A New Test in Parametric Linear Models

with Nonparametric Autoregressive Errors

By Jitt GAo ! AND MAXWELL KING

The University of Western Australia and Monash University

Abstract: This paper considers a class of parametric models with nonparametric
autoregressive errors. A new test is proposed and studied to deal with the parametric
specification of the nonparametric autoregressive errors with either stationarity or non-
stationarity. Such a test procedure can initially avoid misspecification through the need
to parametrically specify the form of the errors. In other words, we propose estimating
the form of the errors and testing for stationarity or nonstationarity simultaneously. We
establish asymptotic distributions of the proposed test. Both the setting and the results
differ from earlier work on testing for unit roots in parametric time series regression. We
provide both simulated and real-data examples to show that the proposed nonparametric

unit-root test works in practice.

Key words: Error process, nonparametric method, nonlinear time series, random walk,

unit root test.

1Jiti Gao, School of Mathematics and Statistics, The University of Western Australia, Crawley
WA 6009, Australia. Email: jiti.gao@uwa.edu.au.



1. Introduction

Consider a parametric linear model of the form
Yi=X/8+v, t=1,2,--- T, (1.1)

where T is the sample size of the time series data {Y; : 1 < t < T}, X; =
(fi(t),---, fp(t))" is a vector of parametric deterministic trend functions, 8 =
(B, ,B,)7 is a vector of unknown parameters, {v;} is a sequence of time series
residuals. Existing studies mainly discuss tests for the case where {v,} satisfies the
first-order autoregressive (AR(1)) model of the form v; = pv;_1 + uy with {u;} be-
ing a sequence of independent and identically distributed (i.i.d.) errors. Discussion
about tests for [p| < 1 may be found in the survey papers by King (1987), King and
Wu (1997) and King (2001).

For the case of p = 1, there has been much interest in both theoretical and
empirical analysis of economic and financial time series with unit roots during the
past three decades or so. Various tests for unit roots have been proposed and
studied both theoretically and empirically. Models and methods used have been
based initially on parametric linear autoregressive moving average representations
with or without trend components. Existing studies may be found in the survey
paper by Phillips and Xiao (1998).2

As pointed out in the literature (Vogelsang 1998; Zheng and Basher 1999), there
are cases where there is no priori knowledge about either the form of the resid-
uals or whether the residuals are I(0) or I(1). This motives us to consider using a

nonparametric autoregressive error model of the form
vy = g(vi—1) + uy, (1.2)

where ¢(-) is an unknown function defined over R! = (—o0,0), {u;} may be a
sequence of strictly stationary errors with mean zero and finite variance o2 = E[u?],
and v, and u; are mutually independent for all £ > s > 1 and vy = 0.

Combining model (1.2) into model (1.1) produces a semiparametric time series

model of the form

Vi=X/B+v with v, =g(v_1)+ u. (1.3)

2Earlier studies include Dickey and Fuller (1979, 1981), Evans and Savin (1981, 1984), Phillips
(1987), Phillips and Perron (1988), Dufour and King (1991), Kwiatkowski et al (1992), Phillips
(1997), Lobato and Robinson (1998), and Robinson (2003).



To the best of our knowledge, estimation problems for model (1.3) have only been
discussed in Hidalgo (1992).

This paper is interested in testing

Ho: g(v) = fo(v,00) versus Hi: g(v) = fi(v,6) (1.4)

for all v € R', where fy(v, ) is a known parametric function indexed by a vector of
unknown parameters 6y, and fi(v, 6;) is either an unknown nonparametric function
or a semiparametric function indexed by a vector of unknown parameters 6.

Forms of fy(v,6y) include the case of fy(v,6y) = 0. This implies that {v,} is a
sequence of i.i.d. errors. When a suitable 6, is chosen such that fy(v,6y) = v, it
means that there is a unit root in {v;}. Forms of f;(v,6;) may be chosen suitably to
include various existing cases such as a parametric AR(1) model of the form v, =
Oov;_1+u, against a semparametric AR(1) model of the form v; = 01v;_ 1+ (vy_1)+uy
with ¢(-) being unknown nonparametrically.

In addition, forms of fi(v,6;) include existing parametric nonlinear functions,
such as f1(v,01) = p1v + nv (1 —exp{—mv?}) as discussed in Kapetanios, Shin
and Snell (2003), where 6, = (p1,71,m) is a vector of unknown parameters.

Our discussion in this paper focuses on the following two cases:

Case A:  fo(v,6p) is chosen as fy(v,0y) = v implying vy = v, + u; under H
while the form of fi(v, 6;) is chosen such that {v;} is a sequence of strictly stationary
errors under H;; and

Case B: The form of each of f;(v,0;) for i = 0,1 is suitably chosen such that
{v;} is a sequence of strictly stationary errors under either Hy or H;.

This paper then proposes a nonparametric test for Hg versus H;. Unlike existing
parametric tests, the proposed test has an asymptotically normal distribution even
when {v;} is a sequence of random walk errors. The main advantage of the proposed
nonparametric unit root test over existing tests in the parametric case is that it can
initially avoid misspecification through the need to parametrically specify the form
of {v;} as vy = pvy_1+u,. Such a test may be viewed as a nonparametric counterpart
of existing parametric tests proposed in the literature.

Theoretical properties for the proposed nonparametric test are established. Our
finite sample results show that the conventional Dickey—Fuller type test is more
powerful than the proposed nonparametric unit root test when the alternative model

is an AR(1) model of the form v; = pv;_; +u;. When the alternative is a parametric
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nonlinear autoregressive model, however, the conventional parametric unit root test
seems to be inferior to the proposed nonparametric unit root test in the sense that
it is less powerful than the proposed nonparametric unit root test.

The rest of the paper is organised as follows. Section 2 establishes a nonpara-
metric test as well as its asymptotic distributional results. A bootstrap simulation
procedure is proposed in Section 3. Section 4 presents two examples to show how
to implement the proposed test in practice. Section 5 gives some extensions. Math-

ematical details are relegated to the appendix.
2. A nonparametric test

In the parametric linear case where v; = pv;_1 + u;, existing tests for p = 0
include various versions of the DW test proposed in Durbin and Watson (1950,
1951) as reviewed in King (1987), King and Wu (1997), King (2001) and others.
Various extensions of the DF test for p = 1 proposed in Dickey and Fuller (1979,
1981) have been discussed in Phillips and Xiao (2003), and others.

In order to deal with the nonparametric case where v, = g(v;_1) + u;, we propose
using a nonparametric version of some existing parametric tests. Assuming that

{v:} were observable, we would have a parametric autoregressive model of the form

v = fo(vee1, 00) + w (2.1)

with E[u|v,_1] = 0 under Hy. We thus have

E[wE (w|vi—1) m(v1)] = E [(E*(w|vi-1)) me(ve_1)] = 0 (2.2)

under Hy, where {m;(-)} is the marginal density function of {v, 1}.
This would suggest using a normalized kernel-based sample analogue of (2.2) of

the form - .
Zt:l Zs:l,;ﬁt us Kp(vs—1 — vi-1) wy

- T T
V2EL S e K (v —via) o

where Kj(-) = K (+) with K(-) being a probability kernel function and h a band-

Ly = Lr(h) : (2.3)

width parameter. Obviously, Lr(h) is invariant to o2 = E[u?].

Ly(h) may be regarded as a nonparametric counterpart of the DW test for the
stationary case (see (5) of Dufour and King 1991) and the DF test for the unit—
root case (see (17) of Dufour and King 1991). For the case where the time series

involved is strictly stationary, similar versions have been used for nonparametric
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testing of serial correlation (Li and Hsiao 1998) and nonparametric specification
of time series (Gao 2007%). For the nonstationary case, Gao et al. (2006) were
among the first to suggest using a version similar to (2.3) for a unit-root test of
the form Hy: P(m(Y;—1) = Y;—1) = 1 in a nonlinear time series model of the form
Vi =m(Yi1) + .
Since {v;} and {u;} are unobservable, in practice Ly(h) will need to be replaced
by
S Yot Drpe s KTt = 0 T

Ly =Le(h) =
V2L L, L KRG —Ti) @

Y (2'4)

where uy = vy — fo(vy_1, (9\0), in which v, = Y; — X7 B, and 50 and B\ are consistent
estimators of 6y and § under H, respectively.

To establish the asymptotic distribution of ZT(h), we need to introduce the
following assumption, in addition to the more technical conditions—Assumptions

A.1-A.3 listed in the appendix below.

ASSUMPTION 2.1. Assume that {u;} is a sequence of independent and identically

distributed normal errors with Elu;] = 0, E[u?] = 02 and 0 < E[u}] = py < o00.

Assumption 2.1 assumes that {u;} is an independent N(0,02) error. As a res-
ult, v, = S0 us ~ N(0,t02) under H, for Case A. However, we believe that the
normality assumption could be removed if the so—called “local-time approach” de-
veloped by Phillips and Park (1998) or the Markov splitting technique of Karlsen
and Tjgstheim (2001) could be employed in establishing Theorem 2.1 below. As the
potential of the two alternative approaches requires further study, we use Assump-
tion 2.1 in Case A throughout this paper.

To deal with Case B for the stationary case, we may relax that {u;} is just a
sequence of strictly stationary and a—mixing errors as assumed in Assumption 2.2

below.

ASSUMPTION 2.2. Assume that both {u;} and {v;} under Hy are strictly sta-

tionary and a—mizing with mizing coefficient

a(t) =sup{|P(ANB) — P(A)P(B)| : A€ Q},B € QX,

3Such tests are extensions of existing tests proposed in Zheng (1996), Li and Wang (1998), Li
(1999), and Fan and Linton (2003).



for all s,t > 1, where {Q} is a sequence of o—fields generated by either {u, : i <
s < j} or{vs:i < s <j}. There exist constants ¢, > 0 and r € [0,1) such that
a(t) <ert fort > 1.

We are now ready to establish the main theorem of this paper; its proof is given

in the appendix.

THEOREM 2.1: Assume that either Assumptions 2.1 and A.1-A.3(i) for Case A
or Assumption 2.2, A.1-A.3(1) and A.} for Case B hold. Then under H

~

Ly(h) —p N(0,1) as T — 0. (2.5)

Theorem 2.1 shows that the standard normality can still be an asymptotic dis-
tribution of the proposed test even when nonstationarity is involved. Moreover,
Theorem 2.1 shows that the same asymptotically normal test can be used to deal

with the stationary and nonstationary cases.

It is our experience that in practice the proposed test ZT(h) may not have good
finite sample properties when using a normal distribution to approximate the exact
finite-sample distribution of the test under consideration. In order to improve the
finite sample performance of ET(h), we propose using a bootstrap method in Section

3 below. Section 3 below also studies the power performance of ET(h) under H;.
3. Bootstrap simulation scheme

This section discusses how to simulate a critical value for the implementation
of ET(h) in practice. Before we look at how to implement ET(h) in practice, we

propose the following simulation scheme.

Simulation Scheme: The exact a—level critical value, [,(h) (0 < o < 1) is the
1 — a quantile of the exact finite—sample distribution of ZT(h). Because [, (h) may
be unknown, it cannot be evaluated in practice. We therefore propose choosing an
approximate a—level critical value, ¥ (h), by using the following simulation proced-

ure:

o Let Y =Xy=0. Fort=1,2,---,T, generate Y;* = Y | + (X; — Xt_l)TB—k
oyu; for Case A, and Y = X{Bjt fo <Yt*—1 —X;_ﬁ, 5()) + o,u; for Case
B, where the original sample W = {(X1,Y1), -+, (Xr, Yr)} acts in the res-
ampling as a fixed design, {u;} is sampled independently from the stand-
ard Normal distribution: N(0,1), and B\, 50 and 72 are the respective VT-

consistent estimators of 3, 6y and o2 based on the original sample.
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e Use the data set {(X;,Y,") :t=1,2,...,T} to re-estimate (3, 6y and o,. De-
note the resulting estimates by 3, 53 and o;. Compute E*T(h) that is the
corresponding version of ET(h) by replacing {(X;,Y;) :t=1,2,--- T} and 3,
0 and G, with {(X;,Y;"):t=1,2,--- , T} and 3", 6 and 5*. That is

T T o~ e

t=1 Zs:l,;ﬁt ug K (@:—1 - 6;tk—l) Uy

(h) - T T ~2 T2 (5 “~ ~2
\/2 D i1 Zs:l,;ét uy? Ky (Us—l - Ut—l) Uy

where uj = v} — fo(v5_4,05), in which v} =Y, — X7 5*.

Tx _ Tx
LT_LT

e Repeat the above steps M times and produce M versions of L(h) denoted by
E*Tm(h) for m =1,2,..., M. Use the M values of E*Tm(h) to construct their
empirical bootstrap distribution function. The bootstrap distribution of E}(h)
given the full sample Wy is defined by P* (E}(h) < :c) =P (E*T(h) < :C\WT)
Let [} (h) satisfy P* (E*T(h) > l;(h)) = « and then estimate [,(h) by % (h).

Define the size and power functions by
a(h) = P (Le(h) = LMo ) and B(k) = P (Lr(h) = L(0)H:) . (3:2)
Let Hr = {h: a(h) < a}. Choose an optimal bandwidth ﬁtest such that

Etest = arg }ILna’X 5(h) (33)

€Hr

We then use l;‘;(ﬁtest) in the computation of both the size and power values of

/[:T(ﬁtest) for each case.

Note that the above simulation is based on the so—called regression bootstrap
simulation procedure discussed in the literature, such as Chen and Gao (2007). We
may also use a wild bootstrap to generate a sequence of resamples for {u;}. Since
the proposed simulation procedure works well in this paper, we use it for both
theoretical studies and practical applications.

In order to study power properties of ET(ﬁtest), we need to impose certain con-
ditions on f;(v, @) under H;. Since we are only interested in testing nonstationarity
versus stationarity for Case A and stationarity versus stationarity for Case B, as-
sumptions under H; are more verifiable than those conditions for the nonstationarity
case.

In addition to Assumption A.5 listed in the appendix, we need the following

condition.



AssuMPTION 3.1. (i) Assume that {v;} under Hy is a sequence of strictly sta-

tionary and a—mizing errors with mixing coefficient
a(t) =sup{|P(ANB) — P(A)P(B)|: A€ Qj,B e QX,

for all s,t > 1, where {Qg} is a sequence of o-fields generated by {vs : i < s < j}.
There exist constants ¢, > 0 and r € [0,1) such that a(t) < ¢t fort > 1.
(ii) Let Hy be true. Then there are 0y and 01 such that:

/[fl(v,él) — fo(v, 90)]2 72 (v)dv > 0,

where w1 (v) denotes the marginal density of {v;} under Hy for either Case A or

Case B.

Assumption 3.1(i) is a set of quite general conditions and also quite standard in
this kind of stationary case, as assumed in the literature (see Li 1999 for example).
Observe that Assumption 3.1 covers the case where {v;} is a sequence of independent
and identically distributed (i.i.d.) errors.

Assumption 3.1(ii) assumes that there is some significant ‘distance’ between H
and H; in order for the test to have power. It is obvious that there are various
ways of choosing the forms of f;(v,0;) for i = 0,1. For example, we may consider
testing the AR(1) error model against a nonlinear error model of the form (Tong
1990; Granger and Terédsvirta 1993; Granger, Inoue and Morin 1997; Gao 2007)

Vs
T, (3.4)

Ho: ve=po v4_1+u; versus Hi: vy =p1 V41 — —5—
14+v7

where {u;} is a sequence of i.i.d. normal errors with Efu;] = 0 and E[u?] = 02 < oo,
and |po] < 1 and |p;| < 1 are suitable parameters. It is noted that {v;} under
H, is stationary when |py| < 1 and nonstationary when py = 1. Existing studies
(Masry and Tjgstheim 1995) show that {v;} is stationary under H;. In this case,

Assumption 3.1 becomes

U2
[ 100 - bl st = [ (2= g+ s ) o) do

+ /(p1 — po)*v*ri(v) dv >0 (3.5)
when p; is chosen such that p; < pg. This implies that Assumption 3.1(ii) is verifi-
able.

We state the following results of this section. Their proofs are relegated to the

appendix.



THEOREM 3.1. (i) Assume that either Assumptions 2.1 and A.1-A.3 for Case
A or Assumptions 2.2 and A.1-A.5(i) for Case B hold. Then under Hy

lim P(Ly(h) > 1%) = a.

T—00

(i) Assume that either Assumptions 2.1, 3.1 and A.1-A.3 for Case A or As-
sumptions 2.2, 8.1 and A.1-A.5 for Case B hold. Then under H

lim P(Lp(h) > IX) = 1.

T—o0
Theorem 3.1(i) implies that [ is an asymptotically correct a—level critical value
under any model in Ho, while Theorem 3.1(ii) shows that Ly (k) is asymptotically
consistent. In Section 4 below, we show how to illustrate Theorem 3.1 through using

a simulated example.
4. An example of implementation.

Example 4.1 compares the small and medium-sample performance of our test
with two natural competitors using a simulated example. A real-data application

is then given in Example 4.2.
ExaAMPLE 4.1. Consider a nonlinear trend model of the form
27t
}/t = Xt ﬂ + v = sin (%) ﬁ =+ vy with V¢ = fi(Ut,1,9i> + Uy, 1 S t S T, (41)

where {u;} is a sequence of i.i.d. N(0,1), and the forms of f;(v,0;) for i = 0,1 are

given as follows:

fo(v,0p) = v and fi(v,61) = (1+6) v for Case A, or (4.2)
fo(v,0p) = v and fi(v,6) = (1+6)) v+ 163_ 1;2 for Case A, or (4.3)
fo(v,00) = 0 and fi(v,6,) =6, v for Case B, or (4.4)
fo(v,00) = 05v and fi(v,0;) =(0.5+6;) v+ b for Case B, (4.5)

1+ v?
where py = 1 for models (4.2) and (4.3), po = 0 for model (4.4) and py = 0.5 for
model (4.5), 6; = —/T! log(log(T)) or —T~3 and p; = py + 01

The (8 parameter is estimated by the conventional least squares estimator. We

choose K (z) = 1Ij_11)(z) as the kernel function throughout this example.

To compute the size of ET(h) under Hy and the power of ET(h) under H; for
(4.2)—(4.4), our experience (Gao and Gijbels 2006) shows that the leading term of
Etest of (3.3) is proportional to

_3
2

ho = (T62)"2, (4.6)
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where 0, = 0;; = —\/T—llog(log(T)) or 0 = 015 = —T~ 3. The reasoning for the
choice of 60, is as follows. The rate of 6y, = T3 loglog(T) is the optimal rate of
testing in this kind of nonparametric kernel testing problem as discussed in Chapter
3 of Gao (2007). The rate of 61, = —T~30 implies that the optimal bandwidth ho in
(4.6) above is proportional to T_%, a bandwidth commonly used in the literature.
In order to assess the variability of both the size and power with respect to

various bandwidth values, we then use a set of bandwidth values of the form

~

h; = hg corresponding to the two values of 0y;, i=1,2. (4.7)

We then introduce

Ly, = Lp(h;) for i=1,2. (4.8)

For model (4.2) and (4.3), we compare our test with the conventional DF (Dickey
and Fuller 1979) test of the form

_ S (B — Povi—1)Ve1

Loy = , (4.9)
~ /\2
0221/ D2 Ui
~2 1 T o~ o~ o~ 2 . ~ 23;2 V01
where 03, = 75 > ;5 (U — poUi—1)” with py = ZF2=—.

t=2Yt—1

For models (4.4) and (4.5), we also compare our test with the DK test (Dufour
and King 1991) of the form

_ ZtT:1 stzl Us Qg Uy

St a1 Vs bt Ty

where v, = Y, — X, B\, {as} is the (s,t)-th element of Ay given by

L22

(4.10)

Ag = —2(1 — po) IT + Al - 2p0 01

with Iz being the T x T' identity matrix, A; and C} being given in (6) and (7) of
Dufour and King (1991, p.120), and {b} is the (s,t)-th element of ¥;', in which
Yo = 3(po) with 3(p) being given above (G1) of Dufour and King (1991, p.118).
Since the power of L9; and Loy in each case depends on the choice of 6,; for
1 = 1,2, we define Lo;; and Lgg; as the corresponding versions of Loy and Lo
according to #;. We choose N = 250 in the Simulation Scheme and use M = 1000
replications to compute the double-sized power and size values of the tests in Tables

4.1-4.4 below.
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Table 4.1. Sizes and power values for models (4.2) and (4.3)

at the a = 5% significance level

Test Model (4.2) Model (4.3)

Null Hypothesis Is True

T 250 500 750 250 500 750

Lq1 || 0.043 | 0.041 | 0.055 || 0.046 | 0.060 | 0.046
L1z || 0.049 | 0.047 | 0.055 || 0.046 | 0.053 | 0.044

Lo1 || 0.045 | 0.059 | 0.062 || 0.060 | 0.059 | 0.055

Null Hypothesis Is False

T 250 500 750 250 500 750

Lq1 || 0.242 | 0.307 | 0.335 || 0.519 | 0.593 | 0.575
L1z || 0.241 | 0.252 | 0.276 || 0.565 | 0.610 | 0.613
Lo || 0.723 | 0.746 | 0.785 | 0.255 | 0.359 | 0.371
Lo12 || 0.725 | 0.748 | 0.787 || 0.228 | 0.296 | 0.328

Table 4.2. Sizes and power values for models (4.2) and (4.3)

at the a = 10% significance level

Test Model (4.2) Model (4.3)

Null Hypothesis Is True

T 250 500 750 250 500 750

Lqp || 0.087 | 0.085 | 0.101 || 0.092 | 0.106 | 0.083
Liz || 0.108 | 0.088 | 0.092 || 0.094 | 0.116 | 0.106

Loy | 0.116 | 0.118 | 0.121 || 0.100 | 0.117 | 0.090

Null Hypothesis Is False

T 250 500 750 250 500 750

Lqp | 0.302 | 0.373 | 0.394 || 0.616 | 0.619 | 0.650
L1z || 0.278 | 0.320 | 0.357 || 0.658 | 0.657 | 0.674
Lo11 || 0.803 | 0.851 | 0.850 || 0.342 | 0.416 | 0.490

Lo12 || 0.808 | 0.852 | 0.853 || 0.303 | 0.400 | 0.453
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Table 4.3. Sizes and power values for models (4.4) and (4.5)

at the a = 5% significance level

Test Model (4.4) Model (4.5)

Null Hypothesis Is True

T 250 500 750 250 500 750

Lyp || 0.057 | 0.053 | 0.047 || 0.049 | 0.042 | 0.054
L1z || 0.053 | 0.044 | 0.052 || 0.052 | 0.050 | 0.050

Loy || 0.057 | 0.043 | 0.062 || 0.050 | 0.064 | 0.053

Null Hypothesis Is False

T 250 500 750 250 500 750

Lq; || 0.158 | 0.156 | 0.182 || 0.400 | 0.461 | 0.420
Lo || 0.183 | 0.192 | 0.194 || 0.469 | 0.534 | 0.477
Looy || 0.251 | 0.288 | 0.286 || 0.293 | 0.304 | 0.334
Logo || 0.300 | 0.338 | 0.347 || 0.338 | 0.411 | 0.431

Table 4.4. Sizes and power values for models (4.4) and (4.5)

at the a = 10% significance level

Test Model (4.4) Model (4.5)

Null Hypothesis Is True

T 250 500 750 250 500 750

Lqp || 0.131 | 0.094 | 0.112 || 0.106 | 0.107 | 0.107
Lqz || 0.110 | 0.092 | 0.099 | 0.094 | 0.102 | 0.094
Loy | 0.107 | 0.103 | 0.107 || 0.113 | 0.091 | 0.091

Null Hypothesis Is False

T 250 500 750 250 500 750

Lq1 || 0.267 | 0.258 | 0.280 || 0.547 | 0.578 | 0.607
Liz || 0.271 | 0.317 | 0.297 || 0.608 | 0.654 | 0.692
Looy || 0.380 | 0.407 | 0.403 || 0.432 | 0.419 | 0.442
Lago || 0.428 | 0.475 | 0.471 || 0.497 | 0.508 | 0.525

Tables 4.1 and 4.2 show that the proposed test is less powerful than the con-
ventional DF test when the true model (4.2) is linear. When the true model (4.3)
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is nonlinear, however, the DF test is still applicable but is less powerful than the
proposed test. Tables 4.3 and 4.4 also show that the proposed test is more powerful
than the DK test when the true model (4.5) is nonlinear. When the true model (4.4)
is linear, the DK test is more powerful than the proposed test. In summary, Tables
4.1-4.4 show that the proposed test is more powerful in the nonlinear case while the
sizes are comparable with the two competitors for the parametric linear case. This
supports that the proposed test, which is dedicated to the nonlinear case, is needed

to deal with testing stationarity in nonlinear time series models.

Example 4.2. This example examines the three-month Treasury Bill rate data
given in Figure 1 below sampled monthly over the period from January 1963 to

December 1998, providing 432 observations. Since we consider a monthly data set,

20

this gives A = 5.

15

10

Federal Funds Rate

1965 1972 1980 1988 1995
Year

Let {Y; : t =1,2,---,432} be the set of Treasury Bill rate data. As the plot does
not suggest that there is any significant trend for the data set, it is not unreasonable

to assume that {Y;} satisfies a nonlinear model of the form
Yi=f(Yio1) +w (4.11)

with the form of f(-) to be unknown.
To apply the test Ly (hest) to determine whether {Y;} follows a random walk
model of the form Y; = Y;_ 1 + u;, we need to propose the following procedure for

computing the p—value of ET (ﬁtest):
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e For the real data set, compute ﬁtest and /[:T(ﬁtest).

e Let Y = Y). Generate a sequence of bootstrap resamples {u;} from N(0, 1)

and then Y* =Y,* | + 7, u; for 2 <t <432
e Compute the corresponding version Ei}(ﬁtest) of based on {Y;*}.

e Repeat the above steps N times to find the bootstrap distribution of E*T (ﬁtest)
and then compute the proportion that ZT(Etest) < Ei}(ﬁtest). This proportion

is an approximate p—value of ET(/ﬁtest).

Our simulation results return the simulated p—values of p; = 0.005 for Ly and
Dy = 0.011 for ET(/HteSt). While both of the simulated p—values suggest that there
is no enough evidence of accepting the unit-root structure at the 5% significance
level, there is some evidence of accepting the unit-root structure based on ET (ﬁtest)

at the 1% significance level.

5. Conclusion. We have proposed a new nonparametric test for the parametric
specification of the residuals. An asymptotically normal distribution of the proposed
test has been established. In addition, we have also proposed the Simulation Scheme
to implement the proposed test in practice. The small and medium—sample results
show that both the proposed test and the Simulation Scheme are practically applic-

able and implementable.
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Appendix

In this appendix, we first list some technical conditions and then give the proofs
of Theorems 2.1 and 3.1. As the proofs of the theorems and the necessary lemmas are
already extremely technical, we give only an outline for each of the proofs. However,

further details are available from the authors upon request.
A.1. Assumptions

AssuMPTION A.1. (i) Let K(-) be a symmetric probability density function with com-

pact support C(K). In addition, there is some positive function M (-) such that
|K(y) — K(z)| < M(2) |y — x|

14



for all z, y € C(K), where both K(-) and M(-) satisfy [ K*(u)du < oo and [ M?*(u)du <

00.

(ii) Assume that h satisfies limp_,oo h = 0 and limsupy_, T Th2 ™% = oo for some
1
g§g<0< 2

ASSUMPTION A.2. Let

122

lim sup max < C < oo,
Too ISE<T T3
for some 0 < C' < oo, where || -|| denotes the Euclidean norm. In addition,

lim sup =
T—»oo

< Q.

T
Z X X7

AsSsumMPTION A.3. (i) Let Ho be true. Then there is some 3 such that

Tlim P(\/THB—QH > B()) < &p

for any g9 > 0 and some By > 0.

ii) Let Hgy be true. There is an estimator B* such that for some positive constants
p

Bj > 0 and € the following inequality
Jim P (\/ﬂ\ﬁ* ~ Bl > Bg;yWT) <el
— 00

holds with probability one with respect to the distribution of Wr.

ASSUMPTION A.4. (i) Let Ho be true. Then there is an estimator B0 such that
lim P (\/T||§0 — || > 00) < &
T—o0

for any €9 > 0 and some Cy > 0

(ii) Let mo(v) denote the marginal density of {v;} under Hy for Case B. Assume that

mo(v) is continuous and that fo(v,0) is differentiable at both v and 0. In addition,

2
0</[3f0(“90>} 72 (v) dv<ooand0</H(W!a:eo

2

50 ma(v) dv < 0.

AsSUMPTION A.5. (i) Let Ho be true. Then there is an estimator §S such that for

some positive constants C;5 > 0 and € the following inequality
Jim P (ﬁuég — G| > cg\WT) <
—00

holds with probability one with respect to the distribution of Wr.

(ii) Let Hy be true. There exists an estimator 0 such that
lim P (\/Tué} — 0| > 01) <e
T—o0

15



for any €1 > 0 and some Cq > 0.

(iii) Let m1(v) denote the marginal density of {v;} under H; for either A or Case B.
Assume that 71 (v) is continuous and that fi(v,0) is differentiable at both v and 0. In

addition,
) 2
0</[3f1g)w91)} 77%(1}) dv<ooand0</Haf18(Z’9)’9:91

73 (v) dv < 0.
v

Assumption A.1(i) holds in many cases. For example, K (z) = %I[—Ll} (x). In addition,
Assumption A.1(i) is a very mild condition. While Assumption A.1(ii) imposes certain
conditions, which may look more restrictive than those for the stationary case, they don’t
look unnatural in the nonstationary case. Such conditions on the bandwidth for non-
parametric testing in the nonstationary case are equivalent to the minimal conditions:
lim7 o h = 0 and limp_,,, Th = oo required in nonparametric kernel testing for both the
independence and the stationary time series cases (see Gao 2007 for example).

Assumption A.2 imposes some minimal conditions on the trend functions. When the
trend functions are all continuous and bounded, Assumption A.2 is satisfied automatically.

Assumption A.3 requires that the conventional rate of convergence for the parametric
case is achievable even when {v;} is nonstationary. As a matter of fact, in Case A the rate

of convergence of the conventional least squares (LS) estimator of § under Hy given by

T -7
B= (Z(Xt — X)) (X — Xt_1)7> S (X = X)) (Vi — Yie)
t=1 =1

may be obtained when the inverse matrix does exist and Assumption A.3 holds. In Case B,
the rate of convergence is also achievable. For example, the semiparametric LS estimator
constructed by Hidalgo (1992) achieves the required rate of convergence.

Assumption A.4 imposes the differentiability conditions as well as the moment condi-
tions on fo(+,-). As {v;} is strictly stationary, it is possible to verify Assumption A.4 in
many cases. Assumption A.5(i) is the bootstrap version of Assumption A.4(i). Assumption

A.5(ii)(iii) is a kind of corresponding version of Assumption A.4 under H;.
A.2. Proof of Theorem 2.1 in Case A

To avoid notational complication, we introduce

t—1 t—1
ast = K, <Z uz> and 7 = QZast Usg.

1=s s=1
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Note that under Hy

T T T T
Mr = Z Z Us Kp(Vs—1 —04—1) @, Z Z us Kp(vs—1 —vi—1) u
t=1 s=1,£t t=1 s=1,4t
T T T
+ Z Z s Kp(Vs—1 — Vp—1) us + QZ Z s Kp(Vs—1 — 0p—1) Ut
t=1 s=1,t t=1 s=1,#t
= MT1 + Mro + Mr3 + Mry, (A1)
T T T
3% = 22 Z Kh Vs—1 — Vg—1) 2:22 Z ugKi(vS,l—vt,l)u
t=1 s=1,#t t=1 s=1,s#t
T T T T
+ 2) Y W KO —0n) U A2 Y ul KB —Bi1)
t=1 s=1,4t t=1 s=1,t
+ &%4 = 6%1 + 5%2 + 5%3 -+ &%4, (A2)

where for Case A under Hy: fo(v,00) = v,

W = X[(8=B)+ fo(vi-1,00) = fo (ver + X7 (8= ). o)
= X/ (8-h),
Vo1 — D1 = o1 — v + (Xom1 — Xem1)™ (6 - B),
Mry = My — Mpy — Mpy — Mrs,

~2 ~2  ~2 ~2 ~2
Orgy = Op—0p1 —0pg — 073

In view of (A.1) and (A.2), in order to prove Theorem 2.1 for Case A, it suffices to

show that as T — oo

M
=L 5 N(O,1), (A.3)
oT1
M .
", 0 fori=2,3,4, (A.4)
oT1
T p 0 forj=23,4. (A.5)
oT1

We will return to the proof of (A.4) and (A.5) in Lemma A.6 after having proved
(A.3) in Lemmas A.1-A.5. In order to prove (A.3), we apply Theorem 3.4 of Hall and
Heyde (1980, p.67) to our case. Before verifying the conditions of their Theorem 3.4, we
introduce the following notation.

Let Y, = %, Qrs =of{u; : 1 <t < s} beaofield generated by {u; : 1 <t < s},
Gr = Qp y (1) and Gr s be defined by



where M(T) is chosen such that M(T) — oo and % — 0as T — oco. Let (7]%4@) =

=2
%, where o% | = Var {2522 ntut} for all 1 < § <T. We can prove that as T — oo
M(T),1 ’
~2
I _ g2 0 AT
— — Yur —rY (A7)
oT1

Thus, equation (3.28) of Hall and Heyde (1980) can be satisfied. The proof of (A.7) is
given in Lemma A.4 below.

Before we apply Theorem 3.4 of Hall and Heyde (1980) to our case, we need to state
that the conclusion of their Theorem 3.4 remains true if the unconditional assumptions
(3.18) and (3.20) involved in their Theorem 3.4 are replaced by the corresponding con-
ditional assumptions as used in Corollary 3.1 of Hall and Heyde or conditions (A.9) and

(A.10) below. Therefore, in order to prove that as T'— oo

T
M 1

_ = = Uy — ]\]0,17 A8
S v w

it suffices to show that there is an almost surely finite random variable £ such that for all

e >0,

T
S E[YIQri1] —p €, (A9)
t=2

T
> B[V Iy >y Qraa] —p 0, (A10)
t=2

M(T) T M(T)
ZE [Y7i|Gr,1—1] Z Yoo+ Y ENVp|Qps] Z Yre —p 0, (A1l)
t=2 t=M(T)+1
M(T)
Z| YrelGri1]|* = Z Y7, + Z \E[YTt|QT,t71H2= dYYE —p 0, (A12)
t= =M (T)+ t=2
lim lim inf P(UTl >€> = 1. (A.13)
6—0 T—oco oT1

The proof of (A.9) is given in Lemma A.3, while Lemma A.2 below gives the proof of
(A.10). The proof of (A.11) is similar to that of (A.12), which follows from

M(T) 2
Y EYH] =0 ((%@) ) -0 (A.14)
=2

as T — oo, in which Lemma A.1 below is used.
The proof of (A.13) follows from

~2
T, 0. (A.15)

UTl

An outline of the proof of (A.15) is given in Lemma A.5 below.
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In order to prove (A.10), it suffices to show that

T
1
— ZE Wl] 0. (A.16)
T1 t=2
The proof of (A.16) is given in Lemma A.2 below.

The following lemmas are necessary to complete the proof of Theorem 2.1.

Since
the proofs of the lemmas are extremely technical, they are relegated to those of Lemmas

A.1-A.9 of the full version of this paper by Gao and King (2007).

Lemma A.1. Assume that Assumptions 2.1 and A.1 hold. Then for sufficiently large
T

T
0%, = Var Zntut] Wﬁ/% (14 o(1)). (A.17)
t=2

Lemma A.2. Under the conditions of Theorem 2.1, we have

1 I
lim — Y E[n}] =0. (A.18)
T—o0 0’,3{1 —o [ ]
Lemma A.3. Let Assumptions 2.1 and A.1 hold. Then as T — oo
1 I
5 Z 771:2 —D 52 (A.19)
IT1 1=

with €2 = @ M. (1), where Mi(-) is a special case of the Mittag—Leffer process Mg(-)
2 2
with § = % as described by Karlsen and Tjostheim (2001, p.388).

Lemma A.4. Let Assumptions 2.1 and A.1 hold. Then as T — oo, M(T) — oo and
M(T)
T

— 0
T o
T1
Lemma A.5. Let Assumptions 2.1 and A.1 hold. Then as T — oo
52
- —p & >0. (A.21)
oT1
Lemma A.6. Let the conditions of Theorem 2.1 hold. Then as T — oo
M .
— L p 0 fori=23, (A.22)
oT1
T p 0 forj=234. (A.23)
oT1

Proof: Since @ —p €2 as shown in Lemma A.3, in order to prove (A.22) and (A.23),
9T1
it suffices to show that as 7' — oo

M .

Ti p 0 fori=234, (A.24)
oT1

915 ., 0 for j=2,3,4. (A.25)
oT1
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Since the details are quite technical, they are relegated to Lemma A.6 of Gao and King

(2007).
A.3. Proof of Theorem 2.1 in Case B

In view of (A.1) and (A.2), in order to prove Theorem 2.1 for Case B, it suffices to show
that equations (A.3)-(A.5) hold. The proofs are given in Lemmas A.7 and A.8 below.

Lemma A.7. Let Assumptions 2.2 and A.1 hold. Then under Hg

Zthl Zle,# us Kp(vs—1 —vi-1) we
T T
\/2 Do st U KR (vs—1 — vi-1) 47

—p N(0,1) as T — oo, (A.26)

where vy = fo(vi—1,600) + uy.

Proof: The asymptotic normality in (A.26) is a standard result for the case where
both {u;} and {v;} are strictly stationary and a—mixing time series. The proof follows
from Lemma A.1 of Gao and King (2004) or Theorem A.1 of Gao (2007). As the details
are very similar to the proof of Theorem 2.1 of Gao and King (2004), they are omitted

here.

Lemma A.8. Let the conditions of Theorem 2.1 hold. Then as T — oo

Mr;
UT —p 0 fori=2,3,4, (A.27)
T1
915 p 0 for j=2,34. (A.28)
oT1

Proof: Since both {u;} and {v;} are assumed to be strictly stationary and a—mixing
time series in Case B, the proofs of (A.24) and (A.25) remain true, but become more

standard through using Assumptions 2.1, A.3(i) and A 4.
A.4. Proof of Theorem 3.1(i)

Recall the notation introduced in the Simulation Scheme in Section 3 and let

U= Y = X[B = fo(Bi-1,00) + Gy uj,
o= WX =w+xi (B-F),
W= X[ 5+ fol@i 1. 80) — fo (
@ = 0 fol@1.05) = Fu ui + T,

Vg1 =01 = Vg =01+ (Xso1 — Xp1)" (5 - B*> :
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We thus have

T T T T
* ~x% -~ ~x -~ ~x ~ %
Mr = E E Ug Kp(Ug_q —v/_1) Uy = E E ouuy Kn(vs_y — 1) Ouuy
t=1 s=1,#t t=1 s=1,#t
T T T T
~x% ~k Sk ~x% 2 : § : ~ ok ~~k ~~k ~x%
+ E E Ug Kh(vs—l - Ut—l) Uy +2 Oullg Kh(vs—l - vt—l) Uy
t=1 s=1,#t t=1 s=1,#t
+ My, = M7+ Mpg+ Mpg + M7y, (A.29)
T T
~%2 ~x2 2 [~k ~k ~x2
or = 2 E E : Ug Kh(vsfl - Utfl) Uy
t=1 s=1,#t
T T
_ § : § : ~2 %2 2 (=~ ~~k ~2 %2
= 2 Oy Us Kh(vs—l - Ut—l) u Ut
t=1 s=1,s#t
T T
~%2 -2~ % ~x2
+ 2 § : § : Ug Kh(vs—l - vt—l) Uy
t=1 s=1,#t
T T 4
~2, %2 2 [~ 5k ~%2 ~%2 __ ~%x2
+ 2 g E oouy: Ki(va_y — o) uf”+ o5y = g 0T (A.30)
t=1 s=1,4t j=1

where 532 = 532 — 532 — 532 — 532 and M, = Mj — M, — My — M.
Using the conditions of Theorem 3.1(i), in view of the notation of E}(h) introduced
in the Simulation Scheme in Section 3 as well as the proof of Theorem 2.1, we may show

that as T — oo

P* (E}(h) < x) — ®(z) for all z € (—o0,00) (A.31)

holds in probability with respect to the distribution of the original sample Wr. In detail,
in order to prove (A.31), in view of the fact that {u}} and {Y;} are independent for all
s,t > 1, we may show that the proofs of Lemmas A.1-A.6 all remain true by successive
conditioning arguments.

Let z, be the 1 — a quantile of ®(-) such that ®(z,) = 1 — a. Then it follows from
(A.31) that as T' — oo

P (Ei}(h) > za> 1 - B(z) = a. (A.32)

This, together with the construction that P* (E}(h) > l;) = «, implies that as T" —

I —2zq —p 0. (A.33)
Using the conclusion of Theorem 2.1 and (A.31) again, we have that as T — oo
P (E;(h) < ac) _P (ET(h) < x) —p 0 forall z € (—00,00) (A.34)
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holds in probability. This, along with the construction that P* (E*T(h) > lg) = « again,
shows that as T' — oo

lim P (ET(h) > z;;) = a (A.35)

T—oo

holds in probability. Therefore the conclusion of Theorem 3.1(i) is proved.
A.4. Proof of Theorem 3.1(ii)

Note that under H;

W = X[(B=B)+ filver,00) = fo (vier + X7 (8= ), o)
= X7(B-0)+ fi(vi-1,61) — fo(vi1,60)
+  fo(vi-1,00) — fo (Ut—l + X7 (8- B), 50) : (A.36)

Lemma A.9. Let the conditions of Theorem 3.1(ii) hold. Then as T — oo

ZtT:1 ZST:L# Us Kh(vs—l - Ut—l) Ut
oT1
Proof: Let fio(v) = fi(v,01) — fo(v,6p). In view of (A.36), using Assumptions A.4
and A.5(ii), in order to prove (A.37), it suffices to show that as T — oo
Soimt Yoaet oz fro(vs—1) Kp(ve1 — vi-1) fro(vi-1)

oT1

—p 00. (A.38)

The proof of (A.38) follows from as T'— oo and h — 0

Y1 Yty B fr0(vs1) Kh(Us—l —vt-1) fro(ve-1)]

ar

T2h1+0 </f10 w2(x dm) </K dy) 0 (TVh) = o

using o1 = O (T\/E) and Assumption 3.1, where 71 (v) denotes the marginal density of
{v¢} under H;.

Proof of Theorem 3.1(ii): In view of the definition of Ly(h) and the proofs of
Lemmas A.7-A.9, it may be shown that as T' — oo

To(h) i ZZ:L# Us Kp(Us—1 — Vp—1)
T p—
\/2 Y ZST:L# 02 K3 (Us—1 — 0—1)
Ethl Zstl,# us Kp(vs—1 —ve-1) w

oT1
Y1 a1 i f10(vs1) Kn(vso1 = vi-1) fro(via)

oT1

= (1+op(1))

+ (1+o0p(1))

The proof of Theorem 3.1(ii) follows from Lemma A.9.
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