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Introduction

In this paper we consider a model related in form to that treated in Park
and Phillips (2001). To introduce the model, let f (y,0) be a given function of
y and @ (such that the conditions stated in Section 2 are satisfied; in particular

TRER 9/ (v.0) |? £ 0
it is assumed that [ )T dy < oo for all 6 ).
Let (gj,7;), —00 < j < oo, beiid such that E[e1] = 0= E[n,],0 < E [e7] <

ooandO<E[77ﬂ < 0.
Consider the model

Xi=f(Yio1,0) +(, t=1,..,n,

)/t:}/t—l +£t7 t:17"'7n7

for the observations (X;,Y:), t = 1,...,n, where Y3, t = 1,...,n, form observable
exogenous variables. The unknown parameter § € O, where O is a subset of the
r-dimensional Euclidean space. Further, &, is a linear process

(o)
§ = Z Ajmy—j
§=0
with

i |aj| < 00, ia]’ > 0, (1)
5=0

=0

and ¢, is also a linear process

Co= ) bigij
j=0

with

> 1bj| < 0. 2)
=0



We shall suppose that (, is invertible so that

oo
& = E ngtfj
Jj=0

with

o0

Z|cj| < 0. (3)

=0

It is convenient to mention at the outset itself that the coefficients c; are
assumed to satisfy the requirements that there are integers m,, such that

2 2

m. o) My 0o m

\/% — 0, n E le;l ] —0, and E g le;] :0< m> .
j=mn t=1 \ j=t "

(4)
Two cases are particularly important. (a): In the case |¢;| decays exponentially
fast, one can choose m,, to be of the form m, = Clogn. (b): In the case

¢ ~ C1* with A > %, one has n (Z;’;m

cj|> ~ Cnm;?*. Hence in this

case one can choose m,, = n2xte for some small € with 0 < € < 1 — % Note
2

that >} (Z;’;t \cj\) < C because A > 1.

We shall consider estimation procedures based on the equation (with m,, as

in (4))

(t—1)Amy, (t—1)Amy,
5: — Z Cth—j = Z Cj (Xt_j — f (Y;E—j—he))
j=0 Jj=0
(t—1)Amy, (t—1)Amy,
= Z i X_j— Z ¢ f (Yizj—1,6)
j=0 J=0
= X[ f70), )
where we have let
(t—1)Am, (t—1)Am,
Xt* = Z Cth_j, ft* (9) = Z ij (}/t—j—he) .
j=0 Jj=0

More specifically, we shall consider 571 defined by

0cO

0, = argsup exp {— dop(X -t (9))}
t=1

for a suitable function p(x). The estimator 0, corresponding to p(x) = 22

is called the Quasi MLE or the nonlinear (generalized) least squares estima-
tor. When p (z) = |x| one obtains nonlinear least absolute deviation estimator.



More generally, the estimator gn may be called the nonlinear M-estimator, of
which for example quantile regression estimators also become particular cases
for suitable choices of p ().

The fact that f (u,0) satisfies the conditions stated in Section 2, in partic-

2
ular the condition [ ’%‘ dy < oo for all #, makes the limit theory rather

interesting and nonstandard, as will become clear below.

Note that in the equation (5), £F is in general not independent of f; () =
Zg:ol)Am" ¢jf (Yi—j-1,0), unfortunately, unless the sum ¢, = >°72 ¢;(;_; is
of finite order Zé‘:o ¢jCy_;, for instance when (; is an Autoregressive process,
in which case €f = ¢; for all (¢t —1) Am,, > [. But in many cases, for instance
when (, is a moving average process, the sum Z;io ¢jC;_; will remain an infinite
sum. Despite this we shall show that ¢} can effectively be treated independent
of Z;.:()l)/\m" ¢;f (Yi—j—1,0) under the conditions in (4) on the coefficients c;.

The model considered in Park and Phillips (2001) takes the form

X = f(Ys-1,0) + ¢4, Yi=Y, 1+¢&,. (6)

The estimator @n considered is then the ordinary LS estimator corresponding
to p(z) = x2. In this case (5) holds with e} = &, f7(0) = f(Y;_1,0) and
X} = X;. In addition &; is independent of regression function f (Y;_1,6). (Also
the conditions imposed in Park and Phillips (2001) are much stronger than the
present ones.)

Now suppose that the regression function f(Y;_1,0) in (6) is changed to
f(Y:,0). Then &; is no longer independent of the regression function f (¥%,6)
unless €; and 7; are independent. In addition, judging from the usual limit
theory for linear time series models, one would expect that such a change would
have no consequence, but rather interestingly it turns out that it indeed changes
the forms of the limiting distributions of the estimators. The same problem
arises when we consider the ordinary LS estimator of 6 based on the equation
of the form (6) but with &; replaced by the linear process (;, even with the
regression function f(Y;_1,6). These problems will be treated separately in
Jeganathan and Phillips (2007).

We let F; = sigma-field of (e, —00 < s <t, Yy, Y1,...,Y:). Note that & is
independent of F;_1.

The Main Results

Throughout below #j stands for the true parameter, and all the probability
statements are under 6.

Also, for convenience we restrict © to be a subset of the real line. With minor
notational changes all the results will hold for the multidimensional parameter
case.

Further we make the assumption, without further mentioning, that © is «a
bounded subset.

Regarding the function f (y,#) involved in specifying the regression function



f (Y;_1,0), we suppose that for [Lebesgue] almost all y, the derivative

g(y,9)22§!%%§gz

exists for all 0, satisfying the following assumptions:
2
[ (suwl 00} an < . @
it [ 19(s.0) dy >0, (®)

/( sup |g(y,9)—g(y,9’)|> dy—0 asd— 0, 9)

6-0'|<5

In addition we shall assume that

/ g (y,0)[* dy < 0o for each 0 € ©, (10)
/ |E [e™™] ’2 du < 0. (11)
The condition (11) will be relaxed to the weaker (Cramér’s) condition
limsup |E [e"um] | <1 (12)
lu[—o0

when the following additional conditions are satisfied:

/

4

sup |g(u,0)|| dy < oo for some § > 0 for each 6 € © (13)

lu—y|<é

and

/

To state the main result recall that,

sup g (u,0)] — inf |g(u,0)||dy —0 asd — 0 foreach § € ©. (14)

lu—y|<s lu—y|<s

under the condition (1), the finite dimensional distributions of the process

S —> ﬁ £181] . converge in distribution to those of the process B (s),

2
where B (s) is a Brownian motion with variance (Z;io aj) .
Let £ be the local time of B (s) at 0 up to the time s = 1. It is known that

L >0 almost surely. (15)



Further, define the constant

2

Q) =5 / 9. 0)* E ;Y dp, (16)

where g (u, 0) is the Fourier transform of g (y, ). Here we note that

2

oo
FE E cjei“yf
=0

iicjcrE [e—iu(YT—yj)}

§=0r=0
o oo oo

SIS 9 WA
§=0 =0 71>j

where we have used the fact that F [e_m(y,,_yj)] =F [e‘i“YT*J], which holds
in view of the stationarity of the increments of the process Y;., r > 0.

Note that, in view of the equality [ | (u,6)]>dp = [|g (y,6)|* dy, the con-
dition (8) is the same as the requirement

infQ (6) > 0. (17)
We shall let
(t—1)Am,,
Su ()= Y ¢jg(Yiejo1,0)
§=0
and )
5n =n 4

Proposition 1. Let Q (0) and the local time L be as before. Assume that
0 is such that either [|g (y,0))* dy < oo together with (10) and (11) hold or

2
Ik ‘suphky‘g(; lg (u,0)|‘ dy < oo for some & > 0 together with (12) - (14) hold.
Then

n

(62 S8,0). 6,35 0) ) — (£Q9).2v/2Q ().

t=1
where Z is normal with mean 0 and variance E [5%] and is independent of L.

To state the next main result, let
Un,oo = 6, (© = o),

and assume that
Uno, TU. (18)



Note that in the case j is in the interior of ©, one has U = R".

Theorem 2. Suppose that the estimator /H\n 18 a Quasi MLE, that is, cor-
responds to p(x) = x2. Assume that the conditions (7) - (9) hold. In addition
assume that the conditions of Proposition 1 hold.

Then if Og is an interior point of O, the difference

5.1 (62— 00)
n -1 n
-~ (53 > s, (9@) Sn Y Sut (Bo) e 5 0.
t=1

In general when (18) holds, one has

5t (/g\n - 90> = argsup {uZ\/lT(Go) - %QLQ (90)}
uclU

where the random quantities involved on the right hand side are as in Proposition
1.

A main step in establishing Theorem 2 consists of establishing the fact that
5t (@n - 90) =0,(1). (19)

According to the Manuscript (2007, Theorems 1 and 2, and Remark 3), we
shall need to verify the following conditions (A1) - (A3). Recall that U, ¢, =
6,1 (6 — ).

(Al). There are nonnegative random variables B,, such that

S B0+ 6au) — 7 (00))° = By |uf?

t=1

for all v in U, g,, with
B, =0,(1)

(A2). There are nonnegative f ;_; measurable random variables A,,; such that
7 B+ 83) — i (B0 + 8,0 < (ful + o/ min (1, Ju— /%) A

for all w and «’ in U, g,, with

Z Ay =0, (1) and 112£3<X Ay =o0p(1).



(A3). There are random variables C), such that

n

Z fi (B0 + 0nu) = f7 (0o + 0pu”)) (e — €7)| < Ju—u/|Cr (20)

for all w and «' in U, g,, with

Further, once the Proposition 1 is obtained, it and (19) together with the
verification of the following requirement (A4) will give the limiting statements
in Theorem 2. Note that in view of (18), every w in U will be in U, g, for all
sufficiently large n.

(A4). (20) holds but with C,, = o, (1). In addition, for all v in U,

S (7 (B0 + 8nu) — F7 (B0 + 6,t) — ub, St (60))° L 0. (21)

t=1

Proofs

We start with the following result, which is essentially Theorem 3 in Je-
ganathan (2006).

Proposition 3. Assume that 01,...,05 are such that the assumptions of
Proposition 1 hold for each of 04, ...,0,. Let

Ek(y):g(yﬁgk)7 kz]‘?"'7p'

Then for any constants o, ...,0u, By,..., B,

LS () £ )
— L Z/‘ék (ZapwipzlﬁﬂE WYP‘I])d,u,

p=1g¢=1

where 0, (p) is the Fourier transform of i (y). (Recall that Y; = Zle &+ Yo
)

Proof. First note that for any 1 <p <wvand 1<k <s, Y7 Z(Yj_p) =
Zn_gj; £3(Y;_1), and hence the difference % > Zk(Yj,p)—ﬁ > i1 e (Y1) 2

Jj=

0. Similarly, the difference ﬁZ?Zlﬁ (Yi—p)li(Yj—q)— ﬁzyzlé (Y- (Yj—grp1) >
0. Therefore, it is enough to consider the asymptotic distribution of

%Z {Zap (Zzi(mﬁ) +3°3 78,8, (Zﬁk e q)ﬂ))}
j=1 \(p=1 k=1 p=1q=1



‘We have

TR
n (Vo) (Y
LZ o Q'k a o k=1,.s
Vi :
0 (Y- )k (Y1)
~ 2
f‘ék (u)‘ dp
—~ 2
l E [e~#Y1] g
Y | T
’ﬂ' .

‘2 F [e’i"y"*l] du

J ’[k (1)

The marginal convergence in this statement follows directly from Jeganathan
(2006, Theorem 3) and the joint convergence follows in exactly the same way.
(a remark to this effect to be added in the revision (for ET) of this paper)).
This completes the proof. |

Proposition 4. Assume that the conditions of Proposition 1 hold. Then for
each fixed positive integer v,

2

nZ icw(Ytﬁ»fl,e) ,n7

t=1 \j=0 t=1 \j=
= (£Q.(0),2V2Q, ),

where Z is normal with mean 0 and variance E [Eﬂ ) and is independent of L,
and

3

v

¢jg (Yiej-1,0) | &
0

2
v

1 [
QO =5 [5@OPE || eer™| | du

J=0

Proof. In view of the stationarity of the process Y}, the distribution of
Y, — Y is the same as that of ¥,._; for 7 > j. Hence

2
q q a q
E E cjewyj = E c? + 2 E E E [G_WYT*JJ )
=0 =0 J=0r>j

, 2
so that the marginal convergence of the first component n~2 Sory (2520 c;g (Yi—j—1, 0))

is a consequence of Proposition 3. The joint convergence is contained in Je-
ganathan (2006). W

To proceed further we shall also need the following



Lemma 5. One has
2llom.0P] < % Ele(.0)1e (4.0 <
Vi ViV =3

Proof. These bounds are contained in Jeganathan (2006, see (?7) and (77)).

for r > j.

Lemma 6. For each 0,

2
n (t_l)/\mn

1
lim limsupP ﬁz Z c;jg (Yi—j—1,0 Zc]g Yi_j—1,0)] >6| =0
t=1

n—oo

§=0
for all 6 > 0.
Proof. Note that
2m, |(t=1)Ama, 2 L ma i 2
S| X o) = =305 o0
\F Jj=0 \/ﬁtzl j=0

1 L L

T Yo D9 (¥ieyo1,0)

t=my,+1|5=0
We have, using Lemma 5,

2

2
t t
> gV, o) | <D lel| <€,
3=0 j=0

and hence _

my |[t—1 2 m

LN S g 0)| | <22

f t=1 |j=0 \/ﬁ
In the same way
2
E|—= ¢jg(Yij-1,0)| | < —=—0,
\/ﬁt:mn-&-l 7=0 \/ﬁ

2
and B [ﬁ S > =0 ¢ig (Yt,j,l,e)‘ } — 0 for each v.
Thus, noting that

1 n (t*l)/\mn

SN O [ SRR Sy
t=2my,+1 7=0

2

n My

_ % Z Z cig(Yi—j—1,0)| ,

t=2m,+1 |j=v+1




it is enough to show that

2
1 n Lz
i i — i i =0. 22
Vh_)n;@ h’ran—>Sol<l>pE Tn Z chg(Yt j—1,0) 0 (22)
t=2m,+1 |j=v
For this purpose, we have, using Lemma 5,
2
> cig (i, 0)
Jj=v
My my j—1
2
< Yoleil B[l s 0F] + 303 lesller Bllg (Vi) lg (Yier 0)]
j=v j=vr=v
m, j—1 1
< C) lgl ==+ lejllerl =
i+ S S el
Here
My My 1 Mp t

Z le;] because m,, < —,

Zmﬁ Zmﬁ Vil :

and, using this inequality and the fact Zi;i ler] \/;Tr < Zf;i le,| < C,

my, J—1 1 My
;szmmﬁﬁ < Zmﬁzmﬁ

t

Cj_z_;|cj| \/ﬁ < CE; lc;|  because m,, < 5

IN

Thus

n Mn

B vn Z chg(Yt—j—lag) Sc<ﬁ;ﬂ>;lq|.

t=2my,+1 |j=v

Because > 72 |cj| — 0 as ¢ — oo by (3), and ﬁ Sy % < O, this proves
(22), completing the proof of the Lemma. [ |

For the proof of the next result, we note that for any real a¢ and b, and k > 0,

1
2|a—b||a+b|§n|a—b|2+g|a+b|2

2 8
<I€+> la —b]* + =b2. (23)
K K

20 — 12|

IN

10



Lemma 7. For each 0,

2 2
n (t—1)Amy,

1
lim limsupP TE E cig(Yij—1,0)| — E c;jg(Yi—j—1,0)| | >¢| =0.
V—00 n
t=1 §=0

Proof. Taking a = Z;Z]l)/\m" ¢jg (Yi—j—1,0) and b =377 cjg (Yi—j-1,0)
n (23), we have

n (t—1)Amy,

1 174
7n S Y. g0 =D eig(Yiojo1,0)
ni3 =0

=0

n |[(t=1)Am,

1
< —(k+1) \/HZ ;} cig (Y- —j-1,0 chg Yioj1, 0)
n v 2
+*7nz chgY;fj 1,0)
tlj 0

= Cp(k,v)+ D, (k,v), say..

2
According to Proposition 4, ﬁ Sy ‘Z;:o cjg (Yej_1, 9)’ converges in dis-
tribution to £Q, () as n — oo, where @, (6) — Q (0) as v — co. Hence

lim lim limsupP D, (k,v) >0] =0 for each ¢ > 0.

KR—00 V—00 n—oo

According to Lemma 6, lim limsupP [C,, (k,v) > §] = 0 for each k > 0 and

V=0 nooo

0 > 0. It then follows that
lim lim limsupP [Cy, (k,v)+ D, (k,v) >3] =0 for each § > 0.

KR—00 V—00 n—oo

Because the left side does not depend on k, the proof of the lemma is complete.
[ |

Proposition 8. Let Q (0) be as in (16) and L be the local time as before.
Then for each finite 01,...,0,,

2
n |(t=1)Amy,

1
%Z Z ng(Y;ﬁ—j—lyek) ak: ]-7"'7p = (’CQ (Qk)ak:]-aap)
t=1

Jj=0

Proof. The result follows in view of Lemma 7, Proposition 4 and the fact

that
2 2

14 o0
g cje”‘yf — F E cje”‘yj as v — 00.
i=0 i=0

11



We can now present the proof of Proposition 1
Proof of Proposition 1. Because (Z A g (Yiejo1,0) — >i—0cig (Yiej-1, 0)) £t
are martingale differences, Lemma 7 entails that

(t—1)Amy,
1 n
lim limsupP ﬁz Z cjg(Yi—j_1,0 chg Yi—j_1,0) | el > 0| =0.
n— 00 =1 =0

This together with Lemma 8 gives the result in view of Proposition 4, in the
same manner as in the proof of Proposition 8. W

Next, in order to verify the conditions (A1) - (A4), we need the following
result.
Lemma 9. For each € > 0,

5 -
Sup|g—g/|<s \f Py Z(t A ng(Yt—j—l’a)’
%in}) lim supP ) = 0.
oo Tr e ¢jg (thjfh@/)‘ ‘ > e
Proof. First consider
n |(t=1)Am, 2
¢i(9(Yij1,0) —g (Yij1, 0
‘”MIZ ;0 i (9 (Yiey (Yijo1,0)
1 n (t_l)/\mn 2
—=> 1 > leilgs Vi)
vn t=1| j=0
where we let
9 W)= sup |g(y,0)—g(y,0)]|.
10—0'|<6
For each 0 > 0, we have in the same way as in Proposition 8
Lo | nam, 2 ~ 2
7n Z Z lejlgs (Yij-1) Z lejl e | | dp.
t=1| ;=0 j=0
(24)

Here

- iy C
E Z\Cj\e“y’ dp < ﬂ/
7=0
- c/|g:;<y>|2dy~o as 5 — 0, by (9).

12



Thus, for each € > 0,

n (t*l)/\m"

1
lim limsupP | — E E dgr (Ve =0. 25
61111 1m sup \/ﬁtzl |CJ|95( t—j )| >e¢ (25)

—0 n—oco =0

Then taking a = Z§:01)Am" cjg(Yioj_1,0) and b = Z§:01)Am" cjg (Yi—j—1,0")
in the inequality (23), we see that

Lo || nam. 2 (= D)Ama 2
sup  —= cjg (Yi—j-1,0)| — ¢jg (Yeej-1,0')
0—0'|<s V1 ; jz:;) jz::()

n |[(t=1)Am,

1 1 "
5(“‘*‘1)%; Z lcjl g5 (Yi—j—1)

=0

IN

n (t_l)/\mn

4 1
+E%Z Z ‘Cj‘SlelpLg(Y;tfjfl?a”

t=1| j=0
= Cn (5v K:) + Dn (ﬂ) , Say.

Now similar to (24), and in view of (7),

2
n |[(t—=1)Am,

1
N Z Z le;] sgp lg (Yi—j—1,0)|| converges in distribution,  (26)
t=1

=0
and hence lim limsupP [D,, (k) > ¢ = 0. In view of (25), ;im limsupP [C,, (§,Kk) > €] =

0 for each x > 0. It then follows that

lim lim limsupP [C), (0,k) + Dy, (k) > €] = 0.

K—0 6—0 pn—eco
This completes the proof of the lemma. |

We can now verify the requirements (Al) and (A2). Note that as a con-
sequence of Proposition 8 and Lemma 9 (recall that the parameter space © is
assumed to be a bounded set), taking into account (15) and (17),

2
n |[(t=1)Amy,

1
inf— Z Z cjg (Yi—j—1,0)] = Linf@ (0) > 0 almost surely.
9 /n = = 0
This verifies (A1) with §,, = n™3, in view of

(t—1)Am,

FO—=f@)=10-01 > c¢g¥i1,07) (27)

Jj=0

13



for a 6* lying in between 6 and ¢’.
Regarding the verification of (A2), one can take

(t—1)Amy,

> el sup 9 (Yi—j—1,0)| (28)

j=0

1
App = —
v
and then invoke (26).
The next result verifies (A3).
Lemma 10. The requirement (A3) holds with C,, = o, (1).
Proof. First note that

Z(ft*(00+5nU)—ft*(9o+5nu'))( > cjctj)

t=1 j=({t—1)Amu,+1
2
< DU B0+ nu) = £ (0o +60u) [ DGy
t=1 j=t

t=mp+1 j=mn+1

Z (ff (B0 + 6nu) — fi (B0 + dnu')) ( Z Cthj) .

We have, using Cauchy - Schwarz inequality,

Z (ff (B0 + 6nu) — £ (B0 + 6nu')) ( Z Cth—j)

t=my,+1 j=m,+1

< ( > (ft*(90+6nu)—ft*(90+6n1/))2> Yool DD el

t=m,+1 t=my,+1 \j=m,+1
Now recall that for any integer m > 0,
2 2
E (Z cjct_j) -cf (Z Cjei”) h (&) do,
j=m T \j=m

where h (¢) is the spectral density function of the process (,, that is, h(¢) =
Z;io bje?. In view of (2), we have |k (¢)| < C. Thus

2 2
E (zcjgtj) <c(z|cj|) . (20)

j=m

14



Then, in view of second condition in (4),

E i ( i Cth—j) = _i E (_i Cth—j)

t=mp+1 \j=m,+1

IN
3
&=
~
I
gL
O
TN
=
d
N——
[ V]
|
)
=

Further, with A,,; as defined in (28),

n

ST 00 + 00u) = £7 (B0 + 6,0))” < Ju—u'[P> Any = Ju—u'[7 0, (1).

t=1 t=1
Thus
2

<lu—u'" 0, (1).

> (f:<90+6nu>—f:<9o+5nu’)>( > cjctj)

t=my,+1 j=mnp+1
(30)
In the same way

. 2

Z(ft* (0o + dpu) — f7 (0o + d,u’) (ZC Coo j)

t=1

2
< ( (f7 (B0 + 6nu) = f7 (B0 + St ) Z (Z ¢jCo- )

t=1 t=1 \ j=t
Here
S (f7 (B0 +6) — 7 (B0 + 50)* < fu—/ P> A = Ju— /[0, <\/ WZ) ’
t=1 t=1

using the fact 37 A, = O, (/™). Further, according to (29) and the last
condition in (4)

Therefore it follows that

2

< Ju—u'" 0, (1),

i(ft*(e(]"’_(snu) fi (B0 + dnu')) (Z%Ct j)

t=1

15



This together with (30) verifies (A3). W

It remains to verify (A4). The fact that (20) holds with C, = o, (1) is
already verified in Lemma 10. The verification of (21) is an easy consequence
of (27) and Lemma 9.
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