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Answering many empirical questions in economics requires the knowledge of the structural re-
lationship between a dependent variable and a variety of explanatory variables some of which
might be endogenous. When the form of this structural relationship is parametrically specified
instrumental variables methods are typically used to get consistent and asymptotically normal
estimators for the finite dimensional vector of parameters, and thus, the structural function of
interest. Unfortunately the parametric estimators are not robust to misspecification of the under-
lying structural relationship. Failure of the robustness of parametric methods raises the question
whether it is possible to extend the instrumental variables estimation to non-parametric frame-
work. This question was first studied in Newey and Powell (2003). Thus far, however, the
theoretical analysis and empirical implementation of nonparametric instrumental variables meth-
ods have not advanced very much. This may have to do with the fact that identification is very
hard to attain in these models. In the non-parametric framework we can estimate the conditional
expectation of the structural function given the instruments as in the parametric framework, but
unlike in the parametric case, knowledge of this conditional expectation is not sufficient for point
identification of the structural function in the non-parametric case unless very strong assump-
tions are made on the joint distribution of the instruments and the explanatory variables. These
assumptions restrict the flexibility of the model overall and significantly reduce the value of the
non-parametric approach. This paper will devise methods for consistent estimation and asymp-
totically valid inference for both the set of structural functions that yield the same conditional
expectation given the instruments and each element in this set without imposing assumptions
that restrict this set to be almost surely singleton. To our knowledge, the only papers that try
to do inference in the nonparametric setting studied by Newey & Powell (2003) and Ai & Chen
(2003) without requiring point identification are Santos (2007) and Santos (2008). In the context
of a non-parametric model with endogenous covariates, Santos (2007) proposes a test statistic for
the null hypothesis that at least one element of the identified set satisfies a conjectured restriction.
Santos (2008) proposes a consistent bootstrap procedure for the test statistic of Santos (2007).
Neither of the Santos papers, however, tries to estimate the identified set, or incorporate the
information that may be obtained about the identified set in the hypothesis testing procedure.
To the best of our knowledge our paper is the first attempt at this.

In addition to the difficulty of attaining identification in the type of models we are proposing
to study, we have to deal with the well-known ill posed inverse problem associated with the
solutions of the integral equations that arise in these models. To recover the structural function
of interest a certain linear integral operator, namely the conditional expectation operator, has



to be inverted. Point identification of the structural function is equivalent to the invertibility of
this operator. Even when assumptions are made to guarantee the invertibility of this mapping,
these assumptions fail to guarantee that the inverse is continuous which means that small errors
in approximating the image of this operator can translate to large errors in the pre-image. This
problem is called an ill posed inverse problem. Although we are not going to seek assumptions
that guarantee the invertibility of the conditional expectation operator we will still have to deal
with the problem that pre-image of this operator may still vary discontinuously. To deal with this
problem we can either impose restrictions on the stochastic relationship between the covariates
and the instruments (i.e. impose conditions on their joint distribution) or we can try to restrict our
search for structural functions that yield the same conditional expectation given the instruments
within a fixed subset of all square integrable functions. Our preliminary investigations, the results
of which are presented below, suggest that both of these venues may be fruitful. Although these
preliminary results are promising we are planning to explore both of these venues further. We
expect to be able to exploit recent advances in spectral theory in this respect.

Although the problem we are considering in this paper is nonparametric, for computational
feasibility the procedures we propose will be implemented on a parametric sieve ({G;}) which will
approximate the nonparametric family of functions we would like to make inference on. We expect
that the Hilbert-Schmidt operator that we consider can be represented via a suitable tridiagonal
(Jacobi) operator. The tridiagonal operator will in turn have a unique system of orthogonal
polynomials with respect to a probability measure as the operator’s eigenfunctions. This will
produce a better basis for approximation of the underlying nonparametric space of functions than
the Hermitian polynomials used by Newey & Powell (2003). Thus we expect to be able to work
under weaker assumptions on Fy z and the original Hilbert-Schmidt operator.

This paper will build on the recent econometrics literature that has developed methods for
inference on finite dimensional parameter vectors in partially identified parametric models. More
specifically, once we work with a parametric sieve then for each finite dimensional element of the
sieve (i.e. for each fixed J) the inference problem becomes inference for finitely many parameters
in a partially identified moment equality model, and the tools developed in the recent parametric
partial identification literature become immediately applicable. These tools, however, need to be
extended for the case where J — oo and such extensions are not readily available.

2 Description of the Problem:

In this section notation and some standard assumptions for instrumental variables models will be
introduced. Let Y denote the outcome of interest, such as quantity demanded. This outcome is
a function of observed variables X plus some unobserved factors, e:

Y =go(X) +e

Some of the covariates, like the price of the good in question, are endogenous so that E(e|X) # 0.
There are, however, instrumental variables, such as price of the same good in a different market,



where

E(e|Z) = 0. (1)

Our goal is to make inferences about the function go. Without any restrictions on this function
and on € such inference will not be possible. The minimal assumption we have to impose is that
both gy and e have finite variance. Under these assumptions mo(Z) := E[Y|Z] = E[go(X)|Z] is
well defined. In addition, since Y, X and Z are observable, using non-parametric methods we can
estimate m(Z). To make inference about gy we are going to use the information contained in 7.
Towards this goal, we will define a mapping, 7', from £2(X) into £L2(Z), where T'(g) = E[g(X)|Z]
for each g € £?(X). In particular, if we could invert this mapping and if can show that the inverse
of this mapping is continuous we could consistently estimate go. As is well known, however, (cf.
Newey & Powell (2003), Darolles, Florens & Renault (2002) and Florens & Carrasco (2007)) this
mapping is not invertible unless strong assumptions are imposed on Fx z, the joint distribution of
X and Z. Furthermore, even under the assumptions that guarantee invertibility of this mapping,
continuity of the inverse is not guaranteed. This paper will focus on devising inference methods
which do not require the mapping 7" to be invertible.

2.1 Inference when Support of endogenous covariates and the ex-
cluded instruments is finite:

Suppose that X = (S, 7)), where S and Z; denote the endogenous and exogenous covariates,
respectively. If there are instruments not included in the outcome equation, Zs, then Z = (Z;, Z3).
The simplest case to analyze is when S and W, are discrete with finite support conditional on
7. Conditional on Z; = 2; let J denote the number of points in the support of S and K denote
the number of points in the support of Z5. Also let the conditional probabilities of each s; given
(21, 221) be denoted by P(z1)y,; = P(S = sj|Zy = Zoy, Z1 = 21), a K x J matrix. Then

7T0(Zl,221) p11(2’1) le(Zl) 90(3172’1)

7T0(2’1722K) PK1(Z1) PKJ(Zl) go(SJ,Z1)

When K > J and rank(P(z1)) = J for a.e. z1, the Jx1 vector go(S, 21) = (PT(21)P(21)) ‘7o (21, Z2)
for a.e. z1, and the inference problem is quite simple. The PI’s note that the inference problem
remains to be simple even when K < J, as long as P(z1) is still full rank for a.e. z1, i.e. as long
as rank(P(z1)) = K for a.e. z;.! In this case even though the mapping P : R/ — RX is not
invertible, the mapping A : R’/Ly — RE with Alg] := Pg is where R’ /Ly denotes the quotient
space of R7 modulo the subspace Ly := {g € R’ : Pg = 0}. Note that here [g] denotes the
equivalence class of g which consists of all the points in R’ that mapped to the same point in
RE under the mapping P. The mapping A is one-to-one, onto, linear and invertible. Using these

'For simplicity z; in P(21) will be dropped in the rest of this section, and all the statements in the rest of this
section should be taken to hold for almost every z;.



facts, we can directly show that there exists a neighborhood N (7) (this neighborhood is defined
relative to the K dimensional Euclidean metric in this case) and a finite constant R (which does
not depend on gg because of the linearity of the transformation 7') such that the equation Pg = 7
has a solution for each m € N (m) which satisfies ||g — go|| < R||m — mo||. Alternatively, we could
note that for each g € R the (Fréchet) derivative of the mapping Pg (with respect t.o g) is P.
Consequently, when P is of full rank this derivative maps R’ onto R¥ for every ¢ € R’. Thus, we
get the same conclusion by applying the Generalized Inverse Function Theorem, which is stated
at the end of this document for ease of reference. We will elaborate on how this conclusion helps
our inference problem below.

2.2 Inference without excluded instruments:

This section discusses how the same type of conclusion as in the previous section can be reached
when there are no excluded instruments. In this section X and Z could be discrete or continuous.
Note that when there are no excluded instruments £2(Z) C £2(X). In addition, define

B:={E[g(X)|Z] : g € LA(X)}.

This set is the image of the mapping T in £?(Z), the set of square integrable functions that
only depend on Z, which in this case is a subset of the set of square integrable functions that
depend on X only. To get the desired conclusion we first argue that B is a Banach space when
L%(Z) C L3(X). The fact that it is a vector space follows from 0 € £*(X) and linearity of the
mapping 7. To see that it is complete, let {,}°°; C B be a Cauchy sequence. Since B C L*(Z),

it is also a Cauchy sequence in £2(X). Thus, there exists ¢ € £L3(Z) with ¢, =i ©. To verify that
B is complete we need to verify that ¢ € B. Note that ¢ € £2(X) because £L?(Z) C L*(X), and
that E[p(Z)|Z] = ¢(Z) so that ¢ € B. Thus, B is a Banach space. Also note that mo(Z) € B.
Next, we argue that when 7' is viewed as a mapping from £2(X) to B every point of £*(X) is
a regular point of 7. The Fréchet differential of T" at g with increment h, 67(g; h), is defined by

|T(g+h)—T(g) — 6T (g; h)|| 2
1A]] 2 —0 |A]| 2

g is called a regular point of T if §T(¢g; h) maps L£%(X) onto £2(Z). In our case, 6T (g; h) does
not depend on g, so each g € £L2(X) is a regular point of T if for each r € £?(Z) there exists an
h € L*(X) such that §T(g;h) = E[h(X)|Z] = r(Z). Note that when T is viewed as a mapping
from £2(X) to B every point of £?(X) is a regular point of T because for any g € £?(X) the
Fréchet differential of 7' at g in the direction h is E[h(X)|Z]. So the Fréchet derivative maps
L%(X) onto B by construction. As a result, the Generalized Inverse Function Theorem tells us
that there is a ball with radius 5 (here this is a ball in the £?>-norm topology) centered at my and
a constant R (again, this constant will not even depend on gg) such that for all 7 in that ball the
equation T'(g) = 7 has a solution. Moreover, the solution will satisfy

17 = goll < Rllm —mol| (2)

4



To see how this result can be useful for inference suppose we have an estimator, m,, for my such

that 7, € £2(Z) and 7, £ & as n — oo. Then define

Go = {geL3X):Elg(X)|Z] =m(Z2) a.s.},
G, = {geL¥X):E9g(X)|Z] =m(Z) as.}.

Here Gy is the set of functions that we would like to estimate, and this is the set of functions that
are mapped to my under the transformation 7. We don’t know 7, so to make inferences about
Go we have to use G,, which is the set of functions that are mapped to 7, under T'. Let € € (0,7)
and n be sufficiently large so that |7 — m,||2 < . Consider gy € Gy. By (2) there exists g € G,
such that F[g(X)|Z] = m,(Z) and ||go — gl|c2 < Re. Thus,

sup inf |lg — gollzz — 0.

goE€Go IEYn

Using almost identical steps, we can also show that

sup inf |lg — gollzz — 0.
gegn goego

These arguments tell us that

max{ sup inf |lg — gol|c2, Sup Juf g = gollc2} — 0.
90€Go 9EIn

In words, this means that the set G, is consistent for G, in the £2-norm based Hausdorff metric
for sets.

In this and the previous section we considered estimating gy or the set of functions which
satisfy the conditional mean restriction (1) by restricting the stochastic relationship between the
covariates and the instruments. In particular, our initial efforts suggest that if we can impose
conditions on the joint distribution of the covariates and the instruments that will ensure that the
Hilbert-Schmidt operator of the mapping 7" is bounded below then we can show that the set B is
a Banach space. Using that information we can apply the Generalized Inverse Function Theorem
and make significant headway towards making inferences about gy or Gy. We have identified two
basic scenarios where we can do all this. We are currently investigating other possible conditions
on Fly 7 that will yield results similar in nature.

2.3 Inference without strong restrictions on Fx z:

In this section we will discuss how we can make inferences about the set of ¢g’s that satisfy the
moment condition using information contained in 7, without making assumptions on Fx z beyond
those that guarantee existence of some moments of certain functions of X and Z. As is well-known
this approach runs into problems if we don’t employ some sort of regularization method. To see



where the problem lies suppose we try to proceed as in the previous subsections. In particular,
let B be defined as above, and define

Ly = {geL*X):Tg=0as}
Alg] = Ty.

As before [g] denotes the equivalence class of functions that are all mapped to the same point
(a.s.) under T. Note that each [g] € £L2(X)/ Ly, the quotient space of £2(X) modulo its subspace
Lo. By Cauchy-Schwarz inequality Ly is a closed subspace of £2(X).

We can define the norm of [g] € £2(X)/L¢ by

llgllly = inf{llg +ll[z> - I € Lo}

Thus, ||[g]]|; is the infimum of the norms of all elements in the equivalence class [¢g]. If [ € L,
Il = 0 and ||[m]||, > 0 if [m] # [I] because Ly is a closed subspace of £L*(X). If on the other
hand, ||[x — z¢]|; =: a, and Z achieves a, zo + & € [z] and ||Z — z¢|| = a.? Similarly, if z* is the
closest point in [z] to zo then z* — o € [z — o] and ||z* — zo||z2 = ||[z — z0]]|4-

Since T is is linear so is the mapping A, and thus, A is one to one. By definition, A is onto
B. Therefore it is invertible. Using the quotient space norm which was defined above, we could
write

gl = lgollla = 147" (Alg] — Algo])llq < 1A lo - 1Alg] — Algo]llzz = IA ]lo - I — mollz2,  (3)

where A[g] = 7 and ||A™Y||, = sup{||[A~r||, : ||r]|z2 < 1}. The problem is that ||A~!||, does not
have to be finite. Moreover, even if we try verifying

g1 = [golllq < sup{l|A~"rllg - 7 € B} - [|Alg] — Algo]ll =, (4)

instead of (3), without further restrictions we cannot guarantee that sup{||A~'r||, : 7 € B} < oo.
This is why we have to use a regularization method. The regularization method we are going
to employ is to restrict our estimation to a compact subset of £2(X). Thus, let G C L3(X) be
a compact set. Since T is a continuous mapping T(G) C L*(Z) is compact. If we show that
A:=G/Ly:={lg) € R?/Ly : [9 NG # 0} is compact in || - ||, topology, we can conclude that
A: A — T(G) is a one to one, onto and continuous function. Then by Theorem 5.6 on p. 167
of Munkres (1975), “Topology: A First Course”, we can conclude that A is a homeomorphism.
Then for 7 and 7y both in T(G), and p := 7 — o,

gl = lgolllg < llpllc2 sup. 1A™ (w0 + ap)llg < sup{[|A7 r[ly - 7 € T(G)} - [l — mollz2,  (5)

ag(

where we used the Mean Value Inequality (Proposition 2) on p. 176 of Luenberger (1969) and
the fact that the Fréchet differential of A~! at my in the direction 7y + ap equals A~ (7o + ap) to

2Such 7 exists because || - || 2 is a continuous operation, and the closed ball in £? centered at 0 with radius 5a
intersected with Lg is a compact set.



write the first inequality. Note that by continuity of A™' and compactness of T'(G) we can ensure
that R :=sup{||A~'r||,: r € T(G)} < <.

To see why A might be compact in ||-||, topology, consider, {O, : A € A}, an open cover for A.
Then each [h] € A belongs to some O,,. Since O,, is open in || - ||, topology, there exists 6, > 0
such that the open ball centered at [h] with radius 6}, is contained in O,,. On the other hand, by
the arguments given immediately after ||-||, was defined we know that ||[h]—[g]||l, < 0 = 3g* € [g]
such that || — g*||z2 < 0y. Note that {Bf (h) : h € G} is an open cover for G, where Bf (h)
denotes the open ball relative to the £2-norm with radius 0. Since G is compact, there exists

----------

Consider go € G N Gy C int(G), then there exists 7, such that Bf (90) € G. Since |lg —
gollez < n = llg] = lgo]llq < n, and O :={[g] NG : [g] € Bi([go])} is an open subset of A. By
continuity of A~! pre-image of O under the mapping A~! is an open subset of T'(G). As a result,
if GN Gy C int(G) then T(G) NGy C int(T(g)). On the other hand, if 7 is in the interior of

T(G) and 7, = 7o, then m, € T(G) for n sufficiently large. Then there exists [g,] € A such that
Algn] = m,. Moreover, by (5)
llgn] = lg0]llg < Rllmn — mol| 2.

Let € > 0, and n be sufficiently large so that ||m, — mo[|z2 < £. Consider go € G N Gy. We know
that the equation Alg,] = m, has a solution with ||[g,] — [g0]|l; < €. In addition, we know that
there exists g; € [g,] such that ||g; — gollz2 = |l[gn] — [90]llq < €. Finally, when e is sufficiently
small, g* must be an element of G. This arguments tell us that when G NGy C int(G),

su inf _ o
goegggo 9n€GNGn 19n — gollc2

Replacing ¢, with gy in the above arguments, we can also conclude that

su inf _ =0
gnegggn 90€GNGo 19 — gollc2

3 Estimation:

In his section we describe possible strategies of point and interval estimation of Gy as well as
points in Gy. In this section let G denote either £2(X) or a compact subset of it to be able to talk
about estimation under the settings considered in previous sections. In addition, let Gy denote
Go NG and Q be a positive definite non-stochastic matrix. Then if Gy # () we have

mingeg E[{Y — E[g(X)|Z]}" Y — E[g(X)|Z]}] =0

: 6
argmin, g E[{Y — Elg(X)| 211 (Y — Elg(X)|Z]}] = Go. )
Moreover, if we have an estimator m,, for mg such that ||m, — mgl[2 — 0, we can estimate Gy by
G = arginfycg Y {Elg|Z] — m} QU Elg|Z] — 7.} (7)
i=1



Then the arguments in previous sections tell us that G, is consistent for Gy in the £2-norm based
Hausdorff metric for sets.

The above optimization problem may be infeasible computationally. To get a computationally
feasible estimator we might employ a parametric sieve {G}; which approximates G as J — oo. For
example, following Newey & Powell (2003) we can let w = (z, z;) and consider g(w) of the form

b(w)? 3+ g1(w) where b(w) and 3 are r x 1 vectors of known functions and unknown parameters
respectively. Let d denote the dimension of w. Supposing that the mean g, and variance ¥,
(non-singular) of w exist let w := ¥, Y *(w — piw). For fi, and 3, denoting the sample mean
and sample variance of w, let w := St 2(w — [iw). Also let A be a d x 1 vector of non-negative
integers with |A| ;= Y% A\, and w* := TI% (w;)M. To make computation easier we can use a
finite dimensional approximation to ||g;||. Consider a Hermite polynomial approximation to g; of
the form

gi(w) = 327 vps (@), with pj(w) = exp (—w"w)u ),

where |A(7)| is increasing in j. Whenever necessary we can impose the compactness restriction by
bounding the norms of the coefficients v and 3. So let G; denote the sets that are approximating
the compact set G. Let ©; denote the set of parameters of functions in G;. Then we can estimate
G; N Gy by minimizing

@:(6) Z{Y Ep|Z)"5 - Z% [pi| ZIYTQ{Y; — Eb|Zi)76 ~ Z% [pi|Zi1}
7j=1
with respect to 6 = (B1,41)T. If we let O, the set of A values that minimize the sample

objective function above, then by arguments given in previous sections we can show that Grn =
(o6 + 32,4 (BT,4")" € ©,} is a consistent estimator for G; N Gy In addition, the same
arguments suggest that by letting J go to infinity at an appropriate rate we can show that

sup inf ||gn — gollzz — 0,
gOEQn an Jn

and
sup inf /g, — gollz2 — 0.
9n€Gn JoEYn

The existing literature on partially identified parametric models can help us construct two types
of confidence sets for each fixed J using this criterion function. The first type of confidence set
will contain the G; NGy with a pre-specified probability. In contrast the second type of confidence
set will have the property that for each element of the set G; N Gy the probability that this
element falls into the confidence set will be larger than or equal to a pre-specified level. Having
an estimator for the identified set is important for both types of confidence sets. For the first
type of confidence set the quantiles of the supremum of a,Q; () over the identified set, denoted
by C, following Chernozhukov, Hong & Tamer (2007), is crucial as the the desired confidence
set is given by {0 € O : a,Q’(0) < ¢}, where ¢ is an estimator for the relevant quantile of the



random variable that C, converges in distribution to.® For confidence sets of the second type
typically the first step is to show that a,Q;() converges in distribution to a random variable
C(). Then the confidence set can be taken as {6 € O : a,Q(6) < ¢}, where ¢(f) is a consistent
estimator for the relevant quantile of C(6) for each 6. As noted by Chernozhukov, Hong & Tamer
(2007) and Chernozhukov & Fernandez-Val (2005) truncating ¢(#) by the supremum of ¢(6) where
the supremum is taken over an estimator for the identified set “leads to substantial finite-sample
power improvements” .

Although the recent literature on partially identified parametric models can help us create
confidence sets for G; N Gy, it provides little help in how to modify these confidence sets as
J — 00 to get in the limit a confidence set for G N Gy. We expect that a significant portion of the
work in this project will be devoted to figuring out a good way of doing that.

Finally, above we mentioned approximation of ¢; via Hermite polynomials, but we might be
able to get better results by using a different approximation. In particular, since the Hilbert-
Schmidt operator that we consider is bounded and self-adjoint we can represent it via a suitable
tridiagonal (Jacobi) operator. The tridiagonal operator will in turn have a unique system of
orthogonal polynomials with respect to a probability measure as the operator’s eigenfunctions.
This will produce a better basis for approximation of ¢;(w) than the Hermitian polynomials
used by Newey & Powell (2003). Thus we will be able to sharpen their result to work under
weaker assumptions on Fx 7 and the original Hilbert-Schmidt operator. In general, the tridiagonal
representation will allow us to use the most recent tools of spectral theory in extending the work
of Newey & Powell and the others. See [5] and [9].

4 The Generalized Inverse Function Theorem:

In this section we state the Generalized Inverse Function Theorem given on page 240 of Luenberger

(1969).

Definition 4.1 Let T be a continuously Fréchet differentiable transformation from an open set
D in a Banach space X into a Banach space Y. If o € D is such that* T'(xq) maps X onto Y,
the point xqy is said to be a regular point of the transformation T .

Theorem 4.1 (Generalized Inverse Function Theorem, Luenberger (1969)) Let z¢ be a regular
point of a transformation T mapping the Banach space X into the Banach space Y. Then there
is a neighborhood N (yo) of the point yo = T(xq) (i-e., a sphere centered at yo) and a constant K
such that the equation T(x) = y has a solution for every y € N(yo), and the solution satisfies
||z = wol| < Klly = wol|-

3If o is the desired coverage probability of the confidence set then the relevant quantile is the a-quantile.
4T’ denotes the Fréchet derivative of T.
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1 Introduction

The appeal of estimation methods based on moment conditions to economists is largely due
to their intimate link to economic theory. The optimization problems of economic agents
facing uncertainty yield moment conditions which can be exploited to make inferences about
the parameters of the agents’ utility, cost, or production functions. This paper studies the
problem of estimating the set of finite dimensional parameter values defined by a finite
number of moment inequality or equality conditions and gives conditions under which the
estimator defined by the set of parameter values that satisfy the estimated versions of these
conditions is consistent in Hausdorff metric. If the set of parameter values that satisfy the
population moment conditions is not empty, then for large sample sizes the estimator sets
based on the sample versions of the moment conditions will not be empty either. When
the sample size is small, however, these estimated sets may be empty. To deal with this
problem, I also propose alternative estimators which are non-empty even for small sample
sizes and with probability approaching to one agree with the set of parameters satisfying the
sample versions of the moment conditions. These alternative estimators are sets consisting
of the minima of a certain criterion function.

Developing methods for making inferences in the context of partially identified econo-
metric models, that is models in which restrictions imposed on the model do not uniquely
determine the parameters of interest, but contain useful information about the values these
parameters may take, is an active area of research. Recently, Horowitz and Manski (2000)
devised confidence intervals for the identified set of univariate parameters. Imbens and Man-
ski (2004) constructed confidence intervals for the univariate parameter itself, rather than for
the entire identified set. In the context of interval data Manski and Tamer (2002) proposed
several extremum estimators for multidimensional sets of identified regression parameters
and provided conditions for (Hausdorff) consistency of these estimators. Chernozhukov,

Hong and Tamer (2002, 2007) were the first to develop confidence intervals for a general



class of partially identified models. Romano and Shaikh (2006 a, b) constructed confidence
intervals for the identified set and for individual parameters in the identified set, respec-
tively, by iterating the procedure presented in Chernozhukov, Hong and Tamer (2002 and
2007). Imbens and Manski (2004), Romano and Shaikh (2006 a,b) and Chernozhukov, Hong
and Tamer (2007) also investigate the robustness of these confidence sets in the underlying
probability measure. In the context of economic models of entry Andrews, Berry and Jia
(2004) studies estimation and inference problems for profit function parameters that satisfy
inequality constraints representing necessary conditions for Nash equilibrium. Rosen (2006)
presents a different, computationally simple method of constructing confidence sets for pa-
rameters in models characterized by a finite number of inequalities. For moment inequality
models, Pakes, Porter, Ho and Ishii (2006) suggests a specification test and construct confi-
dence sets for parameter values on the boundary of the identified set in moment inequality
models. Beresteanu and Molinari (2006) provides inference methods for models where the
identified set can be written as the Aumann expectation of a set valued random variable.
Using tools of optimal mass transportation theory Galichon and Henry (2006a) demonstrates
how a one sided Kolmogorov-Smirnov test statistic could be used to make inferences about
parameters of interest in certain partially identified models. Building on the results of this
paper Galichon and Henry (2006b) develops a method of constructing confidence regions in
general partially identified models. Their method is based on projecting a large deviation
region for multivariate quantile function that generates the data into a large deviation region
for the identified set. Canay (2007) studies the problem of inference on the parameters that
compose the identified set for moment inequality models and shows that inference based
on the empirical likelihood ratio statistic has certain optimality properties. Bugni (2007)
proposes a new bootstrap based method for the inference problem for the identified set as
well as for each parameter in the identified set. For moment inequality models Andrews and

Soares (2007) construct confidence sets for each parameter in the identified set using a new



method called generalized moment selection (GMS) which utilizes information about the
slackness of the sample moment conditions to infer which population moment conditions are
binding. They also investigate asymptotic power of several inference procedures and show
that GMS tests dominate subsampling, m out of n bootstrap, and plug-in asymptotic tests
in this sense.

When the identified set has multiple disconnected parts with strictly positive distance
between the parts, and the identified set is estimated by the collection of minima of a sample
criterion function, for finite sample sizes it is possible that the criterion function will attain
its minimum in neighborhoods of only a strict subset of these disconnected parts, never
picking up neighborhoods of all the parts at once. To deal with this problem Manski and
Tamer (2002), Chernozhukov, Hong and Tamer (2002), parts of Chernozhukov, Hong and
Tamer (2007) and Bugni (2008) introduce some extra slackness into the objective function or
the constraints themselves; this extra slackness or “tolerance” goes to zero as the sample size
grows. In certain special cases, constructing consistent estimators without relying on such a
“tolerance” parameter is possible. The “degeneracy” condition in Chernozhukov, Hong and
Tamer (2007), which is a high level condition in the sense that it is not a condition on the
primitives of the model, describes such models.!

This paper imposes restrictions on the moment functions and the parameter set which
allow the researcher to construct consistent estimators that do not require any “tolerance”
parameter. The estimator proposed here for the model comprised of inequality constraints
only is very closely linked with the one proposed in Andrews, Berry and Jia (2004). The
distinction is in the assumptions imposed on the model. In particular, Andrews, Berry
and Jia (2004) devises a consistent estimator for a set of parameter values, O, over which

a population criterion function is minimized so that their estimator consists of parameter

'For moment inequality models condition (4.6) in Chernozhukov, Hong and Tamer (2007) is a sufficient

condition for “degeneracy”. Under the conditions imposed on the moment functions in this paper their
condition (4.6) holds.



values that minimize the sample version of the criterion function. To show that this estimator
is consistent they assume either that ©, is singleton or that the closure of the interior of
O, is the same as ©,. This last condition rules out equality constraints. In contrast, I
show the consistency of almost the same estimator by imposing a rank condition on the
derivative matrix of the underlying moment conditions. In addition to allowing me to
consider inequality as well as equality constraints, this condition can be extended to models
of non-parametric regression inequalities as in Yildiz (2008).

The rest of this paper is organized as follows. Section 2 describes the problem. Sections
3 through 5 discuss models where the number of moment conditions does not exceed the
dimension of the parameter space. Section 3 gives an estimator and shows its consistency
for models comprised of inequality constraints only. Section 4 does the same thing for
models consisting of equality conditions only. Section 5 studies models where both types of
constraints are available. Section 6 studies the model characterized by inequality constraints
only for the case where the number of inequality constraints exceeds the dimension of the
parameter space. Section 7 discusses examples. Section 8 concludes. The main mathematical

tools employed are described in the Appendix.

2 Description of the Problem:

Let © C R’ denote the parameter set. Let 0 and 1 denote a vector of zeros and ones,
respectively, with the size of these vectors inferred from the context. In addition, B,(a)
denotes the open ball with radius r centered at a. For each set A, let A denotes the closure

of A. Also for sets A, B the Hausdorff distance between them is defined as

du(A, B) = max{ilelg Inf [la — b, igg;gg lla— o]} (1)



Suppose {X;}*, is an i.i.d. sequence of random variables defined on a complete and inner
regular probability space (2, F, P).2 Let X and Fx denote the common support and law of
X;. For each 0 € ©, let g(0) := Exg(X,0) and ¢(0) := Exp(X,0), where g, are known
up to the parameter vector #, and the images of §,$ are a subsets of RM R, respectively.
I, M and S are all finite. The object of interest will be Oy := {6 € © : g(f) > 0,p(0) =
0}. I will assume that we have n observations on X and for each value of # estimators,
Gn(0),0n(0) are available for g(#) and ¢(6). In this paper, §,(0) = %22:1 g(X;,0) and
on(0) = %22:1 o(X;,0), but obviously these could be replaced by other estimators that
converge to the corresponding population moments uniformly almost surely. The proposed
estimator for the set g is then 6, := {# € © : §,(A) > 0,$,(F) = 0}. We will show that

under our assumptions,

inf |10 — 0| 2 o0, 2
sup ok 11— o]l = (2)
and
sup inf ||6y — 6] = 0. (3)
00EOg €O,

The following assumptions will be used in various parts of this paper:

Assumption 2.1 The parameter set © C R! is compact and convex. In addition, ©y # (.

Assumption 2.2 § and ¢ are continuous in 6 for almost every x. Moreover, E||g(X,0)| <

oo and E||@¢(X,0)|| < oo VO € O.

Under Assumptions 2.1 and 2.2, we have

sup||ga () — g(0)Il = 0, and (4)
0cO
sup[|&n(0) — 0(0)]] = 0, (5)
0cO

2That is, for each A € F, there exists {4,}22, C F with each A, an open subset of A such that
P(A,) 1 P(A).



by Pollard (1984, p. 8, Theorem 2), for example.

3 Inequality Constraints Only:

I will first consider the case where S = 0, i.e. the case where we only have M inequality
constraints.?

In showing the consistency of ©,, the following sets will be very useful:

0 = {#cO:g9(0) > —€-1},

O = {#e0:g(h) e 1},

Note that for € > 0, ©° C ©y C ©°. On the other hand, Assumption (2.2) implies that for

each € there exists N, such that for all n > N., ©° C @n C ©° with probability close to 1,

so that
sup inf [|0 —6o|| < sup inf || — 6|, (6)
b, P0E0 hcoe f0€©0

and
sup inf || — 6o|| < sup inf || — o], (7)
0p€Og €O, 0p€0( HcO°

with probability approaching to 1. Thus, showing that (6) and (7) both converge to 0 as €
converges to 0 implies that ©,, is consistent for O in the Hausdorff metric. The following

proposition shows that (6) approaches 0 as € decreases to 0:

Proposition 3.1 If © is compact, g is continuous and ©g # 0, we have

sup inf ||6 —6y|| — 0 as € — 0.
pe* P00

3To be precise, moment inequalities can be transformed into moment equalities by specifying ¢,,(6) :=
lgm (0)]{g(8) < 0}. But this specification is not very useful for our purposes because our Jacobian condition
will not be applicable to the ¢ obtained this way.



Proof 3.1 See Andrews, Berry and Jia (2004), or Manski and Tamer (2002).

To guarantee consistency of ©,, we also need to show that (7) converges to 0 as € ap-
proaches 0. This direction, however, requires an additional assumption. To state the required

assumption we need to define:
Definition 3.1 A(0) := min{g:(0),...,gm(0)}, ©* := {0 € © : h(f) = 0}.

Assumption 3.1 The function § : X x © — RM s continuously differentiable in 6 for

9gm (X,0)

each 0 € int(O) for almost every x, and that E [ o

} < 00, VO € int(©), Ym, Vj. In
addition, for each 0* € © such that h(6*) = 0, Dg(0*), the Jacobian of g evaluated at 6",
has rank M.

Note that the continuous differentiability of g in # and the absolute integrability of this
derivative combined with the Dominated Convergence Theorem imply that ¢(6) is continu-
ously differentiable and its derivative, Dg(0), equals E[Dg(X, 6)]. In addition, the continuity
of the derivative of g with respect to # for almost every x combined with the compactness

of © and Theorem 2 on page 8 of Pollard (1984) imply that

sup || Dgn(6) — Dg(0)]| = 0.
66

While this result is not used in the proof of the next Proposition, it will be useful in Section
(5).
Proposition 3.2 Suppose M < I and that ©* C int(0). Then under assumptions (2.1),

(2.2) and (3.1), we have

sup inf [|# — 6| — 0 as € — 0.
f0€0 I€E°



Proof 3.2 Note that if each g, is continuous, so is h(-). Thus, ©* is a closed subset of ©.
Since © itself is compact, this means that ©* is compact as well. Moreover, since ©* C int(©)
and ©* is compact there exists n > 0, with n not depending on 6*, such that B, (6*) C ©
for all 6* € ©*. On the other hand, the rank of Dg(6*) is the same as the Dg(0*)Dg(6*)T,

which is a symmetric positive definite matriz. Thus, rank [Dg(6*)Dg(6*)"] = M means

4

Dg(6*)Dg(6*)" has M strictly positive eigenvalues.* Moreover, using the Courant Fischer

min-max theorem,’

we can write each eigenvalue of Dg(0)Dg(0)T as the value function of
an optimization problem with a continuous objective function and a continuous constraint
correspondence, so that the Theorem of Mazimum would imply that these eigenvalues are all
continuous functions of 6.% Since ©* is compact, this tells us that infp-co- A\yr(0*) =1 A > 0,

T and that there exists p > 0

where Ap(0) denotes the minimum eigenvalue of Dg(0)Dg(6)
such that ||0 — 0*|] < p = Ay(0) > I\, for all * € ©*. Thus, every element of the
compact set Ug-co-B,(0%), where p := min{g,ﬁ}, is a regular point of ¢. In addition,

Ugrco+B,(6*) € ©. Neat, consider

e = %inf{h(@) () > 0,0 € O\ Upcor B, (07)]}. (8)

Arguments similar to those given in the proof of proposition (3.1) imply that €; > 0. The
arguments up to this point show that whenever h(6) € [0, €] for a given 0, then that 0 must
belong to © and be within p distance of some 0* € ©*, and hence, Dg(6) must have rank

M. Therefore, by a corollary to the Generalized Inverse Function Theorem?®

, we know that
for each 0y satisfying h(6y) € [0, €}], there exist r > 0 and K < oo, where r and K do not

depend on 0y, but may depend on €}, such that for each t € B,(g(6y)), the equation g(0) =t

4For these results, see for example Chapter 11 of Amemiya (1994).

A statement and proof of this theorem is given on pages 115-117 of Bellman (1970).

SFor a statement of the Theorem of the Maximum, refer to p. 963 of Mas-Colell, Whinston and Green
(1995).

6 is a regular point of g if Dg(#) maps R’ onto RM.

8See p.240-242 of Luenberger (1969) for a statement and proof of the theorem, and the Appendix of this
document for the proof of the corollary.



has a solution. Moreover, the solution satisfies ||0 — 0y|| < K||g(0) — g(6p)|]-

Let 6 > 0, and consider 0 < € < min{\/LM7 K\‘;M,e*{, QKT\)/M} For any 0y with h(6y) > e,

0y € ©°, we have infgeec ||6 — Oo|| = 0. Thus, consider 6y such that h(6y) € [0,¢). Note

that if there is no such 6y we have nothing to prove because in that case g = O°. Neat, let

t € RM be defined by t,, := gm(0o) + € — h(6p). Then

1t = g(00) |l = \/Z(gm(eo) +e—h(bo) = gm(60))> = VM (e = h(bo)) < VMe <.
Therefore, there is a 0 such that ¢,,(0") = gm(6o) + € — h(6y), and
160 — 0'|| < KV Me <.

To argue that 0" € ©, note that since h(6y) € [0,€}), Oy must be within p distance to some
0; € ©* and
16/ = 6511 < 116" = 6]l + 116 — 65| < Kv/Me+ 2 <.

Thus, 85 € B,(0*) C ©. Finally, since h(6y) < gm(6o), Ym, h(0') = gm(6o) + € — h(By) > e,

i.e. 0 € ©°. Thus, infycee

0 —bo|| < |10 — o] < 6. Since the way € was chosen did not

depend on 6y, we have infgege ||0 — Oo|| < 0 for each Oy € Oy. Since § was chosen arbitrarily

these arguments prove the proposition. |

Before concluding this section let us note that since ©¢ # ()

©p = {0 € O : 0 minimizes |h(0)|1{h(0) < 0}}.

If ©* C int(O), Assumptions (2.2) and (3.1) guarantee that for large n, ©, will be not
empty with probability approaching to 1. Nevertheless, for small sample sizes, ©,, could be

empty. This problem can be easily fixed, however, by considering the following alternative

10



estimator which equals ©,, whenever the latter is not empty:

0% = {# € O : 0 minimizes |h(A)|1{n(0) < 0}}.

4 Equality Constraints Only:

This section studies the case where M = 0 and S < I, that is the identified set is defined
by equality constraints only. Moreover, the number of equality constraints is less than
or equal to the dimension of the parameter space. The set we would like to estimate is
Oy = {# € © : p(f) = 0}, and the proposed estimator is ©,, := {# € © : $(f) = 0}. As

before, our goal is to show that dg (O, @n) £.0. For this purpose define
O ={cO:—-1<pB)<e-1}={0cO:p0) >—€c-1,—p(0) > —c-1}.

By Assumption (2.2) ©, C 0 asn — oo w.p. 1. In addition, if © is compact, O, is

non-empty and ¢ is continuous, Proposition (3.1) implies that

sup inf || — 6y|| — 0 as € — 0.
e

Thus,

: P
sup inf [|6 — 6y|| — 0.
9€én SIS

To show the other direction for Hausdorff consistency of the estimator we need to introduce

an assumption analogous to Assumption (3.1):

Assumption 4.1 The function ¢ : X x © — R® is continuously differentiable in 0 for each

0 € int(©) and for almost every x, and that E [

%@X&H < 00 V0 € int(©), Vm, Vj. In

addition, for each 6* € © such that ¢(0*) = 0, Dp(0*), the Jacobian of ¢ evaluated at 6%,

11



has rank S.

Using arguments similar to those given immediately after Assumption (3.1) we can argue

that for each s =1,....,S andi=1,..., [

3¢ns(9) . 8903(0) 25,

sup

oco | 00; 00;

Proposition 4.1 Suppose ©g C int(0). In addition, suppose that Assumptions (2.1), (2.2)

A P

and (4.1) hold. Then dy(©,,0,) — 0.

Proof 4.1 Since O is compact and Oy C int(O) we could show that there exists n > 0
such that if 0" € B,(0y) for some 0y € ©y then § € ©. On the other hand, recall that a
real square matriz is positive if and only if determinants associated with all of its upper left
submatrices are positive. Let J,(8) denote the determinant of the submatriz consisting of the
first p rows and p columns of Do(0)Dp(0)T. Let J;,(@) be defined in an analogous way with
&n(0) replacing p(0). By assumption (4.1) Js(6p) > 0 Vs and Y0y € Oy. By assumption
(4.1) and compactness of ©g A¥ := min{inf{J,(0) : 6 € Op} : s =1,...,5} > 0.
To show that

sup inf |6 — 0] = 0,
0€©p 8'€0y,

let 6 > 0, and € > 0. By the arguments given just before this proposition and by Egoroff’s
Theorem® there exists an integer Ny such that ¥n > N, there exists a set A, C X with
P(A) >1— g and an integer N1 such that Vo € Ay, Yn > Ny and Vs, we have

)\E

sup |j5($,0) - Js(m79>| < :I (9)
0co

This means that for each x € Ay and for each n > Ny every 0y € ©q is a reqular point of

&n(x,+). Therefore, by the Corollary of the Generalized Inverse Function Theorem there exist

9This theorem is stated in the Appendix for ease of reference.
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K < oo and r > 0 such that for all 6y € Oy and all y € RS withy € B.($,(0y)) the equation
y = ¢n(0) has a solution and the solution, 0,, satisfies ||6n — 0o|| < K||pn(0,) — Gn(0)|. Let
v € (0,min{r, £, =}). Using Assumption (2.2) and Egoroff’s Theorem once more we can

arque that there is a set Ay C X with P(Ay) > 1 — g and an integer Ny such that Vx € Ay

and ¥Yn > Ns, we have

sup [|@n (2, 0) — (O)]| < v. (10)
0cO

Note that P(Ay N Ay) > 1 — 26, Since (Q,F, P) is inner regular there exists a compact
set A C Ay N Ay with P(A) > 1 — 0§ such that Vx € A and ¥Yn > max{Ny, Na} both (9)
and (10) hold. Next, consider any 0y € ©y. Let x € A and n > max{Ny, No}. Then
| pn(2,00)|| <7 (by (10)) and Oy is a regular point of ¢, (x,-). Thus, there exists 0, (x) with
G (2, 0,(x)) = 0. Moreover, ||0,(x) — 6o|| < K||pn(z, 0n(z)) — $,600)|| < Kv < min{n, ¢}
meaning that én(x) € O and is less than € distant away from 6y. Since Oy € Oy,0 > 0 and
e > 0 were chosen arbitrarily and since r, K, N1 and Ny do not depend on 6y these arguments

prove that Ve > 0

P(sup inf [|6, — 6o > e) —0,asn—o00. W
00€O0 9n€én

The arguments given in this proof demonstrate that for all sufficiently large n the probability
that ©,, # (0 will be close to 1. When ©,, # 0,

0, = 0% := {# € O : ¢ minimizes |h,(0)|1{h,(0) < 0}},

where hy,(0) = min {p1,(0), ..., @sn(0), =@1a(0), ..., —Psn(0)}. Since we have shown that O,
is consistent for Oy in Hausdorff metric, this means that © is also consistent for O in the
same metric. On the other hand, since ¢, is continuous in 6 é% will be non-empty. This

suggests that ég may be preferable to ©,, for small sample sizes.
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5 Inequality and Equality Constraints Together:

In this section we turn to the case where the set that needs to be estimated is ©y = {0 €
©:9(0) >0, p(d) =0}, and the proposed estimator is
0, = {0 €0:§,00) >0, $,(0) = 0}. As before, our goal is to show that dy (O, én) Zo.

This time we define
O ={0ecO0:gl)>—€-1, —e-1<pB) <e-1} ={0cO:nE(H) > —¢},

where hf(0) = min{&;(0) : j = 1,..., M +2S}, with &(0) = ¢;(0) for j =1,..., M, &y () =
©;(0) and Enrrs45(0) = —;(0) for j =1,...,.S. With this definition, it is easy to see that if

© is compact, Oy # () and g and ¢ are continuous, by Proposition (3.1) we have

sup inf [|6 — 6| — 0 as € — 0.
sup i 110 — 0]

Assumption (2.2) then implies that

) P
sup inf [|8 — 6y]|] — O.
p o 100l

As in the previous section, to show the other direction for Hausdorff consistency of the
estimator we need to strengthen Assumption (2.2) and modify Assumption (3.1). Recall
9(9)
(6)
and f(0) = Ex f(X,0). In addition, let ©* := {0 € © : h(0) = 0, p(0) = 0}.

that h(f) = min{g,(0) : m = 1,....M}. Let f(0) := L fal0) = 2300 F(X,0)

RSyl

Assumption 5.1 The functions ¢ : X x © — RS and §: X x © — RM are continuously

93:(X.0)

differentiable in 0, for each 0 € int(©) and for almost every x, and that E [ 50

] <o

and B [ a0,

MH < 00, VO € int(©), Vs, m Vj. In addition, for each 0* € ©q, Dp(6*) has
rank S, and for each 0* € ©¢ such that h(0*) =0, Df(0*) has rank S + M.

14



Note that Assumption (2.2) implies that sup,ce || (6) — h(6)

’ a.s

| = 0.

Proposition 5.1 Suppose ©** C int(0). In addition, suppose that Assumptions (2.1), (2.2)

A P

and (5.1) hold. Then dg(©,0,) — 0.

Proof 5.1 Using Assumption (5.1) and arguments as in the proof of Proposition (3.2) we
can show that there is p > 0 such that every element of Ug*ee**m 1s a reqular point of
f and Ug.co-B,(0*) C ©. Let € := sinf{h(0) : 0 € Og \ Ugrco+ B,(0*)}. Again we can show
that if h(0) € [0,€f] and p(0) = 0 for a given 6 then that 6 must be a regular point of f
belonging to ©.

Define E := {0 € © : h(f) > €,0(0) = 0}, F := {0 € © : h(0) € [0,€;],0(0) = 0}.
Note that E and F' are compact and ©g = EU F. Also, using continuity of h, compactness
of © and the fact that ©y C int(©) we can show that there exists ps > 0 such that Ve € E
10 —e| < p2 = Rh(0) > S and 6 € .

Let J,(0) and J,(6) be defined as in the proof of Proposition (4.1). Let JI(0) and J;f(@)
analogously with f and f, replacing ¢ and ¢y, respectively. Also let A = min{inf{J,(0) :
0 €O}, inf{J/(0):0cF}:s=1,..,51=1,..,M+ S}.

Let 0 < 6 <1 and € > 0. By Assumption (2.2) and Eqgoroff’s Theorem, there exists a
positive integer Ny and a set Ay C X with P(A;) > 1 — g such that Vw € Ay, Vs =1,..., S,

Vi=1,..,.M + S and ¥Yn > N; we have

. A
sup | J5(0) — JS(H)‘ < =, and (11)
6co 4
;5 f A
swp I/ (0) =/ 0)] < 4
6co

This means that for each w € Ay and eachn > Ny, every 0y € Oy is a regular point of P, (w, )
and every 0 € F' is a reqular point of fn(w, -). Then our Corollary to the Generalized Inverse
Function Theorem implies that there exist r > 0 and K < oo such thatVw € Ay and Vn > N;

the following two conditions hold:
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(i) YOy € O the equation o,(w,0) =y has a solution Yy € B.(¢n(w,0p)), and the solution
satisfies [|6 — 6| < K||yl|;

(ii) VO, € F the equation fn(w,0) =y has a solution Yy € B.(z) where z = f,(w,6)).

Moreover, the solution satisfies ||0 — 0o < K|y — z||.

Next, let v € (O,min{\/ﬂflﬂ, K\/ﬁ/[ﬂ’ 2, K\/]E\/[—i-l’ %}) Using Assumption (2.2) and Ego-
roff’s Theorem once more, we can arque that there exists a positive integer No and a set

Ay C X with P®(Ag) > 1— g such that Yw € As, and VYn > Ny we have

B (w, ) h(9)
SUp [ ga(w,0) | = | 9(0) ||| <¥ (12)
Pn(w,0) ©(0)

Consider 0y € ©g. Let w € AjN Ay and n > max{Ny, Na}. Suppose 0y € E. As in the proof

of Proposition (4.1) we can show that there exists 0,(w) € © such that ¢,(w,0n(w)) = 0,

&)
l\"l»—‘*

10, (w) — 6o|| < € and ||0,(w) — Oo|| < pa. This last expression guarantees that h(0,) >
Moreover, by expression (12), izn(én) > 0 and hence, 6, € ©,, for such w and n. Next,
suppose that 0y € F. Let t,, := Gum(6o) + h(0p) — an(HO) form =1,...M and t,, = 0 for
m=M+1,....M+S. Then ||t = fu(w,0)| = \/M(h(eo) — 1n(00)) + [[@n(80) — (60) 2 <
VM +1v < r. Note that t > 0 since h(6y) > 0 and since Bn(eo) < Jnm(00) Ym. Since 0y is

a reqular point of fo(w,-) there ezists 0! (w) satisfying fu(w, 0 (w)) =t and |0’ (w) — G| <
K|t = folw, 00)|| < Kv/M + 1v < e. Finally, |0, (w) —6o]| < p = 0’ (w) € ©. Since 6y € O
was chosen arbitrarily, and all these arguments hold regardless of which 6y € ©q is chosen
the results indicate that ¥Yn > max Ny, N,

P(sup inf [|[6p—0']| <e)>1—-0. N
0c0, 0'cOn,
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Note that when ©,, # 0
O, = 0% := {0 € O : 0 minimizes |H,(¢")|1{H,(0') < 0}},

where H,,(0) = min {h,,(0), $1n(6), ..., psn(0), —=p1n(6), ..., —psn(#) }. Since © is compact and
the objective function is continuous this alternative estimator will be non-empty for each
sample size. Since ©,, will be non-empty with probability approaching to 1 and since the

two estimators agree whenever ©,, # () (:)Z will be consistent as well.

6 More Moment Inequalities than Parameters:

Suppose we have M > I and S = 0. In this case we cannot use the Generalized Inverse
Function Theorem because the derivative map will not be onto. Nevertheless, we can try
to solve this problem by breaking the set of moment inequalities into subsets where the
number of elements in each subset is at most I. Suppose this gives us L subsets, with
M; < I, denoting the cardinality of the I* subset. The analysis of the previous subsection
can be applied to each subset of inequalities provided that the assumptions we made there
hold for each subset. In particular, for [ = 1,..., L define © := {# € © : ¢'(d) > 0} and
Ol :={f € © : §/(6) > 0}. The analysis in section (3) shows that for each [ = 1,..., L,
dy (0}, 60) L 0. Using this fact along with Oy = NL, 0L and 6,, = NE, 6 one might try
to argue that dy (0O, én) 20, We cannot, however, immediately come to this conclusion
based on the analysis in section (3); we need to make extra assumptions to guarantee this

result. To illustrate this point, consider the case where L = 2. Define for [ =1, 2, @E’l, SR

and h; as in section (3) with ¢' replacing g in each case. Then with probability approaching
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to 1, we have

sup inf |0 —6|| <  sup  inf |0 — 6], (13)
éEé}lﬂé% 906@60@3 éE@e’lﬁée’z 9066(1{7@(2)

sup inf ||0—6)] < sup  inf ||0— 6yl (14)
0,c0}NO32 0€0LNO2 0pc0iNO2 He0°1NO2

for sufficiently large n. Since the proof of Proposition (3.1) did not make any assumptions

about the size of M relative to that of I, that proposition is valid for M > I, and we have

sup inf |16 — 6|| — 0.
fce"' g™ P0€ONO]
Unfortunately,
sup inf || —6p|| = 0fori=1,2,% sup  inf ||§ — 6| — 0.
focO], 00! 0oeONO2 H€01NO?

This results from the fact that even if O}NO2, 69! and O are all non-empty the intersection
of ©%! and ©%* could be empty, which would imply that the expression on the right hand
side of (14) is infinite. We can deal with this problem in more specialized models. The

following assumption describes the additional condition these specialized models require:

Assumption 6.1 Let h(0) := min{h!(§) : | = 1,...,L} and ©* = {§ € © : h(h) = 0}.
Suppose either that ©q is singleton or for each 8* € ©* there is jo, with jo possibly dependent

on 0%, such that h is strictly increasing or strictly decreasing in 0;, at 0* € ©*.

Proposition 6.1 Suppose Assumptions (2.1), (2.2) and (6.1) hold, and that ©* C int(O).
In addition, suppose that the moment functions could be broken into L groups as described

above such that each group of functions satisfies Assumption (2.1) for ©* as defined here.
Then dg (0%, 0) L0 where O = {0 € O : 0 minimizes |h(0)|1{h(0) < 0}}.

Proof 6.1 Note that all of the assumptions except Assumption 2 of Theorem 1 of Andrews,
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Berry and Jia (2004) immediately follow from the assumptions we imposed and our previous
analysis. Here we will verify that (i) V8, € int(©g) h(6y) > 0, and that (i) Oy = int(Oy).
To see that (i) holds, suppose towards contradiction there is 6y € int(Og) with h(fy) = 0.
Then h'(0y) must be 0 for some ly € {1,...,L}. Then by Assumption (3.1) and our Inverse
Function Theorem, for all sufficiently small € > 0 there is 0, with h(0.) < h'(0,.) < —e and

10, — 0o|| < Ke for some finite K. This shows that 0y cannot be in the interior of ©y.

To see why (ii) holds, recall that ©¢ is a closed set, so that Oy = Oy D int(6y) by
definition of the closure of a set. Next, let 0y € Og. If Oy € int(Og) then Oy € W as well.
If 0y ¢ int(Oy) then that means for all § > 0 there ezists 6'(0) € Bs(6y) with h(6'()) < 0.
Since h is continuous, this implies that h(6y) = 0. On the other hand, by Assumption (6.1)
there is jo such that h is either increasing or decreasing in 8j, at 0y. Let 0,5 = Oy; for j # jo,
0o = Oojo +% if h is increasing in 00 and 0.5, = 6y;, —% if h is decreasing in 0;9 at 6. Since
0y € ©F C int(O) for some sufficiently large ny {0:}2, C int(©g). Moreover 6; — 6y as

t — o00. Thus, Oy € int(Oy), and Oy C int(Oy), and the Proposition follows from Theorem 1

of Andrews, Berry and Jia (2004). R

7 Examples:

In this section we review two economic models where the parameters of the model are
partially identified. We study the meaning of the Jacobian condition of this paper in the
context of these models. These models are also discussed in Chernozhukov, Hong and Tamer

(2007).

7.1 Bracketed Data:

Suppose random variable Y is unobserved, but is known to be bounded above and below

by observed random variables Y, and Y; respectively. Let p; := E(Y;) for j = 1,2, and
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6 := E(Y). Suppose that uy > p;.'° In this example,

9(0) = (s — 0,0 — 111)",

and ©g = [p1, 2]. The number of moment conditions is larger than the dimension of 6.

Note, however, that h(f) = { . Moreover, ©* = {u1, 2}, and h is

jo— 0 if 0 > ttee
differentiable on ©*, with A'(u;) = 1 and h'(u2) = —1. Therefore, we can estimate ©y con-

. ) . ) 0-Y, if <Vt
sistently by minimizing Q*(0) = |h(0)|1{h(0) < 0}, where h(0) = { B T
Yo—0 if > %

Finally, note also that cl(int([u1, 12])) = [p1, pe]. Thus, the Andrews, Berry and Jia (2004)

condition is easily verified.

7.2 Returns to Schooling:

Suppose potential income, Y, is related to educational attainment, Fduc by the equation
Y = ag + a1 Educ + asEduc® + U.

Suppose also that quarter of birth, B, is orthogonal to U. Then letting 6 := (ag, a1, a3) and

A denoting a compact non-empty subset of R? we have

E(Y — ag — ay Educ — ay Educ?)
() = :
E[(Y — ap — oy Educ — agEduc?®)B|

and

O = {(a, a1, 0) € A : p(6) = 0}.

ONote that if 1o = 1 then the identification problem disappears.
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Note that the Andrews, Berry and Jia (2004) approach is not applicable in this case. The
Jacobian condition imposed in this paper on the other hand is that the rank of the following

matrix is 2:

-1 —E(Educ) —E(Educ?)
Dy(0) =
—E(B) —FE(Educ-B) —FE(Educ*- B)

This condition will be satisfied as long as it is not the case that E(Educ-B) = E(Educ)-E(B)
and E(Educ?- B) = E(Educ?) - E(B).

Instead of estimating conditional expectation of potential income given schooling one
could also try to estimate a certain quantile function of returns to schooling. For example,
Chernozhukov and Hansen (2006) consider a model in which the 7 (with 7 € (01, )) structural
quantile function for returns to schooling is specified to be a linear function, so that the

moment conditions at hand are

E[(r — 1{Y < XT,})Z] = 0. (15)

Then assuming that the potential outcome is a continuous random variable the Jacobian

condition of this paper is satisfied if the d, x d, matrix

Do(0) = —E | zX,f(XT0|X,2Z) ZX,fy(XT0|X,2Z) - ZXq fr(XT0|X,Z)

has rank d, for all 6 values satisfying equation (15).

8 Conclusion

This paper has proposed conditions under which the most intuitive estimator in parametric
partially identified moment equality and inequality models as well as non-parametric re-

gression inequality models is consistent for the identified set. The paper has also proposed

21



alternative M-estimators which agree with the set of parameters satisfying the sample ver-
sions of the moment conditions that characterize the model. This paper has focused on
estimation only. The results of this paper, however, can be combined with the methods
developed in Chernozhukov, Hong and Tamer (2007) or in other papers.

For parametric models most of the conditions proposed in this paper are for models
in which the number of moment conditions is less than or equal to the dimension of the
parameter space. When the number of moment conditions is larger than the number of
parameters one could use the conditions proposed here by selecting as many of the conditions
as the number of parameters to consistently estimate the set of parameters that satisfy the
selected subset of moment conditions. This set of course will always contain the identified
set. Nevertheless, one could iteratively use the subsampling procedure of Chernozhukov,
Hong and Tamer (2007) by taking the estimator for this set, denoted by ©,,, as the starting
point for the iterations. Iterating on this procedure using the whole parameter set as the
initial point was suggested by Romano and Shaikh (2006 a,b). I expect that using ©,, as
the initial point as opposed to the whole parameter set would significantly decrease the

computational burden of this method.

9 Appendix:

This section states the Generalized Inverse Function Theorem and its Corollary which are
used throughout the paper and proves the corollary. We also state Egoroft’s Theorem in
this section. The statement of the Generalized Inverse Function Theorem is taken from
Luenberger(1969), p. 240. Note that the transformation 7 is assumed to be continuously

Féchet differentiable.

Theorem 9.1 (Generalized Inverse Function Theorem) Let xq be a regqular point of a trans-

formation T mapping the Banach space X into the Banach space Y. Then there is a neigh-
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borhood N (yo) of the point yo = T(zo) (i.e., a sphere centered at yoy) and a constant K such
that the equation T'(x) = y has a solution for every y € N(yo) and the solution satisfies

[l = ol| < Klly — woll.”

Corollary 9.1 Suppose every point in the compact set A C X is a reqular point of T. Then
there exist r > 0 and K < oo such that the following statement holds for each xo € A and
yo = T'(xo): Whenever y € B,.(yo), with yo = T'(zo) the equation y = T(x) has a solution

and the solution satisfies ||z — xo|| < K|y — ol|-

Proof 9.1 Since T is Fréchet differentiable it maps compact subsets of X into compact
sets, so that T(A) is compact. Since each ro € A is regular the theorem tells us that
there exists ry,, Ky, as in the statement of the theorem. Now UyOeT(A)B%(yO) s an open
cover for T'(A). Thus, there exist yoi,...,yos such that T(A) C Ujj]:lBTy%<y0j). Let r :=
smin {ry,,,...,ry,, }. Neat observe that Uy er(a)B:(yo) is also an open cover of T(A) and it
has a finite subcover yor, ..., Yos. Let K := max{K,,,, ..., Kys}. Now consider an arbitrary
xg € A with yo = T(yo). Suppose y € B.(yo). Then y € Bo,(yos) C B,,. (yos) for some
s = 1,...,8. Moroveryy, = T(xos for some xos € A, and the equation y = T(x) has a

solution and the solution satisfies ||z — os|| < Ky, |y — yos|| < K|y — vos]|- [ |

Theorem 9.2 (Egoroff’s Theorem from p. 73-74 of Royden (1988).) “If < f, > is a se-
quence of measurable functions that converge to a real valued function f a.e. on a measurable
set E of finite measure, then given n > 0, there is a subset A C E with mA < n such that

fn converges uniformly on £ ~ A.”
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