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Abstract

In this paper we consider the problem of estimating nonparametric panel data models with fixed effects. We introduce an
iterative nonparametric kernel estimator. We also extend the estimation method to the case of a semiparametric partially
linear fixed effects model. To determine whether a parametric, semiparametric or nonparametric model is appropriate, we
propose test statistics to test between the three alternatives in practice. We further propose a test statistic for testing the null
hypothesis of random effects against fixed effects in a nonparametric panel data regression model. Simulations are used to
examine the finite sample performance of the proposed estimators and the test statistics.
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1. Introduction

Nonparametric and semiparametric kernel methods are increasingly popular tools for statisticians/
econometricians. Researchers have begun to gravitate towards nonparametric and semiparametric methods
when there is little prior knowledge on specific (regression) functional forms or some known parametric
specifications are deemed inadequate for the problem at hand. This often occurs when formal rejection of a
parametric model yields no clues as to the direction in which to search for an improved parametric model. This
growing popularity of nonparametric methods stems from their ability to relax functional form assumptions
of an unknown model and let the data determine a function tailored to the data. This capacity to potentially
reveal structure in the data that may be missed by common parametric specifications has encouraged growth
in a variety of areas of statistics and econometrics.

The estimation of panel data models is no exception. The focus has been on both semiparametric (e.g. see
Ke and Wang, 2001; Li and Stengos, 1996; Ullah and Roy, 1998) and nonparametric estimation of random
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effects models (e.g. see Henderson and Ullah, 2005; Lin and Carroll, 2000, 2001, 2006; Lin et al., 2004; Lin and
Ying, 2001; Ruckstuhl et al., 2000; Wang, 2003; Wu and Zhang, 2002). Estimation of these types of models is
appropriate when the individual effect is independent of the regressors. This is common in many applications,
where researchers often treat any unobserved individual heterogeneity as being distributed independently of
the regressors. However, random effects estimators are inconsistent if the true model is one with fixed effects,
i.e., individual effects which are correlated with the regressors (e.g. see Wooldridge, 2002). Indeed, economists
often view the assumptions for the random effects model as being unsupported by the data. In light of this we
seek to develop both nonparametric and semiparametric fixed effects estimation procedures. These procedures
will be consistent under either the random or fixed effects assumptions.

We present both nonparametric and semiparametric models which either take or do not take the correlation
structure into account when estimating a fixed effects nonparametric/semiparametric panel data model. Our results
show that for the nonparametric model, incorporating or ignoring the within-subject correlation leads to consistent
estimation results. This is shown with a sketch of the proof similar to that in Lin and Carroll (2006). However,
incorporation of the correlation leads to an improvement in the estimated variance when the number of time
periods is greater than two. For the semiparametric partially linear model, we also find that taking into account the
correlation structure leads to efficient estimation of the finite dimensional (parametric) parameter.

Given that nonparametric estimators suffer from the curse of dimensionality, it is desirable to apply the
consistent estimator with the fastest rate of convergence. Although nonparametric models are consistent under
minimal assumptions, their rate of convergence is relatively slow. In contrast, ssmiparametric models allow for
J/n-convergent estimation of the parametric components, and parametric models allow all parameters to be
estimated at that rate when their respective functional form restrictions are appropriate. To choose between
parametric, semiparametric and nonparametric alternatives we propose in Section 4.1 tests between these three
models, using a simple and practical bootstrap testing approach.

The question of whether to use random or fixed effects naturally arises with panel data. We know that when the
individual effect is correlated with any of the regressors, the random effects estimator becomes biased and
inconsistent. The fixed effect estimator wipes out these individual effects and leads to consistent estimates. On the
other hand, if the individual effects are independent of the regressors, both estimators are consistent. In this case
the random effects estimator is more efficient. This trade-off is common in econometrics and is often resolved using
a testing procedure. In Section 4.2 we develop a Hausman style test for the presence of fixed versus random effects.
We suggest a separate bootstrap procedure for the implementation of this test in practice.

The remainder of the paper is organized as follows: Section 2 gives the nonparametric estimation procedures
when we both account for and ignore the correlation structure. Section 3 generalizes the results to the case of a
semiparametric partially linear model. In Section 4 we propose test statistics for testing between parametric,
semiparametric and nonparametric alternatives as well as a test statistic for testing random effects against
fixed effects in nonparametric panel data regression models. Section 5 examines the finite sample properties
with a small Monte Carlo study. Finally, Section 6 gives concluding remarks.

2. Fixed effects nonparametric panel data models

Consider the following nonparametric panel data regression model with fixed effects:
Yj[ze(Zi[)+ui+Vi[ (i=l,...,l’l;l‘=l,...,m), (l)

where the functional form of 0(-) is not specified. The covariate Z;; = (Zj1, . . ., Zi4) is of dimension ¢, and all
other variables are scalars. The random errors v;; are assumed to be i.i.d. with a zero mean, finite variance and
independent of Z;, for all i and ¢.! Further, y; has a zero mean and finite variance. We allow y; to be correlated
with Z; with an unknown correlation structure. Hence, (1) is a fixed effects model. Alternatively, when y; is
assumed to be uncorrelated with Z;, model (1) is a random effects model. Note that we only consider the
balanced data case in this paper for notational simplicity. The results of this paper can be generalized to the
unbalanced data case.

"The independence between v;, and Z;, can be relaxed so that v; and Z;; are mean independent (E(v;|Z;;) = 0). Simulations not reported
in the paper were performed to confirm this. These results are available upon request.
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We consider the usual case of large n and fixed m, and assume that the data are independent across the i
index. We take a first difference to remove the fixed effects

Yi=Yy—Yn=0Zy)—0Zn)~+ vi—va. (2)
Note that the above difference is to subtract observation ¢ =1 from 7. One can also use the alternative
transformation of Yy — Y;,-1 = 0(Zy) — 0(Z;;—1) + vir — vi—1 to remove the fixed effects. The asymptotic
analysis is similar under various transformations. In this paper we will focus on the transformation given in
(2). From (1) we know that E{6(Z;)} = E(Y ). Under this condition, 6(-) defined in (2) is identified. We
discuss two nonparametric estimators for 6(-), one which utilizes the variance structure of the terms Y, and

the other which ignores the structure. We will show that the former estimator is asymptotically more efficient
when m>2.

2.1. An estimator using the variance structure

Our goal in this section is to derive an estimator which exploits the variance structure. We start by defining
Vie = vi —vii and V; = (Ui, ..., Vim) ', where the superscript (-)' denotes the transpose of a matrix (-). The
variance—covariance matrix of v;, defined as X~ = cov(v;|Z;, ..., Z;,) = cov(v;), is given by

2= Gg(lmfl + emflegqfl)a
where 7,,_; is an identity matrix of dimension (m — 1) x (m — 1), and e,,_; is a (m — 1) x 1 vector of ones. It is
easy to check that X! = 072(Ip—1 — em—1e}._,/m). Following Wang (2003) and Lin and Carroll (2006) we use

a profile likelihood approach to estimate 0(-). The criterion function for individual i is given by (Y; =
(Yila ey Yim))

i) = L(Yi,00) = —XY;i = 0+ 0nen1) 27 (Yi — 0; + Onnem—r), 3)

where ¥; = (Y, ..., Vi)', 0y = 0(Z;) and 0; = (0, . .., 04)".
Defining %;,0 = 0.%,(-)/00;, and L} ;50 = 625%'(-)/(69,',60,»‘?), from (3) we obtain

PLivg=—er Z7NY, = 0, + Onemr),

Liw= C;r_lzil(?,' —0;+ 0y1e—1) for t=2,

where c,_; is a vector of dimension (2 — 1) x 1 with the (¢ — 1) element being 1 and all other elements being 0.
Here we will maximize a kernel-weighted objective function. We start by defining the product kernel

q
K@) = [ [ 1y 'ke(wi /1y,
=1

where k(-) is a univariate kernel function. Further, define (Z; — 2)/h = {(Zi,y — 21)/ I, .. .. (Zirg — zq)/hq}T
and Gj(z,h) = [1, {(Zi — z)/h}T]", where G, is of dimension (¢ 4+ 1) x 1. Finally, define 0V (z) = 00(z)/0z as
the first order derivative of 6(-) with respect to z. We estimate the unknown function 6(z) by solving the first
order condition

n

0=>"3N Ki(Zi— DGile. )Ll Y1, 0Zi). ... 02) + (Zis — /10D @), ... O Zim)]. 4)

i=1 t=1

where the argument %; 9 is @(Z,-S) for s#¢ and 5(2) +{(Z;; — z)/h}@m(z) when s = t.

2.1.1. An iterative procedure for nonparametric estimation
_ Eq. (4) suggests the following iterative procedure. Suppose the current estimate of 0(z) at the [¢ — 1]th step is
Oi¢—1)(z). Then the next step estimate of 0(z) is Ojg(z) = %o(z), where (o, %) solve the following equation:

n m

0= """ KuZi — DGiz. ) Lo Y. Ope—1y(Zan). . ... 5o + (Zis — 2)/ WY 501, ... Opp—1y(Zin)]. (%)

i=1 =1
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Below we give an algorithm for estimating 0(-). We note here that we need to use the restriction that

n m

SN Yu—0Zi =0

i=1 =1
in order for 6(-) to be uniquely defined based on (2), since E(Y ;) = E{6(Z;;)}. The algorithm is linear in the
Y’s. By defining

Yin— 5[571](21'2)
Hin= : —{Yu — 5[671](21'1)}6’;”71,
Yim - /0\[[,1](21',,7)

we get

n
0= ZKh(Zil —2)Gal—el (27 Hipony + el 27 e 10— n(Zin) — G (o0, 01)")]
p)

+ Z Z Kiy(Zi — Z)Gir[C;T,lz_lHi,[{fl] + C?,lz_lczfl{,é[f—l](zit) - G;(OCO,OH)T}],
=1 1=2

where G;; = Gy(z, h). Further, by defining

D, —12{ e’ 5 Ve 1 Ki(Zi — 2)Gi GY +Z¢, 2, lKh(Z,,—z)GUG,,}
i=1 =2

Dy=n" Z{e},_ll"eleh(Zn - Z)Gil/é[(’—l](zil) + Z ek 2 e Ki(Ziy — Z)Git/é[(’l](zit)}a
) P

Dy =n"" Z{ZKh(Zu —2)Gye! 2 Hippoyy— Ki(Zin — Z)Gile},;_llei,[(’l]}s

i=1 t=2

and then solving for a and oy leads to {%(2), ()t = Dy (D5 + D3). The next step estimate of 6(z) is given
by 9[[](2) = d(z), while «(z) gives the next step derivative estimator of 0(z).

Wang (2003) considered the random effects case. In her model a consistent initial estimator can be obtained
by replacing X by an identity matrix. The simulations reported in Wang (2003) show that a one-step iteration
is nearly as efficient as the result for full convergence, and that it usually only takes 3—4 iterations to achieve
full convergence. In our case, even when one replaces 2 by an identity matrix, (2) is an additive model with the
restriction that the two additive functions have the same functional form, and an initial consistent estimator of
0(-) can be obtained by the standard backfitting method, see for example Opsomer and Ruppert (1997).
Alternatively, one can use a nonparametric series method to obtain an initial consistent estimator of 6(-). The
advantage of using the series method to estimate an additive model is that one can easily impose the additive
structure. This is because the method involves only a least squares estimation procedure. We suggest to use the
series method to obtain an initial estimator for 6(-).

2.1.2. Asymptotic theory
To study the asymptotic distribution of 0(2) we first give some regularity conditions and definitions.

Assumption 1. The random variables (Y, Z;;) are independent and identically distributed across the 7 index
and Y has finite fourth moments for all 7. Let f,(-) denote the density function of Z;; then both f,(-) and 0(-)
are twice continuously differentiable functions. Let %, denote the support of Z;; then f,(z) is bounded from
both below and above by some positive constant for all z € .&,. The initial estimator of 0(z) that is used to start
the iteration is a consistent estimator of 6(-).
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Assumptlon 2. The univariate kernel function k(-) is a bounded, symmetric probability density function where
fk(v)v dv is finite. Asn — oo, h, > O forallr =1,...,q and nh; -- - hy — oo.

We first make the following general definitions, the calculations of which will follow after the statement of
the main result. Define

Q) ==Y fUDEIL 0| Zi = 2}.
t=1

Further define &; = Zp{Y:, Zi, 0Zi)s - .., 0 Zi)s .., 0(Zin)},

q
=Dk (- hg)
s=1

and define b,(z) to be a bounded? and continuous function that is the solution to

m m

bi(2) = 2 00(2) = D > FOE(List (Db Zis) | Zis = 2}/ Q(c), (6)

t=1 s#t

where 6,,(z) = 629(2)/62r. Note that for our model Z, is non-stochastic. Specifically, .Z; 1, = —1/(mo§) for
s#1 and & = 1/(ma§) for ¢,s>=2 and t+#s. Hence, (6) can be written as

1 m m
biE) = 300l + DD duf (IEIDAZ) Zi = 21/900) (7)
V=1 s#t
where d;;, = 1i1f t =1 or s = 1, and d;; = —1 otherwise. If Z;; and Z;; are independent for ¢+#s, we obtain a

closed form solution for b,(z). In the general dependence case, b,(-) does not have a closed form expression.
Here we state our main result. A sketch of the proof is in the appendix and it follows along the lines of the
more detailed arguments in Lin and Carroll (2006).
Main result: The estimator 0(z) has the asymptotic expansion

—~ q n m
0(z) — 0z) = (12/2) Y _I2by(2) =" Y Y " Ki(Zis — 2)eis/QA2) + 0p(1,)- ®)
r=1 i=1 t=1

Thus, the asymptotic bias and variance of 5(2) are

bias = (k2/2) zq: h?b,(z) + o (i hf) ,
r=1 r=1

q

aric K 1 -1
variance = nhy <y O )+ o{(nhy---hy)"'}.

Remark 1. The particular form of our problem means that many of the terms have simple expressions. In
particular,

Ling=—e e 1 = —(m— 1)/(ma?),
Ling = —C},127101—1 =—(m— 1)/(’”‘75) for 122,
T y-1 1
Linw=—¢_1 2" ey-1 = —— fori=2,
mo

v

>Note that b,(z) is bounded because Z is bounded. However, we leave the rigorous proof of the existence and continuity of b,(-) to future
research.
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1
L = —cT_ll’ch_l =—— fort,s=2 and t#s,
5 t mo_%

m _ 1 m
Q) = =Y SOELwOZ =2 =5 > f (o).
=1 Vo=l

Remark 2. If we further assume that f,(z) = f(z) for all 7, then the asymptotic variance becomes

2.9
avar{\/nhy - hy0(2)} = m )

Under the assumption that h,~n~"/+9 and by defining x = [k*(v)dv, we obtain the following asymptotic
distribution for 6(z):

(nh ---hq)‘/z{é(z) —0(z) — Eq:hfbr(z)} — N(0,k9/Q(z)) in distribution. (10)

r=1

Remark 3. Obviously, Q(z) can be consistently estimated by

Q) = (m=1)>_f,()/(m5?),
t=1

where

[(@=n">" KnZi—2)
i=1

and

2 U NONNy v — 20— B ZP

If Z;, is strictly stationary in ¢, Q(z) = (m — 1)f(z)/02, and one can estimate Q(z) by (m — l)f (2) /Ef, where

@ =3 Ki(Zi ).
i=1 =1

Here we note that G2 is only necessary in order to estimate the covariance matrix of the limit distribution. It is
not necessary for the estimates of the unknown function and its derivative because given our specification, as
discussed in Remark 1, in the estimation of {dy(z),%(z)}" = Dy (D, + D;), 52 simply drops out.

Remark 4. In the appendix we provide an outline proof for the main result (8). Therefore, one may view (8) as
a conjecture, rather than a rigorous proved result. Our proof follows similar arguments as in Wang (2003) and
Lin and Carroll (2006) who did an iterative construction of their estimators. We leave the rigorous proof of the
main results of the paper to future research. Also, as a referee correctly pointed out, since we did not provide
formal proofs, the imposed assumptions presented in the paper may not be sufficient. It is possible that
additional and potentially restrictive assumptions may have to be added to make the results presented in the
paper rigorously valid.

2.2. An estimator ignoring the correlation structure

In this section we study the asymptotic distribution of a fixed effects estimator that ignores the variance
structure 2. Past research in nonparametric panel data estimation has shown that the ‘working independence’
method has the same rate of convergence as methods which incorporate the correlation structure (e.g. see Lin
and Carroll, 2000). Thus, here we examine the estimator ignoring this structure to determine whether our
estimator has an asymptotic improvement. In this case the objective function (3) is modified by replacing >~
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by I,,—1, and thus becomes

Li()=L(Yi,0) = =YY = 0+ Onen 1) (Yi — 0i + Oney).
Then from (3) we obtain ¥, and %, as

Lino=—ep_(Yi = 0; + Oiren),

gi,t() = C;l;l(i;i —0;+ 0;1e—1) for t=2.

The iterative procedure is similar to before. Eq. (5) remains of the same form, and we solve

0= Ku(Zn — Gnl—ep_Hije— + (m — D{Og—1)(Zin) — G} (0, 1) }]
i=1

n m

+ Z Z Ki(Ziy — 2)Gyle] | Hij—n + {5[5—1](21‘1) — Gi(og, 1)}
=1 1=

By replacing X~! with I,,_;, and noting that e! e, =m — 1 and ¢! ;¢,_; = 1, analogous to the definitions
of Dy, D, and D3, we obtain

n

Ji=n"' Z{(m — DKW(Zis — 2)Ga G + > Ku(Ziy — Z)GitG;‘l;},
=

i=1 t=
Jy=n"! Z{(m — DKW(Zn — G O—y(Zi) + > Ki(Ziy — z)G,-f@[f_mz,-,)},

i=1 =2

n m
Jy=n"" Z{ZKh(Zit —2)Gyce! (Hijy—n — Ki(Zn — Z)Gile;llHi,[[—l]}-
i=1 | i=2

Then solving for oy and «; leads to {ay(z),o1(z)} = Jl_l(Jz + J3). One can use the results of Section 2.1 to
derive the asymptotic distribution of %(z) by replacing ~~! with I,,_;. However, direct calculation of the
asymptotic variance is quite simple. Under the assumption that f,(z) = f(z) forall t = 1,...,m, it is easy to see
that J; = 2(m — 1)f(z)diag(1, x2/,,—1) 4 op(1). It can be shown that the asymptotic variance of J, 4+ J3 comes
from J3 by replacing H,j,_1; with v;.

We decompose J3 into J3 = J3; — J32,

n m

Jaa=n""Y "> Ki(Zi — )Gie] | Hig
i=l =2

and

Jio=n"" ZKh(Zil —2)Ge) Hip—1-

i=1

It is also easy to show that

1
avar(J3,1) = ————(2(m — o2’/ (2)}diaglc, k1),
-~

nh1

where k2 = [ v%k(v)* dv, and

1
—————{(m — Dmojxt™ ' f(2)}diag(k, k2l m—1),
nhy---hy

and that cov(J3,J32) has an order smaller than O{(n/; - - ~hq)_1}. Hence, we have that

avar(J3) = ¥”h{4(,ﬂ — l)o%quf(z)}{(z -Z m)
q

avar(Jsp) =

nh1 ) }diag(K, Kzzlm_l).
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Thus, we immediately obtain the asymptotic variance of {%y(z), & (z)}T which is given by

! 1 2 qg—1 (2 +m) . 2
Am — l)zf(z)z T {4(m — Doy f(z)}{ ) }dlag{x, (K22/K2)Imfl}
_ 1 Kq—log Q2+m) diag{x, (K22/K%)Imfl}~ (11)

Conhy--hy(m—1)f(z) 4
Comparing (11) with (9), we see that the relative asymptotic variance of %y(z) and dy(z) is

avar(o(z))  2+m
avar(op(z)) 4

which equals one if m = 2 (as expected) and is greater than one when m>2.

Even though the estimator that ignores the variance structure X has a large asymptotic variance (when
m>2), it has the advantage that it is robust to possible misspecification in X. While the asymptotic distribution
of the estimator that uses X! requires that the variance structure X is correctly specified. For example, if v;; is
serially correlated but one ignores the serial correlation, then form of X will be misspecified. Finally, the
estimator that ignores X is computationally simple compared with the estimator that uses X~

Here we note that when we replace X! with 7,,_, ZLing=—-(m—1)and ¥, ,,p = —1fort=2,and ¥, ;9 =
—1for ¢, s=1,...,m— 1 when ¢ is different from s. Thus, Q(z) = 2(m — 1)f(z) and the leading bias term
becomes

m m

20,2 = YD SOEL 00 (bAZi)|Zi = 21/2(2)

t=1 s#t

bi(2)

q

K> 1 M
= ?Hl‘r(z) +mz Z E{b(Zi)|Zi = z}.

t=1 s=1,s#t

3. A partially linear model with fixed effects

Nonparametric regression suffers from the curse of dimensionality problem when the dimension of the
regressors is high. In this section we consider a semiparametric partially linear model where only a subset of
the regressors enter the regression model nonparametrically. A partially linear panel data regression model
with fixed effects is given by

Yu=XB+0Zi)+w+ve G=1,...,mt=1,...,m),

where X; is of dimension d x 1, and the other variables are as defined in Section 2.
Again we take the first difference to eliminate the fixed effects:

Yi=X'B4+0Zi)—0Z)+7: (i=1,...,mt=2,...,m), (12)
where X i+ = Xy — Xi. The criterion function for individual 7 is modified to
ZLi()=2L(Yi, X, B,0;)
= UV = X B0+ Onen )" (Vi— X0 f = 0+ Onena),
where X i = (/\N’ Dy ,AN’ im)T. The derivative functions become

egi,lf) = _el71—1271(}~]i - AN/,IB - 01‘ + Oilem—l)a

PLiw=co127N(Y; = Xif = 0; — Oen_y) for 12,

and the second derivatives of %, (-) are analogous to those given in Section 2.
Following Wang et al. (2005), we estimate 0(-) and 8 by a profile-kernel approach. For given values
of B and a current stage estimator 6(-), we estimate 6(z) by o,, where @, and a; satisfy the following
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first order condition:

0=>"N"Ku(Zi = DGile. )L o[ Y1, Xis B.OZir. ). .. .. G0+ {(Zis — 2) /WY G, ... O(Zim: B
i=1 t=1
Compare (12) with (2). Let @,() be the nonparametric estimator in model (2) and let ﬁw() be the
nonparametric estimator in model (2) if Y; is replaced by the rth component of X;. Further, let
x(z) {Hx 1(2),. m;(z)}T It is obvious by the linearity of the smoother and from (12) that

0(z, ) = 0,(2) — 0.(2)" . (13)

This means that (0/ aﬂ)/@(z, p) = —ax(z). Therefore, we estimate f by the minimization of

N T
] Yo — ,2ﬁ {0(Zin, ) — 0(Zir, B} Yo — ,2,3 —{0(Zir, B) — 0(Zar, B))
> : !

- Ylm X,mﬁ {H(Zim: ﬁ) - /0\(21'1 > ﬂ)} Ylm X,mﬁ {H(ij, B) - /é(Zil: .8)}

We can now invoke (13) to get an explicit solution for ﬁ and an explicit covariance matrix for the asymptotic
dlStI‘lbuthIl of nl/z(ﬁ ﬁ) By deﬁnmg Ylt* - th {ey(Zn‘) y(Zzl)} Y i* = (YIZ*’ cees zm*) th* = th
{HV(Z,,) — 9 «(Zi)} and X = (X4, ..., Xims), the estimate of f§ is given by

-1 n
(Z XTs- X,*> (Z X, > ﬁ).
i=1

Note that since we have a closed form solution for ﬁ no iteration is needed. W% estimate 6(-) by the same
method as discussed in Section 2 except now that Y is replaced by Y, — X, B whenever it occurs. At
convergence, the resulting 9(2) has the same asymptotic distribution as described in Section 2. Then of course,
we have a nonparametric regression model as covered in Section 2. Next, notice that [3 B=0 (n‘l/ %)
converges to zero faster than the nonparametric estimator 0(2) 0(z). Therefore, replacing f by ﬁ w1ll not
affect the asymptotic distribution of 6(z). R

To derive the asymptotic distribution of f, we first give some definitions. Let ¥ denote the space of
bounded, twice continuously differentiable functions. Define g(-) = (g,(-), 95(-), - .., g4(-)) to be a 1 x d vector
function, with g; € 4. Define a d x 1 vector function ¢(-) as the function that minimizes the following
objective function:

~ T ~
X —{9(Zn) — 9(Zn)} X —{9(Zn) — 9(Zn)}
¢(-) = argmin E : >t :
P()=9(-)e% ~
Xim —{9(Zim) — 9(Zi1)} Xim —9(Zim) — 9(Zi1)}
Here we modify Assumption 1 as Assumption 3.

Assumption 3. The random variables (Y, X;;, Z;;) are independent and identically distributed across the i
index and Y, and each component of X, has finite fourth moments for all 7. Let f,(-) denote the density
function of Z;;; then both f,(-) and 0(-) are twice continuously differentiable functions. Let %, denote the
support of Z;; then f,(z) is bounded from both below and above by some positive constant for all z € ;. The
initial estimator of 0(z) that is used to start the iteration is a consistent estimator of 6(-).

Then, under Assumptions 2 and 3, we obtain the asymptotic distribution for the convergent ﬁ as
given by

n'2(B — B) — Normal (0, V') in distribution, (14)
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where
Xo—10Zo) = ¢Za)\ | [ Xo—($(Zo) — d(Za))
V=E : >
zm {¢(Zzn1) d)(zll)} zm {¢(Ztn7) d)(Zzl)}

Moreover, V' can be consistently estimated by

A—l
T
ZX l*a

. . ~ o 1. . . . .
where X i 18 defined in constructing our estimator f§, X  is a consistent estimator of X, which relies on a
consistent estimator of ¢2. It is easy to show that

n m

= [2n(m — )]~ }:2:

is a consistent estimator of o.

Bickel et al. (1993), Bickel and Kwon (2002), and Chamberlain (1992) provide general treatment on
inferences and efficient bounds analysis for semiparametric models. By following the same arguments as in Lin
and Carroll (2006), one can show that V! is the semiparametric efficient lower bound for the asymptotic
variance, among all estimators of f§ based upon the differences Y;, — Y;;, when the regression errors v; in (1)
have a Gaussian distribution. Su and Ullah (2006) consider an alternative of f§ in a fixed effects partially linear
panel data model. However, they did not address the problem of semiparametric efficient estimation of f.

4. Specification testing
In this section we consider two types of specification tests. The first type is to test the functional form
assumptions of a regression. Specifically, we present tests to test a parametric model versus a semiparametric

model, a parametric model versus a nonparametric model, and finally, a semiparametric model versus a
nonparametric model. The other type is to test a random effects against a fixed effects specification.

4.1. Regression functional form specification tests

Our tests consider the following possible specifications:

Yi=XB+Zy+uy, (15)
Yi= X};ﬁ + O0(Zi) + uyy, (16)
Yi=9(Xi, Zit) + uy, (17)

and the functional forms of 6 : #¢ — %; and ¢ : A — P are not specified. We assume that u; = y; + vy,
and we allow for the possibility that g, is correlated with X and/or Z;; in an unspecified manner.

We let [3 and 7 denote consistent estimators of f§ and y based on model (15), and let [3 and H() denote the
consistent estimators of  and 0(-) based on model (16). Finally, g(-) denotes the consistent estimator of g(-)
based on (17).

In our first test we use Hj to denote the null hypothesis of the linear regression model (15), against H{: the
corresponding alternative is the partially linear model (16).

Our test statistic for testing H is

n m

Z Z WB+ Zii - XTB— 0(Zi)P.
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Under Hg, I5 converges to 0 in probability, and /{ converges to a positive constant under H{. Therefore, /¢
can be used to detect whether H is true or not. We conjecture that /7, after proper normalization and centering,
is asymptotically normally dlstrlbuted However, the derivation of such a result is quite complicated due to the
iterative procedure involved in computing 0(-). We leave the study of its asymptotic distribution to future
research. Even if one derives the asymptotic distribution of /¢, it is well known that asymptotic theory does not
provide good approximations for nonparametric kernel-based tests in finite sample applications (e.g. see Hardle
and Mammen, 1993; Lee and Ullah, 2000; Li and Wang, 1998; Whang and Andrews, 1993). Therefore, we
propose the following bootstrap procedure to approximate the finite sample null distribution of Ij,.

Let Uiy = (Wi, - - - » tim, )T, where

n
ulta - ulta - (nm) Z Z u/sa

j=1 s=2

is the re-centered parametric fixed effects residual, u;, = Yy — Yy — (X — ,I)TE (Ziy — ,1)T7 We obtain
uf, by random draw from {#;.};_; with replacement. Note here that we are resamphng the entire set of fixed

effect vector residuals for a particular cross-sectional wunit (¢#=2,...,m). Then generate
Y, - Y, =WXi— X)) B+ (Zi—Z)F + up .- Call { Xy, Zis, ¥
sample to estimate § and y based on model (15), say B* and 7*, and estimate f# and 6(-) based on model (16),
say ﬁ* and 5*(~). Then compute I¢*, where I9* is obtained from ¢ with B, 7, B and @(-) replaced by §*, 7, E*

n >’

} the bootstrap sample Use the bootstrap

lla

and 5*(~), respectively. We use the empirical distribution of /5* to approximate the null distribution of /. We
expect that this bootstrap procedure works because Y7, is generated according to the null fixed effects (linear)
model. Hence, 7% mimics the null behavior of I¢, whether the null hypothesis H} holds true or not.?

We use Hg to denote the null hypothesis that model (15) is the correct specification and we use Hll’ to denote
that (17) is the correct model. For testing Hg we use the test statistic

n nm Z Z X;gﬁ + Z,,)) E(Xil, Zit)]z-

Since Hf and H0 are identical (both testing a linear null model), we use the same bootstrap sample
{X it» Zits Y”a} to compute /, b to obtain I, b where I, b is obtained from Ib with 8,7, and g(-) being replaced by *,
7*, and g*(-), respectively. We use the empmcal d1str1but10n of I, b to approximate the null distribution of I,. b

Finally, we use Hj to denote the null hypothesis that model ( 16) is the correct specification and we use H‘ to
denote that (17) is the correct model. For testing Hj we use the test statistic

n m

D ~ 2
I, anZ[ B+ 0(Zi) = G(X i, Za)P

T
Let 4. = (Unye,- - - ime)” , Where

n m

~ ~ 1 ~
Ujt,e = Uit — (nm) E § Ujs,c
j=1 s=2

and e =Yy —Yu —(Xu — X i)' = {0(Zi) — 6(Zi1)}. We obtain uf, from {u;.};_; with replacement. Again
note that we are resampling the entire set of vector residuals for a particular cross-sectional unit (¢ = 2,...,m).
Next generate Y5 — Y5 = (X — Xi) B+ 0(Zi) — 0Zyn) + uf,.. Call {X;,Ziy, ¥
Use the bootstrap sample to estimate § and 6(-) based on model (16), say /ﬁ*and 6*(-), and estimate ¢g(-) based

iic) the bootstrap sample
on model (16), say g*(-). Then compute I5*, where I¢* is obtained from IS with B, 5(~) and g(-) replaced by E*,
/9\*(-) and g*(-), respectively. As before, we use the empirical distribution of the bootstrapped test statistic ;" to

approximate the null distribution of I},
The finite sample performance of the above bootstrap procedures is examined via simulations in Section 5.

3For a similar bootstrap procedure in the context of additive nonparametric models see Fan and Jiang (2005).
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4.2. Testing random versus fixed effects: a nonparametric Hausman test

The efficiency/consistency trade off between random and fixed effects models is well known in econometrics.
In this section we discuss how to test for the presence of random effects versus fixed effects in a nonparametric
panel data model. The model remains as (1) with u; = y; + v;,. The random effects specification assumes that
u; is uncorrelated with the regressor Z;,, while for the fixed effects case, u; is allowed to be correlated with Z;
in an unknown way.

We are interested in testing the null hypothesis that 4, is a random effect versus the alternative hypothesis
that yu; is a fixed effect. The null hypothesis can be written as

Hy : E(w|Zi, ..., Zim) =0 almost everywhere.

The alternative hypothesis is the negation of the null, i.e., H; : E(i;|Zi1, ..., Zi,y)#0 on a set with positive
measure. We maintain the assumption that E(v;|Z;i, ..., Z;,) = 0 under either Hy or H;. The null and the
alternative hypotheses can then be equivalently written as

Ho : E(ui|Z;,...,Z;,) =0 almost everywhere,
where u;; = u; + v;;, and
12 Ewi|Za, ..., Zi)#0 on a set with positive measure.

Our proposed test is based on the sample analogue of J = E{u;;E(u;|Z;)f (Z;;)}. Note that J = 0 under Hy
and J = E[{E(u;,| Z;)}*f(Z;)]> 0 if the null is false. Hence, J serves as a proper candidate for testing Ho.

For notational simplicity, we impose an additional assumption that f,(-) = f(-) forall t = 1,...,m. Let 0(z)
denote a consistent estimator of 0(z) under the fixed effects assumption. Then a consistent estlmator of u; is
given by u; =y, — 0(2,,) Our feasible test statistic is given by

-7 = (nm)71 Z Zﬁitﬁfir(il\it|Zir)f7it(zit)

i=1 t=1

m
0 55 3 D DI TN
i=1 =1 j=1 s=1{j,s}#{it}
where K ;s = Ki(Ziy — Zjs),
q
Kn(w) = [ [ 'eCwe /o),
7=1

k() is a univariate kernel function, and

E_i(y|Zi) = {nim — DY) " " @K/ —i(Zin)
J=1 s=1,{js} # it}

and
A n m
[l Zi)={nm =Dy 3" K
J=1 s=1s,{js} #{it}
are the leave-one-out estimators of E(u;|Z;) and f(Z;,), respectively. Li and Wang (1998) consider a similar
test statistic with cross-sectional data. As in Li and Wang (1998), we use the leave-one-out kernel estimator in
order to remove an asymptotic non-negligible center term.

It can be shown that J is a consistent estimator of J. Hence, T2 0 under the null, and T2 cif H, is false,
where C>0 is a positive constant. Therefore, one rejects Hy when J takes large positive values.

Again, we conjecture that J, after proper normalization and centering, is asymptotically normally
distributed. However, the derivation of this result is also complicated due to the iterative procedure involved
in computing 6( )- We leave the study of its asymptotic distribution to future research. Therefore, we propose
the following bootstrap procedure to approximate the finite sample null distribution of 7.
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The bootstrap procedure below will be different from those of Section 4.1 because the null hypothesis is a
random effects model now, and we cannot use the fixed effects residual as the basis for the bootstrap. Instead
we must base it on the random effects residual to carry out the bootstrap procedure so that the null model is
imposed on the bootstrap sample. Let u; = (41, . .. ,Uim) ', where @; = Y;; — 0(Z;) is the residual from the
random effects model, and 6(z) is the random effects estimator of 6(z). Compute the two-point wild bootstrap
errors by uf = {(1 — /5)/2}#; with probability r = (1 4+ +/5)/(2¢/5) and u = {(1 + +/5)/2}u; with probability
1 —r. Then generate Y7, via Y}, = 0(Zy) + uj,. Call {Zy, Y7 }17] _, the bootstrap sample. Using the bootstrap
sample to estimate 0(z) via the random effects method, denote the estimate by 0 (z), and then obtain the
bootstrap residual by uj; = Y}, — 0"(Z;;). The bootstrap test statistic J* is obtained as in J except that u; (uj;) is
replaced by u}, (it;i,) wherever it occurs. This process is repeated a large number (B) of times. The empirical
distribution of the B bootstrap statistics is then used to approximate the null distribution of the test statistic J.
The above bootstrap-based testing procedure can be generalized to test random effects against fixed effects in
a semiparametric partially linear model where the modifications are that one replaces the nonparametric
residual by the residual obtained from estimating the partially linear model, and also generates Y7, based on a
partially linear model.

The finite sample performance of this bootstrap procedure is also examined via simulations in Section 5.

5. Monte Carlo simulations
5.1. Nonparametric regression

This section uses Monte Carlo simulations to examine the finite sample performance of the nonparametric
panel data estimators. Following a methodology similar to Wang (2003), the following data generating
process is used: Y, = sin(2Z;,) + u; + vir, where Z;, is i.i.d. uniform[—1, 1], and v; is i.i.d. Normal(0, 1). Let v;
denote an i.id. uniform[—1, 1] sequence of random variables. We generate y; = v; + coZ;., where

m
Z,’. = m_l ZZ,'[.
t=1

co = 0 gives the random effects model, and ¢y #0 leads to the fixed effects model. Note that Z; and u; are
correlated for the fixed effects model. The variances of v;; and v; are both fixed at unity. We use the Gaussian
kernel function and the bandwidth is selected as & = G.(nm)~"/>, where . is the sample standard deviation of
(Zaih o

In the simulations reported below, for the fixed effects estimator we give results both when the variance
structure X! is ignored or is used. For the random effects estimator, we ignore the variance structure. Since
m = 3 in this example, we expect slightly better mean squared error efficiency for the estimator that accounts
for the correlation. In this case, the random effects estimator is a simple local constant estimator (no iteration
is needed). However, as noted previously, the fixed effects estimation procedure is iterative, even when one
ignores the correlation structure of X~!, and thus requires information on the previous iteration of 6(-). Thus
we set the initial value of 6(-) as follows: first, we use OLS to estimate the model using a fourth order
polynomial. Next, we calculate the expected value of Y given Z for each observation using the OLS estimates
and use these as our starting values for 0(-). Finally, we use the iterative method discussed in Section 2 to
obtain estimates of the fixed effects estimator using the initial estimate of 6(-) as described above. The
convergence criterion is set to be

n n m

SN0 Zi) = Oy (Zi)¥) D Ope-1y(Zi)* <0.001.
=1

i=1 t i=1 t=1

Unlike the random effects iterative procedure in Wang (2003) which performs well with a one-step iteration,
the fixed effects estimation generally needs an average of five to six iterations to obtain convergence.

“We use this simple bandwidth selector for computational ease. The relative performance of the estimators are not significantly affected
by slight changes in the bandwidth values.
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Table 1
Average mean squared errors (AMSE) of the fixed and random effects estimators when the data generation process is a random effects
model and when it is a fixed effects model

Data process Random effects Fixed effects without X Fixed effects with X

n=>50 n =100 n =200 n=>50 n =100 n =200 n=>50 n =100 n =200

Random 0.0477 0.0274 0.0154 0.0538 0.0302 0.0175 0.0495 0.0283 0.0158
Fixed 0.4377 0.4269 0.4266 0.1290 0.0816 0.0475 0.1197 0.0739 0.0436

Fixed effects without ¥ means that the covariance matrix X is assumed to be the identity, while Fixed effects with X uses X in order to
improve efficiency. The number of time periods () is set equal to three. The number of Monte Carlo replications (M) is set equal to 1000.

We use both fixed effects and random effects methods to estimate 6(-), and compute the average mean
squared error (AMSE) by

n m

M
AMSE = M"Y “(im)™" > 7 {0(Zies) — 0(Zia)Y,
I=1 i=1 =1
where the subscript / denotes the /th replication. In each experiment we use M = 1000 replications. The
number of time periods (m) is fixed at three, while the number of cross-sections (%) is varied to be 50, 100 and
200. The estimation results are given in Table 1. In summary, we find the following:

® When the data generating process is that of a random effects model (¢y = 0), we see that the random effects
estimator has a smaller AMSE than the fixed effects estimator. This result is expected because the fixed
effects estimator is not efficient. Also as expected, for both estimators, the AMSE decreases quickly as n
gets larger.

o Next, when the data are generated via a fixed effects model (¢y = 0.5), the regressor Z;; and the fixed effects
u; are correlated. In this case the random effects estimator is inconsistent. Indeed, Table 1 shows that the
random effects AMSE does not decrease as the sample size increases. In contrast, the fixed effects estimator
that removes the fixed effects leads to consistent estimation results. Its AMSE decreases rapidly as n
increases.

e Finally, the fixed effects estimator that accounts for 2 has an efficiency gain over the fixed effects estimator
that ignores 2.

5.2. Functional form tests

Next, we present the finite sample performance of the functional form tests. In construction of the tests we
consider three simple data generating processes’

Yi=Xuf+ Ziy + uy, (18)
Yi=Xup+ Z?,“/ + ui, (19)
Yi=Xip+Ziy + . (20)

In each model X;; and Z; are scalars which are generated as i.id uniform[—1,1] and uniform|2,4],
respectively. f =5 and y =2, and u; is generated as before where ¢y = 0.5. We use the Gaussian kernel
function and the bandwidth 4. = Ez(nm)*l/ 4+9 \where 5. is the sample standard deviation of {Z;}["] ,_,. hy is
defined similarly. ,

In the simulations reported in Table 2, we use the variance structure and account for 2. Further, the initial
values of 6(-) and g(-) are given by the OLS estimates from fourth order polynomial models. The convergence

SMore complicated data generating processes give qualitatively the same results.



D.J. Henderson et al. | Journal of Econometrics 144 (2008) 257-275 271

Table 2

Estimated size and power for the T tests for the null hypotheses of a parametric model versus a semiparametric model (a), a parametric
model versus a nonparametric model (b), and a semiparametric model versus a nonparametric model (c), respectively

Size and power of the T tests

n=>50 n =100 n =200
1% 5% 10% 1% 5% 10% 1% 5% 10%
Size
Az 0.006 0.031 0.065 0.008 0.041 0.087 0.009 0.046 0.089
f’ 0.009 0.037 0.092 0.011 0.054 0.108 0.010 0.052 0.093
n
i; 0.009 0.041 0.085 0.011 0.044 0.090 0.011 0.045 0.090
Power
jf; 0.855 0.916 0.947 0.929 0.962 1.000 0.981 1.000 1.000
f" 0.972 0.986 1.000 0.985 1.000 1.000 1.000 1.000 1.000
n
i: 0.989 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

The number of time periods (m) is set equal to three. The number of Monte Carlo replications (M) is set equal to 1000 and the number of
bootstrap replications (B) is set equal to 400.

Table 3
Estimated size and power for the 7J test for the null hypothesis that the random effects model is true

Size of the J test

co n=1>50 n =100 n =200

1% 5% 10% 1% 5% 10% 1% 5% 10%
0 0.012 0.056 0.112 0.015 0.057 0.109 0.011 0.054 0.108
0.25 0.176 0.404 0.518 0.376 0.626 0.734 0.672 0.872 0.922
0.5 0.578 0.834 0.910 0.935 0.990 1.000 1.000 1.000 1.000

The number of time periods (m) is set equal to three. The number of Monte Carlo replications (M) is set equal to 1000 and the number of
bootstrap replications (B) is set equal to 400.

criterion is the same as before where §(~) is replaced by g(-) when necessary. The number of iterations needed
for the semiparametric model to converge is typically between 5 and 7 in the second stage. The number of time
periods, cross-sections and replications are the same as before and the number of bootstraps within each
replication is set equal to 400. In Table 2 we can see that the estimated sizes of each of the three tests are close
to the nominal sizes for relatively small samples. The power of the three tests is also impressive and we can see
that they tend towards one as the sample size grows. Again, the limited results show that the tests perform well
for the typical panel data situation of large n and small m.

5.3. Nonparametric Hausman test

Finally, we examine the finite sample performance of the nonparametric test for detecting a fixed effects
model against a random effects model. The data generating process is the same as in Section 5.1. Again, ¢y = 0
gives the random effects model, and ¢y #0 leads to the fixed effects model. We consider ¢y = 0,0.25,0.5. The
number of replications (M) here is set equal to 1000 in each setting, and the number of bootstraps within each
replication is set at 400. From Table 3 we observe that the estimated sizes of the J test (the case of ¢o = 0) are
close to the nominal sizes. The last two rows (co = 0.25, 0.5) give the estimated power of the J test. We observe
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that the power increases rapidly as either the sample size increases or as the correlation between the individual
effects and the regressor increases (i.e., as ¢ increases). The limited simulation results seem to suggest that the
bootstrap-based J test performs well for the typical panel data situation of large n and small m.

6. Conclusion

In this paper we proposed using a kernel-based methodology to estimate a nonparametric panel data model
with fixed effects. We extended the estimation method to the case of a partially linear fixed effects model. To
determine whether a parametric, semiparametric or nonparametric model was appropriate, we proposed
bootstrap procedures to test between the three alternatives in practice. We also suggested using a bootstrap
procedure to test for the presence of random effects versus fixed effects in a nonparametric panel data set.
Monte Carlo simulations were used to examine the finite sample performance of the proposed estimators and
test statistics.
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Appendix A. Sketch of technical arguments

In this appendix we provide a sketch of our main result. We conjecture that a rigorous proof may follow
similar arguments as given in Mammen et al. (1999), although the model we consider is more complex than the
additive model considered by them. We leave this as a future research topic.

~ 1
Lemma 1. Let 0yy(z) and @E[])(z) be the Ith step iteration estimators of 0(z) and 0 (2), respectively, then it satisfies
the following equation:

~ Ko L 1 K&
OWAW@:§Zﬁm@—E@z§)ma—mn
r=1 i=1 t=1
1 n m

 nQ(2) Z Z Z Ki(Zin — Z)gi,me(‘){,é[{‘fl](z) — 0(2)}
i=1

t=1 s#t

+op{§qjh3 +(nh1~~-hq)l/2}, (A.1)

r=1

where g5 = L10{Y 1, 0(Zun), ..., 0Zi), . .., 0Zin)).

Proof. By Taylor expansion of the first order equation (5) with respect to {/9\[4(2),531)(2)} at {0(z), 0V(2)}, we

have that
0=n"" Z

i=1 t=1

Ki(Ziy — 2)Gilz, h)gi,te‘(')
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X zn: m T /0\[[](2) - 0(2)
+n Ki(Zis — 2)Giu(z, ) Giu(z,h) Liwo() |
o 0y ) - 00)
q
+op{2h§+(nh1~-hq)—l/2}, (A.2)
r=1

where the argument (-) is at [ ¥, O_11(Za)s . . ., 0(2) + {(Zie — 2)/1} 00 (2), . . ., O—1)(Zim)]. Note that (A.2) is a
(g + 1) x 1 vector equation. By noting that

m

n_l Z Z Kh(Zir - Z)GitG;l;gi,ttQ(‘)'\’ Z E[Kh(Zit - Z)GitG;l;gi,nG]
i=1 t=1 t=1

which converges to —Q(z)diag(l, x,1,), where k, = [k(v)v*dv, hence, the first component of the vector
equation (A.2) leads to

QN0 — 0 =n" Y

i=1 t=1

Ki(Zis = 2)Ziw() + 0p(n,) = Au + 0p(1,), (A.3)

n m
where

q
o= I+ (nhy - hy)”'2,
r=1

We decompose A4, into 4, = Ay, + Ay, Where Ay, is obtained from A, with 5(-) replaced by 6(-), and
Ary = A, — A1y Thus,

Ay =n"" "N K Zi = L0l Vi, 0Zan), - .., 0) + (Zio — )/} 0V (z), .., 0(Z,)]), (A.4)

i=1 t=1

By adding and subtracting terms in A4, we can further write 4y, = Ay,; — A1, Where
n m
A =n"! Z Z Ki(Zi — 2)ei, (A.5)
i=1 =1

n m

A =n"" Y Ki(Ziy — NLial Y1, 0Zin) ..., 0Zi) - .., 0(Zim))

i=1 t=1

— Lol Y1, 0Zin), ..., 02) + (Zis — 2)/M0V (), ..., 0(Zim)])

1 n m
52D K Zis = )(Zis = D0V Zis = 2)' L 10() + 0p(1,)
i=1 t=1

q
- %;hfew(zm(z) + 0p(1,): (A.6)

where

m

Q) = = f1OE(Z ulZa = 2) = (m = 1)/m} /62, 0,,(2) = P0() [0=2,
=1

0?)(z) is the g x q second order derivative matrix of 0(z), and

q
Ny = th + (nh -~-hq)71/2.
r=1
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In addition,

n m

A2n = An — Aln = l’l_l Z ZKII(ZU - Z)

i=1 t=1

XLl i, Oc-(Zin), ... 02) + (Zis — 2/ "0V @), ..., O 1)(Zim)] — Av

=1 Y SN K Zi — Lo O 0—(Zi) — 0(Zi)}
i=1 t=1 s#t
q
Fop| Y I+ (nhy - hg) ). (A.7)

r=1
Accumulating these results yields (A.1). O

Here we sketch how one can use (A.1) to show (8). The basic argument is the same as that in Wang (2003),
namely repeated application of (A.1). The idea is to start with a consistent estimator and then apply (A.1) to
get an expansion for the first step in the iteration. This new expansion is then substituted into (A.1) to get an
expansion for the second step in the iteration, etc. Under the assumption that the algorithm converges, the
effect of the initial estimator disappears, and (8) emerges. The calculations are merely extremely detailed
rather than difficult, and in the interest of space we do not provide them.

It is interesting to note that conversely, (8) is consistent with (A.1). If an estimator with the expansion (8) is
used, and then updated, using (A.1) results in (8) once again.
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