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Abstract

An asymptotic theory is developed for multivariate regression in cointegrated sys-
tems whose variables are moderately integrated or moderately explosive in the sense
that they have autoregressive roots of the form p,; = 1 + ¢;/n®, involving moderate
deviations from unity when « € (0,1) and ¢; € R are constant parameters. When the
data are moderately integrated in the stationary direction (with ¢; < 0), it is shown
that least squares regression is consistent and asymptotically normal but suffers from
significant bias, related to simultaneous equations bias. In the moderately explosive
case (where ¢; > 0) the limit theory is mixed normal with Cauchy-type tail behavior
and the rate of convergence is explosive, as in the case of a moderately explosive scalar
autoregression (Phillips and Magdalinos, 2007a). Moreover, the limit theory applies
without any distributional assumptions and for weakly dependent errors under con-
ventional moment conditions, so an invariance principle holds, unlike the well-known
case of an explosive autoregression. This theory validates inference in cointegrating
regression with mildly explosive regressors. The special case in which the regressors
themselves have a common explosive component is also considered.

Keywords: Central limit theory, Cointegration, Diffusion, Explosive process, Invari-
ance principle, Mixed normality, Moderate deviations, Unit root distribution, Weak
dependence.
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1. Introduction

The limit theory for cointegrated regressions has been fully worked out for integrated
and near-integrated processes (Phillips, 1988a; Elliott, 1998). In the integrated case,
optimal estimates can be obtained by a variety of system methods (Johansen, 1988;
Phillips, 1991a and 1991b; Phillips and Hansen, 1990) and single equation (one-
step) techniques (Phillips and Loretan, 1991; Saikkonen, 1991; Stock and Watson,
1993) and are known to have mixed normal limit distributions which depend on the
long-run covariance matrix structure of the equation errors and first differences of
the regressors. The limit distribution theory has also been worked out for cases of
cointegrated regressors and instrumental variable methods (Phillips, 1995; Kitamura
and Phillips, 1995 and 1997).

As is often emphasized in empirical work, economic time series seem to have
autoregressive roots in the general neighborhood of unity and insistence that roots
be at unity may well be too harsh a requirement. Accordingly, attention has been
given to the case where the roots are local to unity in the sense that they have
the form p = 1 4 ¢/n, where n is the sample size (Phillips, 1987; Chan and Wei,
1987). Matrix cases, where the long-run autoregressive coefficient matrix has the
form R, = I + C/n have been considered in Phillips (1988a, 1988b). This theory
has been useful in developing power functions for testing problems in cointegrated
regressions (Phillips, 1988a; Johansen, 1995) and in other local analyses (Elliot, 1998).

To characterize greater deviations from unity Phillips and Magdalinos (2007a &
2007b; hereafter PM, and PM,) recently investigated time series with an autoregres-
sive root of the form p, = 1+ ¢/n®, where the exponent « lies in the interval (0, 1).
Such roots represent moderate deviations from unity in the sense that they belong to
larger neighborhoods of one than conventional local to unity roots. The parameter o
measures the radial width of the local neighborhood, with smaller values of o being
associated with larger neighborhoods. The boundary value as @ — 1 includes the
conventional local to unity case, whereas the boundary value as @ — 0 includes the
stationary or explosive AR(1) process, depending on the sign of ¢. In this paper, we
call such time series moderately integrated or mildly integrated as distinct from near
integrated (when o = 1).

The present work shows how these ideas can be extended to cointegrated regression
systems where the variables belong to a general class of moderately integrated time
series, whose long run autoregressive coefficients deviate moderately from unity and
are of the form p, = 1+ ¢/n® for some o € (0,1). We consider separately the
moderately integrated, near stationary (¢ < 0) case and the moderately explosive
(¢ > 0) case.

The main goal of the paper is to provide a framework of limit theory for such coin-
tegrating regressions. Not all problems of inference in these systems are resolved, par-
ticularly in the case of mildly integrated regressors in stationary directions. However,
some notable results are obtained, including a complete set of invariance principles



in the moderately explosive case, including some important degenerate cases. These
results provide an asymptotic validation of inference for least squares regression with
moderately explosive and possibly cointegrated regressors and extend the theory for
purely explosive cointegrated systems developed earlier in Phillips and Magdalinos
(2007¢).

The paper is organised as follows. Section 2 outlines a general modeling framework
for a cointegrated system with moderately integrated regressors and weakly dependent
innovation errors. Section 3 provides a limit theory in the near stationary case for
a € (0,1), where the rates of convergence for cointegrating regression estimates are
now of order O(n"2") instead of O (n). The limit distribution theory is normal rather
than mixed normal as in the case of integrated or near integrated regressors, and
there are bias effects from serial dependence and endogeneity. Section 4 analyzes the
limit theory in the near explosive case, showing that least squares regression is mixed
normal even under non-Gaussian errors and regressors, so that an invariance principle
applies. The case of cointegrated moderately explosive regressors is also treated and
gives rise to a different mixed normal limiting distribution with asymptotic bias and
slower rate of convergence. Section 5 provides some further discussion of the results
and Section 6 is a notational glossary. Proofs and technical propositions are collected
in Section 7.

2. Moderately Integrated Time Series and Cointe-
grated Systems

We consider the triangular system (cf. Phillips, 1991)

v = Az +ug (1)

Ty = Ryxiq+ ugy (2)

Rn:[K+%7 OS (071)7 C:diag<cla"-7cK) (3)
n

for t = 1,...,n, where A is an m x K matrix of ‘cointegrating’ coefficients, x; is
a K — vector of moderately integrated time series and the system is initialized at
some zg = 0, (n®?). The vector u; = (ufy,u,,)" is a sequence of zero mean, weakly
dependent errors that satisfy the following condition.

Assumption LP. For each t € N, u; has Wold representation

Ut:F(L)gt:ZFjEt—ja Z]HFJH < 00, (4)
=0 =0
where F (2) = Y72 Fi2), Fo = Ly i, F (1) has full rank,

| M| = max{)\g/z : \; is an eigenvalue of M’M}
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is the spectral norm of M, and (&), 5 a sequence of independent and identi-
cally distributed (0,%.) random vectors satisfying . > 0 and the moment condition
E|e|* < o0 when C' < 0 and E|je1]|* < oo when C' > 0.

Under LP, u; has variance matrix ¥ = 7% [;5. F), B l|ug||* < 0o when C' < 0,
E||u1]]* < oo when C' > 0 and partial sums that satisfy the central theorem (cf.
Phillips and Solo, 1992)

n_I/QZui = N(0,1),
i=1
with variance matrix Q = F (1) S.F (1)’ > 0. We partition ¥, F (1) and © con-
formably with u; as

| Yoo Yox | Fo (1) | Q00 Qo

where Fp (1) and F, (1) are m x (m + K) and K x (m + K) matrices respectively. Us-
ing the Beveridge Nelson (BN) decomposition, we obtain the following representation
for u,

u = F (1), — A&, for &, = ZF&,: —i F = Z £, (5)

k=j+1

where % in (4). The derivation

of (5) as well as the summability of the sequence (ﬁ}) follow as in Lemma 2.1 of
§>0

Phillips and Solo (1992). Corresponding to the partition of u,, we write

x oo

Ut = E Fojei—j, umt:E Frjei—j,
j=0 J=0
(o0} oo

Eot = g Fojei—j, 5mt=E Frjeij,

where Fpj, FOJ R™*(m+K) and F,;, F € REX(m+EK) - Defining the one-sided long
run covariance matrix

> Aoo Ao,
= E (u_;) ={A00 A ]
he1 x0 Tx

we have 0 =¥ + A + A’ and, as usual,

A = ZZFk+hZ Fl = Z (ZFHh) S.F

h=1 k=0

= ZFkZEF,; = E(Eu).
k=0



3. Limit Theory for Near Stationary Systems

We develop a limit theory for the centred least squares regression estimate

A, — A= (Z uOtxt> (; mgz:i) : (6)

Our approach follows PM, in the sense that we derive a law of large numbers and a
martingale central limit theorem, respectively, for the denominator and numerator of
the matrix quotient (6) and use this to extract the limit theory.

We start by considering the sample moment matrix y ., z,x,. The following result
allows an analysis of the asymptotic behavior of ;" | x;2} analogous to the stationary
case.

3.1 Lemma. For model (2) with ¢; < 0 for all i we have, as n — oo,
) Op (na) )

) Ent Op (na/2) )

(€) i &y =0, (n'73)
(d)

a) Tp,r

(8) o, =
(0) B, =

1 n /
2 Dt Ut Ty —p Mo

Denote by K, the s x s? commutation matrix (e.g., Abadir and Magnus, 2005).
Expanding the expression for z;x} in (2), vectorising and summing over ¢t € {1,...,n}
we obtain

[Ix2 — R, ® R, % Z vec (%437;_1)

= 7%L[q;ec(mn ) — Ry ® Ryvec (vox)]

1 n
+ Iz + Ki) (Ig ® Ry) E vec (zy—quly) += E vec (ugul,)
t—

n

1 1 < 1
= (Ig2 + Kg) (IK®RR)EZM€C($¢_1U —i—E;vec (ugrtly) + O, (nl a>

=1
(Ik2 + Ki) vec (Ayy) + vee (X40) + 0, (1)
vee (Npw + AL, + X02) + 0, (1)
vec (Qyz) + 0, (1),



as n — oo by Lemma 3.1 and ergodicity of u,;. Since

1 CxC
Ig> — R, ® R, = — o (IK®C+C®IK+ f >a

and Ix ® C + C' ® I is a negative definite matrix, the asymptotic behavior of the
sample moment matrix is given by

n

n11+a ;vec (217)_) = — Ik @ C + C @ Ix) " vee () + 0, (1),
or .
n11+a ;xtlac;_l —p Vi 1= /000 e Qe dr, (7)
as n — o0o. Note that V,, is a K x K symmetric matrix with typical element
(Vm)ij =—(a+ Cj)il (Qxx)w ) (8)
so, in the scalar case, the limit expression in (7) reduces to -, the result obtained

n PMb

The limit distribution of a suitably standardized version of the sample covariance
Y i gy is found by expanding this covariance in terms of components whose as-
ymptotic behavior can be found directly, such as >, | ez} (see (9) below). The
following results help to analyze these components and are proved in the Appendix.

3.2 Lemma. For v € {0,z}, define I, (k) = E (£,:&,_,) and

n—1
My =T5, (0)+ > FnSeFe (1) R, +— ZF j+1RIC.

j=0

When C' < 0 we obtain, for each o € (0,1) and v € {0, z}
(a) n -5 > it Gy —A) =0, (n_a/2)7

(b) n= 2" Sty G,y — My,) = O, (n_w)

3.3 Lemma. For each o € (0,1) and C <0

n

1
ey (1 ®e) = N0,V %) asn — 0.

nozo o



Next, using the BN decomposition (5) and summation by parts, the sample co-
variance can be decomposed as follows:

Z g, = Z uge s Ry + Z Ugr ULy
=1 =1 =1
= Fy(1) Z ey R, — Z Az, (R, + Z UgsUlyy
=1 =1 =1
= Fy(1) Z ey 1 Rn + Z Eot AT R, + Z ugtlly, + O, (n*/?)
=1 =1 =1
= F() (1) thl';_an + Zému;t + Zémx;_l (Rn — IK) Rn
t=1 t=1 t=1

+ Z ugrtty + O, (na/2)

t=1

n n R 1 n .
= Fy(1) Z ety 1Ry + Z Eort R + - Z Eorry_1CR,
=1 =1 =1
+ Z Uy, + O, (n?) . (9)
=1

The leading terms in the above expression for the sample covariance are the matrices
Yo Eorul, and Y7 ugul, with asymptotic order O, (n) given by the ergodic
theorem. Thus, if no correction is made to account for weak dependence, the sample
covariance will converge to the constant probability limit of the leading term as follows

1 & 1 1 & (-a)ra
ES DA D DETARED DTN (s i
i L [t
= Agx + 201‘ + Op (1) 5 (10)

by ergodicity of ugu’, and &g;ul,. The above, together with (7), implies that for each
a€(0,1)

—, (Aow + Zoz) Vi (11)

Obtaining a non degenerate weak limit for the sample covariance requires centering



on the mean of the leading terms. Then, for each o € (0,1) (9) gives, up to o, (1),

R 1
ﬁ Z |:u0t33£ — on — on — E (AUIC + MOnCRn):|
t=1
Fy(1) & 1 &
= OL(FJ) Z ety Ry + —o Z (Bt — Noz) Ry,
e nozoi4
1 1 & B
T D (orly = Mon) C Ry + e > (uontty, — Ss) + O (n7?)
t=1 t=1

the last three terms being asymptotically negligible by Lemma 3.2 and the CLT for
stationary ergodic processes. Thus, defining

n 1
UM = Aow+ Soe + — (AoC + My, CR,,)

n—1
1 - N )
= on + ZOx + ﬁ {Agm + ng (O) + Z F0j+125Fx (1)' R¥L+1} C

=0
1 e o ;o
+WZFOI(J)R%CQ,
=0

the sample covariance becomes

1 n " 1 n
—= Z vec [uOta:; — Uéx)] = [Le®FQ)]— Z (2421 ® &) +0p (1)
- -
= N (0, Vi ® Qo) - (12)

As in PM,, the weak dependence structure of the innovations induces an asymp-
totic bias for the least squares estimator A, Explicit calculation of both the bias
and the asymptotic distribution of A, involves analysis of the limiting distribution of
the denominator, Y ;| z;_1x,_; of A, centered on its asymptotic mean. The latter
can be obtained as an approximation of the centered sample covariance Y ;| uT)_;
as we now show. Define the K x K symmetric matrices

1
QM = Q.. + v (ApC + CA,+ R,CM., + M,,CR,), (13)

and V. with typical element

(‘/:c(;))” = - (Ci + ijin)il (QL(EZ))Z

J

, (14)

where p;,, = 1 4 ¢;/n® is the i-th diagonal element of R,. Clearly, Qg;) — Q.. and
Vi V., asn — oo.



3.4 Lemma. For each o € (0,1) and C = diag(c;) with ¢; < 0,

1 < 1 I ® F, (1)] &
ﬁ Z vec (umtx;—l - Al‘aﬂ - EMwnC) = w Z (fL‘t_l ® St) + Op (1)
t=1

n 2 =1

= N0,V ®Qyy).
3.5 Lemma. For each o € (0,1) and C = diag(c;) with ¢; <0,

n

1 — Ty 1% Ix®F, (1
t=1

n =5
n= n= t=1

where W, == — (Igx @ C +C ® [AK)_l (Ix2 + Kk) and Vi is defined in (14).
The limiting distribution of A,, can now be derived by using (12) and Lemma 3.5.
In particular, letting

A, = A+%U$) v

rx

1

1 -1, 1 -
= A (ot S [V 4 o (A€ o MonCR) V], (15)

and centering the least squares estimator by A, yields

n n -1

" -1
— {ZUOtiEt Uéz) [Vm ( xtl})} <Z xgvé)
t—1 =1

n n -1
- {Z[W;—Ué?] v v (—v“)} (Z)
t=1 t=1 t=1

Hence, since n= (1) 3" a,24 —, V,, and Uég) — N, + Yo, we obtain

1ta In =
n 2z vec (An — An>
n

= (V ®I) }M Zvec [Uotl“t Um]

noz o4

nO{
n t=

1
Vi F V1@ (Aow + 202) VL Wa [k @ Fy (
_ Ve RO um o) Vel IWo ke B (DI §~ (o) 1y
t=1

n

1 &z
[V & (AOm + EOﬂc) zr | 1t+a Z ( ! V:’c(;)> + Op (1)
2
V

oo



by (12) and Lemma 3.5. The limiting distribution of n s vec <An - fln), presented

in the following theorem, is now an immediate consequence of Lemma 3.3.

3.6 Theorem. For each o € (0,1) and C = diag(c;) with ¢; <0,

n 2" vec (An — fln> = N(0,V) asn— oo,

where A, is defined in (15),
Vo= V., '®Q0 - (Ix © Qa) W [V © V! (Mow + Zoe)']

— [Vaa' @ (Aow + Zoa) Vir' | War (I © o)
+ [V @ (Mow + Zo0) ViR ] Wa (Vi @ Qua) Wa [V @ Vit (Age + Zo2)']

W,=—Ux®C+C®Ix) " (Ix2+ Kg) and Kx denotes the K2 x K? commutation
matrix.

3.4 Remarks.

(1)

(i)

It is apparent from (15) that least squares estimation induces a bias that is of the
same order as the moderate deviations present in the regressors, i.e., O (n™?).
As o — 1, this bias becomes smaller in relative terms and of course when o = 1
we know that it becomes absorbed into the limit distribution (cf. Phillips and
Durlauf, 1986; Park and Phillips, 1988) and takes the form of a second-order
bias. On the other hand, as @ — 0, the bias becomes larger in relative terms and,
ultimately, becomes part of the conventional simultaneous equations bias. In
particular, when the error process is iid we have u; = &;, F (1) = [1,0], Aoz = 0,
so that Fy(1)Sey + Aoy = E (euel,), and then A = E (eqel,) E (z,2)) " =
E (eq}) E (x2}) " is the familiar simultaneous equations bias in stationary
systems.

FM-OLS, FM-IV and FM-GMM methods can also be used, along the lines sug-
gested in Phillips and Hansen (1990), Phillips (1995), and Kitamura and Phillips
(1997). FM-IV and FM-GMM were designed to deal with endogeneities when
some of the variables are stationary while at the same time treating nonstation-
ary endogeneities and weak dependence in the errors. All these methods are
indeed successful in removing some of the endogeneity bias, but they continue to
import bias through the moderate integration coefficients because the FM endo-
geneity corrections do not fully account for the effects of moderate integration
in the regressors. The problem is analogous to that studied by Elliott (1998)
in the case of cointegrating regressions with near integrated regressors. New
procedures are needed for dealing with this complication in the near stationary
case and these are being developed in ongoing work (Phillips and Magdalinos,
2007d).



4. Limit theory for Moderately Explosive Systems

We now turn to the limit behavior of An when R, = Ix + C'/n® and ¢; > 0 for all 7.
In considering the limit theory for the least squares estimator fln, the precise nature
of the moderately explosive behavior turns out to be important. In particular, both
the rate of convergence and the asymptotic distribution of A, are affected by the
relationship between the regressors in (2), i.e. by the precise form of the matrix C'.
We distinguish between two cases:

(I) C has distinct diagonal elements so that ¢; # ¢; for all ¢ # j.

(II) C does not have distinct diagonal elements and ¢; = ¢; for some i # j.

In case (II) some regressors exhibit common moderately explosive behavior. The
limit theory concerning z; and its sample moments applies in both cases. However,
the regression theory differs in important ways between (I) and (II) because the
presence of common moderately explosive behavior among the regressors leads to a
singular limit for the normalized second moment matrix (see (20) below), affecting
the order of magnitude of (3., zy2}) " and hence that of A, — A.

The limit theory for A, — A is obtained by approximating the sample moment
matrix > ;. z;x;, and the sample covariance ), | upx} using a version of a sample
splitting argument that dates back to Anderson (1959). First, Y, | ;2 is approxi-
mated in terms of the standardized observation n~*/2R_"x,, which is in turn approxi-
mated using a weighted sum of the first ,, shocks. Next, > )" | uq:z} is approximated
in terms of this component and a weighted sum of the remaining data points. An-
derson (1959) used k, = |n/2] in the sample splitting but did not make use of weak
convergence arguments because a central limit theory did not apply in the explosive
case that he considered. Here, we employ weak convergence methods and require
only that (x,), .y be any sequence increasing to infinity such that

IRl 7 =0, n® | Ry 7" — 0 (16)

for case (I), and
R — 0, kn/n—0 (17)

for case (II). For (k,), oy satisfying either (16) or (17), define
1 S,
Yon = —73 Zl R7F, (1)¢;.
]:

It turns out that the stochastic sequence Y¢,, plays an important role in determining
the asymptotic behavior of moderately explosive systems. The following lemma gives
two properties of Y, used throughout this section.

10



—Kn

4.1 Lemma. For each sequence k,, satisfying || R,|| — 0 we have, as n — o0,

(a) n~*2R; "z, =n"/? >y Ry = You + 0, (1),
(b) YCn = YC —d N (07 fOOO eprQmmeprdp)’

for all o € (0,1) and C > 0.
The asymptotic behavior of the sample variance matrix of x; can be determined
in terms of the limiting random vector Yy of Lemma 4.1 (b). Using the fact that

n

R,"®R)" vee (ugty_1) =0, (1) asn — oo, (18)
n n P

t=1

1
ne

which is proved in the Appendix, we can use the recursive property (2) to obtain

1 n
(R, ® R, — I2) — (R,"® R,") Z vec (xx})
P

1
= — (R,"™ @ R," ") vec (z,2l,) + 0, (1)

na

/
1 < : I
= [Ix2+ 0, (1)]vec (WZR;MW> (W E RnJuxj>
J=1 J=1

= wvecYenYe, +o0, (1),

by part (a) of Lemma 4.1. Since n® (R, @ R,, — Ix2) - C® I+ Ik @ C as n — o0,
we conclude that

1 - -
e (R,"® R,™) Zvec (z2)) = (C®Ix+ Ix ®@C) " (vecYen YY) + 0, (1)
=1

- / (e‘pc ® e_pC) dp (vecYen YY) + 0, (1)
0
= wec (/ e_pCYCnYC'ne_pcdp> +0,(1),
0

that is,

1
n2a

R thngn_" = / e Y, Y, e Pdp + 0, (1) asn — oo. (19)
t=1 0

Thus, part (b) of Lemma 4.1 and the continuous mapping theorem yield the following

limiting distribution for the sample variance matrix:

1

n20¢

Z R "xrR" = / e POYeYedp  as n — oo, (20)
t=1 0

11



Note that the weak limit (20) of the standardized sample moment matrix is not
always non singular. For example, when all localising coefficients are the same, C' =
cli, [} e PYeYhe PPdp = 5 Y Y, has rank unity. For the general case, denote the
i-th element of the random vector Y by Yc(l) and define the matrices

1 N~
Mg = [ 21,5 € {1, ..‘,K}] and Y¢ := diag (Yél), ~--7Yc(*K)) :
C; -|—Cj

Since Y is a Gaussian random vector, Yc(i) # 0 a.s. for each 7. Thus, the identity
/ e Y Ye Pdp = Yo Mo Yo (21)
0

implies that fooo e PYoY,e PCdp is nonsingular whenever the matrix M is nonsin-
gular, i.e. if and only if ¢; # ¢; for all 7 # j. On the other hand, the rank of M and
fooo e PYoYLe PCdp is reduced by one for every pair of equal localising coefficients.

We now turn our attention to the matrix of sample covariances. The following
lemma provides the first step towards an approximation of the sample covariance
matrix by a martingale array (cf. equation (23) below).

4.2 Lemma. For each a € (0,1), C' > 0 and a sequence k,, satisfying (16) we have,
as n — 0o,

) ’
(a) n™"E |jvecd i, uop (Z?:H-l Rff”‘m‘) R"

— 0,

(b) n™*FE

— 0.

!
K n t—q —
vee T2y uor (g Bl Vuas) Ry

Using Lemma 4.2 the sample covariance can be written as

t

/
1 1 - :
vec— E upr R," = —wec 5 Uot ( E Rffjux]) R," + 0, (1)
ne ne
=1 t=1 j=1

n

/
1 L Y
- e 3 (S ) 4,0

t=rn+1 j=1

1 < R .
T pel2 Z (R0 @ uoy) (na/z Z R;Jum) +0p (1)
j=1

t=kn+1

n

1
= []mK + Op (1)] W Z (R;(n_t) X uOt) YCn + Op (1) .

t=kn+1

12



Applying the BN decomposition on the above expression and making use of the fact
(proved in the Appendix) that

n

Z (R, @ AZy) =0, (1) asn — oo, (22)

t=Kn+1

we obtain the following expression for the sample covariance as n — oo:

n—~Kn

vec— Z uoery R, = (L + 0p (1 a/g Z (=Y, @ Fy (1) €t+/€n] - (23)

Letting F,,; := o (x¢, i, €i—1, ...) it is clear that, since Y, is F,, ., -measurable,

1 —(n—Kkn—

gn,tJr/{n = na/g [Rn( " t)YCn 02y FO (1) €t+/ini| (24)
is an R™X-valued martingale difference array with respect to F, i4,,. Moreover,
in the notation of Proposition Al, denote by M, ; := Zle $nitrr, the martingale

array corresponding to &, ,,, and by (My), = Zle Ez, i (Sn,t+l€n€fn7t+,€n) the
predictable quadratic variation of M, ;. Since

1 n—~Kn
<Mn>nfnn = [E Z R;(nfﬁnft)YCnYénR;(nfmnft) ® QOO
= [Ing +0(1)] (/ e Yo, Y, e PCdp @ Qoo>
0
= / e POYY e P dp @ Qgo, (25)
0

and (M, )n v, 18 F s, -measurable with 7, . C F, . 41, i.e. the o-algebra supporting
(M), _,. is smaller than each of the elements of the filtration supporting &, ;. , part

(c) of Pr0p081t10n A1 yields

1 n
¢ (ﬁ Z uUtng;n> = Myn—x, +0p(1)
t=1
= MN (0,/ e Yo Yie ™ dp @ Qoo) (26)
0

as n — oo. Verification of the Lindeberg and tightness conditions (see (36) and (37)
in Proposition A1) needed for this result is provided in the Appendix.

The limit behavior of the regression coefficient in case (I) where the localising
coefficients are distinct may now be deduced as follows. Using equations (19) and

13



(23) we obtain
vec [na (An - A) RZ]
1 - 1 ¢
- (ﬁ ; R vy R, ”) ® I | vec (ﬁ ; uorty R, ")

n—~Kn

Z gn,t
t=1
n—=~kn

(I © Q00) Y &
t=1

= Lk + 0, D] (M1 (T @ Qoo) M, - (27)

n—=Kn

oo -1
= [Imx + 0, (1)] </ e_pCchYéne_pcdp> ® I,
0

[e'e) -1
= e+ 0y (1)] ( / e-pCchYane-pcdp) © 05
0

The limiting distribution of M, ,_,, is established in (26). We also show in the
Appendix that M, ,,_,, satisfies the requirements of Proposition Al (c), so that joint
convergence of M, ., and (M,), _, applies. Thus, (25) and (26) imply that the
regression coefficient matrix has a mixed normal limiting distribution provided in the
following theorem.

4.3 Theorem. For the model (1) - (2) in case (I) with R, = Ix + C/n®, ¢; > 0
for all i, ¢; # ¢; for all i # j, a € (0,1) and weakly dependent errors satisfying
Assumption LP, we have

00 —1
ne (An - A) R" = MN (o, ( / epCYCYéepCdp> ® QOO> . (28)
0

4.4 Remarks.

(i) In a 2-equation system, K = 1, so z;, A, C = cand R, = p, = 1+ ¢/n®
are scalar. Then Y, is N (0,,,/2c). Thus, letting Z =, N (0,1), the limiting
distribution of Theorem 4.3 reduces to

9¢ \ 1/2
()
QI.’L‘

Z

R QOO 1/2
n® <An — A) RZ = MN (0, 269001/;72) =d 2c < )

Qzo
QOO 1/2
=4 2
d 4C (Q;px) Ca

where C is a standard Cauchy variate. In the general case, the limit distribution
(28) is mixed normal with Cauchy-type tails (cf. Phillips, 1994) and its exact
form can be obtained by using a matrix quotient argument, as in Phillips (1985).

14



(ii) The limit theory (28) applies irrespective of the distribution of the errors u;
in (1) and (2). Thus, the result gives an invariance principle for regressions
with moderately explosive processes. Note that the limit theory applies also in
the case of weakly dependent errors and relies only on the long-run covariance
structure of the errors. The results are also invariant to the initial condition
xo. Hence, (28) provides the basis for asymptotically valid testing and confi-
dence interval construction. All that is needed is the estimation of the long
run variance matrix Qo by conventional kernel methods from the regression
residuals.

(iii) When a = 0, the autoregressive roots of (2) no longer lie in a neighborhood of
unity and we obtain a purely explosive cointegrated system. Setting © = Ix+C
with ¢; # ¢; for all i # j and assuming zp = 0 and i.i.d. N (0, X) innovations w;
with ¥ = diag(2¢0, Xz ), Phillips and Magdalinos (2007c) obtain the limiting
distribution of the regression coefficient matrix to be

vee (4, — 4) 0| = M |0, (i @‘jX@Xé@‘”) h © %o |

J=0

where Xg =4 N (O,Zjo.il @_jEm@_J). The matrix Z;’io O 7 X X0 is
positive definite in view of the assumption of distinct localising coefficients
c;. Note, however, that the limit theory in this case depends crucially on the
assumptions concerning the initialization and the innovations. As in the AR(1)
case of Anderson (1959), no central limit theory applies in general and the
asymptotic distribution of the least squares estimator is characterized by the
distributional assumptions imposed on the innovations.

We now consider case (II) where the matrix C' does not have distinct diagonal
elements. In this case two or more elements of z; have comparable moderately explo-
sive behavior governed by a common autoregressive root of the form p,; = 1+ c¢;/n®.
We know by (21) that under such conditions the second moment matrix > )" | x.z}
in the regression (6) is asymptotically singular, which is explained by the fact that
some elements of z; have common moderately explosive behavior. These elements of
x; are then asymptotically multicollinear in much the same way as regressors that
are cointegrated or have common deterministic trends (c.f., Park and Phillips, 1989;
Phillips, 1995). To deal with this singularity in the regression, we can develop an
asymptotic theory for the regression in a similar way by rotating the regression co-
ordinates in the direction of the common explosive behavior and in an orthogonal
direction. Here, however, the rotation is a random process determined by the re-
gressor vector x,. The randomness and the sample size dependence in the rotation
present further complications in the development of the asymptotics because the limit
theory segmentation then depends on weak convergence of the rotation matrix. In

15



what follows we illustrate the process with a development for the special case where
C' is the scalar matrix C' = ¢l and p, = 1+ ¢/n".
Start by defining the orthogonal random matrix H,, = [H.,, H,|, where

Tn

(33;13:11)1/2,

H., = H|,H., =0 a.s. (29)
and the K x (K — 1) random matrix H |, is an orthogonal complement to H,, satis-
tying H' ,H,,, = Ix_y and H,,H',, = Ix — H.,,H], almost surely. Thus, by Lemma
4.1, the asymptotic behavior of H,,H’ , is given by

Yo Y, Y.y,
HLnHj_n:IK_Y,—;L+Op(1>:>[K_Y,YC as n — o9, (30)

where Y, and Y, are the random vectors Y, and Yo of Lemma 4.1 with C = clg.
Applying this rotation to the moderately explosive regressor vector yields

!
2z = H,r, = [ Hent } =: [ A1 ]

!
H 1nTt 22t

with 2y, satisfying the reverse autoregression zo; = p,, ' 20¢11 — p,, ' H'|, s Which gives

rise to
n—t

. .
v =—Hy, E Pr’ Uty s

j=1
since zq,, = H'|,x,, = 0. Using orthogonality of H,,, we obtain the following expression
for the least squares estimator after rotation of the regression space

-1
o [ 1 — 1 —

¥ (An-a) - (—Z) (mzzwz) ,
noz o n =1

1 n Z]l_Zl Z{Zg -1
/ 1+a 1+a !
n1+& : :uOtzt %éZl %éZQ Hn7 (31)
2
t=1

n1+a n1+a

where Zl = [211,212, ...72’1”], - Rn) 22 = [2517 2527 ""Zén]/ [ RnX(Kfl),
My, = (Z12)) " 212, and Qi = I, — Z, (Z12,) " Z;.

Expressed in the above form, the inverse of the normalised second moment matrix
can be obtained as

B / -1 ’ —1 , 1
Sroae\ | (HE) em(B22) m, o, (%R
nite B _ <Z§Q122>1 I’ <Z§Q122>7
L nlta 1n nito
_ [ Oyt Op (Pu") | } (32
Oy (p,") (nl% Do Z2tZ§t) +0, (1)
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The asymptotic orders of magnitude in (32) are derived in the Appendix. The fol-
lowing result shows that the limiting behavior of the inverse of the second moment

, -1
matrix is determined by the asymptotically non singular matrix <Zfl({?jaz 2)

4.5 Lemma.

(a) The matriz n= U S | 25,24, is asymptotically non singular a.s. with

—1
1 & 1 !
(n“‘a Z ZZtZét> = (%HanLBIHLn) +op(1).

t=1

(b) The limiting distribution of the random matrix My, = H,, (H’MQMH’ln)_1 H,
s given by
MHLH:HL<H3_Q$$HL) HJ_ MHL
as n — oo, where H, is a K x (K — 1) random matriz (an orthogonal comple-

ment to Y,) satisfying H, H' = I — (YY) "' Y, Y/,

Note that the random matrix H', Q.. H, is positive definite a.s., since §2,, > 0
and H |, has full column rank a.s.. In view of Lemma 4.5 and the fact that, by (23),
o ugrz1e = O, (nplt), the least squares estimator becomes

1
ey 1 1 < 1 <
+ <A —A> = |:ImK ‘l’Op (?’I,l/2):| (nléa Zu0t25t> (szﬂzét) H/Lna
t=1 t=1

where by an identical argument to that used in the derivation of (10)

1 1o~
E ; Uthét = _ﬁ ZIUOtéthHln + Op (1) = _AiijLn + Op (1) .

Thus, the rates of convergence of > 7"  ug:2h, and Y | 2.2, are the same as in the
moderately stationary case.

As a result of cointegration within the vector of moderately explosive regressors,
the regression signal is weaker than in the nonsingular case of Theorem 4.3 and
so temporal dependence in the errors now affects the limit theory and induces an
asymptotic bias in the least squares estimator. As in the moderately stationary case,
the bias of A4, can be expressed in terms of the matrices

1 in

n—1
AW = ptA,, + 2512 (1) = SN i R N, ( —j-1r%
xv + ne ( ) ne ;p n2a an
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for v € {0,2} and QU = (1+ Qn%)_l [Em + AW + ]\5{2’}, whereas the asymptotic

distribution of A, will be obtained through a central limit theorem for the matrix
martingale difference array

n—1 n

U, =n"5 Ze’«:t Z p, U Del.

t=1  j=t+1

4.6 Lemma. Let U, := n= 2" St et 1E6 D iy pnl™ )83- with ¢ > 0 and o €
(0,1). Then

(a) U, =T, +0,(1) as n — oo, for any sequence (ky), oy satisfying (17).
(b) ¥, :=vecl, = N (0,55, ®@ %.).

Moreover, under the condition E ||1||* < oo, we have, for v € {0,z}

(c) n~ 5= ) [uytzét n A;?’HM} = —F, (1)U, F, (1) H.,, + o0, (1),

(d) n 5 o) [ — HM] = LH F, (1) (¥, + V) F, (1) Hi,+0, (1)

no

For the least squares estimator, combining (31) and (32) we obtain

" N -1
gt <A — A> (% Z ugtzét> (% Z zgtz§t> H', +o0,(1).
nozoo [C——
Thus, letting
B, =2en =AW H,, (H, QWH,,)  H, (33)
Lemma 4.5, Lemma 4.6 and the fact that H,,H', My, = My,  imply that

ﬂ(}—A)jLB

_ —1
n)/ !
= ita [uUtZZt + AwO HJ—“ ( 1+ E : ’2275221,‘) HJ_n

nozou

K () . o . _
2CA:JCO HLn <Hj_nQ Hln ! [Z%Z% Hj_nQ:Scx)Hin] (Zt:l ZQtZét> ! H,
- 1n

T o 2c nlta
=1

n 2 —
= {A;OMHLHFI (1) (q]n + \P;z) F, (UI HJ_nH/Ln — I (1) U, Fy (1>/ HJ_nHin}
-1

1 n
XHJJL <n1+a Z ZQtZét) Hj_n + Op (1)
t=1

= 2c{N My, F. (1) (¥, +¥,) F, (1) My,, — Fo (1) U, F, (1) My, } +0,(1).
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Denoting by Nk = 3 (I(m+K)2 + /Cm+K> the (m + K)? x (m + K)? symmetriser

matrix, setting 1), = vec¥,, and defining
An,, =2[Ix @ MM, ] [Fr (1) @ Fy ()] Ny — [Fr (1) ® Fo (1)],
we obtain

vec {n* (An - A) + Bn} =2 (My, @ L) A, W, +0,(1).  (34)

Since 9, is 0 (€4, +1, €x, +2, ---) Mmeasurable and, by (30), H,, H', can be approximated
by a o (e1,...,€x,) measurable process, 1, is asymptotically independent of My
and Ay, . Consequently, joint weak convergence applies in (34) and the limiting
distribution of the least squares estimator follows immediately from Lemma 4.5 (b),
Lemma 4.6 (b) and (30).

4.7 Theorem. For the model (1) - (2) in case (II) with R, = (14 ¢/n*) Ik, ¢ > 0,
a € (0,1) and weakly dependent errors satisfying Assumption LP with E H€1H4 < 00,
the following mized Gaussian limit theory applies

vec {nHTa (An - A) + Bn} = MN (0,2cU),
for the least squares estimator, with mixing matriz

U = ZMHJ_ ® A‘II‘OMHJ_AxO + MHJ_ &® QOO — MHJ_ X A;()MHJ_QxO — MHJ_ & QU:}:MHJ_AQJO
+ (2Mp, Ao @ AgMpy, — My, Q20 @ ALogMpy, — My, Ao @ QoaMp, ) Kot ke

where H, is a K x (K — 1) random matriz satisfying H, H', = Ix — (Y!Y.) "' Y.Y!
and My, is the random projection matriz My, = H (H’LQMHL)_1 H'.

4.8 Remarks.

(i) The limit distribution of A,, is mixed normal and the mixing matrix depends
on Y., the limit variate of n=%/2p-"z,,, through the identity H, H| = Ix —
(YY) Y,Y!. The limit distribution of Theorem 4.7 is degenerate as the matrix
My, = H, (H|QuH,) " H' has rank K — 1. In the direction of Z,, the limit
distribution is also mixed normal and of the Cauchy type, just as in case (I)
above. In this direction the rate of convergence is faster, viz. n® || R,||".

(ii) Since the limit distribution is mixed normal in both directions, we may proceed
with inference about A in the absence of serial correlation (Ao, = 0). Standard
errors are then obtained in the usual way and are based on combining the
appropriate diagonal elements of (X'X )71 with those of an estimate of the
long-run variance matrix $2qq.
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(iii) The general case where some but not all localising coefficients are equal presents
some further complications that relate to the position of the equal localising
coefficients in the C' matrix. Since the repeated localising coefficients that are
the source of the degeneracy in Theorem 4.7 may be scattered along the diagonal
of the C' (or the R,) matrix, rotation of the regression coordinates requires
appropriate grouping of these repeated diagonal elements. Using the method
of Phillips and Magdalinos (2007c), if there are p groups of repeated diagonal
elements of R,,, the autoregressive matrix can be rearranged as R, = II'®,II,
where II is a permutation matrix, ®,, =diag(®,,;, ®,2) and

cI)nl - dlag (pnlL‘l? B panTp) )
D, = dia’g ((pnla e Son,K—T) o T= Z?:l T4,

where all ¢,; and p,; are diagonal elements of R, with ¢,, # p,,; for all s,{
and ©,; # P, Pni 7 Py for all @ # j. This rearrangement transforms the
system of equations in (2) into a system where the first r; equations contain
the repeated root p,,;, the next 7, equations contain the repeated root p,, and
so forth, whereas the last K —r equations contain all distinct diagonal elements
©,; of R,,. Letting II; denote the matrix obtained from the first r rows of II, we
can construct an orthogonal complement to Il;z, =: (1// e 1/);1,)/, VY, € R

nl>
as follows: for each i € {1, ..., p}, consider an r; x (r; — 1) orthogonal comple-

ment H" to each 1),,,/ (W b, )? satisfying 2"y, =0and HWV'H™ =1, _,
a.s.. Then H,, :=diag <H(f1), o Hﬁ}) is the required orthogonal complement
satisfying H)  Ilyx, = 0 and H, | H,, = I,_, almost surely. With this notation
in place, we can rotate the regression coordinates in a direction orthogonal to
1,2, by using equation (13) of Phillips and Magdalinos (2007c). For simplic-
ity, assume that the wu; are iid with Eusu;, = diag(£200, ). Then a similar
analysis to Phillips and Magdalinos (2007c) and Lemma 4.5 yields the following
asymptotic regression theory:

n$vec (An - A) -~ MN (o, 11, My, I, @ Qoo> , (35)
where

-1

My, =H, <H’LH1/ 67’CQmepcde’1HL> H'.
0

Clearly, when C = clg, r = K, My . = 2cMp, and Theorem 4.7 follows from
(35) by setting Ao = 0 and II; = Ix. Although the lack of correlation between
uge and u,; means that (35) applies to a less general class of models, (35) still

provides useful insight into the (reduced) rank of the limiting distribution of
1+

nz (/Aln — A). The rank of the limiting covariance matrix in (35) is given by

(r—p)m= (Zri—p) m,
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where p is the number of repeated roots of R, and r; is the number of times
that the repeated root p,,; appears in R,,. Hence, the limiting covariance matrix
assumes its maximum rank, (K — 1) m, when all diagonal elements of R,, are
equal. On the other hand, the minimum rank, m, occurs when r = 2 and
p =1, i.e. when R, has exactly 2 equal diagonal elements. These findings are
consistent with the theory for purely explosive cointegrated systems developed
in Phillips and Magdalinos (2007c¢).

5. Discussion

This paper extends the study of cointegrated systems to models with moderately
integrated and moderately explosive regressors and weakly dependent errors. In
cointegrated systems with moderately integrated regressors, the limit distribution
theory is normal, as distinct from mixed normal, and the convergence rate is n(!*+®)/2
rather than n. As in the conventional case of cointegrated regression with integrated
or near integrated regressors, least squares suffers from asymptotic bias. This bias
is related to the simultaneous equations bias that manifests in least squares regres-
sion in stationary systems. In the mildly integrated case, the bias is not removed by
conventional cointegrating regression approaches such as FM regression and in this
respect the problem is analogous to the case of cointegration with near integrated re-
gressors (Elliott, 1998). Several possibilities are possible for dealing with this further
complication and these new approaches to estimation and inference are discussed in
a companion work (Phillips and Magdalinos, 2007d).

In the case of moderately explosive regressors, however, the present paper shows
that the situation is much more favorable to least squares regression. Here the limit
theory is mixed normal and least squares regression is asymptotically median unbi-
ased. These results apply for non-Gaussian errors and quite general weakly dependent
errors. They are therefore suitable for statistical inference without further modifica-
tion. The theory may be used to construct asymptotically valid confidence intervals
in regressions with moderately explosive regressors.

Another notable result is the degeneracy that arises in the moderately explosive
case when the regressors are themselves explosively cointegrated. This situation may
arise in practice because in most empirical cases of extreme behavior, the behavior
manifests from a single source, with contamination effects on other variables. The
net result is a form of mildly explosive co-movement that produces degeneracy in the
regressor moment matrix. The impact of this degeneracy on the limit theory is a

. .. . . . . 4o, .
mixed normal limit distribution with a slower rate of convergence (n"2 ) in general,
but a faster rate of convergence in the explosive direction. This corresponds to the
effect of the degeneracy produced by purely explosive (« = 0) co-movement where
the rate of convergence is reduced to n'/2 (Phillips and Magdalinos, 2007c). In all
the above cases, central limit arguments apply and the limit distribution theory is
mixed normal.
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The interpretation of « as the degree of persistence of the regressors raises the
issue of whether robust inference on the coefficient matrix A is possible. As long as
the asymptotic bias of A,, is removed -see the comment on the first paragraph of this
section- it is possible to employ inference procedures that do not rely on knowledge of
a. Self-normalised statistics for hypothesis testing such as Wald statistics or “Studen-
tised” statistics based on A, are useful in this connection. Phillips and Magdalinos
(2007d) discuss an inference procedure on A that is robust to all types of regressor
persistence, including integrated and local-to-unity regressors. Cointegrated systems
with different degree of persistence across equations is an interesting extension of the
present work, but we do not persue it here.

6. Notation

[] quadratic variation H . ” spectral norm

() predictable quadratic variation 1 {-} indicator function

Q =F(1)Z.F (1) Foi = 0 (T0,&4,E4-1, )

)Y = F (wu}) Er (X) = FE(X|F)

A = Zzozl E (utu;_h) = definitional equality

Vs Q&Z), I(;) see (8), (13), (14) —p convergence in probability
Fi (k), M., see Lemma 3.2 —1,, —as Lp, a.5. convergence

W, see Lemma 3.5 = weak convergence

A, see (15) =4 distributional equivalence
H., H,, see (29) MN (-,-)  mixed normal distribution
My, , Mg, see Lemma 4.5 0p(1) tends to zero in probability
K 52x s? commutation matrix aAb,aVb min(a,b), max(a,b)

7. Technical appendix and proofs

We begin by establishing two useful technical propositions. Throughout this section,
B denotes a bounding constant in (0, c0) that may assume different values.

Proposition Al. Suppose that (fnj,]-"nj), 1 <j <k, neN,isazero mean,
square integrable martingale difference array in R satisfying the conditional Linde-
berg condition

kn
> B (w1 {llewll > 83) =50 5> 0 (30
j=1
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Denote by M, = Z?ll nj the corresponding martingale array with quadratic vari-

ation and predictable quadratic variation given respectively by

k:n

kn
[Mn]kn = anj&j and <Mn>k = Z EF.i (fnj&j) :
j=1 j=1

(a) If )
supZE ||§nj||2 < 00 (37)
neN j=1
holds, then ||[M,],, — (My), || —» 0 as n — .

(b) Let H be a (possibly stochastic) non negative definite d x d matriz and Z a
N (0, I;) random vector independent of H. If

(M), —p H, (38)
then My, = HY?Z =4, MN (0, H).

(c) Convergence in probability in (38) can be replaced by convergence in distribution
provided that (M,), s Gn-measurable with G, C Fp1, and (37) holds. In this
case joint convergence of (Mnkn, <Mn>kn) applies.

Proof. First note that (36) and (37) imply that F <man§kn anjW) — 0. To see
this, write for arbitrary ¢ > 0,

J<kn

B (maxllen ) < 0+ 8 (maxlen 1 > o})

< 2431 {6 > o)

=1

- e | S en (el L el = )| -

as n — 0o by (36) and the dominated convergence theorem, which applies in view of
(37). Note also that (37) implies tightness of the sequence (M,), since, using the
Markov inequality,

lim supP{||<Mn>an > ’/} < lim lsupE“(M,)an

V—00 N V=00 V peN

VILIEO% (sugzn:E HSWHQ) =0. (40)

ne
J

IN
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Part (a) requires a generalization of Theorem 2.23 of Hall and Heyde (1980, here-
after H&H) for vector valued martingale difference arrays. Using a similar truncation
argument to H&H, for arbitrary € > 0, let

Coj = Eag L {[|€0sl| < €}
Chk, = Zfil CjChj and Dy, = Zfll Er,, . (¢,;Cr;)- Then, for each § > 0,

P (M, = (Ma)y, || > 30) < P ([|[Maly, = Con || > 9)
+P ([[(Ma), = Du, || > 9)
+P (||Co, — Dot || > 0). (41)

For the first term of (41), the definition of ¢, ; yields

P (H[Mn]kn — annH > 6) < P (H{,WH > ¢ for some j)

P <max||gnj|| > e) 0 (42)

J<kn

IN

as n — 00, by (39). For the second term of (41), we have

kn,
<Mn>kn - ann = ZE}—M—I (gn]gﬂ]l {||§7UH > 6})
j=1

SO

P(”<Mn>kn - annH >0) <P

> b (leul" 1wl > 1) 23] 0 @

as n — 00, by (36). For the third term of (41), ¢,;¢; — Ex,,_, (¢,;¢;) is a matrix
martingale difference array, so

kn
_ 5_QZE ||andzj —Er,;_, (anglnj) H2
j=1

< 25‘2§;E [HCMH4 + <E7"nj—1 HCna‘H2>Q]
< 253l + o ol

En kn
= 107YBlcy| <407 Y Bl
j=1 J=1

24



Thus, recalling (41), (42) and (43) we obtain that for all £, > 0

limsup,, , . P (H[Mn] . H > 30) <4e%5” ’ (SUPZE H£"JH2>

7j=1

and part (a) follows in view of (37) by letting ¢ — 0.

Part (b) follows by applying the Cramér Wold device to Corollary 3.1 of H&H.

Part (c) is a consequence of Theorem 3.4 of H&H. Applying (39) to a univariate
martingale difference array (5 fnj), we obtain F (maxjgkn fij) — 0, implying that
max;<, nj} = 0, (1). Hence, the first two assumptions of Theorem 3.4 of H&H are
satisfied. Moreover, part (a) implies that [M,], — (M,), —, 0 as n — oo. Thus,
we can choose u,, = (M,), in condition (3.28) of H&T. Denotmg by G, V Fp;—1 the
o-algebra generated by G, U F,,_1, the measurability condition G, C F,; for (M,) .
implies that

njo

Egn\/]'—nj_1 (gn]) - E]'—nj—l (Sn]) - O’

so assumption (3.29) of H&H is satisfied. Thus, for d = 1 part (b) follows from
Theorem 3.4 of H&H.

The vector valued case is obtained by using the Cramér Wold device. If A is an
arbitrary non zero R%vector, Snj = Xgnj is a univariate martingale difference array
satisfying

En i ~ kn 5 )
> @t {feul>0)) = WX (bl {lull> g57})
kn kn
sup Y B,y < AP sup 37 B 1
ne j=1

neN =1

Letting My, := XN My, <Mn> = N (M,),, A= NHM and has the required mea-
kn n

surability property. Thus, M, = N HY2Z from the CLT derived for the d = 1 case.
Since ) is arbitrary, M, = H'/2Z follows from the Cramér Wold theorem.

It remains to show joint convergence of (M, , (M,), ) which, in view of part
(a), is equivalent to joint convergence of (M, [M,], ). Since M, = HY*Z,
a sufficient condition for joint convergence of the martingale array M, and its
quadratic variation is given by

sup & (gg;fgg IISMII) <00 (44)

(cf. Jacod and Shiryaev, 1987, VI, Corollary 6.7). To establish (44), we use the
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Lyapunov inequality to obtain

AN

9y 11/2
iggE(lg;gag I€ mH) < sup E{(lgl%y,g le m||> H
1/2

= s B )] <5

for some B € (0,00), since F (maxlgjgkn anjH2> — 0 by (39). Thus, joint conver-
gence of (Mnkn, [M,,) kn) follows.

Proposition A2. There exists a constant B € (0,00) such that

2

IR _ :
125, B | o 2 vee [t = T ()

< 2B.

Proof. For each k let X;; = vec[En&), , —I§, (k)]. For each h > 0, X, has
covariance matrix

Tx (hk) = E(XexXi_44)
= - r- ! / nl nl
= Z (FJ2 ® Fh) E (gt*k*j2€t—h—k—j4 ® 5t7j15t—h—j3) (F’j;; ® Fjg)

—vecl” (k) [vec™ (k’)], :

The expectation in the above expression will be non zero when the time indices of
the innovations are equal or pairwise equal. The pair j; = jo + k, j3 = js + k gives a
value of vecl (k) [vecI® (k)] for the infinite series which cancels out with the second
term of I'x (h, k). Thus,

Ty (h k) =TY (h k) + T (h, k) + T (h, k),
where
'Y (h k) = Y.oN)(F o F
X ( 5 ) Z J4+h® j3+h ( e® 6) ]4® J3

73,54=0

occurs from the pair j; = js + h, jo = js + h,

=3 3 (ﬁj3+h_k ® Fnen) B (ereh ® e}) (Fl, © F, )
74=0 jz=(k—h)V
occurs from the pair j; = js + h+ k, jo = js+ h — k, and

Fg?) (h7 k) = Z (Fjﬁ—h ® F4+h+k> E (515,1 ® 815/1) (ﬁ}{4 ® Fj,4+k)

Jja=0
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occurs from the combination j; = jo + k = j3+ h = j4 + h + k. We will show that

Z ITx (h,k)|| < B < oo, forsome B independent of k (45)
h=0

by proving the corresponding result for each Fg? (h,k). For Fg;) (h, k),

SorLwm|| < imt X ||| Ea]| X | B | B
h=0 J3,j4=0 =
. ) 1/2 / o ) 1/2
< 1= 3 Al ] (S al) (S]a])
J3,54=0 h=0 h=0
2 > 2
< 5 (Z((FhH (Z F) — B, < .
h=0 73=0

For I'Y) (h, k), the fact that || E (e16) ® £2¢))|| < E ||e1||* < oo yields

2 ~
> | wm)| < Bl Z\ o Fo NN S
h=0 h,ja=0 ja=(k—h)VO0
1/2
> - 2
< Ee Z‘ Ja ‘ J4+h+k” Z ‘Fjg—l—h—kH
h,ja=0 Jz=(k—h)VO0
/2
<]3 )
A 5 2 oo 5 o0 5
< Bl ( Fj, Z)FM Z‘Fj4+h+kH
j3=0 ja=0 h=0
< E||€1||4< Fj )( ) =: By < >
J3=0 Ja=0
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Finally, for ng’) (h, k) we obtain, since h, k > 0,

] [SI00S) N z]

By [ | 2 B | vt

Ja
0 1
o0 5 5 oo 2
< EBlal' Y | B | B ( ) (Z\ )
ja=0 h=0

F

e 1) £ (1)
ot (S e

Thus, (45) follows with B = B;+ Bs+ Bs. The proposition now follows by a standard
argument for stationary processes. We can write

2
1 n
2 > Xk
t=k

IN

IN

1 n

= tr {— max E (Xs,sz{,k)}

max F

1<k<n n 1<k<n

t,s=k

- {;1@5@2 > s st;_h,w}

s=k h=s—n

Lo S e

s=k h=s—n

IN

o0

n—k+1
max "L S (n, k)|

1<k<n

IN

h=—o00

< <
< max Z ITx (b, )] < 2B,

by (45), since the bounding constant B does not depend on k.

Proof of Lemma 3.1. We begin by showing that
2
<B (46)

t

1 o
na/2 Z Ry g

j=1

max F
1<t<n

for some B € (0, 00). Denoting by I',,, (-) the autocovariance matrix of u,; we obtain

t
1 .
=3, .
ne/2 Z Rn Uzj
j=1

2 t
1 ) .
=tr— Rt_JFu — )R < B
e > " RLIT,, (j—i) Ry <

Ji=1
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n}7

since summability of ||I',, ()| gives, for all t € {1, ...,

1 t
LS e G- m) <
ji=1
<
1 < A
< mZIIRnHH(
ji

<

— maXj<;<k C; (
Now (46) implies that

1
ne/2 Ln

k=—o00

1 o e » -
S IR TS IRl T, G- )
7=1 =1
1 t 't
S IRl Y I (G- )
j=1 i=1

> T, (k)

k=—o0

> T, (k

1 &= s
= na/2 Z Rn jumj + Op (]‘) = Op (1) )
j=1

and parts (a) and (b) follow immediately. For part (c), write

1 . 1 n )
ec (—1+3‘ Z €t$21) = s Z (T4_1 ® &)
(" n =1
1 n t—1
- s [ | (B ) ea |+
= L\G=
1 n t—1
= E DD B || IE + 0, (1).
t=1 || j=1

The Cauchy-Schwarz inequality and (46) give

2\ 3 t—1 2
SIS g Elal?)? [
1+°‘Z ZR Tugi|| g ] < T E ZRn e
t=1 j=1

5 % Z Rt 1— ]U/z

< (E|&lf) (I?SLXE e j
1
< (ElalF)® B=.

For part (d), note first that

n n
1 e, _ 1 z—:(
—E tt—l__§ t| 1T,
nt:l nt:l

t—1

7j=1

29
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To see this, write for the first term of (47)
1< 1
= E vec (e,mRET) = [ﬁ
n n- 2
t=1
since, by independence of ¢;, we obtain

1 n

2
2 (R @a)| =

n t=1

E

n

Y (R'®e)

t=1

Zo
i op (1)

EI|€1|I 1
ZMW“ )

The second term of (47) is a martingale array, so we can write

2

E

1 n t—1 /
- Zvec [&?t (Z Rzlﬂum) ]
t=1 7j=1

<

by (46). Thus, the BN decomposition and

2

n t—1
1 .
LS| (S o
n =1 L \j=1
1 n t—1 2
Ly ([ r | ) 2
t=1 7j=1
2
E Hng — t—1—j 1
n 221?<>%E Zan ugil| =0 o
j:

summation by parts yields

1 1 1
/ / ~ /
= E Uy, = Fp(1)— E E4Ty_ — — E AE .y
n n n
t=1 t=1 t=1

1 n
= - Z AEmy 4+ 0, (1
=1

R
) = E Z €;CtAI2 + Op (1)
t=1

n n n n
1 Z ~ / 1 ~ / 1 ~ ! C + 1 ~ /
= - Extly — — E Extly_1 = - E Extly_q - E ExtU
n t n t n1+a t n xt
t=1 t=1 t=1 t=1

1 & ) 1
= —) 2 Op | —
nga Uy T Up (na/Q

>=Am+0p(1),

by parts (b) and (c) and ergodicity of &,.u’,.

Proof of Lemma 3.2 (a) Denoting by I'z

BN decomposition on u; yields

n n

noz o noz o

() the autocovariance matrix of &;, the

LS G- ) = LS (el — ) F ) + MZ<ZF& ) S F (1)

n

1

~ ~f

—= [Ei8) —
noz2 o4

n

L)+ = S B8, -T-(1)] . (48)

n2 4
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The first term of (48) is O, (n=*/?) from the iid. CLT since E lleq||* < oo. The
third and fourth terms of (48) have order O, (n=*/?) from a standard CLT for sample
variances and covariances of linear processes (Hall and Heyde, 1980, Theorem 6.7)
since F ||e1]|* < 0o and, for some 6 € (0,1/2),

1| = s [ 348 1 3,96
Z B o< > i <J4+2 > ”FkH) <y it 5(2 kita HFk”)
= =1 k=j+1 j=1 k=j+1
o0 2 o0
< (zmwkn) S <o
k=2 j=1
(48) is a martingale array, so

The second term of

2
Sy Elle

€ ® (Z Fjgtj>] " = nHH-laH
j=1

Eneln 7 (1)

n 2

1
)

nz o

E

This completes the proof of the lemma.

Proof of Lemma 3.2 (b) We show the result for » = 0. The argument for v = x
is identical. Since z; = Zt ! R T + RExg and x9 = 0, (n"‘/2)

n
~ /
§ :‘gOtItfl
t=1
n t—1
. 3a
J— =~ / ¥l 20
= E Eot E Uy 11, + O, <n 2 )
t=1 =0
n t—1 n 1 n t—1
~ / ! j ~ o~/ ~ ~/ ] 3a
= E Eot E &thlijx (1) Rfl + E EotEg T ﬁ E Eot E gztflij.zLC + OP (n ? )
t=1 7=0 t=1 t=1 7=0

n—1 n n 1 n—1 n

§ : § : ~ I 1j E :~ ~1 § : § : ~ o~ i 3a
- 50t5t_1_jFJ: (1) R‘zl + EOtemt —I— n_a EOtext—l—jR‘Z‘LO + Op (n 2 >

7=0 t=j5+1 t=1 7=0 t=j+1
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using the BN decomposition and summation by parts. Centering by M, and nor-
malising, we obtain, up to O, (n="/?),

1 .
E=TY Z (Borwy_y — Moy)

noz 44

- Z Z (gotgt P S )F (1) RS

7=0 t=j5+1
1 < . :
+W Z [gOtg;ct - FOJ} 1+5a Z Z EOtgxt 1—j F%x (] + 1)] RZLC

n 2 t=1 7=0 t=j+1

n—1

1
1+3a Z]FOJ+1Z F (1 n - 1+5a Z]F ] + 1 R]C (49)

n =0

Since D7, j |Ru|l” = O (n**) and Fy; and T%, (j) are [;-summable, the fourth and
fifth terms in the above expression have order O, <n_PTa> and O, <n_HTa> respec-
tively. The second term has been shown in the proof of Lemma 3.2 (a) to satisfy a
standard CLT and is, therefore, of order O, ( ) For the third term, we have

Z Z €Ot€xt 1—j5 ng (.] + 1)} R

1+3<x

Jj=0 t=j+1
n—1 ' n
< 1+3a ”RnHJ FE Z [gOtg;t—l—j —TIg, (7 + 1)] '
J=0 t=j+1
(&S IR }
n 7=0 n o ) .
B n's 031?25{—1E Z [50t5/xt—1—j — TG, (+1)] |
t=j+1
(2B>1/2 1

(50)

— max; < ¢; n®/?’
by the Lyapunov inequality E || X|| < (E||X ||2)1/2 and Proposition A2. This shows
that the third term of (49) has order O, (n=**/?). In addition, the estimation in (50)

shows that the first term of (49) has order O, ( —o/ 2) since, for each t and j, the

sequence ¢;1; is a restriction of the linear process &1 Z:OZO kagt,l,j,k for
FxO = Ik and F,;, = 0 for all £ > 1.
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Proof of Lemma 3.3. The array &, = n~ 2z ® e, is a martingale difference
with respect to Fy,; := o (¢, 4, €¢-1, ...). The conditional variance of £, is given by

n 1 n
t=1 t=1
J— ,
- nlJra thflmt—l ® EE —p ‘/;m: &® EE,
t=1

as n — oo by (7). Thus, the lemma will follow from Proposition Al (b) provided
that the Lindeberg condition

Y Er (16l 1{I€ull > 6}) =0 >0 (51)
t=1

is satisfied. Since n=1+) S ||z, 1||* —, trV,, and the left side of (51) is given by

RN 2 2 Lia
= > Nzl Bry (el L { el ool > 0n5° )
t=1

it follows that

max Ex,_, (Ilel” 1 { el el > 005 }) =, 0 6> 0 (52)

1<t<n

is sufficient for (51). The inequality
1ta a 1, a
Lzl lledl > 0n*3 } <1 {Jleell > 042004 4 1 { o] > 6V/2n3t 5}

implies that, for all t € {1,...,n},

14+«

By (el 1 {lzall el > 05 1)
Ers (el 1{llell > 820 ) 4 B,y (Il 1 { sl > 6720344 )

= E(le?1 {llerll > 820 }) + 1zl > 82035} E ey

IN

< E(lea?1 {Jleil > 82n}) +1 { max |z 4] > 51/2né+2‘} Elle?.

1<t<

Integrability of ||e1]|* implies that E (H51||2 1 {H&H > 61/2710‘/4}) — 0 asn — 00, SO

1
max [z, 4[| —, 0 (53)

n3ti 1<t<n
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is sufficient for (52). Now

t—1

1 o -1, 1 1
< e o | A
1z g el < e max [ Rl ﬁ@wgg.1& Ua
j:
1 t—1
I
< ri| Lt TR
7j=1
1 — 1
+ max ZRZ_l_JA»?Ij +o,| —= |- (54)
n2+4 1<t<n = n2"1

For the first term on the right of (54) Kolmogorov’s inequality gives

2

t—1 n—1
—1—4 14 a 1 n—1—q
P (%2?2; Y RIVIE(1)g| > mm) S sl D BT (e
== =1 j=1
1 n—1
= — ¢ n—1— ]gz n—1—j
n 2p1+5 r Z R, za iy
1 1
= tro—w R¥Q,, = O = .
L (i)
For the second term on the right of (54), summation by parts gives
t—1 - t—1
Ry €]
t—1—j <: ” t—1—j~
max ZR AE,; 2 max ||€ 1l + o max ZR Exj

Now 12~ maxy <<, ||Ear1]| = 0, (1), since, by the Chebyshev inequality,

1 - .
P (g il 2 ) < ZP( )
n2n 2,14 S ZEH&“” (na/2> :
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Finally, since n=® 22;11 | R, < B for all ¢,

t—1—j
E R, &,

max
nz + 4 1<t<n

1
< maXZHR 17 Eall

nati% RIS

1/2 -1 1/2
< e (ZHR I >) (z;néxjn?)
1 t—1 1/2 "
< an%“a max (Z Hg”\|2>

< prl (Zmu) -0, (=)

by the ergodic theorem. Hence, the second term on the right of (54) is o, (1), and
(53) and the lemma follow.

Proof of Lemma 3.4. An identical argument to the derivation of (9) yields

1 - F, (1 n 1 n . 1 n ) )
S it = B e e St S et 040, (107
= = noz— nozoa

Centering around the asymptotic means of &,,u/, and &,,2;_, we obtain

1 < 1 F, (1) < J
Ty (uﬂa};_l — Axm — _aM:CnC) = % Z{ft"lﬁ;_l + Tita Z (gxtu;t — Axm)
nozoy n nozoy nz 4
I .
o > (Eat)  — M) C
t=1

F, (1
— % Z g1+ 0, (1)
ez

by Lemma 3.2. By Lemma 3.3, n= 2" Yo vec(rim ®@e) = N (0, Va ® B.), so the
lemma, follows from the fact that Q,, = F, (1) 2. F, (1)".

Proof of Lemma 3.5. From the calculation leading to (7) we have, up to O, (n’lfTa> ,

1 Tp-1Tp_y
“(Ig2 — R, @ R,)] —— _
[n® (Ig2 ® R,)] == ;vec< -
(Kx + IKgl) (R, ® Ix) i” ) 1 i

+a ec (ufrtxtfl) + 14a
n 2 t=1 nz 4

vec (ugul,) . (55)
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By Lemma 3.4, n~ e Yoy (uxt:pt 1 — Now — n%MmC’) = 0, (1). Also a CLT for

linear processes (Phillips and Solo, 1992) yields n~ 2" Yo vee (uguly) — Xya] =
O, (n_a/ 2). Hence, in order to achieve appropriate centering we need to subtract

from both sides of (55) n" 2" times
1
n®(Igz — R, ® Rn)]_1 [(ICK + Ig2) (R, ® I) vec <Am + —aMmC'> + vecEm]

= [n*(Ig2 — R, ® Rn)]_ vec [Qm + — (AmC +CA,, + R,CM,, + Mm(]Rn)}

= —(Ix®C+C®R,) " vec

= vecV ™

Tx

in view of definitions (13) and (14). Thus, (55) yields, up to o, (1),

1 «— Ty, 1 < 1
—1l&t—1 n /
TTfa E vec — a ‘/z(z) = LLm Tra E vec umtxtfl - Azm - _aMxnC
n 2 —1 n n 2 —1 n

and the result follows directly from Lemma 3.4.

Proof of Lemma 4.1. For part (a), we first show that

n

1 1 »
nar? z; Rolugy = —5 > R F, (e + 0, (1), (56)
]:

j=1

In view of the BN decomposition, n~%/2 >y R7AE,; = 0, (1) is sufficient for (56).
Summation by parts yields

1~ . 1
TLO‘/Q ZanAgx] = _na/z ]K_ ZR gmj"_O ( )
j=1

= [1+4o0,(1 3a/2ZR 12, =0, (1),

since E an?ﬂﬂ S Rz < ElgallO (nmo72).

1 < A 1 < 4 1
—jx = i _
7 22 2| < Il g 3 IR 0 ()
J= J=

Part (a) follows since the last n — k, terms of the sum on the right of (56) are
asymptotically negligible, viz.

1
B~ > RJF.(1)g

j:Hn+1

E

IEOPEal? < s
<MEQIEEIE S~ 52— 0 (1R, ).

na
]:Hn"l‘l
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For part (b), letting &,; = n~*/2R,/F, (1) e; we obtain

Rmn Kn

D E (6nh) = S RIQLR / 0, e dp,

7j=1

Thus, by Proposition Al (a), part (b) follows if (36) holds. For each § > 0, letting
n:=0d||R,| || F: (1)|| we obtain

> B (el 16l >83) < LS a2 8 (1o 1 (el > nov2a)

7=1
- 2 a2 ||F 2 S —2j
= E(|e)?1{]les]l > n*/2n}) ZHR [
< BE (lla1|* 1 {lles]| > n*/*n}) —

since the ¢; are identically distributed and F ||&;|* < oco.

Proof of (18). We can write

1
(R,"® R," E vec (upay_y)
IR u*” Z" 5
n 1 pt—1 I pt—1—j
= vec | upToR, ~ + Uy u,; Ry,

||Rr2""“ .
SOS TR Nt sl + Op (/2 | Ra] ™) -

t=1 j=1

<

The first term on the right tends to 0 in L4, since

—2n n 1
IRl H "N
DD MRl E gl gyl

t=1 j=1

E ||U:v1H2 HR | S t—1
< E R § : R —J
- ne H H H H

B|[Ra| ™" (Z 1Rl + n) =0 (n*||Ra[I™")

t=1

IN

by the Cauchy Schwarz inequality and the fact that 31| | R.|" = O (n® || R.||").
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Proof of Lemma 4.2. For part (a) we have

n

n /
—F vecZuOt (Z Rfl_juxj) R
t=1

Jj=t+1
< 155 Bljuecupaty Ry
t=1 j=t+1
1 n n )
< D0 D BT @ L B sy © ol
t—1j—t+1
R,|| _
S L ZHR © S Bl E (s | )
J=t+1
e
< B | B g7y 7 L ZHR IR

j=t+1

< B|R.|"n"" Z 1Rl ™" = O (n IRl ™") = 0(1).
k=1

For part (b) a similar calculation gives
Kn n /
—F UECZ Uot (Z Rfjjuzj) R
t=1 =

R, el _
(B | gy 2 1 > ZHR I

IN

IN

KRl 3 IRl = O (0 | Rl ") = 0(1)
t=1
by (16).

Proof of (22). The argument is identical to the proof of (56).
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Proof of (26). We start with the conditional Lindeberg condition (36). For each
0 > 0, since Y¢,, is F,, x,-measurable we obtain

Nn—~Kkn

25: Ersecs ([nssmal* 2 {lncen, || > 53)

< max Eg .., (||€nn+t|| 1 {antMnH > 5})

t<n—kn
2 N—Kn
XHFU H ”YCTLH Z ||R Hf (n—kKn—t)
- op<1>t<mnep; Erorros (o1 (Jorn| >3, 67

by Lemma 4.1 (b). Now letting 1 = & || Fy (1)]|

L{[|€0simll >0} < 1{llew el 1Yonll > nn/?}

<
< 1 el > 720} + 1 {[ Yol > 200},
so the right side of (57) yields for each §,7 > 0

max E}—n ptt—1 (Hgﬁnth” 1 {ant-i-fin” > 6})

t<n—rn

< E(lel® 1 {lleall > 020 }) + 1{IYeull > 020t} E el ®, (58)

since (g;) is an i.i.d. sequence and Y¢, is F, .,-measurable. The first term on the

right of (58) tends to 0 as n — oo by integrability of ||e1]|*. The second term on the

right of (58) tends to 0 in L; since ||Yon|| = O, (1) as n — oo. This verifies (36).
For (37), independence of Y¢,, and €4, yields

i Z Ell€irn|’ < sup —— ; R 2 B (IYenl|® etn %)
= I I B (1)) sup £ (| Yen]*) Z || 2070

< Bsup B (|[Vel*) < o0
neN
Now (26) follows from Proposition Al (c).

Proof of Theorem 4.3. In the proof of (26) above we have established that
M, —, satisfies the conditions of Proposition Al (c). Thus, joint convergence of
My, and (M), _, —applies. The theorem now follows directly by applying (25),
(26) and the continuous mapping theorem to (27).
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Proof of (32). We first show that Z]Z = O, (n**p2). Towards this end, write

n

‘pn Z/ZQ = % ZZUZét
t=1
< [|Henll ||HJ-nH an Z "t Z pi(j D] +0, (1),
k=1 J=t+1
and
_ n t
Pn
S e[St | 35 i,
t=1 k=1 j=t+1
0y 1/2 0y 1/2
P N _
= ne an na/2 Z’O” Uak no‘/2 ZP juﬂft‘H
t=1
< Pn

A () > VR
FZ””{ Ere }}SB'

Thus, since 7| Z, = O, (n**p2"), T, = (Z12,) " Z, Zy = O, (p;") and

Lz _ 22 L4212 % 2% < ! )
- _ ) |

nl—l—a o nl—l—a n1+oz o nl-l—oz

and (32) follows.

Proof of Lemma 4.5. Since 29, = 0 and 227 = o, (n"‘/ 2), the recursion zy =
-1 —1 ry/ :
Pn 22t+1 — Py Hj_nuwt glves

2 n—1 n—1 n—1
(,On B 1) ! ! 1 ! 1 !
e E ZouZy = Hmﬁ E U1 Uy y 1 H 1 — - E 29141 Upy 1 H 1
t=1 t=1

n—1
1
—H',— Zuxt+lz2 t+1 1 Op <n1 a/2> : (59)

From (30) we know that H,, = O, (1). Thus, the ergodic theorem yields

n—1
Hj_n ( Zu$t+1uzt+l> Hj_n - HinEZmHl + Op <1>

for the first term of (59). For the second term, we obtain

1 n—1 — n—t—1
/ / /
E § 22,t+1u:ct+1Hln = _HLn . E : § pn u$t+1+] Uptt1 H,,.
=1 =1 \ j—=1
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Applying a BN decomposition on the inner sum, the part containing the i.i.d. inno-
vations €4414; will be a martingale difference array that converges to 0 in Ly. Thus,
summation by parts yields

n—1

1 -1 /n—t—1
/ /
E § :227t+1uxt+1Hin - HJ_n E § pn Agmt+1+g Ugpty HLTL
t=1 :

n—

1 1
_ —1 g/ ~ !
= Pn HJJL E Z El‘t—‘,—lumH_l

t=1

Cpil n—1n—t—-1
/ n_
1in 1+a § § pn €$t+1+J mt+1 HJ—”

t=1 j=1

1< 1
- ;%tﬂu;tﬂl H, +0, (W)

= Hj_nAIl“Hj_n + Op (1) )

HJ_n

o !
- HJ_n

because, by an argument identical to derivation of (46),

n—t—1

N gz .
P Ext4+1+
Jj=1

Thus, recalling that Q,, = X,, + Ay, + A/

xxT)

max F
1<t<n—1

=0 (na/2) )

1 O 1
o Z ZQtZét = %HianacHLn + Op (1) ’
t=1

showing part (a). For part (b), (30) and the Skorohod representation theorem imply
that there exist random variables H 1n and Y. defined on the same probability space
for all n € N such that HM =4 H\,, Y =4 Y. and
Y,Y!
! C-c
HLnHJ_n —a.s. IK - yc/};,c

Denote by M™ the Moore-Penrose inverse of a matrix M. Since the rank of both

[:[Lnfzfianﬁ[Ln]z[in and (IK Y}; ) Qo (IK — Yﬁ;f) is K — 1 a.s., Theorem 2 of
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Andrews (1987) yields
Hy, (H/LanHJ_n)_l H/Ln = (HJ_nHianHJ_nHln)-i_
~ ~ ~ ~ +
=—d <HJ_nHj_anmHJ_nHj_n)

[H H Q,.H H||"
= H, (H\Q..H,) "H|.

Proof of Lemma 4.6. For part (a), we show that ¥, — ¥,, — 0 in L,. By
independence of the sequence ; we obtain

th Z pnj t)g

EwnﬁﬁiE
— Pt o n1+a

(Eleil)” & -
o oplte ZZP% ) = < ):0(1)7

t=1 j=t+1

2

B~ =

> U

j=t+1

n1+a

1+

by (17). For part (b), letting &, =n""2 (Z?:Hl pﬁ(j_t)q) ® £t, we obtain

S B 68 — 3 ( S phs, 6 )
t=1

t=1 Jj=t+1
1 1 1

Thus, we can apply the CLT of Proposition Al (b) to the martingale difference array
(&,,0s Fntr1). The inequality
nl/2 }

yields the following sufficient conditions for the Lindeberg condition (36) for (§,,;, Frnt+1):

an”

Jj=t+1

i o,

j=t+1

1W&M>5}§1ﬂmn>nw%}+1{

2

=0, (1)

Run = 5 Z leell* 1 {lleell > n26} B
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i o ) £j

j=t+1

i p;(j*t)gj

j=t+1

1{ nl/Q} =0, (1).

< (p2 — 1) tr3., the result for Ry, follows from the

1 n
Ropi=—=> llal®E
nere t=1

. n —(j—t) ) 2
Since E'||> i1 on €
fact that

1 n
Rln S BE Z ||8t||2 1 {||5t|| > na/25} I 07
t=1

by integrability of ||e1]|>. For Rs,, applying the Cauchy Schwarz and Chebyshev
inequalities, we obtain

1/2 1/2
1 n n 4 n 2
Ry < ——= > llal*S B|[ D 5070, > 00 e
nz o j=t+1 j=t+1
" " 4 1/2
B (i
< =)l > 0,0,
? =1 j=t+1
1/2
1/2 g
B (E | |*
< (Ellea]”)

2
) S e zp—m (zp—%)
mn2 2 =1
B < [ 1 3 12 1
< € + =0, — |-
a n3+3;” . {Pi—l (p%—l)Q} "\n3®

For parts (c) and (d), the proof follows closely the arguments of Lemmas 3.4 and 3.5,
so we do not provide the full algebraic details. Recalling that H,,, = O, (1), repeated
application of the BN decomposition and summation by parts yields

n—1
nl%zumzét = = l+o¢ Zu()t (Z P_(] t ) H,,
t=1

j=t+1

_1n1

= _FO (1) \I[an (1)/ HJ_n 1+o¢ Z uOthtHJ_n

Z” Z 1
1+3a U()t IOTL ] t 6 HJJL + O ( (1—a)Ae ) ' (60)
n 2

Jj=t+1

The first term satisfies a martingale CLT, whereas the second term satisfies

no2 (UOtgfpt - A;()) =0, (niaﬂ) )

43



by a linear process CLT. For the third term, a further BN decomposition on ug; gives,
up to O, (n®/?),

Zuﬂt Z pnj t) lx]

Jj=t+1
— c n—1 n—j n—1
—q ~/ —q ~ o~/ ~ =/
1) § pn] § :gtng-i-t + E E :pn] § :€0t59&j+t - E :50t5xt+1- (61)
7=1 t=1 j=1 t=1 t=1

It is easy to see that Ai%)' is the asymptotic mean of the random matrices on the right
of (60) and (61). Thus, centering by 1_\%)' yields the required result for 30 ug, 25,
since » 77 L S [€0t€x] w5 0)] =0, (n%“‘) by an identical argument to
that used in Lemma 3.2 (b). The result for Y7 25, follows similarly, with cen-

tering A% instead of f\%)/. For part (d), recalling that 2y, = 0, the usual recursion
gives

1 -— ZQtZZt Q(n) — n)/
1ta Z o HLn Hin = __HLn Z ul‘tZQt + A HLn]
n 2 —1 n 2 2 1—2
n—1
11 / 1 A(n)
5. lta |:22tu:pt + HJ_nA:m:] HJ-TL + Op (1)
2cpn 72 P

1
= Q_CHj_an (1) (¥, + \I’;) F (1)/ H,yn+op (1).

8. References

Abadir, K.M. and J. R. Magnus (2005). Matriz Algebra. Econometric Exercises,
vol.1. Cambridge University Press.

Anrdrews, D.W.K. (1987). “Asymptotic results for generalized Wald tests,” Econo-
metric Theory 3, 348-358.

Anderson, T.W. (1959), “On Asymptotic Distributions of Estimates of Parameters
of Stochastic Difference Equations”, Annals of Mathematical Statistics, 30, 676-
687.

Basawa, [.V. and P.J. Brockwell (1984). “Asymptotic conditional inference for regu-
lar nonergodic models with an application to autoregressive processes,” Annals
of Statistics 12, 161-171.

Chan, N. H. and C. Z. Wei (1987). “Asymptotic inference for nearly nonstationary
AR(1) processes, Annals of Statistics 15, 1050-1063.

44



Elliott, G. (1998). “1998. On the Robustness of Cointegration Methods When
Regressors Almost Have Unit Roots.” FEconometrica 66, 149-158.

Hall, P. and C.C. Heyde (1980). Martingale Limit Theory and its Application.
Academic Press.

Jacod, J. and A.N. Shiryaev (1987). Limit Theorems for Stochastic Processes.
Springer-Verlag.

Johansen, S. (1988). “Statistical analysis of cointegrating vectors,” Journal of Eco-
nomic Dynamics and Control 12, 231-254.

Johansen, S. (1995). “Identifying restrictions of linear equations with applications
to simultaneous equations and cointegration,” Journal of Econometrics 69(1),
111-132.

Kitamura, Y. and P. C. B. Phillips (1995). “Efficient IV Estimation in Nonstationary
Regression: An Overview and Simulation Study”. Fconometric Theory, Vol.
12, No. 5, December 1995, pp. 1095-1130.

Kitamura, Y. and P. C. B. Phillips (1997). “Fully Modified IV, GIVE and GMM
Estimation with Possibly Nonstationary Regressors and Instruments”. Journal
of Econometrics, Vol. 80, 1997, 85-123.

Park, J. Y. and P.C.B. Phillips (1989).“Statistical Inference in Regressions with
Integrated Processes: Part 1,” Econometric Theory 4, 468-497.

Phillips, P. C. B. (1985). “The distribution of matrix quotients,” Journal of Multi-
variate Analysis 16:1, 157-161.

Phillips, P. C. B. (1987). “Towards a unified asymptotic theory for autoregression,”
Biometrika 74, 535-547.

Phillips, P. C. B. (1988a). “Regression Theory for Near-Integrated Time Series,”
Econometrica, 56, 1021-1044.

Phillips, P. C. B. (1988b). “Multiple regression with integrated processes.” In N.
U. Prabhu, (ed.), Statistical Inference from Stochastic Processes, Contemporary
Mathematics 80, 79-106.

Phillips, P. C. B. (1991a). “Optimal Inference in Cointegrated Systems,” Econo-
metrica 59, 283-306

Phillips, P. C. B. (1991b). “Error Correction and Long-Run Equilibrium in Contin-
uous Time,” Econometrica, 59(4), 967-980

45



Phillips, P. C. B. (1994). “Some exact distribution theory for maximum likelihood
estimators of cointegration coefficients in error correction models,” FEconomet-
rica 62:1, 73-94.

Phillips, P. C. B. (1995). “Fully modified least squares and vector autoregression,”
Econometrica, 63, 1023-1078.

Phillips P. C. B. (2006). “Unit root log periodogram regression”, Journal of Econo-
metrics (forthcoming).

Phillips, P. C. B. and B. E. Hansen (1990). “Statistical inference in instrumental
variables regression with I(1) processes,” Review of Economic Studies 57, 99—
125.

Phillips, P. C. B. and M. Loretan (1991). “Estimating Long-Run Economic Equi-
libria,” Review of Economic Studies, 58, 407-436.

Phillips, P. C. B. and T. Magdalinos (2007a), “Limit theory for Moderate deviations
from a unit root.” Journal of Econometrics, 136, 115-130.

Phillips, P. C. B. and T. Magdalinos (2007b), “Limit theory for Moderate deviations
from a unit root under weak dependence.” in G. D. A. Phillips and E. Tzavalis
(Eds.) The Refinement of Econometric Estimation and Test Procedures: Finite
Sample and Asymptotic Analysis. Cambridge University Press.

Phillips, P. C. B. and T. Magdalinos (2007c), “Limit theory for explosively cointe-
grated systems”, Fconometric Theory (forthcoming).

Phillips, P. C. B. and T. Magdalinos (2007d), “Inference in Cointegrated Systems
with Mildly Integrated Regressors” Yale University (in preparation).

Phillips, P. C. B. and V. Solo (1992), “Asymptotics for Linear Processes,” Annals
of Statistics 20, 971-1001.

Saikkonen, P. (1991). “Asymptotically Efficient Estimation of Cointegration Re-
gressions,” Econometric Theory 7, 1-21.

Stock, J.H. and M.W. Watson (1993). “A simple estimator of cointegrating vectors
in higher order integrated systems”, Fconometrica 61, 783-821.

White, J. S. (1958). “The limiting distribution of the serial correlation coefficient
in the explosive case,” Annals of Mathematical Statistics 29, 1188-1197.

46



