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Abstract

This paper considers model selection problem in the presence of incidental parameters.
The main interest is in selecting the structure of the model in the common parameters
after concentrating out the incidental parameters. Using KLIC based on the profile like-
lihood, a new model selection information criterion is developed, which impose heavier
penalties than those of the standard information criteria. As a particular example, a
lag order selection criterion is examined in the context of dynamic panel models with

fixed individual effects.
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1 Introduction

[To be added]

2 Incidental Parameters Problem in QMLE

We consider the panel data (or stratified) observations z;; for ¢ = 1,2,--- ,n and t =
1,2,---,T. We suppose that z; = (z;1,- - ,zi,T)/ is independent across ¢ with an unknown
distribution G; (z) having probability density function g; (z). Since g; (z) is unknown, we

instead consider a parametric family of densities {f; (z;0;) : 6; € O} for each i, which does
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not necessarily contain g; (z), where we assume that the shape of density is common for all
i and t{I

fi (s 00) = F (z250)) and f (21:00) = [ f (s10:00). (1)

The parameter vector 6; is decomposed as 0; = (w’, )\i) . Y € ¥ C R" is the main parameter
of interest, which is common to all ¢, whereas \; € A C R is the individual specific nuisance
parameter. If we let Z,7 = (2],---,2,) and A = (A1, -+, \,)’, then the joint likelihood

? n

can be written as
F uriwnd) =TT £ (s A). (2)

It is assumed that the joint likelihood is separable with respect to nuisance parameters
so that the nuisance parameter A; is only related to the i’s observations. Panel models
with heterogenous parameters, such as fixed individual effects, (conditional) heteroskedas-
ticity, or heterogenous slope coefficients, are good examples of f (-;4, \;). More generally,
semiparametric models, whose nonparametric component is time-invariant, could be also
understood in the similar context if we see \; = A(w;) as a realization of the function
A(+) for a random variable w;. Since we are mainly interested in the parameter v, we can

concentrate out the nuisance parameter \; to define the profile likelihood of i as

e (zi) = Flzih, N (¥)), (3)

where

i () = arg maxy, log f (2339, A1)
is the quasi maximum likelihood estimator (QMLE) of \; keeping v fixed. The quasi

maximum profile likelihood estimator of ) is then obtained as

= arg maxy Z IOg fP Zis 1/}) s (4)

which is indeed the QMLE of wﬂ In general, however, fp(z;;1) does not behave like
the standard likelihood function due to the sampling variability of the estimator Xz (v),
particularly when T is small as in the standard panel cases. For example, the expected
score of the profile likelihood is nonzero and the standard information identity does not
hold even when the true density is nested in f. Intuitively, the profile likelihood is itself a

biased estimate of the original likelihood. Modification of the profile likelihoods in the form
of

log far (zi5) = log fp (2i;%) — M; () (5)

'When 2t is serially correlated, f (z;;60;) should be understood as a conditional density on the lagged
values z;+—s for some s > 1.
2This is just taking the maximum in two steps instead of taking the maximum simultaneously.



is widely studied, which makes the modified profile likelihood fyr (z;1) to behave like a
proper likelihood (e.g., Barndorff-Nielsen| (1983)). The modification term M; (v)) corrects
the sampling bias and it renders the expected score of the modified profile likelihood to
be zero and thus an asymptotically unbiased estimator for ¢ (more precisely, bias-reduced
estimator for ) can be obtained by maximizing the modified profile likelihood (i.e., the

quasi maximum modified profile likelihood estimation):
-~ n
Uar = argmax} . log far (z59) (6)

Further discussions of the the maximum modified profile likelihood estimator can be found
in Barndorff-Nielsen| (1983)), [Severini (1998]), Severini| (2000]) and [Sartori| (2003)) to name a
few, particularly for the proper choice of the the modification term M; (¢/). Closely related
works are on the adjusted profile likelihood (e.g.,|McCullagh and Tibshirani (1990), DiCiccio
et al.| (1996)) and the conditional profile likelihood (e.g., Cox and Reid| (1987)).

From the standard QMLE theory, we can show that 12 =¢p+o0p(l) asn — oo and T
fixed under the regularity conditions (e.g., White| (1982)), where

Uy = argming KL (g() || (5,2 ()))

nd KL(g(-) || f(50,A())) is the Kullback-Leibler

with () = (1 (), 2 (¥)) a
,X(@b)) defined as

divergence of ¢g(-) relative to f(-;¢
~ z
KL (g0) 1 16w 300) = [g@os | L2 ) a, ™
7 (z0.2@)
in which g =[]}, ¢; is the true joint density of Z,, 7. If we let

(%0, A) = argming x KL (g [| f (59, 2)), (8)

where (¢, Ag) is assumed to be unique, however, ¥ is normally different from v, particu-
larly when the dimension of the nuisance parameter A is substantial relative to the sample
size (or when T is fixed and small in the panel data case), which is the incidental parameters

problem (e.g., Neyman and Scott (1948))). More precisely, it can be shown that

~

Y=ty =0p (T7) (9)

in general for smooth f under the standard conditions. The main source of the bias in @



is that A; (1) is not the same as
A () = argmin KL (g:() | £, 1) (10)

and thus the estimation error of /)\\Z (¢) with finite T is not negligible even when n — oo,
based on which the expectation of the profile score is normally not zero for each Z.E|
To show this, we first let

L) = logf(ziw ) =3 logf (s ).

T ~
lpi() = logfp (2w, h) = D og f (2010 (8))
O (V) = log far (ziseh, Ai) = €pi (V) — M; (¥),

and the pseudo-information matrix

9%0; (1h, \y)
90,00,

1 = By,

Z; Li v,
— ﬂﬁw ﬂpAl (11)

0;=0:0 Liney ZLinni
conformable with 6; = (¢ ,/\i)/ € R™!, where 0,y = (1/16,/\i0)/ in (§). We also define
scores w; (1, A;) = 0; (Y, \i) [0V, vi (¥, \i) = 04; (1, Ni) /0N, and uf (¥, \i) = w; (1, Ai) —
I@MI{;,. A Vi (1/1,)%) For notational convenience, we suppress the arguments when ex-
pressions are evaluated at 0y, = (1%,)\10)/ for each i: for example, u; = wu; (¢¥g, Xio),
v; = v; (g, Nio) and uf = uf (g, Aip). We can derive the following expansion (e.g., |Sartori

(2003))):
L p;
D) _ e 4 by () + 0, (177) (12)
o

with u§ = O,(TY?) and b; (1) = O, (1) for all i even for the QML estimators i ().
Though Eg, [b; (¢y)] = 0 by construction, Eg, [b; (1y)] # 0. As a consequence the bias of the
profile score accumulates and an asymptotic bias appears as @ The modification term (or
the penalizing term) M; () in (5)) is normally found as a smooth function in ¢, provided that
f(-;0;) be three-times differentiable in 6;, satisfying lim,_co n ™1 > " | By, [dM; (1bg) /dip —
bi ()] = 0 so that the expected score of the modified profile likelihood does not have the

3Even when T — oo, if n/T — v € (0, 00), 17) — 1y # 0p (1) as n, T — oo (e.g., |Sartori| (2003), [Hahn and
Kuersteiner| (2002)).

Tug (1, Aio) 1s the efficient score for 1 at (1), Aio) and it can be understood as the orthogonal projection
of the score function for ¢ on the space spanned by the components of the nuisance score v; (¢, Aio) (e.g.,
Murphy and van der Vaart| (2000)). Therefore, it is essentially the score function for i) when the nuisance
parameters are known. It also follows that By, [0uf (g, Aio) /OA] = 0 since uf (¢, X;) and v; (¢, A;) are
orthogonal at (¢4, Aio) by construction (e.g., |Arellano and Hahn| (2005)). Also note that the variance of
u§ (Yo, Nio) 18 If = Ly ypyp — Ii,wkizi_,)%ﬁizimw = i py|r;» which is called efficient information and it is
nothing but the partial information of .



first order asymptotic bias from b; (1)’s.
In particular, note that since 0¢;(v, A;)/0¢ = u§ (¢, N;) + Z; . Z; )\ A, Vi(¥, Ai) from the

definition of u§ (v, \;), we can write

Olp; (o) 0; (g, \i ()
oy oY

If we expand 0¢p; (1) /OY around (g, \io), we have

= uf (Yo, A (o)) + I anTin A\ vi(to, Mi (¥p))-

Olp; (1)

ous 1 Oy
+{8/\ Iﬂl)/\zz-z)\)\,a)\ } < (%) )

P20 AN 2
+5 {8)\2 +I,¢>\7Iz/\1)\18)\2}()\i(wo)—)\m) 4o

where the remainder terms are O, (T -1/ 2) under the usual regularity conditions in which
the QML estimator is consistent (e.g., McCullagh and Tibshirani (1990])). However, since
i (1) = argmaxy, ¢; (1, \;) satisfies (%i(gb,}\\i (1))/ON; = 0 for any given value of ¥, we can
obtain /): (10) — Aio = —v; (Bv;/dN;)~F, which is from expanding the first order condition
0li (g, Ni (1h9))/0A; = 0 around (g, Aig). Therefore, we hav.l

Opi(g) o (Oou\ ' fous 1 [0y d2ug 0%y
av ~U U an) Yan 2%\ Law TEediage

with an approximation error Op(T_l/ 2). From this expression, it can be derived that

ov; -1 ouf 1 ov; -1 82uf 1 9%v;
b (wo) = Y (8)\i> {8)\1‘ - 5%’ <a)\z) <8)\? +Ii,¢/\¢Ii,>\i>\i 0>\?> } : (13)

Furthermore, since subtracting b; (1) from 9¢p; (1) /09 corrects the leading bias term in

score, we can define 1, in @ as a bias corrected estimator given by

b= (X0, Z@w) (X, 5i@n).

where ff (QEM) and EZ@M) are some estimates of Z¢ = Z; y, — ILWl.Ii_)\li/\iI@)\W and b; (¢g),
respectively. See the following section for the explicit forms of them. For more discussions
on the bias reduction, see |Arellano and Hahn (2005)) for the survey of bias corrections in

nonlinear panel regression models. In a similar vein of our approach, |Arellano and Hahn

’Similar expression can be also found in [Hahn and Newey| (2004) and |Arellano and Hahn| (2005).



(2006) and Bester and Hansen| (2007) study the penalized likelihood approach to reduce
the bias in nonlinear panel models with fixed effects, whose modification formula M;(1)) is

given as

T oo, N 1
M) = st (—%E;Ew<}§ivﬂﬁx(w”>)

t=1
[e'¢) T
X ZZ Th—rgo Eg7 <T ;1 Ui’t(lb, A (w))vzt e(% W))) } ’
=—00 t=0+

which is using the infeasible value \;(¢) in , where v; (1, \;) = 0log f (zi+;9, \i) /O

Sometimes it is more convenient to work with M;(v) instead of b; (¢)..

3 Profile Likelihood and Kullback-Leibler Divergence

In the previous section, we overview the incidental parameters problem in panel data models
when the model has individual specific parameters (e.g., fixed effects) and thus the model
has an increasing number of nuisance parameters. Normally the panel data studies focus
on reducing the first order bias @ from the incidental parameters problem, which basically
presume that the models considered are correctly specified. However, as discussed in [Le€
(2006)) and |[Lee (2009), if the model is not correctly specified, the efforts of reducing bias
from the incidental parameters could even exacerbate the bias and thus the correct model
specification is very important in this context particularly for dynamic and/or nonlinear
panel models (e.g., choosing the lag order in ARM A models or the functional structure in
the nonlinear models); the correct model specification should precede any bias corrections or
bias reductions. This paper, therefore, rather focuses on model specification. In particular,
selecting a model f (z|¢, A), which is closest to the true one g (z), is the main interest.
When the dimension of the entire parameter vector 6 is small and finite, the standard

model selection is based on comparing estimates of the Kullback-Leibler divergence

L@Hfh@)z/g@ﬂ%<ﬂ§%>w (14)

among different specifications f (-;6), where 0 is the QMLE (i.e., a consistent estimator of

0o = argming KL (g || f(:;6))). Equivalently, we select the model f (-;0) minimizing the
relative distance <I>(§) = —Egylog f(:;0) = — [ g (z)log f(z; G)dz which can be estimated by

B(9) = /wa 9)dG (=)



where G is the empirical distribution. As noted in Akaike| (1973), however, —@(5) overesti-
mates —@(5) since G corresponds more closely to 6 than does the true G. Therefore, it is

suggested to minimize the bias-corrected log likelihood given by

B(0) = - [ log 7(z:0)dC () + BE) (15)
as an information criterion for model selection, where B (G) = EQ[E)(@) — ®(6)]. Sce, for
example, |Akaike (1973) and |Akaike| (1974) for further details. Recall that |Akaike (1973)
showed that B (G) is asymptotically the ratio of dim(0) to the sample size when 6 is the
QMLE and g is nested in f.

Now we consider the original case that 6 = (w’,X )/, where )\ is the n-dimensional
nuisance parameter. When the dimension of the parameter vector 6 is substantial relative
to the sample size, it is not straightforward to find a proper criterion similarly as .
The main reason is that a consistent estimator for a large dimensional parameter is hard
to obtain as we discussed in the previous section (e.g., n — oo but T fixed). Even when
both n and T tend to infinity, under some circumstances (e.g., n,T — oo with n/T —
v € (0,00)), the standard QML yields an asymptotically biased estimator for the minimizer
of KL(g| f(-;0)). (See, e.g., Sartori (2003).) Apparently, one possible solution is to
reduce the dimension of the parameter set by concentrating out the nuisance parameters.
Particularly when we assume that the parameter of main interest v, which is of small and
finite dimension, determines the main framework of the model and the specification does not
change over i, it is then natural to concentrate out the nuisance parameters A;’s from the
likelihood in the model selection problem. In other words, we consider A;’s as pure nuisance
parameters and we assume that the choice of a particular model does not depends on the
realization of A\;’s. Of course, this is a similar idea of the profile likelihood approach when
the main interest is in a subset of parameters ¥. A good example is the lag order selection
problem in a homogenous autoregressive dynamic panel regression with fixed effects (i.e.,
Yit = H; + 2?21 QjYii—j + €ig; e.8-, [Lee (2009)).

More precisely, we consider the Kullback-Leibler divergence based on the profile likeli-

hoods as a measure for the model selection problem:

g(z)
KL . “ :/ z)lo <> dz, 16
p(gC) Il fr(59)) g(z)log (e ) (16)
which is indeed equivalent to (7). Note that since fp(z;v¢) = f (Z;?,Z),X(T,Z))), the profile
likelihood is still the original likelihood f(z;, A) including all the parameters but by letting
the incidental parameters be known functions of ¢. Though A (v) is different from A () in



so fp(z;1) cannot be the exact proxy for f(z;, A), it is still reasonable to compare the
profile likelihood with the true density, where the true density could be heterogenous across
zﬁ Furthermore, it is easy to verify that K Lp (g || fp(-;4¢)) = miny KL (g || f(-;,A)) since
A appears only in f(-;9,\) and f(-;4,\) is separable with respect to nuisance parameters
A; that is only related to the i’s observations. Therefore, KLp (g || fp(-;%)) can be also
understood as the profile Kullback-Leibler divergence. So selecting a model minimizing
indeed corresponds to selecting a model minimizing the standard Kullback-Leibler
divergence based on the original candidate likelihood f(z;1),\). See Remark 3.2 for further
explanation.

Similarly as , we can define an information criterion as
Bo(iy) =~ [ log folz504)dG (2) + Br(G), (1)

where 1) u 1s the quasi maximum modified profile likelihood estimator of v, defined as
(6) and Bp(G) is an estimate of Bp (G) = Eg@p(q?}M) - @p@M)] obtained by replacing
the unknown distribution G by the empirical distribution G. Note that @ u has desired
properties as in the standard information criteria. An explicit expression of Bp(G) can be

obtained using the following theorem, particularly when both n and 7' tend to infinity.

Theorem 3.1 We let ¥, = H(G) with H() being a suitably defined r-dimensional
reqular function, which is second order compact differentiable at G. It also satisfies that
H(F(9)) = ¢ for all 8 € O, where F(0) = F (¢¥,\) is the distribution function of the
specified joint density f (-;,A). If n,T — oo satisfying n/T — v € (0,00) and n/T® — 0,

under the regularity condz’tz’onsﬂ we can derive

%BP(G) = %tr {IM (@)~ Jup (G)} to <an> ;

where tr{-} is the trace operator and

_ [P

/WM(?/))‘ WPW)‘
0 Npen@y O ly=ne

G,

Jup (G) dG.

In comparison, one could consider the Kullback-Leibler divergence based on the marginal likelihood
f(:;4), in which the incidental parameters were integrated out with assuming that its marginal distribution
is known. However, once the heterogeneity in the original f is integrated out, it is meaningless to measure the
distance between this marginal likelihood and the truth, since the true density still includes the heterogeneity
in it. Unless we could marginalize the heterogeneity in the true density, therefore, this method is indeed
infeasible.

"For example, see the technical conditions in [Hahn and Kuersteiner| (2004).



Furthermore, it can be approximated thaﬁ I (G) = — Z? 1 By, [0ug/0Y'] and Jyp (G) =
S T4 By, [ulh; ()], where u§ = u; —IM,)\ZIl Vi 18 the efficient score of ¢ at
(1o, Mio) and I = I gy — Ii,’/)AiI'iT)\liAiIi,Aiw is its variance (i.e., efficient information) for
each i. Particularly when g is included in the family of f, we have Iy (G) = If.

Since 12 a 18 VnT-consistent under the conditions in Theorem 3.1 (e.g., [Sartori (2003)), Hahn
and Kuersteiner| (2004)), the estimate for B(G)/T is simply given by

%Bp(@) = nLTtT {IMl(@)_IJMP(@)} ’ (18)
where
u(G) = —T7VY" 9Phai(y)/0vdY and
Jup(G) = 12 (Da1i (W pr) /00 (OLpi(1hpr) 0.

Note that for £y (1) = SO1_ log f (2439, (1)) — M;(), we can further derive that

T@u

:_7211211 W’ 7211 aq/)aqp”

and

@ = Y 124__mT R M) X)) (19)

t=max(1,(+1)
_ZZ 1 aw TZ zt(wv (w)) )

where uft(d),xlﬁb)) = 0log f(zis; @Z),Xz(@b))/&ﬁ for some truncation parameter m. Notice
that allows for possible serial correlations in the profile score functions. Using and
, therefore, we can develop an information criterion for the model selection based on

the bias corrected profile likelihood (i.e., profile likelihood information criterion; PLIC) as
(2/T)2p(ar):

n

PLIC(H) =2 30 0g £ (s tag s () 4 -2 (1@ n@} . (20)
=1t

=1

®1t is important to note that the modified profile likelihood behaves like the standard likelihoods in that
the score and the information matrix of far (-|¢) is approximately the same as the efficient score and the
efficient information, respectively. More precibely 5) implies that By [00n (2i]1)g) /OY] = By [uf] = 0 and
B [(00ar (2i[to) /0) (0ar (2i]tg) /0U")] ~ By [ufus'] =I5



From Theorem 3.1, Bp(G) can be further approximated as
1 1 n 811,16 -1 n e
fBP(G) ~ ﬁtr { <— Zi:l Egi [W]) Zi:1 Ii } (21)
1 nop [0u ! B b ()
+n7TtT _Zizl 9 oy’ Zizl gi (Ui (o) ¢ -

The first term in is simply r/nT under the condition that g is nested in the family of
f since —Eg [0u§ /0’| = Z¢. In this particular case, the penalty term B p(G)/T is reduced

to

=Bp(G) =+ —tr {R(da) }. (22)

where E(@ ) 1s some consistent estimate of

R@o) = (3 T0) S0 By, [uts ()] (23)

=1

Therefore, the penalty term of the information criterion PLIC (f) in can be written

as
- 2r 2

=~ —tr{R(a)}- (24)

Note that the additional term (2/nT) tr{}A?(l/j; u)} of the penalty function is novel and it
is not zero in the presence of incidental parameters. If tr{R(¢;,)} > 0, then the new
information criterion (with the penalty term written as ) has heavier penalty than
the standard Akaike information criterion (AIC). Recall that in the standard AIC, the

second term in (22) does not appear and the penalty term of the information criterion is

PLIC (f)

simply given by 2r/nT. Finally note that, using the maximum modified profile likelihood

. - /\, N - . . . .
estimator 6p7; = (Y7, A\i(10s))" or using some bias corrected estimators, we can estimate

R (1) as

~ ~ ~ -1 ~
R(¢M) - _T Z awl - a)\l 8)\1 81// f Zi:l U; 0; ),

=1

where
~e ~ 1 811,1(/9\]\/12)
uf = u;(Opri) — T on

—~ —1
1 6v,(0M,) -~
T 8)\1 ] 'UZ(QMZ)

10



and

~ ~

-~ -1 ~
bi = —Ui(eMi) 18%(0]\&)] M 1 0

T N = i)

1000ms) ]
o 2

T 0\

10%uf(Os) | 1 Oui(Oari)

T 0N T O\

~ —1 ~
T o\ o2

from ([13)).

Remark 3.2 The information criteria or are based on the profile likelihood,
which reduces the high dimensional model to a finite dimensional, random submodel of the
same dimension as 1. The family of distributions with parameter (¢,X(¢)) is known as
Stein’s least favorable family (e.g., Stein (1956))). More precisely, the submodel defined as
the profile likelihood with reduced parameters ((¢, A\) — %) has the smallest information
about v out of all possible submodels. Such loss of information can be expressed as the
difference between Z; y, and Z7 = Z; y — Ii,wiz; /\11 )\iL-, Ai00s Where Z¢ can be understood as
the partial information of ¢ with A; unknown whereas Z; ., as the partial information of
with A; known. Therefore, it could be understood that the selected model by minimizing
KLp(g(-) || fr(-;%)) is the least favorable at (¢, Ag) (i-e., its information is minimal among
the consistent model group; see Murphy and van der Vaart| (2000), [Severini (2000))). Based
on such interpretation, we may expect that the new information criterion also tends to
select over-parametrized models similarly as the standard AIC (i.e., choosing less efficient

model).

Remark 3.3 As noted in the previous section, the semiparametric models could be han-
dled in a similar context if we consider the nonparametric component as infinite dimensional
parameter models (i.e., incidental parameters). In particular, using the results by [Severini
and Wong| (1992)), for example, we can consider a model f(z;, A(w;)) for given observa-
tions (z;, w;), where A(+) is an unknown function. Apparently, we could see that \; = A\(w;)
as the realization of A(-) for each observation. Though it should be proved in the context

of QML estimation, we could conjecture that for

Ay (w) = arg max Z; log f(zi; 9, Mw;)) K (w ;Lw) 7

where K and h are properly defined kernel function and the bandwidth parameter, respec-
tively, we could derive a similar result as Theorem 3.1 under proper technical conditions.

Notice that, for the partially linear regression case, the QMLE for ¢ is nothing but the

11



estimator considered by Robinson| (1988). [To be added further]

4 Lag Order Selection in Dynamic Panel Models

We now consider a specific example of the new model selection criterion in the context
of dynamic panel regression. In particular, we consider a panel process {y;;} generated

from the homogenous pth-order univariate autoregressive (AR (k)) model given by
k
yi,t = I +Z 104kjyi,t—j +8i,t fOI' 1= 1727"' 7N and t= ]-525" : )Ta (25)
J:

where k is not necessarily ﬁniteﬂ €t is serially uncorrelated and unobserved individ-
ual effects p; are assumed fixed. For notational convenience we let the initial values

(Yi,0,Yi,—1, - » Yi,—k+1) be observed for all i. We first assume the following conditions.

Assumption A (i) €i|({¥is}t,cp 1o 1ts) ~ 40.dN (0,02) for all i and t, where 0 <
0% < oo. (ii) For given k, E?:l lag;| < 0o and all roots of the characteristic equation

1-— Z§:1 a2’ = 0 lie outside the unit circle.

In Assumption A-(i), we assume that the higher order lags of y; ; capture all the persistence
and the error term does not have any serial correlation. We also exclude cross sectional
dependence in €;;. Note that we assume the normality for analytical convenience, which
is somewhat standard in model selection literature. Assumption A-(ii) is standard condi-
tion for stationary autoregressive processes. We do not impose any initial conditions on
(Y60, » Yi,—k+1) and the initial values remain unrestricted.

We let y; = (yi1,--.vir)s & = (i1, .eir)s @ = (w1, ,zir) with z;; =
(Yit—1, - ,yi,t_k)', ar = (o1, 2, -+ ,axk), and ¢« be the T' x 1 vector of ones. Then we

can rewrite (25)) in a vector form as

Yi = pit + ziog + &4,

whose log-likelihood conditional on p; and x;1 = (vi0, - ,yi,,kﬂ)/ is given by
2 T 2 1 /
C(yilzin, py, o, 0°) = —3 logo® — 292 (yi — it — o) (Y — pit — wioq)  (26)

with ignoring constant terms. Apparently, the (Gaussian) maximum likelihood estimation

9When we are particularly interested in relatively short panels, it is reasonable to assume the true lag
order k to be finite. When the length of time series T' is assumed to grow, however, we can consider an
approximate AR (kr) model with kr — co as T'— oo but with further conditions (e.g., p3/T — 0).

12



of Zf;l € (yilzi, s, ok, o) yields the within group (WG) estimator @y, defined as

-1
ae= (S a0al) ST ol (27)
k jmp i=1 i Yio

where all the elements in 29 and y? are within-transformed: ygt =it — (1/T) Zstl Yis
for all ¢ and t. It is easy to verify that the within transformation is concentrating out
the nuisance parameters p; based on its MLE with other parameters fixed. Therefore, the
WG estimator ay in is nothing but the maximum profile likelihood estimator. More

precisely,
—~ 1
fii (e, 0%) = argmaxy, € (yilzs, iy ok, 0°) = o (s — wice) o

and the profile likelihood is given by (also ignoring constant terms)

1

T
lp (yi|$i,17/l¢70ék,02) = —5108; o? — 292 (y? - 33?0%)/ (yzo - x?ak) .

When N is large but T is small, it is well known that the WG estimator ay, is inconsistent
(e.g., Nickell (1981))), which is a particular example of the incidental parameters problem
or the problem of the profile likelihood as discussed in the previous sections. See [Hahn and
Kuersteiner| (2002)), Alvarez and Arellano (2003) and Arellano and Hahn| (2005) for further
discussions.

When we are interested in the correctly specified model and its reliable estimates for
policy analysis, choosing the true lag order k£ could be crucial. Particularly for the WG
estimation case, which requires bias correction in general, correct lag order selection is more
important since any bias correction methods presumes correct model specification. As shown
in Lee| (2009), any attempts to correct the bias in the WG estimators of dynamic panel
models under incorrect model specification could exacerbate the bias[l'] In the standard
time series context, lag order selection is normally conducted by optimizing a penalized
goodness-of-fit criterion. Commonly used order selection criteria include the final prediction
error (FPE) criterion, Akaike information criterion (AIC'), Bayesian information criterion
(BIC), posterior information criterion (PIC'), Hannan-Quinn criterion (HQ), Mallows’ C,,
and Rissanen’s minimum description length. However, as we will see in the simulation
results in the following section, such conventional lag order selection criteria do not work

properly for panel models in the presence of fixed effects.

10 Alternatively, one can consider the GMM estimation using the first-differenced regression model, which
is known to be consistent even for small T. However, this approach also requires correct specification
particularly on the serial correlation structure of the error term, which can be affected by the dynamic
misspecification of the level y;+. (Recall that in the standard dynamic panel models, the valid instrumental
variables are constructed based on the white-noise error term.) Therefore, such an approach could not be
an alternative answer (or an robust approach) to the dynamic specification.
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Instead of using the general form of information criterion PLIC in , we want to
develop an automatic lag order selection criterion particularly tailored for the dynamic
panel case. To this end, we first need to obtain an explicit expression of tr {R (ak, 02)} in
(23) in this particular case of the nested models with Gaussian distribution so that we can

use the simplified information criterion in (24]). For notational convenience, we define A as

A= %
I1,0 )’

where I_q is the identity matrix of rank k£ — 1.

a k X k matrix given by

Lemma 4.1 We let Assumption A hold. For fixed T,

tr{R (ap,0%)} =k +2tr {A (T — )1} 41, (28)
where
tr (Ik + A/A) -l tr (Ik + A/A>
O N (s =AY (I —A)) =2 {am -7 < Aonin (T — A) (T — A))

for all k> 1. Apax (Q) and Anin (Q) denote the minimum and mazimum eigenvalue of a

square matriz ), respectively.

As discussed in the previous section, the additional penalty term is positive and thus we
expect that the new information criterion has heavier penalty than the standard lag order
selection criteria, which will reduce the over-selection probability. More precisely, based on
and Lemma 4.1, we now propose a general form of the information criterion for lag

order selection, which is suitable for dynamic panels involving fixed effects as follows.

Theorem 4.2 We let Assumption A hold. We also assume that n/T — ~ € (0,00) and
n/T3 — 0 as n,T — oco. Then a lag order selection criterion for dynamic panel models in
(25) can be obtained as k* = argmin,_,_ PLIC) (k), where

(29)

~ h(n,T 25
PLICl(Fv)=10g0i+(:’T){(2R+1)+ 2j=1 3% }

1— Z;:l O
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in which k is some predetermined upper bound h(n,T) is some constant depending on n
or T,

L1 - 3
Gr= = (o —atan) (o - afan)., (30)

and G = (A1, ,0xk) s some bias corrected estimate for the panel AR (k) regression

coefficients . More simply, if k> 1, a lower bound of PLIC: (k) can be derived as

o ~9 h (n,T) _ 2
PLICy, (k) =logo;, + —T (26 +1) el (31)

If welet h(n,T) = 2, then becomes the model selection criterion derived in (20)). >From
, we can see that the additional penalty term reflects the stability of the system: if {y; .}
is close to unit root, then the additional penalty term explodes. The simpler form
provides the lower bound of , so theoretically it would select more over-parametrized
models than does. However, it is free from the nuisance parameters «a, and thus it is
more robust to the choice of bias correction method for them. An interesting finding is that,
roughly speaking, the penalty term is doubled comparing to the standard penalty terms in
the lag order selection.

In comparison, we can also suggest a slightly different lag order selection criterion given
by

PLIC (k) :10g52+nLT{h(n,T)ﬁ+cm (%)} (32)

for some positive constant c. It is based on the information criterion suggested by Lee, (2006]):
log&? + (nT) ' {h (n,T) (k +n) 4 ¢k (n/T)}. The original intuition of such modification
is that the additional penalty term cx/T? in is introduced to offset the bias in 62 =

K
(nT) ' o0, (y9 — x?an)/ (y) — 2?a,), where it is obtained using the standard (and thus

biased) WG estimator ay for ay. Specifically, using the results in |Lee (2009), we have

2

plim, 002 — 02 = —ck/T? + O (T_3), where the constant ¢ depends on the parameter

values «; and clearly on the stability of the system similarly as the case of PLICY (k) in
. Such bias is typically exacerbated when T is small and the system is less stable (i.e.,

"'Tn practice, it is impossible to calculate PLIC: (k) for all orders. Usually a positive integer k is
preassigned as an upper bound of possible orders, and the searching process is conducted up to this order.
We simply assume that k is large enough to contain the true order. More discussion on choosing k can be
found in [Hannan and Deistler| (1988]), |Choi| (1992), and references therein.

2Note that the penalty in PLICY is larger than PLIC:1, in general since

nenD{E+ D)= 25} 92 e 1 -
- x
h(n,T) K+ ck (%) K2+ K 1+ otz () 7

2 .
where 2 < % < % < ooand % X is large enough.

h(nc,T)
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close to unit root). For example, when x = 1, it can be derived that ¢ = (1 + aq) / (1 — a1).
If we ignore the asymptotic bias of 32 and construct a model selection criterion without
such adjustment, the total regression error is equal to the biases of the autoregressive
coefficients plus the original i.7.d. disturbance. As a consequence, the regression error has
an erroneous serial correlation and behaves like an ARM A process, or an AR (00) process.
Hence, the model selection is biased upward because it is prone to fit the model with x as
large as possible to reflect the erroneous serial correlation. The second part of the penalty
term (32)), or a heavier penalty overall, controls such phenomenon. The first part of the
penalty term , on the other hand, is the conventional penalty function reflecting the
total number of parametersﬂ

If we assume that the true lag order k exists and is finite, we can define a lag order
estimator k* is consistent if it satisfies lim,, 7, P (k* = k) = 1. This definition is somewhat
different from the usual probability limit, but it is equivalent for integer valued random
variables. k* is strongly consistent if P (lim,, 7,00 k* = k) = 1. It is known that in the
standard time series context, BIC and the properly defined PIC' are strongly consistent
criteria; H(@ is weakly consistent but not strongly; and other order selection criteria, such
as FPE and AIC, are not consistent for finite k. The constant h (n,T') can be chosen so

that it guarantees the consistency of the new order selection criterion.

Theorem 4.3 Let h(n,T) satisfy h(n,T)/nT — 0 and h(n,T) — oo as n,T — oo.
Under Assumption A, if we let n/T — ~ € (0,00) and n/T® — 0 as n,T — oo, PLICy, (k)
n is consistent lag order selection criterion, provided that the true lag order k(> 1)

is finite.

Examples of h (n,T') for consistent criteria are log (nT") and wloglog (nT") for some w > 2,
where the first one is the BIC type penalty term and the second one is the HQ type
penalty term. In fact, log (nT") renders strongly consistent criterion, whereas w loglog (n1")
is so only when w > 2. We will see how the new lag order selection criteria perform by

simulation studies in the following section.

Remark 4.4 Even when we want to consider the original likelihood in , instead of
the profile likelihood, the standard AIC needs to be adjusted. In this case, the dimension of

the parameter is (n + k + 1) and the sample size is nT. As the dimension of the parameter

13More precisely, for the standard MLE as in , the total number of parameters is (k + n + 1) instead
of k, which includes the incidental parameters. Adding n + 1 does not seem to affect the lag order selection
since the additional (n+ 1)k (n,T) /nT term does not depend on the lag order . In practice, however,
when we adjust the degrees of freedom using (7' — k) instead of T', this term still depends on k though the
effect is minor for large T'. [Ng and Perron| (2005)) discuss about choosing the effective number of observations
in lag order selection.
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space increases in comparison to the sample size, the standard AIC' is known to become
a strongly negatively biased estimate of the information (e.g., [Hurvich and Tsai (1989)).
This second-order bias (in addition to B p(é) in (L7)) can lead to overfitting but a proper
modification can correct this small-sample-size bias. For example, similarly as [Hurvich and

Tsai| (1989)’s AIC¢, we can consider a small-sample-size-bias-modified information criterion

PLICc (k) = log&> + M {1 nk—l-n—i-Q}’

nT (T—-1)—k

which is also free from the nuisance parameters o as .

5 Simulations

We compare the lag order selection criteria developed in the previous section with the
conventional time series model selection schemes. We first define the three most commonly

used information criteria, which use the pooled information:

2
AIC (k) = log a2 + T (k+n),
1 T
BIC (x) = log 52 + Og(;) (k +m)
n
2log log (nT
HQ () = 1o + 2500 ()

where &2 is an estimate for o2 in the panel AR () model as defined in (30). The number
of parameters is k¥ + n including fixed effect parameters. In practice, the effective number
of observations in each time series is adjusted to reflect the degrees of freedom by T'— k, so
including n for the total number of parameters is meaningful in finite samples. We consider
the following criteria that we suggested in the previous section:

2;21 J }

4
PLICATC (k) =1log &2 + — -
1Y (k) =logoy, + m AL S

_,  2log(nT 5 G
PLICPEIC (1) = 1og 52 + Og(T” ){mrle LI }
- - )

~ 2logl T T
PLICFQ(K):10g0g+‘%£1W{ﬁ+EM}7
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For comparison purposes, we also consider the criteria by Lee| (2006]):

1 n
AIC _ ~2
PLICY"™ (k) —logan—i——n {2(/s;+n)—|——/i},

. 1 n
PLICzBIC (k) =log &> + T {log (nT)(k+n)+ T,«;} ,

1
PLICY® (r) = log 52 + — {210gl0g (nT) (1 -+ ) + %K} ,

where c is simply chosen to one.

We generate AR (k) dynamic panel processes, with k£ ranging from 1 to 4, of the form
Yit = M + Z?:l akjYit—j + €ip for i = 1,2,--- mand t = 1,2,--- T, where ag; = 0.15
for all j = 1,--- k. For each AR (k) model, all the autoregressive coefficients have the
same value so that all the lagged terms are equally important. We consider nine different
cases by combining different sample sizes of n = 20,50,100 and T = 12,25,50. Fixed
effects y; are randomly drawn from U (—0.5,0.5) and &;; from N (0,1). We use the bias
corrected WG estimators (e.g., Lee| (2009)) for a;’s and iterate the entire procedure 1000
times to compare the performance of different order selection criteria. For each case, we
choose the optimal lag order £* to minimize the criteria above, where we search the lag
order from 1 to 10. (i.e., & = 10) The simulation results are provided in Appendix A2.
Tables A.1 to A.4 present the average values of k* over 1000 iterations. It is very promising
that all the new lag order selection criteria, PLIC| and PLIC5, perform much better
than the two most commonly used criteria, AIC (k), BIC (k) and HQ (k). In order to
look at the distributional characteristics, we also provide Figures A.1 to A.4 for the case
of (n,T) = (100,50). One interesting finding is that BIC (k) tends to overfit the panel
models, which is contrary to the well known property that BIC (k) normally underfits in
the pure time series setup. On the other hand, the figures consistently show that the new
order selection criteria significantly reduce the over-selection probabilities. Though we do
not present this particular result of our simulation, heavier penalty of the new information
criteria PLIC, (k) and PLICs (k) slightly increases the under-selection probabilities. But
the increment of the under-selection probability is very minor, so that the overall correct-
selection probabilities increase notably.

When T is very small and/or n is very large, so that the sample size ratio n/T is large,
the order selection performance is not much satisfactory or overall cases, which is somewhat
expected due to the very limited number of time series observations and large number of
nuisance parameters. However, as T grows, the performances get better uniformly. This
is intuitively appealing because the dynamic structure is mainly determined by the time
series dimension. But unlike the conventional time series information criteria, the new

criteria tend to choose the correct lag orders even when n is large, provided that 7' is not
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so small. One remark is that though the simulation results look like PLICy works better
than PLIC;, PLIC; cannot be always preferred to PLICy empirically since PLICs has
larger under-selection probability than PLICs does..

Lastly, one interesting finding is that, in general, the lag order selection is more accurate
with (n,T) = (50,50) than (n,T) = (100,50). This implies that the sample size ratio n/T
matters in lag order selection: the smaller n/T', the better work the information criteria.

More simulation works need to be done to investigate such phenomenon.

6 Concluding Remarks

This paper considers model selection problem in the presence of incidental parameters. The
main interest is in selecting the structure of the model in the common parameters after
concentrating out the incidental parameters. As a particular example, a lag order selection
criterion is examined in the context of dynamic panel models with fixed individual effects.
An application of the new lag order selection criteria can be found in Lee| (2006)), which
analyzes habit formation in consumption preferences and the specification of the habit
function can be converted into the lag order selection problem.

For dynamic panel models, particularly for forecasting, it may not necessary to get the
correct lag order as long as we can properly control for the serial correlation in the system.
As an alternative approach to the lag order selection in dynamic panels, one of the authors
is developing serial correlation robust GMM estimation for dynamic panel models with fixed
effects. As noted in Remark 3.3, model selection in the context of semiparametric models
with incidental parameters is also an interesting topic to investigate. In such context, it
is convenient to use the kernel based local estimation for the nonparametric component.
Alternatively, we could consider series approximation (or sieve approach) to estimate the
nonparametric component and the coefficients of series functionals can be understood as the
incidental parameters; but in this case, the number of basis functionals should be restricted

in order to have a consistent nonparametric estimator.

7 Appendix

A.1 Mathematical Proofs

Proof of Theorem 3.1 Since the quasi maximum modified profile likelihood estimator is
given by 1), = argmaxy log fas (Zn1;9) for ¢ € R", we can define r-dimensional function
H as a solution of the implicit equation:

[ Bloati v 4G () = 0

o ‘w:H(G)
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~

and thus ¥ y = H(G). Note that using the standard M-estimator theory, the influence
function of dJM H(G) can be derived as (e.g., [Huber| (1981)))

o 8zlong<z;w>‘ " 9log far ()
¢<z,G>—(/ T RCIC) B s

From the discussions in Section 2, it can be shown that (e.g., Sartori (2003), Hahn and

Kuersteiner| (2004)) ), under the certain conditions such as Lyapounov’s theorem, 12 A isvnT-
consistent to ¢y = H (G) when n,T — oo satisfying n/T — v € (0,00) and n/T3 — OE
Therefore, by Theorem 2.1 in [Konishi and Kitagawa/| (1996)),

1 - & Dloafr () 1
TBP (G) = —tr {/ o(z 90 L_H(G) dG (z)} +o (nT)
o 0210g fur (2:1) B

= ﬁtr (—/ 9000 ‘w:H(G) dG (z)) X

Oogfule))  dwfel) g ()
/ o Y=H(G) o/ Y=H(G) Byt nl')

Now, similarly as|Sartori| (2003), it can be shown that 0¢ys; (1) /0Y = ui+ O, (T‘l/z).
For Iy (G), therefore, we have

n 826 i n 0 g’

using the independence across i. Particularly when g is included in the family of f, however,
the standard information identity holds and thus —Eg, [0uf/0v¢'] = By, [ufuf] = I¢, which
gives Ins (G) = > ZIf. For Juyrp (GQ), since 0lp; (¢) JOp = Olari (¥) /O + OM; (¢) /O

by construction, we similarly have

ur @) = S [P )] 50 g (D) O3 )

> B [ufu] + 30 B, [usbs (vo)

by simply letting OM; (¢g) /O = b; (vy). Q.E.D.

&

To prove Lemma 4.1, we first state useful results in the following lemma.

Lemma A.1 For the model satisfying Assumption A,
2
(a) B (Zthl 5i7t) = EZthl 5?,t =To?

14Recall that @M automatically correct the first order asymptotic bias in the asymptotic distribution of
the standard QML estimator ¢ (i.e., vVnT (¢ —1)y) —a N(0,V) asn,T — oo for some V' > 0) by construction.
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2
() B(X en) L2 =T (T+2)0"
(¢) E (Zle (xi,t$;7t - ]ExztEx;t» =To%D

(@ B (S @i~ Bri)ie) (X eir) (S (i — Baie)')
— To? {D V(I — AV A'D £ DA (I — A)_l} +o(T)

where D = 377, Alee’ A and e as the k x 1 column vector with one in the first element
and zeros elsewhere.

Proof of Lemma A.1 Since g, ~ i.i.d. (0,0?), (a) is straightforward. (b) also follows
2 2

easily since E (Zle 5“) ST 7, =TEe}, +T(T 1) (EE%’J . For (c), similarly as Lee

(2009), we first write z; ; —Ex; ; = Z;’;O Ajeai,t_j_l. Note that, Assumption A-(ii) is equiv-

alent to det [I, — Az] # 0 for all |z| < 1, or that each eigenvalue of A has modulus less than

one. It thus guarantees that the sequence {Aj :7=0,1,2,--- } is absolutely summable and
its infinite sum exists. Hence, the vector linear process Z]O‘io Al egji—j—1 is well defined in

the mean square sense. It then follows that since E (Zle (@it — Exlt)) = 0 by construc-
tion, we have E (Z;‘FZI <$i,t$;’7t — Ea:ztE:U;t)> =E <Z;“F:1 (it — Baiy) (vip — E:ci,t)/) =

E <ZtT:1 >0 Ajee'A’jagt_j_l) = To? >0 Alee’ AY. Finally, for (d), it can be derived
that

T T -
E (Ztl (zip — Baiy) Ei,t) <Zt1 5i,t> (Ztl (wie — E%t)/)
T o) . )
= B (thl ijo 512,t{512,t_j_1A366’A’]
t—1 2 G 1 Alj+s T—t 2 JT—
+ Zs:l givsfjflA ec'A + Zs:l 51'737]',114 ee' A }

= Tot (ZZO Ajee’A'j>
ot (The = (I = A7) (I = A) ") (B - ) A (ZZO Alee' A

+ot <Z;‘i0 Ajee/A’j) AT — A)—l (TIk — (I — A)_l (Ik B AT)>

similarly as Lemma Al in Lee (2009). Note that Assumption A-(ii) guarantees >, Al =

(I, — A)~! exists and |AT|| — 0 as T — oo. Therefore, we can approximate (f) as

B <ZtT:1 (zig — By ) Ez‘,t) <Zj:1 5i,t> <ZtT:1 (Tit — Eﬂ?z‘,t)’)

= To* (Z;:O Ajee/A/j)

+To* (I, — A')fl A (Z:io Ajee'A'j) + Tot (Z;io Ajee'A'j) AL, — A +o(T).
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Q.E.D.

Proof of Lemma 4.1 We first let ¢; (Mm g, 02) =/ (yi\xiyl, iy Ctky 02) and £p; (ak, 02) =
l (yi|xi,1, 1L (ak, 02) , QU 02). Note that, in this particular case, we can obtain that

/ 2
) L ) xleifo
Vs O, O =LE;/07, U iy Xy O == )
i (:uz k ) Z/ ? (H’Z k ) ( _T/20_2 8;51'/20'4 )

and
E(:L‘QLEZ)/O'Q 0 TE(EZ')/O'2
I = 0 T/20% 0 ,
TE(Z;)/o? 0 T/o?

where B(%;) = B(T~!S.[_, #;+). Therefore, we can derive that
i — 1B(T:)) ei/ o
us (,ui,ak,a2) _ (i — B(T3)) €i/o
—~T/20? + ¢le; /204
(X0 ei) (X0 @i — B@)) ) /To?
2
(XFieir) /210t

T — ( E (23:1 (mi,t%’t — E(EZ)E(EJ/)) /02 0 )
Z 0 T/20* .

bi (Ckk, (72) =

Now we let

Cio1 Cia2

cov (uf, bi (ay,0%)) = < Cinn Cin ) ‘

Since we want to find ¢tr{[}7 | Z¢]7 3" cov (uf, b; (ax,0?))} and Z¢ is block-diagonal
for all 4, we only need to derive the expression for C; 11 and Cj 22. Using Lemma A.1, where
we simply let E(Z;) = Ex;; from the mean stationarity of y;;, we can derive

Ci,ll =D+ (Ik — A,)il A'D+ DA (Ik — A)_l and CZ'722 = 1/204.

Therefore,

71 n
tr Z cov (uf, b; (ozk, 02)) = tr (D_lCi,u) + 20402-722 (A.1)
i=1

n
2T
=1

= k+tr {A(Ik — A+ (I — A’)‘IA’} +1.

The result follows since D is symmetric and tr (Q) = tr (Q') for a square matrix Q.
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To show that k + ¢r {A (I — A+ (I, — A) ! A’} is nonnegative, we define

B= (I, + AA)"* (I, — A)7",
in which I + A’A = I + A'I A is positive definite by construction, then
tr{B'B} = tr{(l— )" (L+A4) (1, - 4)7'}
=t {(B— A) (A (= A) (T = A) + A) (T - )
= ket {A - A+ (- )

Since B’B = B'I}B is positive definite for k& > 1, which is equivalent that all the eigenvalues
of B'B are positive, and the trace is sum of eigenvalues, it follows that ¢r { B'B} > 0. Note
that tr {B'B} =0 when k = 0..

Finally, the bounds for k + tr {A (I, — A+ (I, — A7 ! A’} can be obtained easily

Bt {A( = A7+ (- A) A}
= (1= A) 7 (I AA) (1 - )

= {[( = A (- A7 (e + A'4) |
and

tr(Q2) . _ _ _ _tr(Q2)
Amax (221) = Amln (Ql 1) tr (QZ) <tr (Ql 1Q2) < Amax (Ql 1) tr (QZ) - Amin (51)

for some k x k positive definite matrices @1 and Q2. Q.E.D.

Proof of Theorem 4.2 First note that, thanks to the specific structure of A, we can

derive tr (A (I — A)_l) = <Z§:1 jOékj> / (1 — Z?:l akj>. From (20)), and Lemma
4.1, by replacing k with &, it thus follows that the information criterion can be simplified
as

log &2 + — + —
Oga“+nT+nT i

2K 2 < 22;:1 jafej 22?:1 janj )
K

2
ST ) —log i 4 o 2k 1) 4 sl
+1_Z;:15%j+ ) g0, + ((/@—i— )—i—l_zﬁ G

for some consistent estimators &i and Qu1,- -+, ps. PLICY (k) is simply obtained using
h(n,T) instead of 2 in front of the penalty function.

For deriving PLIC:, (k), we have tr (A (I — A)_1> > tr (A) Amin <(I,$ — A)_l) >
tr(A) [Amax (Ix — A) > tr (A) /tr (I, — A). Since tr (A) = a1 and tr (I, — A) = kK — a1,
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it thus follows that
Ol

tr (A (I, — A)*1> >

K — Ol

Furthermore, since |ay;| < 1 for any s from Assumption A-(ii), we have a1/ (k — 1) >
—1/(k +1). From (A.1), therefore,

2
K+1

K+ 2tr (A(IH—A)_l) +1>(k+1)—
Q.E.D.

Proof of Theorem 4.3 Since the selection rule is to choose k* (# k) if PLIC; (k*) <
PLIC (k), we shall prove that lim,, 7. P[PLIC (k*) < PLIC: (k)] = 0 for all k* # k
and k* < k, where k is the (finite) true lag order. We first consider the case k* < k. We
write

P[PLIC, (k*) < PLIC, (k)]

= P[(logeiz*—log&%kW{(k—k*msk*—sk)} , (A.2)

nT

where £, = <Z§:1jakj> / (1 — 2?21 akj>. The left-hand-side in (4:2)), (log 3. — log5y),

is nonnegative for any n and T because the residual sum of squares does not increase (mostly
decreases) as the number of regressors increases. On the other hand, the right-hand-side in
(4.2), % {(k—K*)+ (£» — &)}, converges to zero as n, T — oo since 0 < (k — k*) <
k < 00, [&e — &kl < |€pe| + €| < oo from Assumption A-(ii) and h(n,T) /nT — 0 as
n,T — oo by assumption. Therefore, P[PLIC; (k*) < PLIC; (k)] — 0 as n,T — oc.

Now we consider the case k* > k. By the Kronecker’s lemma and Assumption A-(ii),
(1/k) Z?Zl jay; should be small if £ is large. Therefore, we can write £, = ke, for some

k

finite €. Note that Assumption A-(ii) also implies 0 < |1 — > 7, ay;| < oo. It follows that

[PLIC, (k*) < PLICy (k)]

[nT (log 53 —logay) < 2h (n, T) {(k — k*) + (&= — &)}

[nT (log 53+ —logaz) < 2h (n,T) {(k — k*) + |€4 — &4l}]

[nT (logﬁi* — logEz) < 2h(n,T) (k— k™) {1 + max {|eg] , |€k*|}}] . (A3)

P
P
P
P

IA A

Similarly as |Lee (2009), when k* > k, we can simply let ag+; = 0 for j > k and we can show
that (e.g., Lee (2006), Lee| (2009)) plim,, .5} — 02 = O (T~2) and plim,,_, ..~ — 0% (k) =
0] (T_Q). It follows that |10g 52* — log 5%! = 0, (T_Q) for large n. Therefore, the left-
hand-side in is Op (1) for large n and T because n/T — v € (0,00). However, the
right-hand-side in goes to negative infinity because (k — k*) < 0 and h(n,T) — oo
as N,T — oo. Therefore, P[PLIC, (k*) < PLIC; (k)] — 0 in this case, too. In sum,
limy, 7—00 P[PLIC; (k*) < PLICy (k)] = 0 for any k* < k, or the PLIC (k) is a consistent
order selection criterion. Q.FE.D.

24



Simulation Results

p=1: yis=p; +0.15y; 11 +¢ciy
n T AIC BIC HQ PLICM® PLICP® PLIC{® PLIC® PLICPC PLICY®
20 12 10.0 9.71 10.0  9.82 8.43 9.57 1.98 1.05 2.39
20 25 6.41 2.63 4.77  4.67 1.27 2.69 3.02 1.15 3.33
20 50 4.81 1.69 3.19  3.24 1.10 1.65 4.08 1.22 4.27
50 12 10.0 9.99 10.0  9.99 9.72 9.95 1.51 1.00 1.73
50 25 8.43 4.25 6.47  T7.12 1.76 4.18 2.13 1.06 2.40
50 50 6.00 2.12 4.23 450 1.11 2.20 3.51 1.10 3.51
100 12 10.0 10.0 10.0  10.0 10.0 10.0 1.15 1.00 1.29
100 25 9.08 6.10 8.22 858 3.42 6.95 2.25 1.03 2.29
100 50 6.29 3.23 4.76  5.10 1.42 3.03 3.24 1.13 3.11

Table A.1: Average of lag order selections over 1000 iterations
(p=1; k= 10)
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Figure A.1: Order selection frequencies over 1000 iterations
(p=1; (n,T) = (100,50))
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p=2:

Yit = p; +0.15y; 11 + 0.15y; 42 + €54

n T AIC BIC HQ PLICM® PLICPC PLIC{® PLIC® PLICPC PLICY®
20 12 9.94 9.71 994  9.72 7.95 9.32 1.78 1.05 2.24
20 25 6.50 2.39 5.06  5.12 1.20 2.39 2.95 1.32 3.41
20 50 561 2.32 4.00  4.28 1.36 2.24 4.65 1.82 4.79
50 12 10.0 10.0 10.0  9.99 9.71 9.91 1.53 1.03 1.73
50 25 8.13 4.41 6.57  7.06 2.23 4.82 3.13 1.29 3.53
50 50 597 3.28 4.712 497 2.23 3.30 4.39 2.17 4.39

100 12 10.0 10.0 10.0  10.0 10.0 10.0 1.25 1.00 1.37
100 25 897 6.50 8.14  8.53 4.09 7.44 2.89 1.20 2.92
100 50 6.56 3.66 5.29  5.64 2.34 3.78 3.78 2.10 3.71

Table A.2: Average of lag order selections over 1000 iterations
(p=2; k= 10)
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Figure A.2: Order selection frequencies over 1000 iterations
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p=3: Yit=p; +0.15y;t-1+0.15y;4—2 + 0.15y;+3 +€i¢
n T AIC BIC HQ PLICM® PLICPC PLIC{® PLIC® PLICPC PLICY®
20 12 10.0 9.75 9.98  9.68 7.59 9.20 1.95 1.13 2.66
20 25 6.97 291 504 5.15 1.16 2.65 3.51 1.47 3.80
20 50 6.19 3.53 4.78  5.15 1.63 3.07 5.08 2.75 5.28
50 12 10.0 10.0 10.0  9.99 9.81 9.97 1.56 1.05 1.76
50 25 820 524 719 7.71 2.71 5.94 3.74 1.67 3.84
50 50 6.93 4.05 591  5.99 3.08 4.34 5.08 3.03 5.17
100 12 10.0 10.0 10.0  10.0 10.0 10.0 1.12 1.00 1.29
100 25 923 7.19 8.76  8.89 5.10 8.05 3.54 1.45 3.72
100 50 724 479 6.40  6.70 3.32 4.98 4.75 3.11 4.68

Table A.3: Average of lag order selections over 1000 iterations
(p=3; k=10)
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Figure A.3: Order selection frequencies over 1000 iterations
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Vit = iy +0.15y; 41 4+ 0.15y; 42 + 0.15y; 13 + 0.15y; 44 + €5 ¢

n T AIC BIC HQ PLICM® PLICPC PLIC{® PLIC® PLICPC PLICY®
20 12 9.90 9.52 9.82  9.42 7.09 8.91 2.10 1.06 2.48
20 25 723 3.65 564  5.65 1.36 2.89 4.36 1.76 4.92
20 50 6.56 4.41 540  5.48 2.20 3.72 5.57 3.62 5.58
50 12 10.0 999 10.0  9.90 9.40 9.88 1.63 1.03 1.70
50 25 831 5.86 7.62  7.94 3.09 6.21 4.61 1.76 4.89
50 50 711 5.17 6.26  6.60 3.93 5.51 6.14 4.07 6.19

100 12 10.0 10.0 10.0  10.0 10.0 10.0 1.39 1.01 1.46
100 25 911 7.56 8.54  8.89 6.46 8.07 4.38 1.80 4.47
100 50 7.73 5.56 6.94  7.22 4.37 6.05 5.54 4.04 5.54

Table A.4: Average of lag order selections over 1000 iterations
(p=4; k= 10)
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Figure A.4: Order selection frequencies over 1000 iterations
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