 07| + BV @ - a0

+E[HUZ'_15%‘ - FKQ@'HQ]} — 0.

This follows as from Assumption 1 F [HU[ldi — FinHQ] — 0. For the first term, since a;,
is bounded for large enough n, by (iv) E[‘ (Uit = U Dy, ’
E[HU{l(ELm - Ezi)Hz] — 0 by (v) as U; ! is bounded from (iii). Then, for 75 = vee (I'y),
by M

| — 0 and for the second term

= S NEP |viia: - (@ @i /n
- Z||Fi,n|’2HUi;1lai—quiHZ/n

< Cy

Ui @i — F/ﬂQiHQ /n = 0.

Now

A QuAn/n = B Aufn = |(A0= A) Qu (40— A,)
+240,Qn (A = Ay) /n = A (I = Q) An/n].

[22]



Notice that
Ty = A (I-Q,) A, /n

= (A, = PAx) (I = Q) (A= Pix) /n
_ 2
< |4 = Pk /n 2o,

Also by M A/ A,,/n = 0O, (1). By T and CS

Al QnA,/n — A;An/n’ < T+ 2TuJAA/n+ Ty B 0.

To examine the large sample behaviour of fl;lfln /n=3%; (_szifnlai,n /n, since @;,, and
Ui n depend on n, we need to resort to a LLN for triangular arrays such as Feller( 1971,
Chapter IX, section 9, Theorem 1, p.316). Specifically, first we need to prove that, for
each n > 0, nP{ /n > n} — 0. By Chebyshev

a. U ta;,

w,n~i,n

N/ (nn?)

For large enough n, as U, , is p.d. and bounded from (ii) and as a;,, is likewise from

—/ —1= —/ —1-
nP{ @; Ui Gin a; Uiy Gin

,n~i,n

/n>n} < E|

2
(i), Bl|@;, Ui, din| ] is also bounded. Therefore nP{|a, U, @ia|/n > n} — 0. Secondly,
consider
2
a. U la a, Ula
nvar[ 0 ;Ln o 1( a;ynU;jai,n < ns)] < nE[ 7;2” o 1( @;mUifnldi,n < ns)|
2
< Ella, Uzla1m —o.
However,
Ela,, U tdi, —aU e = E {(am — @) U @i — )+

)

By CS and Jensen, since ||a;|| and ‘

U;1H are bounded from (i) and (ii), by (iv) and (v)

N

Ela;, U ta;, —a;U'a;)] < E[‘

N~ i,n

Uit | @0 — @il )

+2B|[U75 | Nasn — @il lla:l]) + B Ut — 77| lla) )
< C(E[(@in — @)|*) + 2B @0 — )] + El|U;,F - U7
— 0.
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The following Lemma is similar to DIN Lemma A4.

Lemma A.4 If Assumption 3.1 is satisfied, (i) €, and Y; are r x 1 random vectors
with Ele;n|z:] = 0 and E[||ein||* |2:] < C for large enough n and E[||Y;||* |=;] < C, (i)
Uin = Uy (z;) is v X1 p.d. matriz that is bounded and has the smallest eigenvalue bounded
away from zero for n large enough, (iii) U; = U (x;) is v X r p.d. matriz that is bounded

Ui — U[1H2] — 0 and

and has the smallest eigenvalue bounded away from zero, (iv) E[‘

(v) K — oo and K*/n — 0, then

~1
ZY;, ® q; (Z Uin ® q@‘Q;) Zgi’” ®q;/vn=0,(1).

Proof: We prove the result by first showing that

-1
Y Y eq (Z Uin ® q,-q;) > cin®@aq/Nn =Y ElY|n]'Us ein/vn 5 0
and secondly that

S B[] Uylen/ Vi = 0, (1). (A1)

The proof structure of the first part is similar to that of DIN Lemma A4. Let £},
P, and thus @, be specified as in the proof of Lemma A.3, A;, = FifnlYi, Ain =
E[A;|zi] = F EY |5, Ay = (AL, . AL L), Ay = (AL, ALY Bin = Fi ey and
B, = (B

1’,”7 .o

. B;L’n)’ . By assumption F[B;,|x;] = 0 and, consequently,

-1
ZY{ ®q; (Z Uin ® %%) Z&‘,n ® q;/v/n — E[Yi|zi] U@_nlgi,n/\/ﬁ
From the proof of Lemma A.3 (A, — A,)Qn(A, — A,) = O,(K) and B.,Q,,B, = O,(K),

the latter holding by (i) as E[||esn || |2:] < C for large enough n. Thus, for large enough
n, by CS

‘(An - An),Qan/\/ﬁ’ < \/(An - An)/Qn<An - An)\/B;anBn/\/_ = Op(K/\/ﬁ) = 0.

[24]



Also, as in the proof of Lemma A.3, E[A! (I — Q,)A,/n] — 0. Thus, by iterated expec-

tations,
_ 2 _ —_
B A, = QuBu/vVal[] = AL = QuEB.B[al(I = Qu)Adl/n
< CE[AL(I = Qu)A]/n — 0
using F [B, B! |x] is bounded for large enough n by (i) and (ii). The conclusion follows
by M and T.

It remains to prove (A.1). We use the Corollary of section 1.9.3 of Serfling( 2002,
p.32) to prove this result.We only need to show that

BByl Ui'ein)'|

1im pcTv! =0, (A.2)

where b2 = Var [E [Yilx:] Uijllei,n}. Now notice that by CS
4
U Nein]

U B Jlesall* ]|

B (BWilelUsteia) | < B 1Bl |

_F [E [||E[Yi|mi]l|4!

<C.
as El||ein|* |2:], E[Y;|x;] and U;, are bounded for n large enough. Also by Jensen
inequality
< B |(EWilad Untein)
<E {(Emm]/UzﬁlEi,n)ﬂ v <C.
Hence (A.2) follows.

The following Lemmata are needed to prove the asymptotic normality of the test
statistics under local alternatives.

Let u;(8) = u(zi, 8), ¢ = q(s:), 9:(8) = wi(B) @ qi, §i = 91(5) and g, = gi(Bo,n). Also
let win = u;(Bon)s in (si) = E[umu;n|sl] and

Q = Zgzg;/n7 Qn = Zgi,ngé,n/rh

[25]



Lemma A.5 If Assumptions 3.2, 3.3 and 3.4 hold andﬁ—ﬁom = O (1,,) with 1, — 0 then
|2 = Q0| = 0, (1K), [ = Q| = O, (C(F) /K /n) and [ — Q|| = O, (¢(K) /K /).
If Assumption 5.1(c) is satisfied then 1/C < Apin (27) < Amax () < C and, if 7, K +
CE)E/m — 0, wp.al 1/C < Ain (Q) < daae () < €, 1/C < Maia (D) <
Amas () < C.

Proof: The proof of these results are similar to that of Lemma A6 of DIN. However,
rather than some expectations being bounded as in DIN, here they are bounded for n
large enough.

Using the same arguments as in DIN we have

Q—QnH

IN

C HB - 50,nH ZMM lail|® /n
= Op(TuE[M; || 4il|])
= O,(m,K),

where M;,, = 62+20; ||u; || and §; = §(z;). The final equality follows as E[||u(z, Bo..)||*] is
bounded since E[d(z)?|x] is bounded and E[supgcs ||u(z, 3) I”] is bounded by Assumption
(3.3).

Now
2

Z(umu;n — Yin(s1) ® qiq;/n|| ].

Since By, — Bo and X;(s;, ) is bounded for all 5 € N it follows that for n large enough

Yin (s;) is also bounded. Thus using similar arguments to those of DIN
~ _ 2
E[||Q0 = Q| ] < ElEJuinl* [:] lg:])]/n < CCK)?K/n

as E[||uin||* |2;] is bounded for n large enough. Therefore the second conclusion follows
by M.
For the third conclusion as in DIN

2

B0 -1 = £

< tr(BZia(s:)® © (@d))’]/n) < CE[|ai|"]/n < OC(K)*K/n

[26]



where the second inequality holds for n large enough.
For the fourth conclusion, since, for all 5 € N, X(s,8) = Elu(z, B)u(z, 8)'|s] has
smallest eigenvalue bounded away from zero and El[supsp |u(z, B)|I°] is bounded, it

follows that C~'I; <3, ,.(s;) < CI; and therefore
C'Lk=CT"Ell;®qq) < <CE[l; ®qq] =Clk.

Hence C71 < A\pin (2,) < Amin (2,) < C. Note also that, if 7, K + ¢ (K) /K/n — 0, we
have HQ - Q”H = 0, (1) and ||Q, — QnH = 0, (1). Thus, by T HQ — Q"H = 0, (1). Since

IA(A) = A(B)| < ||A— B||, where A(-) denotes the minimum or maximum eigenvalue,
‘)\min (Q) — Ain (Qn)‘ =0, (1) and ‘/\merX (Q) — Amax (Qn)‘ = 0, (1). The final conclusion

follows similarly. W
Let uﬁz(ﬁ) = 8”(217[3)/85/7 D (Shﬁ) = E[uﬁz(ﬁﬂsz]a Di,n = D(Sia 60,71)7
G =3 usi(B) ® 4:/n,Gn =Y Din ® i/, G = E[Din ® gi).

Lemma A.6 If Assumptions 3.2 and 3.4 hold and /3 — Bon = O (1) with 7, — 0, then
|G = Gu|| = Op(raVE + /K /) and |G, — G| = O,(\/ K /m).

Proof: The proof is as in that for DIN Lemma A7. In fact the proof requires no stronger
assumptions than those in DIN.

Let ugin = upi(Bon), 6; = 0 (%) and Gn=3 Ugin @ ¢;/n. Then by DIN Lemma A2

2

El|Gu — Gul ) = EI| X (w5 (21 Bo) — Din) @ i/

i

< BlE[|uginl’ ] lal*)/n < CK/n,

]

where the last inequality follows for n large enough as 5y, — 8y and E[supgep [[ug (2, 5) 17 |]
is bounded. Hence, by M Hén - G”H2 = 0,(y/K/n).

By the same arguments as in DIN Proof of Lemma A7, w.p.a.1

G =G| < X |unlB) — wsia lasll /r

< B Boa| S illasl /n = 0,ruVE).
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The first conclusion follows by T.

In addition
2

Bljén -Gl = |

< E[IDinl? lg:l?] /n < CK/n,

where the first inequality follows from D;, bounded for n large enough as

Elsupgep [lug (2, 8) |* |] is bounded from which the second conclusion follows. M

The final lemma mirrors Lemma 6.1, p.69, of DIN.

Lemma A.7 Let Assumptions 3.1, 3.2, 3.3, 8.4 and 5.1 hold. If K — oo and
C(K) K?/n — 0 then

ng(B)Q19(8) = n§(Bn0) %' 9(Bno)
2JK '

Proof: Let gin = 6i(Ano)s n = §(Bno) and § = §(B). By an expansion of § = §(f)
around [y,

3= go + Gu(B ~ Bao),
where G,, = 09(B,)/08" and 3, is a mean value between 3 and Bno which may differ

from row to row. Thus

ng(B)Y9(3) — nghton _ ngn( =2 Ng
V2IK 2JK
QTL(B - ﬂn,O)lG%Q_lgn
2JK
(6 - 611,0)/@;10_1671(6 - 5n,0>
V2JK '

To show that each term converges in probability to zero, we need to prove first some

n
+

preliminary results.

Since A\pin (Q) > (' and Apin (Qn> > (C' w.p.a.l, by Lemmata A.5 and A.6
|G~ = (G~ GG~ G)
< Ctr((G, - G, (G, —G,))

= |G - Gan 2.
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HQ - )| 5o

Now G’ Q-1G,, is bounded for large enough n as G’ Q- 'G, 2 V= by Lemma A.3
where V' = (E[D(z)'%(z) ' D(x)])~! which exists from Assumptions 3.4 (d) and (e) as
E[D(z)'S(x)"'D(z)] > CE[D(x)'D(x)]. Thus, ||2,'G,| is also bounded. Therefore, to
prove that HQ”GnH =0,(1),by T

Similarly, ‘

006006 < 276, 6]+ |- e

First, term Hfl_l(@n — G”>H % 0 by Lemma A.6. Secondly, HQ_l(Q — Qn)leGnH <
HQ”(Q — Qn)H 19,,1G,,||by CS and Lemma A.5. Consequently, HQflénH =0, (1).

Now by independence

B39, 9] = Elgin " ginl/n

= E[tr(Q,'g;ng.,)/n] = K/n.

Hence, by M [|Q.1g,]| = O,(1/K/n). By T and CS

GO g — G || <

GO (€ — 22,4 + |G — Gy

IN

(] =0ul + G - Gl Jou"a

< (Op(M)op(1) 4 0,(1))Op(y K/) = 0p(y/ K /).

Moreover

(eXs> gnH E[tr(3,Q,' GoGL0 16, = tr(GLQGy) /n < Cn.
Thus, by M, G425 al| = O,(1/v/) = 0,(/K/n) and, hence, by T
op(1/K/n). Therefore, by Assumption 3.3(c),

5 - /G/Qfl N
n(p 5,;)JKn In _ o (1),

00 -

Next, by CS and T,

GO7G, - GG < (|G| + 901G G - G

e ]e - e

[29]



Hence, @;Q_lén = O,(1) since G/, Q,;*G,, = O (1). Therefore

" = 0,(1/vV2JK) =0, (1).

It remains to prove that

ngg(ﬂ_l - le)gn =0, (1)
V2JK .
From Lemma A.5,
ngl, (71— 0.") | V2T <m0 ( - 0,)/VeIk
= n(Op(K/n)(Op(\/ I/n) + Op(C(K)\ K /0))) V2] K
= Op(C(K)K/Vn) =0, (1)
|

A.2 Asymptotic Null Distribution

Proof of Theorem 4.1: By DIN Lemma A6 and ¢ (K)> K2/n — 0,

:__H K3/2/n1/2+C( )K/n1/2)/\/§) :Op(l/\/ﬁ%

where Q = FElg(z,50)g(z, 5o)'] and E = Elh(z, Bo)h(z, [o)']. It also follows from DIN

( )/0ﬁ’ GH ( )/0ﬁ’ GH = 0 for any
B = Bo+ O, (1/y/n). In addition, G'Q'G and H'Z"'H are bounded, see the proof of

Lemma A.7. Hence, the conditions of DIN Lemma 6.1 are met. Therefore,

and




~

Define S, = I; ® (Ix,0nk)" as a selection matrix such that S;h(8y) = §(8o). Therefore

nh(Bo)E " h(Bo) — nd(Bo)' 21 §(Bo) — IME _ nh(fo) (E71 — ;07" S})(5o) — IMK
2JMK 2JMK ‘

We use Lemma A.2 to obtain the conclusion of the theorem. First, tr((Z27! —

SQ1SH)ZE) = tr(Iymsnk) — tr(lyx) = JMK. Secondly, (271 — S,Q7'S))Z(E"" —
S,0718) = =71 — 8,015 Thirdly,

CE[[Ih(z )|
CE[u(z. fo)|* 4" (w. )|
CE[|lg" (w.2) ]

E[(h(z, Bo) (E7" = 5,07 Sg)h(2, 5o))*]

ININ A

IN

CC(K)*K.
The result follows from Lemma A.2 as ((K)?K/K\/n = (((K)*K?/n)/\/K*/n — 0. &

Proof of Theorem 4.2: First we focus on LR (3.10).

2V JIMK




Write §; = ¢:(8), (i = 1,...,n), § = §(3) and jo = §(53;). Using T and CS twice we

have
o= ol < 37, ulzi 8) = ute, o) | latwd || /n
< (00 02 llatw) | /n) 2|3 = 8| = O /K m)

where the second inequality follows from Assumption 3.4 (d). Thus, from T and DIN

Lemma A.9, ||g|| = O,(y/K/n) and, therefore, O,(1/K/n) by DIN Lemma A.11.
Consequently A€ An(ﬁ) w.p.a.1 and the first order conditions for \ are satisfied w.p.a.1,

le.
apgf” => " m(Na)gi/n=0. (A4)
Expanding (A.4) around A = 0 gives
—§(8) — QA =0
where O = — > pQ(A’gi)gig;/n and A lies between A and zero. Thus, w.p.a.1
A= —07g(B). (A.5)

We deal with the third term in (A.3) first. Expanding 2nP, (3, \) around A = 0 and
plugging in A from (A.5),
2nBy(3,3) = 2n[-3(BYA — N A/2] = ng(BY RO — 01001)3(5)
with Q = — Y7, po(N§:)§:d,/n and A lies between A and zero. Thus it remains to prove
that

/\

P(B,)) — TEMM i vioi—l  OdBa-1  Ae11al A ,
e - rWeYReT - 00T - 0T(6)/V2IME S 0.

First notice that by DIN Lemma A.6 HQ— QH = O,(C(K)\/K/n) = 0,(1/VK) and,
thus, by Lemma A.1 we also have HQ — QH = 0,(1/VK) and HQ —QH = 0,(1/VK).

[32]



Hence H2Q —0 - QH 0. Consequently Apax[(2Q — Q)] < C w.p.a.1.. Thus, by T, as
(20— 1001) T = Q@0 - ),

|20 -0 -0ea -0 < [©@-2e0-07 Q-9 +2][eee -0 -q)

IN

cjo—of +|o-al) = o,/ VE).
On the other hand as Apax (2) < C

leeo-0)e-q| = [ee-0)" (2 20-9)|
< C|a-@20-) =0,(1/VE)
yielding HQ*I(ZQ - — Q*1H = 0,(1/VK). Therefore, asHQfl - Q*1H = 0,(1/VK),

2”]5n<67 5\) - TgMM .
2JMK N

n0,(K/n)o,(1/VK)/V2JMK = o, (1).
By the same reasoning the second term in (A.3)

271]5n<57 M) — T »,

V2JMK

Therefore, it follows from Theorem 3.8 that

0.

LR % N(0,1).

We now turn to consider the Lagrange multiplier statistic

n(ij — )27 — ) — IMK
2JMK '

LM =

~ N

Write h; = hi(3), (i = 1,...,n), h = k() and hy = h(5,). By a similar argument to that
which established (A.5)

i =—="h(p)
where 2 = — >, p1 (7 hi) ;R /n and 7 lies between 7 and zero.
Let the ((M 4+ 1)JK) x JK selection matrix Sy = I; ® (Ix,0mk). Hence, S;iz =g
and S/ZS, = Q. Also write i) = SyA. Thus, ) = S;A = —S,Q 71§ = —S,Q 715 h.

[33]



n(i—i)E(—7) = nifZij— 20 Eh + i Eq

7 ;71AH

= nh'="1==

and therefore

2JMK

LM —

+

nh! (S, Q1S — 25712 S, 0 1S h + 8,018 =

“h—2nh'g" 1:SQ 1S'h+nhSQ 1S’"SQ 1S’h

2JMK

We now demonstrate in turn that these terms are each o,(1).

By CS, the first term

By DIN Lemma A6 |2 —E|| = 0,(C(K)y/K/n) = 0,(1/VE). Thus Apax(Z~

Moreover

]
1B
L
]
]
L
_n
IN

IA

< nlflf|E-22g| VK.

nh/(E2=7 == O/VK = alETNE-EZET'E)E/VE

-5 -2+ p=zE - )

O~ EH +E-=
O(CE K n) = 0,(1/VE).

using DIN Lemma A.16. In addition, from CS and DIN Lemma A.6

~

—_
e

—

Therefore, by T

=273 = 0,(1/VE). As 7] = O

~ ~
—] — -~

— o= = -

= i) = =

[==7)=-=

IA

0p(1/VE).

nh/ (2122 — 20 /VK = nO b (K /)0y (1/VE) VK = 0,(1).

For the second term, by CS

nh/(S,Q1S) — 25712 5,07 S) + 8,071 =

< alif s -

”1”SﬂlS’+Sﬂls' SQIS’

[34]

SIS VE

IVEK.

S,QLS!)h

H<c.

»(y/K/n) by DIN Lemma A.11,



Now by T and DIN Lemma A.6 since Amax(Z7) < C and Apax(Z271) < C

s, 0718y —271Es,07ts)

< S0t Q- )0t
= 0,(1/VK).

+|EE-3)s,07s,

Next by a similar argument

I

|E712 5,071 — 5,07 = 5,071y

< [st@-mats;
= 0,(1/VK).

+|EE - 5)8,071s,

Therefore since Hh‘ =

O,(/K/n) by DIN Lemma A.14 of DIN nk/(S,Q 1! — 2="1=
Sy QLS + S, Q1S = S QS /VE = n0,(K/n)o,(1/VK)/VE = 0,(1).
The score test statistic

S0 pi(NG)8LSHET S0 oy pr (Vi) di/n — MK

S = :
2JMK

where §; = s,(@) (1t =1,...,n) and Sy = I; ® (0g, Inx). Expanding the first order
conditions S, py(R.j)hi/n = 0 of (3.10) around # gives

>~ pi(Rii)hifn —=( — ) = 0

w.p.a.1 where 2 = — 37, po(hi)h; R /n and 7 lies between 7j and 7. Since X", py (Bl hi/n =

So E?:l Pl(ﬁp\)@,
S m(Na)$SETSe > pr(Ng)si/n = n (i — 7)) EETE (7 — ).

Thus by CS and T

S—LM| = n|i—7) (EETE-2) (- 0)
< n|EETE - E| Il + 191)* /V2IMEK = 0, (1)

2JM

as 212 — 2 = 0,(1/v/K) and ||77||, |7 are both O,(y/K/n) by DIN Lemma A.11.

Finally we consider the Wald test statistic. From above, w.p.a.1

=i = E7"S0 2 pr(3i0)3:/m

[35]



and thus

i=1
Therefore, w.p.a.l

S-W| = /NV2IMK
< nllSeal || (S4ETS0) L SE T So(SHE T S0) ! — SgE TS0 /V2IMK.

7' So((SHE180) "L SLETL S (SLET1S)) ™t — SiE180) Sk

Since ||Sy7]| = O,(y/K/n) by DIN Lemma A.11 and by a similar argument to that
which showed Z2712 — 2 = 0,(1/VK), (SHZ1S0) 1S4E150(S)Z1S,) ! — ShE 1Sy =
0,(1/V'K). Therefore, |S —W|=o0,(1). ®

A.3 Asymptotic Local Alternative Distribution

Proof of Theorem 5.1: We prove the result for the GMM statistic. Proofs for GEL
statistics LR, LM, S and W are omitted for brevity but follow the same steps as in the

proof of Theorem 4.2 above.
Let §n = §(Bno) and h, = h(Bn0). Then, by Lemma A.7,
nh(BYETR(B) = nhn M b, m3(3YQGB) — ngi "G b,
2IMK 2IMK
It then follows that J — (nhl,(Z;' — S,Q,18!)h, — JMK)/V2JME * 0.

Therefore it remains to prove that
nh;, (2,1 — Sy, 1 S0 ) hy — IMK a

2JMK N/ v2,1).

We first consider the local alternative distribution under the conditional exogeneity
hypothesis when s; = (wz,mz) ,(1=1,...,n).

Let hin = hi(Bno), hin = Elhin|s;] and hm = hip — hin, (i = 1,..,n). Also let
hn =30y hin/n and hy, = Y0y hin/n. Write B, = ;1 — 5,0, 15!, Then,

W P.hy = ! Pyhy, + 2R, Pyhy, + B Pyh,.

First, we show that

B Pl —



Let & = &(s;) and ¢; = ¢"(s;), (1 =1
o JMEK & -
W2y the = > (& ®a)Er (& @) /n?

3,j=1

...,n). It follows by Lemma A.3 that

=

3

=

= VMR o).

S

Next, letting ¢1; = ¢ (w;), (i = 1,...,n), and, again using Lemma A.3,

JMK &

By Sy = = 3 (6@ 00 (G © 0/’
17.7:
JMK
= n op(1)

as E[¢;|w;] = 0 by hypothesis.

It therefore remains to show that

"R (E - E YR, B0,

V2JMK " V2JMK

Similarly to the proof of Lemma 6.1 in DIN, from Lemma A.5,

RS, (2, — QNS by 2 0.
B (2, = E, | V2IME < |5 Rl (B0 — Ba| + C B0 - &) /V2IME
= n[E [ O K /m) VRIME = o,(1)

since ”E;lﬁnHQ = WZ=72h, < CKWE'h, = O,(K/n). Likewise
‘nﬁ%Sg(Egl - Eﬁl)sﬁn‘ /V2JMK = o0,(1). Therefore,

. - K
o Pohy = (1 + 0p(1)).

Secondly, we demonstrate that
nh, Pyhy, [V2TMK = 0,(1).

Now, notice ||&||* is bounded and that %, (s;)~" is bounded for n large enough. In
addition by ¢,
E |[tin = B winlsi]['] < 8B [llusnll’] + B [I1E [winlsi]"]]
JMK
= 8| BB [lual* )] + B |5 6|

n2
C

IN
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for n large enough as F [|]um|]4 |sl} < C and K/n* — 0. Hence, by Lemma A .4,

| VJIM - r=-17,
REh, = > (& ®a)E; hyn/nv/n

n
o=

= O,(VJMK /n).

<
=

< gl |2 (122~ 2 + € - 21 VEINIE
= = | ||Z || O (C (K K /) ) V2IMEK = 0,(1)

E).
<
=
AN

since HE;lanHQ = O,(v'K /n) from above and HE;liLnH < “E;lﬁn“—i—“E;lﬁn” = O,(/K/n)+
O,(\/K/n?). A similar analysis yields n}_L;LSgQT_LlSéiLn/\MJMK = 0,(1).

Finally, we require 3 R
' Poh, — JMK
whnFuhn = IME a1y

2JMK

To prove this, we invoke Lemma A.2. First, tr(Z,P,) = JM K. Secondly, we need to

establish
E[(ﬁg,npnﬁiyn)ﬂ = OP(K\/E)'

By ¢,
B[R, Pahin)?]) < 2B[(B;,Z, hin)?) + 2E((B] 5602, Sghion)’]

i,n—n

Again using c,

E((h; =5 hi)?) < 3E(R; 25 hi)?) + 12B (0,2, hin)?] + BBL(R 025 hin)?):

,nn ©,M

Now, for n large enough, E[(h},Z7 1R, ,)% < CE[||hi,||"]. Since B0 € N for n large

enough, by Assumption 3.4 (c), similarly to the proof of Theorem 6.3 in DIN,

Efllhinll'] < Elllgill* Elllusnll |si]] < CEllla:ll"] < CC(K)*K.

Next,
E[(h,,E; i)’ < CVE /) E[|&] lail|*) < CKVE /n.

i,n—n

Lastly,
in)’] < C(K/n?)E[|&]|* lal|"] < CCK)? K3 n?,

&3]
—
>
3
[1]
3 |
_
>

[38]



Hence, E[(h}, = hin)?] = o,(K\/n) as required. Likewise, E[(7, Sy, S hin)?] =
0p(K+/n). Thirdly, P,Z,P, = P,. Therefore,
b Puh, — JMK
bl = MK a1y,
2JMK

The conclusion of the theorem then follows. W
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