
Estimator Averaging for Two Stage Least Squares�

Guido Kuersteineryand Ryo Okuiz

This version: October 2007

Abstract

This paper considers model averaging as a way to select instruments for the two stage

least squares estimator in the presence of many instruments. We propose averaging across

least squares predictions of the endogenous variables obtained from many di¤erent choices of

instruments and then use the average predicted value of the endogenous variables in the second

stage. Many existing two stage least squares estimators can be understood as model averaging

methods with some restrictions on the form of the weights for averaging. Furthermore, we

allow weights to be possibly negative, which yields a bias correction and instrument selection

that is more robust to the ordering of instruments. The weights for averaging are chosen to

minimize the asymptotic mean square error. This can be done by solving a standard quadratic

programming problem and, in some cases, closed form solutions for the optimal weights are

available. We demonstrate both theoretically and in Monte Carlo experiments that our method

dominates existing number of instrument selection procedures for the two stage least squares

estimator.
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1 Introduction

In this paper we propose a new and �exible method to select the instruments for two stage least

squares (2SLS) estimators of linear models when there are many instruments available. In an

in�uential empirical study, Angrist and Krueger (1991) generated a larger instrument set from

combinations of basic instruments to achieve more precise parameter estimates. However, the ap-

proach of Angrist and Krueger (1991) has raised concerns with respect to the quality of asymptotic

approximations and inference procedures based on them due to weak instruments and parameter

overidenti�cation. Nelson and Startz (1990a,b) and Bound, Jaeger and Baker (1995) demonstrate

that �rst order asymptotic theory yields poor approximations to the �nite sample distribution of

the 2SLS estimator when instruments are either weak or the degree of overidenti�cation is large.

Bekker (1994) provides an asymptotic analysis of the latter case by considering asymptotic se-

quences where the number of instruments grows at the same rate as the sample size. Staiger and

Stock (1997) and Stock and Wright (2000) develop an asymptotic framework where the parameters

of the �rst stage regression are local to zero to obtain more accurate asymptotic approximations

when the instruments are weak. We also �nd related studies in the early literature on small sam-

ple properties of 2SLS such as the higher order expansions of Nagar (1959), Kunitomo (1980)

and Morimune (1983) or the exact �nite sample theory of Richardson (1968), Mariano (1972) and

Phillips (1980). Weak identi�cation and lack of identi�cation was also covered in earlier work by

Sargan (1983) and Phillips (1989). The conclusion from exact �nite sample and re�ned asymptotic

theory is that the optimality properties of 2SLS procedures may not be relevant for their actual

�nite sample performance and highly overidenti�ed estimators should be used with caution.

A more recent literature has focused on improved estimators in the case of overidenti�ed mod-

els. Donald and Newey (2001) propose a selection criterion to select the number of instruments in

a way that balances higher order bias and e¢ ciency. The higher order mean square error (MSE)

approximations obtained by Donald and Newey (2001) indicate that the higher order bias of 2SLS

increases linearly with the number of overidentifying conditions. Monte Carlo evidence of Donald

and Newey (2001) shows that the selection criterion for the number of instruments performs partic-

ularly well when the degree of endogeneity is high but fares less well when the correlation between

structural and reduced form innovations is weak to moderate. In the latter case, estimator bias

tends to be overstated by the higher order MSE approximation and as a consequence too small a

number of instruments is selected. This tendency for �bias pessimism�of higher order expansions
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to the distribution of the 2SLS estimator was documented by Hahn, Hausman and Kuersteiner

(2004). These �ndings are in line with recent work on many weak instruments by Stock and Yogo

(2004), Chao and Swanson (2005), Han and Phillips (2006), Hansen, Hausman and Newey (2006),

Hausman, Newey and Woutersen (2006) and Newey and Windmeijer (2007). This literature shows

that consistent estimation of models with many weak instruments is feasible and that under certain

conditions asymptotically valid inference based on Gaussian limit distributions is possible.

The focus of this paper is to extend the results and methods proposed in Donald and Newey

(2001). We show that the model averaging approach of Hansen (2007) can be applied to the �rst

stage of the 2SLS estimator. The bene�ts of model averaging mostly lie in a more favorable trade

o¤ between bias and e¢ ciency in the second stage of the 2SLS estimator. Our theoretical results

show that for certain choices of weights the model averaging 2SLS estimator (MA2SLS) eliminates

higher order bias and achieves the same higher order rates of convergence as the Nagar and LIML

estimators and thus dominates conventional 2SLS procedures. Model averaging allowing for bias

reduction requires a re�ned asymptotic approximation to the MSE of the 2SLS estimator. We

provide such an approximation by including terms of the next higher order than the leading bias

term in our MSE approximation. This approach provides a criterion that directly captures the

trade-o¤ between higher order variance and bias correction.

A limitation of the approach that selects the number of instruments is that the method is

sensitive to the a priori ordering of instruments. By allowing our model weights to be both positive

and negative, we establish that the MA2SLS estimator has the ability to select arbitrary subsets

of instruments from an orthogonalized set of instruments. In other words, if there are certain

orthogonal directions in the instrument space that are particularly useful for the �rst stage, the

MA2SLS is able to individually select these directions form the instrument set. Conventional

sequential instrument selection on the other hand would be able to select these instruments only

as part of a possibly much larger collection of potentially less informative instruments.

An added bene�t of model averaging is that, in some cases, the optimal weights are available in

closed form which lends itself to straight-forward empirical application. In Monte Carlo experiments

we �nd that our re�ned selection criterion combined with a more �exible choice of instruments

generally performs at least as well as only selecting the number of instruments over a wide range

of models and parameter values, and performs particularly well in situations where selecting the

number of instruments tends to select too few instruments.

Our model averaging approach can also be applied to non-linear procedures such as the limited
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information maximum likelihood (LIML) estimator. To preserve space, we do not present results

for these procedures. LIML, k-class estimators, continuous updating estimators and empirical

likelihood procedures perform well in terms of their higher order properties compared to the 2SLS

estimator. Higher order asymptotic properties of these estimators have recently been considered

by Bekker (1994), Donald and Newey (2001), Hahn, Hausman and Kuersteiner (2004), Newey and

Smith (2004) and Bekker and van der Ploeg (2005). However, simulation experiments in Donald and

Newey (2001) and Hahn, Hausman and Kuersteiner (2004) indicate that the �nite sample properties

of LIML are not always superior to those of 2SLS and can be quite poor due to lack of �nite sample

moments of the estimator distribution. This moment problem is particularly pronounced when

identi�cation is weak.

In this paper we focus exclusively on the moment selection problem for 2SLS. Aside form the

mixed �nite sample evidence regarding the ranking of various procedures, our focus on the 2SLS

procedure is also motivated by its wide use in practice. A few alternative methods to the selection

approach of Donald and Newey (2001) have recently been suggested. Kuersteiner (2002) shows that

kernel weighting of the instrument set can be used to reduce the 2SLS bias, an idea that was further

developed by Okui (2007) and Canay (2006). The MA2SLS estimator proposed in this paper can

be interpreted as a generalization of the more restrictive kernel weighted methods. While kernel

weighting is shown to reduce bias, its e¤ects on the MSE of the estimator are ambiguous. The

goal of this paper therefore is to develop an instrument selection approach that is less sensitive to

instrument ordering, dominates the approach of selecting the number of instruments in terms of

higher order MSE and outperforms the number of instrument selection procedure in �nite sample

Monte Carlo experiments.

We present the general form of the MA2SLS estimator in Section 2.2 and discuss various mem-

bers of the class of MA2SLS estimators in Section 3.2. The re�ned higher order MSE approximation

for the MA2SLS family is obtained in Section 3.1. Section 3.3 demonstrates that optimal members

of the MA2SLS family dominate the pure number of instrument selection method for the 2SLS

estimator as well as the bias corrected version of that estimator in terms of relative higher order

MSE. In Section 4 we establish that feasible versions of the MA2SLS estimator maintain certain

optimality properties. Section 5 contains Monte Carlo evidence of the small sample properties of

the MA2SLS estimators.

Throughout the paper, we use the following notations. For a sequence of vectors a1; : : : ; aN ,

the matrix a is de�ned as a = (a1; : : : ; aN )0. For a matrix A, Aij denotes the (i; j)-th element of A.
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P
i signi�es

PN
i=1 unless otherwise speci�ed. �wpa1�reads �with probability approaching one�.

2 First Stage Model Averaging 2SLS Estimator

2.1 Settings

Following Donald and Newey (2001), we consider the model

yi = Y 0i �y + x
0
1i�x + �i = X 0

i� + �i (2.1)

Xi =

0@ Yi

x1i

1A = f(zi) + ui =

0@ E[Yijzi]

x1i

1A+
0@ �i

0

1A ; i = 1; : : : ; N

where yi is a scalar outcome variable, Yi is a d1 � 1 vector of endogenous variables, x1i is a vector

of included exogenous variables, zi is a vector of exogenous variables (including x1i), �i and ui are

unobserved random variables with second moments which do not depend on zi, and f is an unknown

function of z. Let fi = f(zi). The set of instruments has the form Z 0M;i � ( 1(zi); � � � ;  M (zi)),

where  ks are functions of zi such that ZM;i is a M � 1 vector of instruments.

In the current model, the asymptotic variance of a
p
N -consistent regular estimator cannot be

smaller than �2 �H�1, where �2 = E[�2i jzi] and �H = E[fif
0
i ] (Chamberlain (1987)). The lower bound

is achieved by 2SLS if fi can be written as a linear combination of the instruments. Likewise, if there

is a linear combination of the instruments which is close to fi, then the asymptotic variance of an

instrumental variable estimator is small. This observation implies that using many instruments is

desirable in terms of asymptotic variance. However, an instrumental variables estimator with many

instruments may behave poorly in �nite samples and can be sensitive to the number of instruments.

Thus, instrument selection is critical to good �nite sample performance of 2SLS estimators.

2.2 Model Averaging

Let WN be a weighting vector such that WN = (w1;N ; : : : ; wM;N ) and
PM
m=1wm;N = 1 for some

M such that M � N for any N . We note that WN is a sequence of weights wm;N indexed by the

sample size N , but for notational convenience we use the symbols W and wm: In Sections 3.2 and

4, we discuss in more detail the restrictions that need to be imposed on W and M , but point out

here that wm is allowed to take on positive and negative values. Let Zm;i be the vector of the �rst

m elements of ZM;i, Zm be the matrix (Zm;1; : : : ; Zm;N )0 and Pm = Zm(Z
0
mZm)

�1Z 0m. The model
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averaging two-stage least squares estimator (MA2SLS) of � is de�ned as

�̂ = argmin
�

=

MX
m=1

wm(y �X�)0Pm(y �X�): (2.2)

Note that (y �X�)0Pm(y �X�) is the objective function for the 2SLS estimator using the �rst m

instruments. De�ne P (W ) =
PM
i=1wmPm. The estimator �̂ then can be written conveniently as

�̂ = (X 0P (W )X)�1X 0P (W )y: (2.3)

We use the term MA2SLS because P (W )X is the predictor of X based on Hansen�s (2007)

model averaging estimator applied to the �rst stage regression. The model averaging estimator

exploits a trade-o¤between speci�cation bias and variance. In our application this trade o¤appears

in the second stage of 2SLS as well, however with reversed implications: more speci�cation bias

in the �rst stage leads to less estimator bias in the second stage, and reduced variance in the

�rst stage leads to less e¢ ciency in the second stage. This trade o¤ is well understood from the

work of Nagar (1959), Bekker (1994) and Donald and Newey (2001) amongst others. As Hansen

(2007) demonstrates, model averaging improves the bias-variance trade-o¤ in conventional model

selection contexts. These advantages translate into corresponding advantages for the second stage

estimator as our theoretical analysis shows. Furthermore, we generalize the work of Hansen (2007)

by allowing weights to be possibly negative while weights examined by Hansen (2007) are restricted

to be positive. Allowing negative weights is important to obtain a bias correction and robustness

with respect to the ordering of the instruments.

2.3 Advantages of Model Averaging

To give a preview of our results, we note that under suitable conditions on the behavior of W as

a function of the sample size N it can be shown that the largest term of the higher order bias of

�̂ is proportional to K 0W=
p
N where K = (1; 2; : : : ;M)0: When a speci�c �rst stage model with

exactly m instruments is selected, this result reduces to the well known result that the higher

order bias is proportional to m=
p
N: In other words, the �rst stage model selection approach

of Donald and Newey (2001) can be nested within the class of MA2SLS estimators by choosing

wj = 1 for j = m and wj = 0 for j 6= m. To illustrate the bias reduction properties of MA2SLS,

we consider an extreme case where the higher order bias is completely eliminated. This occurs

when W satis�es the additional constraint K 0W = 0. Thus, the higher order rate of convergence

of MA2SLS can be improved relative to the rate for 2SLS by allowing wj to be both positive an
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negative. In fact, the Nagar estimator can be interpreted as a special case of the MA2SLS where

M = N; wj = N= (N �m) for j = m, some m; wN = �m= (N �m) and wj = 0 otherwise.1 As we

demonstrate later, MA2SLS de�nes a much wider class of estimators with desirable MSE properties

even when K 0W = 0 does not hold and dominates the Nagar estimator when K 0W = 0 is imposed.

Kuersteiner (2002) proposed a kernel weighted form of the 2SLS estimator in the context of time

series models and showed that kernel weighting reduces the bias of 2SLS. Let k = diag (k1; :::; kM )

where kj = k ((j � 1) =M) are kernel functions k(�) evaluated at j=M with k(0) = 1. The kernel

weighted 2SLS estimator then is de�ned as in (2.3) with P (W ) replaced by ZMk(Z 0MZM )
�1kZ 0M :

For expositional purposes and to relate kernel weighting to model averaging, we consider a special

case in which instruments are mutually orthogonal so that Z 0MZM is a diagonal matrix, but note

that similar results hold in the general case.2 Let ~Zj be the j-th column of ZM such that ZM =

( ~Z1; : : : ; ~ZM ) and ~Pj = ~Zj( ~Z
0
j
~Zj)

�1 ~Z 0j .

For a given set of kernel weights k, there exist weights W such that for wj = k2j � k2j+1 and

wM = k2M the relationship

MX
m=1

wmPm =

MX
j=1

k2j ~Pj = ZMk(Z
0
MZM )

�1kZ 0M (2.4)

holds. In other words, the kernel weighted 2SLS estimator corresponds to model averaging with

the weights fwmgMm=1 de�ned above.

Okui�s (2007) shrinkage 2SLS estimator is also a special case of the averaged estimator (2.3).

In this case, wL = s; wM = 1 � s; s 2 [0; 1]; wj = 0 for j 6= L;M where L(< M) is �xed. Okui�s

procedure can be interpreted in terms of kernel weighted 2SLS. Letting the kernel function k(x) = 1

for x � L=M; k(x) =
p
s for L=M < x � 1 and k(x) = 0 otherwise implies that the kernel weighted

2SLS estimator formulated on the orthogonalized instruments is equivalent to Okui�s procedure.

The common feature of kernel weighted 2SLS estimators is that they shrink the �rst stage

estimators towards zero. Shrinkage of the �rst stage reduces bias in the second stage at the cost of

reduced e¢ ciency. While kernel weighting has been shown to reduce bias, conventional kernels with

monotonically decaying �tails�can not completely eliminate bias. The calculations in Kuersteiner

1The approximate higher order MSE for the Nagar estimator is covered by Corollary 7.3 in Section 7, see Remark

4.
2 In other words, we ortho-normalize the instruments prior to kernel weighting. Thus, that Z0MZM is a diagonal

matrix is not really a restriction in practice. When kernel weighting is applied to the instruments that are not

ortho-normalized, the MA weights corresponding to some particular kernel become data dependent and have a more

complicated formula.
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(2002) also show that the distortion introduced from using the weight matrix k(Z 0MZM )
�1k rather

than (Z 0MZM )
�1 asymptotically dominates the higher order variance of �̂ for conventional choices

of k(�). This later problem was recently addressed by Canay (2006) through the use of top-�at

kernels (see, e.g., Politis and Romano (1995), Politis (2001) and Politis (2006)).

Despite these advances, conventional kernel based methods have signi�cant limitations due to

the fact that once a kernel function is chosen, the weighting scheme is not �exible. The fully

�exible weights employed by MA2SLS guarantee that the net e¤ect of bias reduction at the cost of

decreased e¢ ciency always results in a net reduction of the approximate MSE of the second stage

estimator. As we show in Section 3.3 this result holds even in cases where the bias is not fully

eliminated and thus K 0W = 0 does not hold.

A second advantage of model averaging is its ability to pick models from a wider class than

sequential instrument selection can. Imagine a situation where the �rst m (< M) instruments

in ZM are redundant. In this case a sequential procedure will need to include the uninformative

instruments while the model averaging procedure can in principle set weights wM = 1 and wm = �1

such that P (W ) = PM � Pm is the projection on the orthogonalized set of the last M � m

instruments in ZM : To be more speci�c, let zi be the i-th column of ZM when i � M and de�ne

~z2 = (I �P1)z2; ~z3 = (I � P2) z3; :::; ~zM = (I � PM�1) zM such that z1; ~z2; :::~zM are orthogonal and

span ZM . Then, PM =
PM
i=1

~Pi where ~Pi = ~zi(~z0i~zi)
�1~z0i for i > 1 and P1 = z1 (z

0
1z1)

�1 z01: It follows

that
PM
m=1wmPm =

PM
j=1 ~wj

~Pj for ~wj =
PM
m=j wm: If D is an M � M matrix with elements

dij = 1 fj � ig and ~W = ( ~w1; :::; ~wM )
0, then W = D�1 ~W: The only constraint we impose on ~W is

~w1 = 1: Since ~W is otherwise unconstrained one can set ~wj = 0 for any 1 < j �M: In addition, an

arbitrarily small but positive weight can be assigned to the �rst coordinate by choosing ~wj large

for j 6= 1: The use of negative weights thus allows MA2SLS to pick out relevant instruments from

a set of instruments that contains redundant instruments. In Section 5 we document the ability of

MA2SLS to pick out relevant instruments through Monte Carlo experiments.

3 Higher Order Theory

3.1 Asymptotic Mean Square Error

The choice of model weights W is based on an approximation to the higher order MSE of �̂: The

derivations parallel those of Donald and Newey (2001). However, because of the possibility of bias

elimination by setting K 0W = 0, we need to consider an expansion that contains additional higher
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order terms. We show the asymptotic properties of the MA2SLS under the following assumptions.

Assumption 1 fyi; Xi; zig are i.i.d., E[�2i jzi] = �2� > 0, and E[jj�ijj4jzi] and E[j�ij4jzi] are bounded.

Assumption 2 (i) �H � E[fif
0
i ] exists and is nonsingular. (ii) for some � > 1=2,

sup
m�M

m2�

�
sup
�0�=1

�0f (I � Pm) f�=N
�
= Op (1) :

Assumption 3 (i) E[(�i; u0i)
0(�i; u0i)jzi]; E

�
�2iuiu

0
ijzi
�
and E

�
�2iuijzi

�
are constant. Let �u� =

E[ui�ijzi], �u = E[uiu
0
ijzi]. (ii) Z 0MZM are nonsingular wpa1. (iii) maxi�N PM;ii !p 0, where

PM;ii signi�es the (i; i)-th element of PM ; (iv) fi is bounded.

Assumption 4 Let W+ = (jw1j; : : : ; jwM j)0. The following conditions hold: 10MW = 1; W 2 l1

where l1 = fx = (x1; :::) j
P1
i=1 jxij <1g, M � N ; and, as N ! 1 and M ! 1, K 0W+ =PM

m=1 jwmjm!1, K 0W+=
p
N =

PM
m=1 jwmjm=

p
N ! 0, and

PM
m=1 (

Pm
s=1ws)

2m�2� ! 0.

Assumptions 1-3 are similar to those imposed in Donald and Newey (2001). Assumption 4

collects the conditions that weights must satisfy and is related to the conditions imposed by Donald

and Newey (2001) on the number of instruments. We remind the reader that W is a sequence,

indexed by N; of sequences. The condition K 0W+ ! 1 may be understood as the number of

instruments tending to in�nity. This assumption is needed to achieve the semiparametric e¢ ciency

bound and to obtain the asymptotic MSE whose leading terms depend on K 0W . The condition

K 0W+=
p
N ! 0 limits the rate at which the number of instruments is allowed to increase, which

guarantees standard �rst-order asymptotic properties of the MA2SLS estimator. The conditionPM
m=1 (

Pm
s=1ws)

2m�2� ! 0 guarantees that small models receive asymptotically negligible weight

and is needed to guarantee �rst order asymptotic e¢ ciency of the MA2SLS estimator. We also

restrict W to lie in the space of absolutely summable sequences l1. The fact that the sequences

in l1 have in�nitely many elements creates no problems since one can always extend W to l1 by

setting wj = 0 for all j > M .

The notion of asymptotic MSE employed here is similar to the Nagar-type asymptotic expansion

(Nagar (1959)). Following Donald and Newey (2001), we approximate the MSE conditional on the

exogenous variable z, E[(�̂ � �0)(�̂ � �0)0jz], by �2�H�1 + S(W ) where

N(�̂ � �0)(�̂ � �0)0 = Q̂(W ) + r̂(W ); E[Q̂(W )jz] = �2�H
�1 + S(W ) + T (W );

H = f 0f=N and (r̂(W )+T (W ))=tr(S(W )) = op(1) asN !1. First we representN(�̂��0)(�̂��0)0

in two parts, Q̂(W ) and r̂(W ), and discard r̂(W ), which goes to zero in probability more quickly
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than S(W ). Then we take the expectation of Q̂(W ) conditional on the exogenous variables, z, and

ignore the term T (W ), which goes to zero more quickly than S(W ). The term �2�H
�1 corresponds

to the �rst-order asymptotic variance. Hence, S(W ) is the nontrivial and dominant term in the

MSE that depends on W .

Formal theorems and explicit expressions for S(W ) are reported in Theorem 7.1 and Corollaries

7.1, 7.2 and 7.3. In this section, we brie�y discuss the main �ndings. Under additional constraints

on higher order moments such that Cum [�i; �i; ui; u0i] = 0 and E[�
2
iui] = 0,

3 we show in Corollary

7.1 that

S (W ) = H�1
�
a�
(K 0W )2

N
+ b�

(W 0�W )

N
� K 0W

N
BN + �

2
�

f 0(I � P (W ))(I � P (W ))f
N

�
H�1

(3.1)

where a� = �u��
0
u�, b� = (�

2
��u+�u��

0
u�), BN is de�ned in (7.1) and � is the M �M matrix whose

(i; j)-th element is min(i; j). In Section 7 we also derive results for the more general case when

Cum[�i; �i; ui; u0i] 6= 0 and E[�2iui] 6= 0. Because these formulas are substantially more complicated,

we focus our discussion on the simpler case.4 The �rst term in (3.1) represents the square of the

bias, and the fourth term represents the goodness-of-�t of the �rst stage regression. These two

terms appear in the existing results of the asymptotic expansions of the 2SLS estimator. The

second term represents a variance in�ation by including many instruments. A similar term appears

in the MSE results for LIML and bias-corrected 2SLS estimators by Donald and Newey (2001). As

shown in Theorem 7.1, BN in the third term is positive de�nite. This shows that a�(K 0W )2=N

over-estimates the bias of including more instruments. We need to include the second and third

terms because K 0W !1 may not hold as a result of allowing negative weights. In fact, when the

weights are all positive, we have K 0W !1 (because K 0W = K 0W+ in this case) and the second

and third term then are of lower order as established in expression (7.4) of Corollary 7.2.

3.2 Estimator Classes

We choose W to minimize the approximate MSE of �0�̂ for some �xed � 2 Rd: For this purpose

de�ne ��� = �0H�1�u� and �2� = �0H�1�uH�1�: Then, the optimal weight, denoted W �, is the

solution to minW2
 S� (W ) where S� (W ) = �0S (W )� and 
 is some set.

3�Cum�signi�es the fourth order cumulant so that Cum [�i; �i; ui; u0i] = E[�
2
iuiu

0
i]� �2��u � 2�u��0u�.

4As was noted in Donald and Newey (2001), it is possible to use the more general criterion where

Cum[�i; �i; ui; u0i] 6= 0 and E[�2iui] 6= 0 because the additional nuisance parameters for this case can be estimated. We

note that in practice this seems to be rarely done.
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We consider several versions of 
 which lead to di¤erent estimators. The MA2SLS esti-

mator is unconstrained if 
 = 
U = fW 2 l1jW 01M = 1g. More restricted versions can be

constructed by considering the sets 
B = fW 2 l1jW 01M = 1;K 0W = 0g which leads to unbi-

ased estimators. From a �nite sample point of view it may be useful to further constrain the

weights W to lie in a compact set. This is achieved in the following de�nitions of restricted

model averaging classes de�ned as 
C = fW 2 l1jW 01M = 1;wm 2 [�1; 1] ;8m �Mg ; and 
P =

fW 2 l1jW 01M = 1;wm 2 [0; 1] ;8m �Mg.

When 
 is equal to 
U or 
B, a closed form solution for W � is available. Let um� = (I �

Pm)fH
�1� and de�ne the matrix U = (u1�; : : : ; u

M
� )

0(u1�; : : : ; u
M
� ). It now follows that �

0H�1f 0(I�

P (W ))(I � P (W ))fH�1� =W 0UW such that S (W ) is a¢ ne in W . It then is easy to show that

W �
U = arg min

W2
U
S�(W ) =

1

2
A�1

�
K�0H�1BNH

�1�+
2� 10MA�1K�0H�1BNH

�1�

10MA
�11M

1M

�
(3.2)

where A = �2��KK
0+
�
�2��

2
� + �

2
��

�
�+�2�U . As we show in Corollary 7.3 the approximate MSE of

�̂ simpli�es when the constraint K 0W = 0 is imposed. In this case, weights are chosen such as to

eliminate the highest order bias term. We therefore �nd the following closed form solution for W �
B:

W �
B = arg min

W2
B
S�(W ) = A�1B R

�
R0A�1B R

��1
b (3.3)

where AB =
�
�2��

2
� + �

2
��

�
� + �2�U , b = (0; 1)0 and R = (K;1M ). It is clear that 
B � 
U

such that minW2
U S�(W ) � minW2
B S�(W ): Since the Nagar estimator is contained in 
B,

it follows by construction that MA2SLS based on W �
U weakly dominates the Nagar estimator in

terms of asymptotic MSE.5 In Section 3.3 we show that MA2SLS strictly dominates the Nagar

estimator. When the optimal weights are restricted to lie in the sets 
C or 
P , no closed form

solution exists. Finding the optimal weights minimizing S�(W ) over a constrained set is a classical

quadratic programming problem for which there are readily available numerical algorithms.6 We

note that for 
P , it follows from Corollary 7.2 that the criterion can be simplify to (7.4).

3.3 Relative Higher Order Risk

It is easily seen that Donald and Newey�s (2001) procedure can be viewed as a special case of model

averaging where the weights are chosen from the set 
DN � fW 2 l1jwm = 1 for some m and wj =
5Our Monte Carlo results show that W �

U has good �nite sample properties. Monte Carlo evidence for W �
B ; not

included in this paper to conserve space, shows that this version of the estimator has poor �nite sample properties

and we do not further consider it for this reason, except for a theoretical argument in Theorem 3.1.
6The Gauss programming language has the procedure QPROG, and the Ox programming language has the

procedure SolveQP.

11



0 for j 6= mg to minimize S� (W ). Note that when W 2 
DN , it follows that K 0W = m and

(I � P (W ))(I � P (W )) = (I � Pm). Hence, S (W ) with W restricted to W 2 
DN reduces to

H�1
�
a�
m2

N
+
m

N
(b� �BN ) + �2�

f 0(I � Pm)f
N

�
H�1

for m �M: Because m=N = o(m2=N) as m!1, the expression for S (W ) withW 2 
DN reduces

to the result of Donald and Newey (2001, Proposition 1). We note that all sets 
 = 
U ;
B; :::;
P

contain the procedure of Donald and Newey (2001) as a subset (i.e., 
DN � 
). This guarantees

that MA2SLS weakly dominates the number of instrument selection procedure such that S� (W �) �

minW2
DN S� (W ). In fact, as the argument in the proof of Lemma 7.6 shows, there are simple

sequences in 
U and 
B that strongly dominate argminW2
DN S� (W ) in the sense of achieving

higher rates of convergence.

A stronger result is the following theorem which shows that, under some regularity conditions

on the population goodness-of-�t of the �rst stage regression, the asymptotic MSE of MA2SLS is

lower than that of 2SLS with pure number of instrument selection even when K 0W 6= 0.

Theorem 3.1 Assume that Assumptions 1-4 hold. Let 
m = �0H�1f 0(I �Pm)fH�1�=N: Assume

that there exists a non-stochastic function C(a) such that supa2[�";"] 
m(1+a)=
m = C (a) wpa1 as

N;m!1 for some " > 0. Assume that C (a) = (1 + a)�2� + o
�
jaj2�

�
: Then,

minW2
P S�(W )

minW2
DN S� (W )
< 1 wpa1.

Moreover, let WN be the weights with wm = N= (N �m) ; wN = �m= (N �m) and wj = 0 for

j 6= m where m is chosen to minimize S� (W ) : Then,

minW2
B S�(W )

S� (WN )
< 1 wpa1.

Remark 1 The additional conditions on 
m imposed in Theorem 3.1 are satis�ed if 
m = �m�2�,

but are also satis�ed for more general speci�cations. For example, if 
m = � (m)m�2�+ op
�
m�2��

as m ! 1, where the function � (m) satis�es � (m (1 + a)) =� (m) = 1 + o
�
jaj2�

�
wpa1, then the

condition holds.

The �rst part of the theorem indicates that all MA2SLS estimators considered here dominate

the simple number of instrument selection procedure in terms of higher order MSE. Likewise, the

second part implies that the MA2SLS estimators obtained from choosing W over the sets 
U and


B dominate the Nagar estimator in terms of higher order MSE.
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We contrast the optimality properties of MA2SLS with kernel weighted GMM. For illustration,

consider the model weights wm = 1=M for m �M and wm = 0 otherwise, which correspond to the

kernel weighted GMM with kernel function k(x) =
p
max(1� x; 0) (see (2.4)). Because the weights

are always between 0 and 1, the MSE is given in (7.4). As a function of the kernel bandwidth M ,

the MSE approximation is

S�(M) = �2��
(M + 1)2

4N
+ �2�

10MU1M
M2N

:

The form of S� in this case illustrates the fact that kernel weighting generally reduces the higher

order bias of 2SLS, here in this case by a factor 1=2; but that this comes at the cost of increased

higher order variance. It is easily seen that 10MU1M � M2uM 0
� uM� . Since the di¤erence between

10MU1M andM2uM 0
� uM� is data-dependent, it can not be established in general that kernel weighting

reduces the MSE. This example illustrates that kernels do not have enough free parameters to

guarantee that bias reduction su¢ ciently o¤-sets the increase in W 0UW:

4 Implementation

Fully data dependent implementation of the estimator classes de�ned in Section 3.2 requires a

data-dependent criterion Ŝ� (W ). The non-trivial part of estimating the criterion concerns f 0(I �

P (W ))(I �P (W ))f=N . Donald and Newey (2001) show that the Mallows criterion can be used to

estimate the term f 0(I�Pm)f=N . This approach �ts naturally in our framework of model averaging

for the �rst stage. Hansen (2007) proposes to use the Mallows criterion ~u0~u=N +2�2�K
0W=N where

~u = (I � P (W ))XH�1� to choose the weightsW for the �rst stage regression. The use of Mallows

criterion is motivated by the fact that

E
�
~u0~u=N jz

�
= �0H�1f 0(I � P (W ))(I � P (W ))fH�1�=N + �2�

�
W 0�W � 2K 0W

�
=N + �2�

such that E
�
~u0~u=N + 2�2�K

0W=N jz
�
= E[k(f � P (W )X)H�1�k2jz]=N + �2�: We note that in the

context of instrument selection the relevant criterion is E
�
k(I � P (W ))fH�1�k2jz

�
rather than

E
�
k(f�P (W )X)H�1�k2jz

�
such that the criterion needs to be adjusted to ~u0~u=N+�2�(2K

0W=N�

W 0�W=N): We also note that when W 2 
DN it holds that W 0�W = K 0W = m. Therefore, the

correctly adjusted Mallows criterion in this special case is ~u0m~um=N + �2�m=N which leads to the

formulation used in Donald and Newey (2001, p. 1165).

We propose a slightly di¤erent criterion which is based on the di¤erence between the residuals

û� = (PM � P (W ))XH�1�

13



where M is a sequence increasing with N that is chosen by the statistician. In practice, M is the

largest number of instruments considered for estimation. This number often is directly implied by

the available data-set or determined by considerations of computational and practical feasibility.

Note that PM ! I, as M ! N , which leads to the conventional Mallows criterion. Including PM

rather than I serves two purposes. On the one hand it reduces the bias of the criterion function

when W puts most weight on large models. This can be seen by considering the criterion bias

where

E
h

(PM � P (W ))uH�1�



2 jzi = �2�
�
M � 2K 0W +W 0�W

�
:

When W 2 
DN , it follows that K 0W = m and �2� (M � 2K 0W +W 0�W ) = �2� (M �m) which

tends to zero as m reaches the upper bound M . Similarly, as our theoretical analysis shows, the

variability of the criterion function can be reduced by using the criterion based on PM .

Let ~� denote some preliminary estimator of �, and de�ne the residuals ~� = y�X~�. As pointed

out in Donald and Newey (2001), it is important that ~� does not depend on the weight matrix

W . We use the 2SLS estimator with the number of instruments selected by the �rst stage Mallows

criterion in simulations. Let Ĥ be some estimator of H. Let ~u be some preliminary residual vector

of the �rst stage regression. Let ~u� = ~uĤ�1�.7 De�ne,

�̂2� = ~�
0~�=N; �̂� = ~u

0
�~u�=N; �̂�� = ~u

0
�~�=N:

Let ûm� = (PM�Pm)XĤ�1� and Û = (û1�; : : : ; û
M
� )

0(û1�; : : : ; û
M
� ). The criterion Ŝ� (W ) for choosing

the weights is

Ŝ� (W ) =

 
â�
(K 0W )2

N
+ b̂�

(W 0�W )

N
� K 0W

N
B̂�;N + �̂

2
�

 
W 0ÛW � �̂2� (M � 2K 0W +W 0�W )

N

!!
(4.1)

with â� = �0Ĥ�1â�Ĥ�1�; b̂� = �0Ĥ�1b̂�Ĥ�1� and B̂�;N = �0Ĥ�1B̂NĤ
�1�. When the weights are

only allowed to be positive, Corollary 7.2 suggests the simpler criterion

Ŝ� (W ) =

 
â�
(K 0W )2

N
+ �̂2�

 
W 0ÛW � �̂2� (M � 2K 0W +W 0�W )

N

!!
: (4.2)

In order to show that Ŵ ; which is found by minimizing Ŝ� (W ) ; has certain optimality proper-

ties, we need to impose the following additional technical conditions.

7Note that ~u is the residual vector. On the other hand, ûm� s are the vectors of the di¤erences of the residuals.
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Assumption 5 For some �, supm�M m2�+1
�
sup�0�=1 �

0f (Pm � Pm+1) f�=N
�
= Op (1) and

inf
m2JM

m2�+1

�
sup
�0�=1

�0f (Pm � Pm+1) f�=N
�
> 0 wpa1

where JM is some set of positive integers smaller than M such that the cardinality #JM of JM is

O (M) :

Assumption 6 Ĥ �H = op (1) ; â� � a� = op (1) ; b̂� � b� = op (1) and B̂N �BN = op (1) :

Assumption 7 Let � be as de�ned in Assumption 5. For some 0 < " < min(1= (2�) ; 1), and �

such that 2�" > � > 0, it holds that M = O
�
N (1+�)=(2�+1)

�
. For some # > (1 + �) = (1� 2�"), it

holds that E
�
juij2#

�
<1 . Further assume that �̂2� � �2� = op

�
N��=(2�+1)�.

Remark 2 The second part of Assumption 5 allows for redundant instruments where f 0(Pm �

Pm+1)f=N = 0 for some m; as long as the number of such cases is small relative to M:

The following result generalizes a result established by Li (1987) to the case of the MA2SLS

estimator.

Theorem 4.1 Let Assumptions 1-7 hold. For 
 = 
U , 
B, 
C , or 
P and Ŵ = argminW2
 Ŝ� (W )

it follows that

Ŝ�

�
Ŵ
�

infW2
 S� (W )
!p 1: (4.3)

Theorem 4.1 complements the result in Hansen (2007). Apart from the fact that Ŝ� (W ) is

di¤erent from the criterion in Hansen (2007), there are more technical di¤erences between our

result and Hansen�s (2007). Hansen (2007) shows (4.3) only for a restricted set 
 where 
 has

a countable number of elements. We are able to remove the countability restriction and allow

for more general W . However, in turn we need to impose an upper bound M on the maximal

complexity of the models considered.

5 Monte Carlo

This section reports the results of our Monte Carlo experiments,8 where we investigate the �nite

sample properties of the MA2SLS estimators. In particular, we examine the performance of the

MA2SLS estimators compared with Donald and Newey�s (2001) instrument selection procedure,

possible gains from considering additional higher order terms in the asymptotic MSE, and potential

bene�ts we obtain by allowing negative weights.
8This Monte Carlo simulation was conducted with Ox 4.04 (Doornik (2006)) for Windows.
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5.1 Design

We use the same experimental design as Donald and Newey (2001) to ease comparability of our

results with theirs. Our data-generating process is the model:

yi = �Yi + �i; Yi = �0Zi + ui;

for i = 1; : : : ; N , where Yi is a scalar, � is the scalar parameter of interest, Zi �iid.N(0; IM ) and

(�i; ui) is iid. jointly normal with variances 1 and covariance c. The integer M is the total number

of instruments considered in each experiment. We �x the true value of � at 0:1, and we examine

how well each procedure estimates �.

In this framework, each experiment is indexed by the vector of speci�cations: (N;M; c; f�g),

where N represents the sample size. We set N = 100; 1000. The number of instruments is M = 20

when N = 100 and M = 30 when N = 1000. The degree of endogeneity is controlled by the

covariance c and set to c = 0:1; 0:5; 0:9. We consider the following three speci�cations for �.

Model (a): �m =

vuut R2f
�K(1�R2f )

; 8m:

This design is considered by Hahn and Hausman (2002) and Donald and Newey (2001). In this

model, all the instruments are equally weak.

Model (b): �m = c(M)

�
1� m

M + 1

�4
; 8m:

This design is considered by Donald and Newey (2001). The strength of the instruments decreases

gradually in this speci�cation.

Model (c):�m = 0 for m �M=2; �m = c(M)

�
1� m�M=2

M=2 + 1

�4
for m > M=2;

The �rst M=2 instruments are completely irrelevant. Other instruments are relevant and the

strength of them decreases gradually as in Model (b). We use this model to investigate potential

bene�ts of allowing for negative weights which makes the procedure more robust with respect to

the ordering of instruments. For each model, c(M) is set so that � satis�es �0� = R2f=(1 � R2f ),

where R2f is the theoretical value of R
2 and we set R2f = �0�=(�0� + 1) = 0:1; 0:01. The number of

replications is 1000.

We compare the performances of the following seven estimators. Three of them are existing

procedures and the other four procedures are the MA2SLS estimators developed in this paper. First,
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we consider the 2SLS estimator with all available instruments (2SLS in the tables). Second, the

2SLS estimator with the number of instruments chosen by Donald and Newey�s (2001) procedure

is examined (DN). We use the criterion function (4.2) for DN. The optimal number of instruments

is obtained by a grid search. The kernel weighted GMM of Kuersteiner (2002) is also examined

(KW). Let 
KW = fW 2 l1 : wm = L�1 if m � L and 0 otherwise for some L �Mg. Then, the

MA2SLS estimator with W 2 
KW corresponds to the kernel weighted 2SLS estimator with kernel

k(x) =
p
max(1� x; 0). Because the weights are always positive with 
KW , we use the criterion

function (4.2) for KW. We use a grid search to �nd the L that minimizes the criterion. The

procedure �MA-U�is the MA2SLS estimator with 
 = 
U = fW 2 l1 : W 01M = 1g. The weights

for MA-U are computed using the estimated version of formula (3.2) where the matrix U in (3.2)

is estimated by the modi�ed Mallows criterion in Section 4 so that it is equivalent to minimizing

(4.1). The MA2SLS estimator with 
 = 
C = fW 2 l1 : W
01M = 1;wm 2 [�1; 1];8m � Mg

is denoted �MA-C�. We minimize the criterion (4.1) to obtain optimal weights. The procedure

�MA-P�uses the set 
 = 
P = fW 2 l1 : W
01M = 1;wm 2 [0; 1];8m � Mg. The criterion for

MA-P is formula (4.1). The procedure �MA-Ps�also uses the same set 
P , but the criterion for

computing weights is (4.2). For MA-C, MA-P and MA-Ps, we use the procedure SolveQP in Ox

to minimize the criterion (see Doornik (2006)). We use the 2SLS estimator with the number of

instruments that minimizes the �rst-stage Mallows criterion as a �rst stage estimator ~� to estimate

the parameters of the criterion function S� (W ) :

For each estimator, we compute the median bias (�bias�in the tables), the inter-quantile range

(�IQR�), the median absolute deviation (�MAD�) and the median absolute deviation relative to

that of DN (�RMAD�).9 We also compute the following two measures. The measure �KW+�is the

value of
PM
m=1mmax(wm; 0). For 2SLS, this measure is merely the total number of instruments.

For DN, it is the number of instruments chosen by the procedure. The measure �KW-�is the value

of
PM
m=1mjmin(wm; 0)j. This measure is zero for the procedures that allow only positive weights.

For MA-U or MA-C, it may not be zero because of possibly negative weights. A comparison of

KW+ and KW- o¤ers some insight into the importance of bias reduction and instrument selection

for the MA-U and MA-C procedures.

9We use these robust measures because of concerns about the existence of moments of estimators.
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5.2 Results

Tables 1-6 summarize the results of our simulation experiment. The 2SLS estimator (with all

available instruments) performs well when the degree of endogeneity is small (c = 0:1). However,

when c = 0:5 or 0:9, 2SLS exhibits large bias and some method to alleviate this problem is called

for. The selection method of DN achieves this goal only partially. In Model (b) with c = 0:5 and

c = 0:9, where the rank ordering of instruments is appropriate and bias reduction is an important

issue, it reduces the bias of the estimator by using a small number of instruments. However, DN

tends to use too small a number of instruments and the improvement of the performance does not

occur in general. Even in Model (b), DN uses too small a number of instruments when c = 0:1

and thus unnecessarily in�ates the variability of the estimator. In Models (a) and (c), DN seldom

outperforms 2SLS. In particular, in Model (c), the number of instruments selected by DN tends to be

far less than M=2, which means that DN often employs only the instruments that are uncorrelated

with the endogenous regressor. KW typically outperforms DN, which demonstrates the advantage

of kernel weighting. However, the problem observed for DN also applies to KW. KW does not

improve over 2SLS in Models (a) and (c).

All model averaging estimators perform well. MA-Ps, which may be considered a natural

application of Hansen�s (2007) model averaging to IV estimation, outperforms DN and KW in

most cases. MA-P further improves over MA-Ps in Models (a) and (c) substantially, which shows

the bene�t of taking additional higher order terms into account when choosing optimal weights.

On the other hand, in Model (b), MA-P is outperformed by DN when c = 0:9. Nevertheless, the

RMAD measure is never above 1.28 which is signi�cantly lower than the RMAD measure for 2SLS.

This result may be due partly to a trade-o¤ between additional terms in the approximation of the

MSE and a more complicated form of the optimal weights: It provides a more precise approximation

of the MSE on a theoretical level; however it also complicates estimation of the criterion S� (W )

which may result in larger estimation errors in the estimated criterion function. MA-U and MA-C

also perform well. Their performance is particularly remarkable in Models (a) and (c) where DN

tends to choose too few instruments. In particular, in Model (c) with c = 0:9, the performance of

MA-U stands out. This result demonstrates the value of �exibility with respect to the ordering of

instruments that is achieved by allowing negative weights.10 However, the performance of MA-U or

10Results not presented here show that MA-C also works as well as MA-U does in Model (c) when R2f = 0:2.

These results might imply that we need su¢ ciently informative data for exploiting the bene�t from allowing negative

weights. Even for MA-U, such a bene�t is more clearly seen in cases with R2f = 0:1 than in cases with R
2
f = 0:01.
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MA-C in Model (b) is not as good as that of DN when c = 0:5 and c = 0:9 with a RMAD measure

reaching values of around 1:3 and 1:7 respectively. Nevertheless, MA-U and MA-C perform better

than 2SLS even in these cases. Their relatively poor performance in Model (b) may be due to

having too large a choice set for W . The performance of MA-C is more stable over di¤erent designs

than that of MA-U. Note also that the values of �KW+�and �KW-�for MA-U and MA-C indicate

that they do not try to eliminate the bias completely.11 The median biases of these estimators are

similar to other MA2SLS estimators.

In summary, MA-Ps displays the most robust performance of all procedures considered. It never

falls behind DN in terms of RMAD and often outperforms it signi�cantly. The other MA2SLS

estimators show some problems in Model (b) when the degree of endogeneity is moderate to high

(MA-U) or high (MA-C and MA-P). On the other hand, MA-U and MA-C in particular achieve

even more signi�cant improvements in terms of MAD over DN in Models (a) and especially (c)

where DN and 2SLS are unable to eliminate irrelevant instruments.

6 Conclusions

For models with many overidentifying moment conditions, we show that model averaging of the

�rst stage regression can be done in a way that reduces the higher order MSE of the 2SLS es-

timator relative to procedures that are based on a single �rst stage model. The procedures we

propose are easy to implement numerically and in some cases have closed form expressions. Monte

Carlo experiments document that the MA2SLS estimators perform at least as well as conventional

moment selection approaches and perform particularly well when the degree of endogeneity is low

to moderate and when the instrument set contains uninformative instruments.

7 Formal Results and Proofs

Theorem 7.1 Suppose that Assumptions 1-3 are satis�ed. De�ne �i(W ) = E[�2iui]Pii(W ), �(W ) =

(�1(W ); :::; �N (W ))
0 and Q (W ) = I � P (W ). If W satis�es Assumption 4 then, for �̂, the decomposition

11The higher order bias is eliminated when K0W = 0, which is equivalent to the case where �KW+�and �KW-�

are equal.
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given by (7.6) holds with

S(W ) = H�1
�
Cum [�i; �i; ui; u0i]

P
i(Pii(W ))

2

N
+ �u��

0
u�

(K 0W )2

N
+ (�2��u + �u��

0
u�)
(W 0�W )

N

�K
0W

N
BN + E[�

2
1u
0
1]

P
i fiPii(W )

N
+

P
i f

0
iPii(W )

N
E[�21u1]

+f 0Q (W )� (W ) =N + � (W )
0
Q (W ) f=N + �2�

f 0(I � P (W ))(I � P (W ))f
N

�
H�1

where d = dim(�); and

BN = 2

 
�2��u + d�u��

0
u� +

1

N

NX
i=1

fi�
0
u�H

�1�u�f
0
i +

1

N

NX
i=1

�
fi�

0
u�H

�1fi�
0
u� + �u�f

0
iH

�1�u�f
0
i

�!
(7.1)

Remark 3 When d = 1, BN = 2(�2��u + 4�
2
u�).

Note that the term BN is positive semi-de�nite. This implies that usual higher order formula that

neglects the term K0W
N BN overestimates the e¤ect on the bias of including more instruments. A number of

special cases lead to simpli�cations of the above result. If Cum[�i; �i; ui; u0i] = 0 and E[�
2
iui] = 0 as would be

the case if �i and ui were jointly Gaussian, then the following result is obtained:

Corollary 7.1 Suppose that the same conditions as in Theorem 7.1 hold and that in addition Cum[�i; �i; ui; u0i] =

0 and E[�2iui] = 0. Then, for �̂, the decomposition given by (7.6) holds with:

S(W ) = H�1
�
�u��

0
u�

(K 0W )2

N
+ (�2��u + �u��

0
u�)
(W 0�W )

N
� K 0W

N
BN +�

2
�

f 0(I � P (W ))(I � P (W ))f
N

�
H�1

(7.2)

where BN is as de�ned before.

Another interesting case arises when W is constrained such that wm 2 [0; 1]. We have the following

result.

Corollary 7.2 Suppose that the same conditions as in Theorem 7.1 hold and that in addition wm 2 [0; 1]

for all m. Then, for �̂, the decomposition given by (7.6) holds with:

S(W ) = H�1
�
�u��

0
u�

(K 0W )2

N
+ (�2��u + �u��

0
u�)
(W 0�W )

N
� K 0W

N
BN (7.3)

+E[�21u
0
1]

P
i fiPii(W )

N
+

P
i f

0
iPii(W )

N
E[�21u1] + �2�

f 0(I � P (W ))(I � P (W ))f
N

�
H�1

where Bn is as de�ned before. Moreover, ignoring terms of order Op(K 0W ) (= op((K
0W )2)), to �rst order

S(W ) = H�1
�
�u��

0
u�

(K 0W )2

N
+ �2�

f 0(I � P (W ))(I � P (W ))f
N

�
H�1: (7.4)

A last special case arises when the constraintK 0W = 0 is imposed on the weights. This constraint requires

that wm can be positive and negative. The expansion to higher orders than Donald and Newey is necessary
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to capture the relevant trade-o¤ between more e¢ ciency and distortions due to additional instruments. For

simplicity we also assume that Cum[�i; �i; ui; u0i] = 0 and E[�
2
iui] = 0. Without these additional constraints

the terms involving
P

i(Pii(W ))
2=N ,

P
i fiPii(W )=N and f 0Q (W )� (W ) =N potentially matter and need to

be included.

Corollary 7.3 Suppose that the same conditions as in Theorem 7.1 hold and that in addition Cum[�i; �i; ui; u0i] =

0 and E[�2iui] = 0: Furthermore, impose K
0W = 0: Then, for �̂, the decomposition given by (7.6) holds with

S(W ) = H�1
�
(�2��u + �u��

0
u�)
(W 0�W )

N
+ �2�

f 0(I � P (W ))(I � P (W ))f
N

�
H�1: (7.5)

Remark 4 We note that this result covers the Nagar estimator where M = N; wm = N= (N � k) for

k = m, wN = �k= (N � k) and wm = 0 otherwise for some k such that k ! 1 and k=
p
N ! 0. First,

we verify that all the conditions of the Corollary are satis�ed where supk�M
���PM

m=k wm

��� = k= (N � k)! 0;

K 0W = 1; 10MW = 1;
PM

m=1 jwmjm = 2Nk=(N � k) ! 1;
PM

m=1 jwmjm=
p
N = 2

p
Nk=(N � k) ! 0:

Further,
PM

m=1 (
Pm

s=1 wm)
2
m�2� = k�2�= (1� k=N)2 ! 0: Next, note that W 0�W = k= (1� k=N)2 �

k2=N (1� k=N)2 and f 0(I � P (W ))(I � P (W ))f = f 0(I � Pk)f= (1� k=N)2 noting that PN = I: If we use

WN to denote the Nagar weights, then S (WN ) = H�1 �(�2��u + �u��0u�)k=N + �2�f
0(I � Pk)f=N

�
H�1 +

o (S (WN )). The lead term is the same as the result in Proposition 3 of Donald and Newey (2001).

7.1 Lemmas

The estimator examined has the form of
p
N(�̂��) = Ĥ�1ĥ. We de�ne h = f 0�=

p
N and H = f 0f=N . The

following lemma is the key device to compute the Nagar-type MSE. This lemma is similar to Lemma A.1 in

Donald and Newey (2001), but with the important di¤erence that the expansion is valid to higher order and

covers the case of higher order unbiased estimators.

Lemma 7.1 If there is a decomposition ĥ = h+ Th + Zh, ~h = h+ Th; Ĥ = H + TH + ZH ,

~h~h0 � ~h~h0H�1TH0 � THH�1~h~h0 = Â(W ) + ZA(W );

such that Th = op(1), h = Op(1), H = Op(1), the determinant of H is bounded away from zero with

probability 1, �W;N = tr(S (W )) and �W;N = op(1),

jjTH jj2 = op(�W;N ); jjZhjj = op(�W;N ); jjZH jj = op(�W;N );

ZA(W ) = op(�W;N ); E[Â(W )jz] = �2H +HS(W )H + op(�W;N );

then

N(�̂ � �0)(�̂ � �0)0 = Q̂(W ) + r̂(W );

E[Q̂(W )jz] = �2�H
�1 + S(W ) + T (W ); (7.6)

(r̂(W ) + T (W ))=tr(S(W )) = op(1); as K 0W+ !1; N !1:
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Remark 5 The technical di¤erence between our lemma and that of Donald and Newey is that we consider

the interaction between Th and TH in the expansion and we do not require that jjThjj � jjTH jj is small.

Proof. The proof follows steps taken by Donald and Newey (2001). We observe that

Ĥ�1ĥ = H�1ĥ�H�1(Ĥ �H)H�1ĥ+H�1(Ĥ �H)H�1(Ĥ �H)Ĥĥ:

Noting that Ĥ �H = TH + ZH , jjTH jj2 = op(�W;N ), jjZH jj = op(�W;N ) and ĥ = ~h + Zh = ~h + op(�W;N ),

we have

Ĥ�1ĥ = H�1~h�H�1THH�1~h+ op(�W;N ):

Let ~� = ~h� THH�1~h. Then,

~�~� 0 = Â(W ) + ZA(W ) + THH�1~h~h0H�1TH = Â(W ) + op(�W;N );

by ZA(W ) = op(�W;N ) and jjTH jj = op(�W;N ). It follows that

N(�̂ � �)(�̂ � �)0 = H�1(Â(W ) + op(�W;N ))H
�1 + op(�W;N ) = H�1Â(W )H�1 + op(�W;N ):

Therefore, we get the desired result.

Lemma 7.2 Let � be the N �N matrix where �ij = min(i; j). Then � is positive de�nite.

Proof. De�ne the vectors bj;N = (00j ;10N�j)0 where 1j is j � 1 vector of 10s and 0j is de�ned similarly.

Then

� =
N�1X
j=0

bj;Nb
0
j;N ;

and for any y 2 RN it follows that y0�y =
PN�1

j=0 (y
0bj;N )

2 � 0 and the equality holds if and only if y = 0.

This shows that � is positive de�nite.

Lemma 7.3 Let � be de�ned as in Lemma 7.2. If
PM

m=1 (
Pm

s=1 ws)
2
m�2� ! 0 asM !1 andW 01M = 1

for any M , then it follows that W 0�W !1 as M !1:

Proof. Choose any " > 0, �M > 0 and let � = " �M�2�: Let M > �M be large enough such thatPM
m=1(

Pm
s=1 ws)

2m�2� < �: Note that

�MX
m=1

 
mX
s=1

ws

!2
m�2� � �M�2�

�MX
m=1

 
mX
s=1

ws

!2
� �M�2�

0@ �MX
s=1

ws

1A2

which implies that
�P �M

s=1 ws;M

�2
< � �M2� = ": This implies that, for any �M1 < �M; 1 =

���PM
m=1 wm

��� ����PM
m= �M1+1

wm

���+ ���P �M1

m=1 wm

��� such that ���PM
m= �M1

wm

��� � 1�p": Now,
W 0�W =

M�1X
j=0

0@ MX
m=j+1

wm

1A2

�
�MX

j=0

0@ MX
m=j+1

wm

1A2

� �M
�
1�

p
"
�2
:

Since �M was arbitrary, the result follows.
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Lemma 7.4 Suppose that Assumptions 1-3 are satis�ed. Then we have

1. tr(P (W )) =
PM

m=1 wmm = K 0W (Hansen (2007) Lemma 1.1),

2.
P

i(Pii(W ))
2 = op(K

0W+),

3.
P

i 6=j Pii(W )Pjj(W ) = (K
0W )2 + op(K

0W+),

4.
P

i 6=j Pij(W )Pij(W ) =
PM

m=1

PM
l=1 wmwlmin(l;m) + op(K

0W ) =W 0�W + op(K
0W ),

5.
P

i 6=j Pij(W ) = Op (N �K 0W ),

6. h = f 0�=
p
N = Op(1) and H = f 0f=N = Op(1) (Donald and Newey (2001) Lemma A.2 (v)).

Proof. We do not provide the proofs of parts 1 and 6, as the proofs are available in Hansen (2007) and

Donald and Newey (2001). For part 2, �rst we note that Aii � Bii if A � B, which implies that Pl;ii � PM;ii

for l �M . Then, Assumption 3 and Lemma 7.4(1) imply

X
i

(Pii(W ))
2 =

NX
i=1

MX
m;l=1

wmwlPl;iiPm;ii �
NX
i=1

MX
m;l=1

jwmj jwljPl;iiPm;ii

� max
i
(PM;ii)

 
MX
m=1

jwlj
!

NX
i=1

MX
m=1

jwmjPm;ii � Cmax
i
(PM;ii)trP

�
W+

�
= op(1)(K

0W+) = op(K
0W+)

where
PM

m=1 jwlj � C for some C <1 was used. Also these results implyX
i 6=j

Pii(W )Pjj(W ) =
X
i

Pii(W )
X
j

Pjj(W )�
X
i

(Pii(W ))
2 = (K 0W )2 + op(K

0W+);

which shows part 3.

To show 4, �rst we observe thatX
i 6=j

Pij(W )Pij(W ) = tr(P (W )P (W ))�
X
i

(Pii(W ))
2:

Now tr(P (W )P (W )) =
PM

m=1

PM
l=1 wmwlmin(l;m) by Lemma 1.2 of Hansen (2007). Thus, combining this

result with part 2 of this lemma,

X
i 6=j

Pij(W )Pij(W ) =
MX
m=1

MX
l=1

wmwlmin(l;m) + op(K
0W+):

For 5, note that X
i 6=j

Pij(W ) = 1
0
NP (W )1N � tr(P (W ))

where 10NPm1N � 10N1N = N by the fact that Pm is an idempotent matrix. Then note that

10NP (W )1N � tr(P (W )) = j10NP (W )1N j � tr(P (W )) �
MX
m=1

jwmjj10NPm1N j � tr(P (W ))

� CN �K 0W
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such that
P

i 6=j Pij(W ) = Op (N �K 0W ) = Op (N).

Let ef (W ) = f 0(I � P (W ))(I � P (W ))f=N and �(W ) = tr(ef (W )).

Lemma 7.5 Suppose that Assumptions 1-3 are satis�ed. If 10MW = 1; supk�M

���PM
m=k wm

��� � C < 1

uniformly in M; K 0W+ =!1, K 0W+=
p
N ! 0, and

PM
m=1 (

Pm
s=1 wm)

2
m�2� ! 0, then

1. �(W ) = op(1),

2. f 0(I � P (W ))�=
p
N = O(�(W )1=2),

3. E[u0P (W )�jz] = �u�K
0W ,

4. E[u0P (W )��0P (W )ujz] = �u��
0
u�(K

0W )2 + (�2��u + �u��
0
u�)(W

0�W ) + Cum[�i; �i; ui; u0i]
P

i(Pii(W ))
2,

5. E[f 0��0P (W )ujz] =
P

i fiPii(W )E[�
2
iu
0
i] = Op(K

0W ),

6. Let g(W ) > 0 be a function of W such that g(W ) ! 1 as N ! 1: Then
p
g(W )�(W )=

p
N =

Op(g(W )=N +�(W )),

7. E[hh0H�1u0f=N jz] =
P

i fif
0
iH

�1E[�2iui]f
0
i=N

2 = Op(1=N) (Donald and Newey (2001) Lemma A.3

(vii)),

8. E[f 0 (I � P (W )) ��0P (W )u=N jz] = f 0Q (W )� (W ) =N = op ((K
0W+)=N +�(W )),

9. E[f 0��0fH�1u0P (W )ujz]=N2 = Op(1=N) + �
2
��uK

0W=N ,

10. E[f 0��0P (W )uH�1 (u0f + f 0u) jz]=N2 = Op(1=N)+(K
0W=N)(

P
i fi�

0
u�H

�1�u�fi=N+
P

i fi�
0
u�H

�1fi�
0
u�=N),

11. E
�
u0P (W )��0fH�1 (u0f + f 0u) jz

�
=N2 = Op (1=N) + (K

0W=N)
�
d�u��

0
u� + �u�

P
i f

0
iH

�1�u�f
0
i=N

�
,

12. W 0�W � CK 0W+ for some constant C.

Proof. Let ~
m = tr(f 0(I � Pm)f)=N . By construction ~
m � 0. Write

tr(f 0(I � P (W ))(I � P (W ))f)=N =W 0AW

where

A =

0BBB@
~
1 ~
2 � � �

~
2 ~
2
...

. . .

1CCCA :

It follows that

W 0AW =

0@M�1X
m=1

 
mX
s=1

ws

!2 �
~
m � 
m+1

�1A+ ~
M (7.7)

such that

W 0AW �
M�1X
m=1

 
mX
s=1

ws

!2
~
m =

M�1X
m=1

 
mX
s=1

ws

!2
~
m
m�2�m

�2� � sup
m�M

�
m2�~
m

�M�1X
m=1

 
mX
s=1

ws

!2
m�2�;

where supm�M
�
m2�~
m

�
= Op (1) by Assumption 2(ii) and

PM
m=1 (

Pm
s=1 ws)

2
m�2� ! 0 by the conditions

of the Lemma. This implies that tr(f 0(I � P (W ))(I � P (W ))f)=N = �(W ) = op(1).
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Next we observe that E[f 0(I � P (W ))�=
p
N ] = 0 and

E

�
f 0(I � P (W ))�p

N

�0(I � P (W ))fp
N

���z� = �2�
f 0(I � P (W ))(I � P (W ))f

N
= �2�ef (W ):

Therefore f 0(I � P (W ))�=
p
N = Op(�(W )

1=2) by the Chebyshev inequality. This shows part 2.

For part 3,

E[u0P (W )�jz] =
NX
i=1

Pii (W )E[ui"i] = �u�tr(P (W )) = �u�K
0W:

To give 4, observe that E[uiPij(W )�j�kPkl(W )u0l] = 0 if one of (i; j; k; l) is di¤erent from all the rest.

Also E[�2iuiu
0
i] is bounded by Assumption 1. Therefore we have

E[u0P (W )��0P (W )ujz]

=
X
i

(Pii(W ))
2E[�2iuiu

0
i] +

X
i 6=j

E[uiPii(W )�i�jPjj(W )u
0
j jz]

+
X
i 6=j

E[uiPij(W )�j�iPij(W )u
0
j jz] +

X
i 6=j

E[uiPij(W )�
2
jPji(W )u

0
ijz]

= E[�2iuiu
0
i]
X
i

(Pii(W ))
2 + �u��

0
u�

X
i 6=j

Pii(W )Pjj(W ) + (���u + �u��
0
u�)
X
i 6=j

Pij(W )Pij(W )

= Cum[�i; �i; ui; u0i]
X
i

(Pii(W ))
2 + �u��

0
u�(K

0W )2 + (�2��u + �u��
0
u�)(W

0�W );

by Lemma 2.2, 2.3 and 2.4 and noting that Cum[�i; �i; ui; u0i] = E[�2iuiu
0
i]� �2��u � 2�u��0u�.

Assumption 1 also implies

E[f 0��0P (W )ujz] =
X
i;j;k

fiPjk(W )E[�i�ju
0
k] =

X
i

fiPii(W )E[�
2
iu
0
i]:

and furthermore together with Assumption 3 and Lemma 2.1,�����X
i

fiPii(W )E[�
2
iu
0
i]

����� �X
i

Pii(W ) � jjfijj � jjE[�2iu0i]jj = Op(K
0W );

which gives 5.

To prove 6, �rst we consider the function of a: g(w)=a + a, which is convex and the minimum value of

which is 2
p
g(W ) with the minimizer a =

p
g(W ). If�(W ) = 0, then

�p
�(W )=N

�
=(g(W )=N+�(W )) = 0

and for �(W ) 6= 0, p
�(W )=N

g (W ) =N +�(W )
=

 
g (W )p
�(W )N

+
p
�(W )N

!�1
� 1

2
p
g(W )

! 0 (7.8)

as g (W )!1.

For part 8, let Q (W ) = I �P (W ) and for some a and b let fi;a = fa(zi) and �i;b (W ) = E[�2iuib]Pii(W ).

Now the a; b th element of E [f 0(I � P (W ))��0P (W )ujz] satis�es������E
24X
i;j;k;l

fi;aQij�j�kPkl(W )ulb

���z
35������ =

������
X
i;j

fi;aQijE[�
2
jujb]Pjj(W )

������
= jf 0aQ (W )�b (W ) j � jf 0aQQfaj1=2j�0b(W )�b(W )j1=2;
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where the inequality is the Cauchy-Schwartz inequality. Now jf 0aQQfaj1=2 = Op((N�(W ))
1=2) by the

de�nition of �s. j�0b(W )�b(W )j � C
P

i(Pii(W ))
2 for some constant C by Assumption 1 and applying

Lemma 2(2) we have j�0b(W )�b(W )j = op(K
0W+). Therefore we have

E [f 0(I � P (W ))��0P (W )u=N jz] = Op((N�(W ))
1=2)op(

p
K 0W+)Op(1=N)

= op(�(W )
1=2
p
K 0W+=

p
N) = op

�
(K 0W+)=N +�(W )

�
where the last equality follows from the fact that

�(W )1=2
p
K 0W+=

p
N �

�
(K 0W+)=N +�(W )

	
=2

by (7.8). In addition if we de�ne �i (W ) = E[�2iui]Pii(W ) and � (W ) =
�
�1 (W )

0
; :::; �n (W )

0�0 then
E [f 0(I � P (W ))��0P (W )u=N jz] = f 0Q (W )� (W ) =N:

For part 9, note that by Lemma 7.4(5)
P

i 6=j Pij(W )=N = Op (1�K 0W=N) = Op (1) : Then,

E
�
f 0��0fH�1u0P (W )ujZ

�
=N2 =

X
i

fif
0
iH

�1E[�2iuiu
0
i]Pii(W )=N

2

+2
X
i 6=j

fif
0
jH

�1E[�iui]E[�ju
0
j ]Pij(W )=N

2

+
X
i 6=j

fif
0
iH

�1E[�2i ]E[uju
0
j ]Pjj(W )=N

2

= Op (1=N) + �
2
��uK

0W=N:

For part 10, using again Lemma 7.4(5) as before,

E
�
f 0��0P (W )uH�1u0f jz

�
=N2

=
X
i

fiPii(W )E[�
2
iu
0
iH

�1uijz]f 0i=N2 +
X
i 6=j

fiPjj(W )E
�
�ju

0
j

�
H�1E[ui�i]f

0
i=N

2

+�2�
X
i 6=j

fiPij(W )E
�
u0jH

�1uj jz
�
f 0j=N

2 + �2�
X
i 6=j

fjPji(W )E
�
u0jH

�1uj
�
f 0i=N

2

= Op(1=N) +
X
i 6=j

fiPjj(W )E[�ju
0
j ]H

�1E[ui�i]f
0
i=N

2 = Op (1=N) + (K
0W=N)

X
i

fi�
0
u�H

�1�u�fi=N

and

E[f 0��0P (W )uH�1f 0ujz]=N2

=
X
i

fiPii(W )E
�
�2iu

0
iH

�1fiu
0
ijz
�
=N2 +

X
i 6=j

fiPjj(W )E[�ju
0
j ]H

�1fiE[u
0
i�i]=N

2

+�2�
X
i 6=j

fiPij(W )E
�
ujH

�1fju
0
j jz
�
=N2 + �2�

X
i 6=j

fjPji(W )E
�
ujH

�1fiu
0
j jz
�
=N2
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= Op(1=N) +
X
i 6=j

fiPjj(W )E[�ju
0
j ]H

�1fiE[u
0
i�i]=N

2 = Op (1=N) + (K
0W )=N

X
i

fi�
0
u�H

�1fi�
0
u�=N:

For part 11, with the same arguments,

E
�
u0P (W )��0fH�1f 0ujz

�
=N2

=
X
i

Pii(W )E
�
�2iuifiH

�1uif
0
i jz
�
=N2 +

X
i 6=j

Pjj(W )E[�juj ]f
0
iH

�1fiE[u
0
i�i]=N

2

+�2�
X
i 6=j

Pij(W )E
�
ujf

0
iH

�1fiu
0
ijz
�
=N2 +

X
i 6=j

Pij(W )E[uj"j ]f
0
jH

�1fiE[u
0
i"i]=N

2

= Op

�
1

N

�
+
K 0W

N
�u��

0
u�

1

N

nX
i=1

f 0iH
�1fi

= Op

�
1

N

�
+
K 0W

N
�u��

0
u�tr

 
H�1 1

N

X
i

fif
0
i

!
= Op

�
1

N

�
+ d

K 0W

N
�u��

0
u�

and arguments similar to before

E
�
u0P (W )��0fH�1u0f 0jz

�
=N2 = Op (1=N) +

X
i 6=j

Pjj(W )E (�juj) f
0
iH

�1E (ui�i) f
0
i=N

2

= Op

�
1

N

�
+
K 0W

N
�u�

1

N

X
i

f 0iH
�1�u�f

0
i :

For part 12, note that

W 0�W =
MX
m=1

0@ MX
j=m

wj

1A2

�
MX
m=1

MX
j=m

jwj j

������
MX
j=m

wj

������ � C
MX
m=1

jwmjm = CK 0W+

where the second inequality follows from the condition supk�M
���PM

m=k wm

��� � C <1:

Lemma 7.6 If Assumptions 1-5 hold, and for 
 = 
U = fW 2 l1jW 01M = 1g where M satis�es the

constraints in Assumption 7 and W = (w1; :::; wM ) ; it follows that

inf
W2


S� (W ) = Op

�
N

�2�
2�+1

�
:

Proof. Consider a sequence ~W where wM = 2; w2M = �1 and wj = 0 for j 6= M; 2M and M =j
N

1
2�+1

k
: Clearly, 10 ~W = 1 and ~W 2 l1 for all N such that ~W 2 
: We note that K 0 ~W = 0. It follows that

S�

�
~W
�
= �0H�1

 
b�
( ~W 0� ~W )

N
+ �2�

f 0(I � P ( ~W ))(I � P ( ~W ))f
N

!
H�1�

where
( ~W 0� ~W )

N
=
2M

N
= O

�
N

�2�
2�+1

�
and

lim
tr
�
f 0(I � P ( ~W ))(I � P ( ~W ))f

�
N

= 4~
M � 3~
2M = Op
�
M�2�� = Op

�
N

�2�
2�+1

�
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which shows that infW2
 S� (W ) � CN
�2�
2�+1 :

To show that the rate is sharp, suppose that there is an " > 0 such that

inf
W2


S� (W ) = Op

�
N

�2�(1+")
2�+1

�
:

Take any W such that, for M =
j
N

1+�
2�+1

k
where 0 < � < "=2,

tr

 
f 0(I � P ( ~W ))(I � P ( ~W ))f

N

!
=

MX
j=1

 
jX
i=1

wi

!2 �
~
j � ~
j+1

�
+ ~
M = Op

�
N

�2�(1+")
2�+1

�
; (7.9)

where we use formula (7.7). Let JM be the set of integers j such that 1 � j �M for which j2�+1
�

j � 
j+1

�
>

0: By the assumptions of the Lemma, w.p.a 1, ]JM = O (M) as M ! 1 where ]JM is the cardinality of

JM : It follows that

X
j2JM

 
jX
i=1

wi

!2 �
~
j � ~
j+1

�
�
X
j2JM

 
jX
i=1

wi

!2
M�(2�+1) � O

�
N

�(2�+1)(1+�)
2�+1

� X
j2JM

 
jX
i=1

wi

!2

which together with (7.9) implies that
P

j2JM

�Pj
i=1 wi;N

�2
= O

�
N

�2�("��)+1+�
2�+1

�
= o (M). Now, since

O (M) =
X
j2JM

12 =
X
j2JM

0B@ jX
i=1

wi

!2
+ 2

 
jX
i=1

wi

!0@ MX
i=j+1

wi

1A+
0@ MX
i=j+1

wi

1A2
1CA (7.10)

and by the Cauchy-Schwarz inequality������
X
j2JM

 
jX
i=1

wi

!0@ MX
i=j+1

wi

1A������ �

0@X
j2JM

 
jX
i=1

wi

!21A1=2
0B@X
j2JM

0@ MX
i=j+1

wi

1A2
1CA
1=2

= o
�p

M
�0@X

j2JM

0@ MX
i=j+1

wi

1A1A1=2

;

it follows that (7.10) can only hold if lim infN
P

j2JM

�PM
i=j+1 wi

�2
=M > 0: Then, for some � > 0 and N

large enough, it follows that

W 0�W =
MX
j=0

0@ MX
m=j+1

wm

1A2

�M� = O
�
N

1+�
2�+1

�

such that W 0�W=N = O
�
N

�2�+�
2�+1

�
, which implies that S� (W ) = O

�
N

�2�+�
2�+1

�
; a contradiction to the

assumption that infW2
 S� (W ) = Op

�
N

�2�(1+")
2�+1

�
: This argument establishes that infW2
 S� (W ) =

Op

�
N

�2�
2�+1

�
is a sharp bound.

Lemma 7.7 Let

~S� (W ) = Ĥ�1
�
â�
(K 0W )2

N
+ b̂�

(W 0�W )

N
� K 0W

N
B̂N + �̂

2
�

f 0(I � P (W ))(I � P (W ))f
N

�
Ĥ�1
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If Assumptions 1-6 hold, then, for 
 as de�ned in Lemma 7.6, it follows that

sup
W2


~S� (W )

S� (W )
� 1 = op (1) :

Proof. We de�ne the subset 
2 = fW 2 l1 j�1 < lim infN K
0W � lim supN K 0W <1g. Note that

sup
W2
\
2

K 0W=N

S� (W )
! 0 and sup

W2
\
2

(K 0W )
2
=N

S� (W )
! 0 (7.11)

by Lemma 7.6 and the fact that fWN 2 l1jK 0W = 0g 2 
2. It now follows immediately that

�0
�
Ĥ�1â�Ĥ

�1 �H�1a�H
�1
�
� sup
W2
\
2

(K 0W )
2
=N

S� (W )
= op(1)

with the same argument holding for the term B̂NK
0W=N: De�ne

S�;
2 (W ) = �0H�1
�
b�
(W 0�W )

N
+ �2�

f 0(I � P (W ))(I � P (W ))f
N

�
H�1�

and note that S�;
2 (W ) � �0H�1b�H
�1�(W 0�W )=N as well as S�;
2 (WN ) � �2��

0H�1f 0(I � P (W ))(I �

P (W ))fH�1�=N: Thus, we have

sup
W2
\
2

(W 0�W )=N

S� (W )
� sup

W2
\
2

(W 0�W )=N

S�;
2(W )
sup

W2
\
2

S�;
2 (W )

S�(W )

� 1

�0H�1b�H�1�
sup

W2
\
2

S�;
2(W )

S�(W )
;

where supW2
\
2 S�;
2 (WN ) =S� (WN )! 1 by (7.11). This implies that

�0
�
Ĥ�1b̂�Ĥ

�1 �H�1b�H
�1
�
� sup
W2
\
2

(W 0�W )=N

S�(W )
= op (1) :

Now consider

�0
�
Ĥ�1�̂2� �H�1�2�

� f 0(I � P (W ))(I � P (W ))f
N

Ĥ�1�

+�0H�1�2�
f 0(I � P (W ))(I � P (W ))f

N

�
Ĥ�1 �H�1

�
�;

where

sup
W2
\
2

����0 �Ĥ�1�̂2� �H�1�2�

�
f 0(I � P (W ))(I � P (W ))fĤ�1�=N

���
S�(W )

�



Ĥ�1�







�0 �Ĥ�1�̂2� �H�1�2�

�


 sup
W2





(I � P (W )) f=pN


2


(I � P (W ))fH�1�=
p
N



2 = op(1)

where

sup
W2





(I � P (W )) f=pN


2


(I � P (W )) fH�1�=
p
N



2 = Op (1)

by Assumption 2. Together, these arguments show that

sup
W2
\
2

~S� (W )

S� (W )
� 1 = op (1) :
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For W 2 
 \ 
C2 where 
C2 = fW 2 l1 jlim infN jK 0W j =1g it follows that

sup
W2
\
C2

jK 0W j =N
(K 0W )

2
=N

! 0

such that for

S�;
C2 (WN ) = �0H�1
�
a�
(K 0W )2

N
+ b�

(W 0�W )

N
+ �2�

f 0(I � P (W ))(I � P (W ))f
N

�
H�1�

it follows that

sup
W2
\
C2

S�;
C2 (W )

S�(W )
! 1 as N !1:

Then similar arguments as before can be used to show that

sup
W2
\
2

~S� (W )

S� (W )
� 1 = op (1) :

Since
�

2 [ 
C2

�
\ 
 = 
, this establishes the claimed result.

Lemma 7.8 Let Assumptions 1-7 hold. Then, it follows that

sup
W2


Ŝ�(W )

S�(W )
� 1!p 0

Proof. Without loss of generality assume that fi is a scalar and �0H�1 = 1 so that �2� = �2u. First

consider 


(I � P (W ))f=pN


2 � f 0(I � PM )f=N =



(PM � P (W )) f=

p
N



2

and note that

f 0 (I � PM ) f=N = Op
�
M�2��

by Assumption 2. Together with Lemma 7.6, this implies that

sup
W2





(PM � P (W ))f=
p
N



2 � 


(I � P (W ))f=pN


2
S�(W )

� supW2
 f
0(I � PM )f=N

infW2
 S�(W )
= Op

�
M�2�N

2�
2�+1

�
= Op

�
N

�2��
2�+1

�
= op (1)

Combining these results with Lemma 7.7 it is then su¢ cient to show that

sup
W2


����


(PM � P (W ))X=
p
N



2 � 


(PM � P (W )) f=

p
N



2 � �2u (M � 2K 0W +W 0�W ) =N

����
S�(W )

= op(1)

We note that in this expression we replace �̂2uby �
2
u which is justi�ed by the same arguments as in the proof

of Lemma 7.7 as long as �̂2u � �2u = op
�
N��=(2�+1)� because, under the assumptions of the Lemma, it then

follows that
�
�̂2u � �2u

�
M=N = op

�
N�2�=(2�+1)� = op (infW2
 S�(W )) and the remaining terms involving

�2u can be handled in the same way as in the proof of Lemma 7.7. Now note that


(PM � P (W ))X=
p
N



2 � 


(PM � P (W )) f=

p
N



2

=



(PM � P (W ))u=

p
N



2 + 2u0 (PM � P (W )) (PM � P (W )) f=N:
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It follows that

E [u0 (PM � P (W )) (PM � P (W ))u=N jz] = �2u (tr(PM )� 2tr(P (W )) + tr (P (W )P (W ))) =N

= �2u (M � 2K 0W +W 0�W ) =N;

and

E [u0 (PM � P (W )) (PM � P (W )) f=N jz] = 0:

Moreover, we have the bound���k(PM � P (W ))uk2 � �2u (M � 2K 0W +W 0�W )
���

�
��u0PMu� �2uM ��+ sup

j�M

��u0Pju� �2uj��
0@2 MX

j=1

jwj j+
MX
j=1

MX
l=1

jwj j jwlj

1A
where

PM
j=1 jwj j < C is used. It follows for some # > 1 from Whittle (1960, Theorem 2) that for some

constant C,

E
h��u0Pju� �2uj��2#i � CE

h
juij2#

i2 �
tr
�
PjP

0
j

��#
= CE

h
juij2#

i2
j#

and thus for any � > 0 and some constant C, not necessarily the same as above,

Pr

24 supW2


���k(PM � P (W ))uk2 � �2u (M � 2K 0W +W 0�W )
��� =N

infW2
 S�(W )
> �

35
� C

E
h��u0PMu� �2uM ��2#i
�#N2#N�4�#=(2�+1) + 3C

MX
j=1

E
h��u0Pju� �2uj��2#i

�#N2#N�4�#=(2�+1)

� C
E
h
juij2#

i2 �
M# +M#+1

�
�#N2#N�4�#=(2�+1) = O

�
N

1+��#(1��)
2�+1

�
= op (1)

Next, consider

ju0 (PM � P (W )) (I � P (W )) f=N j =

������
MX

i;j=1

wiwju
0 �PM � Pmax(i;j)

�
f=N

������
where ������

MX
i;j=1

wiwju
0 �PM � Pmax(i;j)

�
f=N

������ �
M�1X
i=1

0@ iX
j=1

wj

1A2

ju0 (Pi+1 � Pi) f=N j :

Let Kn = Nb(1�")=(2�+1)c. Then,

sup
W2


PM�1
i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S�(W )
= sup

W2


PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S�(W )
+ op (1)

(7.12)
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because

Pr

0B@ sup
W2


PM�1
i=Kn+1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S�(W )
> �jz

1CA
� Pr

0B@ supW2

PM�1

i=Kn+1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

infW2
 S�(W )
> �jz

1CA
�

CE
h
juij2#

iPM
j=Kn+1

(f 0 (Pj+1 � Pj) f=N)#

�#N#N�4�#=(2�+1)

where the inequality follows from Markov�s inequality, Lemma 7.6, the fact that
���Pi

j=1 wj

��� is uniformly
bounded on 
, and Theorem 1 of Whittle (1960) which implies that

E ju0 (Pi+1 � Pi) f=N j2# � CE
h
juij2#

i
N�# (f 0 (Pi+1 � Pi) f=N)# : (7.13)

Now note that

CE
h
juij2#

iPM
j=Kn+1

(f 0 (Pj+1 � Pj) f=N)#

�#N#N�4�#=(2�+1) �
CE

h
juij2#

i
(f 0 (I � PKN

) f=N)
#
M

�#N#N�4�#=(2�+1)

= Op

�
K�2�#
n M=N#N4�#=(2�+1)

�
= Op

�
N� 2(1�")�#

2�+1 �#+ 1+�
2�+1+

4�#
2�+1

�
= op (1)

which establishes (7.12). We thus turn to the lead term on the right hand side of (7.12). By the Cauchy-

Schwarz inequality we have

ju0 (Pi+1 � Pi) f=N j � (f 0 (Pi+1 � Pi) f=N)1=2 (u0 (Pi+1 � Pi)u=N)1=2 :

It now follows that

KnX
i=1

0@ iX
j=1

wj

1A2

ju0 (Pi+1 � Pi) f=N j (7.14)

�

0B@KnX
i=1

0@ iX
j=1

wj

1A4

f 0 (Pi+1 � Pi) f=N

1CA
1=20B@KnX

i=1

0@ iX
j=1

wj

1A4

u0 (Pi+1 � Pi)u=N

1CA
1=2

� sup
i�M

0@ iX
j=1

wj

1A2
0B@KnX
i=1

0@ iX
j=1

wj

1A2

f 0 (Pi+1 � Pi) f=N

1CA
1=20B@XKn

i=1

0@ iX
j=1

wj

1A2

u0 (Pi+1 � Pi)u=N

1CA
1=2

where supi�M
�Pi

j=1 wj

�2
< C <1 for some C such that

0B@KnX
i=1

0@ iX
j=1

wj

1A2

u0 (Pi+1 � Pi)u=N

1CA
1=2

� sup
W

0@ iX
j=1

jwj j

1A2 
KnX
i=1

u0 (Pi+1 � Pi)u=N
!1=2

(7.15)
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� C (u0 (PKn+1 � P1)u=N)
1=2

where W 2 l1 was used to bound supW
�Pi

j=1 jwj j
�2
. Let 
N � 
 be the sequence of subsets of sequences

in 
 for which wi = 0 for all i > N . Clearly,

sup
W2


PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S� (W )
= sup

W2
N

PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S� (W )
(7.16)

Now, �x an arbitrary ! > 0 and de�ne the sequence of sets


1;N =

8><>:W 2 
N

�������
PKn

i=1

�Pi
j=1 wj

�2
f 0 (Pi+1 � Pi) f=N

N (�2�+"=2)=(2�+1) � !

9>=>;
and let 
C1;N be the complement of 
1;N in 
N ; such that 
N = (
N \ 
1;N )[

�

N \ 
c1;N

�
. We note that


1;N depends on the realizations for the instruments z.

As was demonstrated in the proof of Lemma 7.7, as N tends to in�nity, S� (W ) � �2��
0H�1f 0(I �

P (W ))(I � P (W ))fH�1�=N: Also note that

f 0(I � P (W ))(I � P (W ))f=N �
KnX
i=1

0@ iX
j=1

wj

1A2

f 0 (Pi+1 � Pi) f=N

Therefore, for N su¢ ciently large,

sup
W2
N\
C1;N

PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S� (W )

� sup
W2
N\
C1;N

PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N jPKn

i=1

�Pi
j=1 wj

�2
f 0 (Pi+1 � Pi) f=N

� C (u0 (PKn+1 � P1)u=N)
1=2

infW2
N\
C1;N

�PKn

i=1

�Pi
j=1 wj

�2
f 0 (Pi+1 � Pi) f=N

�1=2
where

inf
W2
N\
C1;N

�P
i2JKn

�Pi
j=1 wj

�2
f 0 (Pi+1 � Pi) f=N

�1=2
N (��+"=4)=(2�+1) �

p
!

by the construction of 
1;N . It then follows that

sup
W2
N\
C1;N

PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S� (W )
� C (u0 (PKn+1 � P1)u=N)

1=2

p
!N (��+"=4)=(2�+1) : (7.17)

Secondly,

sup
W2
N\
1;N

KnX
i=1

0@ iX
j=1

wj

1A2

f 0 (Pi+1 � Pi) f=N � !N (�2�+"=2)=(2�+1) (7.18)
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by the de�nition of 
1;N such that

sup
W2
N\
1;N

PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S� (W )
(7.19)

�
supW2
N\
1;N

PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

infW2
 S� (W )

�
p
!N

��+"=4
2�+1

C (u0 (PKn+1 � P1)u=N)
1=2

infW2
 S� (W )

It now follows for any random function gN (W ) that

sup
W2
N

gN (W ) = max

 
sup

W2
N\
1;N
gN (W ) ; sup

W2
N\
C1;N
gN (W )

!
� sup

W2
N\
1;N
gN (W ) + sup

W2
N\
C1;N
gN (W ) :

Thus, setting gN (W ) =
PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j =S�(W ) and using (7.16), (7.17) and (7.19)

one obtains the bound

sup
W2


PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S� (W )
(7.20)

� C (u0 (PKn+1 � P1)u=N)
1=2

p
!N (��+"=4)=(2�+1) +

p
!N

��+"=4
2�+1

C (u0 (PKn+1 � P1)u=N)
1=2

infW2
 S� (W )
:

It then follows that for any �1 > 0,

Pr

264
������� supW2


PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S� (W )

������� > �1

���z
375

� 1p
!

C (E [u0 (PKn+1 � P1)u=N jz])
1=2

N (��+"=2)=(2�+1) +
(E [u0 (PKn+1 � P1)u=N jz])

1=2

N�2�=(2�+1) Op

�
N

��+"=4
2�+1

�
;

where the inequality uses Markov�s inequality, (7.20) and Lemma 7.6. Next, note that

C (E [u0 (PKn+1 � P1)u=N jz])
1=2

N (��+"=2)=(2�+1) =
1p
!

C
p
(Kn+1 � 1) =N

N (��+"=2)=(2�+1) = o
�
N

�"=2�"=2
2�+1

�
= o(1) (7.21)

and

E
�
u0PKn+1u=N jZ

�1=2
Op

�
N

��+"=4
2�+1

�
= Op

�
K1=2
n N (��+"=4)=(2�+1)�1=2

�
= Op

�
N

�2��"=4
2�+1

�
= op

�
N

�2�
2�+1

�
such that

(E [u0 (PKn+1 � P1)u=N jz])
1=2

N�2�=(2�+1) Op

�
N

��+"=4
2�+1

�
= op (1) : (7.22)

Using (7.21) and (7.22) then establishes that

Pr

264
������� supW2


PKn

i=1

�Pi
j=1 wj

�2
ju0 (Pi+1 � Pi) f=N j

S� (W )

������� > �1

���z
375 = o (1) + op (1) :

This completes the proof of the Lemma.
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7.2 Proofs of Theorems and Corollaries

Proof of Theorem 7.1. The MA2SLS estimator has the form:

p
N(�̂ � �0) = Ĥ�1ĥ; Ĥ = X 0P (W )X=N; ĥ = X 0P (W )�=

p
N:

Also Ĥ and ĥ are decomposed as

ĥ = h+ Th1 + T
h
2 ;

Th1 = �f 0(I � P (W ))�=
p
N; Th2 = u0P (W )�=

p
N

Ĥ = H + TH1 + TH2 + TH3 + ZH

TH1 = �f 0(I � P (W ))f=N; TH2 = (u0f + f 0u)=N; TH3 = u0P (W )u=N

ZH = (u0(I � P (W ))f + f 0(I � P (W ))u)=N:

We show that the conditions of Lemma 1 are satis�ed and S(W ) has the form given in the theorem. Di¤erently

from Donald and Newey (2001) we extend the MA2SLS to order K 0W=N: It is important to point out that

since W can contain negative weights, it is possible that K 0W=N is not the dominating term in S(W ): For

example, K 0W = 0 is allowed. However, K 0W=N = O(S(W )) by construction.

Now h = Op(1) and H = Op(1) by Lemma 2(5). As

Th = Th1 + T
h
2 = �f 0(I � P (W ))�=

p
N + u0P (W )�=

p
N;

Lemma 7.5(2) and (3) implies that

Th1 = Op(�(W )
1=2)

and

Th2 = Op

0@max
0@jK 0W j ;

s
(W 0�W ) +

X
i

(Pii(W ))2

1A =
p
N

1A (7.23)

so

Th = Op(�(W )
1=2) +Op

0@max
0@jK 0W j ;

s
(W 0�W ) +

X
i

(Pii(W ))2

1A =
p
N

1A
where�(W ) = op(1) by Lemma 7.5(1),K 0W=

p
N = o(1) byK 0W=

p
N � K 0W+=

p
N = o(1),

P
i(Pii(W ))

2 =

op (K
0W+) by Lemma 7.4(2) and W 0�W = O (K 0W+) by Lemma 7.5(12). Therefore Th = op(1). Next, we

observe

f 0(I � P (W ))f =
MX
m=1

wmf
0(I � Pm)f:

Since f 0(I � Pm)f=N = Op(m
�2�) by Assumption 2(ii), we get TH1 = Op(�(W )). TH2 = Op(1=

p
N) by the

CLT. Also

TH3 = u0P (W )u=N = Op(K
0W=N) (7.24)
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because E [u0P (W )ujz] = tr (P (W )) tr (�u) = tr (�u)K 0W where last equality follows from Lemma 7.4(1).

Now we analyze

kTh1 k � kTH1 k = Op(�(W )
3=2) = op

�
�W;N

�
;

jjTh1 jj � jjTH2 jj = Op

�
�(W )1=2=

p
N
�
= op(�W;N )

because by Lemma 7.5(6) one can take g(W ) = N (tr (S(W ))��(W )) : From Lemma 7.3 it follows that

W 0�W !1 as N !1: This implies that g(W )!1: Then, by Lemma 7.5(6), it follows that

�(W )1=2=
p
N = op

�
g (W )

N
+�(w)

�
= op (tr (S(W ))) = op

�
�W;N

�
Next,

jjTh1 jj � jjTH3 jj = Op

�
�(W )1=2K 0W=N

�
= op (K

0W=N) = op
�
�W;N

�
by Lemma 7.5(1), (7.24) and the fact (as noted before) that K 0W=N = O (tr(S (W ))) : Next, note that by

Lemma 7.5(3) and (4) if K 0W 6= 0,

jjTh2 jj � jjTH1 jj = Op

�
�(W )K 0W=

p
N
�
:

By similar arguments as before it follows from Lemma 7.5(6), that

�(W )1=2K 0W=
p
N � �(W )1=2 jK 0W j =

p
N � (K 0W )

2
=N +�(W ) = O

�
�W;N

�
and �(W )1=2 = op (1) such that �(W )K 0W=

p
N = op

�
�W;N

�
as required. If K 0W = 0 then the proof of

Lemma 7.5(3) and (4) implies that jjTh2 jj = O
�p
(W 0�W ) +

P
i(Pii(W ))

2
�
such that

jjTh2 jj � jjTH1 jj = Op

0@�(W )=pNs(W 0�W ) +
X
i

(Pii(W ))2

1A
= Op

�
�(W )1=2

�
Op

�
(W 0�W ) +

P
i(Pii(W ))

2

N
+�(W )

�
= op

�
�W;N

�
:

From (7.23) it follows that

jjTh2 jj � jjTH2 jj = Op

0@max
0@jK 0W j ;

s
(W 0�W ) +

X
i

(Pii(W ))2

1A =N

1A ;

where K 0W=N = O (tr (S (W ))) and
p
(W 0�W ) +

P
i(Pii(W ))

2=N = op (tr(S(W ))) : By (7.23) and (7.24)

it follows that

jjTh2 jj � jjTH3 jj = Op

0@max
0@jK 0W j3=2 ;

0@s(W 0�W ) +
X
i

(Pii(W ))2

1A jK 0W j

1A =N3=2

1A = op
�
�W;N

�
:

because (jK 0W j =N)3=2 = o (K 0W=N) = o
�
�W;N

�
and

p
((W 0�W ) +

P
i(Pii(W ))

2) =N = o (1) : Similarly,

jjTh2 jj2jjTH1 jj = op
�
�W;N

�
; jjTh2 jj2jjTH2 jj = op

�
�W;N

�
and jjTh2 jj2jjTH3 jj = op

�
�W;N

�
. For



TH

2, we have

TH1 

2 = Op
�
�(W )2

�
= op

�
�W;N

�
;

TH2 

2 = Op (1=N) = op

�
�W;N

�
;

TH3 

2 = Op((K

0W=N)
2
) = op

�
�W;N

�
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so that by the Cauchy Schwartz inequality


TH

2 = op

�
�W;N

�
:

As jjZhjj = 0 in our case, jjZhjj = op(�W;N ). The last part, which we need to show op(�W;N ), is

jjZH jj. Now ZH = u0(I � P (W ))f=N + f 0(I � P (W ))u=N and both terms are Op(� (W )
1=2

=
p
N) =

op(g (W ) =N +�(W )) = op(�W;N ) for g(W ) = N (tr (S(W ))��(W )) by Lemma 7.5(6). Therefore we have

jjZH jj = op(�W;N ).

Note that we have shown Ĥ = H + op(1) and ĥ = h+ op(1). Lemma 7.1 can now be applied where the

discussion above indicates

ZA(W ) = �hTh01 H�1

0@ 3X
j=1

THj

1A0

�

0@ 3X
j=1

THj

1AH�1Th1 h
0 � Th1 h0H�1

0@ 3X
j=1

THj

1A0

�

0@ 3X
j=1

THj

1AH�1hTh01

�hTh02 H�1TH03 � TH3 H�1Th2 h
0 � Th2 h0H�1TH03 � TH3 H�1hTh02

�(Th1 + Th2 )(Th1 + Th2 )0H�1

0@ 3X
j=1

THj

1A0

�

0@ 3X
j=1

THj

1AH�1(Th1 + T
h
2 )(T

h
1 + T

h
2 )
0

= op(�W;N )

and

Â(W ) = (h+ Th1 + T
h
2 )(h+ T

h
1 + T

h
2 )
0 � hh0H�1

0@ 3X
j=1

THj

1A0

�

0@ 3X
j=1

THj

1AH�1hh0

�hTh02 H�1(TH1 + TH2 )
0 � (TH1 + TH2 )H

�1Th2 h
0 � Th2 h0H�1(TH1 + TH2 )

0 � (TH1 + TH2 )H
�1hTh02 :

Now we calculate the expectation of each term in Â(W ). First of all, E [hh0jz] = E [f��0f 0=N jz] = �2�H. Sec-

ond, E
�
hTh01 jz

�
= E [�f��(I � P (W ))f 0=N jz] = ��2�f(I � P (W ))f 0=N . Similarly E

�
Th1 h

0jz
�
= ��2�f(I �

P (W ))f 0=N . Third,

E
�
hTh02 jz

�
= E [f��0P (W )u=N jz] = E

�
�21u

0
1

�X
i

fiPii(W )=N = Op (K
0W=N) ;

by Lemma 7.5(5). This implies that E
�
Th2 h

0jZ
�
= Op(K

0W=N) too. Fourth,

E
�
Th1 T

h0
1 jz

�
= E

�
f 0(I � P (W ))��0(I � P (W ))f

N
jz
�
= �2�

f 0(I � P (W ))(I � P (W ))f
N

:

Fifth,

E
�
Th1 T

h0
2 jz

�
= �E [f 0(I � P (W ))��0P (W )u=N jz] = f 0Q (W )� (W ) =N

by Lemma 7.5(8). Again, we have E
�
Th2 T

h0
1 jz

�
= � (W )

0
Q (W ) f=N . Sixth,

E
�
Th2 T

h0
2 jz

�
= E

�
u0P (W )��0P (W )u

N
jz
�

= �u��
0
u�

(K 0W )2

N
+ (�2��u + �u��

0
u�)
(W 0�W )

N
+ Cum[�i; �i; ui; u0i]

X
i

(Pii(W ))
2;

by Lemma 7.5(4). Seventh,

E
�
hh0H�1TH1 jz

�
= �E

�
f 0��0fH�1f 0(I � P (W ))f

N2
jz
�
= ��2�

f 0(I � P (W ))f
N

;
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also, we have E
�
TH1 H

�1hh0jZ
�
= ��2�f 0(I � P (W ))f=N . Lemma 7.5(7) implies

E
�
hh0H�1TH2 jz

�
= E

�
hh0H�1(u0f + f 0u)

N
jz
�
= Op

�
1

N

�
and E

�
TH2 H

�1hh0jz
�
= OP (1=N). Also,

E
�
hh0H�1TH3 jz

�
= E

�
f 0��0fH�1u0P (W )u

N2
jz
�
= �2��u

K 0W

N
+Op

�
1

N

�
by Lemma 7.5(9). Next,

E
�
hTh02 H

�1TH1 jz
�
= �E

�
f 0��0P (W )uH�1f 0(I � P (W ))f

N2
jz
�

=
1

N

X
i

fiPii(W )E
�
�2iu

0
i

�
H�1 f

0(I � P (W ))f
N

= Op (K
0W=N�(W )) = op

�
�W;N

�
:

by Lemma 7.5(5),

E
�
hTh02 H

�1TH2 jz
�
= E

�
f 0��0P (W )uH�1(u0f + f 0u)

N2
jz
�

= Op

�
1

N

�
+
K 0W

N

 
1

N

X
i

fi�
0
u�H

�1�u�f
0
i +

1

N

X
i

fi�
0
u�H

�1fi�
0
u�

!

by Lemma 7.5(10). Similarly, it follows that

E
�
Th2 h

0H�1TH2 jz
�
= E

�
u0P (W )��0fH�1(u0f + f 0u)

N2
jz
�

= Op

�
1

N

�
+
K 0W

N

 
d�u��

0
u� + �u�

1

N

X
i

f 0iH
�1�u�f

0
i

!

Therefore, we have

E
h
Â(K)jz

i
= �2�H � 2�2�

f 0(I � P (W ))f
N

+ �2�
f 0(I � P (W ))(I � P (W ))f

N

+E[�21u
0
1]
X
i

fiPii(W )=N + E[�21u1]
X
i

f 0iPii(W )=N + f 0Q (W )� (W ) =N + � (W )
0
Q(W )f=N

+�u��
0
u�

(K 0W )2

N
+ (�2��u + �u��

0
u�)
(W 0�W )

N
+ op

�
K 0W

N

�
+2�2�

f 0(I � P (W ))f
N

+Op

�
1

N

�
� 2�2��u

K 0W

N

�K
0W

N
2

 
d�u��

0
u� +

1

N

nX
i=1

fi�
0
u�H

�1�u�f
0
i +

1

N

nX
i=1

�
fi�

0
u�H

�1fi�
0
u� + �u�f

0
iH

�1�u�f
0
i

�!
+op

�
�W;N

�
= �2�H + �2�

f 0(I � P (W ))(I � P (W ))f
N

+E[�21u
0
1]
X
i

fiPii(W )=N + E[�21u1]
X
i

f 0iPii(W )=N + f 0Q(W )�(W )=N + �(W )0Q(W )f=N
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+�u��
0
u�

(K 0W )2

N
+ (�2��u + �u��

0
u�)
(W 0�W )

N

�2K
0W

N

 
�2��u + d�u��

0
u� +

1

N

nX
i=1

fi�
0
u�H

�1�u�f
0
i +

1

N

nX
i=1

�
fi�

0
u�H

�1fi�
0
u� + �u�f

0
iH

�1�u�f
0
i

�!
+op

�
�W;N

�
where the last equality holds because 1=N = op(�W;N ), K

0W=N = op(�W;N ) and op((�(W )K
0W=N)1=2) =

op(�W;N ) by the fact that (�(W )K
0W=N)1=2 � K 0W=N +�(W ).

We omit the proofs of Corollary 7.1 and 7.3 because they are trivial given Theorem 7.1.

Proof of Corollary 7.2. We note that in this caseK 0W = K 0W+. Thus,
P

ifPii(W )g2 = op(K
0W )

by Lemma 7.4(2) and f 0Q(W )�(W )=N = op(K
0W=N + �(W )) by Lemma 7.5 (8). Therefore, we have

equation (7:3).

To derive equation (7.4), we note that

W 0�W =
MX
i=1

MX
j=1

wiwj min(i; j) �
MX
i=1

MX
j=1

wiwjj =
MX
i=1

wi

MX
j=1

wjj =W 01MK
0W = K 0W;

which means W 0�W = O(K 0W ). Moreover,
PN

i=1 fiPii(W ) = Op(K
0W ) by Lemma 7.5(5). Therefore, we

have equation (7:4).

Proof of Theorem 3.1. The result is established by constructing a sequence in 
P that dominates

the optimal choice in 
DN : By Corollary 7.2 the approximate MSE of MA2SLS when W 2 
P is

A
(K 0W )2

N
+

1X
j=1

1X
i=1

wjwi
max(i;j):

for A =


�0H�1�u�



2. Let MDN be the optimal number of instruments picked by the DN algorithm. For

a 2 (0; 1), let M1 = (1 � a)MDN and M2 = (1 + a)MDN and choose W � such that has only two non-zero

elements wM1 = wM2 = 0:5. Then, K
0W � =MDN and

1X
j=1

1X
i=1

wjwi
max(i;j) = 0:25
M1
+ 0:75
M2

Then,

minW2
P S�(W )

minW2
DN
S� (W )

� S�(W
�)

SDN (MDN )
=
A(K 0W �)2=N + 0:25
M1

+ 0:75
M2

A(MDN )2=N + 
MDN

=
A(MDN )

2=(N
MDN
) + 0:25

�

M1

=
MDN

�
+ 0:75

�

M2

=
MDN

�
A(MDN )2=(N
MDN

) + 1

where 
 = lim supN!1A(MDN )
2=(N
MDN

) <1 because MDN sets the rates of the bias and the variance

equal. The above expression is bounded by 1 if

0:25
�

M1

=
MDN

�
+ 0:75

�

M2

=
MDN

�
< 1:
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By assumption, for N large enough, it follows that, with probability close to one,

0:25
�

M1

=
MDN

�
+ 0:75

�

M2

=
MDN

�
= 0:25 (1� a)�2� + 0:75 (1 + a)�2� + o

�
jaj2�

�
:

Consider the function

h (a) = 0:25 (1� a)�2� + 0:75 (1 + a)�2�

where h (0) = 1; @h (a) =@a = 0:5� (1� a)�2��1�1:5� (1 + a)�2��1 such that @h (0) =@a = �1�: This implies

that for some a; possibly close to zero, h (a) < 1 and thus 0:25
�

M1

=
MDN

�
+ 0:75

�

M2

=
MDN

�
< 1:

When W 2 
B the MSE of the MA2SLS is

S�(W ) = A
(W 0�W )

N
+

1X
j=1

1X
i=1

wjwi
max(i;j)

where A = �0H�1(�2��u + �u��
0
u�)H

�1� while the MSE for the Nagar estimator with M instruments is

AM= (N �M) + 
M : Let MN be the choice of M that minimizes S� (W ) when W = WN as de�ned in

Remark 4. For a 2 (0; 1) let M1 = (1� a)MN and M2 = (1+ a)MN . De�ne w� = N= (N �MN ) and choose

W � such that W � has only three non-zero elements wM1 = wM2 = 1=2w� and wN = �MN= (N �MN ).

For brevity write w1 and w2 instead of wM1
and wM2

. Then w1 + w2 + wN = 1 and K 0W � = 0 such that

W � 2 
B : Note that W 0
N�WN = ((w

�)2 + 2w�wN )MN + w
2
NN =MNN=(N �MN ) and

W �0�W � = w21M1 + w
2
2M2 + 2w1w2M1 + w

2
NN + 2wN (w1M1 + w2M2)

= w21M1 + w
2
2M2 + 2w1w2M1 + w

2
NN + 2wNw

�MN

= ((w�)2 + 2wNw
�)MN + w

2
NN � (1=2)(w�)2aMN

such that W �0�W � < W 0
N�WN : In the same way it follows that, for W �,

1X
j=1

1X
i=1

wjwi
max(i;j) = w21
M1
+
�
w22 + 2w1w2

�

M2

+
�
w2N + 2wN (w1 + w2)

�

N

= (w�)
2 �

M1

=4 + 3
M2
=4
�
+
�
w2N + 2wNw

�� 
N :
Since the term

�
w2N + 2wNw

�� 
N is of smaller order than S� (WN ) the result now follows if (
M1
=4 +

3
M2
=4)=
MN

� 1 wpa1. But this follows from the same arguments as for the proof of the �rst statement

of the theorem.

Proof of Theorem 4.1. We follow the proof of Donald and Newey (2001, Lemma A9). Note that

infW2
 S� (W ) = S� (W
�) for W � given by (3.2) when 
 = 
U , or W � given by (3.3) when 
 = 
B . When


 = 
C or 
P we note that S� (W ) is continuous in W and 
 is a compact set. Thus infW2
 S� (W ) =

S� (W
�) for some W � 2 
 holds. It then follows that

0 � 1� infW2
 S� (W )

S�

�
Ŵ
� � 4 sup

W2


����� Ŝ� (W )S� (W )
� 1
����� :

The result now follows from Lemma 7.8.
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Table 1: Monte Carlo results: Model (a), R2f = 0:1

2SLS DN KW MA-U MA-C MA-P MA-Ps

c = 0:1
n = 100 bias 0.0658 0.0548 0.0549 0.0659 0.0695 0.0701 0.0596
K = 20 IQR 0.24 0.372 0.382 0.246 0.256 0.261 0.339

MAD 0.132 0.204 0.197 0.133 0.135 0.142 0.183
RMAD 0.651 1 0.966 0.654 0.665 0.697 0.899
KW+ 20 9.32 6.35 80.5 39 9.85 5.74
KW- 0 0 0 71.8 30.9 0 0

n = 1000
K = 30 bias 0.0145 0.0136 0.0148 0.0158 0.0166 0.0144 0.0155

IQR 0.113 0.114 0.125 0.11 0.115 0.115 0.114
MAD 0.0569 0.0568 0.0658 0.0563 0.0583 0.0572 0.0578
RMAD 1 1 1.16 0.991 1.03 1.01 1.02
KW+ 30 29 15.5 129 67.3 23.5 21.7
KW- 0 0 0 108 47.5 0 0

c = 0:5
n = 100 bias 0.324 0.313 0.308 0.323 0.319 0.317 0.316
K = 20 IQR 0.212 0.35 0.354 0.221 0.23 0.232 0.316

MAD 0.325 0.376 0.364 0.323 0.32 0.317 0.346
RMAD 0.865 1 0.967 0.859 0.851 0.843 0.919
KW+ 20 8.16 5.85 82.6 27.4 9.53 5.4
KW- 0 0 0 74.6 18.9 0 0

n = 1000
K = 30 bias 0.0991 0.136 0.11 0.139 0.118 0.11 0.118

IQR 0.106 0.16 0.129 0.107 0.0909 0.108 0.115
MAD 0.102 0.147 0.118 0.139 0.118 0.111 0.12
RMAD 0.695 1 0.807 0.947 0.806 0.756 0.816
KW+ 30 12.6 12.8 206 51.3 15.5 12.2
KW- 0 0 0 196 37.5 0 0

c = 0:9
n = 100 bias 0.573 0.566 0.561 0.587 0.565 0.572 0.567
K = 20 IQR 0.153 0.404 0.384 0.154 0.179 0.168 0.257

MAD 0.573 0.617 0.6 0.587 0.565 0.572 0.57
RMAD 0.929 1 0.973 0.951 0.916 0.927 0.924
KW+ 20 3.85 3.35 77.8 13.9 7.5 3.6
KW- 0 0 0 72.1 4.63 0 0

n = 1000
K = 30 bias 0.185 0.234 0.203 0.299 0.189 0.215 0.23

IQR 0.0866 0.268 0.209 0.089 0.0928 0.093 0.115
MAD 0.185 0.271 0.222 0.299 0.189 0.215 0.23
RMAD 0.68 1 0.818 1.1 0.695 0.792 0.846
KW+ 30 2.88 3.51 175 17 8.6 4.86
KW- 0 0 0 168 3.77 0 0

Note: �bias�= median bias; �IQR�= inter-quantile range; �MAD�= median absolute deviation; �RMAD�
= MAD relative to that of DN2SLS; �KW+�=

PM
m=1max(wm; 0)m; �KW-�=

PM
m=1 jmin(wm; 0)jm.

43



Table 2: Monte Carlo results: Model (a), R2f = 0:01

2SLS DN KW MA-U MA-C MA-P MA-Ps

c = 0:1
n = 100 bias 0.0981 0.035 0.05 0.0974 0.102 0.0951 0.0886
K = 20 IQR 0.279 0.773 0.775 0.3 0.322 0.322 0.66

MAD 0.166 0.393 0.399 0.166 0.178 0.183 0.3
RMAD 0.422 1 1.01 0.422 0.454 0.464 0.763
KW+ 20 4.6 3.29 72.7 37.4 7.46 3.17
KW- 0 0 0 65.9 31 0 0

n = 1000
K = 30 bias 0.0681 0.0642 0.0576 0.0643 0.0818 0.0716 0.0956

IQR 0.218 0.662 0.638 0.231 0.25 0.266 0.471
MAD 0.114 0.351 0.34 0.123 0.134 0.135 0.23
RMAD 0.326 1 0.971 0.352 0.383 0.385 0.657
KW+ 30 7.48 5.24 187 84 10.5 4.61
KW- 0 0 0 179 75.3 0 0

c = 0:5
n = 100 bias 0.481 0.447 0.452 0.476 0.485 0.484 0.493
K = 20 IQR 0.25 0.803 0.798 0.267 0.292 0.285 0.614

MAD 0.481 0.593 0.591 0.476 0.491 0.486 0.521
RMAD 0.811 1 0.998 0.804 0.828 0.82 0.878
KW+ 20 4.43 3.22 71.4 26.7 7.24 2.98
KW- 0 0 0 64.8 19.6 0 0

n = 1000
K = 30 bias 0.371 0.361 0.364 0.376 0.382 0.371 0.393

IQR 0.197 0.621 0.569 0.212 0.244 0.231 0.432
MAD 0.371 0.478 0.476 0.376 0.385 0.371 0.413
RMAD 0.777 1 0.995 0.786 0.805 0.777 0.864
KW+ 30 6.72 5.02 187 46.8 10.1 4.32
KW- 0 0 0 179 35.6 0 0

c = 0:9
n = 100 bias 0.855 0.847 0.854 0.854 0.85 0.856 0.868
K = 20 IQR 0.14 0.438 0.438 0.148 0.162 0.163 0.367

MAD 0.855 0.878 0.876 0.854 0.852 0.856 0.869
RMAD 0.973 1 0.997 0.972 0.971 0.975 0.989
KW+ 20 4.02 3.04 71.1 15.1 7.02 2.74
KW- 0 0 0 64.7 6.26 0 0

n = 1000
K = 30 bias 0.677 0.682 0.675 0.682 0.681 0.675 0.686

IQR 0.122 0.456 0.426 0.129 0.14 0.142 0.283
MAD 0.677 0.725 0.709 0.682 0.681 0.675 0.688
RMAD 0.934 1 0.978 0.942 0.939 0.932 0.949
KW+ 30 3.66 3.04 170 28.7 8.1 3.04
KW- 0 0 0 164 15.3 0 0

Note: �bias�= median bias; �IQR�= inter-quantile range; �MAD�= median absolute deviation; �RMAD�
= MAD relative to that of DN2SLS; �KW+�=

PM
m=1max(wm; 0)m; �KW-�=

PM
m=1 jmin(wm; 0)jm.
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Table 3: Monte Carlo results: Model (b), R2f = 0:1

2SLS DN KW MA-U MA-C MA-P MA-Ps

c = 0:1
n = 100 bias 0.0647 0.0303 0.0369 0.0649 0.0583 0.0481 0.0401
K = 20 IQR 0.239 0.335 0.326 0.242 0.254 0.264 0.324

MAD 0.13 0.171 0.169 0.133 0.134 0.142 0.163
RMAD 0.758 1 0.991 0.78 0.784 0.831 0.953
KW+ 20 7.06 5.39 87 35.7 9.06 4.33
KW- 0 0 0 78.2 28 0 0

n = 1000
K = 30 bias 0.0184 0.00917 0.00934 0.0181 0.0129 0.013 0.00838

IQR 0.108 0.127 0.122 0.114 0.117 0.118 0.125
MAD 0.058 0.0638 0.0624 0.0574 0.0586 0.0591 0.0635
RMAD 0.909 1 0.979 0.901 0.918 0.926 0.996
KW+ 30 15 12.8 245 66.2 16.6 10.3
KW- 0 0 0 231 51.9 0 0

c = 0:5
n = 100 bias 0.309 0.191 0.167 0.3 0.275 0.253 0.185
K = 20 IQR 0.223 0.345 0.344 0.233 0.231 0.265 0.33

MAD 0.309 0.25 0.237 0.3 0.276 0.258 0.241
RMAD 1.23 1 0.947 1.2 1.1 1.03 0.962
KW+ 20 5.53 4.48 85.2 28.2 8.24 3.93
KW- 0 0 0 78.2 20.3 0 0

n = 1000
K = 30 bias 0.106 0.0392 0.0341 0.0903 0.0652 0.0493 0.0379

IQR 0.107 0.132 0.133 0.111 0.103 0.126 0.133
MAD 0.108 0.071 0.0749 0.0942 0.0722 0.0738 0.0735
RMAD 1.52 1 1.06 1.33 1.02 1.04 1.04
KW+ 30 7.71 7.02 215 58.3 9.32 6.82
KW- 0 0 0 209 48 0 0

c = 0:9
n = 100 bias 0.572 0.249 0.227 0.536 0.439 0.406 0.278
K = 20 IQR 0.146 0.372 0.359 0.172 0.183 0.205 0.313

MAD 0.572 0.316 0.278 0.536 0.439 0.406 0.304
RMAD 1.81 1 0.881 1.69 1.39 1.28 0.962
KW+ 20 2.68 2.5 61.9 15.2 5.79 2.66
KW- 0 0 0 57 7.37 0 0

n = 1000
K = 30 bias 0.189 0.064 0.052 0.15 0.0957 0.077 0.0669

IQR 0.0891 0.133 0.134 0.104 0.104 0.119 0.126
MAD 0.189 0.0893 0.0788 0.15 0.0975 0.0866 0.0864
RMAD 2.12 1 0.883 1.68 1.09 0.97 0.967
KW+ 30 5.02 4.62 138 33.5 6.57 4.65
KW- 0 0 0 133 23.7 0 0

Note: �bias�= median bias; �IQR�= inter-quantile range; �MAD�= median absolute deviation; �RMAD�
= MAD relative to that of DN2SLS; �KW+�=

PM
m=1max(wm; 0)m; �KW-�=

PM
m=1 jmin(wm; 0)jm.
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Table 4: Monte Carlo results: Model (b), R2f = 0:01

2SLS DN KW MA-U MA-C MA-P MA-Ps

c = 0:1
n = 100 bias 0.0953 0.0361 0.0452 0.0976 0.095 0.0845 0.0656
K = 20 IQR 0.291 0.712 0.692 0.3 0.325 0.341 0.562

MAD 0.167 0.359 0.351 0.173 0.181 0.184 0.293
RMAD 0.466 1 0.979 0.481 0.504 0.513 0.817
KW+ 20 4.59 3.33 72.3 36.8 7.47 3.09
KW- 0 0 0 65.2 30.4 0 0

n = 1000
K = 30 bias 0.0679 0.0267 0.0387 0.0683 0.0693 0.0575 0.0496

IQR 0.209 0.416 0.371 0.226 0.236 0.252 0.335
MAD 0.116 0.211 0.197 0.119 0.127 0.129 0.173
RMAD 0.55 1 0.932 0.564 0.602 0.613 0.817
KW+ 30 7.8 6.04 213 75.2 11.3 4.55
KW- 0 0 0 204 65.7 0 0

c = 0:5
n = 100 bias 0.475 0.392 0.387 0.47 0.474 0.462 0.419
K = 20 IQR 0.26 0.71 0.699 0.261 0.296 0.301 0.578

MAD 0.475 0.55 0.534 0.47 0.478 0.463 0.454
RMAD 0.864 1 0.97 0.855 0.87 0.842 0.827
KW+ 20 4.44 3.24 74 26.8 7.36 3.03
KW- 0 0 0 67.3 19.4 0 0

n = 1000
K = 30 bias 0.377 0.196 0.193 0.365 0.331 0.303 0.227

IQR 0.195 0.383 0.392 0.203 0.218 0.242 0.354
MAD 0.377 0.284 0.278 0.365 0.332 0.306 0.271
RMAD 1.33 1 0.98 1.29 1.17 1.08 0.957
KW+ 30 5.59 4.64 200 42.3 9.8 3.94
KW- 0 0 0 192 30.3 0 0

c = 0:9
n = 100 bias 0.852 0.741 0.724 0.848 0.828 0.824 0.758
K = 20 IQR 0.137 0.578 0.545 0.145 0.174 0.172 0.415

MAD 0.852 0.798 0.784 0.848 0.828 0.824 0.761
RMAD 1.07 1 0.982 1.06 1.04 1.03 0.954
KW+ 20 3.6 2.81 68 16.6 6.73 2.7
KW- 0 0 0 62 7.94 0 0

n = 1000
K = 30 bias 0.67 0.296 0.288 0.644 0.561 0.496 0.341

IQR 0.121 0.426 0.402 0.141 0.151 0.185 0.318
MAD 0.67 0.395 0.362 0.644 0.562 0.496 0.354
RMAD 1.69 1 0.914 1.63 1.42 1.25 0.895
KW+ 30 2.12 2 135 28 5.82 2.39
KW- 0 0 0 130 14.9 0 0

Note: �bias�= median bias; �IQR�= inter-quantile range; �MAD�= median absolute deviation; �RMAD�
= MAD relative to that of DN2SLS; �KW+�=

PM
m=1max(wm; 0)m; �KW-�=

PM
m=1 jmin(wm; 0)jm.
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Table 5: Monte Carlo results: Model (c), R2f = 0:1

2SLS DN KW MA-U MA-C MA-P MA-Ps

c = 0:1
n = 100 bias 0.0652 0.0636 0.0728 0.0631 0.0684 0.0621 0.0758
K = 20 IQR 0.245 0.351 0.36 0.252 0.26 0.254 0.326

MAD 0.133 0.188 0.19 0.138 0.139 0.137 0.171
RMAD 0.705 1 1.01 0.733 0.737 0.729 0.91
KW+ 20 9.92 7.13 77.1 36.7 9.96 6.29
KW- 0 0 0 68.4 28.8 0 0

n = 1000
K = 30 bias 0.0205 0.0175 0.0241 0.0202 0.019 0.0193 0.0182

IQR 0.112 0.117 0.113 0.114 0.116 0.114 0.116
MAD 0.0578 0.0576 0.0578 0.0579 0.0582 0.0571 0.0573
RMAD 1 1 1 1 1.01 0.992 0.995
KW+ 30 23.2 15.5 193 61.1 21 18.2
KW- 0 0 0 179 46 0 0

c = 0:5
n = 100 bias 0.324 0.347 0.368 0.322 0.317 0.318 0.333
K = 20 IQR 0.22 0.35 0.34 0.227 0.249 0.241 0.29

MAD 0.324 0.398 0.413 0.323 0.323 0.318 0.355
RMAD 0.814 1 1.04 0.812 0.811 0.799 0.893
KW+ 20 8.49 6.38 79.5 26 9.45 5.76
KW- 0 0 0 71.9 17.5 0 0

n = 1000
K = 30 bias 0.101 0.103 0.124 0.0874 0.086 0.087 0.0857

IQR 0.107 0.117 0.111 0.115 0.138 0.112 0.11
MAD 0.104 0.112 0.126 0.0923 0.0949 0.0912 0.0919
RMAD 0.932 1 1.13 0.825 0.848 0.815 0.822
KW+ 30 16.6 13.9 183 42.7 14.1 12
KW- 0 0 0 177 30.3 0 0

c = 0:9
n = 100 bias 0.576 0.742 0.746 0.556 0.591 0.567 0.613
K = 20 IQR 0.158 0.536 0.456 0.176 0.178 0.174 0.231

MAD 0.576 0.809 0.797 0.556 0.591 0.567 0.613
RMAD 0.712 1 0.985 0.687 0.731 0.701 0.758
KW+ 20 3.33 2.92 72.8 12.5 7.42 3.64
KW- 0 0 0 67.1 2.96 0 0

n = 1000
K = 30 bias 0.187 0.783 0.798 0.136 0.209 0.159 0.167

IQR 0.092 0.844 0.772 0.101 0.115 0.101 0.102
MAD 0.187 0.901 0.886 0.136 0.209 0.159 0.167
RMAD 0.207 1 0.984 0.15 0.232 0.176 0.185
KW+ 30 1.12 1.19 125 18.8 8.96 6
KW- 0 0 0 120 6.41 0 0

Note: �bias�= median bias; �IQR�= inter-quantile range; �MAD�= median absolute deviation; �RMAD�
= MAD relative to that of DN2SLS; �KW+�=

PM
m=1max(wm; 0)m; �KW-�=

PM
m=1 jmin(wm; 0)jm.
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Table 6: Monte Carlo results: Model (c), R2f = 0:01

2SLS DN KW MA-U MA-C MA-P MA-Ps

c = 0:1
n = 100 bias 0.0871 0.0695 0.0873 0.0995 0.117 0.113 0.121
K = 20 IQR 0.284 0.861 0.886 0.313 0.329 0.328 0.687

MAD 0.167 0.447 0.451 0.178 0.19 0.184 0.348
RMAD 0.373 1 1.01 0.397 0.425 0.411 0.778
KW+ 20 4.4 3.17 70.4 36.5 7.33 3.08
KW- 0 0 0 63.7 30.1 0 0

n = 1000
K = 30 bias 0.0699 0.0875 0.0847 0.0637 0.0666 0.0765 0.108

IQR 0.21 0.803 0.789 0.212 0.227 0.25 0.465
MAD 0.12 0.433 0.409 0.119 0.123 0.135 0.243
RMAD 0.277 1 0.945 0.275 0.284 0.312 0.561
KW+ 30 7.91 5.64 171 79.4 10.3 5.02
KW- 0 0 0 163 70.6 0 0

c = 0:5
n = 100 bias 0.485 0.505 0.5 0.483 0.495 0.494 0.535
K = 20 IQR 0.265 0.775 0.756 0.278 0.292 0.306 0.604

MAD 0.485 0.653 0.634 0.483 0.502 0.494 0.572
RMAD 0.744 1 0.971 0.74 0.77 0.757 0.876
KW+ 20 4.2 3.1 71.5 26.5 7.21 2.93
KW- 0 0 0 64.9 19.4 0 0

n = 1000
K = 30 bias 0.362 0.405 0.425 0.356 0.373 0.374 0.417

IQR 0.183 0.737 0.729 0.199 0.213 0.211 0.46
MAD 0.362 0.572 0.575 0.356 0.379 0.374 0.439
RMAD 0.633 1 1 0.622 0.662 0.654 0.766
KW+ 30 6.79 5.02 174 46.4 10 4.71
KW- 0 0 0 167 34.7 0 0

c = 0:9
n = 100 bias 0.855 0.878 0.878 0.854 0.859 0.861 0.879
K = 20 IQR 0.145 0.385 0.374 0.156 0.171 0.163 0.332

MAD 0.855 0.893 0.899 0.854 0.859 0.861 0.879
RMAD 0.958 1 1.01 0.957 0.962 0.965 0.984
KW+ 20 4.12 3.04 72 13.7 7.14 2.74
KW- 0 0 0 65.3 4.61 0 0

n = 1000
K = 30 bias 0.67 0.805 0.817 0.652 0.68 0.666 0.734

IQR 0.123 0.597 0.564 0.139 0.14 0.147 0.302
MAD 0.67 0.898 0.884 0.652 0.68 0.666 0.735
RMAD 0.746 1 0.984 0.726 0.758 0.742 0.818
KW+ 30 3.92 3.13 165 28.3 8.47 3.32
KW- 0 0 0 159 14.6 0 0

Note: �bias�= median bias; �IQR�= inter-quantile range; �MAD�= median absolute deviation; �RMAD�
= MAD relative to that of DN2SLS; �KW+�=

PM
m=1max(wm; 0)m; �KW-�=

PM
m=1 jmin(wm; 0)jm.
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