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Abstract

This paper proposes a new estimation for the regression discontinuity model studied in Hahn, Todd,

and Van der Klaauw (2001) and Porter (2003). Under some parameterizations of the treatment effect,

the proposed procedure consistently estimates the treatment effect function as well as the average

outcome in the absence of treatment. We show that the the treatment effect estimator is root-n

consistent and establish the asymptotic distribution. Moreover, we also show that the proposed

procedure still consistently estimates the treatment effect for the threshold individuals even if the

parametric specification is false.
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1 Introduction

Regression discontinuity (RD) model has recently been suggested as a framework for evaluating the

treatment program in a quasi experimental design. It is formulated by imposing restrictions on the

following dummy variable equation:

yi = αi + βixi, (1)

where i indexes individual, yi denotes the observed outcome, xi denotes the observed treatment

status: xi = 1 if treatment is received and xi = 0 if treatment is not received, αi denotes the

outcome if treatment is not received, and αi + βi denotes the outcome if treatment is received

(so that βi is the treatment effect). The variables (αi, βi, xi) are often related to some underlying

variables zi (which could be more than one variables) through the probability of receiving treatment

p(z) = E{xi|zi = z}, the average baseline effect α(z) = E{αi|zi = z}, and the average treatment

effect β(z) = E{βi|zi = z}. The key restriction is that the probability of receiving treatment, p(z),

is a discontinuous function. Specifically, for some exclusive decomposition Z = Z−∪Z+, there exists

some z0 on the boundary of both subsets such that

lim
z→z+

0

p(z) = lim
t→0

p(z+(t)) for some path z+(t) ∈ Z+ for t > 0 and z+(0) = z0,

lim
z→z−

0

p(z) = lim
t→0

p(z_(t)) for some path z_(t) ∈ Z− for t > 0 and z_(0) = z0.

Discontinuity means that

lim
z→z+

0

p(z) �= lim
z→z−

0

p(z)

holds. In economic applications, the subset Z+ defines eligibility criterion for the treatment program

with z0 as the minimum criterion and Z− consists of individuals who do not meet the minimum

criterion. Since ineligible individuals are not allowed to participate in the program, we have p(z) = 0

for all z ∈ Z−. Thus, the discontinuity restriction is satisfied if there is a nontrivial probability of

receiving treatment for any eligible individual: p(z) > 0 for any z ∈ Z+. It is worth noting that

the eligibility criterion Z+, though determined by a single underlying variable in most economic

applications, may depend on several underlying variables. For instance, a perspective student’s

eligibility for a need-based scholarship requires her SAT score to be above certain threshold and her

family income is below certain level. If eligibility is determined by more than one variable, then z0 is

not unqiue. There may exist other points at which p(z) is discontinuous. The proposed approach in

this paper applies to any discontinuity point so we should treat z0 as a generic discontinuity point.
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Under the conditional mean independence condition:

E{βixi|zi = z} = E{βi|zi = z}E{xi|zi = z} = β(z) ∗ p(z)

and the condition that α(z) and β(z) are both continuous at z = z0, Hahn, Todd, and Van der

Klaauw (2001) show that the coefficient β(z0) is identified as

β(z0) =
limz→z+

0
E{yi|zi = z} − limz→z−

0
E{yi|zi = z}

limz→z+
0
p(z)− limz→z−

0
p(z)

.

They then proceed to propose an estimator for β(z0) by replacing the pathwise limits with consistent

nonparametric estimates.1 Using the same proof as in Hahn, Todd, and Van der Klaauw (2001),

if there exist other discontinuity points, we can show that the values of β(z) at those discontinuity

points are also identified.

The attraction of Hahn’s et. al. procedure is that it is quite simple to compute and has desirable

asymptotic properties. The limitation of their procedure is that it says nothing about the treatment

effect on non-threshold eligible individuals. It is possible that the threshold individuals receive no

effect: β(z0) = 0 but other eligible individuals receive positive effect: β(z) > 0 for z ∈ Z+. It

is also possible that the threshold individuals receive negative effect: β(z0) < 0 but well qualified

individuals receive positive effect: β(z) > 0 for large z ∈ Z+, or that β(z0) > 0 and β(z) < 0 for large

z ∈ Z+. Thus, to evaluate the effectiveness of the treatment program, it is important to estimate

the whole function β(z), not just β(z0). Unfortunately, under Hahn’s et. al. conditions, β(z0) is the

only parameter that is identified. The identification difficulty arises from the fact that there are no

individuals with the same underlying variables z in both the ineligible and eligible group and that

the eligible individuals alone cannot distinguish the treatment effect β(z) from the baseline effect

α(z).

Clearly, to identify the treatment effect function, some restrictions must be imposed on either the

baseline effect α(z) or the treatment effect β(z) or both. Since the treatment effect function is the

focus of most empirical studies, it is natural to impose restrictions on the treatment effect function

but leave the baseline effect function α(z) unspecified. It is worth noting that any parameterization

of β(z) such as h(z, θ0) is not necessarily identified without some restrictions on α(z). This follows

because we can always write

h(z, θ0) + α(z) = h(z, θ) + (α(z) + h(z, θ0)− h(z, θ)) = h(z, θ) + α̃(z), z ∈ Z+

1Porter (2003) derives the asympptotic distribution of this and other similar estimators.
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for any θ. With restriction that α(z) is continuous at z = z0, we can identify h(z0, θ0) but not θ0 if

θ0 is not univariate.

Some other form of restriction must be imposed to identify β(z). We now show that the following

functional form restriction on β(z):

∂mβ(z)

∂vm
= 0 holds over z ∈ Z+ almost everywhere, (2)

where m is some known integer (e.g., m = 2) and z = (v, w′)′ with v a continuous scalar, is enough

to identify β(z) and α(z). To see this, suppose that β(z) and α(z) have up to mth derivatives with

respect to v almost everywhere. Consider the sharp design x = 1{z ∈ Z+}. Condition (2) allows us

to eliminate the treatment effect β(z) by differentiation:

∂mE{yi|zi = z}

∂vm
=

∂mα(z)

∂vm
over z ∈ Z almost everywhere.

Since we can computeE{yi|zi = z} for almost all z from observed data, we can compute the derivative

h(z) = ∂mα(z)
∂vm

almost everywhere. Notice that condition (2) implies

β(z) = b(w)′tJ(v),

for some J × 1 vector of known functions tJ(v) satisfying

dmtJ(v)

dvm
= 0 almost everywhere,

and b(w) is a vector of unknown functions of the other underlying variables w. Examples of the

known functions tJ(v) include power functions:

tJ(v) = pJ(v) = (1, v, ..., vJ−1)′

with v0 as the known threshold, the step functions (e.g., m = 1):

tJ(v) = (1, 1{e1 ≤ v < e2}, ..., 1{eJ ≤ v})′

for some known e1, e2, ..., eJ , and the piecewise linear functions (e.g., m = 2):

tJ(v) = (1, 1{e1 ≤ v < e2}, ..., 1{eJ ≤ v})′ ⊗ (1, v)′.
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In most applications, it is preferrable to specify tJ(v) as low order spline basis functions. The

component b(w) is either parameterized (such as linear form) or left unspecified. We will discuss

both cases. But for demonstration purpose, we will use the simplest case: z = v, tJ(v) = 1 and

b(w) = θ0 as example.

Compute the indefinite integration of h(z) with respect to v for m times, we obtain

α(z) =

∫ (∫
· · ·

∫
h(v, w)dv · ··

)
dv + c(w)′pJ(v)

= g(z) + c(w)′pJ(v)

for almost all z, where c(w) is a vector of unknown functions and g(z) is the known part of the

indefinite integration. This means that α(z) is identified if c(w) is identified. Let W denote the

support of w and let V denote the support of v. Suppose that Z+ = {v ∈ V , v ≥ v0} × W and

Z− = {v ∈ V, v < v0} ×W. Then, c(w) is identified by ineligible individuals as c(w) solves

min
c(·)

E
{
(yi − g(zi)− c(wi)

′pJ(vi))
2|wi = w, xi = 0

}
.

After computing α(z) = g(z) + c(w)′pJ(v), b(w) is identified by eligible individuals:

min
b(·)

E
{
yi − α(zi)− b(wi)

′tJ(vi))
2|wi = w, xi = 1

}
,

provided that

E{tJ(vi)t
J(vi)

′|wi = w, xi = 1} is nonsingular for almost all w.

We summarize these results in the following assumption and lemma.

Assumption 1. (i) The observations {(yi, xi, zi), i = 1, 2, ...,N} are identically distributed; (ii) the

following conditional independence condition

E{βixi|zi = z} = E{βi|zi = z}E{xi|zi = z} = β(z) ∗ p(z)

holds for all z; (iii) for some known basis functions tJ(v), β(z) = b(w)′tJ(v); (iv) for some known

integer m, tJ(v) and α(z) have up to mth derivatives with respect to v almost everywhere and

dmtJ(v)

dvm
= 0 holds almost everywhere;
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(v) Z+ = {v ∈ V, v ≥ v0} ×W and Z− = {v ∈ V, v < v0} ×W; (vi)

E{tJ(vi)t
J(vi)

′|wi = w, xi = 1}

is nonsingular for every w; (vii) x = 1{v ≥ v0} and p(z) = x.

Lemma 1. For the sharp design, Assumption 1 identifies α(z) for z ∈ Z and β(z) = b(w)′tJ(v) for

z ∈ Z+.

Before we turn to the case of fuzzy design, we illustrate the identification through the simplest

example: z = v, tJ(v) = 1 and b(w) = θ0. In this example, we have

h(v) =
dE{y|v, x = 0}

dv
for v < v0 and h(v) =

dE{y|v, x = 1}

dv
for v ≥ v0,

α(v) =

∫
h(v)dv + c = g(v) + c.

The unknown constant c solves

min
c

E
{
(yi − g(vi)− c)2|xi = 0

}
,

which yields

c = E {yi − g(vi)|xi = 0} .

The treatment effect solves

min
θ

E
{
yi − g(vi)− c− θ)2|xi = 1

}
,

which yields

θ0 = E {yi − g(vi)− c)|xi = 1} .

It is clear from the above expression that we use the whole treatment group, not just the threshold

individuals, to estimate the average treatment effect. Thus, the proposed procedure yields a root-N

consistent estimator for the average treatment effect. The proposed procedure is criticized, however,

for being multistep (e.g., step I eliminates the treatment effect through differentiation; step II recovers

the baseline effect from the ineligible group; step III estimates the treatment effect from eligible group)

and not better than Porter’s (2003) dummy variable approach. Again, in our simplest example,

Porter’s dummy variable approach is the model

yi = α(vi) + xiθ0 + ui, i = 1, 2, ..., N.
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Applying Robinson’s partialling out procedure, we obtain

yi − E{yi|vi} = (xi − E{xi|vi}) θ0 + ui.

The problem here is that xi − E{xi|vi} is identically zero for all vi. Porter suggests using the

approximation xi − Ẽ{xi|vi} and estimate the treatment effect by

θ̂Porter =

N∑

i=1

(
xi − Ẽ{xi|vi}

)
yi

N∑

i=1

(
xi − Ẽ{xi|vi}

)2
.

This estimator appears using all observations, not just those near threshold. However, looking deeper,

we find this estimator is no better than Hahn’s estimator which use observations near threshold. The

reason is that the approximation error xi − Ẽ{xi|vi}, though not identically zero, converges to zero

at differential rate. The approximation error converges to zero for all v outside a neighborhood of

v0 faster than for v in the neighborhood of v0. Since the slower rate terms dominate the faster

rate terms in both the numerator and denominator of Porter’s estimator, his estimator essentially

uses individuals near threshold. Moreover, because of the approximation error converges to zero at

rate slower than root-N, Porter’s estimator is not root-N consistent. We are able to achieve root-N

consistentcy because we exploit information on derivatives, not just the discontinuity, wheras Porter

(2003) does not.

We now turn to the fuzzy design. Under our assumption, we have E{x|z} = E{x|v}. So the

probability of receiving treatment is p(v) = E{x|v}. The difference between fuzzy and sharp design

is that p(v) is no longer an indicator function. Our approach is to transform the model so that the

transformed model is identical to the sharp design. Let p̃(v) denote any positive and continuously

differentiable probability function for all v and satisfying p̃(v) = p(v) for all v ≥ v0. Define

ỹi =
yi

p̃(vi)
and α̃(zi) =

α(zi)

p̃(vi)
.

It is easy to show that

E{ỹi|zi = z} = α̃(z) + β(z)x̃

where x̃ = 1{v ≥ v0} is the eligibility status variable. If we treat any eligible individuals as "treated"

regardless of whether they actually receive the treatment or not, the above equation is the RD with

sharp design with x̃ as the "treatment status" variable, α̃(z) as the baseline effect, and ỹ as the
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observed effect. Applying Lemma 1 to this model, we identify α̃(z) and β(z) = b(w)′tJ(v). Since

p(v) is identified by regressing x on v, we obtain:

Lemma 2. For the fuzzy design, suppose that p̃(z) has up to mth derivatives with respect to v almost

everywhere. Assumption 1 identifies α(z) for z ∈ Z and β(z) for z ∈ Z+.

To illustrate, we again use the simplest case. The probability of receiving treatment can be

estimated parametrically by probit or logit regression of x on v and v2 or nonparametrically. Denote

h̃(v) =
dE{ỹ|v, x̃ = 0}

dv
for v < v0 and h̃(v) =

dE{ỹ|v, x̃ = 1}

dv
for v ≥ v0,

α̃(v) =

∫
h̃(v)dv + c̃ = g̃(v) + c̃,

c̃ = E {ỹi − g̃(vi)|x̃i = 0} .

The treatment effect is given by

θ0 = E {ỹi − g̃(vi)− c̃)|x̃i = 1} .

The paper is organized as follows: Section 2 details an estimation strategy, Section 3 discusses

the consequence if the treatment effect function is misspecified, and Section 4 concludes the paper.

2 Estimation

As we discussed above, the key step for estimating the treatment effect is to estimate the baseline

effect. To estimate the baseline effect, we need to estimate the conditional mean function. We will

use the sieve regression which is also applied by Gallant and Nychka (1987), Andrews (1994), Newey

(1997), Ai and Chen (2003), Ai (2005a,b) and others. Specifically, let s(w) = (s1(w), s2(w), · · ·)

denote a sequence of known basis functions that can approximate any measurable function c(w)

arbitrarily well in the sense that there exist coefficients (π1, π2 · ··) such that

∥∥∥∥∥c(w)−
K2∑

j=1

sj(w)πj

∥∥∥∥∥
∞

= sup
z∈Z

∣∣∣∣∣c(w)−
K2∑

j=1

sj(w)πj

∣∣∣∣∣→ 0 as K2 → +∞.

Examples of the basis functions include power series and B-splines. Let t(v) = (tJ(v)′, tJ+1(v), tJ+2(v), ··

·) denote the known basis functions that can approximate any measurable function of v arbitrar-
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ily well under the norm ‖·‖∞. Here we include tJ(v) in the basis functions for a technical con-

venience. For some integers K1(> J) and K2, denote tK1(v) = (tJ(v)′, tJ+1(v), ..., tK1(v))
′ and

sK2(w) = (s1(w), s2(w), · · ·, sK2
(w))′. With K = K1K2, denote

qK(z) = tK1(v)⊗ sK2(w),

where ⊗ is the Kronecker product. Then, for any measurable function f(z), there exist coefficients

πK such that

∥∥f(z)− qK(z)′πK
∥∥
∞
= sup

z∈Z

∣∣f(z)− qK(z)′πK
∣∣→ 0 as K1, K2 → +∞.

Moreover, if f(z) is continuously differentiable with respect to v, we will assume

∥∥∥∥
∂sf(z)

∂vs
−

∂sqK(z)′πK
∂vs

∥∥∥∥
∞

= O(K−r) uniformly in K1, K2 and for s = 0, 1, ...,m.

These approximation results permit us to use the truncated series qK(z) and sK2(w) to approximate

the unknown functions, and use ∂mqK(z)
∂vm

to approximate the derivative.

Let {(yi, zi, xi), i = 1, 2, · · ·, N} denote a sample of observations. To simplify exposition and

without loss of generality, we assume that the first Nc individuals are ineligible for treatment while

the last N −Nc individuals are eligible for treatment.

2.1 Sharp design

Regressing yi on qK(zi) for the ineligible group, we obtain the regression coefficients

π̂Kc = (Q
′
cQc)

−1Q′
cYc,

where Qc = (q
K(z1), q

K(z2), · · ·, q
K(zNc))

′ and Yc = (y1, · · ·, yNc)
′. The conditional mean function for

ineligible individuals is estimated by

Ê {yi|zi = z} = qK(z)′π̂Kc = qK1 (z)
′π̂1Kc + qK2 (z)

′π̂2Kc for v < v0,

where qK1 (z) = tJ(v)⊗ sK2(w), and the derivative is estimated by

∂mÊ {yi|zi = z}

∂vm
=

∂mqK2 (z)
′π̂2Kc

∂vm
for v < v0. (3)
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Regressing yi on qK(zi) for the eligible group, we obtain the regression coefficients

π̂Kt = (Q
′
tQt)

−1Q′
tYt,

where Qt = (qK(zNc+1), q
K(zNc+2), · · ·, q

K(zN))
′ and Yt = (yNc+1, · · ·, yN)

′. The conditional mean

function for eligible individuals is estimated by

Ê {yi|zi = z} = qK(z)′π̂Kt = qK1 (z)
′π̂1Kt + qK2 (z)

′π̂2Kt for v ≥ v0,

and the derivative is estimated by

∂mÊ {yi|zi = z}

∂vm
=

∂mqK2 (z)
′π̂2Kt

∂vm
for v ≥ v0. (4)

Notice that the derivative estimators in (3) and (4) should estimate the same function ∂mα(z)
∂mv

but the

estimates π̂2Kc and π̂2Kt are not necessarily identical. Our proposal is to fit a smoothed curve

ĥ(z) =
∂mqK2 (z)

′π̂2K

∂vm
,

where π̂2K solves

π̂2K : min
π2

Nc∑

i=1

(
∂mqK2 (zi)

′π̂2Kc

∂vm
−

∂mqK2 (zi)
′π2

∂vm
)2 +

N∑

i=Nc+1

(
∂mqK2 (zi)

′π̂2Kt

∂vm
−

∂mqK2 (zi)
′π2

∂vm
)2.

The baseline effect is estimated by

α̂(z) = qK2 (z)
′π̂2K + (s

K2(w)⊗ pJ(v))′ĉ

where ĉ is obtained by

regressing yi − qK2 (zi)
′π̂2K on sK2(wi)⊗ pJ(vi), i = 1, 2, ..., Nc.

After computing the baseline effect, we estimate the treatment effect function by

regressing yi − qK2 (zi)
′π̂2K − (s

K2(wi)⊗ pJ(vi))
′ĉ on tJ(vi)

′ ⊗ sK2(wi)
′, i = Nc + 1, ...,N.
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we obtain the OLS estimates γ̂ and

β̂(z) =
(
tJ(v)′ ⊗ sK2(w)′

)
γ̂.

The consistency of α̂(z) and β̂(z) can be easily established using arguments similar to those of Newey

(1997) and Ai and Chen (2003).

To illusrate this step, we consider the case z = v and β(z) = β0 + β1v. So J = 2 and tJ(v) =

(1, v). For some K1 > 2, denote tK1(v) = (1, v, v2, ..., vK1)′. Obtain the least squares estimates

π̂Kc = (π̂Kc0, π̂Kc1, ..., π̂KcK1
) from

regressing yi on 1, vi, ..., v
K1
i for i = 1, 2, ..., Nc.

Then
∂2Ê {yi|vi = v}

∂v2
= 2π̂Kc2 + 6vπ̂Kc3 + ...+K1(K1 − 1)v

K1−2π̂KcK1 for v < v0.

Obtain the least squares estimates π̂Kt = (π̂Kt0, π̂Kt1, ..., π̂KtK1) from

regressing yi on 1, vi, ..., v
K1

i for i = Nc + 1, ..., N.

Then
∂2Ê {yi|vi = v}

∂v2
= 2π̂Kt2 + 6vπ̂Kt3 + ...+K1(K1 − 1)v

K1−2π̂KtK1
for v ≥ v0.

Obtain π̂2K from

regressing
∂2Ê {yi|vi = v}

∂v2
on 2, 6vi, ..., K1(K1 − 1)v

K1−2
i for i = 1, ...,N.

Then we estimate the baseline effect by

α̂(v) = ĉ0 + ĉ1v + (v
2, ..., vK1)π̂2K ,

where ĉ0, ĉ1 are obtained by

regressing yi − (v
2
i , ..., v

K1
i )π̂2K on 1, vi for i = 1, 2, ..., Nc.

After computing the baseline effect, we estimate the treatment effect function by

regressing yi − (v
2
i , ..., v

K1
i )π̂2K − (1, vi)ĉ on 1, vi, i = Nc + 1, ..., N.
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we obtain the OLS estimates γ̂ and

β̂(v) = (1, v) γ̂.

2.2 Fuzzy design

For the fuzzy design, we need to estimate the probability of receiving treatment. A simplest approach

is to fit a probit model by

probit regression of xi on 1, vi, ..., v
K1

i for xi = 1.

Denote the fitted values by

P̂i = Φ((1, vi, ..., v
K1

i )δ̂), i = 1, 2, ...,N

where δ̂ is probit estimate. Denote

ỹi =
yi

P̂i
, i = 1, 2, ..., N.

The treatment effect function can be estimated by applying the procedure of sharp design with yi

replaced by ỹi.

3 Misspecification Bias

The proposed procedure produces consistent estimates under the functional form restriction (2).

Since the true treatment effect function is unknown, it is a legitimate concern that the proposed

procedure may produce biased estimates if (2) is not satisfied. In the case that the functional form

restriction (2) is false, what does the proposed procedure actually estimate? To investigate this

question, consider the sharp design. Notice that differentiation now yields

∂mE{yi|zi = z}

∂vm
=

∂mα(z)

∂vm
over z ∈ Z− almost everywhere,

∂mE{yi|zi = z}

∂vm
=

∂m[α(z) + β(z)]

∂vm
over z ∈ Z+ almost everywhere.
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The smoothing step in the proposed procedure, in this case, finds an approximation hK(z) = qK(z)′πK

to ∂mE{yi|zi=z}
∂vm

in the sense that

sup
z∈Z−

∣∣∣∣
∂mα(z)

∂vm
− hK(z)

∣∣∣∣→ 0 and sup
z∈Z+

∣∣∣∣
∂m[α(z) + β(z)]

∂vm
− hK(z)

∣∣∣∣→ 0.

Suppose that ∂mE{yi|zi=z}
∂vm

is bounded everywhere except for the threshold (i.e. v = v0). Then hK(z)

is bounded for all z and all K. Let b∗(w)′tJ(v) denote the least squares projection of β(z) and satisfy

b∗(w)′tJ(v0) = β(v0, w) for all w, (5)

in the sense that

b∗(w) : argminE{[β(z)− b(w)′tJ(v)]2|w}

subject to the constraint (5). Write

β(z) = b∗(w)′tJ(v) + rJ(z).

Let gK(z) denote the integration of hK(z) and let cK(w) solve

min
c(·)

E
{
(yi − gK(zi)− c(wi)

′tJ(vi))
2|wi = w, xi = 0

}
.

Then αK(z) = gK(z) + cK(w)
′tJ(v) is an approximation to fJ(z) = α(z) over z ∈ Z− and fJ(z) =

α(z) + rJ(z) over z ∈ Z+. It is worth pointing out that constraint (5) is critical for this approxi-

mation result. If this constraint is not satisfied, fJ(z) is discontinuous at the threshold. From the

approximation theory, a discontinuous function cannot be approximated by a sequence of functions

with bounded derivatives. However, the derivative of αK(z) is hK(z) which is bounded for all z and

K.

Let bK(w) solve:

min
b(·)

E
{
yi − αK(zi)− bK(wi)

′tJ(vi))
2|wi = w, xi = 1

}
.

Then, bK(w) is an approximation to b∗(w). Hence the estimator β̂(z) is a consistent estimator of

β∗(z) = b∗(w)′tJ(v).

There are two implications of this approximation result. First, it implies that the average treat-
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ment effect for threshold individuals can be estimated consistently by

µ̂ =
1

N −Nc

N∑

i=Nc+1

β̂(v0, wi)

regardless of whether (2) holds. Moreover, because the average treatment effect estimator uses all

eligible individuals, it is root-N consistent. The root-N consistency is achieved by exploiting the

derivative information which is not utilized by the existing estimators. The second implication is

that the approximation error can be small for large J if tJ(v) is part of some approximating basis

functions. Thus, for the non-threshold individuals, β̂(z) is an estimate for β(z) with small bias if we

choose J large enough.

4 Conclusion

In this paper, we propose a new estimation for regression discontinuity model under the additional

assumption that the treatment effect function satisfies some functional form restriction, and the

average outcome in the absence of treatment has higher order of continuous derivatives. These

additional assumptions allow us to remove the treatment effect through differentiation and to use all

observations, not just the few near the threshold, to estimate the model. Thus, our procedure yields

better estimates than the existing procedures. We also discuss the consequence of misspecifying the

treatment effect function, and find that our estimators still provide useful information about the

treatment effect even if our parameterization is false.
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