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1 Introduction

This paper investigates the properties of maximum likelihood (ML) estimators and quasi-maximum like-
lihood (QML) estimators for spatial dynamic panel data models with individual fixed effects when both the
number of individuals n and the number of time periods T are large for a nonstationary case.

In Yu, de Jong and Lee (2006), the consistency and asymptotic distribution of the QML estimators are
established for the stationary case. Also, a bias correction procedure for the estimators is proposed. It is
shown that as long as T grows faster than n'/3, the correction will asymptotically eliminate the bias and
will yield a centered confidence interval. When there are unit roots in the process so that the assumption of
absolute summability in Yu, de Jong and Lee (2006) does not hold, the analysis of the properties of estimators
for the stationary case, which is crucially based on the absolute summability condition, will not be valid. In
this paper, we will show that when the spatial weights matrix is row normalized from a symmetric matrix,
we can still obtain the consistency and asymptotic normality of the ML and QML estimators with the same
rate of convergence as in the stationary case. The difference is that the variance matrix is different from the
stationary case, and it is singular in the limit. Also, for this nonstationary case, there is a linear combination
of common parameters that will have a higher rate of convergence.

The nonstationary case we consider is relevant in empirical applications. In Yu (2006), a spatial dynamic
panel data model is applied to study the growth convergence of 48 contiguous states. In the estimation result,
the spatial effects are significant and the sum of estimators of spatial and dynamic effects equals nearly to
the 1. This implies that there may be nonstationary components in the DGP (see discussion in Section 2.1
for details), which motivates deriving asymptotic theory for the estimators under nonstationarity. Also, in
Tao’s (2006) study on the education spending of local school districts using spatial dynamic panel model, we
have significant spatial effects and the sum of estimators of spatial and dynamic effects equals nearly to 1.

There is growing research interest in nonstationary panels in recent years. For independent panels, we
have Maddala and Wu (1999), Levin, Lin and Chu (2002), Im, Pesaran and Shin (2003), etc. For cross-
sectionally correlated panels, we have Pesaran (2003), Phillips and Sul (2003), Moon and Perron (2004),
etc, where the cross sectional dependence is specified by common factors. This paper covers a case of
nonstationary panel data where the cross sectional dependence is specified by spatial correlation among
units directly. There are already extensive empirical applications for nonstationary panel data'. We expect
that our model can shed light on existing nonstationary panel data models and empirical applications.

This paper is organized as follows. In Section 2, the model is introduced. We then explain our method
of estimation, which is a concentrated QML estimation. Several lemmas on matrix algebra and a central
limit theorem are stated. Section 3 derives the consistency and asymptotic distribution of the spatial effect

parameter. Using the results of Section 3, we establish the asymptotic distribution of the common parameters

IThe applications include purchasing power parity, growth and convergence, money demand, monetary exchange rate model,
inflation-rate convergence, interest rate, health care expenditure, hysteresis in unemployment, etc. See Choi (2004) for more

details.



in Section 4. Also, a bias correction procedure is proposed and simulation results are reported. Section 5

concludes the paper. Some useful lemmas and proofs are collected in the Appendix.

2 The Model and The Likelihood Function

2.1 The Model

The model considered in this paper is
Ynt = )\OWnYnt + ’Y()Yn,tfl + p(]WnYn,tfl + Xntﬁ(] + Cno + Vnt; t = 1; 27 eeey Tv (21)

where Yo: = (Y1t, Y2t, s Unt)' and Vip = (v1g, U2ty ..., Unt)” are n X 1 column vectors and vy is i.¢.d. across 4
and ¢ with zero mean and variance o3, W, is a known n x n spatial weights matrix which is nonstochastic and
generates the spatial dependence between cross sectional units y;¢, X,,; is an n X k, matrix of nonstochastic
regressors, and ¢, is n X 1 column vector of fixed individual effects. Therefore, the total number of para-
meters in this model is equal to the number of individuals n plus the dimension of the common parameters
(v, p, B, X, 0%), which is k, + 4. W, is usually row normalized from a symmetric matrix such that its ith
rOW 1S [Cp i1, Cn,i2s** 5 Crinl/ Z;L=1 Cn,ij, where ¢, ;; represents a function of the spatial distance of different
units in some space. As a normalization, ¢, ; = 0. It is a common practice in empirical work that W), is
row normalized, which ensures that all the weights are between 0 and 1 and weighting operations can be
interpreted as an average of the neighboring values. Also, a weights matrix row normalized from a symmetric
matrix has real eigenvalues, with all its eigenvalues less than or equal to one in absolute value and its largest
eigenvalue always 1 (see Ord (1975)). Such a spatial weights matrix is also diagonalizable (see Proposition
B.1 in Appendix B).

Define S, (\) = I,, — AW, and denote S,, = S,,(A\g) = I, — AoW,,. Then, presuming S, is invertible and
denoting A,, = S, (voln + poWhn), (2.1) can be rewritten as

Ynt = AnYn,tfl + SngntﬂO + Sglcno + S»;le‘n (22)

Yo+Po@ni

= 1 for som
i e or some

A nonstationary case occurs if some eigenvalues d,,; of A,, are equal to 1, i.e., dp,; =
1 where w,; is an eigenvalue of W,. For the nonstationary case, we can decompose Y,; into a stationary
part and a nonstationary part. To do that, we can first diagonalize® A, as A, = R, D, R,;! where R,, is the
eigenvectors of A, and D,, = diag(dp1,dn2, -+, dnn) where dy,;’s are eigenvalues of A,,. When d;, max = 1 and
dp min > —1 where dy max and dp min are respectively the largest and smallest eigenvalues of A,,, without
loss of generality, suppose that d,,; = 1 for i = 1,2,--- ;m,, and |d,;| < 1 for m, +1 < ¢ < n where
my, is the number of unit roots. Let B,, = RnﬁnR;I with D,, = Diag(0,---,0,dpm,+1, - ,dnpn) so that

D,, = Ju+D,, where J,, = Diag{1;, ,0,---,0} with 1,,, being an m,, x 1 vector of ones. As .J, is idempotent

2See Proposition B.2 in Appendix B for diagonalizability of A,,.



and J,, - D, = 0, Al = M,, + B! for any h = 1,2,--- where M,, = R, J,,R;;*. Then (see Proposition B.5 in

Appendix B), for ¢ > 0, we can decompose Y+ into sum of a stationary part and a nonstationary part:

Ve = Yo + Yo (2.3)
where t X
Y = M, (Yn,l + ey j)\o)-i- e A’;’;BO + (1 = A:T) : (2.4)
Y = ZBhS Leno + ZBhS "X t-nBo + ZBhS Vit (2.5)
Compared to the stationary case, the model has a time trend attachment M,Lcngﬁ + M, 72%5_1‘)’1 Bo , a

t—1
random walk attachment Mn% and a nonstationary initial value component M, Y, _;.

Using (2.3), (2.4) and (2.5), we have?

Y =Y%+Y5, t=01,---,T, (2.6)
where
- 1 -
Y#t 7L (Cnot + Xntﬂo + gnt) nt 75Lt60 + Uit? (27)
[
with & =t — T X = 37020 Xony Epi = Yoo Voo Xy = Z BrS ' X4y, and Ug, = z BlS Wi

h=
To analyze the model, the following assumptions are needed

Assumption 1. W, is a nonstochastic spatial weights matrix, row normalized from a symmetric weights

matrix.

Assumption 2. The disturbances {v;}, ¢ = 1,2,....,n and t = 1,2,...,T, are i.i.d across i and ¢ with zero

mean, variance o2 and E |v;]*"" < oo for some 7 > 0.

Assumption 3. n is a nondecreasing function of 7T'.

Assumption 4. The elements of X,; and c,¢ are nonstochastic and bounded, uniformly in n and ¢,

and limr_, r%T ZtT 1 XntXnt exists and is nonsingular. Also, limr_, n% i(cngf—k Xntﬁo)’MfLM,L(cnof+
i=

Xm&ﬂo) # 0.

Assumption 5. S, ()\) is invertible for all A € A. Furthermore, A is compact® and the true parameter Ao

with |Ag| < 1 is in the interior of A.

Assumption 6. py + 7o+ Ao = 1 with vy # 1. Also, d;, max = 1 and dy, min > —1, where d;, max and dy, min

are the largest and smallest eigenvalues of A,,.

Assumption 7. The row and column sums of W,, and S, }(\) are bounded uniformly® in n, also uniformly

in A € A for S;;1(N).

3For notational purpose, we define for any n x 1 vector at period ¢, Tnh we have Tpt = YTpe — Tpr and :f‘n,t—l =
— - T —
Yoni—1—Ypr,—1 fort=1,2,- TWhereTnT: 3 Tt andTnT_l— ZTnt 1.
T &

4Note that in the literature, A is typically assumed to be a compact subset of ( 1,1).
5We say the row and column sums of a (sequence of n x m) matrix P, are uniformly bounded in n if

SUP1<i<n,n>1 27:1 [Pijn] < 00 and supy<j<n n>1 2 1= IPij,n| < 0.



Assumption 8. The row and column sums of ;> | abs(B!") are bounded uniformly in n, where [abs(B,,)], ;=
| Br.ij].-

Assumptions 1 and 2 provide essential features of the weights matrix and disturbances of the model.
Assumption 3 allows two cases: (i) n — oo as T — oo; (ii) n is fixed as T' — oo. For case (i), we say that
n,T — oo simultaneously. When exogenous variables X,; are included in the model, it is convenient to
assume that the exogenous regressors are uniformly bounded, as is done in Assumption 4. Also, we make the
assumption that either c,g or X, is relevant in the model. A simple consequence of Assumption 5 is that,
for the system (2.1), Y,,+ can be solved in terms of ¢, X, and V,;. Assumption 6 specifies that some roots
of A,, are equal to 1, while the other roots are less than 1 in absolute value. The first part of this assumption
rules out explicitly the pure unit root time series case without spatial interaction; more generally, it rules
out the case where v, = 1 and p, + Ao = 0. A sufficient condition for Assumption 6 is p, < 1 with |y,| <1
and |Ag| < 1 under py + vy + Ao = 1 (see Proposition B.3 in Appendix B). Assumption 7 is originated by
Kelejian and Prucha (1998, 2001). The uniform boundedness of W,, and S, 1()) is a condition to limit the
spatial correlation to a manageable degree. Assumption 8 is the absolute summability condition and the row
and column sum boundedness condition, which will play an important role to derive asymptotic properties
of QML estimators. This assumption is essential for the model because it limits the dependence between
time series and between cross sectional units for the stationary component Y,?, in the process. In order to
justify the absolute summability of B, in (2.5) and Assumption 8, a sufficient condition is ||B,| < 1 for
any matrix norm (see Horn and Johnson (1985), Corollary 5.6.16) that satisfies || B, || = ||abs (By)||. When
| Bnll <1, Y52, Bl exists and can be defined as (I,, — B,,)~! (see Appendix B.1 for an example where A,

has some eigenvalues equalling to one but others strictly less than one in absolute value).

2.2 Concentrated Likelihood Function

Denote Znt = (Ypi-1, WnYni—1, Xni) and 6 = (8, X,02)" where § = (7,p,")’. The log likelihood
function of (2.1) is

nT nT 1 <
In L, 7(0,¢c,) = 71 277—71n0 +Tn|S, (A Q—Z (2.8)

where V4 (¢) = S, (\) Yt — Zntd — ¢, and ¢ = (8, A, c),)’. The QML estimators 0,7 and &, are the extreme
estimators derived from the maximization of (2.8). When the V,,;’s are normally distributed, 9nT and G,
are the ML estimators; when the V,,;’s are not normally distributed, 9nT and €&, are QML estimators. As
the number of parameters goes to infinity when n goes to infinity, it’s convenient to use the concentrating
approach. We will concentrate c¢,, and d out and focus asymptotic analysis on the estimator of \y via the

6

concentrated likelihood function®. For the concentrated likelihood function, the dimension of parameter

space does not change as n and/or T increase.

6The reason to concentrate out & is to avoid technical complication in the consistency proof and deriving the asymptotic

distribution jointly for the common parameters. See footnote 15 for details.



From (2.8), using the first order conditions, we can get the concentrated estimators given A:

T T
~ 1 1 ~
5nT()\) = [ﬁ tzzl 7/7,75 nt TLT Z nt CnT(A) - f ;(Sn(A)Ynt - ZnténT(A));
1 & S L
&ELT(A) = ﬁ (Sn(/\)Ynt - Znt§nT(>‘))/(Sn(>‘)Ynt - Znt(;nTO‘))a (2~9)
t=1
and the concentrated likelihood is
InL, (N = ——(ln 2r+1) — — ln 62:(\) 4+ Tn|S,(N)]. (2.10)

2
The QML estimator A, maximizes the concentrated likelihood function (2.10), and the QML estimators of

8o, 02 and ¢, are Ot (Anr), 620 (Anr) and &, (Anr).
Also, the reduced form of (2.1) can be represented as
Yor = Sp' (Zutbo + o + Vinr) (2.11)
= ZntSo + MG Zntdo + Sy (Cpo + Vi), t = 0,1, .., T,
because I, + MG, = S, ! where G,, = W, S, !. Denote H,r = antf:l(zm,Gan(So)'(Zm,Ganéo) =

- T

T T -
where Hy nr = - Z Znt, Honr = =5 Z 21GnZpiSo and Hz = Z 662!, G G Znido.
t=1 t=1 t

Hinr Honr

Honr  Hanr
Hence, H,r is the covariance matrix of the explanatory variables of the reduced form (2.11) after taking

difference from time average, which is crucial for our asymptotic analysis of QML estimators because 6iT()\)
in (2.10) involves H; ,,r terms for ¢ = 1,2,3. To study H,r, it is desirable to decompose Zm into a stationary

part and a nonstationary part such that Z,, = Z%

+ Z2, where

t—1> Wn?r?,tfh O xka ) Zfzt = (Y/Stfh Wn?rf,tflv Xnt) (2.12)

Zﬁt = (}:}u n,

n$

As (see Proposition B.4 in Appendix B) Yo 1 = WY, -1 = Gn Z%60, we have ZY, = }:/Tﬁt_l e

T,

and (Z%,GnZ%00) = Y/ﬂ:t_l - ¢ where ¢ = (1,1,01x%,) and ¢* = (¢,1)’. Hence, denoting H:, =

T . .
> (Z5,,GnZ8,00) (Z2,,GnZ5,80), we can express H,r in terms of vectors such that
t=1

Hor = wir (T2 AT dyr -+ T diyp + Hip/war) (2.13)

(Z8,,GnZ? 60)’17#’,571)'. Similarly, we can express

Mﬂ

ul u _ 1
where w,7 = nT3 Z o 1Yn$t71, dnr = wnT(nT2
i=1 ¢

H; nr in terms of vectors such that

1

Hinr = wnr (T2 e +T - dl,nT d+T-c- dll,nT + HinT/WTlT) , (2.143,)
HQ,nT = WnpT (T2 -c+ T. dl,nT + T- d2,nT -c+ Hg,nT/wnT) 3 (214b)
Hipr = war (T°+2T - dopr + H5 p/wnr) S (2.14¢)
where di 7 = - — E Zfl’ mit—1> 2T = 5 L1 Z( o)’ 1:/71‘,5 1- We notice that elements of

‘H,r are of the order O(TQ) and T~ 2H,,r is smgular in the limit. However, because of the pattern of the

nonstationary component, H;T exists and H;T -¢* has a lower order of O(T~!) from Proposition 2.1 below.



2.3 Two Technical Propositions
To study the asymptotic behavior of H:L%7 we need the following proposition about matrix algebra.

Proposition 2.1 Let Kt = T?crcp+T (crdp+drcy)+Ar, where er, dr are m-dimensional column random
vectors, plimy_socr # 0 and is nonstochastic, At is positive definite for large enough T with probability one,
’ -1
plimr_ oo A1 exists and is an m X m positive definite matriz. Denote Apr =1 — d/TA;ldT - W).
‘T €T
Under the assumption that plimr_.oAr # 0, the sequence {Kr} has the following properties:
(a) the elements of K3' are O,(1);
(b) the elements of K3 cr are O,(T™1);
(c) T2 Kiter = 14 0,(T71).
Proof. See the proof for Proposition B.13 in Appendix B.3. m

In our application, we can apply Kr to H,r in (2.13) and H1 7 in (2.14). To apply Proposition 2.1, we
need an additional assumption.
Assumption 9. H; . is nonsingular for large enough 7' with probability one, plimy_,oH; - exists and is
nonsingular.

AsHip = 2= i (Z8,,GnZ5,00) (Z2,, GnZ5,80) is always positive semidefinite, with Assumption 9, H? .,
is positive deﬁnitet:fér large enough 7" and plimr_.oH; ; will also be positive definite.

In this paper, we need a central limit theorem for linear and quadratic forms of V,,;. Denote @, =

Q5 + Qrp where

I
[M]=

ST (UL, 41Vt + Doy Vit + Vi B Vi — otrBy) (2.15a)
t=1
. S ,
ZT = 7 Z (Mn <Cn0t—1 + Xn,t—lﬂo + gn,t71>) : Vnt~ (215b)
t=1

Here, U,,; = 22021 Poin Vi t41-n where {P7,,t7h};°:1 is a sequence of n X m nonstochastic square matrices,
Dyt is m x 1 vector, which is nonstochastic and bounded, uniformly in n and ¢, B,, is a nonstochastic n x n
symmetric matrix’ and its row and column sums are bounded uniformly in n and k7 is O(1). Denote the
mean and variance of Q1 as p, . and J2QnT respectively with g = 0, we have the following proposition.
Assumption Al. The disturbances {v;;}, ¢ =1,2,...,n and t = 1,2,..., T, are i.i.d across 7 and t with zero

"7 < 50 for some 7 > 0.

mean, variance o3 and F |v;
Assumption A2. The row and column sums of Y~ ; abs(P,;,;) are bounded uniformly in n and ¢.
Assumption A3. The elements of n x 1 vector D,,; are nonstochastic and bounded, uniformly in n and ¢.

Assumption A4. n is a nondecreasing function of T

Proposition 2.2 Assume that row and column sums of B, are bounded uniformly in n and assume the

sequence ﬁaé .. 18 bounded away from zero. Then under Assumptions A1, A2, A3 and A4, U%i LA N(0,1).
" nT

Proof. See Appendiz B.j. ®

"The assumption that B, is symmetric is maintained w.l.o.g. since V) Bn Vit =V, [(Bn + BL) /2] V.




3 Consistency and Asymptotic Distribution of AnT

1 _
We have the Taylor expansion vnT'(A — A\g) = ( an %)\"fm) ( %%W) where \ lies

between A and Ag. From concentrated likelihood function (2.10):

1 9lnL,r(\) 1 dopr(n) 1
nT O\ 252,00 OX R (316
L Iy r(A) L [2600 N2 (@)

_ P 2 1 2

The 62,(\), Ba%j;\(/\) and 22 ;‘)\T(/\) have the explicit forms (see (B.49), (B.50) and (B.51)) implied by (2.9).

Using Proposition B.14, we have (derived in Appendix B.5)

. 1 1
0721T(>\) = 0‘2—|— |)\_)\0| Op(l)—i—Op <max (m’T)) 5 (3173,)
962 1(N\) 2 1 1
YOnT\N) _z , 0.1 - = 1
o naotan + A =20l O0p(1) + Oy (max <\/R7T7 T)) , (3.17b)
252 1 11
8(;717),\1;(» = 2(H3,nT - HIQ,nTHi:LTHzanT) + 20(2)EtTanGn + Op (maX (ﬁ, T)) ,(317C)
n
9621 (\ 2 K- 2 N\~ 1T
\/nTU”#(O) = 7= pRLME -7 > (6623,G, = Hy oy My ey Zig ) Ve (3.17d)
t=1 t=1
1
0y (mn <r V)

T
where the O,(1), O, (max (\/L, T)) and O, ( ( Nk T, \/TLT>) are uniform in A. (3.16) through

(3.17) will be used to derive the consistency and asymptotic distribution of the spatial effect parameter .

3.1 Consistency of j\nT

For the log likelihood function (2.10) divided by the sample size nT', we have corresponding Q,, r(\) =

maxs ¢, o2 E = In L, 7(0) and the optimal solution to the problem is (equation: concentrated estimators

expect)
1 -, - 1 . - § 1 &
) = B S 22 B 2,8, (0ol €)= Bk (S, (0Yat — ZuaSin (V).
1 tT:l ~ ~ - ~ ~ -
onr(N) = E— ;(Sn(/\)Ym ~= Znt0rr (V) (Sn(N)Yat = Zntdpp(N))- (3.18)
Hence
Qur(N) = —%(111271' 41— %lnaﬁp(/\) 4 %m 1S (A)]. (3.19)

Claim 3.1 Under Assumptions 1-9, 2=1n Ly, 7(A) — Qn 1 (N) L0 uniformly in X in any compact parameter
space A and Qn 7 (N) is uniformly equicontinuous for X € A.

Proof. See Appendiz C.1. m



From (3.19), we have

82%7:5@) - ‘20;4;@) {822%2“) onr (V) — ((%?AM))Q] - %tr(Gi(A)). (3.20)
Using (B.60) about o2,(\), 22X and 22X e have
Q1 (M) /0N = 0_13(EH3,11T — EHYy p(EH1nr) ' EHonr) (3.21)
7% <trG;Gn +trG? — W) +0 (;) :

and its limit will be negative if limp_, o (Hg,nT - H/z,nTHf,vllTH2,nT) # 0or lim,_, s %t?“(Cn—i-C;l)(Cn_FCé)' £
0 where C, = G,, — %In (see Appendix C.2). Claim 3.1 is the uniform convergence condition, combined

with identification, we can get the consistency of QML estimators.

Theorem 3.2 Under Assumptions 1-9, \g is globally identified and Ant is consistent.
Proof. See Appendiz C.3. m

3.2 Distribution of S\HT

OIn L, 7(\)
o

1 8 In Ln,T ()\0)

Plugging (3.17) into in (3.16a), we have

(3.22)

1 ~ 1 ~ U
Gy, — —trGy, - In)Vnt + Z (56Z7/LthrL - HIQ ’I’LTH].:LTZ’I/’Lt)Vnt>
t=1 n vid = 7

P\ Ve TN TE) )
1 alnLn,T()\o)

As Z,; has stationary and nonstationary parts (see (2.12)), we can decompose —— ——53~~> into two parts

R “ vnT
1 9InL, r(Xo) 1 9InLy 7(Xo) 1 9InLy p(Xo 1 1 [

aCCOrdingly such that WT = WT + \/WT) + Op (maX (ﬁ’ T ﬁ))

A LS (No) . . ALY 1(No) . . .
where \/%HTT(O) is the stationary part and \/%HTT(O) is the nonstationary part as defined via

(C.5)-(C.9). For \/%alnbgif()\o), it has two parts \/%ahwgi;()\o) = \/:TTMLg‘i’AT(AO) — Ay nr (defined in
(C.5) and (C.6) respectively) where ¥%Lg‘7f()\o) has zero mean and Ay, has nonzero mean because the

oln L (&T) dlnL¥ . (No) d1n L**.(Xo)

. [/ 1 n L, (Ao . 1 nL, r{Ao) _ 1 n L, (Ao _

latter involves V,, 7. For N S it also hasa ltWL(l pzz)l\"t‘)s Nz R S v R S Ay, T
n Ly, Ao

defined in (C.8) and (C.9) respectively) where AT has zero mean and Ay, 7 has nonzero mean.
VnT 22 0,

. . 1 9InL,. (o) . 1 9InLy 7 (Xo) 1 9InLi*n(Xo)
To study the asymptotic behavior of TE o s we will first study Nz A S vy > e

(

|
Q
3N
g -
>
N
VR
§“H
N
3
N

(using Proposition 2.2) , then Ay, ;7 + Ax,nr (using Lemma B.11).

Theorem 3.3 Under Assumptions 1-9°,

1 0lnL,1(Xo) n, m u n 1 P
— N + T(a)\UJLT + Tn ) a,\U,nT) + Op | max T3 ﬁ = N(0,E5, +€,). (3.23)

8Only parts of Assumptions 5 and 7 are required. Specifically, Sy, is invertible; and the row and column sums of W, and

Salare uniformly bounded in n.



where

1 2(trG,,)?
Yr = —3 lim (Hznr —H5 nrHy L Honr) + lim (trGﬁlGn +trG? — L), (3.24)
O’O T—o0 n—oo n n
3
Q,, = 7400 lim ZGn (3.25)
0 "TI
s 1 — ° -
G’)\o,nT = Htr (GH’YO - (Hl,}LTHQJLT)lIn) (Zh*O BZ) Sn ! (326)
1
+Etr (GYLIOO (Hl nTH2 ”T ) <Z W Bh) n
u _ 1
aSynr = T-(1=HypHonr) - 20— o) (3.27)
Proof. See Appendiz C.4. ®
Also, we have the following claims.
. . 8%In L, r(\ 8%In L, p(X
Claim 3.4 Under Assumptions 1-9, —= a,\éT( )—ﬁ a,\éT( 0 —|)— Xol-O(1)+0, (max (\/%, %))

Proof. See Appendiz C.5. m

Claim 3.5 Under Assumptions 1-9, ﬁaz n gKQT(AO) i Qg/\T()‘O) O, (max( L ,%)) .
Proof. See Appendiz C.6. m

3

Using Theorem 3.3, Claim 3.4 and Claim 3.5, we have the following theorem:

Theorem 3.6 Under Assumptions 1-9,

. [ 1
V TLT()\nT - )\0) + %bAo,nT + Op <max ( ﬁ )) i N(O, 2;\01 + E;\UZQ)\O), (328)

T3 T
where
bro,nT = EAU (aAO wr + Mt aAO nT) (3.29)
When 7 — 0,
VT Aoz — Ao) 5 N(0, 230 + £320),). (3.30)
When 7 — k,
VT Az — Ao) + VEbygr -2 N(0,Z50 + 2320y,). (3.31)
When z — oo,
T(Anr — Xo) + bag.nr = 0. (3.32)

Additionally ,if vy is normal, (3.28) becomes

VT Qur — Ao) + \/?bMT +0, <max (ﬂ \%)) LN, T (3.33)

Proof. See Appendiz C.7. ®
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4 Distribution of QML Estimator 6, and Bias Corrected @iT

4.1 QML Estimator 6,

After we get the distribution of \,7, the distribution of 3n7T = Sn,T(S\nT)a 6%, =62, (Anr) and e =

émT(j\nT) can be derived from (2.9). As is derived in Appendix C.8,

- S| 1 8lnLnT(90) 1 l ﬁ
VAT (B = 00) = S5t T ar O (max (=) ) (4.1)

where
1 1 71 X/
07(2) nT tz::I "tvnt
1L 9lnL,r(0o) _ 11 I ¥ ¥ 2 11 & 5 177
— 20 = U—g InT t%(VmGan — O'Ot’l”Gn) + ?gﬁ t;(GnZnt(sO) Vnt ’
1 1 VARV, 2
H VnT t; (Vntvnt - ”‘70)
0 0 0
1 EH, 0
Soonr = ! +| 0 L[tr(GLGa) +r(GR)]  Atr(G)
O.O O 0 oon
2 tr(Gn) 1

90
Using the central limit theorem for martingale difference arrays (see Proposition 2.2), we have the joint

distribution of the common parameters in the following theorem. Denote

0 0 0
_ 304 n
Qg = % |0 S X G mmtrGa |, (4.2)
0 i=1
0 —%%ntan é
bﬁo,nT = E9701,71,T " 0,00 (43)

where ag, n1 = ag,nt %agO)T with

st ((Zhzo BR) Si )
st (Wa (520 Br) Sat)
g . = 0 . (44)

290t (G (3520 BY) S ) + mpotr(GaWa (3520 Bl) Sp 1) + £trGh,

1
20’%

— (c”,0)". (4.5)

@0.T 21— o)

Theorem 4.1 Under Assumptions 1-9,

P n 1 n d . - . — -
VT (Onr = 00) + 4| T:b60,n7 + Op (max (\/T Td)) = N(0, lim 357 0+ lim 350 Q0,03 7).
(4.6)

11



When 7 — 0,
VT (0,7 — 0o) 2 N(0, lim S5l o+ lim Bpl 10000 %5) ) (4.7)
When 7 — k < oo,
VAT Oz — 00) + VRbgour > N(O, lim S5l 0+ lim £50 Q00055 01). (4.8)
When z — oo,
T(Onr — 00) + bggnr 2 0. (4.9)

Additionally ,if vy is normal, (4.6) becomes

. 1
VT (Onr — 00) + 4/ %bQo,nT +0, (max <\/T’ 1/ ;;)) 4, N(O’TILH;O E;U{nT). (4.10)
Proof. See Appendiz C.9. m

Hence, 0,7 has the bias of the order O(T~1). Also, the asymptotic variance matrix of VnT0,r is
singular because Z;(){nT - (¢”,0) = O(T~'). This implies that we have a different rate of convergence of

(c*,0) - (B — 00) = At + Yy + Py — 1 using Hpr - ¢ = O(T1) in Proposition 2.1.

Theorem 4.2 Under Assumptions 1-9,

/ * ) [n * 1 n
nT?’(C /’ 0)(91’LT — 90) + T (T(C /’ O)bQO,nT> + Op (ma.X (\/T’ 7—'3>) (411)
d . _ . N . _ _ "
BN (0, Jim it + fim T2 0)(lim 550,y ) (e, 0 )
Proof. See Appendiz C.10. m

The estimators of fixed effects are v/T consistent and asymptotically centered normal, as shown below.

Theorem 4.3 Under Assumptions 1-9, if (Yo, _1/T); — E(Yn,—1/T); = 0p(1) and E (Y, _1/T), = O(1)
uniformly in n and i, then, for i = 1,2, - 0, VT (¢n1 — i) A N(0,D,,.,) where ®, ., is in (C.40).
When n also goes to infinity, T (¢ nr — i) 4, N(0,02).

Proof. See Appendiz C.11. m

4.2 Bias Corrected Estimators @iT

From (4.6), the QML estimator has the bias 7%1)907“]‘ where bg, nr = Ee_olnT . (ago,n + %agD)T) and

n
the confidence interval is not centered when 7 — k where 0 < k < oo. Furthermore, when T is small relative
to n in the sense that 72 — oo, the presence of by, ,,7 causes @nT to have the slower T~! rate of convergence
in (4.9). An analytical bias reduction procedure is to correct the bias B,y = —bg, nr by constructing an

estimator BnT and defining the bias corrected estimator as

BnT
T

~1 o
gnT = QHT -

(4.12)
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From Theorem 4.1, B,7 = —E;O{nT- (agom + %agoj) and a natural candidate for B, 7 is [—Z;ﬂlﬁ - ag)nT} ’

=Onr

As Egl - nvolves EH,7(0,7) (see (B.47)) which is hard to evaluate, our alternative estimate is
nT

BnT = [— 3 ‘;ij . a@,nT] ’929 . ) (413)

and i;}lT is defined in (B.36) where EHnT(énT) in¥; . isreplaced with HnT(énT). We show that when
n/T3 — 0, 9;T is v/nT consistent and asymptotically centered normal even when n/T — oo.

To show our result for the bias corrected estimators, we need the following additional assumption.
Assumption 10. Either row sum or column sum of >~ , B?() and }";° | hB!~1(6) are bounded uniformly
in n and in a neighborhood of 6.

Assumption 10 can be verified through the following lemma.

Lemma 4.4 If sup, {||Bn(00))|l.} < 1 (resp: sup,{|[Bn(60))|l;} < 1), then the row sum (resp: column
sum) of Yy BR(O) and Y-;7 hBE1(0) are bounded uniformly in n and in a neighborhood of 6.
Proof. This is Lemma 3.9 in Yu, de Jong and Lee (2006). m

Our result for the bias corrected estimator is as follows.

Theorem 4.5 Under Assumptions 1-10, if 75 — 0,

VAT B,z — 00) 5 N(0, lim S5' 7+ lim S5l Q0,055 p)- (4.14)
Additionally,
VT3 (e, 0) 0y — 00) % N (07 Jim Wit + Tim T3(c”,0) (E;O{HTQQO,,LZ;O{”T) (¢, 0)’) . (415)

Proof. See Appendiz C.12. m

4.3 Monte Carlo Results

We conduct a small Monte Carlo experiment to evaluate the performance of our ML estimators and
the bias corrected estimators. We generate samples from (2.1) using 65 = (0.4,0.2,1,0.4,1)" and 98 =
(0.6, —0.4,1,0.8,1) where 0y = (¢, P> Bs Mo, 02)’, and X,,s, €no and V,,; are generated from independent
normal distributions? and the spatial weights matrix we use is a rook matrix. We use T' = 10, 50 and n = 49,
196. For each set of generated sample observations, we calculate the ML estimator 9nT and evaluate the
bias 9nT — 6p; we then construct the bias corrected estimator éjo and evaluate the bias éiT — 0y. We do

this for 1000 times to see if the bias is reduced on average by using the analytical bias correction procedure,

9We generated the spatial panel data with 20 4+ T periods and then take the last 7" periods as our sample. And the initial
value is generated as N(0, I,) in the simulation. We have also generated the data with a much longer history 1000+ 7" and the
results are similar. Also, in our example, the second largest eigenvalue of Wy, is 0.94107. If we count it as a unit root, the bias

corrected estimator does not change much.
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Table 1: Performance of QMLs and Their Bias Corrected Estimators: Biases

Case Bias of 6, (1st line) and 971,T (2nd line)
T n 6 y 1) 15} A o?

(1) 10 49 65 -0.0758 0.0187 -0.0135 -0.0107 -0.1211
-0.0021 0.0161  0.0015 -0.0042 -0.0346
(2) 10 49 6% -0.0939 0.0785 -0.0180 -0.0087 -0.1234
-0.0050 0.0124  0.0026 -0.0063 -0.0374
(3) 10 19 65 -0.0749 0.0160 -0.0135 -0.0108 -0.1147
-0.0019 0.0163  0.0015 -0.0039 -0.0276
(4) 10 196 6% -0.0919 0.0745 -0.0184 0.0071 -0.1179
-0.0042 0.0119  0.0020 -0.0046 -0.0312
(5) 50 49 65 -0.0139 0.0081 -0.0009 -0.0018 -0.0219
0.0004 0.0024 -0.0000 -0.0030 -0.0020
(6) 50 49 65 -0.0170 0.0172 -0.0003 -0.0029 -0.0204
-0.0002 0.0031  0.0008 -0.0030 -0.0008
(7) 50 196 65 -0.0142 0.0087 -0.0005 -0.0019 -0.0208
0.0002 0.0040  0.0004 -0.0031 -0.0010
(8) 50 196 6% -0.0172 0.0166 -0.0003 -0.0019 -0.0202
-0.0004 0.0028  0.0008 -0.0023 -0.0003

Note: 63 = (0.4, 0.2, 1, 0.4, 1) and 6% = (0.6, —0.4, 1, 0.8, 1).

i.e., to compare 555 ;(:](io(@nT —0o); with 55 Zg(i()(éjﬁ —0p);. With two different values of 6, for each
n and T, finite sample properties of both estimators are summarized in Table 1 and Table 2, where Table 1
is for the biases and Table 2 is for the standard errors of estimators.

We see that both estimators have some biases, but the bias corrected estimators reduce those biases.
This is consistent with our asymptotic analysis, because the bias corrected estimators will eliminate the bias
of order O(T~1). Also, the bias reduction is achieved while there is no significant increase in the variance of
the estimators, as can be seen from Table 2.

For different cases of n and T, we see that for each given n, when T is larger, the biases of two sets of
estimators will be smaller and the variances will be smaller; for each given T, when n is larger, the biases of

two sets of estimators will be nearly the same, but the variances will be smaller. This is consistent with our

theoretical prediction.
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Table 2: Performance of QMLs and Their Bias Corrected Estimators: Standard Errors

Case S.E. of 0,7 (1st line) and 9:” (2nd line)
T n b vy 1) B A o?

(1) 10 49 65 0.0320 0.0534 0.0454 0.0426 0.0568

0.0336  0.0572 0.0476 0.0428 0.0625

(2) 10 49 08 0.0312 0.0415 0.0460 0.0237 0.0582

0.0327 0.0441 0.0482 0.0237 0.0639

(3) 10 196 65 0.0160 0.0276 0.0227 0.0221 0.0286

0.0168 0.0296 0.0238 0.0222 0.0315

(4) 10 196 98 0.0156  0.0214 0.0230 0.0126 0.0292

0.0163 0.0228 0.0241 0.0126 0.0321

(5) 50 49 67 0.0136 0.0219 0.0203 0.0184 0.0283

0.0137 0.0222 0.0205 0.0185 0.0289

(6) 50 49 65 0.0124 0.0165 0.0206 0.0102 0.0290

0.0125 0.0167 0.0208 0.0103 0.0296

(7) 50 196 65 0.0068 0.0113 0.0102 0.0095 0.0142

0.0069 0.0114 0.0103 0.0096 0.0144

(8) 50 196 98 0.0062 0.0085 0.0103 0.0054 0.0145

0.0062 0.0086 0.0104 0.0055 0.0148

5 Conclusion

In this paper, we derived the properties of QML estimators of a nonstationary spatial dynamic panel
data with fixed effects when both n and T are large. For the distribution of the common parameters, when
T is asymptotically large relative to n, the estimators are v/nT consistent and asymptotically normal, with
the limit distribution centered around 0; when n is asymptotically proportional to 7', the estimators are
VnT consistent and asymptotically normal, but the limit distribution is not centered around 0; and when
n is large relative to T, the estimators are consistent with rate 7', and have a degenerate limit distribution.
Compared to Yu, de Jong and Lee (2006), the estimators’ rate of convergence will be the same, but the
asymptotic variance matrix will be driven by the nonstationary component and it is singular. Also, the sum
of the spatial effect coefficients and dynamic effect coefficient will have a higher rate of convergence. We
also propose a bias correction for our estimators. We show that as long as T grows faster than n'/3, the

correction will eliminate the bias of order O(T~1) and yield a centered confidence interval.
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Appendices

A Notations

The following list summarizes some frequently used notations in the text:

Sn(A) = I, — AW, for any possible A.

Sn =1, — AW,

Gn=W,S; . Ay =S (voln + poWh).

A, = R,D, R, ! where R,, is the eigenvectors and D,, is the diagonal matrix of eigenvalues.
Jn = Diag{1,, ,0,---,0} where 1, is an m, x 1 vector of ones.

M, = R, J,R; .

c=(1,1,014%,) and ¢* = (¢, 1)".

Znt = (Yot—1, WoYn i1, Xot).

0 = (8',\,02) where 6 = (v, p, 3.

InL, 1(6,cy,) is the log-likelihood of § and c,,.

In L, 7(\) is the concentrated log-likelihood of A.

Qn, T( )

Ynt =7, — Y,r and Tn’t,l =Tpto1— TnT),l where Y,,7 = % ti Y,: and YnT,,l =1 til )

mMaxs ., o2 E 7 In Ly, 7(0,c,).

1 (see (2.7) for Y 1)

B Algebra for the Nonstationary Case

B.1 An Example to Justify the Assumptions

Consider the group case with equal weights for peers, i.e., W,, is a block diagonal matrix with its jth
block being W;,, = nj%l[lnj U, —1In;], 5 =1,--+ , R, where R is the total number of groups.

The eigenvalues are roots of the characteristic polynomial

1

[Win — My, | = | n]l; A+ 1)In_]_| = (=) (A +

nj — ng — nj

L),

by using the property of a determinant that |A + abd’| = |A|(1 + ad’A='b) (Proposition 31 in Dhrymes
(1978)). Hence the eigenvalues of Wj,, are a single root with the unit, and (n; — 1) multiple roots with
the value (—ﬁ) for the jth group. As W, is a block diagonal matrix, its determinant is the product of
the determinants of the diagonal block matrices. It follows that there are R-multiple roots of the unit, and

(nj — 1)-multiple roots of the value (———) for each j =1,--- , R.
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As the total number of unit eigenvalues of W, is R, the corresponding orthonormal matrix of eigenvectors

of W, is R, = (Rn,r; Rnn—r), where

ln
\/an 0 0
l
0 tng
Rn,R - =
0 0 Inp
VIR
Ir
As J, = , we have
0 O
RanR;L = (Rn,R; Rn,n—R)Jn(Rn,R7 Rn,n—R)/ = R"hRR;L,R = 0 . 0 ’
0 ... leelig
ng

which is uniformly bounded in both row and column sums.

The matrix A,, = (I, — A\oW,) " (7oL + poWy) for this group setting is a diagonal block matrix. Because
B, =A, — R,J,R, as defined, B,, is also a block diagonal matrix. Consider the first diagonal block of A,
which is Ap1 = (In, — MoWin) 1 (v9ln, + poWin). Note that

_ n1—1
Ly = 2Wi) ™' = ——— (L, - ————1
( 1 0 1) n1_1+)\0( 1 n1—1+A0 1°n1
ny—1 Ao ’
= — 1 (I +—0 ).
n1—1+)\0( 1+(7L1—1)(1—>\0) ! 1)

>\0 l/ )—1

As vy + po =1 — Ao, it follows that

Anl = ([nl - )\OWIn)_l('YOI’rn + pOWIn)

ny — 1 Po )\O + Po /
— I, In 0 ).
n1_1+)\0{(70 ’I’Ll—l) 7/1+ n1—1 ni nl)

Hence, )
In, ! n1yo — 1+ Ao 1

By = Ay — M = 0 Iy — —ln, ).

1 11 ny ( ny — 1+ )\0 )( 11 n 1 nl)

Because (I, — I!. ) is an idempotent matrix, it follows that for any positive integer h,

1y
ny 1N

1
b, — =1, 1" ).
)" (I, ml Iny)

ni1 nq

The (I, — n%l I7,.) is uniformly bounded in both row and column sums, so > ,-,abs(B;) will be uni-

ni1nq
nl’yo—l-‘r)\o

o)l < 1. The corresponding B, will be so if

formly bounded in both row and column sum if |(

maxj—i,.. r \(%f;&i‘oﬂ < 1. A sufficient condition for this to occur is that |[Ag| < 1, 75 < 1 and p, < 1.

This is so as follows. Define the function f(z) = % The derivative of f(z) is d];(;) = (1(;i01)+(1)\;;’20)

which will be positive if 1 > Ag and 1 > ~,. As the upper bound of f(z) will be v, and its lower bound
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is f(2) = 2701:_1)\‘(:)‘0 = 1_1’\4(;;02”0 > —1 because 1 + Ao > 0, 1 > py and = > 2. Under this situation, we can
justify the Assumption 8 in the text for this example.

The same consideration will also justify that the smallest eigenvalue of A, is less than one in absolute
value in Assumption 6'°. Because A, is a block diagonal matrix, it is sufficient to consider the eigenvalues

of each block A,;. An eigenvalue A of A,; for some j will also be the eigenvalue of A,. This is so because

if X is an eigenvalue of A,; with eigenvector x,; such that A,;z,; = Az,;, then A,x, = Az, where
z, = (0,---,0,27,,,0,---,0)". Consider the eigenvalue (—nltl) of W,1 (and the remaining eigenvalue is

one) and the corresponding eigenvalue z1. As

n1Yo — 1+ Ao

Apixy = (Im - )‘0Wn1)_1(701n1 + pOWm)xl = ( ni— 14+ X

).’L'l,

n1v9—1+Xo

thus the corresponding eigenvalue of A,, is ( .

), which lies in (—1,7,) with v, < 1, as previously

shown.

B.2 Some Basic Lemmas

Proposition B.1 Suppose that W,, is a weights matrixz row normalized from a symmetric matriz C,, i.e.,
W, = A1C,,, where A, is a diagonal matriz with its diagonal elements formed by the row sums of Cp,.

Then, the eigenvalues of W, are all real and W, is diagonalizable.

Proposition B.2 Suppose that A,, = (I,—XoW,) " (v In +poWr), where W, is the row normalized weights
matriz in Proposition B.1. Then, A, is diagonalizable with all real eigenvalues. If W, is diagonalizable as

W, = RRD;‘;R’1 then A, can be diagonalizable as A, = R,D,R;', with its eigenvalue matriz D, =

n 7’ n

(In = MoD3) " (voln + po Dy)-

Proposition B.3 Denote d,,;’s the eigenvalues of A,. Under Assumption 1 for W,, |Xo| < 1 and py +

Yo+ Xo =1, (1) if py + voro > 0 and % > —1, we have dymax = 1 and dypmin > —1 ; (2) when

Po+v+Xo =1, “po <1, |70 <1 and || <17 implies “py +voro > 0 and P22 > —17.

Proposition B.4 (1) Suppose that |Ao| < 1 and vy # 1, then the unit eigenvalues of W, correspond to unit
eigenvalues of A, via the relation %, if and only if pg + Vo + Ao = 1.

(2) ARy J R = R, J, R A, = R, J, R, L.

(3) Assuming that the unit eigenvalues of W,, correspond to unit eigenvalues of A, then,

(%) Wy R, J,R;' = Ry J, R Y;

(3ii) Sy ' R Jn Ryt = Ry Jn RS = - R Ju Ry

10See also sufficient conditions on parameters in Proposition B.3, which guarantee Assumption 6.
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Proposition B.5 Under Assumptions 5 and 6, for Y,; in (21) Ynt Y+ Yt where

Yy = (RoJoRyY) | Ya—1 4 cno - Xunfo + —o Vo . (B.1)
(1—=2o) (1 — o) (1 - >\0)
Vi o= ) BiS lcao+ Z BrS Xpa-nBy+ Y BrS Vi (B.2)
h=0 h=0
Furthermore,
= R, J, Ry T-1, 1
Vieer = ﬁ (CnO[(t —1) = (=) + D> _(XunBo + Van) — T > (T = 1= h)(XnnBo + Van) |
h=0 h=0
- o] 1 T—-1
Yo = S ZBZ[(Xn,t—l h— Z Xnt=n)Bo + (Vng-1-n = 75 2 Vat-n)]-
- t=0

Proposition B.6 Under Assumptions 5 and 6, for the nonstationary part Y, 1 of Y ¢-1,

u u 1 u
W, Y nt—1 — n,t—h GnYn,t—l = myn,t—r (B3)

Also, for nonstationary part Z¥, of Znt, denote ¢ = (1,1,01xy, ), we have
Z:ft = (Yrﬁtflvw Y t— 1;01Xk ) - Yrgtfl : C/¢ GnZ 50 nt 1 (B~4)

Denote &, = Yo Vans Xnt = 320 Xk Une = X5y PathVaegr-n and Wog = 33071 QuenVaep1-n
where P, ;, and Q.+, are n x n nonstochastic matrices and the row and column sums of S heq abs( Py ) and
thl abs(Qne,n) are bounded uniformly in n and ¢. Also, n x 1 vector D,,; are nonstochastic and bounded,
uniformly in n and ¢. We note that &, = + Zthl €t = Z,T:l 2V, r—p. Also, as Uyr = (ZtT:l Um) /T,
we have U,r = Y72, Por Vo7 41-1, where

[ %(Pr;T,l 4+ Pura+ -+ Parp) = + ZZ=1 Por_ptgy for h<T (B.5)
T 2g=h-1+1 P T=htg.9 for i >T.
Lemma B.7 Under Assumption 2, fort > s,

E(UnW,,,) = 0(2) (Z Pnt,tSJth;zs,h) s B(U, W) = Uotr (Z nt,t—s+h @ns, h) (B.6)

h=1

Cov(Uy, Wi, Uy, Wys) = —30;) ZZ it t— s h @nt,t—s+h )i ( 'rlLs,hQns,h)ii+

h=11i=1

(Z Pns hP nt,t— 5+h> (Z Qnt,t—s—&-hQ;s,h) + (Z Qns,hpflug,t_s.t,_h> (Z Qnt,t—s+hprl7,57h>
h h=1 h=1 h=1

Lemma B.8 ' Denote B,, an n x n nonstochastic matriz which is row sum and column sum bounded uni-

4
ogtr

formly in n. Under Assumptions 1-8, for &,;, €no, Xnt, Unt, Dnt and their cross products, we have
1

nT

H¥or M, = RanR,fl = A, — Bn, as A, = S,;l('yoln + poWh) is row sum and column sum bounded, and By, is also row

o (enot +XneB)' Ba(enot + Xnefy) = O (T?) ; (B.7)

sum and column sum bounded implied by Assumption 8, M), is also row sum and column sum bounded. Hence, we can replace

By, with My, or M/ My, to apply following lemmas.
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1 T 7 1 X 'R ¢ T3 .
nT thl(cnot + X0t Bo) Bu&ne = Op (\/ n> with zero mean;

1 T ~ - 1 T - 5 T
T 2y EBubn = BCR D EniBuka) = O (ﬁ)

where E(- Zthl g.:ltBngnt) =0(T);

1 T .-
T thl(cnot + XntBo) BnDpt = O (T) ;

1 T . . T .
nT thl(cwt + XntBo) Unt = Op (\/Z) with mean zero;

1 T < B.D. —0 \/? " .
nT tzlgnt ntnt = Up pou with mean zero,

1 T 5 = 1 T ~y =~ T
nT £=t=1 S Unt = E(ﬁ thl £ntUnt) = Op ( n) ,
where E(57 ZtT=1 g/nt@nt) =0(1) and
1 T T TR 1 T ~, = B 1
T thl U, Wy — E(ﬁ thl U, W) =0 <\/ﬁ) ,

where B Zf=1 U, W) = O(1).

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

Lemma B.9 Denote B,, an nxn nonstochastic matriz which is row sum and column sum bounded uniformly

in n. Under Assumptions 1-8, for cno, Xnt, Euts Vat, Une and their cross products,

n

1 T 5 ~ T
ﬁ Zt:l(cnot_l + X”at—lﬁo)/Ban = Op ( ) ;

1 T 1
S =0, (J5);
1,

_ 1- B 1
Enr—1BnVar — Eﬁf;,TlenVnT =0, (ﬁ) ,

n

where E%E;L,T—1Bn‘7n:ﬁ =0(1) and for B, = M}, EX(My&, 7 1) Vor = o2 L)@ =2)my _

n 2T2n

1_- _ 1_ _ 1
=, Vor — E=TU. Vir =0, [ — ),
n n,T—1VYnT n n,T—1YnT p < >

20
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Lemma B.10 Denote B,, an n X n nonstochastic matrixz which is row sum and column sum bounded uni-

formly in n. Under Assumptions 1-8,

T
L Crul Cu 1 St S _ T
nT ; Yn,tlen nt—1 " En7T ; Yn,tlenYn,tfl = Op (T' n) s (B.20)
L Crus s 1 St s T
ﬁ ; Yn,tfllgnyn’tfl — Eﬁ ; Yn,tfllg’ﬂyn,tfl = Op g s (B21)
and
1 T = = 1 T = = 1
— Yys B,Y? —EF— Y  B,Y? =0, —— ), B.22
nT Z n,t—1 n,t—1 nT Z n,t—1 n,t—1 P (\/TTT) ( )

0(1).

Lemma B.11 Under Assumptions 1-8 and B, is an n X n nonstochastic matriz which is row sum and

column sum bounded uniformly in n,

LN~ LS T
— > VBV — E— > VBV =0, ~ (B.23)
t=1 t=1
iifm th—EizT:f/S’ BV = O (1) (B.24)
n,t—1~n'n n,t—1~nV¥nt — Yp ’ .
nT p nT P vnT
where EHLT 23:1 ):/,ﬁ't_ll?nvnt =0(1) and ET%T Zle {/Ti't_anVnt = O(%) For the special case with B, =
I,, we have E—= Zthl Y,;f;_lvnt =03 (T_lg(TTQ:Lz)m" 1_1/\0 = O(%=) where my, is the number of unit roots.

Proposition B.12 Consider the m x m square matriz Hy = I,, + T (grdy + hobl,), where gr, hr, by, and

dr are all m-dimensional column vectors. Then, under the assumption Ap # 0,

H'=1,— ALTBT, (B.25)
where
Ar =1+ T(bphr + dpgr) — T Det ((br, dr)' (97, hr)) , (B.26)
and
By = (hrbp + grdy) — T[(dphr)grby + (Vpgr)hrdy — (dpgr)hrby — (bphr)grdy). (B.27)

Proposition B.13 Consider the m x m stochastic matrix Kr,
Kr = T2CTC/T + T(de/T + d/TbT) + AT,

where cr, by and dr are m-dimensional column random vectors with cr proportional to by such that cp =
wr - by, where wr is a nonzero random variable with probability one. Suppose that, as T — oo, cr, br, dr,

and wr converge in probability, respectively, to finite limits ¢, b, d and w where ¢ and w are nonstochastic and
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nonzero. Assume that At is positive definite for large enough T with probability one and its limit A exists
and is also a positive definite matrixz. Then, under the condition that A =1 — ﬁ [d'A ld — (d A lb) } #0,
(a) the limit of K is a finite matriz Ly, where

1 d' A= d'A7'h

Lpy=(A"1— — A oA ! —A rAL.
b= pacipd AT+ R AT e D e AT
(b) K_l cCr = Op(Til);

(¢) dpKiter = 0p(T72) and T?cpKyter = 1+ 0,(T7Y).

Proposition B.14 Assuming plimy_..oH 1 is positive definite, we have

Hy e = 0p(T7), (B.28)
CHy e = 0p(T72), (B.29)
M prHomr = Op(1), (B.30)
1— M Homr = Op(T71), (B.31)
-1

(HS,nT - Hl27nTHl_,,}LTH27nT) exists and is Op(1), (B.32)

: ’ -1 -1
plimy_ o (Hanr — MMy haHopr ) £0, (B.33)
(Hs,nT — My My, iTHQ,nT) — (EM3nr — EMy p(EH1nr) ' EHanr) 2 0, (B.34)

plimp_, (Hg,nT - H;ynTH;}ITHQ,nT) = limy oo (EHapr — EHy o (EHy wr) " EHa ) . (B.35)

Proposition B.15 For QML estimator 0,7 in Theorem 4.1, define

. 0 0 0
S = &%T Z)inT(enT) 3 + o 1 {tr(G;l(j\nT)Gn(XnT))A + tr(Gg(an))} A tr(Go ()
0 &iTntr(G”()‘”T)) ﬁ
(B.36)
where Hyp (Onr) is Har(0) (see (B.47)) evaluated at 0,7, then,
S = Tatar = Op (max (1, 1)) , (B.37)
nT,m nT T

Z an nT 29_017,”:,1] (C*,, 0), = Op (max <\/ﬁ’ T>> . (B38)
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B.3 Proofs for Basic Lemmas

Proof for Proposition B.1: The first part is known in Ord (1975). To show that W, is diagonalizable,
note that as W, = A,;1C,,, it implies that An% WnA;% = A;%CnA;%, which is a symmetric matrix. Let D
be the eigenvalue matrix of A, %CnA; %7 which is real; and let R} be the corresponding orthonormal matrix
such that An2C,An? = RED*R* . Hence, W, = An 2 (R*D:R*)AZ = R,D* R where Ry, = An 2R is

an eigenvector matrix of W,,, and D}, is the eigenvalue matrix for W,,. &

Proof for Proposition B.2: Because W,, = R,, D R,;! from Proposition B.1, it follows that

Ap = (In = 2Wa) " (voIn + poWh)
= (In = XMRaD; R ) (voln + poRu D R
= Ru(In = XoD;) 'Ry Ru(voln + poDyy) Ry
= Ru(In — 2oD;) ' (voln + poDyy) Ry,

Note that D, = (I, — Mo D}) " (7oL + poD;) is a diagonal real matrix because D} is diagonal and real, and
(I, — Mo Dy) is invertible because (I, — \gW,,) is assumed to be invertible to begin with. B

YotPo@ni -]
i e where w,,; is an

o( 20tro@ni
1-A0@ni —

Proof for Proposition B.3: For (1): The eigenvalue of A, has the formula

eigenvalue of W,, with |w,;| <1 for all i and w,; = 1 for some ¢ (see Ord (1975)). Because S

% and |w,;| < 1 for all 4, py + Yoo > 0 will imply that ZetPaZni

is an increasing function
1-Xowni

Yot+Po@ni

i e will be achieved at w,; = 1; additionally, as

of Wpi. AS @Wpmax = 1, the maximum value of

Yo—P
TWn,min 2 717 104_)\00

If py + 70 + Ao = 1, then py +75A0 > 0 is equivalent to (1 —70)(1 —Ag) > 0; also, 32 > —1if 5+ Ao > 0

and A\g > —1. Under py+ 7+ Ao = 1, 79 + Ao > 0 is equivalent to p, < 1. The conclusion in (2) follows. B

> —1 will assure that the minimum value of % will be greater than —1. For (2):

Yot+Po@ni
1—Xowni

Proof for Proposition B.4: (1) An eigenvalue d,; of A,, has the form d,; = for some eigen-
value w,; of W,. Thus, d,; = 1 is equivalent to vy 4+ po@ni = 1 — Aowwn; when |[Ag| < 1. Tt is apparent
that w,; = 1 is equivalent to dp; = 1 when py + vy + X = 1 and vy # 1. That py +v5 + Ao = 1
is a necessary condition is trivial. (2) Because A, = R,D,R;! and D,J, = (J, + D)) Jn = Jn, we
have A,R,J,R,;' = R,D,J,R,' = R,J,R;!. Note that because J, and D, are diagonal matrices,
R,J.R;'A, = R,J, D, R = R, D, J, R, = A,R,J,R;'. (3) From Proposition B.1, W,, = R,D:R;*.
Hence, W,,R,J, R;' = R, D} J, R, = R, J,R;! as D} J,, = J, when the unit eigenvalues of W,, correspond
to unit eigenvalues of A,. As S;!' = R, (I, — \oD})"'R;!, we have S; 'R, J,, = R,(I,, — \oD})"'J, =

ﬁRan because (I, — A\oD})"1J, = ﬁJn. It follows that S, 'R, J, R, = ﬁR,LJnR;l. Further-

more, Ry JoRi1S7! = RyJn(In — AoD:) 'Ryt = Ry(I, — A\oD%) "' J, Rl = So 'R, J, Ry m

Proof for Proposition B.5: Suppose that the number of unit roots of A,, is my,, then D, = J, + D,,
where J,, = Diag{1;, ,0,---,0} and D,, = Diag{0,--- ,0,dpm, 11, »dnn} with |dnj| < 1 for all j =
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my,+1,--+ ,n. As J, is idempotent and J,, - D, = 0, we have A,,hL =R, J, R, + B,Z where Bﬁ = R,,LD,ZR;l
forany h=1,2,3,--.
Because Y, = A, Yn -1 + S (XntBo + €no + Vie), we can decompose Y,y as Yy = Y4 + Y5, where

Y =R,J, R, Yn t—1and Y, =B, Y, 1+ S, ( XntBo+ €no + Var). By using B, A, = B,% and BnS;1 =

S 1B, Y} can be written as an infinite sum of the past by recursive induction for any integer ¢:

nyt = BnYn,tfl + Sgl(Xntﬂo + Cno + Vnt)
= Bn[AnYn,t72 + Sgl(Xn,tflﬂO + Cno + Vn,tfl)] + Sy:l(Xntﬁo + Cno + Vnt)
= S, 'O BMeno + St Y B X t—nBo + Viin)-
h=0 h=0

For Y%, there are two versions which will be useful. By using R, J,,R,,' A, = R,J, R, ! and R, J,R,;1S; ! =
S AR, J, R,
Y:t = RanR;IYn,t—l
- RanRgl[AnYn,t72 + Sgl(Xn,tflﬂo + Cno + Vn,tfl)]
= RanRglyn,t72 + Sr;anJnRgl(thflﬁo + Cpo + Vn,tfl)

t—1
= RnoJoR'Woo+ (t— 1S, Ry JuRy  eno + Sy ' Budn Ry Y - (XunBo + Van),
h=1
fort=1,2, -, where 22:1 is a zero as a convention. Another version is to expand Y.} to Y, _1 as
t—1
Y4 = RoJn Ry Yo 1 4+ 18, R dn Ry eno + Sy R Ju RS (XnBo + V), (B.39)
h=0

fort=0,1,2,---.

. T T-1 _ T—1 1
USlng%thl(t_l):% t=1 t:%,% t=1 Z ozh—% t 1 (T t)z— 1and Zt QZh 1%h =

% tT;ll (T — t)2, it follows that

_ 1 E
Yor = T nyt
t=1
T T t—1
_ —1 —1 — 1 1
= RyJ.R;'Vno+ S;'RyJuR; e T; (t—1)+ S 'R, J.R; T;Zl(thﬁoJrVnh)
-1 -1 -1 -1 -1 11 —
= RnJuR; Yo + Sy RuJu Ry e )+ S B Ju Ry > (T = t)(XniBo + Vi)
t=1
and
B T—
Y'r?T,—l = T Z
t=0
1 T—1 T—1t—1
_ -1 -1 -1 1 1
— Rn']an Yu,—l + Sn RanRn Cno T z:: + S RrLJ R tz; hz;) thBO + ‘/nh)
-1 -1 -1 r-1 1 11 —
= RduB, Yo 1+ 87 Rudu Ry o (=) + 8, R Ju Ry o > (T = 1= t)(XniBo + Vi)
t=0
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Hence,

Y#,t—l = Y#,t—l - ?#T,—l
T 1 t—2 1 T-2
— -1 -1 _ _ — N N
= S R el = 1) = (g S (K Van) = 3T = L) Ko+ Vo)
RoJ,R! T-1. <3 12
= W{Cno[(t -1)- (T)} + Z(thﬁo + Van) — T Z(T = 1= h)(XunBo + Van)}
h=0 h=0

because S;anJan = ﬁRanRrjl from Proposition B.4 (3ii). For the stationary component,

T-1 0o

S ]‘ s — 1
Yor =7 D V=50 Bieno + 5, Z B = Z( Xnt—nBo+ Vai—n),
=0 h=0 h=0 t=0
and
. T— =
Y;f,t—l = er,t—l TfT -1 = . Z B n gt—1—h — Z n,t—h 50 Vn,t—l—h - T Z Vn,t—h)]' u
t=0 t=0

Proof for Proposition B.6: We use the result of Proposition B.4 to prove the result here. Conditions

there are satisfied under Assumptions 5 and 6. That W, Y, ;| = Y}
B.5 using W, R, J, R, = R,J, R, from Proposition B.4. For GnYy1 = ﬁYﬁt_l, this is so because
(1) S,y = ﬁY[jt_l using S, 'R, J, R, = ﬁRanR;l and (2) G, = W, S;! = S 'W,. Also,

as Zyy = (Yo, 1, WYy 1,01k, ) = Y3y 1(1,1,01%4, ), we have G, Zp,00 = Y,)!;, ;. This follows because

n

GnZy100 = Gnyﬁftq(% +po) and g+ pg =1—X.

1 follows from (B.1) of Proposition

Proof for Lemma B.7: See Lemma A.2 and A.4 in Yu, de Jong and Lee (2006). W

Proof for Lemma B.8:

Equation (B.7): Let p(B,) be its spectral radius (the largest eigenvalue in absolute value) and || - || be a
matrix norm. It is known from matrix theory that p(B,) < ||B,|| (see Horn and Johnson (1985)). Taking
[|I-|| to be either |||, or [|-]|;, it follows that {||B,||} is bounded because B, is row sum and column sum

bounded. With the above settings,

T
1 -~ - -
ﬁ Z(Cnot + Xntﬁo)/Bn(CnOt + Xntﬁo)
t=1

T
1 .~ .
S p(B’ﬂ) . ﬁ Z(Cnot + Xntﬂo)l(cnot + Xntﬁo)
=1
1 & . 8
< IBall- T > (enot + XniBy)' (Cnot + XneBy)
=1

I
F

s
Mq

(choCnot® + 250Xt Byt + (XntBo) (Xt Bo))-
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Because %23:1 2 = H(T+ 12T +1) = O(T?),

ntﬁo‘ = ‘E nhﬂo < t-sup,, ‘Xntﬂo)y Xnt is

bounded uniformly in all n and ¢, and elements of ¢, are also uniformly bounded, we have the result that

LS (enof + KntBo)' Bu(Cnof + Xmﬁo)’ — O(T?).

Equation (B.8): As F¢,,¢ . = o3 min{t, s}, we have

T
~ ~ ~ 1 - ~
Var( (enof + XneBo) Bud i) = Var(— Z cnot + X180) Bué e)

t

N :ﬂ‘H
M’ﬂ

ﬂﬁ

- Z Z C"Ot + X"tﬁ()) B, Eéntfnan (CTLOS + an‘ﬂ())

2
n T t=1 s=1
2 T T
= n2T Z Z IH{S t} CnOt + Xntﬁo) n(CnOS + an‘ﬁo)
=1 s= ~ ; ~
S n2T2 ( t CnOt + Xntﬁo)) BZ <Z (Cn0§ + anﬁo))
t=1 s=1

511 & - 1 & . T3
= 2 (77 X tlent + Fui) ) 6 Tz;(cnos+xnsﬁo) = 0(")

by the uniform boundedness elements of ¢,,o and X,,;, and the uniform boundedness of B2 in row and column

sums. The result follows.

Equation (B.9): We have ﬁ Zf:l g;ztBngnt = ﬁ Zthl(&mtB Ent) — lg/ 7Bn&r

For the first part, FE(-% Zthl(&tBngm)) = oitr(B,) (nT Zt 1 ) = O(T) and
VaT(T%T Zthl & B = # Zthl Zstl Cov(€l, B, &nBré,,). Using Lemma B.7 for covariance be-
tween U, W,,; and U),,W,; (in our case here, Ups = > 7 PotnVair1—n and Wop = 300 QuenVait1-n,

where Py p, = Iy and Qe = By, for h < ¢, and Py, = Qpe,p, = 0for b > t.), we have Var(% Zthl & Bnén) =
T2

For the second part, E(%g:lTB"EnT) - E(%U;TWHT) where Upr = Dhet PnT,hVn,T—h and W,r =
S0 Qurn Vi r—n with

and QnT,h = o . (B40)

- L2 forh<T . Byl forh<T
’ 0 for h>T 0 for h>T

Then, using Lemma B.7, E(%EJ Bn&,r) = O(T) and Var(lg Bnér) = C’ov(U’ o Wor, U W, 1) =
O(Ti) because Zi” 1 Pur hpT/LTh Zh 1( )*In, Zh 1 QnT thTh Zh 1( )*By,, Zh,=1 QnT,hQ%T,h =
S L(2)2B,B], and SE_ h2=0(T?).

Equation (B.10): Because of the uniform boundedness of ¢, D,,: and B, there exist finite constants ¢
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and ¢y such that

T
1 .~ -
ﬁ Z(Cnot + Xntﬂ())/BnDnt
t=1

1 &
'|t|+fz

/

T
1 CnanDnt
T 15:21 n

(Xntﬁo)/BnDnt
n

Equation (B.11): -4 37 (ca0f+X0i80) Une = £ 37 (Coo it 2Kt B0) Ui = T[4 S0 (Cno bt 2K i Bo) Uil
As i and lxmﬁo are bounded, using Theorem A.8 in Yu, de Jong and Lee (2006), - E:thl(cno%~ +
£ K0B0) U = (). Henee, b S0 (enof + Knefio) T = 0,(1/T).

Equation (B.12): As E¢,,&, . = o3 min{t, s}1,,, we have

1 T N
Var(—5 ", &ulbnDni)

1 / / / a
= VarﬁZ (€aBaDu) = =2 S ST (DB (B €00 B D)

= S ST min{s, 1}(D)B,B. D) = O ).

2T2 n

. ~! =~ ~! ~ — _
Equation (B.13): We have -1 Zthl &niUni = Zle &t Unt — %f;TUnT-
For the first part, using Lemma B.7,

nT Zt 1 EntUnt) T nT Zt 1 (aotr Zh 1P”t’h))
- 00 T( Zt 12}1 1 nfh):O(l)7

because > -, abs(Pm’h) is row sum and column sum bounded. Also,
T
Va'l" T Zt 1 nt rLt 2T2 Zt 1 Z CO'U ntU’VLt7§7L5U7L5) = O(E)

.. oo I, forh=1,2,---,t

This is so as follows. As &,, = > p_ 1 Qne,nVat—n where Quep = , we have
0 forh>t+1

Var(2= Z? 1€ Une) = O(L) using Lemma B.7 because the leading factor 77 | Qs WQnsn = dn=1In
s- I, and Zh S s =0(T?).

For the second part, E(fE;TTUnT) = U—gtr (Zf:1h~PnT7h) where P, is specified in (B.5). So,
E(%é;TtUnT) - O( ) AlbO Var( gnTUnT) TCOU(W%T[UnT7W;ZTIDnT) where [UnT - Z;LOO:I PnT,hVn,t-i-l—h
and W, = Y orey Purn Vi i41—n with Py specified in (B.5) and ].jnT,h specified in (B.40). Then, using

Lemma B.7, we have Var(: & Upnr) = O(L).
Equation (B.14): This is Theorem A.7 in Yu, de Jong and Lee (2006).
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Proof for Lemma B.9

Equation (B.15): Denote p(B, 5., 5.,) be the spectral radius of B,B.,. Then,

1 T - -
VCL’/’(ﬁ thl(cnot—l + Xn,t—lﬁo)/BnVnt)

0'2 T ~ ~ - ~
= 0 t:l(cnot_l + Xn,t—lﬁo)/BnB;L(Cnot—l + Xn,t—lﬁo)

n2T2
o' T ~ ~ - ~
< oy p(B.B)) - ‘Zt_l(cnot—l + Xnt—180) (Cnot—1 + Xpt—18)
2 / T g W / g W T
S 2T2 ||B B || thl(cnot—l + Xn,t—lﬂo) (CnOt—l + Xn,t—lﬂo) = O(E)a
because Zthl t2 = O(T?) in the leading term.
Equation (B.16):
1 T o, B
Var T thl Ent—1Bn Vit
o? T o2 T
- 2%2 t=1 E(&L’tle”B;lg”’tfl) = nz%z i—1 tr (E(BnB;Lfn,tﬂf;L,tq))
% BB S o
= (BB Y (- ) =00,

Then, —= Zle &t 1BVt = Op (ﬁ) with mean zero.

Equation (B.17): As &, p_y = & 3 € = 2 30 0 S0t Vi = £ ST = 6)Vi i1, we have

(T WT-2)

E(é;,T—lgnVnT):%E[(ZT_l( —t)Va1-1)'By, Z Vit] = e Ve R tr(Bn). (B.41)

For the special case where B,, = M,, E(E;L’T_anVnT) = 037@7%?72) tr(M,) = 037(T7;¥272) m,, because
tr(M,) = tr(R,J,R,;') = tr(J,) = m,. Also,
Var(E/mT_anVnT)
1 T-1 , T ;o T—1
= Var(m (Z (T = t)Vae) By thl Vit) = Var Z V! .BL( thl (T — t)Vpi-1))

1
= gV or(Unr, 1 War, 1),

I, forh<T

and Wy 1 = 3071 Que.h V41—
0 for h >T h=t

) .
where UnT,fl = Zh:l Pnt,hvn,tJrlfh with Pnt,h =
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] B,-(h—1) forh<T
with Qpnep = ' . From Lemma B.7,
for h > T

Var(éln,T—lB’n V’nT)

1 4 T 9 T T
= oot {In T x BB, - thl(h —1)2+ thl(h -1)- Zh_l(h — 1)5;3;]

+%(M4 — 307) ZZ_I(h —1)%- Z:L:l(Bn)u(Bn)u

= iag [tr(Ban) T Z;Ul —1)? 4+ (tr(B,B.) -

1 (T — 1)2T2}

4
+ Zj_l(Bn)ii(Bn)ii : %(M —309) Zzzl(h —1)* = O(n).

So, E(&, 7_1ByVur) = O(n) and Var(€, 7_,B,Vyur) = O(n).
Equation (B.18): This is implied by Theorem A.11 in Yu, de Jong and Lee (2006). ®

Proof for Lemma B.10: Using Lemma B.8 and that Y,,; has those components, we have the result.
For (B.20), we use (B.7), (B.8) and (B.9) in Lemma B.8. For (B.21), we use (B.10), (B.11), (B.12) and
(B.13) in Lemma B.8. For (B.22), it is implied by Lemma B.1 in Yu, de Jong and Lee (2006). B

Proof for Lemma B.11: Using Lemma B.9 and that Y,,; has those components, we have the result.
For (B.23), we use (B.15), (B.16) and (B.17) in Lemma B.9. For (B.24), it is in Lemma B.1 in Yu, de
Jong and Lee (2006). W

Proof for Proposition B.12: The form of the inverse of Hy can be checked by direct multiplication
of Hy with the right hand side matrix expression (of Hy'), which will result in an identity matrix. The
explicit expression of H 1'is complicated. But it can be derived by the following motivations. Define
Qr = L, + Tgrdy and Ry = I, + TQ;lth’T. It follows, by construction, that Hy = QpRy. If both

Ry and Qr are invertible, then Hp must be invertible. By the familiar pattern of Qp, its inverse will

have the form (see Dhrymes (1978)) Q7' = I, — ﬁgﬂl’% and also, the inverse of Ry has the form
R =1, — m@;lhﬂ)’q« The final expression of H;' = R;,'Q;" can be derived by exploring the

explicit expressions of Q;l, R;l and their multiplication. W

Proof for Proposition B.13: The following proof is for the case that K7 is nonrandom. After we get the
result, it can be extended to the case that Kp is random as long as Ar is nonsingular with probability 1.
Using the notations in the Proposition B.12, K7+ = PrHp and K;l = H;1P517 where H;l is in (B.25)

and
T2

Pl =(T%crcn+ A )yt =A o — =
T ( TCT T) T 1+T2C/TA51CT

Aztepdr ALY (B.42)

Furthermore, denote hyr = P Ydr and gr = Pr 1bT, where hp and gr are in Proposition B.12. As cp is

LA by

proportional to by and the explicit inverse formula of Pr involves cr, gr = P Ypp = 770 A= Ten
T CT
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-1
by Az br
1+T20'TA;ICT ’

—1
b Az dr
1+T2c’TA;1cT

This implies the following scalar values: b.gr = dirgr = bphy = , and dphp

dpAptdr — %. In terms of orders of magnitude, we have dy-hr = O(1), bpgr = O(35), drgr
O(%), and bLhy = O(%)
With these, one can evaluate A7 in H;l and its limit. The two terms of Ay are T'(b-hy + dipgr) =

b AL dr A1
2T(T’2+C/TA;1CT) = O(7), and

T2(bygr - dphr — bphr - dpgr)

B W AL by ey (p AL dr)? TV, A*ldT )
- (T2+cAlc)(TTT7T2 AL 1+ 72
- T +cr cr +T cTA cr
1 ( /A ld)2
— a5,

Hence,

T 00 bA-1b
As K;l = HT_lefl = (In— %)PT_I7 it remains to consider the limiting behavior of T By ~PT_1 where Br is

A
2 ./ -1
n (B.27) and P;'is in (B.42). As b P! = —p Azt and di-Prt = (dr — %CT)%;,

A = lim AT—1—<d'A_1d—(d/A_lb)2>.
w?

1
1+T25/TA
these imply the following matrices

1

VpPpt = Prlbpbln Pt = AL bpbl AL
grortr T YT9rtT 1+ 12 AlcT) T YTVT4T
T2, A7 dp T2 A dy
hrdr Pt = Poldpd Prt = AnN (dp — ——22T L o) (dp — ——LT 7L cnY ALY,
rdr Pr r drdrPr 7 (dr 1 T2, A o r)(dr e, Al T) A
and
1 TQCTA;ldT

grdyPrt = (hpbpPrt) = Prlopdp PRt = A7 or(dr er) AL

(14 T2c At er) 1+ T2, ALt e
In terms of orders of magnitude, hrdyPr' = O(1), hpbp Pyt = O(7%), grdpPr' = O(72) and grbpPrt =
O(1). Therefore, for TBr- Py where By is in (B.27) and P; " is in (B.42), we have T'(hypbly + grdy) Pyt =

O(+) and

T2((dyhr)grby + (Vrgr)hrdy — (dpgr)hebly — (Wphr)grdy] Py
L 1
= T*(Vrgr)hrdyPr' +O(5)

T2bl, AL or T?d Azl e T?d Az e 1
= T ANy - —— L oy (dp — ——Z T ) AR 4 O
1+ T2, Azl er v (dr = 1+T2cTA cTCT)(T 1+T2cTA o cr) A +O07)
1, dA dA-? -
BT U vy el U vy e )A

because ¢ = wb, which is the limit of (~TBr Py ).
Thus, K, = (I, — %)P{l =P - ﬁTTBTPEI converges to Ly, where

d' At d At

1
b A-1b G b A-1b

b A~1h

1
w?A

Lpy=(A"1 - AT AT + A™Nd - b AL
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For (b) and (c), we have K,.' = (PrHr)™! where P;' = ALt — Tiz,A;lcTc’TA;l and Hy' =

1+T2ch Az er
1, 7BT with Ar = 1—|—T(b, hT"'dTgT) T2|(bT, dT)/(gTa hT)| and By = (th/T—FgTd/T)—T[(d/ThT)gTb/T—F
(Wrgr)hrdy — (dipgr)hpbly — (Wphe)grdly]. Hence,
—1 —1 T —1
Ki' = Pyl S-BrPp (B.43)
T _
= Pp'- A (kb + grdy) — T[(dphr)grby + (Vpgr)hrdy — (dpgr) by — (Vphe)grdy]) Prt
— T T2 U / / U ! / / / —1
= Pl - Ar —~ (hoby + grdy)Pr E[(dThT)gTbT + (brgr)hrdr — (drgr)hrbr — (bphr)grdy] Pr
= Pt (P P P b P )
T2
+ 3 ((@rPrdr) Py brbr Pr + (Vp Py br) Pr N drdy Py
T2
~— (4 Pyt or) Py tdypbly PRt + (Vi Py tdy) Py topd Pr Y.
T
As
ALter p At dy
S = CT—:OT—2 S Prtdy = — 2L ——— = O(T?), B.44
C¢rltp Cr 1+T20/TAT ( ), erPrdr 1+T20/TAT or ( ) ( a)
T?(cp Az dr)?
dpPptdy = dpAntdr — Tler Ay dv)” o(1) (B.44b)

L+ T2 A e

and br is proportional to ¢y, we have

2T
&rKiter = rPrler — Ar —(p Py drbl Pl er)
T2
+A7T
272
+A—[—(d’TP Yor) e Pyt drbly Pyt er).
T

dip Py tdy )y Pyt brbly Pyt er + (b Py Yoy )y Py tdrdiy Pr e
T T T T T T

Using (B.44), we have ¢, K- ' ez = O(T~2) and similarly, K. cr = O(T~1). Also, we have that T2 K 'er =
T8 THp

2
T2cpPrler + O(T™1). This is so because T2c) Py ter = TPcrArer anq 1 — M =0(T?).

1+T2ch AL er 1+T2ch AL
When this Proposition is applied to Proposition 2.1 and B.14, we have by = cr. Also, it can be extended

to the case where dr and At are stochastic. B

Proof for Proposition B.14: We are going to use Proposition 2.1 to prove in Proposition B.14. First, we

7 o4—1 2
need to show that Ap =1 — (d A7 dy — M has the property that A =plimy_,Ar # 0.
T4

c’TATlcT
1 (d'A”"e)? /A1 (d' A~ 1c)? . . )
In our paper, A=1— |d’A7'd - o | =1-d A7 d |1 - = g4=1; |- Using Cauchy inequality,
1 A4—1 N2
76,12‘{{40&2),1(1 < 1; using positive definiteness of A, 7&4 : d’jl) 7 > 0. Hence, 0 < 1 — 7,£‘d f‘d/A) 7 <L

Also, dA~'d < 1 in our application because it is equivalent to limz_, .o (dnT)' (M p/wnt) ™ ! (dor) < 1

T T ~ ~ -
where d, 1 = ﬁ (n%ﬂ S (Z3,, G Z5,60) Y,}ft_1> Sp= Z(meGanlﬁo)/(ermGnZﬁLt‘SO) and wy,r =

t=1
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T o 5 .
=15 21 Yo Y%, . This is so, as we have

-1

T
1 U
(TﬂwQZYn,/t 1( nt’G Z )( 32 nt 1 nt 1) X
t=1
1 T —1 /
<’I’LTZ( ntaG Z 60)( nt7G Z )) < nT?2 ZY#/t 1 nta th50)> <1

t=1
and d’A~'d < 1 because of the generalized Schwartz inequality and that, for large enough T, (Y/ﬁftq)i
GnZ3,00); with some positive probability. Hence, combined with 0 <

is not a linear function of (Z%,,

|- A < and dA"Md<1,A>0.

Proof for (B.28) and (B.29): This is implied by (b) and (c) in Proposition 2.1 when K7 there is taken
to be Hi p7 here. B

Proof for (B.30): To prove it, we take Hy 7 /wnr to be Kr. As K;' = O(1) and Ky 'er = O,(T71) ,
we need to show K5 (T%cy + Tdr) = O,(1).
From (B.43), we have

_ _ 1 _ _ _
K7l =p;t— A—T{TPTl(dTbi[ +brdy) Pyt — T?[(dy Pyt dr) Py tbypbly Py
+(p Pptbr) Pt drdp Pt — (W Pyt dr) Pt (drby + brdy) PR},
where Ap = 1+ T(¥,Pyldy + dpPrlbr) — T2V Py by ) (dy Py tdr) — (W Prtdr)(dyp Py tbr)). Tt follows

that
1dT——{P Yy + T (b Pp ' dr) Pp 't dp — T(dp Py dr) Prbr ),

and

1b:r—f{P Yor + T(b7 Py dr) Py tor — T(b Py 'or) Py Hdr ). (B.45)

As by = cr in our case, after arrangement of terms,
K (T?cr +Tdr) = —{T2(1+TCTP Ydr — dpPrldr)Prlter + T(1+ TepPrtdr — T?p Pyt er) Prtdr ).

The first part on the right hand side is of order O,(1) because Py ey = O,(7) and . Prldr = Oy(2).

It is of interest to see that for the second half, because

T+ T2¢pPpldr — T3pPrler
T2
/ —1

T T(1+T¢ A*ld
cTATldT crAzer] = ( T r)

= T[Hﬁ T+ T2 A er = 2
1+T TCT 1—|—T TCT 1+T A CT

so K (T?cp + Tdr) = O,(1).

Proof for (B.31): As Hj ,r and H,r have the form specified in (2.14), we need to prove that for Kp =
T?crcy + T(erdy + drcly) + Ar, we have 1 — c’TK;l(TQCT +Tdr + Tdy nrer +Hs p /wnt) = O,(T71)
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where dz 1 and H; 7 /wnr are defined in (2.14). As Kt = 0,(T7 1) and ¢ Kler = O,(T %), we need
to show 1 — ¢ K. (T?er + Tdr) = O,(T71).

From (B.43),
2/ —1 2 —1 T3 1 1
T*cr Ky er =T cpPper — AT(CTP drby Py ter + dp Pt brdy Pyt er)
4
+A—T[(d’ ' Prtdr)p Py orbly Py e + (W Py by ) p Pyt dpd/y Pr ey
T4
+A—T[—(d’ 'r P oy ) Pyt Aty Pyt er — (W Py tdy )y Py tbrdr Pr ter]
T2 An 1
- 1+T2—ACT A (T P byl Pt o) (dlp Py dy) + O (T
Cp

by using (B.44) because by = ¢ for our case, and, similarly,

Tcr Kty = —A (T%¢, Py br) (dp Py tdy) + O, (T 7).
Hence,
T?c¢pKy'ter + Tdp Ky dr
B m AIT (T P "orbiy Pr Ter) (dp P 1dT)—AiT(T“'c’TP Yor)(dip Prtdr) + Op(T71)
— . f2T2 AACTCT+d’ ATldT (T2, Py 1bT)((T2C/TPfle) D+ Op(T_l).
Asbr = cp, (T?¢pPrlbr) —1 = ———1—— = 0,(T?), using the fact that A and d} Py 'dr are O,(1),

_1+T2C{TAT1CT
we have 1 — ¢ K3 (T?cr + Tdr) = O,(T~). B

Hinr Hom
Proof for (B.32): e I (T? - c*c” + T -dpp - ¢ + T - ¢* - dlyp + Hip /wnr) Where

IQ,?LT H377LT
c* = (c,1) and dp7 = (d ,,7,d2,n7)". As we have already established that A > 0, by using Proposition B.13,
H H
inverse of bt 27T exists and is O,(1). Using the formula of inverting a partitioned matrix, we
/277LT HS,nT

-1
can get (Hg,nT - H’Q)nTHiiLTHg,nT) exists and is Op(1). W

-1
Proof for (B.33): To prove plimr_, (Hng — H'Q’nTHiiLTHng) # 0, we will make use of the matrix

.. . Hl,nT H?,nT
algebra result of Proposition B.13 we have developed. Denoting H,r = and Ly =

ot Hanr
plimT%ooH;%, we are going to prove that e’ Ly e # 0 where e is a unit vector such that e = (0,---,0,1)". Here,
‘H,,r takes the form of H,,7 = wyr - (T2 *4+T -dyr - +T ¢ dp+ HZT/wnT). From Proposition
B.13, for Kr = (T2 - crcp + T - dyr - & + T - or - dyp + Ar), the limit of K ' is
1 1 p dA e dA e

- -1+ a=1_.74-1 - I _
L= (A A ted A )+AA ( c’A—lcC)( dA-1c

-1
cdA-1lc c)'A
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where A=1— |d’A~'d — ch)] Then,

2
g, AT 1 e,
e'Lye= (A" e A1, )+A e A7 d c’A‘lceA c) .

_ (A71e)? Le)?
T AT

part of ¢’ Lye will be nonnegative if A > 0 where A = 1— {d’A‘ld @A~ o) } =1-d' A d [1 _ Ao

The Cauchy inequality guarantees that ¢/ A=1e >0ase and ¢ are not proportional. The second

A= 1c /A= led’A—1d |0

which is proved in the beginning of the proof for Proposition B.14. l

Proof for (B.34): From (B.32) and (B.33), HS,nT_H/QmTHiTllTHZnT is Op(1) and is a function of w,r and
d,,7; more explicitly, w,r and w,rd,r in (2.14). As we have w,7 — Ew,r 2,0 and wprdnr — Bwprdar 2 0

(by using Lemma B.10) where w,r and d,r are Op(1), we have the result. B

-1
Proof for (B.35): (B.33) states that plimr_, (Hng - H'QJLTHI;LTHQJLT) #0. As HgvanH’QmTHl_}LTHg?nT
is a scalar, we have plimy_, o (HgynT — Hl27nTH1_7,}LTH2)nT> also exists.
Similarly, plimy oo (EHznr — EHY 0 (EHy1 nr) ™' EHa nr) also exists. Using (B.34), we have the result.
| |

Proof for Proposition B.15: From (B.45), using by = ¢r for our case, we have
1
TK;'er = A—{TP Yep + (T?¢pPrtdr) Pyter — (T2 Prter) Py ldr ).
T

As Ar = O,(1) and bounded away from zero, ¢;Pr'dr = O,(T72) and Ppler = O,(T~2%), we have

TK;'er = —ﬁ(T2c}PflcT)P;1dT + O0,(T7Y). Also, as P! = At — ﬁA;lcTc’TA;l and
TT
_ T2 A7 e
T2¢pPrler = ﬁ, we have
. 1 T ALter 1 72 1 a1 ~1
TKT cT = 7Em( T dT — mAT CTCTAT dT) + Op(T ) (B46)
Cphp T

Also, for K;l, using (B.43), it is O, (1) and is just a function of A;l, cr and dp. We are going to apply the

above results to ¥ ,7 where

0 0
1 EH,r(0) O
Sonr= 5| o o oo FEEeG.o) @) @) |
0 ﬁtr(Gn()\)) ﬁ
and
1 & .
ﬁz nta n nt(S) (ZntaGn(A)Znt(S) (B47)

t=1

As Y o1 = W Y ‘o1 = Gn 760 (see Proposition B.4 in Appendix B), we have Z¥, = Yﬁftq - ¢ where

= (1,1,01xx,) and G,(A )Z“6 = 'H"’Y?fft ;- Hence, we have (Zﬁt,Gn()\)Zﬁté) =Y q- (c’,%'i)’.
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Therefore, denote ¢(0) = (¢, %rf\’, 0)’, we can write Xg 1 as

Eg,nT = (EwnT) (T2 . C(Q)C/(Q) +T- (EdnT(H)) . 01(9) +T- C/(a) . (EdnT(G))’ =+ EZ,nT/EwnT) s

where ¢(0) = (1,1, 01xx, , 1+>\70)/7 dnr(0) = EwnT (n;ﬂ til( ntr @ (A)Z;tdo)/}:/#tfl)/v XG0 = 712 OEHZT(Q) g
0 0 0 .
0 L [r(GLNGAO) +r(GON] Fetr(GaN) | and M () = i 3 (Zie GaN) Z30) (Zi: Gu(N Ziud).
0 o tr(Ga(V) L -
For ¢(f) evaluated at 6y and 0,7, we have ¢(fy) = (¢, 710+)\p00 0) = (¢,1,0) (because v, + pyg + Ao = 1

under Assumption 6) and ¢(f,7) = (¢, % 0)’. Also, % =140, (max (\/%, %)) This

is so as follows. From Theorem 4.2, 4,1 + ppr + Anr — 1 = Op (max (ﬁ,%)) As Ayp —1 # 0

for large enough T with probability close to one'?, % =1+ . /\'LT O, (max (\/nlﬁ’ %)) Hence,

’ynT+pnT — 1 1
i =1+0, (max ( ik T2))'
Hence, for g, nr, we have

EQO’HT = (EwnT) (T2 . 6(90)0/(90) +T. EdnT(GO) . Cl(eo) + 7. C/(GO) . (EdnT(eo))l + Ezo,nT/EwﬂT) R

EH:p O
0 0

T =
where 6(00) = (C*/a O)/a dnT(QO) = 1 (n;ﬂ Z( nt’ Gn nt60a 0)/Yrt€t—1)/ and Zzg,nT = Uig

t=1

0 0
& [tr(GLGn) +1r(GR)] satr(Ga) |- For 5., nr (see (B.36)), we have
0 U%ntr(Gn) ﬁ

St = war (T2 c@ur)e Bur) + T - du (Bur) - € Bur) + T o) - i Or) + 55y Joonr)

(B.48)
where ¢(f,r) = (1,1,0, 2 0)', dur (Bur) = 51 (57 é(zm,c; (Ao) 22187, 0)/ Yy, ) and S =
. 0 0 0
o B R I %hwxx>ad ) 4G Ow)] (Gl
0 e tr(Ga(Oar)) =
As V;Tﬂ;f;T =140, (max (\/;?, %)), we have ¢(6,7) — ¢(60) = (0,0,0, Op(max(\/%, 72)),0)". For

dnT(GnT)—EdnT(HO) = [dnT(HnT) dn (90)]+[ nT(eo)—EdnT(eo)], dnT(énT)—dnT(eo) is Op (max (L l))

VT’ T
as ‘énT — 90H =0, (max( T ) from (4.6); also, dnr(00) — Ed,r(6p) = O, (ﬁ) using (B.21) in
Lemma B.10. Hence, dy,7(6nr) — EdnT(GO) =0, (max (\/177 T)) From Equation (C.9) and (C.10) in Yu,

2From (3.28), M — Ao = Op (max (\/177” T)) this implies that 1 — A, = 1 — Ao + Op (rnax <\/%, %)) As Ao #1
under Assumption 5 (If A\g = 1, Sn(Ao) = I, — Wy, would not be invertible because Wy, is row normalized under Assumption

1.),1— AnT # 0 for large enough 7" with probability close to one.
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de Jong and Lee (2006), (ignT’nT)—l — (Somr) L =0, (max (\/%, %)) Also, from (B.8) and (B.9) in
Lemma B.8, wy,r — Ew,r = O, (max (\/%, %))
To prove (B.37): From (B.43), Egl o i 0,(1) and is a simple function of wyr,c(@nr), dur(0nr),
nT T

(E; . nT)’l. Similarly, E;(inT is O(1) and is a simple function of Ewyr,c(0y), Ednyr(6o), (f)gmnT)*l.

As wpr — Bwnr, c(0nr) — c(00), dur(0nr) — Ednr(80) and (&5 — (3, .7) " are all having at

)1
7,nT
most the order O, (max (# l)), it implies that elements of 3!

VT’ T O 0T
0y (max (A7 4))-

To prove (B38) We are goiflg to show first that T"- {igan,nTc(é"T) - E;OI,HTC(GO)} =0, (max (\/%, %))
From (B.46), T - Eé_l o ¢(bnr) is a simple function of wyr, ¢(Onr), A1 (Onr), (E‘; o T) T
nT,T ,T
(;O{HT - ¢(fp) is a simple function of Fw,r, ¢(0¢), Ed,r(6o), (Zgo’nT)’l. As wp,r — Bw,, C

— Xgotar Will be of the order

and

Onr) — c(bo),
— (25, o)~ " are all having at most the order O, (maX (ﬁ, T )

dnT(énT) — EdnT(eo) and (E‘? nT)_ -
it implies that elements of T - [Z_ . nTc(@nT) - Ze_lnTc(eﬂ)] will be of the order O, (max (\/t, %))
T. Ze_nTJLT 200 nT:| (90) T- Zé_nT,nT( ( ( nT)) +T- i@_an,nTc(énT) — E;O{nTC(OO) (B ) ollows

0) =
because T - (¢(Bn1) — ¢(60)) = O, (max (\/t %)) and E ! o is Op(1). W

B.4 Proof for Proposition 2.2

We have already proved the central limit theorem for statistics like QF - for stationary case (see Theorem
2.4 in Yu, de Jong and Lee (2006)). As Qnr = Q1 + Q¥r specified in (2.15), we can prove that Q,r still

behaves like Q} . Rewrite Q.1 as

!
QnT = <Unt 1+ (R JIn R )gn,t1> Vit

Mﬂ

t=1

/
+Z ( nt + R J R ) (CnOifl + §§n,tlﬂo)) : Vnt

T
+3 (Vi BuVie — adtrBy)
t=1

then Q. has just another form of @2, so that the central limit theorem in Yu, de Jong and Lee (2006) is
applicable. To confirm this, we need to show that

(1) For Wy = Uy + kz Z(RnJn Ry, )fn,t = 0 Qut Vi tt1—hs D opeyq abs(Qnt,n) is row sum and column
sum bounded uniformly in n and ;

(2) For D,y = D,y + Rz T (RpJn R, b (cnotll + Xn,tqﬁo), elements of I,,; is bounded uniformly in n and

t.
_ Poin + 2(R,J, R forh<t-—1
For (l)a as gnt = Z 0 Van, we have Qnt,h = b ( ) . Hence,
P forh>t—1
[e’s) t—1 k‘ o)
Z abs(Qne,p) = Z abs(Ppyn + (R JnR, 7)) + Z abs(Prip)-
h=1 h=1 h=t
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This implies that |20, abs(Quen)|l < 155, abs(Pors)l| + th L abs(x (RanR,;l))H, where ||| rep-
resents either the row or column sum norm. Here, Y ;7 | abs(Py; ) is row sum and column sum bounded

uniformly in n and ¢. Also,

;11 abs(52 (R, J. R, 1))” is row sum and column sum bounded uniformly in
n and t because R, J, R, is row sum and column sum bounded and Kr is O(1).

For (2), Dpt = Dy + ’%T(RanRgl) (cnof_l + Xn,t_l/é’()) where th = 2;10 X,i. As elements of ¢y,
Xt and D, are uniformly bounded in » and ¢ and R, J, R, 1is row sum and column sum bounded, using

% <l1lfort=1,2,...,T, elements of D,,; are uniformly bounded. W

B.5 Proof about 52,()\) and 2, ()\o)

Using (2.9), we have

G2r(N) = (Ao — N (Hanr — My rHy ppHomr) + T Z V.88 (NSNS W (B.49)
1 « -
#2000 = N > (0020 Gry = o M nr 230 Sn (NS Vo

T
= 2\ = Xo)(Msnr — Hb prHy prHomr) Z SV (B.50)
1 &, - - -
—2(M0 = N == D> _(50214Gr = Ho e Hy pp Zi) GVt
S TGl Mt M ha Z)Su (NS
+2 <1i 7! .S (A)S‘lf/t),Hl <1i Z! .G f/t>
nT nt=mn noon LT\ nT — G

057 (V)

T
2 ~
aAZ = 2(H3 nT — H2 nTHl nTH2 nT 7T Z G”Vnt (B51)

t=1

T

4 ~ -

+n7 Z(‘%Z;LtG/ Hy nrH, w1 Zni) G Vi
1

T /
_9 (nT > *;Lthf/m> LT < Zzgtc:nf/m> .
t=1

To study 62,()), 3&%{\(}‘) and 82‘?;;@) we need the following (B.52).
1 = surm - 1 —
ﬁ Z Z»:#annt = (T Z rL nt) + C, (B52a)
t=1 =1
GnZib0 — Z4 M by Homr = Yy (1= H Ly Homr). (B.52b)
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For 62,()\) in (B.49), using (B.32) in Proposition B.14, (AO_A)Q(H377LT_H/2,71TH1_,;TH2,7LT) is A — Ag|-Op(1).
T .
Using (B.19) and S,(A\)S,t =1, — (A = X0)Gy, - Z VSIS (N)Sn(N) Sy W = 03 + |A = Xol - Op(1) +

0, (max (\/%, %)) For 2(Ao — A) == tE((SOZ' G — Hy oMy L Z8 )Sn(N)S; Wi, it can be rewritten

as a sum of stationary component and nonstationary component. For the stationary component 2(Ag —

T
1 ! sl 1 s/ —17; : s _ . 1 1
A) = t§ 1(5OZMG” T M1 nTZ 1)Sn(A)S,, Vi, using (B.24), it is [A — Ao|- Op (max ( ok T)) For the

T ~
nonstationary component 2(Ag — X7 . (652G, — Hby oM, 2 Z8)Sn(AN)Sy Wy, it s equal to
t=1

T
200 = N1 = o Hor) = fo’t 150 (NS5 Vi

ﬂ\H

T
using (B.52). Then, using (B.23) and (l—c’Hl_,}LTHg,nT) = O,(T71) from (B.31), 2(Ag—\) -5 Z (6h 21 G —

nt
=1

nTHl w2 74 S0 (NS Wit 15 |\ — Ao|-O, (max ( L l)) For the last term of 2()\) in (B.49), we have

VnT' T
~ ~ T ~ T - T _
£ Z 2080 (NS W = 25 3 Z8S0 (N Sy W + 25 3 Z3,.8, (NS, Wae. As 2= 3 28,8, (M) S, Wiy =
t=1 t=1 t=1 t=1

O, (max(\/lfjﬂT)) from (B.24) and L Z Z% 8, (NS Wt = ¢- 0, (max(

(B.23), using H o 18 Op(1), Hy

&’

%)) from (B.52) and

! cis O ( ~1) and ¢/H; } 1€ 18 Op(T7?) from Proposition B.14, we have

1,n

T /
1 ~ = _ - 1 1 1
(nT E Zvlztsn(/\)sn 1Vnt> H1,71LT ( Z it 1Vnt> =0, (max <nT’ \/ﬁv T2>> . (B.53)
t=1

Hence, 627(\) = 02 + |A — Xo| - Op(1) + O, (max (\/%, %)) Also,

1
520 (N) = = 20 (Honr = Hy My Ly Hane) + o3 tr (SIS, (08,08, 1) + O, (max <T vnT ))
(B,

~2 2.2
Similarly, we can get the behavior of OU%TA()‘) and 2%z

o2

by using Lemma B.11, (B.52) and Proposition

B.14. The results are summarized as follows.

) 11
G2\ = a2+ A= ol 0,(1) + O, (max <TT7 T)) , (B.55a)
52 (N 2 11
T = —obtrGa A= o] 0,(1) + 0, (max <%, T)) : (B.55b)
%2621 (\) , 1 1
87)?; = 2(Hsznr — H nrHy nTHg nT) + 200 tTG Gn+ 0, <max (\/ﬁ T>> . (B.55¢)

Furthermore, at A = Ao, we have, from (B.50),

/ a6?LT(>‘0) 2 a YIRS Y 2 a -7 / 1 ! N
”TT = _WZVMGHVM - 72(502mG — My Ty, nTZ )Vt



Using (B.53), we have

952 () 9 I . ~ T _ -
R . DI CATEEE D WA AR A ML CEY
t=1 t=1

B.6 Proof about 5*%()\) and % ()\o)

From (3.18), we have

1 ~
SHO) = (o= NA(BHapr — BNy (EHoir) ™ Erayir) + - B3 V2,807 51005, 008 i
t=1
T ~ ~ ~
2000 — MBS (0420l — B (EHy i) Z0)Su(N)S; Vo
t=1
R / 1 «
—1 —1
(nTEZ Vm> (EM1,r) < — ; Vm> : (B.57)
0o*2.(\ -
O-,éij;\() = 2(>\ - A0)(El7—l3,nT - EHIQJLT(EHLW,T) EH2 nT Z V, G/ 71 1‘/71,15
1 T
_2(>\0 - /\)EE 2(6/ Z:LtG/ EH/Q,nT(EHL"LT) nt)G'ant
t=1

T
2 . N
EZ (0621,,Gly — EHb i (EH1r) ™ Z10) Sn (M) Sy, Ve

!

T T
1 - B 1 - -
(ET z:: 1Vnt) (EHinr) ™" (EnTZ ,’lthVnt) , (B.58)

Pop(V)  _ 2(EH3 nr — EHy o (EH1r) ' EH )+iEZT:f/’ G GV,
3A2 3,nT 2,nT 1,nT 2,nT nT st ntYInYUnVnt
4 - . -
+——B (00214 C, = B (EHyr) ™ 23 G Vi

t=1

T ! T
) (nT ;Zm nvm> (EH1nr)” ( gﬁl ,jm>. (B.59)

Using Lemma B.11, (B.52) and Proposition B.14, similarly as we derived (B.55), we have

1
SO = ab - ral- 0,0 +0 (7). (B.600)
dor%.(N) 2 1
TZ = _ggﬁtan + A= Xo|-0p(1) +O (T) , (B.60Db)
82 *2 by 1 1
051)\1;( ) — 2(EH3,nT - EH,27nT(EH1,nT)71EH27nT) + 20(2)EtTG/nGﬂ + <T> . (BGOC)
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Furthermore,

1 1
o3 (N) = (A= X0)*(EHsnr — EMY o (EH1nr) " EHa ) + agﬁtr(sgls;(x)sn(ms;l) +0 () .

C Proof for Theorems

C.1 Proof of Claim 3.1

To prove an In L, 7(A) — Qn,r(N) 2.0 uniformly in X in any compact parameter space A:

AslnL,r(\) = —"L(In27r+1)— L1627 (A\)+T1n|S,(\)| and Q,r(\) = —2(In27r+1)— L Ino?Z.(\) +
L1n |8, (N)] ((2.10) and (3.19)), == lnLnT( ) = Qur(A) = tlnoiZ.(N) — 3 lnonT()\). By the mean value
theorem, —=1In Ly, 7(A) — Qu r(A) = —lﬁ((ﬁq«()\) — 022.(\)) where 52,()\) lies between 2,(\) and
0*2(\). We need to show that (1) 627(\) — 02%.(\) % 0 uniformly in A and (2) 524()\) is bounded away
from zero uniformly in A with probability one.

To prove (1): We have 62,()\) and ¢*2.()\) in (B.54) and (B.61). Using (B.34) in Proposition B.14,
&20(\) — 072(\) 2 0 uniformly in \.

To prove (2): As 624()\) lies between 62,(\) and o7%.()), we have EEo] ( < max{ 3 70 (

A) A o, (/\)}
Denote 02,(A) = o3 +tr(S, 1S, (A)S,(A)S, 1), then ¢2,()\) is uniformly bounded away from zer013. As
H3nt — HIQ,nTHl,nTHQ,nT is nonnegative!?, 2,(\) and 0% ()\) are uniformly bounded away from zero. So,
% is uniformly bounded.

Combining (1) 624(\) — 07%(\) 2 0 uniformly in X and (2)

537;()\) is Op(1) uniformly in A, we have
—=InLn7(A) — Qur(X) % 0 uniformly in \.
To prove Qn () is uniformly equicontinuous in X in any compact parameter space A:

To prove this property, from the expression of @, r(A), the followings are sufficient: (1) 71L1n |Sn(N)] is
uniformly equicontinuous; (2) (A — Xo)*(EHs nr — EH'QJLT(EHMLT)*IEHZ"T) is uniformly equicontinuous;
(4) 02()) is uniformly equicontinuous.

For (1), £In|S,(A2)| — 2In|S, (A1) = 2tr (W,S; 1 (X)) (A2 — A1) where X lies between Ay and A;. As
S (A) is uniformly bounded in row and column sums, uniformly in A € A, L¢r (W, S, (X)) is bounded,
we have 11n|S,())| is uniformly equicontinuous. For (2), because A is bounded and because EHj 7 —
EHYy o (EH1 1) " EHar is O(1) according to Proposition B.14, the result follows. For (3), o7 (\2) —
02 (A1) = Zotr(81180 (Aa) Sn(Ma) S L) — Zotr(S118% (A1) S (A1) Sy L), Using Sn(A)Sit = I, — (A — Xo)Ghn,

02 (Ag) — 02 (\;) = 02 [(/\2 — A1) g + Ay — 22g) ZGaCn (X, — Ay) M . As elements of G/, @, and

G, are uniformly bounded, o2 ()\) is uniformly equicontinuous. H

13See the supplement to Lee (2004), Page 8 for the proof of consistency, available in http://economics.sbs.ohio-state.edu/lee/.
MHere, H3,nT — ’H’2 nT’H;}lTHg,nT > 0 because of the Cauchy inequality.
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C.2 Proof of Nonsingularity of Information Matrix (Scalar)

From (3.21), 9Qu,r(A0) /0N = = (BHy ur— M) p (EH ur) " EHa )1 (GG + rG2 — 2078200 ) 4
0 E
O, (T_l). Then, using (B.35) in Proposition B.14, limz_, o PQur(lo) _ %plimT_)oo(’Hg’nT—Hé nTHl_,}lTHQ,nT)_
P : ;

N2
lim, oo %[trG;Gn +trG? — W] If plimp_ oo (H3,nr — HQ,’ILTH;,}LTH2577'T) %0 or lim,, s %(trG;Gn +
2 2
trG%—W) # 0, limp_, o _%}\20\0) is positive. Here, (H3 7 —H4 nTHleTH2 nr) > 0 for large enough
T because of the Cauchy inequality; also, denote C,, = G,, — ”S" I, then, l{trG' G +trG? — M} =

Ltr(Cn +C,)(Cr+C,)' >0. M

C.3 Proof of Theorem 3.2

We have
Qnr(\) = f%(1n27r +1) - %lnafT(A) + %m 1S, (V)] 1)

where 077 (A) = (Ao = A)*(EHznr — EHY o (EH1nr) ™ EHonr) + %Ugtr(S”lS (NS (NS +0(%) and
the O(#) is uniformly in A\. At A = Ao, Qur(Xo) = —2(In27 + 1) — 2 Inoi%(Xo) + 2 In|S,(Ag)|. We are
going to prove that limp_. Qp r(A) < imp_ o Qn 7 (o) for any A # Xo.
1 1 1
Qur(N) = Qur(lo) = —5MoiZ() = opz(h)] + — I [Su(A)] = — 1 [S, ()|
1
= Tinr —Tonr + O(f)
where
1 1, I—1 -1 #2 1 1
Tipr = _i[ln{go()”(sn Sp(A)Sn(N)S, 1)} —Inoyr(Ao)] + n In[Sn(A)] — n I 1S, (Ao)|

(Mo = N (EHz e — EHY i (EHy wr) P EHa )
T2 nT — In{1 + 2 —1 .
ogtr (S 1 Sn(N)Sn(N) S ) /n

Consider the pure spatial dynamic panel process Y;,; = AgW,, Yyt 4+ o + Viut, the concentrated log likelihood
function of this process is

T
1
InL,,r(0)= —%1 27 — 7T Ino? +T1n|S, () ~ 552 Z —€10) (Sn(A\) Yt —cno),  (C.2)

and the concentrated likelihood is

InL,,r(\) = 2 (ln 2r+1) — — ln O'p wr(A) +T1n S, (N)], (C.3)

where &,,7(\) = z Sn(NYne and 62,0\ = i (Sn(\)Y0t)'Sn(A) Yot Then, EInLy,,7(\) —
Eln Ly, r(A) would tge equal to Ty 7. By mformatiortl:ilnequality, ElnL,,r(A) — EInL,,r(X) < 0.
Thus, Th 7 < 0for any A. Also, limy_,o To 7 > 0 as long as limT_mO(EHgvnTfEH’ZnT(E’Hl,nT)*lE'sznT) #*
0. Under Assumption 9, limy_ o (EH3 pr — EH’z)nT(EHLnT)_1EH2,7LT) # 0 from Proposition B.14. This
proves the global identification. The consistency then follows from the global identification, uniform conver-

gence and uniform equicontinuity in Claim 3.1. B
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C.4 Proof of Theorem 3.3

1 0InL, r(Ao)
= from

As Z,; has stationary and nonstationary parts (see (2.12)), we can decompose Ve

(3.22) into two parts accordingly:
Oln L? (A Oln LY (A /
1 8lnLn,T()‘O) _ 1 n n,T( 0) + 1 n n,T( U) + O <max< 1 n >) 7 (04)
vnT oA vnT OA vnT OA VT T’

1 9InL; +(Xo)

1 OlnLy +(Xo)

where N S is the stationary part and o ) is the nonstationary part as defined via
(C.5)-(C.9). The \/%6111%7;0\0) has two parts, namely, \/:ﬁw = ﬁw — Ay where

1 0lnL¥,(\o) 1 1 &

- = — —trGr - In)Voi + —== Y (50237 G, = My e My i Zit Vit
vnT oA ( \/nTZ n WVt /T t;( 0 ot HinrZnt)
(C.5)
and
1 T _ 1 _

Ayxgnr = —5— V(G — =trG, - 1)V, C.6

Ao.nT T o) (\/n nr (G = —tr ) T) (C.6)

1 [T - _
*7&2 ()\ ) ( (5/( nT—l’WnUnT,—lﬂonXk ) Hz nTHl nT( nT, —1’W71U71T—1707’L><k ))VnT>,
n 0

Here, Z 5% is the component of Z Z?%,, which is uncorrelated with V,,; such that

Z‘;t — Zs* (Ufz

T,—1> WHUST,fla Onxkl) (07)

and Z3; = ((/"?i,t—ﬁo +Us 1) (WnX 180 + WalUs 1), Xot) with /"?i,t—1 = X1 — ‘)E’ST,fl' For

ﬁw, it also has two parts \/%W = ﬁw — Ay, o7 Where
1 OlnL¥.(Xo) 1
i) = —HT  Hom Y"*' Va C.8
\/ﬁ I\ 6'37'1“(/\0) ( lnT 2, T Z 1Vnt ( )
with Y5, = gy M <Cn0t 1+ an 180+ &n i 1) t1=(—-1)— 15" and
T(1 — Myt Honr) nl - ~
A\, T = ai ‘ ——(Mu&, 1) Var ¢ - C.9
o = e =) {\/Tn( €nr—1) T} (C.9)
For 7\/71773“1%{()\0) = —\/:ﬁialnL;;T(AO) \/ifTialnLg;T(AO) from (C.5) and (C.8), denote
Iy =25+ 23, (C.10)
we have
1 dlnL: (M) 1 1 < 1 .
= = V(G ——trG - 1,) (G2 G! — My oM 7 Vi |
vnT A &ar(Xo) \VnT ; 2 VnT ; i 201 My Zn)
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N . - dln LE*
Proposition 2.2 implies that it will be asymptotically normally distributed because ﬁ%ﬂm from

(C.5) andﬁw from (C.8) are counterparts of Q2 and Q¥ in Proposition 2.2. To calculate the

limit variance, using uncorrelatedness of Z,*Lt and V;,;, we have
1 1 d
2 el 1 */
E —trGy, — E (8024 Gl — Hy pr H L ZE0V,,
(0,0 /7 UOn T ) % /7 i 04nt 2,nT"*1,nT ) )

n T
2 1 . ..
= Hs (Grii trG (E E (GnZ}60 — Z:LtHl_,iTHQ,nT)> =0
i t=1

i

because E Z G, Z*

nt
t=1

60—OandEZZt—0 Hence,

1 90l Lr(Xo) 1 O0lnLyr(Xo) 4

N(0,% Q C.11
\/ﬁ oA * \/ﬁ o\ - (07 Ao T Ao) ( )
where
1 trGn)?
Xy, = Pl Tlgn (H3 nT — H2 rLTHl nTH2 nT) + hm 7(tTG G, + tT’G2 #), (012)
0
0, = ggg%nlinéo ZGn i (C.13)

For Ay, nr, using the results in Yu, de Jong and Lee (2006) (Theorem A.11, page 19), we have Ay, nr -
T(x\o) faAo o+ 0, (max (\/%, %)) where
S 1 - > .
a’()\g,nT = Et?“ (Gn’}/o — (Hl,}zTHZ"T) ) (Z}I—O h) S '
1 -1
+Et7‘ (ano (H, nTH2 nt) ) (Z h=0 W ")

is O(1). As 627(N\o) = 02 + O, (max (\/%, T)) from (3.17) so that #&2))\0) =1+0, (max (ﬁ7%))
Aygnr = \/>a>\0 o+ Op (max (./T ,ﬁ)) Also, using (B.17) and (C.9), we have A, 1 - %

2

ay,mr T Op (max (1/ o=, f)) where af . =T (1 - c/H;}lTHg)nT) 2(15\0). As 5%:0\0) =

My |
1+ 0, ( (m’%)) Ay, o1 = \E Do al o+ Op (max («/%,ﬁ)). Hence,

/ My 4 fn 1
A)\oﬂ’LT + A)\o,nT = . (aio,nT + 7 . a’Ao,’nT) + Op (max ( ﬁ, ﬁ)) . i (014)

C.5 Proof of Claim 3.4

NIs

First, by the mean value theorem, tr(G2()\)) = tr(G2) + 2tr(G3(N\))(A — A\o) where X lies between A

and Ag. So, 1tr(GZ(N)) = Ltr(G2) + |A = Xo| - O(1) as Ltr(G3(N)) is uniformly bounded (see Lee(2001),

Lemma A.8 on page 22). Second, using (3.16), we can express %W in terms of 52 -(\), 86%§(A) and

%. Then, using (3.17), we have the result that —= PlnlurQ) 1 8 lnlnzQo) _ = A= Xo|-0,(1) +

N2 T T oA
11
O, (max (\/ﬁ’ T)) |
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C.6 Proof of Claim 3.5

Using (3.16), we can express ﬁylng%fw in terms of 62,(\o), B&ig/\()“)) and 82&3{2‘(%) where, using
(3.17),
11 9621 (Xo) 1 11
~2 2 nT\"\0 2
M) = 0) - =-2=0ctrG, + O =
&nr(Xo) o5+ p<max<\/ﬁ,T>>, Y —ootr n+ p<max<\/ﬁ,T>)
9262 (Mo) 1 11
— 2 = 2(Hz .1 — H: ol n 202 —trG' G, + O — =
8A2 (H?’, T 7—{2,nT7—(1,nT7_(2, T) + Uon rGy, + P <max (\/ﬁ, T)>
Similarly, we can express % in terms of % (\o), 80%)\()‘0) and 82(%?2(/\0) via (3.20) where, using
(B.60),
« 1 80':12 ()\0) 1 1
200) = o240 (T) 25 ol o (L)
D07 (A 1 1
"“72(0) 2(EHsnr — EHYy yp(EH1nr)  EHa ) + 205 —trGrGp + | = | -
O n T
Hence, we have the result ﬁy In g;’zT(AO) - 82Q§’;;(A0) =0, (max (—\/:ﬁ, %)) [ ]

C.7 Proof of Theorem 3.6

where A, lies

(3.28) follows from the Taylor expansion (Anp — Ag) = (—02 In ng@”))—lah‘ Lgf(’\”)

between \g and S\nT. Note that because

1 82 lnLn,T(j\nT) 1 82 In Ln,T(S\nT) 1 82 In Ln,T()\O) 1 82 In Ln,T()\O)
= |5 |~ | |t =" — oot | TN
nT O\ nT 15D nT 1)) nT o
where ¥, o7 = 7782625;;()\0), we have — 212 Ln1Onr) LgA’E(X"ﬂ = YonT + At — )\0‘ -O0p(1) + 0O, (max (\/%, %))

according to Claim C.5 and C.6. Because |A,7 — Ao| = 0p(1) as 5\nT is consistent and Xy, ,7 is positive in

. . 9210 Low(nt) - - . 1 8Ly r(Gur)\ "
the limit from Appendix C.2, we have —=——=27-""L ig invertible for large T" and A v

N2 T nT
is Op(1).

According to the Taylor expansion, VT (Anr—No) = (—ﬁ%) - (ﬁw — Axgnr — AAO,HT)
where ﬁw A N(0,X5, + Q) from (C.11) and Axgnr + Axgnr = \/¥ (a‘io,nT + % .
aX, nr) + Op (max (‘ /75, %)) with a3 ,p + %= - af, ,r = O(1) from (C.14). Then, VT (Aur — Ao) =
0,(1) - (0p(1) + O (/%)) which implies that At — Ao = O, (max (\/%, %)) Hence,
) 1 ?InLyrCar)\ + [ 1 OInLE (o)
VT (A — A = —— . . . — Axg.nT — Axgn c.1r7
n ( T 0) ( TLT aAQ \/ﬁ 8)\ Ao,nT Ao,nT ( )

1 1 -1 1 9InL: (M)
Srgmr + O —— : nIY Mg — Ao
( domT ¥ Cp (maX<VnT T))) (\/nT oA Aot B, T)

using Claim C.6. Using the fact that

1 1\\) "
(=00 (mx (7)) = 5idan s 0 (s
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given that X, 7 is positive in the limit, we have

— s Oln L7 (X
nT()‘nT - >‘0) = <Z_ nT +O <maX <171)>) ' < . . n,T( 0) - A)\OJLT - A/\o,'nT>

VnT' T VnT O\
1 1 alanL’T(/\o) 20 (ma 1 1 . 1 81nL;‘L)T(/\0)
XoinT " T IN P x VnT' T VnT oA

1
E,\OlnT (Axg,nr + Axgnt) — Op (maX (\ﬁ T)) “(Axg,nT + Axg,nT)s

which implies that

— _ 1 1
nT(AnT - A0) + ZAol’nT ‘ (A)\g,nT + A)xo,nT) + Op (max (\/77,77 T)) : (AAD,nT + AAo,nT)
1 9InL (No)
= (=t 1)) - e : C.19
( Ao,nT +OP( )) \/ﬁ O\ ( )
As Xy, = limp o ¥y, nr exists, then using Theorem 3.3 and that Ay, .7 + Axgnr = /7 - (aiomT +

Do gl )+ Op (max (1 /s %)), we have vnT(Anr — Ao) + VEbxonr + Op <max (\/%, %)) 4,
N(0, 2;01 + E;OQQAO). The results in (3.30)-(3.32) are immediate consequences of (3.28). B

C.8 Proof for (4.1)"

A T . -
From concentrated estimators ((2.9)), 0,7 (X) = do—(A—=Ao)H] nTHQ S T {an Z Sn(\) ;1‘/,,4 .
Using Sn(A)Sy " = I — (A — Ao)Gh, B

T
. « - 1
VT <5TL,T(A7LT) - 60) = -V nT(AnT - A0) <H1 »,LTHQ nT + H1 nT 7 Z n nt) (020)

T
1 _

= —V T()\nT — )\O)Hl nTHg nT + ’H1 T ( E ;lt Vnt> +R;
/n/l st nT

!

where Ry = —V/ nT(Anr — AO)HI_,»}LT# Z! .G Vit
=1

T T T T
-1 1 A 7 _ =1 1 75! 1 wl 1 s/ 7
For the term Hl,nTﬁ Z nthVnt = Hl,nTn7T Zl ntG"V f+H1 TLT*T Z nthV vty WE haV P Z "thVm‘, =
t=1 t=

t=1 t=1
O, (max (T?f)) from Theorem A.7 in Yu, de Jong and Lee (2006) and Hj nT% ET: %an/m =
H L 7€ = ZY“’ G Ve = O, <max (77\/%)) because %if/ 141G Ve = O, (max (17 %))

v,
-1 - -1 _ — _1 1
from Lemma B.11 and Hl’nT ¢ = O,(T™"). Then, because A\yr — Ag = O, (max T T from

I5Note that the derivation of (4.1) is built up from the estimates of various components of B in (2.9). The reason is that the

2
conventional mean value theorem can not be directly applied to the % at g for analysis due to technical complication.
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(3.28), Hle cc = 0,(T71) and c”Hi}lT ¢ = 0p(T7?), we have Ry = O, (max(

Sl
3
}q
gl
W
N———
N———
o]
=
oL

>
@
o
=g
o
=
oy
o~
©
S—
[}
=
a.
>
3
)ﬂ
|
>
o
Il
.
=

T
VT (&fm(},ﬁ) _ gg) - b <Z V! Vi — nag> - QUg%tan (\/ﬁ(an - )\o)) + Ry3(C.21a)

1
1 1 /n
R&iT = Op (maX (T, \/ﬁ, 11?))) . (Cle)

“ 2 N -1 _
From the Taylor expansion, vnT' ()\nT — )\0) = (—%}W) \/%%Lgif(/\o) where \,,7 lies between

2 . . 8%In Ly v(Ant) -1 -1 1 1
Ao and A,r. From Claim 3.4, Claim 3.5 and (C.18), (,T) =X, +0Op (max (ﬁ, T))
Using Theorem 3.3,

Q _ 1 Oln Ln,T()\O) 1 1 n
vnT (/\nT - )\0) = Z)\Ol JiT BN + R and Ry = Op | max | =, —, /72 . (C.22a)

Hence, we have

Ikw+2 Hl_,'}z,THQJLT 0 8’rL,T(/A\nT) — 4o
vnT 0 1 0 At — Ao
0 2tlngy 1 &y (Anr) — 08
T
ke (i X Zuatin
t:% .
- 2—01 718 \/rlTT t; V(G — %tan)Vm + ?13 VnT tz (60Z/tG/n - /27nTH1 }LTZ/ )Vnt)
T ~ ~
:LT t; (Vrit nt = ”00)
/ - !/
+<R3nT’ RA T’ R&E:,T)
T
(ke £ 200
-1 2 T ~ T
Hi,p05 O 0 vz 2 (VG Ve — otrG) — JitrGy (V} Vit — no3)
= 0 2;1 0 X t=1 - t:
0 ~ ~
0 0 20} +%§ JnT tz (602G = Hy My g Zyoy) Vit
- =
ﬁ 711T t; (V tVnt - na%)
RS o s Bz )
Hi,r05 O 0 T, 42 0 0
= 0 E 0 X horHiny 1 —20dtrGy
0 0 208 0 1
T T
| Grvar S VGV = obtrGa) + Jr 7 (0020 Gr)Vor |+ (B Ry o Rz, )
177 2 (VieVar = no})




Hence,

dn.7(Anr) — o 6 Vn i~ .,
VT | Az — Ao =Cuar X | F iz t; (ViiGoVae = odtrGa) + 5 Az E (8,70 .G Vg
~2 3 2
Gnr(Ant) — 0F %# té (Vq;ﬁ/nt - nao)
Iy, 12 Hi;THz nr O B
+| o 1 0 (R By, Bez )
0 %a%tan 1
where .
Ii,y2 HippHonr O Hiorod O 0 I, 1o 0 0
Cinr = 0 1 0 0 S 0 x| —Hho Mo, 10 —203trGy
0 252trG, 1 0 0 203 0 0 1
Ii,vo —HinpHopr O Hi,rog 0 0 T, +2 0 0
= 0 1 0 |x 0 S 0 | X| “HhoHMin, 1 —203trGy
0 —253trG, 1 0 0 203 0 0 1
= Z_

eo,nT
We note that, from the log likelihood in (2.8), by concentrating out c, in terms of § = (&', \,0?)’, the

concentrated likelihood of 0 is

nT nT T
In Ly p(0) = ==~ In2m — — Ino?+ Tln|S, (A Z (C.23)

where Vm(O) = Sn()\)ffm — Znt0. Tt follows that the first derivative of In L, 7(0) with 0 evaluated at 6 is

2
ovnd 41
1 90lnlL, T(GO) T . ~ T -
— 0 = | mrvhr S VGV — adrGa) + ks S0V | (C2)
T /.
seg v 25 (Ve =n)
Hence,
R A ~1
5n,T(>\nT) - 50 qu:+2 H_'}L HQJLT 0
\/7 ~ 1 1 aln LnT(HO) bt / /
nT AnT — Ao = Zeo,nT' \/77,7T 90 + 0 1 0 '(RZS,LT’ Rj\nT’ R&i,T) :
627 (Anr) — 03 0 258trG, 1
(C.25)
As H;;THQ)RT = O,(1) from Proposition B.14 and elements of R TT’Rj\nT’RUiT are O, ( max (\/:ﬁ, T %)),

we have v/nT (9nT — 90) 29_0 T \/%M +0, (max ( L

W‘H
~
Sl
s
N—
N—
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C.9 Proof for Theorem 4.1

1 9IlnLnr(6o)
nT 06
1 OlnL,r(6) 1 3IHLZ,T(90)+ 1 0Ly +(00) (C.26)
vnT 00 B vnT 00 vnT a0 .

1 9InLy +(00)

As Z,; has stationary and nonstationary parts ((2.12)), we can decompose into two parts:

| 9InL (60)

where VAR I is the stationary part and VA R is the nonstationary part as follows. For
iTW, it has two parts —— Ol bnz() _ LgoT(go) N 910 b7 (%) LgéTwO) — Ag, n1 Where
1 1 i Zs*l
of V/nT = “nt Tt
1 Oln L::i«(eo) 1 & al 2 1 I INAE el
\/n—T 90 = 0'787\/7? t;(V G O'OtT'Gn) + 73 \/n— t; ((502 t Gn)Vnt (CQ?)
T
1 2
R\/ﬁf; (V V TLUO)
and
%g\/%(UST 1, Wn UrszT —15Onxk, )IVnT
Bopur = | 20/ TV Vo + 2 [ LG0T, 1 Wal, 1,0, GV | - (C.28)
1 [T
a1\ TV Vo
For TILT%&T(%), it also has two parts \/%76 o LgeT(eo) \/%76 o Lgf;T(eo) — Ag, o Where

1 Oln Ler:T (90)

1 u*/
ST 00 ST ZY Ve

¢, 0)’ (C.29)

with V45, = o (Rudu By ) (cnofl + Kne1Bo+ gnﬂ), = (t—1)— T2 and

L) v T e R v QRN
A90,nT - 0(2) {(1 — )\0) \/;(Mnfn,T—l) V?LT} (C ,0) . (0'30)

1 9Ly p(60) _ 1 9InLyir(00) 1 9Ly (0o) —1 1 9L} 7(80) —1
(¢*,0) = O(T~') according to Proposition 2.1, it has the form of the CLT in Proposition 2.2 and is
o . L 9L (00) 1 OWLip(00),
normally. For its variance, we can write (\/—7 55 T 567 )=

(ZZ*' ) (35 7me) .

T ..
B | & (Z(an;;tao)'vm S (VG —agtan)) (z Zav, ) 0 0
t=1

t=1 =
T li
sty (S0t =) ) (£ Ziivae) 0 0
t=1

0 0 0
T 2
|0 U(Z<G Frsey m+z<v4tG;vm—03tan>) .
nT 0 t=1 t=1 '
T T
0 23,(2«; 75160 Vo + z<v,;tezvm—a%tren>) (zw,;tvm—no%)) 0
t=1 t=1
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0 0
LEL | 0 0 0
0 0 o= (Z(V Vit — ngg)) <§( Vo, — m%)>

t=1

As Z,*Lt is uncorrelated with V,,;, we have E( 91n LgeT(QO) ) \/:ﬁaln Lgb'/T(GO))
I T
UgﬁEt; Zn;Znt a%nTEt; Zn;fG"Znt(SO 0
T .. . T }
- US];ITE Z (G”Z:;t(so)/z;;t og%nT Z (GnZ 50)/GnZ:;,t50 + 7% [tr(GlnGn) + tT(Gi)} a%ntr(Gn)
t=1 =
0 U%ntr(Gn) ﬁ
0 0
0 “ .
n T . 5 n T 3U
+ Ug;'T Z Gn ”E(Z Z:’zt)i Ns E n,ii (Z G Znt(s()) + #4 R — Z Gn K1) *
i=1 f:l i=1 t=1
'EY GRZi6 “4‘3"0 G, 14 =37
”T I Z 208 nT'u3l Z 0o+ tr Bare

As E Z Zx so=0and E Z Gn .00 = 0, the second matrix equals
t=

0 0 0
— 304 n
Qoyn = Lﬂ’ 0o 1 Z G2, G
UO i=1
1 1
0 502 522, trG T

When V,,; are normally distributed, Qg, , = 0 because p, — 303 = 0 for a normal distribution. For the first
matrix, premultiplying and postmultiplying it with 29 o Will yield 29 T T O( ) To see this, denote

AZ,’IIT = (Un,T717WnUn’T717OnXI€z) and Az,nT = (mMné-n,T—1> . C, then, Z’n,t = Z;;t — AZ,TLT _ AZ,TLT-

This implies that E(\/% = LééT(GO) ' \/:LT o LBZéT(GO)) = E49o,nT + Qé’o,n + Eé‘o,nT where
EGO,nT
LIS T
UgZTE Z Lt(AZ’”T + Azan) o2 nT Z n(Az,nT + Az,nT)(SO 0
t=1 =1
_ T _ -
= Ug%rLTE Z (GnZnt(SO)’(Az,nT + Az,nT) GanTE (G”Z”tdo)lGn(Az,nT + Az,nT)(SO 0
t=1 =1
0 0 0
T 5 T )
US;TE Z (Az,nT + sz”T)lZ"t O'g}nTE Z (Az,nT + Az,nT)/GYnZnt(SO 0
t=1 t=1
+ UgiLTE Z (Gn(AZ.,nT + Az,nT)6O)/Znt 0 0
t=1
0 0 0
I T
U%iLTE Z (Az nT + Az,nT) (Az nr + AL nT) UonT Z (Az,nT + AZJIT)/Gn(Az,nT + Az,nT)60
t=1 “=
I T
+ Ug%E Z (Gn(Az,nT + Az,nT)(SO)/(Az,nT + Az,nT) UOnT E (Gn(Az,nT + sznT)(SO)/Gn(AZ,nT + Az,nT)(SO
t=1 =

0 0
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T T
21 L Z (Az,nT + Az,nT)/(Az,nT + Az,nT) 21 TE Z (Az,nT + Az,nT)/Gn(Az,nT + Az,nT)60 0

t=1 t=1

T T
B {%%E Z (Gn(Az,nT + A2,77,T)5())/(Az,nT + Az,nT) aonT Z (Gn(Az,nT + Az,nT)(sO)/Gn(Az,nT + Az,nT)(s() 0

t=1 t=1
0 0 0

because the expectations in the first two matrices are all zero.
We have
1 T

U%nTEtz::(Az,nT + Az,nT),(Az,nT + Az,nT)

1
= N ———5F M/ M, —EA' At ).
c <(1_>\0) ps fnT 1 n€n 1) c +( ZnT ,T>

1 1 1 1 -

. E M Az n — EA/ Mn 4
+c < (1 — )\0) fnT 1 T> < 1— )\O 0_0 z,nT gn,Tl) c

Slmllarly we can expand E Z (Az nT+Az nT) G (Az nT+Az nT)50 and E Z ( n(Az,nT+Az,nT)6O)/Gn(Az,nT+

A, 1)00. Using the orders of relevant terms from Lemma B.8 and Lemma B.lO, we have »,ILEA/z,nTBTLEn,T—l =

O(1), +EA, 1By A yr = O(T™1) and %EELT,IB”EM,I = O(T) where B,, is a row sum and column sum

bounded matrix. Using E;lnT (¢”,0) = O(T~1) and (¢*,0) - E;(){nT - (¢*,0) = O(T~2) (see Proposition

2.1) and the above, it follows that ¥, 1nT Bt - S = O(T™1). Hence,

1 1 6lnLnT(90) 1 8lnLnT(90)
20 nTE( , : )/
o vnT 00 vnT 00

Therefore,

00n

)Zt;()l,nT = 200 nT + 20 nTQ‘%an;ol,nT + 0 (T_l) . <031)

-1 ( 1 Oln L;,T(‘QO)
6o,nT \/ﬁ 80/
Using the results in Yu, de Jong and Lee (2006) (Theorem A.11, page 19), we have Ay, n7 = \/gaz(hn +

O, (max (1/%, %)) Using (B.17) and (C.30), we have Ag, 7 = /7" =-ag +T-(c”,0)-0, (max (,/%7 %))

where

) 5 N0 fim g i 5,05 ) (€32)

tr ((Xnzo Bn) Sa7)
( n (h20 Ba) S
Gy .n 0 (C.33)
%'VOtT(Gn (Zz.;o BZ) Syt + %potr(Gan (Z}io:o BZ) St + %tan
57
au — T . # . (C*/ O)/
0o, 2(1 — )\0) ’ '

Hence,

s u mn * n ]. ]_
A90,71T+A901n’f = \/>~(a,007n+a,007Tn)+T~(C ’, O)Op (max (’ / ﬁ, ﬁ)) +Op (maX ( T7’ \/(T>3>4

SIS
aQ

Using 26701,nT (¢*,0) = O(T~1), we have Z;(inT (Aggnt + Agnr) = V% bognr + Op (max ( .Y
Hence, combining (4.1), (C.32) and the equation above, we have the result. Bl

&\H
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C.10 Proof for Theorem 4.2

For the remainder term in (C.25), using (C.20), (C.22) and 1 _C/H;,}LTHQJLT = O(T~') from Proposition

B.14, we have
-1

(C*/a 0)/ 0 1 0 ;\"T = (C*/, O)/ 0 1 0 5\7LT
0 253trGn 1 Rs2 0 —253trG,, 1 Rs2
= CRy o+ (1= O o )Ry, = O (max (F2. . /7)) -
Hence,
v ’rLT?’(C*/, 0) (énT - 90) (035)
* _ 1 OlnL,r (9 ) 1 1 n
= T(c ’, O)Eeo{nT : T 90 0 + O, | max T
- 1 OmIS(00) .. " 8lnL“* (00)
= T(C /’ O)EOO{HT : /nT éLHT ° + ( ' O) Oo,nT / ™ 8”9T <

* — 1 n
—T(c", O)Egol,nT(Aeo,nT + Agynt) + O, (max (T T )>

where —A- 20 Lert) g in (C.27), Ao 2l i in (C.29), Ag,nr is in (C.28) and Ag, i is in (C.30).

We shall investigate the orders of those terms.

For stationary terms, from Yu, de Jong and Lee (2006) (Claim 3.4, page 10), ﬁam%‘g(eo) has the
typical O,(1) and Ag, nr — E(Agy nr) = Op(%) where E(Ag, nr) = O(y/%). For the nonstationary term
T(c",0)5;.) rAoonr = T, 0)Z;L (", 0) {ﬁ L(MpEppy) - V,LT}, we have T'(c*', 0055 ", A gy —
E (T(c*’ O)EgolnTAgomT) = OP(%) where £ (T(c*’, 0)20_017,”71‘90,"’1") = O(\/%F) by using (B.17) in Lemma

B.9 and (¢ )29—0 .(c,0) = O(T~?). For nonstationary term T'(c* O)E(;O o \/%%7 we have

1 OlnLY%(6) 1 1

vnT 00 - vnT 1 O'g(]. — )\0)

M=

- /
Mn (Cnof—l + Xn,t—lﬁo + gn,t—l) Vnt . (C*/, 0)/
Hence,

VT3 (e, 0)(Bnr — 6o)
_ 1 9ln L% (6)
- T */ 5 1 . nT
(C ,O) 6o,nT \/TT o0
d 1

~ /
+T2( O)Ee_omT( ! O TLT Z O’ 1 — )\0 T <Cn0£—1 + X’n,t—lﬁo + gn,t—l) ‘/nt
t=1

1 1 1 n
_TE,0)S L B(A L N
T(C O) 60 nT ( 00,nT T+ AQO,TLT) +0 ( /*T) + OP <ma‘X <T7 \/ﬁv T3>)

where T'(c¢*, O)Z(;O{nTE(A907,LT + Agynr) = O(y/%) represents the asymptotic bias term and the first two

terms will be asymptotically jointly normally distributed. As (¢*,0)(Onr — 00) = (Anr + Yz + Pz — 1),

the rate of convergence of Any + 4,7 + P, to the unit is of higher order O(\/nlﬁ) as long as 7z — 0.
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So, we have

J | 1 n
m(c*/7 0)(@nr — bo) + fT(C*/a 0)bgy,nt + Op <maX (\f, T3)>
4N (0, Jim T2, 0S5k + T S50 Q0,55 (€, 0)') (C.36)

6o,n
Also, using Proposition 2.1, limg_ o, T2(c*, O)Z;(){nT(C*/, 0) = limy_, o w, 1, Where wy,7 is defined in (2.13).
C.11 Proof for Theorem 4.3

From the first order condition that %Lg’fw’c") = %

M=

Vat(¢) = 0, we have &,7(0) = T Z( n(A) Yot —
I, — (A = X))@y, it implies that ¢,r(0) =

t

Z"t(S). As Sn Y = Z"t50 + Ccpo + V.t and Sn(A) ;1
T
% Z ((In - (/\ - AO)C:n) (Znt50 + Cno + Vnt) - Znt(s) HGHCQ,

t=1

o

T
A 1
Eur(0) —cno = T Z I, — (A= X0)Grn) (Zntd0 + €no + Vit) — Zntd) — €ino
t=1
1 T
= _T Z [Znt (5 - 50) + ()‘ - )\O) (GncnO + GnZnt(sO) - (In - ()\ - )\O)Gn) Vnt]
t=1
1 T
= 7 > 125, (6= 60) + (A = X0) (Gneno + GnZ300) — (In — (A = X0)Gn) Vo]
t=1
1 T
—7 > 125 (6= 60) + (A = Xo) (GnZp,80)]
t=1
T T
AS%E%[;Q@_(;O)‘F()\—)\O)(GZ )}—<TZ n,t >(7+p+)\—1) we have
t=
T S N ~
T tz |:Zu (6”T - 60) + ()\nT - /\O) (7} z n,t— 1) (’?nT + pnT + )‘nT - 1)

T
From Theorem 4.2, (5,7 + pnp+Anr—1) = O, (ma (T, \/17)) From (2.4), elements of 7z > Y%, _;
" i=1

are O,(1) if elements of "T’l are O,(1). Then, for each fixed effect, we have

T Q T
. 1 AnT — Ao 1
Cinr(Onr) —Cio = —= Y ((Gneno+GnZ;00);, (Z5,)i) x | . + = — (A — 20)Gn ) Vi ,
T ; ' ' On1 — 60 T ; {( ) }Z
+0 (ma (1 ! )) (C.37)
X(=,——], .
P T /nT

where (Z7,); is the ith row of Z3, and (G,cno + GnZ;,00); is the ith element of (Gpcno + GrZ;,00). As
T
elements of Y ((Gneno + GnZi00);, (Z5,);) are Oy(1) uniformly in n and i implied by Lemma B.4 of

t=1
Yu, de Jong and Lee (2006) and Opr — 0y = O, (max (\/%, %)) by Theorem 3.6, the dominant term
T
of /T(é nr( nT — ¢;0) would be ﬁt; vit + Op (ﬁ) when " — oo where the O, (ﬁ) term is the
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(T2 Z Yol 1) term multiplied by the distribution part of T (4,74 P+ Anr — 1), which is T'(¢* O)E;o,nT

mlfalnLa’ibT(eo) (see (C.35)). So, for each fixed effect,

T
o ot L 0lnLi(6) i
VT (Ci,nT(enT) Ci 0) T z:: Vit+—= <T2 Z n,t— 1) ( ¢ 70)260,nT] X JnT 90 +0p ﬁ
(C.38)
where ﬁ% = %W-ﬁ-ﬁ% (defined in (C.27) and (C.29)) and [T'(¢*, O)Zgol’nT} X

\/iﬁ %;(90) is normally distributed asymptotically with the variance specified in (4.11). Hence, VT (éi’nT(énT) — ciﬁo)

is a linear and quadratic form of V,; and it will be normally distributed asymptotically using the central

limit theorem by Proposition 2.2. We need to calculate its variance.
Under the assumptlon that (Y, _1/T) E(Y,,—1/T); = 0p(1) and E( n.—1/T); = O(1) uniformly in n
and i, we have 75 Z( y_1)i = Bz Z(Yﬁft—ﬂi + 0,(1) where E Z(Y;‘t 1)i is O(1). Hence,
i=1

VE (et~ ):izv_ L1 Eiiyu <[ oy ]k ] alnL:T(e(]))+0 W
1M n ,0 T it \/ﬁ T2 — n,t—1 i 0o,nT /’I’LT o0 P .

(C.39)
1 1 7%/
078 nT t; Z”tvnt
As A dmler(o) _ | 1 1 ZT:(V’ Gl Viny — 02trGy) + 25— i(a 751G YWy | where Z7, is defined
T 00 oF VT 2 O Sm) T 5 T 2400 nt
T
%W Z (V V nao)

in (C.10), the asymptotic variance of VT (c,;mT(O"T) — Ci,0> would be ®,, ., where

(I)n,ci = ( T2 ZYnut 1) (/U‘S ([T( v O)EGU nT} [0 lel] )) (040)
i<prH>Qdmﬁ St ZEWHZMJ@WJ»

2
1 1 \ . _ — *
+E (Ezwg Zynu,t1> ( h_{n wnT + hm T2( O)(Th_r};o Zegl,nTQeo,nTZO()l,nT)(C /70)/)
t=1 i

T—o0

When n — oo, we have ®,, ., — o%. B

C.12 Proof for Theorem 4.5

Theorem 4.1 states that vn (AnT —0) + \/Ebao,nT + O, (max (%, %)) 4, N0, limyp_ o0 3 lnT +
A1
limp_ oo Z;}{nTng,nE;O{nT) As the bias corrected estimator 0, = 0,7 + +b; L, 7> We have vn T(6 nT
d . _ ;
6o) — N(0,limp_ Eogl,nT + lim7_, Zeol,nTQGmn 9o,nT ) if \/%( b0z .nT —bgo’nT) — 0 and 7 — 0.

So, given 75 — 0, we are going to prove that /7 (bénT T bgo,nT) 2,0 where bognr = E;O{nT .

s u My s u My 1 _ 1 1
(aeo’" + @60,1 " n ) and be nT,nT ZénTﬂT (aénT,n T aénT’T n ) As 29 nT 5 rLT;nT+Op (maX ( nT’ T))

o

53



and T [Zgan)nT E;ol,nT} (e”,0) =0, (max (\/%, %)) from Proposition B.15, \/? (bénT,nT — b@o,nT) LR
0 is reduced to

n _
T (EeﬂlvnT GnT," E@ol,nT 0o, T) ﬁ) 0 (C41)
and

7 (5,00 = i) 20 (C.42)

For (C.41), as af, 7 = Triis (7, 0) with S, 7-(c¥,0) = O(TY), /& (26—0 @l =Sl n) -

— * 1 1 _ - * ApT =\ . —

\/7 (T 290 TLT( /70)/) ( 2(1— j\ .T) - 2(1— >\0)) - \/7 (T 290 nT( /70)/) ( (175\:;)(107)\0))' As )\nT_/\O -
0, (max (%, \/T>> we have /% (290 . ~ S5t ral n) = 01if £5 — 0.

For (C.42), as O, — 6o = O, (max (%, ﬁ)) and ag, (0o) is O(1) where a;,(60) = ag ,,, according to the

Taylor expansion of a2 (6,,7) around a,(6y), to prove (C.42) is reduced to proving that elements of %

are O(1) where 0,7 lies between 0,7 and 0y and

atr (02 Br(0) 871 (V)
atr (W (520 Bi(9)) St (V)
n(0) = 0
Lytr(Ga(N) (S50 BA)) S O0) + Lptr(GuWa (S50 BLO)) S (V) + 2trGn(N)

707
From Proposition B.2, for A,,(0) = (I,,—AW,) " (yI,+pW,) where W,, is diagonalizable as W,, = R, D} R},
we have that A,,(0) is diagonalizable as A, (0) = R, D, (0)R, !, with its eigenvalue matrix D, () = (I, —
AD;) ML, + pDy). As By(0) = RyD, ()R, with Dy (0) = Diag(0,--+,0,dpm,+1,** sdnn) so that
D, (0) = J, + D,,(#) where .J,, = Diag{1,, ,0,---,0}, we have

Bn(0) = R, (D (0) — Jn) R;)Y = Ry (I, — ADX) (v, + pDX)R, ' — R, J R,

With B,,(0) as a function explicitly in 6, 6%’550) can be easily evaluated. Because 6%259) = hB'1(0) 838059)
for h > 1 (see footnote 9 in Yu, de Jong and Lee (2006)), we have >, ; 8309,9) =Y hBl~ 1(6’)8%79@.

As (1) 332, B(0) and Y";° | hB!~1(0) are uniformly bounded in either row sum or column sum, uniformly

in a neighborhood of 6y, (2) S;,

—1()\) is uniformly bounded in both row and column sums, also uniformly in A

in a neighborhood of Ag and (3) W,, is uniformly bounded in both row and column sums, we have the result

that the elements of 8%;9(,9) will be uniformly bounded in n in a neighborhood of 6. As 6,7 converges in

probability to 6y, we conclude that elements of % are O,(1).

For (4.15), we can start from (4.11). Similarly, we can prove \/ZT(c¢*,0) (bq o bgo)nT) %, 0. Hence,
-1
vnT3(c*,0)(0,,7 — 6o) 4N (0 limy o T2(c*,0) (E 1nT + 290 w1200, 0, nT) (C*’,O)’) under 5 — 0,

where limp_, o, T2 (c* 0)29_0 (¢, 0)" = limp_o w7 using Proposition 2.1. W
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