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Abstract

This paper considers model averaging as a way to select instruments for the two stage
least squares estimator in the presence of many instruments. We propose averaging across
least squares predictions of the endogenous variables obtained from many different choices of
instruments and then use the average predicted value of the endogenous variables in the second
stage. Many existing two stage least squares estimators can be understood as model averaging
methods with some restrictions on the form of the weights for averaging. Furthermore, we
allow weights to be possibly negative, which yields a bias correction and instrument selection
that is more robust to the ordering of instruments. The weights for averaging are chosen to
minimize the asymptotic mean square error. This can be done by solving a standard quadratic
programming problem and, in some cases, closed form solutions for the optimal weights are
available. We demonstrate both theoretically and in Monte Carlo experiments that our method
dominates existing number of instrument selection procedures for the two stage least squares
estimator.
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1 Introduction

In this paper we propose a new and flexible method to select the instruments for two stage least
squares (2SLS) estimators of linear models when there are many instruments available. In an
influential empirical study, Angrist and Krueger (1991) generated a larger instrument set from
combinations of basic instruments to achieve more precise parameter estimates. However, the ap-
proach of Angrist and Krueger (1991) has raised concerns with respect to the quality of asymptotic
approximations and inference procedures based on them due to weak instruments and parameter
overidentification. Nelson and Startz (1990a,b) and Bound, Jaeger and Baker (1995) demonstrate
that first order asymptotic theory yields poor approximations to the finite sample distribution of
the 2SLS estimator when instruments are either weak or the degree of overidentification is large.
Bekker (1994) provides an asymptotic analysis of the latter case by considering asymptotic se-
quences where the number of instruments grows at the same rate as the sample size. Staiger and
Stock (1997) and Stock and Wright (2000) develop an asymptotic framework where the parameters
of the first stage regression are local to zero to obtain more accurate asymptotic approximations
when the instruments are weak. We also find related studies in the early literature on small sam-
ple properties of 2SLS such as the higher order expansions of Nagar (1959), Kunitomo (1980)
and Morimune (1983) or the exact finite sample theory of Richardson (1968), Mariano (1972) and
Phillips (1980). Weak identification and lack of identification was also covered in earlier work by
Sargan (1983) and Phillips (1989). The conclusion from exact finite sample and refined asymptotic
theory is that the optimality properties of 2SLS procedures may not be relevant for their actual
finite sample performance and highly overidentified estimators should be used with caution.

A more recent literature has focused on improved estimators in the case of overidentified mod-
els. Donald and Newey (2001) propose a selection criterion to select the number of instruments in
a way that balances higher order bias and efficiency. The higher order mean square error (MSE)
approximations obtained by Donald and Newey (2001) indicate that the higher order bias of 2SLS
increases linearly with the number of overidentifying conditions. Monte Carlo evidence of Donald
and Newey (2001) shows that the selection criterion for the number of instruments performs partic-
ularly well when the degree of endogeneity is high but fares less well when the correlation between
structural and reduced form innovations is weak to moderate. In the latter case, estimator bias
tends to be overstated by the higher order MSE approximation and as a consequence too small a

number of instruments is selected. This tendency for 'bias pessimism’ of higher order expansions



to the distribution of the 2SLS estimator was documented by Hahn, Hausman and Kuersteiner
(2004). These findings are in line with recent work on many weak instruments by Stock and Yogo
(2004), Chao and Swanson (2005), Han and Phillips (2006), Hansen, Hausman and Newey (2006),
Hausman, Newey and Woutersen (2006) and Newey and Windmeijer (2007). This literature shows
that consistent estimation of models with many weak instruments is feasible and that under certain
conditions asymptotically valid inference based on Gaussian limit distributions is possible.

The focus of this paper is to extend the results and methods proposed in Donald and Newey
(2001). We show that the model averaging approach of Hansen (2007) can be applied to the first
stage of the 2SLS estimator. The benefits of model averaging mostly lie in a more favorable trade
off between bias and efficiency in the second stage of the 2SLS estimator. Our theoretical results
show that for certain choices of weights the model averaging 2SLS estimator (MA2SLS) eliminates
higher order bias and achieves the same higher order rates of convergence as the Nagar and LIML
estimators and thus dominates conventional 2SLS procedures. Model averaging allowing for bias
reduction requires a refined asymptotic approximation to the MSE of the 2SLS estimator. We
provide such an approximation by including terms of the next higher order than the leading bias
term in our MSE approximation. This approach provides a criterion that directly captures the
trade-off between higher order variance and bias correction.

A limitation of the approach that selects the number of instruments is that the method is
sensitive to the a priori ordering of instruments. By allowing our model weights to be both positive
and negative, we establish that the MA2SLS estimator has the ability to select arbitrary subsets
of instruments from an orthogonalized set of instruments. In other words, if there are certain
orthogonal directions in the instrument space that are particularly useful for the first stage, the
MA2SLS is able to individually select these directions form the instrument set. Conventional
sequential instrument selection on the other hand would be able to select these instruments only
as part of a possibly much larger collection of potentially less informative instruments.

An added benefit of model averaging is that, in some cases, the optimal weights are available in
closed form which lends itself to straight-forward empirical application. In Monte Carlo experiments
we find that our refined selection criterion combined with a more flexible choice of instruments
generally performs at least as well as only selecting the number of instruments over a wide range
of models and parameter values, and performs particularly well in situations where selecting the
number of instruments tends to select too few instruments.

Our model averaging approach can also be applied to non-linear procedures such as the limited



information maximum likelihood (LIML) estimator. To preserve space, we do not present results
for these procedures. LIML, k-class estimators, continuous updating estimators and empirical
likelihood procedures perform well in terms of their higher order properties compared to the 25LS
estimator. Higher order asymptotic properties of these estimators have recently been considered
by Bekker (1994), Donald and Newey (2001), Hahn, Hausman and Kuersteiner (2004), Newey and
Smith (2004) and Bekker and van der Ploeg (2005). However, simulation experiments in Donald and
Newey (2001) and Hahn, Hausman and Kuersteiner (2004) indicate that the finite sample properties
of LIML are not always superior to those of 2SLS and can be quite poor due to lack of finite sample
moments of the estimator distribution. This moment problem is particularly pronounced when
identification is weak.

In this paper we focus exclusively on the moment selection problem for 2SLS. Aside form the
mixed finite sample evidence regarding the ranking of various procedures, our focus on the 2SLS
procedure is also motivated by its wide use in practice. A few alternative methods to the selection
approach of Donald and Newey (2001) have recently been suggested. Kuersteiner (2002) shows that
kernel weighting of the instrument set can be used to reduce the 2SLS bias, an idea that was further
developed by Okui (2007) and Canay (2006). The MA2SLS estimator proposed in this paper can
be interpreted as a generalization of the more restrictive kernel weighted methods. While kernel
weighting is shown to reduce bias, its effects on the MSE of the estimator are ambiguous. The
goal of this paper therefore is to develop an instrument selection approach that is less sensitive to
instrument ordering, dominates the approach of selecting the number of instruments in terms of
higher order MSE and outperforms the number of instrument selection procedure in finite sample
Monte Carlo experiments.

We present the general form of the MA2SLS estimator in Section 2.2 and discuss various mem-
bers of the class of MA2SLS estimators in Section 3.2. The refined higher order MSE approximation
for the MA2SLS family is obtained in Section 3.1. Section 3.3 demonstrates that optimal members
of the MA2SLS family dominate the pure number of instrument selection method for the 2SLS
estimator as well as the bias corrected version of that estimator in terms of relative higher order
MSE. In Section 4 we establish that feasible versions of the MA2SLS estimator maintain certain
optimality properties. Section 5 contains Monte Carlo evidence of the small sample properties of
the MA2SLS estimators.

Throughout the paper, we use the following notations. For a sequence of vectors ai,...,ay,

the matrix a is defined as a = (a1, ..., an)’. For a matrix A, A;; denotes the (i, j)-th element of A.
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>, signifies Zf\i 1 unless otherwise specified. “wpal” reads “with probability approaching one”.

2 First Stage Model Averaging 2SLS Estimator

2.1 Settings

Following Donald and Newey (2001), we consider the model

yi = VB, +ab, +e=XB+e (2.1)
Y; E\Y;|z .

X = L =) = S I L D TP
T1i T14 0

where y; is a scalar outcome variable, Y; is a dy x 1 vector of endogenous variables, z1; is a vector
of included exogenous variables, z; is a vector of exogenous variables (including x1;), €; and u; are
unobserved random variables with second moments which do not depend on z;, and f is an unknown
function of z. Let fi = f(2;). The set of instruments has the form 7}, = (¢1(2:), -, ¥un(2i)),
where s are functions of z; such that Zys; is a M x 1 vector of instruments.

In the current model, the asymptotic variance of a v/N-consistent regular estimator cannot be
smaller than 02 H 1, where 02 = E[e?|z;] and H = E[f;f!/] (Chamberlain (1987)). The lower bound
is achieved by 2SLS if f; can be written as a linear combination of the instruments. Likewise, if there
is a linear combination of the instruments which is close to f;, then the asymptotic variance of an
instrumental variable estimator is small. This observation implies that using many instruments is
desirable in terms of asymptotic variance. However, an instrumental variables estimator with many
instruments may behave poorly in finite samples and can be sensitive to the number of instruments.

Thus, instrument selection is critical to good finite sample performance of 2SLS estimators.

2.2 Model Averaging

Let Wy be a weighting vector such that Wy = (w1 n,...,wn,n) and Z%:l wm N = 1 for some
M such that M < N for any N. We note that Wy is a sequence of weights w,, ny indexed by the
sample size N, but for notational convenience we use the symbols W and w,,. In Sections 3.2 and
4, we discuss in more detail the restrictions that need to be imposed on W and M, but point out
here that w,, is allowed to take on positive and negative values. Let Z,,; be the vector of the first

m elements of Zyy;, Zy, be the matrix (Zm 1, ..., Zmn) and Py, = Zp (2, Zm) "1 Z!,. The model



averaging two-stage least squares estimator (MA2SLS) of ( is defined as

M
B= arg min = > wmly — XB) Py — XB). (2.2)
m=1

Note that (y — X3) P, (y — X3) is the objective function for the 2SLS estimator using the first m

instruments. Define P(W) = Zf\il Wy, P The estimator 3 then can be written conveniently as
B = (X"PW)X)LX'P(W)y. (2.3)

We use the term MA2SLS because P(W)X is the predictor of X based on Hansen’s (2007)
model averaging estimator applied to the first stage regression. The model averaging estimator
exploits a trade-off between specification bias and variance. In our application this trade off appears
in the second stage of 2SLS as well, however with reversed implications: more specification bias
in the first stage leads to less estimator bias in the second stage, and reduced variance in the
first stage leads to less efficiency in the second stage. This trade off is well understood from the
work of Nagar (1959), Bekker (1994) and Donald and Newey (2001) amongst others. As Hansen
(2007) demonstrates, model averaging improves the bias-variance trade-off in conventional model
selection contexts. These advantages translate into corresponding advantages for the second stage
estimator as our theoretical analysis shows. Furthermore, we generalize the work of Hansen (2007)
by allowing weights to be possibly negative while weights examined by Hansen (2007) are restricted
to be positive. Allowing negative weights is important to obtain a bias correction and robustness

with respect to the ordering of the instruments.

2.3 Advantages of Model Averaging

To give a preview of our results, we note that under suitable conditions on the behavior of W as
a function of the sample size N it can be shown that the largest term of the higher order bias of
f is proportional to K'W/vN where K = (1,2,...,M)’. When a specific first stage model with
exactly m instruments is selected, this result reduces to the well known result that the higher
order bias is proportional to m/v/N. In other words, the first stage model selection approach
of Donald and Newey (2001) can be nested within the class of MA2SLS estimators by choosing
w; = 1 for j = m and w; = 0 for j # m. To illustrate the bias reduction properties of MA2SLS,
we consider an extreme case where the higher order bias is completely eliminated. This occurs

when W satisfies the additional constraint K’W = 0. Thus, the higher order rate of convergence

of MA2SLS can be improved relative to the rate for 2SLS by allowing w; to be both positive an



negative. In fact, the Nagar estimator can be interpreted as a special case of the MA2SLS where
M = N, wj = N/ (N —m) for j =m, some m, wy = —m/ (N —m) and w; = 0 otherwise.! As we
demonstrate later, MA2SLS defines a much wider class of estimators with desirable MSE properties
even when K'W = 0 does not hold and dominates the Nagar estimator when K'W = 0 is imposed.

Kuersteiner (2002) proposed a kernel weighted form of the 2SLS estimator in the context of time
series models and showed that kernel weighting reduces the bias of 2SLS. Let k = diag (k1, ..., kar)
where k; = k((j — 1) /M) are kernel functions k(-) evaluated at j/M with k(0) = 1. The kernel
weighted 2SLS estimator then is defined as in (2.3) with P(W) replaced by Zyk(Z},Zn) 1 kZ),.
For expositional purposes and to relate kernel weighting to model averaging, we consider a special
case in which instruments are mutually orthogonal so that Z},Zys is a diagonal matrix, but note
that similar results hold in the general case.? Let Zj be the j-th column of Zj; such that Z; =
(Zi..... Zag) and By = Z;(2/2,)\ 2.

For a given set of kernel weights £, there exist weights W such that for w; = k2 — k2

J J+1 and

wp = k]?w the relationship

M M
> wnPrn =Y kP = Zyk(Zy Zu) k2, (2.4)
m=1 j=1

holds. In other words, the kernel weighted 2SLS estimator corresponds to model averaging with
the weights {wy, }M_, defined above.

Okui’s (2007) shrinkage 2SLS estimator is also a special case of the averaged estimator (2.3).
In this case, wy, = s,wy =1—s,s € [0,1],w; = 0 for j # L, M where L(< M) is fixed. Okui’s
procedure can be interpreted in terms of kernel weighted 2SLS. Letting the kernel function k(z) = 1
forx < L/M, k(xz) = /s for L/M <z <1 and k(z) = 0 otherwise implies that the kernel weighted
2SLS estimator formulated on the orthogonalized instruments is equivalent to Okui’s procedure.

The common feature of kernel weighted 2SLS estimators is that they shrink the first stage
estimators towards zero. Shrinkage of the first stage reduces bias in the second stage at the cost of
reduced efficiency. While kernel weighting has been shown to reduce bias, conventional kernels with

monotonically decaying ’tails’ can not completely eliminate bias. The calculations in Kuersteiner

!The approximate higher order MSE for the Nagar estimator is covered by Corollary 7.3 in Section 7, see Remark

2In other words, we ortho-normalize the instruments prior to kernel weighting. Thus, that Z4,Z is a diagonal
matrix is not really a restriction in practice. When kernel weighting is applied to the instruments that are not
ortho-normalized, the MA weights corresponding to some particular kernel become data dependent and have a more

complicated formula.



(2002) also show that the distortion introduced from using the weight matrix k(Z},Zy) 'k rather
than (Z},Z M)_1 asymptotically dominates the higher order variance of B for conventional choices
of k(-). This later problem was recently addressed by Canay (2006) through the use of top-flat
kernels (see, e.g., Politis and Romano (1995), Politis (2001) and Politis (2006)).

Despite these advances, conventional kernel based methods have significant limitations due to
the fact that once a kernel function is chosen, the weighting scheme is not flexible. The fully
flexible weights employed by MA2SLS guarantee that the net effect of bias reduction at the cost of
decreased efficiency always results in a net reduction of the approximate MSE of the second stage
estimator. As we show in Section 3.3 this result holds even in cases where the bias is not fully
eliminated and thus K'WW = 0 does not hold.

A second advantage of model averaging is its ability to pick models from a wider class than
sequential instrument selection can. Imagine a situation where the first m (< M) instruments
in Zj; are redundant. In this case a sequential procedure will need to include the uninformative
instruments while the model averaging procedure can in principle set weights wy; = 1 and w,,, = —1
such that P (W) = Py — P,, is the projection on the orthogonalized set of the last M — m
instruments in Z,;. To be more specific, let z; be the i-th column of Z3; when i < M and define
Zo=([—P1)za, 23 =1 — P») 23,..., 2ps = (I — Ppr—1) zpr such that 2y, 22, ...257 are orthogonal and
span Zy;. Then, Py = sz\il P, where P, = Z(2lz;) "3l fori > 1and P = 2 (zizl)_l z}. It follows
that M w,, P, = Zj]\il w; P; for 1 = Z%I:j W If D is an M x M matrix with elements
dij =1{j > i} and W = (w1, .y Wpr), then W = D~'W. The only constraint we impose on W is
W, = 1. Since W is otherwise unconstrained one can set w; = 0 for any 1 < j < M. In addition, an
arbitrarily small but positive weight can be assigned to the first coordinate by choosing w; large
for j # 1. The use of negative weights thus allows MA2SLS to pick out relevant instruments from
a set of instruments that contains redundant instruments. In Section 5 we document the ability of

MAZ2SLS to pick out relevant instruments through Monte Carlo experiments.

3 Higher Order Theory

3.1 Asymptotic Mean Square Error

The choice of model weights W is based on an approximation to the higher order MSE of B . The
derivations parallel those of Donald and Newey (2001). However, because of the possibility of bias

elimination by setting K'W = 0, we need to consider an expansion that contains additional higher



order terms. We show the asymptotic properties of the MA2SLS under the following assumptions.
Assumption 1 {y;, X;, 2} arei.i.d., E[e?|z] = 02 > 0, and E[||n;||*|z:] and E||e;|*|2] are bounded.
Assumption 2 (i) H = E[fif!] exists and is nonsingular. (ii) for some o > 1/2,

sup m2* ( sup N f (I —Py) f)\/N> =0,(1).

m<M Ma=1
Assumption 3 (i) E[(e;,u}) (e;,u})|z)], E [€wiu|z] and E [elu;|z] are constant. Let oy =
Elui€i|zi], By = Eluwg|z). (it) Zi,Zy are nonsingular wpal. (i) max;<n Paii —p 0, where

Pirgi signifies the (i,1)-th element of Py, (iv) f; is bounded.

Assumption 4 Let Wt = (|wi|,...,|wm|). The following conditions hold: 1\,W = 1; W € [y
where l; = {x = (z1,..)| Yooy 2| < oo}, M < N; and, as N — o0 and M — oo, K'W+T =
St [wmlm — o0, K'WH VN = 5300 [wm|m/VN = 0, and 32,01 (0 ws)* m™2 = 0.

Assumptions 1-3 are similar to those imposed in Donald and Newey (2001). Assumption 4
collects the conditions that weights must satisfy and is related to the conditions imposed by Donald
and Newey (2001) on the number of instruments. We remind the reader that W is a sequence,
indexed by N, of sequences. The condition K'W™* — oo may be understood as the number of
instruments tending to infinity. This assumption is needed to achieve the semiparametric efficiency
bound and to obtain the asymptotic MSE whose leading terms depend on K'W. The condition
K'wt / V/N — 0 limits the rate at which the number of instruments is allowed to increase, which
guarantees standard first-order asymptotic properties of the MA2SLS estimator. The condition
Z%zl ooy ws)? m~2% — 0 guarantees that small models receive asymptotically negligible weight
and is needed to guarantee first order asymptotic efficiency of the MA2SLS estimator. We also
restrict W to lie in the space of absolutely summable sequences ;. The fact that the sequences
in [; have infinitely many elements creates no problems since one can always extend W to [; by
setting w; = 0 for all j > M.

The notion of asymptotic MSE employed here is similar to the Nagar-type asymptotic expansion
(Nagar (1959)). Following Donald and Newey (2001), we approximate the MSE conditional on the
exogenous variable z, E[(8 — 8o)(3 — Bo)|2], by 02H ' + S(W) where

N(B—=Bo)(B—Bo) = QW) +#(W), E[QW)|z] =02H '+ S(W)+T(W),

H = f'f/N and (#(W)+T(W))/tr(S(W)) = 0,(1) as N — oo. First we represent N (3—8,)(3—8,)’
in two parts, Q(W) and 7#(W), and discard 7#(W), which goes to zero in probability more quickly



than S(W). Then we take the expectation of Q(W) conditional on the exogenous variables, z, and
ignore the term T(W), which goes to zero more quickly than S(W). The term ¢?H ! corresponds
to the first-order asymptotic variance. Hence, S(W) is the nontrivial and dominant term in the
MSE that depends on W.

Formal theorems and explicit expressions for S(W) are reported in Theorem 7.1 and Corollaries
7.1, 7.2 and 7.3. In this section, we briefly discuss the main findings. Under additional constraints
on higher order moments such that Cum [e;, €;, u;, u}] = 0 and E[e?u;] = 0,> we show in Corollary
7.1 that

(K'W)?
N

WTW)  K'W o
N N

(3.1)

By +

o f'(I = POV)(I = POW))f

(
bo
* N

S(W)=H"1 (aa

where a, = 040, by = (02X, + 04c0l,), By is defined in (7.1) and T is the M x M matrix whose
(,7)-th element is min(4,7). In Section 7 we also derive results for the more general case when
Cumle;, €;, uz, ul] # 0 and Ele?u;] # 0. Because these formulas are substantially more complicated,
we focus our discussion on the simpler case.* The first term in (3.1) represents the square of the
bias, and the fourth term represents the goodness-of-fit of the first stage regression. These two
terms appear in the existing results of the asymptotic expansions of the 2SLS estimator. The
second term represents a variance inflation by including many instruments. A similar term appears
in the MSE results for LIML and bias-corrected 2SLS estimators by Donald and Newey (2001). As
shown in Theorem 7.1, By in the third term is positive definite. This shows that a,(K'W)?/N
over-estimates the bias of including more instruments. We need to include the second and third
terms because K'W — oo may not hold as a result of allowing negative weights. In fact, when the

weights are all positive, we have K'W — oo (because K'W = KW in this case) and the second

and third term then are of lower order as established in expression (7.4) of Corollary 7.2.

3.2 Estimator Classes

We choose W to minimize the approximate MSE of XB for some fixed A € R%. For this purpose
define oy, = NH o, and a?\ = NH 'S, H~')\. Then, the optimal weight, denoted W*, is the
solution to minycq Sy (W) where Sy (W) = XS (W) X and Q is some set.

3“Cum” signifies the fourth order cumulant so that Cum [e;, €;, ui, u}] = E[e?uiul] — 028y — 2040
*As was noted in Donald and Newey (2001), it is possible to use the more general criterion where

Cumle;, €, ui, u;] # 0 and E[efui} # 0 because the additional nuisance parameters for this case can be estimated. We

note that in practice this seems to be rarely done.
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We consider several versions of 2 which lead to different estimators. The MA2SLS esti-
mator is unconstrained if Q@ = Qp = {W € [3|W'1); =1}. More restricted versions can be
constructed by considering the sets Qp = {W € [;|W'1y, = 1, K'W = 0} which leads to unbi-
ased estimators. From a finite sample point of view it may be useful to further constrain the
weights W to lie in a compact set. This is achieved in the following definitions of restricted
model averaging classes defined as Q¢ = {W € L1|W'ly = L;wy, € [—1,1],Vm < M}, and Qp =
{W e l3|W'ly = 1wy, €10,1],Vm < M}.

When € is equal to Qp or g, a closed form solution for W* is available. Let uy" = (I —
P, fH~'X and define the matrix U = (u},...,ud) (ul,..., udl). It now follows that N'H 1 f'(I —
PW)(I — P(W))fH X\ = W/UW such that S (W) is affine in W. It then is easy to show that

21" A VKNH'ByH ')
M N 1M> (3.2)
1, A1y,

where A = aiEKK’ + (020’?\ + aie) [ +02U. As we show in Corollary 7.3 the approximate MSE of

1
W = in S\(W)=-A""KNH 'ByH '\
o = arg min S\(W) =7 < N +
B simplifies when the constraint K'W = 0 is imposed. In this case, weights are chosen such as to

eliminate the highest order bias term. We therefore find the following closed form solution for Wp.
Wi =arg min S\(W) = A5'R (R'A3'R) " 'b (3.3)
WeQgp

where Ap = (0203 +03.)T + 02U, b = (0,1) and R = (K,1y). It is clear that Q5 C Qu
such that minyweq, S\(W) < minweq, S\(W). Since the Nagar estimator is contained in Qp,
it follows by construction that MA2SLS based on W, weakly dominates the Nagar estimator in
terms of asymptotic MSE.? In Section 3.3 we show that MA2SLS strictly dominates the Nagar
estimator. When the optimal weights are restricted to lie in the sets Q¢ or 2p, no closed form
solution exists. Finding the optimal weights minimizing Sy (W) over a constrained set is a classical
quadratic programming problem for which there are readily available numerical algorithms.® We

note that for Qp, it follows from Corollary 7.2 that the criterion can be simplify to (7.4).

3.3 Relative Higher Order Risk

It is easily seen that Donald and Newey’s (2001) procedure can be viewed as a special case of model

averaging where the weights are chosen from the set Qpy = {W € l;|w,, = 1 for some m and w; =

>Our Monte Carlo results show that W7y has good finite sample properties. Monte Carlo evidence for W3, not
included in this paper to conserve space, shows that this version of the estimator has poor finite sample properties

and we do not further consider it for this reason, except for a theoretical argument in Theorem 3.1.
®The Gauss programming language has the procedure QPROG, and the Ox programming language has the

procedure SolveQP.
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0 for j # m} to minimize Sy (W). Note that when W € Qpy, it follows that K'W = m and
(I—-PW))(I—-P(W))=(I— P,). Hence, S (W) with W restricted to W € Qpn reduces to

2 ! o
H™! (aonjz, + % (be — BNn) + afif u NPm)f> H™!

for m < M. Because m/N = o(m?/N) as m — oo, the expression for S (W) with W € Qpx reduces
to the result of Donald and Newey (2001, Proposition 1). We note that all sets Q@ = Qp, Qp, ..., Qp
contain the procedure of Donald and Newey (2001) as a subset (i.e., Qpxy C Q). This guarantees
that MA2SLS weakly dominates the number of instrument selection procedure such that Sy (WW*) <
minyeq,y Sx (W). In fact, as the argument in the proof of Lemma 7.6 shows, there are simple
sequences in Qy and Qp that strongly dominate arg minyecq,,, Sy (W) in the sense of achieving
higher rates of convergence.

A stronger result is the following theorem which shows that, under some regularity conditions
on the population goodness-of-fit of the first stage regression, the asymptotic MSE of MA2SLS is

lower than that of 2SLS with pure number of instrument selection even when K'W # 0.

Theorem 3.1 Assume that Assumptions 1-4 hold. Let ~y,, = NH'f'(I — Py,)fH *\/N. Assume
that there exists a non-stochastic function C(a) such that Supgc(_c o Ym(14a)/Ym = C (a) wpal as

N,m — oo for some e > 0. Assume that C (a) = (1+a) ** 4o (\a|2a> . Then,

minyeq, Sx(W)
minWeQDN Sx (W)

< 1 wpal.

Moreover, let Wy be the weights with wy, = N/ (N —m), wy = —m/ (N —m) and w; = 0 for

j # m where m is chosen to minimize S\ (W) . Then,

minWGQB S)\(W)
Sy (W)

< 1 wpal.

Remark 1 The additional conditions on v,, imposed in Theorem 3.1 are satisfied if ~y,, = om ™2,

but are also satisfied for more general specifications. For example, if 7y, = § (m)m=2% + Op (m_2°‘)
as m — oo, where the function § (m) satisfies 6 (m(1+a))/0(m) =1+o0 (]a\2a> wpal, then the

condition holds.

The first part of the theorem indicates that all MA2SLS estimators considered here dominate
the simple number of instrument selection procedure in terms of higher order MSE. Likewise, the
second part implies that the MA2SLS estimators obtained from choosing W over the sets 2y and

Qp dominate the Nagar estimator in terms of higher order MSE.

12



We contrast the optimality properties of MA2SLS with kernel weighted GMM. For illustration,
consider the model weights w,,, = 1/M for m < M and w,, = 0 otherwise, which correspond to the
kernel weighted GMM with kernel function k(z) = y/max(1l — z,0) (see (2.4)). Because the weights
are always between 0 and 1, the MSE is given in (7.4). As a function of the kernel bandwidth M,
the MSE approximation is

5, (M +1)? 5 15, Uly
S)\(M)—O')\e AN +U€ M2N .

The form of Sy in this case illustrates the fact that kernel weighting generally reduces the higher
order bias of 2SLS, here in this case by a factor 1/2, but that this comes at the cost of increased
higher order variance. It is easily seen that 1,Uly; > M 2u§/l’ uﬁ/l . Since the difference between
1,,U1y and M 2u§4 ! uﬁ‘\/f is data-dependent, it can not be established in general that kernel weighting
reduces the MSE. This example illustrates that kernels do not have enough free parameters to

guarantee that bias reduction sufficiently off-sets the increase in W/UW.

4 Implementation

Fully data dependent implementation of the estimator classes defined in Section 3.2 requires a
data-dependent criterion Sy (W). The non-trivial part of estimating the criterion concerns f/(I —
PW))(I —P(W))f/N. Donald and Newey (2001) show that the Mallows criterion can be used to
estimate the term f'(I—P,,)f/N. This approach fits naturally in our framework of model averaging
for the first stage. Hansen (2007) proposes to use the Mallows criterion @'ii/N + 203 K'W/N where
@ = (I — P(W)) XH ') to choose the weights W for the first stage regression. The use of Mallows

criterion is motivated by the fact that
E[@'a/N|z] = NH ' f'(I - P(W))(I — P(W))fH 'A/N + o3 (WTW - 2K'W) /N + o3

such that E [@'a/N + 203 K'W/N|z| = E[||(f — P(W)X)H'\|]?|2]/N + 3. We note that in the
context of instrument selection the relevant criterion is E [||(I — P(W))fH *A||?|z] rather than
E[|(f —P(W)X)H 'A||?|z] such that the criterion needs to be adjusted to @/'@/N + 03 (2K'W/N —
W'TW/N). We also note that when W € Qpp it holds that W/ TW = K'W = m. Therefore, the
correctly adjusted Mallows criterion in this special case is @), @, /N + o3m/N which leads to the
formulation used in Donald and Newey (2001, p. 1165).

We propose a slightly different criterion which is based on the difference between the residuals
iy = (Pyy — POW)XH )

13



where M is a sequence increasing with N that is chosen by the statistician. In practice, M is the
largest number of instruments considered for estimation. This number often is directly implied by
the available data-set or determined by considerations of computational and practical feasibility.
Note that Pyy — I, as M — N, which leads to the conventional Mallows criterion. Including Py,
rather than I serves two purposes. On the one hand it reduces the bias of the criterion function
when W puts most weight on large models. This can be seen by considering the criterion bias
where

E [H(PM — P(W))uH A |z} =02 (M = 2K'W + W'TW) .

When W € Qpy, it follows that K'W = m and o3 (M — 2K'W + W'TW) = ¢% (M — m) which
tends to zero as m reaches the upper bound M. Similarly, as our theoretical analysis shows, the
variability of the criterion function can be reduced by using the criterion based on Pjy.

Let B denote some preliminary estimator of 3, and define the residuals ¢ = y — X B. As pointed
out in Donald and Newey (2001), it is important that B does not depend on the weight matrix
W. We use the 25LS estimator with the number of instruments selected by the first stage Mallows
criterion in simulations. Let H be some estimator of H. Let @ be some preliminary residual vector

of the first stage regression. Let @y = @H '\.” Define,
GZ=¢EE/N, 6x=1ihUr/N, Gr = i\e/N.

Let ay* = (Py—Pp)XH Nand U = (ak,..., 0804k, ..., a57). The criterion Sy (W) for choosing

the weights is

. C(K'W)? L (WTW)  K'W 5 W'UW — 62 (M — 2K'W + W'TW)
ay A N N A, N+ N
(4.1)
with ay = NH Ya, H'\, by = NH b, H '\ and By y = NH 'ByH '\. When the weights are

only allowed to be positive, Corollary 7.2 suggests the simpler criterion

(KW 52 <W’UW — 62 (M —2K'W + W’FW))) | 42)

S\ (W) = (&A ~ ~

In order to show that W, which is found by minimizing Sy (W), has certain optimality proper-

ties, we need to impose the following additional technical conditions.

"Note that @ is the residual vector. On the other hand, @5's are the vectors of the differences of the residuals.
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Assumption 5 For some a, sup,, < m** ™ (supyy—y X' f (P — Prg1) fA/N) = O, (1) and

ingM m2atl ( sup N f (P — Pry1) fA/N) > 0 wpal
m MA=1

where Jys is some set of positive integers smaller than M such that the cardinality #Jy of Jar is
O(M).

~

Assumption 6 H — H =0, (1), Gy — a5 = 0, (1), by — by = 0, (1) and By — By = 0, (1).

Assumption 7 Let o be as defined in Assumption 5. For some 0 < ¢ < min(1/(2a),1), and §
such that 2ae > § > 0, it holds that M = O (N(1+5)/(20‘+1)). For some ¥ > (1+9) /(1 —2ag), it
holds that E (|uz|2§> < 0o . Further assume that 63 — 02 =o, (N_d/(2a+1)).

Remark 2 The second part of Assumption 5 allows for redundant instruments where f'(P,, —

Poi1)f/N =0 for some m, as long as the number of such cases is small relative to M.

The following result generalizes a result established by Li (1987) to the case of the MA2SLS

estimator.

Theorem 4.1 Let Assumptions 1-7 hold. For Q = Qy, Qp, Qc, or Qp and W = arg minycq Sx (W)
it follows that
5 (1)
infyyeq Sx (W)
Theorem 4.1 complements the result in Hansen (2007). Apart from the fact that Sy (W) is

—p L. (4.3)

different from the criterion in Hansen (2007), there are more technical differences between our
result and Hansen’s (2007). Hansen (2007) shows (4.3) only for a restricted set 2 where Q has
a countable number of elements. We are able to remove the countability restriction and allow
for more general W. However, in turn we need to impose an upper bound M on the maximal

complexity of the models considered.

5 Monte Carlo

This section reports the results of our Monte Carlo experiments,® where we investigate the finite
sample properties of the MA2SLS estimators. In particular, we examine the performance of the
MA2SLS estimators compared with Donald and Newey’s (2001) instrument selection procedure,
possible gains from considering additional higher order terms in the asymptotic MSE, and potential

benefits we obtain by allowing negative weights.

8This Monte Carlo simulation was conducted with Ox 4.04 (Doornik (2006)) for Windows.
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5.1 Design

We use the same experimental design as Donald and Newey (2001) to ease comparability of our

results with theirs. Our data-generating process is the model:
yzzﬁm—i_eza Yvi:WIZi"i_uia

for i = 1,..., N, where Y; is a scalar, (3 is the scalar parameter of interest, Z; ~iid.N(0, I5;) and
(€i,u;) is iid. jointly normal with variances 1 and covariance c. The integer M is the total number
of instruments considered in each experiment. We fix the true value of 8 at 0.1, and we examine
how well each procedure estimates [3.

In this framework, each experiment is indexed by the vector of specifications: (N, M, c,{7}),
where IV represents the sample size. We set N = 100, 1000. The number of instruments is M = 20
when N = 100 and M = 30 when N = 1000. The degree of endogeneity is controlled by the

covariance ¢ and set to ¢ = 0.1,0.5,0.9. We consider the following three specifications for .

This design is considered by Hahn and Hausman (2002) and Donald and Newey (2001). In this

model, all the instruments are equally weak.

4
m
Model (b): 7, = ¢(M) <1 v 1) ,  Vm.

This design is considered by Donald and Newey (2001). The strength of the instruments decreases
gradually in this specification.

m — M/2

Mm = < y Tm = -
Model (c):m 0 form < M/2; = c(M) <1 M2+ 1

4
) for m > M/2,

The first M/2 instruments are completely irrelevant. Other instruments are relevant and the
strength of them decreases gradually as in Model (b). We use this model to investigate potential
benefits of allowing for negative weights which makes the procedure more robust with respect to
the ordering of instruments. For each model, ¢(M) is set so that 7 satisfies ©'m = Rfc /(1 — R?),
where R? is the theoretical value of R? and we set R? = 7/n /(7’7 + 1) = 0.1,0.01. The number of
replications is 1000.

We compare the performances of the following seven estimators. Three of them are existing

procedures and the other four procedures are the MA2SLS estimators developed in this paper. First,
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we consider the 2SLS estimator with all available instruments (2SLS in the tables). Second, the
2SLS estimator with the number of instruments chosen by Donald and Newey’s (2001) procedure
is examined (DN). We use the criterion function (4.2) for DN. The optimal number of instruments
is obtained by a grid search. The kernel weighted GMM of Kuersteiner (2002) is also examined
(KW). Let Qg = {W €1y : wy, = L~ if m < L and 0 otherwise for some L < M}. Then, the
MA2SLS estimator with W € Qg corresponds to the kernel weighted 2SLS estimator with kernel
k(x) = \/rm . Because the weights are always positive with Qg , we use the criterion
function (4.2) for KW. We use a grid search to find the L that minimizes the criterion. The
procedure “MA-U” is the MA2SLS estimator with Q = Qy = {W € l; : W1, = 1}. The weights
for MA-U are computed using the estimated version of formula (3.2) where the matrix U in (3.2)
is estimated by the modified Mallows criterion in Section 4 so that it is equivalent to minimizing
(4.1). The MA2SLS estimator with Q@ = Qo = {W € l; : W1y = Liw,, € [-1,1],Vm < M}
is denoted “MA-C”. We minimize the criterion (4.1) to obtain optimal weights. The procedure
“MA-P” uses the set Q@ = Qp = {W € l; : W'lpm = Lyw,, € [0,1],YVm < M}. The criterion for
MA-P is formula (4.1). The procedure “MA-Ps” also uses the same set Qp, but the criterion for
computing weights is (4.2). For MA-C, MA-P and MA-Ps, we use the procedure SolveQP in Ox
to minimize the criterion (see Doornik (2006)). We use the 2SLS estimator with the number of
instruments that minimizes the first-stage Mallows criterion as a first stage estimator B to estimate
the parameters of the criterion function Sy (W).

For each estimator, we compute the median bias (“bias” in the tables), the inter-quantile range
(“IQR”), the median absolute deviation (“MAD”) and the median absolute deviation relative to
that of DN (“RMAD”).? We also compute the following two measures. The measure “KW+" is the
value of 2%21 mmax(wy,,0). For 2SLS, this measure is merely the total number of instruments.
For DN, it is the number of instruments chosen by the procedure. The measure “KW-" is the value
of Z%Zl m| min(wp,, 0)|. This measure is zero for the procedures that allow only positive weights.
For MA-U or MA-C, it may not be zero because of possibly negative weights. A comparison of
KW+ and KW- offers some insight into the importance of bias reduction and instrument selection

for the MA-U and MA-C procedures.

"We use these robust measures because of concerns about the existence of moments of estimators.
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5.2 Results

Tables 1-6 summarize the results of our simulation experiment. The 2SLS estimator (with all
available instruments) performs well when the degree of endogeneity is small (¢ = 0.1). However,
when ¢ = 0.5 or 0.9, 2SLS exhibits large bias and some method to alleviate this problem is called
for. The selection method of DN achieves this goal only partially. In Model (b) with ¢ = 0.5 and
¢ = 0.9, where the rank ordering of instruments is appropriate and bias reduction is an important
issue, it reduces the bias of the estimator by using a small number of instruments. However, DN
tends to use too small a number of instruments and the improvement of the performance does not
occur in general. Even in Model (b), DN uses too small a number of instruments when ¢ = 0.1
and thus unnecessarily inflates the variability of the estimator. In Models (a) and (c), DN seldom
outperforms 2SLS. In particular, in Model (c), the number of instruments selected by DN tends to be
far less than M /2, which means that DN often employs only the instruments that are uncorrelated
with the endogenous regressor. KW typically outperforms DN, which demonstrates the advantage
of kernel weighting. However, the problem observed for DN also applies to KW. KW does not
improve over 2SLS in Models (a) and (c).

All model averaging estimators perform well. MA-Ps, which may be considered a natural
application of Hansen’s (2007) model averaging to IV estimation, outperforms DN and KW in
most cases. MA-P further improves over MA-Ps in Models (a) and (c) substantially, which shows
the benefit of taking additional higher order terms into account when choosing optimal weights.
On the other hand, in Model (b), MA-P is outperformed by DN when ¢ = 0.9. Nevertheless, the
RMAD measure is never above 1.28 which is significantly lower than the RMAD measure for 2SLS.
This result may be due partly to a trade-off between additional terms in the approximation of the
MSE and a more complicated form of the optimal weights: It provides a more precise approximation
of the MSE on a theoretical level; however it also complicates estimation of the criterion Sy (W)
which may result in larger estimation errors in the estimated criterion function. MA-U and MA-C
also perform well. Their performance is particularly remarkable in Models (a) and (¢) where DN
tends to choose too few instruments. In particular, in Model (c) with ¢ = 0.9, the performance of
MA-U stands out. This result demonstrates the value of flexibility with respect to the ordering of

instruments that is achieved by allowing negative weights.!? However, the performance of MA-U or

'"Results not presented here show that MA-C also works as well as MA-U does in Model (c) when R?c = 0.2.
These results might imply that we need sufficiently informative data for exploiting the benefit from allowing negative

weights. Even for MA-U, such a benefit is more clearly seen in cases with Rfc = 0.1 than in cases with R? = 0.01.
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MA-C in Model (b) is not as good as that of DN when ¢ = 0.5 and ¢ = 0.9 with a RMAD measure
reaching values of around 1.3 and 1.7 respectively. Nevertheless, MA-U and MA-C perform better
than 2SLS even in these cases. Their relatively poor performance in Model (b) may be due to
having too large a choice set for W. The performance of MA-C is more stable over different designs
than that of MA-U. Note also that the values of “KW+” and “KW-" for MA-U and MA-C indicate
that they do not try to eliminate the bias completely.!! The median biases of these estimators are
similar to other MA2SLS estimators.

In summary, MA-Ps displays the most robust performance of all procedures considered. It never
falls behind DN in terms of RMAD and often outperforms it significantly. The other MA2SLS
estimators show some problems in Model (b) when the degree of endogeneity is moderate to high
(MA-U) or high (MA-C and MA-P). On the other hand, MA-U and MA-C in particular achieve
even more significant improvements in terms of MAD over DN in Models (a) and especially (c)

where DN and 2SLS are unable to eliminate irrelevant instruments.

6 Conclusions

For models with many overidentifying moment conditions, we show that model averaging of the
first stage regression can be done in a way that reduces the higher order MSE of the 2SLS es-
timator relative to procedures that are based on a single first stage model. The procedures we
propose are easy to implement numerically and in some cases have closed form expressions. Monte
Carlo experiments document that the MA2SLS estimators perform at least as well as conventional
moment selection approaches and perform particularly well when the degree of endogeneity is low

to moderate and when the instrument set contains uninformative instruments.

7  Formal Results and Proofs

Theorem 7.1 Suppose that Assumptions 1-3 are satisfied. Define p,(W) = Eletu;]Pu;(W), p(W) =
(W), oo, iy (W)Y and Q (W) = I — P(W). If W satisfies Assumption 4 then, for B, the decomposition

"' The higher order bias is eliminated when K'W = 0, which is equivalent to the case where “KW+" and “KW-”

are equal.
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given by (7.6) holds with

(P 2 )2 ’
sy = a7 ((Cumle g i) SO o0, B 4 028, 4 o0l )
N N N
K'wW  fiPy (W [P (W

LFQW) (W) N + p (W) Q(W) /N + 02L L= P<W>]>V<f - P<W>>f> e

where d = dim(3), and
1 & 1 &
_ 2 / L -1 / - ) —1p 7 rrr—1 /
By =2 (0’6 Yo+ doyeo, + N ; fiol, H “ouefi + N ; (flaueH fioye +oucfi H Uuefi)> (7.1)
Remark 3 When d =1, By = 2(023, + 402,).

Note that the term By is positive semi-definite. This implies that usual higher order formula that
neglects the term K/TWB ~ overestimates the effect on the bias of including more instruments. A number of
special cases lead to simplifications of the above result. If Cumle;, €;, u;, u}] = 0 and E[e?u;] = 0 as would be

the case if ¢; and u; were jointly Gaussian, then the following result is obtained:

Corollary 7.1 Suppose that the same conditions as in Theorem 7.1 hold and that in addition Cuml|e;, €;, u;, u}] =

0 and E[e2u;] = 0. Then, for B, the decomposition given by (7.6) holds with:

S = POVYU = POVSY s
€ N >H

(K'W)?
N

(W'TW)  K'W
N N

SW)=H"! (aueo;6 + (028, + 0ucol,) By +o

where By is as defined before.

Another interesting case arises when W is constrained such that w,, € [0,1]. We have the following

result.

Corollary 7.2 Suppose that the same conditions as in Theorem 7.1 hold and that in addition w,, € [0,1]
for all m. Then, for B, the decomposition given by (7.6) holds with:

SW) = H <au€a;€ B 4 (025, + ot W) KW (7.3)

where By, is as defined before. Moreover, ignoring terms of order On(K'W) (= 0,((K'W)?)), to first order

(K'W)* [ =PW)IT=PW)NIY -
N +J§ N )H L

SW)=H""! <JUEU;€ (7.4)

A last special case arises when the constraint K'W = 0 is imposed on the weights. This constraint requires

that w,, can be positive and negative. The expansion to higher orders than Donald and Newey is necessary
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to capture the relevant trade-off between more efficiency and distortions due to additional instruments. For
simplicity we also assume that Cumle;, €;, u;, u}] = 0 and E[e?u;] = 0. Without these additional constraints
the terms involving >, (P;;(W))?/N, Y, fiPis(W)/N and f'Q (W) u (W) /N potentially matter and need to
be included.

Corollary 7.3 Suppose that the same conditions as in Theorem 7.1 hold and that in addition Cumle;, €;, u;, u}] =
0 and E[e?u;] = 0. Furthermore, impose K'W = 0. Then, for B, the decomposition given by (7.6) holds with

W'TW) | o' = PW)I = PW))f s
N + oy N )H .

SW)=H"! ((o—fzu + 0uel,) (7.5)

Remark 4 We note that this result covers the Nagar estimator where M = N, w,, = N/ (N —k) for
k=m, wy = —k/(N — k) and w,, = 0 otherwise for some k such that k — oo and k/vN — 0. First,
we wverify that all the conditions of the Corollary are satisfied where supy< ‘Zn]\f:k wm‘ =k/(N—-k)—0,
K'W =1, 15, W = 1, ¥0L [w|m = 2Nk/(N = k) — o0, 01, [wp|m/VN = 2V/Nk/(N = k) — 0.
Further, "M (™ wy)?m=2% = =2/ (1 — k/N)® — 0. Neat, note that W'TW = k/(1—k/N)* —
k2/N (1 —k/N)? and f'(I — P(W))(I — P(W))f = f'(I — Py)f/ (1 — k/N)* noting that Py = 1. If we use
Wy to denote the Nagar weights, then S(Wx) = H™' (625, + 0yeol, )k/N + o2 f'(I — Py)f/N) H™* +

0 (S (Wn)). The lead term is the same as the result in Proposition 3 of Donald and Newey (2001).

7.1 Lemmas

The estimator examined has the form of vV N(3 — 8) = H~*h. We define h = f'¢/v/N and H = f'f/N. The
following lemma is the key device to compute the Nagar-type MSE. This lemma is similar to Lemma A.1 in
Donald and Newey (2001), but with the important difference that the expansion is valid to higher order and
covers the case of higher order unbiased estimators.

Lemma 7.1 If there is a decomposition h =h+Th+ 2" h=h+Th, H=H +TH 4+ 71,

AW — bW/ HYTH — THH= YRR = A(W) + ZA(W),

such that T" = o0,(1), h = O,(1), H = O,(1), the determinant of H is bounded away from zero with

probability 1, py, x = tr(S (W)) and py n = 0p(1),

ITH1? = oplown): 112" = oplpwn):  11Z7]] = 0p(pwn):
ZAW) = oplpw), E[AW)|z] = 0*H + HS(W)H + 0,(py, ),
then
N@B=Bo)(B =By = QW) +#W),
EQW)|z] = o?H '+ S(W)+T(W), (7.6)
FW) +T(W)/t(S(W)) = o0,(1), as K'Wt — 00, N — oo.
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Remark 5 The technical difference between our lemma and that of Donald and Newey is that we consider
the interaction between T" and TH in the expansion and we do not require that ||T"|| - ||TH|| is small.

Proof. The proof follows steps taken by Donald and Newey (2001). We observe that

H'h=H 'h—H Y (H-H)H ‘h+H *(H—-H)H '(H - H)Hh.
Noting that H — H = TH + 2" ||TH||2 = o,(pw,n), [|1Z7]] = 0p(pw,n) and b = b+ Z" = b + 0, (pyw,n ),
we have
H'h=H'h—H'THH 'h+ op(Pw.N)-
Let # = h — THH~'h. Then,
7 = AW) + ZAW) + THH "W H T = AW) + 0, (pw.y ),
by ZAW) = op(pw.n) and ||[TH|| = o,(py, ). It follows that
N(B—B)(B—5) = H (AW) + op(pw ) H " + 0p(pw.n) = H P AW)H ™ + 0y (pw x)-

Therefore, we get the desired result. ®

Lemma 7.2 LetT' be the N x N matriz where I';; = min(i, j). Then I' is positive definite.

Proof. Define the vectors b; v = (03,17 _;)" where 1; is j x 1 vector of 1’s and 0; is defined similarly.

Then
N-1
L= binbin,
§=0
and for any y € R it follows that y'T'y = Z;.\:Ol (y’bj,N)2 > 0 and the equality holds if and only if y = 0.

This shows that I is positive definite. ™

Lemma 7.3 LetT be defined as in Lemma 7.2. Ifzgle oo ws)2 m=2* - 0as M — oo and W'ly =1

for any M, then it follows that W'TW — oo as M — oo.

Proof. Choose any ¢ > 0, M > 0 and let n = eM~2%. Let M > M be large enough such that
M (0™ we)?m 2™ < p. Note that

m=1

M m 2 M m 2 M
Z (Z ws> m—Qa > M—2a Z (Z ws> > M—Qa Z ws
s=1 s=1

m=1 m=1 \s=1

. 2 _ _ _
which implies that (Zi\il ws,M) < nM?® = ¢. This implies that, for any M; < M, 1 = ‘an\le Wy | <

M M M
Y et 41 Wm| + ‘Zm;l W, | such that ’Zszl wm| > 1—+/c. Now,
2 _ 2
M—1 M M M ) ,
wrw =3 (30 ) =[5 ) swavar
=0 \m=j+1 =0 \'m=j+1

Since M was arbitrary, the result follows. m



Lemma 7.4 Suppose that Assumptions 1-3 are satisfied. Then we have
1 tr(PW)) =M wpm = K'W (Hansen (2007) Lemma 1.1),

2. 2i(Pu(W))? = 0y (K'WH),

8. 2z Pu(W)Pj;(W) = (K'W)? + o (K'WT),
4+ 2ipi Pig (W) P (W) =
9. 252 Piy(W) = Op (N = K'W),
6. h=f'e/V/N =0,(1) and H = f'f/N = O,(1) (Donald and Newey (2001) Lemma A.2 (v)).

Zm 1 Zl 1 Wrpwymin(l, m) + o, (K'W) = W'I'W + o, (K'W),

Proof. We do not provide the proofs of parts 1 and 6, as the proofs are available in Hansen (2007) and
Donald and Newey (2001). For part 2, first we note that A;; < B;; if A < B, which implies that P, ;; < Pas
for I < M. Then, Assumption 3 and Lemma 7.4(1) imply

N M
Z(P'LZ(W))2 Z Z wmwlpl L84 m ,i1 Z Z |wm,| |’lUl| Pl,iiPm,ii
7 i=1 m,l=1 =1 m,l=1
M
< miaX(PM,ii) (Z |wl|> Z Z |Win | Prnis < CmiaX(PM,ii)trP (W)
m=1 i=1 m=1

op(L)(K'W™) = 0, (K'WT)

where er\gzl |w;| < C for some C' < oo was used. Also these results imply
Y Pi(W)B;(W) = Pu(W) Y Fii(W) = Y (Pu(W))* = (K'W)? + op(K'W),
i) i j i

which shows part 3.

To show 4, first we observe that
> P (W)Py(W) = te(P(W)P(W)) = Y (Pis(W))*.
i1#£] %

Now tr(P(W)P(W)) = Zi‘f:l ZzAi1 wmw; min(l, m) by Lemma 1.2 of Hansen (2007). Thus, combining this

result with part 2 of this lemma,

M M
ZPU(W)PU(W) = Z Zwmwl min(l, m) + o, (K'WT).

For 5, note that
> Py(W) =1yP (W) 1y — tr(P(W))
i#]
where 1y P, 1y < 11y = N by the fact that P, is an idempotent matrix. Then note that
M
NP (W) 1y —tr(P(W)) = [InPW)1x| = tx(P(W)) < Y |wp||1y Pnly| — tr(P(W))

m=1

< CN-K'W
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such that }2, ., P;j(W) = Op (N = K'W) =0, (N). =
Let ef(W) = f'(I — P(W))(I — P(W))f/N and A(W) = tr(ey(W)).

Lemma 7.5 Suppose that Assumptions 1-3 are satisfied. If 1, = 1, supy<yy (zﬁf:kwm‘ < C < oo
uniformly in M, K'W+ =— oo, K'W+/VN =0, and ¥M_ (X7, wy)’ m™2% — 0, then

1. A(W) = 0,(1),

2. /(I - P(W))e/VN = O(AW)Y/2),

3. E[/P(W)e|z] = 0u K'W,

4. E[W' P(W)ee' P(W)ul2] = 0uedy (K'W)2 + (025, + 0ueo’s)(W'TW) + Cumles, e, us, ul] 3. (P (W))2,

5. E[f'ee P(W)ulz] = 3=, fiPu(W)Elefuj] = O, (K'W),

6. Let g(W) > 0 be a function of W such that g(W) — oo as N — oo. Then /g(W)A(W)/VN =
Op(g(W)/N + A(W)),

7. E[hWH-W/ f/N|2) = S, fiflH ' El2u;]f//N? = O,(1/N) (Donald and Newey (2001) Lemma A.3
(vii)),

8. E[f' (I = P(W))e P(W)u/Nlz] = f'Q (W) u(W) /N = o, (K'W)/N + AW)),

9. Bf'ec' fH'u' P(W)u|2]/N? = Op(1/N) + 025, K'W/N,

10. E[f'ee PW)uH ' (' f + f'u) |z]/N? = Op(1/N)+H(K'W/N)(X, fioyH ' oue fi/ N+, fiot e H ™ fiol, /N),
11. E[u/P(W)ed fH-Y (u'f + f'u) |2] /N? = O, (1/N) + (K'W/N) (d0ue0y, + 0ue 35 fLH 0w f1/N),

12. W'TW < CK'W for some constant C.

Proof. Let 7,, = tr(f'({ — Pn)f)/N. By construction 7,, > 0. Write
w(f/( = POW))(I = PW))f)/N = W' AW

where

It follows that

W' AW = (i <Zm:w> (Y —7m+1)> +Fur (7.7)

m=1 \s=1
such that
M-1/m 2 M-1 / m 2 M-1/m B
WAW < > (Zw) Y= (Zw) n:_vgam—za < sup (m*3,,) Y (Zw) m2e
m=1 \s=1 m=1 \s=1 m<M m=1 \s=1

where sup,, < (m**3,,) = Op (1) by Assumption 2(ii) and SMom, w,)? m=2% — 0 by the conditions

of the Lemma. This implies that tr(f’ (I — P(W))(I — P(W))f)/N = A(W) = 0,(1).
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Next we observe that E[f'(I — P(W))e/v/N| =0 and

p [{0= POVl = POV ) _ o /L= POV POV _

=oces(W).
VN VN N ces(W)
Therefore f/(I — P(W))e/vVN = O,(A(W)'/?) by the Chebyshev inequality. This shows part 2.

For part 3,

N
E/P(W)elz] = ZP” (W) Eluig;] = ouetr(P(W)) = 0, K'W.

i=1

To give 4, observe that E[u;P;;(W)e;exPri(W)uy] = 0 if one of (i, 4, k,1) is different from all the rest.
Also E[e?u;u!] is bounded by Assumption 1. Therefore we have

E/'P(W)ee' P(W )u|z]
= Y (Pu(W))Eleuu)] + Y Elu; Py (W)ese; Py (W) 2]
i i#]
+3 " Elu; Pij(W)ej; Py (W) |2] + Y Elu; Py (W)e3 Py (W )ug 2]
i#£j i#j
= Elui}] > (Pi(W))* + 0ucole > Pi(W)Pyi(W) + (080 + 0ucoly) Y Piy(W) Py (W)
i i#j i#£]

= Cumle;, €5, 5, w)] Y _(Pii(W))? + 0uey (K'W)? + (025, + 0ucat, ) (WTW),
by Lemma 2.2, 2.3 and 2.4 and noting that Cumle;, €;, u;, ui] = Eleuu}] — 025, — 20400,
Assumption 1 also implies
E[f/GGIP ’LL|Z Zfz ]k elejuk Zfz zz }
0,5,k
and furthermore together with Assumption 3 and Lemma 2.1,

ZfiPu‘(W

<ZPM )il - | Blefui]]] = Op(K'W),

which gives 5.

To prove 6, first we consider the function of a: g(w)/a + a, which is convex and the minimum value of
which is 2,/g(W) with the minimizer a = /g(W). If A(W) = 0, then ( A(W)/N) J(g(W)/N+AW)) =0
and for A(W) #£ 0,

AW)/N __ _ W)
g(W)/N+AW) — \ JAW)N

+ MA(W)N) [P N (7.8)

as g (W) — oc.
For part 8, let Q (W) = I — P(W) and for some a and b let f; o = fa(z) and p;, (W) = Elefup) Py (W).
Now the a, b th element of E [f'(I — P(W))ee’ P(W)ulz] satisfies

> fiaQi El€uj] Py (W)

]

= 1£Q W)ty (W) | < |£2QQfal™ |1t (W) iy (W2,

> fianijEjkakz(W)Uzb‘ZI

.5k,
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where the inequality is the Cauchy-Schwartz inequality. Now |f.QQf.|'"/? = O,((NA(W))Y/?) by the
definition of Ag. |py(W)p,(W)| < C Y, (Pi;(W))? for some constant C by Assumption 1 and applying
Lemma 2(2) we have |, (W), (W)| = 0, (K'WT). Therefore we have

E[f'(I - P(W))ee P(W)u/N|z] = O (NAW))"/?)o,(VE'W+)O,(1/N)
= 0,(AW)2VK'W+/VN) = o, (K'WT)/N + A(W))

where the last equality follows from the fact that
AW)VAVKEWH/VN < (K'WT)/N + AW)} /2
by (7.8). In addition if we define y1; (W) = E[eZu;]Py;(W) and p (W) = (uy (W), .0y, (W)/)/ then

E[f'(I = P(W))e' P(W)u/N|z] = f'Q (W) u (W) /N.

For part 9, note that by Lemma 7.4(5) 3>_, ., P;;(W)/N = Op (1 = K'W/N) = O (1) . Then,
E[f'ed fH'W/'P(W)u|Z] /N* = Zfzf H'El2uul])Py(W)/N?

+2 Z fzfjH_lE[eZuZ]E[eju;]P”(W)/N2
7]

+ Y fif{H ]| Eluju)] Py (W) /N?
i#j
= O, (1/N)+ 028, K'W/N.

For part 10, using again Lemma 7.4(5) as before,

E [f'ee P(W)uH ' f|z] /N?
= Z [iPu(W)ElGuH  wi2] f{/N? + Y fiPy(W)E [eju}] H ' Eluse] f /N*

oy
Jrazzfz i ( u LH gz ]f /N2+022fj i ( [u;Hfluj] fl/N?
i#£] i#]
= Op(1/N)+>_ f:P;;(W)Elejuj]H ' Eluie;] f{ /N> = O, (1/N) + (K'W/N) > ficl, H ' gucfi/N
i#] i

and

E[f'ee P(W)uH ! f'u|z]/N?
= D SiPaW)E [GuiH " fuu|2] /N? +) 7 fiPy(W)Elejuj]H ™ fiBlujei] /N*
i i

+02 > fiPyy(W)E [u;H ' fuf|2] /N? + 02> fiPi(W)E [u; H™! fiu|z] /N?
i#j i#]
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= Op(1/N)+>_ fiP;;(W)E[ejuf|H " f; Eluje;] /N* = O, (1/N) + (K'W)/N > _ f;o0, H " fic', /N.
i£] i

For part 11, with the same arguments,
E [u'P(W)ee’ fH flulz] /N?

= ZP” euzf1H u7fz /N2+ZP]J Eju]}f 1f1 [u(iei]/N2
i#]

+02 " Py (W)E [uy f{H" fiuf|2] [N? + > Pyj(W)Eluje;) f{H " fi Elule;] /N
i#] i#]

1\ K'W )
- OP (N> + N UuéausN Zf H~ .f1

1 K’ 1 K’
= Op (N) + TWO'UGO';JZI' (H_lN Zflfl/> = Op <N> + dTWUue(sz

and arguments similar to before

E [u'P(W)ee' fH™ '/ f'|z] /N? Op (1/N) + Y Pij(W)E (¢ju;) [iH'E (wie;) fi /N

i#j

OP <Z]\-f> Uue Zf H_

For part 12, note that

M M 2 M M M
W'TW = Z (Z wj> < Z Z|wj| ij SC’Z\wm|m:C’K'W+
m=1 j=m m=1j=m j=m m=1

where the second inequality follows from the condition supj<,, ‘Z —k wm‘ <C<o. =1

Lemma 7.6 If Assumptions 1-5 hold, and for Q = Qu = {W € l[;|W'1;; = 1} where M satisfies the

constraints in Assumption 7 and W = (w1, ..., wpr) , it follows that
. —2a_
I/IllnefQS)\ (W) =0, (N2 +1> .

Proof. Consider a sequence W where wy; = 2, wops = —1 and wj = 0 for j # M,2M and M =
LNﬁJ . Clearly, 1'W =1 and W € [ for all N such that W € Q. We note that K’W = 0. It follows that

S, (W> Ve (bg (WIJFTW) + o f1I - P(W)])V(I - P(W))f) 71y,
where i i
(W'TW)  2M -
Sy =y =o(vE)
and

tr (/1 = POV)(I = POV)f)
N

lim

=4 = 3%2m = Op (MiQa) =0p (N%>
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which shows that infyyecq Sy (W) < CNzrt,

To show that the rate is sharp, suppose that there is an € > 0 such that

inf Sy (W) =0 (Ni’zé’(ﬂ”)
Wea A (W) =0, )

Take any W such that, for M = {N’;TTIJ where 0 < § < g/2,

/ _ 1 _ 1 M J 2 —2a(lte
o (f (1 P(W)J)V(I P(W))f> -y (Z w) (3, = A311) +3n = Oy (Nf) , (7.9)

j=1 \i=1

where we use formula (7.7). Let Jas be the set of integers j such that 1 < j < M for which j2ot! (fyj — 7j+1) >
0. By the assumptions of the Lemma, w.p.a 1, §Jyr = O (M) as M — oo where #Js is the cardinality of
Jur. It follows that
, 2 . 2 .
4 ! —(2041)(149) J
3w ) Gy )z 30 Dow | Mz o (N 3 (3w
Jj€Jm \i=1 je€Jm \i=1 j€Jm \i=1

—2a(e—8)+1435

, 2
which together with (7.9) implies that >, ; (Zgzl wi7N> =0 (N ot 1 ) = o(M). Now, since

, 2 . 2
J j M M
JEIM jem \ \i=1 i=1 i=j+1 i=j+1
and by the Cauchy-Schwarz inequality
o\ 1/2 2\ 1/2

M

wi) Yy w

j€JIMm \1=j+1

IN

> (Yu) (L) < (T2

Jj€Jm \i=1 i=j+1 JjE€IMm

1/2
M /

v [T (2w

je€Jm \i=j+1

2
it follows that (7.10) can only hold if liminfx >, ;- (Zi\ijﬂ wi) /M > 0. Then, for some n > 0 and N
large enough, it follows that

2

M M
wrw=>"{ Y wa zano(N%>
§=0 \m=j+1

such that WTW/N = O (N 72?;?16), which implies that Sy (W) = O (N 72%5?16) , a contradiction to the

—2a(14¢)

assumption that infyecq Sy (W) = O, (N ZaF1 ) This argument establishes that infycq Sy (W) =

O, (N;Tﬁ) is a sharp bound. =

Lemma 7.7 Let

G (W) = A1 <d0 (K’]?/)2 b, (W'AF]W) _ K]’VWBN +62 S = P(W)])V(IP(W))f> -1
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If Assumptions 1-6 hold, then, for Q as defined in Lemma 7.6, it follows that

30 SA(W)— =o0
VbVG%SA(W) t=op(1).

Proof. We define the subset Q2 = {W € l; |—00 < liminfy K'W < limsupy K'W < oo }. Note that

K'W/N (K'W)?* /N
su — 0and su - =0 7.11
WGQEQQ Sx (W) Weszgszrz Sy (W) (7.11)

by Lemma 7.6 and the fact that {Wy € I;|K'W = 0} € Q5. It now follows immediately that

wp KWE/N

N(H ', H ' — H 'a, H ') A (1
( @ @ ) weQnNQs SA (W) Op( )

with the same argument holding for the term By K’W/N. Define

S, (W) = NH-! <bﬂ(W’]1\;W) Lo f1(I - P(W)J)V(I - P(W))f> o

and note that Sy o, (W) > NH 1o, H-IA(W'TW)/N as well as Sxq, (Wy) > 2N H-1f'(I — P(W))(I —
P(W))fH~1)\/N. Thus, we have

LWTWYN _ (WTWN Sy, (1)
WEQRQQ Sx (W) - WGQEQQ Sx,a. (W) Weagm Sx(W)
1 S,\’Q2 (W)

NH b H X weana, Sh(W)
where supycona, Sx.0. (Wn) /Sx (Wyx) — 1 by (7.11). This implies that

PR _ _ W'TW)/N
N{H Y%, H ' —H %, H ')\ su (720 1).
( ) weano:  SA(W) » (1)
Now consider

X (02 - proig2) LU= POVIU = POV))S

N H '\

+/\/H71U§JN(I*P(W)J)V([*P(W))f (ﬁq _ Hfl) A,
where

pY (ﬁ*lﬁf - H*lof) F1(I—PW)(I - P(W))fﬁ*lA/N‘

sup
WeQN, SA(W)
2
i e (st - ) gy AT
weo H(I - P(W))fH*lA/\/JVH

where

o PO FVET

5 =
wer |l (- pw)) fH-INVN|
by Assumption 2. Together, these arguments show that

Oyp (1)

sup S/\ (W)

—-1= 1).
weana, Sx (W) o (1)
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For W € QN QY where QF = {W € [y |liminfy |K'W| = oo} it follows that
|K'W| /N
==
weanag (K'W)* /N

such that for

(KW | (WTW) |, /(1= POV)I = POW))f

—1
N N N A

SA,QQC (WN) = )\/I'.[_1 (073

it follows that

— 1 as N — oo.

sup Sxag (W)
weanag  AW)

Then similar arguments as before can be used to show that

sup Sx (W)
weana, Sx (W)

Since (Qg u QQC) N Q = (Q, this establishes the claimed result. =

—1=0,(1).

Lemma 7.8 Let Assumptions 1-7 hold. Then, it follows that

sup Sx\(W)
wea Sx(W)

-1—,0

Proof. Without loss of generality assume that f; is a scalar and N'H~! = 1 so that 03 = o02. First
consider
|z~ Povp s VA = £ = Pay v = |[(Pas — POV VN
and note that
f'(I=Pu) f/N = Oy (M~2%)

by Assumption 2. Together with Lemma 7.6, this implies that

|2 — Pav) V| | - POV VE]
weo S\(W)

supwen £/(T = Palf/N _
- infyrcq Sx(W)

0, (M~2:N77) = 0, (N%) =0, (1)

Combining these results with Lemma 7.7 it is then sufficient to show that

2 2
‘H(PM —P(W)) X/\/NH - H(PM —P(W)) fNNH — 02 (M — 2K'W + W'TW) /N‘
su =0,(1
wen S\(W) p(1)
We note that in this expression we replace (772Lby o2 which is justified by the same arguments as in the proof

2 2

of Lemma 7.7 as long as ¢, — 0;, = 0p (N*‘V(Qa*l)) because, under the assumptions of the Lemma, it then

follows that (&Z —02) M/N = o, (N720/CoHD) = o (infycq Sx(W)) and the remaining terms involving

02 can be handled in the same way as in the proof of Lemma 7.7. Now note that
2 2
|(Prr = PW) XV = |[(Pas = P W) /YN |

= [[Ba — POV u/VE 4 20 (B — P W) (Pag — P (W) /N
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It follows that

Eu' (Pa = P (W) (P = P(W))u/N|z] = o7 (tr(Par) = 2te(P(W)) + tr (P(W)P(W))) /N
o2 (M —2K'W + W'TW) /N,

and

E [ (Pyy— P(W)) (Py — P(W)) f/N|z] = 0.

Moreover, we have the bound

)||(PM _P(W))ul® — o2 (M —2K'W + WTW))

M M M
< |u'Pyu— o M|+ sup |u'Pju— o] 22 lw;| + ZZ lw;| [w]
J<M =1 j=11=1

where Zj\il |lw;j| < C is used. It follows for some ¢ > 1 from Whittle (1960, Theorem 2) that for some

constant C,
129 2 0 2.
B [|wPru ol ] < OB [Juf®] (ox (BF)" =CE [fuil*’] 5*
and thus for any n > 0 and some constant C', not necessarily the same as above,

supyeo [[(Prr — P (W) ulP — o3 (M —2K'W + W'Tw)| /

T N
infyeq Sx(W)

>

E Uu’PMu—aiM’w} M E Uu’Pju—aij’w]
< C nﬂN219N—4m9/(2a+1) +3C 21 nﬂN219N—4m9/(2a+1)
=

2972 9 041
B [Juf*]” (M7 + ao+)
P N29 N—4ad/(2a+1)

Next, consider

M
|u' (Pyy — P(W)) (I —P(W)) f/N| = Z wiw;w' (Pyr — Prax(ing)) f/N

ij=1

where

M M-1 [ i ?

Z wiwju' (Prr = Prax(ig)) f/N| < Z ij ' (Piy1— P;) f/NI.
i=1

i,j=1 j=1

Let K,, = NL(1=9)/@a+1)] Then,

, 2 . 2
St (2321 wj) [u' (Piy1 — P;) f/N| S <Z;:1 wj) |u' (Piy1 — P;) f/N]
sup

= + 1
wea SA(W) wea SA(W) o (1)

(7.12)
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because

e [ g Zier (Sisyw) o (Per — ) /N

>n|z
i S\(W) i

M—1 i
SUPw e Zi:Kn+1 <Zj:1 wj ) [u (Piy1 — B;) f/N|

|
A >n|z
infyyeq Sx(W) i

[ 9
CE [jui*’| £y, o1 (f (Pria = Py) f/N)
S 19N19N 4a9/(2a+1)

where the inequality follows from Markov’s inequality, Lemma 7.6, the fact that ’Z;:l wj| is uniformly

bounded on 2, and Theorem 1 of Whittle (1960) which implies that
0 - 9
Bl (Pisy = P) /N[ < CB [ | N7 (f/ (P = P) f/N)”. (7.13)

Now note that

CE [l | Si i, (F Praa = P /N CE il | (' (T = Piy) f/N)” M
19N19N 4a9/(2a+1) = 7719N19N—4a19/(2a+1)

_ Op (K;2O”9M/N19N4a19/(2a+1))

1) =0p (1)

21=c)ad 9 146 +3 4&0

= Op (N7 Zatl PEES

which establishes (7.12). We thus turn to the lead term on the right hand side of (7.12). By the Cauchy-

Schwarz inequality we have
[/ (Pis1 — P2) f/N| < (f' (Piy1 — Pi) £/N)Y2 (4 (P — P)u/N)2.

It now follows that

Kn 2
ij [u' (Pi1 = P;) f/N] (7.14)
i=1
4 1/2 4 1/2
K, i K, i
< A Dwi | F (P —PR)f/N > w;| W (Pry = P)u/N
i=1 \Jj=1 i=1 \j=1
9 9 1/2 9 1/2
K, i K. i
< bil]\}; Z w; Z Z W f/ (Pi-i-l — Pl) f/N Zi*l Z Wj u’ (Pi-i-l — PL') u/N
v = i=1 \j=1 T\ y=1

, 2
where sup, < s (2321 wj) < C < oo for some C such that

1/2

. 2 ) 1/2
K, i A
Z ij uw (Py1 — P)u/N < Sll/le Z |w;| (Zu Piiq — u/N) (7.15)
i=1 \j=1 j=1
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< CW (Pg,41— P)u/N)Y?

. 2
where W € [; was used to bound supy, (2221 |wj\) . Let Qn C Q be the sequence of subsets of sequences
in © for which w; = 0 for all ¢ > N. Clearly,
Ko (i 2 Ko (i 2
S (Zjeiws) ! (Paa = P2) /N S (Zjerws) ! (Pisa = P2) £/

Wea Sy (W) " eoy Sy (W)

(7.16)

Now, fix an arbitrary w > 0 and define the sequence of sets

. 2
S (Siciws) S (Poa = R) f/N
<w

M N=4Wely N(—2a+e/2)/(2a+1) =

and let QIC:N be the complement of €1 n in Qu, such that Qn = (Qy N Qg n) U (QN n QjN) We note that

2y, N depends on the realizations for the instruments z.
As was demonstrated in the proof of Lemma 7.7, as N tends to infinity, Sy (W) > o?XNH -1 f/(I —
PW))(I — P(W))fH~*\/N. Also note that

2

K, 7
(I = PW))(I—P(W))f/N > Z ij ' (Py1 — P) f/N

Therefore, for N sufficiently large,

. 2
S (Zieiws) ! (Piaa = P2) /N
sup

weannaf Sx (W)

S (Siciws) o (Poaa = ) F/N]

< sup . 5
wean9fn S (Ko wy) F (Pua = P) /N
_ C (W (Pi, 41 — P)u/N)
= . i 5 1/2
meeQNanN (Zi_1 (Zj:l wj) f'(Piy1— P) f/N
where
. 2 1/2
(EiEJKn (Zj:l wj) ' (Piv1 — Pi) f/N>
Weﬂlfvlrfmf]v N(-ate/4)/(2a+1) > Ve

by the construction of 0 n. It then follows that

, 2
Zfil (Z;Zl wj) |w (Piy1 — Pi) f/N| - C (v (Pg,+1— P1) U/N)1/2

Sub < - (7.17)
weannaf Sy (W) JwN (—ate/4)/(2at1)
Secondly,
K, i 2
sup Z ij f' (Piy1 — P) f/N < wN(-2ate/2)/(2a+D) (7.18)
WEQNQQLN i—1 i=1
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by the definition of €21  such that

S (Siawy) o (Pt — P £/N]

su 7.19
WGQN}:QLN Sx (W) (7.19)
K, i 2,
< SUPW ey, 2o (Zj:l wj) W' (Piy1 — ) f/N|
- infyrcq Sy (W)

< Jan=#C (W (Pre, 11— P1) u/N)'/?
- infyrcq Sy (W)

It now follows for any random function gy (W) that

sup gy (W) = max sup gy (W), sup gy (W)
WEeQnN WeQnNQ, N WEQNOQSN
< sup gy (W) + sup gy (W).
WeQnNQ, N weQnnQyf

. 2
Thus, setting gy (W) = Y57 (Z§:1 wj) W/ (i1 — P;) f/N| /Sx(W) and using (7.16), (7.17) and (7.19)
one obtains the bound
K, 7 2 /
> (Zj:l 'wj) |u' (Piy1 — P;) f/N|
S
weo Sy (W)

C (u' (Pg, 11— Py)u/N)""” L vanEC (W (P, +1 — P)u/N)"/?
VwN (—a+e/4)/(2a+1) infyeq Sy (W)

It then follows that for any n; > 0,

K., i 2,
S (5o ws) ! (Piaa = P) £/
Pr || sup
weQ S (W)

(7.20)

> 1|z

1 OB (P — P)w/N2)'? (B! (Pr,1 — P)u/NID' (vees)
T Vw N(—a+e/2)/(2a+1) N—2a/(2a+1) P )

where the inequality uses Markov’s inequality, (7.20) and Lemma 7.6. Next, note that

(
C(EW (P41~ P)u/NI2DY? 1 C/(Kui =) /N g\ mepperny
N(—a+e/2)/(2a+1) = Vo NCate/2/@atD *O(N 2oFT ) =o(1) (7.21)

and

E [UIPK

Jrlu/]\”Z} 1/2 Op <N7;a+f1/4) _ , (K%/QN(—a+5/4)/(2a+1)_1/2>

0
0, (V) — o, (v

such that s
(E[W (Pk,+1 — P1)u/N|z]) otess
Nt;a/(Qo}Jrl) Op (N ot ) =0, (1). (7.22)

Using (7.21) and (7.22) then establishes that

Kn % 2 !
p > it (Ej:1wj> [u' (Piy1 — P;) f/N|
T
weo Sx (W)

> 771‘2 =o(l)+o0,(1).
This completes the proof of the Lemma. =
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7.2 Proofs of Theorems and Corollaries

Proof of Theorem 7.1. The MA2SLS estimator has the form:

VN(B—By)=H 'h, H=X'PW)X/N, h=XPW)e/VN.

Also H and h are decomposed as

h = h+Th+T1h

T = —f'(I-PW))e/VN, T3 =u'P(W)e/VN

0 = H+Tf+1f +1f + 21

T = —f'U-PW))f/N, T =@f+fu)/N, T3 =uPW)u/N
z% = (W (I=PW))f+ f'(I-P(W))u)/N.

We show that the conditions of Lemma 1 are satisfied and S(W) has the form given in the theorem. Differently
from Donald and Newey (2001) we extend the MA2SLS to order K'W/N. It is important to point out that
since W can contain negative weights, it is possible that K'W/N is not the dominating term in S(W). For
example, K'W = 0 is allowed. However, K'W/N = O(S(WW)) by construction.

Now h = Op(1) and H = O,(1) by Lemma 2(5). As

Th =Tr + TP = —f'/(I — P(W))e/VN +u'P(W)e/VN,

Lemma 7.5(2) and (3) implies that
T{ = 0, (A(W)'?)

and

Th =0, (max (|K’W| : \/(WTW) + Z(Pii(W)P) /\/N) (7.23)

SO

Th = 0,(A(W)Y?) + 0, (max (|K’W , \/(WTW) + Z(Pii(W))Q) /\/N)

where A(W) = 0,(1) by Lemma 7.5(1), K'W/VN = o(1) by K'W/V/N < K'W+/V/N = o(1), ¥,(P:(W))? =

0p (K'WT) by Lemma 7.4(2) and W'TW = O (K'W*) by Lemma 7.5(12). Therefore T" = 0,(1). Next, we

observe

M
FI=PW)f =Y wnf'(I-Pn)f.

Since f'(I — Pp)f/N = O,(m~2%) by Assumption 2(ii), we get T{ = O,(A(W)). T = 0,(1/V/'N) by the
CLT. Also
T =o' P(W)u/N = O,(K'W/N) (7.24)
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because E [u'P(W)u|z] = tr (P (W))tr (X,) = tr (X,) K'W where last equality follows from Lemma 7.4(1).
Now we analyze
1T - I = Op(AW)*2) = 0, (i) -
T 1T = Op (AW 2V ) = 0y(pww, )
because by Lemma 7.5(6) one can take g(W) = N (tr (S(W)) — A(W)). From Lemma 7.3 it follows that
W'TW — oo as N — oco. This implies that g(/W) — co. Then, by Lemma 7.5(6), it follows that

A2V = 0, (25 8w)) = 0, (1 (S0V) = 0, ()

Next,
T T = O (AW 2K WIN ) = 0, (K'W/N) = 0, (o)
by Lemma 7.5(1), (7.24) and the fact (as noted before) that K'W/N = O (tr(S (W))) . Next, note that by
Lemma 7.5(3) and (4) if K'W # 0,
T - 17| = 0, (AW)K'W/VN).
By similar arguments as before it follows from Lemma 7.5(6), that
AW)PE'W/VN < AW)Y2K'W| VN < (K'W)? /N + AW) =0 (pyx)

and A (W)l/2 = 0, (1) such that A(W)K'W/VN = o, (py.x) as required. If K'W = 0 then the proof of
Lemma 7.5(3) and (4) implies that [|79']| = O (/(W'TW) + >_,(P;;(W))?) such that

[eesimivad] Op (A(W)/\/N\/(WTW) + Z(PM(W))Q)

= O (A(W)1/2> Op <<WTW) +J§i(Pii(W))2 + A (W)) =0, (Pw) -

From (7.23) it follows that
1221 T3 ) = Oy (max (lK’Wl : \/(W’FW) + Z(Pn(W)P) /N) ,

where K'W/N = O (tr (S (W))) and \/(W’FW) + > .(Pi(W))2/N = o, (tr(S(W))). By (7.23) and (7.24)
it follows that

I3 T = Oy (rnax (|wa3/2 , (\/(W’FW) + Z(m(vv))?) K'W|) /N?’“) = oy (pw.)

because (|K'W|/N)*? = o(K'W/N) = o (py.y) and /(WTW) + 2,(Pa(W))?) /N = o(1). Similarly,

ITLPITE ] = oy (pw,) s ITEIPITS ] = 0p (pw,) and [|T4]2||T4]] = o, (pw,x)- For [|T|]°, we have

ITE|® = 0, (AMW)?) = 0, (pw.)
HT2HH2 = Op(l/N):0p<pW,N)a
I = O,(E'W/N)) = o, (pw.w)
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so that by the Cauchy Schwartz inequality HTH H2 =0, (pW, N) .

As [|Z"|] = 0 in our case, ||Z"]| = o0p(pw ). The last part, which we need to show o,(py y), is
|ZH||. Now ZH = u/(I — P(W))f/N + f'(I — P(W))u/N and both terms are O,(A (W)"? /V/N) =
0p(g (W) /N +AW)) = op(pw ) for g(W) = N (tr (S(W)) — A(W)) by Lemma 7.5(6). Therefore we have

1Z7]] = op(pw,n)-
Note that we have shown H = H 4 0,(1) and h=h+ 0p(1). Lemma 7.1 can now be applied where the

discussion above indicates

/ /
3 3 3 3
ZAW) = —hTMH™! (Z T]-H) - (ZTJH) HYThy —Thn'H! (Z T]H) - (ZTJH) H='hTl”
Jj=1 j=1 j=1 j=1

ATV HTH —TEE T — T H T - TR WY

— (TP + T (T + T (Z TH) (Z TH) YTk + (T 4 Ty
= Op(PW,N)

and

3
AW) = (h+Tr+TH(h+Th+T8 — hh/H (ZTH) (ZTJ-H) H'hi'
j=1
—hTVH Y TH + TEY —(TH + T 'Th R — Ton' H-Y(THE 4+ 7Y — (TF + TYH1hTl.

Now we calculate the expectation of each term in A(W). First of all, E [hh/|z] = E [fe€'f' /N|z] = 02H. Sec-
ond, E [hT{'|z] = E |- fee(I — P(W))f'/N|z] = —o2f(I — P(W))f'/N. Similarly E [T{'h/|z] = —o?f(I —
P(W))f'/N. Third,

E [WTY|2] = E [fed P(W)u/N|2] = E [elu} Zfz (W) /N =0, (K'W/N),

by Lemma 7.5(5). This implies that E [T3'h'|Z] = O,(K'W/N) too. Fourth,

f'I = P(W))ee'(I — P(W))f|z] _ U PW))U — P(W))f
N ‘ N ’

Bl -
Fifth,
E[I7Ty 2] = =B [f'(I - POW))ee' P(W)u/N|e] = f'Q (W) (W) /N

by Lemma 7.5(8). Again, we have E [T3T|2] = p(W)' Q (W) f/N. Sixth,

'P(W)ee' P(W
E[TPTY):] = E{“ ( ); ( )“|z]
K'W)? W'TW
= nga;e( N) +(UEEU—l—UueU;e)%+Cum[ei,ei,ui,u;]Z(P,'i(W))Q,

by Lemma 7.5(4). Seventh,

Fed SHOPU = POV)S ) U= POV))S
N2 e N ’

E[hWH'T{2] = —-F {
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also, we have E [T H-'hh/|Z] = =02 f'(I — P(W))f/N. Lemma 7.5(7) implies

WY H (' f + 1
E[h'H'T)2] = E[ (xf+f“)|z} — 0, (N)

and E [Tf#H='hh'|z] = Op(1/N). Also,

[ H—l /P Kl 1

N2 YN N

by Lemma 7.5(9). Next,

BT HTH ] = _E[faTWVWH‘W%I—PUVDﬁ4

N2
! N g1 L= PW))f
= N;fiPM(W)E [ul] H A
= O, (K'W/NA(W)) = o0p (pw,n) -

by Lemma 7.5(5),

E[hTY'H'TS:] = E

N2

1\ KW
- O”(N>+ N

by Lemma 7.5(10). Similarly, it follows that

/PW66/ H—l / + /
p MW T ) ]

[f’ee'P(W)qu(u’f + flu) z}

1 1
(N Z fioy H  ouefi + N Z fiU:JeHlfiJ;E>

E[TiWH T 2]

1 K'W 1
0, (N) + N (daueoi“—l—aueNZfz‘/H_lauefi/>
i

Therefore, we have

E[A( )|z}
2/ (T= POV | o J'(I= POV)I = POW))]
N N
Elefu} Zfz (W) /N + Eleiu] Zf Py(W)/N + f'Q(W) (W) /N + (W) QW) f/N

= 2H 20;

+0ue0y. (K;\I;V) + (028, + 0yeol, )(W/]SW) o (KJIVW>
+2a§—f/u_§(w))f +0, <]1[) —~ QJSEUK]/VW
_KJ/VW (douea +—Zfl o' H Yoy f! +—zn: (fio ;EH_lfia;e+Uuefi/H_1au€fi’)>
+0p (pw.n) -
~ PH+o zf(f P(W)])V(I—P(W))f

elulzfz i /N+Eelu12fpu W)/N + f'QIW)u(W)/N + u(W)' QW) f/N
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, (K'W)?

oo (W'TW)
UE™ ue N

E ue

+ (028, + 0ucol,) I
K'W 1 « 1 &

) N o?%, +doyol, + i ; fiol H oy fl + N 12:; (f,»a;eH—lfl,a;6 + Uuefi’H—lauef{)

+0p (ﬂW,N)

where the last equality holds because 1/N = o,(py. ), K'W/N = o0,(py x) and o, ((A(W)K'W/N)'/?) =
op(pw.n) by the fact that (A(W)K'W/N)/? < K'W/N + A(W). =

We omit the proofs of Corollary 7.1 and 7.3 because they are trivial given Theorem 7.1.

Proof of Corollary 7.2. We note that in this case K'W = K'W. Thus, Y ,{P;;(W)}* = 0,(K'W)
by Lemma 7.4(2) and f'Q(W)u(W)/N = o,(K'W/N + A(W)) by Lemma 7.5 (8). Therefore, we have
equation (7.3).

To derive equation (7.4), we note that

M M M M
WTW = ZwaJmlnzy Z wiwjj:ZwiijjzwllMK'W:K’VV,
i=1j=1 i=1 j=1 =1 j=1

which means W'I'W = O(K'W). Moreover, Zfil fiP;i(W) = O,(K'W) by Lemma 7.5(5). Therefore, we
have equation (7.4). =
Proof of Theorem 3.1. The result is established by constructing a sequence in Qp that dominates

the optimal choice in Qpx. By Corollary 7.2 the approximate MSE of MA2SLS when W € Qp is

oo oo

K W +Zzw1wﬂ/max (i,5)"

j=11:i=1

for A = H/\’H_laueHQ. Let Mppy be the optimal number of instruments picked by the DN algorithm. For
€ (0,1), let M; = (1 — a)Mpy and Mz = (1 + a)Mpy and choose W* such that has only two non-zero

elements wyr, = wyy, = 0.5. Then, K'W* = Mpy and

Z Z Wiy w’b’ymdx(z 7) 0257M1 + 0'7571\12

j=11i=1

Then,

minyeq, Sx(W) < Sx(W*) _ A(K'W*)2/N +0.257,, 4+ 0.757,
minwea,y Sy (W) —  Spon(Mpw) A(MpN)?/N +Varpn
A(MpN)?/(NYarp ) + 025 (Yar, /Y aron) +0-75 (Yar, /Y arpn)
AMpnN)?/(Nvar,,) +1

where v = limsupy_, .. A(Mpn)?/(Nvas,,) < 00 because MPYN sets the rates of the bias and the variance

equal. The above expression is bounded by 1 if

0.25 (Yar, M atpn ) + 075 (Y, /Y atpy) < 1.
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By assumption, for N large enough, it follows that, with probability close to one,

025 (Yar, /Yarpn ) + 075 (Var, /Yarpn) = 025 (1 —a) >* +0.75 (1 +a) ** +o (|a\2a) :

Consider the function
h(a)=0.25(1—a) >* +0.75 (1 +a) >*
where h (0) = 1, 0h (a) /da = 0.5a (1 — a) >* "' —=1.5a (1 4+ a) " >*~" such that 8h (0) /da = —1a. This implies

that for some a, possibly close to zero, h (a) < 1 and thus 0.25 ('VMl/VMDN) +0.75 (’yM2/7MDN) < 1.
When W € Qp the MSE of the MA2SLS is

WIW) o=
NV ILELE o e
j=11i=1

where A = NH (02X, + 040, )H '\ while the MSE for the Nagar estimator with M instruments is
AM/ (N — M) + v,;. Let My be the choice of M that minimizes Sy (W) when W = Wy as defined in
Remark 4. For a € (0,1) let My = (1 —a)My and M = (1+a)Mp. Define w* = N/ (N — My) and choose
W* such that W* has only three non-zero elements wy, = wy, = 1/2w* and wy = —My/ (N — My).
For brevity write w; and wq instead of wys, and wyy,. Then wy + we + wy = 1 and K'W* = 0 such that

W+ € Qp. Note that WATWx = ((w*)? + 2w*wn)My + wi N = MxyN/(N — My) and

W TW*

wal + ngQ + 2’11]1”UJQM1 + wJ2VN + 2’LUN (w1M1 + w2M2)
= wal + w%Mg + 2w we My + wJZVN + 2uwnw My

= ((w")? 4+ 2wyw*)My +wi N — (1/2)(w*)?aMy

such that W*TW* < W, IT'Wy. In the same way it follows that, for W*,

SN Wi ey = Wi + (W3 + 2wiws) vy, + (Wi 4 2wy (w1 +w2)) Yy
J=1i=1

= (w*)? (var, /4 + 37ap,/4) + (wk + 2wnw?) Yy

Since the term (w% + 2wyw*) vy is of smaller order than Sy (Wy) the result now follows if (v, /4 +
3V, /4)/Yary < 1 wpal. But this follows from the same arguments as for the proof of the first statement

of the theorem. m

Proof of Theorem 4.1. We follow the proof of Donald and Newey (2001, Lemma A9). Note that
infyyeq Sy (W) = Sy (W*) for W* given by (3.2) when Q = Qp, or W* given by (3.3) when = Qp. When
Q = Q¢ or Qp we note that Sy (W) is continuous in W and Q is a compact set. Thus infyecq Sy (W) =
Sy (W*) for some W* € 2 holds. It then follows that

infycq Sy (W)
Sy (W)

The result now follows from Lemma 7.8. m

0<1—

<4 sup

S
weQ

Sx(W)
Sy (W)
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Table 1: Monte Carlo results: Model (a), R?‘ =0.1

[ 2SS DN KW MA-U MA-C MA-P MA-Ps

c=0.1
n = 100 bias | 0.0658 0.0548 0.0549 0.0659 0.0695 0.0701 0.0596
K =20 IQR 0.24 0.372 0.382 0.246 0.256 0.261 0.339

MAD 0.132 0.204 0.197 0.133 0.135 0.142 0.183

RMAD | 0.651 1 0966 0.654 0.665 0.697 0.899
KW+ 20 9.32 6.35 80.5 39 9.85 5.74
KW- 0 0 0 71.8 30.9 0 0

n = 1000
K =30 bias | 0.0145 0.0136 0.0148 0.0158 0.0166 0.0144 0.0155
IQR | 0.113 0.114 0.125 0.11  0.115 0.115 0.114

MAD | 0.0569 0.0568 0.0658 0.0563 0.0583 0.0572  0.0578

RMAD 1 1 1.16  0.991 1.03 1.01 1.02
KW+ 30 29 15.5 129 67.3 23.5 21.7
KW- 0 0 0 108 47.5 0 0
c=10.5
n =100 bias | 0.324 0.313 0308 0.323 0.319 0.317 0.316

K =20 IQR | 0.212 0.35 0.354 0.221 0.23  0.232 0.316
MAD | 0.325 0.376 0.364  0.323 0.32  0.317 0.346

RMAD | 0.865 1 0967 0.859 0.851  0.843 0.919
KW+ 20 8.16 5.85 82.6 27.4 9.53 5.4
KW- 0 0 0 74.6 18.9 0 0

n = 1000
K =30 bias | 0.0991  0.136 0.11  0.139  0.118 0.11 0.118
IQR | 0.106 0.16  0.129  0.107 0.0909  0.108 0.115

MAD | 0.102 0.147 0.118 0.139 0.118 0.111 0.12

RMAD | 0.695 1 0807 0947 0806  0.756 0.816
KW+ 30 12.6 12.8 206 51.3 15.5 12.2
KW- 0 0 0 196 37.5 0 0

c=10.9
n = 100 bias | 0.573  0.566  0.561 0.587  0.565  0.572 0.567
K =20 IQR | 0.153 0.404 0.384 0.154 0.179  0.168 0.257

MAD | 0.573 0.617 0.6 0.587 0.565 0.572 0.57

RMAD | 0.929 10973 0951 0916 0927 0.924
KW+ 20 3.85 3.35 77.8 13.9 7.5 3.6
KW- 0 0 0 72.1 4.63 0 0

n = 1000
K =30 bias | 0.185 0.234 0.203 0.299 0.189 0.215 0.23
IQR | 0.0866  0.268  0.209  0.089 0.0928  0.093 0.115

MAD | 0.18 0.271  0.222  0.299 0.189 0.215 0.23

RMAD 0.68 1 0818 1.1 0.695  0.792 0.846
KW+ 30 2.88 3.51 175 17 8.6 4.86
KW- 0 0 0 168 3.77 0 0

Note: “bias” = median bias; “IQR” = inter-quantile range; “MAD” = median absolute deviation; “RMAD”
= MAD relative to that of DN2SLS; “KW+” = an\le max(wy,, 0)m; “KW-" = Z%Zl | min(w,y,, 0)|m.
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Table 2: Monte Carlo results: Model (a), R?' =0.01

[ 2SS DN KW MA-U MA-C MA-P MA-Ps

c=0.1
n = 100 bias | 0.0981 0.035 0.05 0.0974 0.102 0.0951 0.0886
K =20 IQR | 0279 0.773  0.775 0.3 0.322 0.322 0.66
MAD | 0.166 0.393 0.399 0.166 0.178  0.183 0.3
RMAD | 0.422 1 1.01 0.422  0.454  0.464 0.763
KW+ 20 4.6 3.29 72.7 374 7.46 3.17
KW- 0 0 0 65.9 31 0 0

n = 1000

K =30 bias | 0.0681 0.0642 0.0576 0.0643 0.0818 0.0716  0.0956
IQR | 0.218 0.662 0.638 0.231 0.25  0.266 0.471
MAD | 0.114 0.351 0.34 0.123 0.134 0.135 0.23

RMAD | 0.326 1 0971 0352 0383 0.385 0.657
KW+ 30 7.48 5.24 187 84 10.5 4.61
KW- 0 0 0 179 75.3 0 0

c=10.5
n = 100 bias | 0.481 0.447  0.452 0.476  0.485 0.484 0.493
K =20 IQR 0.25 0.803 0.798 0.267 0.292  0.285 0.614

MAD | 0.481 0.593  0.591 0.476  0.491 0.486 0.521

RMAD | 0.811 1 0998 0.804 0.828 0.82 0.878
KW+ 20 4.43 3.22 71.4 26.7 7.24 2.98
KW- 0 0 0 64.8 19.6 0 0

n = 1000
K =30 bias | 0371  0.361 0.364 0376 0.382  0.371 0.393
IQR | 0.197 0.621 0.569 0212 0.244 0.231 0.432

MAD | 0371 0478 0476 0.376 0.385  0.371 0.413

RMAD | 0.777 1 099 078 0805  0.777 0.864
KW+ 30 6.72 5.02 187 46.8 10.1 4.32
KW- 0 0 0 179 35.6 0 0

c=10.9
n = 100 bias | 0.855  0.847 0.854  0.854 0.85  0.856 0.868
K =20 IQR 0.14 0438 0438 0.148 0.162 0.163 0.367

MAD | 0.855 0.878 0.876 0.854 0.852  0.856 0.869

RMAD | 0.973 10997 0972 0971 0975 0.989
KW+ 20 4.02 3.04 71.1 15.1 7.02 2.74
KW- 0 0 0 64.7 6.26 0 0

n = 1000
K =30 bias | 0.677  0.682  0.675 0.682 0.681  0.675 0.686
IQR | 0.122 0.456 0426 0.129 0.14 0.142 0.283

MAD | 0.677 0.725 0.709 0.682 0.681  0.675 0.688

RMAD | 0.934 10978 0942 0939 0.932 0.949
KW+ 30 3.66 3.04 170 28.7 8.1 3.04
KW- 0 0 0 164 15.3 0 0

Note: “bias” = median bias; “IQR” = inter-quantile range; “MAD” = median absolute deviation; “RMAD”
= MAD relative to that of DN2SLS; “KW+” = an\le max(wy,, 0)m; “KW-" = Z%Zl | min(w,y,, 0)|m.
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Table 3: Monte Carlo results: Model (b), R% = 0.1

§=
\ 2SLS DN KW MA-U MA-C MA-P MA-Ps

c=0.1

n = 100 bias | 0.0647 0.0303 0.0369 0.0649 0.0583 0.0481 0.0401

K =20 IQR | 0.239 0.335 0.326  0.242 0.254  0.264 0.324
MAD 0.13 0.171 0.169  0.133  0.134  0.142 0.163

RMAD | 0.758 1 0.991 0.78 0.784  0.831 0.953
KW+ 20 7.06 5.39 87 35.7 9.06 4.33
KW- 0 0 0 78.2 28 0 0

n = 1000
K =30 bias | 0.0184 0.00917 0.00934 0.0181 0.0129  0.013 0.00838
IQR | 0.108 0.127 0.122  0.114 0.117  0.118 0.125

MAD | 0.058 0.0638 0.0624 0.0574 0.0586 0.0591  0.0635

RMAD | 0.909 1 0.979  0.901 0.918 0.926 0.996
KW+ 30 15 12.8 245 66.2 16.6 10.3
KW- 0 0 0 231 51.9 0 0

c=0.5
n =100 bias | 0.309 0.191 0.167 0.3 0.275 0.253 0.185
K =20 IQR | 0.223 0.345 0.344  0.233  0.231  0.265 0.33
MAD | 0.309 0.25 0.237 0.3 0.276  0.258 0.241
RMAD 1.23 1 0.947 1.2 1.1 1.03 0.962
KW+ 20 5.53 4.48 85.2 28.2 8.24 3.93
KW- 0 0 0 78.2 20.3 0 0

n = 1000

K =30 bias | 0.106  0.0392  0.0341 0.0903 0.0652 0.0493  0.0379
IQR | 0.107 0.132 0.133  0.111  0.103  0.126 0.133
MAD | 0.108 0.071  0.0749 0.0942 0.0722 0.0738  0.0735

RMAD 1.52 1 1.06 1.33 1.02 1.04 1.04
KW+ 30 7.71 7.02 215 58.3 9.32 6.82
KW- 0 0 0 209 48 0 0

c=10.9
n = 100 bias | 0.572 0.249 0.227 0.536  0.439  0.406 0.278
K =20 IQR | 0.146 0.372 0.359 0.172  0.183  0.205 0.313

MAD | 0.572 0.316 0.278  0.536  0.439  0.406 0.304

RMAD 1.81 1 0.881 1.69 1.39 1.28 0.962
KW+ 20 2.68 2.5 61.9 15.2 5.79 2.66
KW- 0 0 0 57 7.37 0 0

n = 1000
K =30 bias | 0.189 0.064 0.052 0.15 0.0957  0.077  0.0669
IQR | 0.0891 0.133 0.134 0.104 0.104 0.119 0.126

MAD | 0.189 0.0893  0.0788 0.15 0.0975 0.0866  0.0864

RMAD 2.12 1 0.883 1.68 1.09 0.97 0.967
KW+ 30 5.02 4.62 138 33.5 6.57 4.65
KW- 0 0 0 133 23.7 0 0

Note: “bias” = median bias; “IQR” = inter-quantile range; “MAD” = median absolute deviation; “RMAD”
= MAD relative to that of DN2SLS; “KW+” = an\le max(wy,, 0)m; “KW-" = Z%Zl | min(w,y,, 0)|m.
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Table 4: Monte Carlo results: Model (b), R?‘ = 0.01

[ 2SS DN KW MA-U MA-C MA-P MA-Ps

c=0.1
n = 100 bias | 0.0953 0.0361 0.0452 0.0976 0.095 0.0845 0.0656
K =20 IQR | 0.291 0.712 0.692 0.3 0.325 0.341 0.562

MAD 0.167  0.359 0.351 0.173 0.181 0.184 0.293

RMAD | 0.466 10979 0.481 0.504 0.513 0.817
KW+ 20 4.59 3.33 72.3 36.8 7.47 3.09
KW- 0 0 0 65.2 30.4 0 0

n = 1000
K =30 bias | 0.0679 0.0267 0.0387 0.0683 0.0693 0.0575  0.0496
IQR | 0.209 0416 0371 0.226 0.236  0.252 0.335

MAD | 0.116 0.211  0.197 0.119 0.127  0.129 0.173

RMAD 0.55 1 0932 0.564 0.602 0.613 0.817
KW+ 30 7.8 6.04 213 75.2 11.3 4.55
KW- 0 0 0 204 65.7 0 0

c=10.5
n = 100 bias | 0.475  0.392 0.387 0.47 0474 0.462 0.419
K =20 IQR 0.26 0.71 0.699  0.261 0.296  0.301 0.578

MAD | 0.475 0.55 0.534 0.47 0.478  0.463 0.454

RMAD | 0.864 1 0.97  0.855 0.87  0.842 0.827
KW+ 20 4.44 3.24 74 26.8 7.36 3.03
KW- 0 0 0 67.3 19.4 0 0

n = 1000
K =30 bias | 0377 0.196 0.193 0.365 0.331  0.303 0.227
IQR | 0.195 0.383 0392 0.203 0.218  0.242 0.354

MAD | 0377 0.284 0.278 0.365 0.332  0.306 0.271

RMAD 1.33 1 0.98 1.29 1.17 1.08 0.957
KW+ 30 5.59 4.64 200 42.3 9.8 3.94
KW- 0 0 0 192 30.3 0 0

c=10.9
n = 100 bias | 0.852  0.741 0.724  0.848 0.828 0.824 0.758
K =20 IQR | 0.137 0.578  0.545 0.145 0.174  0.172 0.415

MAD | 0.852 0.798 0.784 0.848 0.828 0.824 0.761

RMAD 1.07 1 0.982 1.06 1.04 1.03 0.954
KW+ 20 3.6 2.81 68 16.6 6.73 2.7
KW- 0 0 0 62 7.94 0 0

n = 1000
K =30 bias 0.67 0296 0.288  0.644 0.561  0.496 0.341
IQR | 0.121 0.426 0402 0.141 0.151  0.185 0.318

MAD 0.67 0395 0.362 0.644 0.562  0.496 0.354

RMAD 1.69 1 0914 1.63 1.42 1.25 0.895
KW+ 30 2.12 2 135 28 5.82 2.39
KW- 0 0 0 130 14.9 0 0

Note: “bias” = median bias; “IQR” = inter-quantile range; “MAD” = median absolute deviation; “RMAD”
= MAD relative to that of DN2SLS; “KW+” = an\le max(wy,, 0)m; “KW-" = Z%Zl | min(w,y,, 0)|m.
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Table 5: Monte Carlo results: Model (c), R} =0.1

[ 2SS DN KW MA-U MA-C MA-P MA-Ps

c=0.1
n = 100 bias | 0.0652 0.0636 0.0728 0.0631 0.0684 0.0621 0.0758
K =20 IQR | 0.245 0.351 0.36 0.252 0.26 0.254 0.326

MAD 0.133 0.188 0.19 0.138 0.139 0.137 0.171

RMAD | 0.705 1 1.01 0733 0737  0.729 0.91
KW+ 20 9.92 7.13 7.1 36.7 9.96 6.29
KW- 0 0 0 68.4 28.8 0 0

n = 1000
K =30 bias | 0.0205 0.0175 0.0241 0.0202 0.019 0.0193 0.0182
IQR | 0.112 0.117 0.113 0.114 0.116 0.114 0.116

MAD | 0.0578 0.0576 0.0578 0.0579 0.0582 0.0571  0.0573

RMAD 1 1 1 1 1.01 0.992 0.995
KW+ 30 23.2 15.5 193 61.1 21 18.2
KW- 0 0 0 179 46 0 0

c=10.5
n = 100 bias | 0.324  0.347 0.368  0.322  0.317  0.318 0.333
K =20 IQR 0.22 0.35 0.34 0.227 0.249 0.241 0.29

MAD | 0.324 0.398 0.413 0.323 0.323 0.318 0.355

RMAD | 0.814 1 1.04 0812 0811 0.799 0.893
KW+ 20 8.49 6.38 79.5 26 9.45 5.76
KW- 0 0 0 71.9 17.5 0 0

n = 1000
K =30 bias | 0.101  0.103  0.124 0.0874  0.086  0.087  0.0857
IQR | 0.107 0.117 0.111 0.115 0.138 0.112 0.11

MAD | 0.104 0.112 0.126 0.0923 0.0949 0.0912 0.0919

RMAD | 0.932 1 1.13 0.825 0.848 0.815 0.822
KW+ 30 16.6 13.9 183 42.7 14.1 12
KW- 0 0 0 177 30.3 0 0

c=10.9
n = 100 bias | 0.576  0.742 0.746  0.556  0.591 0.567 0.613
K =20 IQR | 0.158 0.536  0.456  0.176  0.178  0.174 0.231

MAD | 0.576 0.809 0.797 0.556  0.591 0.567 0.613

RMAD | 0.712 1 098 0.687 0.731  0.701 0.758
KW+ 20 3.33 2.92 72.8 12.5 7.42 3.64
KW- 0 0 0 67.1 2.96 0 0

n = 1000
K =30 bias | 0.187 0.783  0.798  0.136  0.209  0.159 0.167
IQR | 0.092 0.844 0.772 0.101 0.115 0.101 0.102

MAD | 0.187 0.901 0.88  0.136 0.209  0.159 0.167

RMAD | 0.207 1 0984 0.15  0.232  0.176 0.185
KW+ 30 1.12 1.19 125 18.8 8.96 6
KW- 0 0 0 120 6.41 0 0

Note: “bias” = median bias; “IQR” = inter-quantile range; “MAD” = median absolute deviation; “RMAD”
= MAD relative to that of DN2SLS; “KW+” = an\le max(wy,, 0)m; “KW-" = Z%Zl | min(w,y,, 0)|m.
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Table 6: Monte Carlo results: Model (c), Rfc =0.01

[ 2SS DN KW MA-U MA-C MA-P MA-Ps

c=0.1
n = 100 bias | 0.0871 0.0695 0.0873 0.0995 0.117 0.113 0.121
K =20 IQR | 0.284 0.861 0.886 0.313 0.329 0.328 0.687

MAD 0.167  0.447 0.451 0.178 0.19 0.184 0.348

RMAD | 0.373 1 1.01 0397 0425 0411 0.778
KW+ 20 4.4 3.17 70.4 36.5 7.33 3.08
KW- 0 0 0 63.7 30.1 0 0

n = 1000
K =30 bias | 0.0699 0.0875 0.0847 0.0637 0.0666 0.0765 0.108
IQR 0.21 0803 0.789  0.212  0.227 0.25 0.465

MAD 0.12 0433 0409 0.119 0.123 0.135 0.243

RMAD | 0.277 1 0945 0.275 0.284 0.312 0.561
KW+ 30 791 5.64 171 79.4 10.3 5.02
KW- 0 0 0 163 70.6 0 0
c=10.5
n =100 bias | 0.485  0.505 0.5 0483 0495 0.494 0.535

K =20 IQR | 0.265 0.775 0.756  0.278  0.292  0.306 0.604
MAD | 0.485 0.653 0.634 0483 0.502  0.494 0.572

RMAD | 0.744 1 0971 0.74 0.77  0.757 0.876
KW+ 20 4.2 3.1 71.5 26.5 7.21 2.93
KW- 0 0 0 64.9 19.4 0 0

n = 1000
K =30 bias | 0.362 0.405 0.425 0.356 0373 0.374 0.417
IQR | 0.183 0.737 0.729 0.199 0.213 0.211 0.46

MAD | 0.362 0.572 0.575 0.356  0.379  0.374 0.439

RMAD | 0.633 1 1 0622 0662 0.654 0.766
KW+ 30 6.79 5.02 174 46.4 10 4.71
KW- 0 0 0 167 34.7 0 0

c=10.9
n = 100 bias | 0.855  0.878  0.878  0.854  0.859  0.861 0.879
K =20 IQR | 0.145 0.385 0.374 0.156  0.171 0.163 0.332

MAD | 0.855 0.893 0.899 0.854 0.859  0.861 0.879

RMAD | 0.958 1 1.01 0957 0962  0.965 0.984
KW+ 20 4.12 3.04 72 13.7 7.14 2.74
KW- 0 0 0 65.3 4.61 0 0

n = 1000
K =30 bias 0.67 0.805 0.817  0.652 0.68  0.666 0.734
IQR | 0.123  0.597 0.564  0.139 0.14  0.147 0.302

MAD 0.67 0.898 0.884  0.652 0.68  0.666 0.735

RMAD | 0.746 1 0984 0726 0.758  0.742 0.818
KW+ 30 3.92 3.13 165 28.3 8.47 3.32
KW- 0 0 0 159 14.6 0 0

Note: “bias” = median bias; “IQR” = inter-quantile range; “MAD” = median absolute deviation; “RMAD”
= MAD relative to that of DN2SLS; “KW+” = an\le max(wy,, 0)m; “KW-" = Z%Zl | min(w,y,, 0)|m.
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