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A Appendix A: Derivation of Main Equations in
Text

We first summarize three results on matrix algebra that will be convenient in deriving the expressions
given in the text.

Result 1.
Zi12gy1 — B (Ze412041)
= (Do + P12s + vir1) (Po + Prz + vig1) — By (ze+12041)
= PoP( + P12, D) + v 1D + Pz, D) + P127,7,P)
vz, P + ©0V;+1 + élztvl’g_i_l + vt+1v2+1 —E; (Zt+1Z;+1)
= Vt+1<I)6 + Vt+1Z2(I)/1 + (I)0V£+1 + élztvngl + vt+1v,’5+1 — .
]
Result 2.

Tit+1 — E; (Ti,t+1)
i—1 i—1
= x§+1 ) 4 r1 41 — By (x§+1 )+ 7“1,t+1)

i 1
= Vi-gl + V§+)1

where x,(fi_ll) denotes the (i — 1)th element of the excess return vector x;41 and likewise with vy1.H

Result 3. (Muirhead, 1982, pp.518)
Vary (Vec (vt+1v;+1)) =1L, + Z (Qij ® Q;J) (X, ®3,),
5,
where Q;; is a m x m zero matrix except for the (¢, j)th element which is equal to 1.l

Derivation of Equation (10)

The log return on the portfolio r, ;1 is a discrete-time approximation to its continuous-time
counterpart. We begin by specifying the return processes for the short-term instrument B; and
other risky assets P; in continuous time:

dB

— = pydt + o dW, (27)
By ’

dP

?t = p,dt+odWy, (28)
t

where 1y, ; and p, are the drifts, o, and o are the diffusion, and Wy is a m-dimensional standard

Brownian motion.'? We allow the drifts to depend on other state variables, but for notational

12The dimensions of p,, pu, 0,0 are 1 x 1,(n — 1) x 1,1 x m, (n — 1) x m, respectively.



simplicity, we suppress this dependency and simply use the time subscript. Moreover, note that the
same W, appears in the two equations.

We can obtain the log return on each asset using Ito’s Lemma:

_fdB)\ 1,

dlog B, = ( B > 5 (opoy) dt, (29)
(AP, 1,

dlogP;; = ( Pt ) ~3 (o;07) dt, (30)

where o; is the ith row of the diffusion matrix o, and ¢ = 1,..,n — 1.

Let V; be the value of the portfolio at time t. We will use dlogV; to approximate 7,:41. By
Ito’s Lemma,

dv,\ 1 [dV;\?
dlogVi=|— | —-—=(— . 31
i~ (%) -3 (%) o
We will now derive these two terms in order:
dV; , (dPy , | dBy
ek =t 1 — 2
‘/;: Oy ( Pt ) +( atl’) Bt

1 1
= a (dlog P, + 3 [o:07] dt) +(1—aje) (dlog By + 3 (ovoy) dt>
= o) (dlogP; —dlog B, - t) + dlog B;
1 1
—|—§a; ([oi0)]) — opoy, - 1) dt + Eabagdt,

where ¢ is a n x 1 vector of ones and the bracket | -] denotes a vector with ;07 the ith entry. Next,

(%)2 = a;j(dlogP; —dlog By - ¢) (dlog Py — dlog By - L)/ oy + (dlog Bt)2
+2a, (dlog Py — dlog By - ) (dlog By) + o (dt) ,
where the o(dt) terms vanish because they involve either (dt)? or (dt) (dW,) .
Now, from equation (27)—(29) and ignoring dt terms,
dlogP; —dlogB, -t = (o — v o) dWy.
Thus,

(dlogP, — dlog By - ¢) (dlog P, — dlog B - L)/ (c—t-0p) (00— L~0’b)/,
(dlogPy; —dlog By - ¢) (dlog B;) = (o0 —t-01)-0y,.

Collecting these results and using our notation for excess returns: x;y1 = dlogP; — dlog By - ¢,



ri441 = dlog (B;) and dt =1,
Tp,t+1
= dlogV;
= oXeq1 + T %04 (i3] — ov0, - 2)
1 (o) (0=t -0p) (60—t 0p) ap+ 20 (0 — 1 0) 0]

2

Using the notation in the VAR system with the Cholesky decomposition for 3, = GG’, o; — o
is equal to the ith row of G, G,. Hence,

(6—t-op)(d—t-0y) = GonGh, =See,
ovo, = GG} =07,
oo, = GG, +0,G,+ G0+ op0y,
[o:0)] = 024251, + 0%,
(0d—t-0p)0, = G9,G| =31,

where Go.,, denotes the submatrix formed by taking the 2nd to nth rows of G.

With these terms, the return on the portfolio is

1 1
/ / 2 / /
Tpt+l = OGXpp1 +7T1e41 + Eat (Uz + QElz) - iatzmzat - Yz,

1
= a;xt_*_l + 1,641 + 502 (Ui — Emat) .
]
Solving for the Optimal Portfolio Rule.

Subtracting the log Euler equation (12) with ¢ =1 from (12), we obtain
1
E; (?”i,t+1 - 7“1,t+1) + EVaTt (?”z‘,t+1 - Tl,t+1) (32)
0 0
= COVt (EACt—i_l + (1 — 0) Tp,t-f—l; Ti,t-f—l) — COVt (EACt_*_l + (1 — 0) rp,t—f—larl,t—i-l)
1

-3 (Varg (rse41) — Varg (r1,e41) — Varg(ri g41 — m1041)) -

Using the budget constraint (11) and the trivial identity Ac; 11 = (ci01 — wig1) — (€r — wy) + Awyy 1,

0
EACHI + (1= 0)rp41
0

= — (41 — Wet1) +Yrpe+1 + time ¢ terms and constants.

G



Thus, equation (32) can be written as

1
Et (rit+1 — r1,e41) + §Vart (Pig1 — T1,041)
0

= —[Cicwt = Ole—wt) TV [Tipt — T1p,]

(8

1
—5 (Vare (rig1) — Vare (rieq1) = Vare(riers = i) -
We will derive these terms now.
Using the equation for log return on the portfolio and ignoring time ¢ terms and constants,

7
Oipt = Covi(oyXer1 +71e401,7i641)
i—1 i—1 2
= (ng ) 4+ Elm) + Egzz ) + o1,
7
o1pt = Covi(gXip1 +71e401,71,641)

/ 2
atzlx + 07.

To evaluate the conditional covariances ;¢ ¢ and oy ¢ ¢, We use the conjectured policy rule for
the consumption-wealth ratio.

Oj.c—w,t
= Covy (ct41 — w1 — By (coq1 — wig1) , Tije1 — Ee(14,641))
B COVt (Blll)t+1 + Bfg (Vt+1q)6 + Vt+1Z;(I)/1 + ¢0V£+1 + ¢1ZtV£+1 + Vt+1V,/5+1) B2, Vgil + Vg_l*_)l)
- B (25}') + zg”) +2B), (zgi) + EEP) 3B, + 2B} (29 n zgﬂ) 2, Bs,

where the second equality follows from using Result 1 and 2, and Eg,i) denotes the ith column of X3,.

Similarly,
Ole wi =BZW 4 2B, RV B, + 2B, (V2 &) By,

With these expressions,

Oc—w,t — O1,c—w,tl

25)2)/ 25)2)/ Eg)Q)/
= D Bi+2| ¢ | BoBhdg |+ (2] 0 | BoBydy [z
Eg)n)/ Eg)n)/ Eg)n)/

= [(SHL) By +2(S)HL) BaB)bo| + [2(S,HL) BaBy | 2
= Ao+ Az,

as claimed in equation (17).H

Solving for the Optimal Consumption Rule
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We derive first equation (24). To derive this equation, note that log consumption growth verifies
the following trivial identity: Aciy1 = (crp1 — wip1) — (¢ — wy) + Awgyq. Substituting the log-
linearized budget constraint (11) into this equation and taking expectations we obtain

Et (ACt+1) = Et (Ct+1 — wt+1) - (Ct - wt) + Et (Awt—i-l) (33)

1
= Et (Ct+1 — ’U)t+1) — (Ct — wt) + Et(rp,t+1) + (1 — ;) (Ct — wt) + k

Combining the two equations (22) and (33), we obtain a difference equation in ¢; — wy, given in (24).

Next we show that both the expected log return on the wealth portfolio E;r), ;11 and the variance
term X, , in equation (22) for expected log consumption growth are quadratic functions of the vector
of state variables.

Taking conditional expectations of equation (10) and substituting the portfolio policy rule ey =
Ao+ Aqzy,
E; (rp,e41)
1
= B (x¢11) + Ee (r141) + 504 (02 — ppcry)

= (Ag+z;A))H, (Do + P12;) + Hy (Do + P12y)

1 1
+5 (A +ZAL) 07 — 5 (A) + ZiA]) Do (Ao + Avzi)
= To+ Tz + Tovec(zz)) ,
where
— / 1 /7 2 ]‘ /
I'y = AOqu)o +H;Pg + §A0(Tx — §AOE%—CA0,
1
I, = BH;A1 + AGHx(I)l +H{P; + §(J’iA1 — A{]EMAl,
1

L, = vec(A/H,®,) — Zvec (A' .. AL,

and H; and H, are selection matrices that select the short-term real interest rate and the vector of
excess returns from the full state vector.

We now evaluate the variance term

1/6
Xpt = 3 (E) Var; (ACH_l - ¢7’p,t+1) .

Using the trivial identity for Ac;y; and the budget constraint (11), substituting the conjecture for
the consumption rule

by + Bz + B,z,z,Bo
= by + Bz, + vec (BoB)) vec (z4z))

Ct — We



and ay = Ag + A1z, and ignoring time ¢ terms and constants, we can write the argument of the
variance as:

Aciy1 — Yrpi+1

— B} +22,®,BoB, + (1— ) alH, + (1 — ) H, + 28,BoBb] virs
+vec (BoBYj)' vec (viy1vy, 1)

= [y + 2] viys + vec (BaBY) vec (Vg1 Vi)

where

1L B) + (1 —v)AjH, + (1 — ) H; + 20;B,B5,

Since vy41 is conditionally normally distributed, all third moments are zero. Thus,
Vart (ACt_;,_l — wrp,t-i-l)
= ILSIT, + 211 5,10 2, + {Vec (HQEUH{?)’] vec (zz))
+vec (ByBY)' Var, (vec (Vig1viy 1)) vec (B2B3),

and Vary (Vec (vt+1v2 +1)) is given by the expression in Result 3 above. Putting these pieces
together, we have

Xpt = Vo + Viz, + Vavec (z¢2zy) ,

where
0
Vo = % [HlZvH’l + vec (BaBb)' Var, (vec (vi41v),)) vec (BQBIQ):| ,
0
V1 = ﬂ [2H12UH/2} s

Vo

% [vec (szvng)’} .

Derivation of Equation (34)

Simple substitution of the expressions for E;r;, 111 and x,, ;, and the expression for the conditional
expectation of (¢;41 — wet1) into the RHS of (24) yields

et —wy = 2o + 124 + Zgvec (z42z) (34)
where
pl=tlogé+k—Vo+ (1 — ) Tg + by + B P
+vec (BaBY) vec(Do®)) + vec (BoBb)' vec(3,)],
p[=Vi+(1—v)I'1 +Bi® +28,B;B)P],
P [—VQ + (1= ) Ty + vec (¥, BoBLd,)| |

[
o
If

w
Il

[1]
N
Il
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Equation (34) confirms our initial conjecture on the form of the consumption-wealth ratio. Notice
that Zg,Z1,Z2 depend on by, B; and vec(BoB)). Therefore, for the solution to be consistent,
{bg, B1, vec(B2B))} must solve the following set of equations:

b = =, (35)
B, = =,
vec (BeB)) = =)

The resulting set of values for by, B; and vec(B2B%) determines the optimal consumption rule.ll
Verification that Ay and A; do not depend on

JFrom (21), Ag and A; can be expressed as:

Ay = %z;; (Hcho + %ni +(1— 7)21z> + %i_;lz;;Ao

= %E;; (Hmcbo + %ni +(1- v)%) + 1_772;3 [(EvH;)’ 1]31 +2(S,Hy) ]13%%
Ar = TSI () + (%2;;) I

= Isanen + (S0n) ey PR

Thus, showing that Ag and A; are independent of ¢ is equivalent to showing B;=B; /(1 — ¢) and
Bz =BsyB, /(1 — 1) are independent of 1.

First consider B,. From (35), we have
(1= )vec(Bz) = p[= Vi + (1 = )% + (1 = ¢)vec (91 55P1)] (36)

Using the definition of Vg,

-V, = -7 vec [(1 — )2 (29182 + A H,)E, (201585 + Alle)/}
2(1—1)
o 1—7 ’ ’ ’
= 21— t)vec [(2@132 +AJH,) S, (20,8, + AJH,) }
= (1-4)V,

Note that A1, and hence V;, do not depend on %, given Bs. Moreover,
1
(1—)Th = (1—1) [vec (A H,®q) — gvec (A'lEmAl)} ,
where the expression in brackets depends only on By. Thus, (36) reduces to

vec (B2) = p [V; + T + vec (@’182@1)} .

7



This is a quadratic equation in Bs, with coefficients independent of ). Consequently, the solution
for By will also be independent of .

Now, using the same logic, we can show that B; is independent of ¢). From (35),
(L= ¥)Bi = p [~V + (1 =) T} + (1= )81 B1 + (1 - V)2 (8)By1) . (37)

Note that given By, Ag (given above) is independent of 1. Now,

/

11—~
]__

Vi = (1= 9)Th) T, (1 - ¥) (2015, + A{H,)) |

—

S

=)
= (-7 (1) [T, 0.5, + ALY
1=)Vy

where .
II; = B) + AgH, + Hy + 29 B,.

Also, I'y is only a function of By and By via its dependence on Ay and A1, not of . Therefore,
(37) becomes

Bi=p [Vl £ T+ BBy + 2 ()Ba®y) ]

which again implies that the solution for ; does not depend on . This completes our proof.ll



B Appendix B: Numerical Procedure

Equations (21) and (35) show that the coefficients {Ag, A1}, {bo, B1, vec(B2B5)} in the optimal
policy rules are functions of the underlying parameters. When there is one state variable as in
Campbell and Viceira (1999), solving explicitly for these coefficients is manageable. However, with
multiple state variables, such an exercise is practically impossible. Therefore, we employ a numerical
procedure to find these coefficients instead.

We describe the numerical procedure in steps:

1. For a given set of values of {~, 1, p} , we start with some initial values for § and {bg, By, vec (BaBj) }—
denote these by 6 and {bél) , Bgl) ,Vec(BQBé)(l)}. Through equation (21), this implies a set
of values for {Ag, Aj}—denote by {ASY, AV},

2. With p, 6 {A, A} () B vec(ByBY) M1, the coefficients {Zg,Z1, =5} in the ¢ —
w difference equation (34) can be calculated. By equating these coefficients with the
{bo,B1, vec(B2B))} in the conjectured policy function, we have a new set of values for

{bo, B1, vec (B2Bj)}—call them {béz),Bgz) ,Vec(BgB’Q)(Q)}. Since the initial values are arbi-
trary, {bég),ng) ,VeC(BQBIQ)(z)} will be different from {bél),Bgl),Vec(BgB’Q)(l)} in general.
Thus, we recompute {Ag, A1} using p, §M and {béz),Bgz) ,Vec(BQB’Q)(Q)} to get {Aéz),Agz)}.
A new set of {Zg,Z1,Z2} can then be obtained. = We continue until values of {by, By,
vec(BaBj)} and hence {Ag, A1} converge, for a given p and §). Call these new values
{Agm , A‘fm } {bgo'] , B‘fm, Vec(BgO')Bg(]')’)}, where the superscript emphasizes the fact that
these values are based on the initial value §V),

3. The convergence criterion for the {bg, B1, vec (B2B5)} is rather stringent. We first calculate
the maximum of the squared deviations of all elements from 2 consecutive iterations. We

then require for parameter convergence that the sum of 20 such consecutive maxima be less
than 0.00001.

4. We now describe how to calculate the implied 6 from the converged values of Ag, A1, by,
B;,vec(B2B5). Using the fact that p = 1 — exp (E[e; — w¢]) and that

E(c,—wy) = bo+BE(z)+ vec(ByB)) vec (E (zz}))
= Do+ Bip, +vec(ByBS) vec Sz + pptl)

we have
bo = log (1 — p) = Bip, — vec (BaBj) vee (S.. + poptl)
On the other hand, from the definition of =,
EO = p[—¢10g6+k—‘/(]+(1—1/1)F0+b0+B/1(I)0
+vec (ByBY) vec(®o®)) + vec (BaBb)' vee(S,)],

which depends on §. Equating these two equations and solve for the new §, we have

-1
5 = exp [p—¢ (F2— Pf1)} ;

9



where

Fi = k—Vo+ (1 —=1)To+ by + B P + vec (BaB)) vec(od;)
+vec (BoBY) vee(S,),
Fo = log(1—p)—Bip, — vec (B2By) vee (Se. + popl)

and F; and F, are evaluated at {Agm,A‘fU 1 {bg(l),B‘f@J ,Vec(Bg@J Bgm’)} and the VAR

estimates.

. Naturally, one might use §? as input again and reiterate through Step (1)—(4) until é con-
verges. Graphically, we attempt to find the intersection point between the implied é curve
with the 45°-line.  Unfortunately, a plot of the implied § calculated as described above
against a range of input ¢ indicates that the implied § curve cuts the 45°-line from above.
This immediately implies that a standard iterative procedure over ¢ will not work in general.
Therefore, we resort to a grid-search method over a range of 6.

. The grid-search method proceeds as follows: we start with a wide range of § and form a coarse
mesh over this range. In our implementation, we choose to evaluate Step (1)—(4) over 21
points over this range. From these calculations, 21 new implied § are obtained. We locate
the inputting § 1) whose implied ¢ 2) gives the minimum positive deviation from § ) among
these 21 pairs. Call this 6. Similarly, we locate the inputting 51 whose implied 5@ gives
the minimum negative deviation from §M) . Call this §~. Because of the downward-sloping
implied § curve, existence of this pair (6+, 67) is guaranteed as long as the initial range of §

is wide enough. Note that 6T < §7.

. We then form a 21-point mesh again over (6+, 67) and repeat Step (6) until both the minimum
positive deviation and negative deviation are less than 0.00001, or 6~ — " < 0.00001. When
the first of the convergence criteria for ¢ is met, the converged ¢ is computed as the average
of the §® with the minimum positive deviation and the 6@ with the minimum negative
deviation. When the second criterion is met, a simple average of (6+, 6 7) is used.

10



C Appendix C: Construction of Hypothetical Real
Bonds

Recall that the first element of our VAR system is the ex post real bill return. Therefore, the ex
ante log real bill return at time ¢ + 1 is the first element of E; (z441) = ®g + P12;. In other words,
the log real yield at time ¢ is given by

it =Hi - Ey (2041) = Hi - 2441,

where Hy = (1,0,...,0) and Z; 141 =E¢ (2¢41) -

The next step is to assume that the log expectations hypothesis holds for the real term structure;
that is,

1 n—1
Ynit = — z; E¢ (y1,44) »
7=

where y,, ; is the log yield on a real bond with maturity n. Note that we have implicitly assume
that inflation risk premium is zero. An estimate of y, ; can be easily constructed as follows:

1 n—1 1 n—1
Unyp = - E Ul,i4i = - E Hi %4441,
i=0 iz0

To compute Z; 44,41, we can iterate the VAR(1) system forward to get

k—1
Z gtk = Z D] | Do + Dz,
j=0

Using this result, log yield can be expressed as a function of current state variables:

n

Unyi = iHl Z;/Z\t,t—i—i
1 n i—1 ] ]
= —H Z Zcb{ Py + Pz,
=1 7=0
1
= ;Hl (Qc + Qnz)
where
Q= 30— (L) (1,00
i=1
Qc = (I7n - (I)l)_l (Im - Qn) q>0;

11



and I, is the identity matrix, m = dim(z).
Finally, the 1-period return on a hypothetical real n-period bond is calculated as

Tnt+1 = n@n,t - (n - 1) gn—l,t-}—l
nﬂn,t —(n-1) ?,J\n,t-i-l

= H(Qo+ Qua) L Qe+ Quacia)

Q

The next step is to construct a real consol bond from these zero-coupon bonds. Campbell, Lo
and MacKinlay (1997) show how to use a loglinearization framework to construct real consol bond
returns. Specifically,their equations (10.1.16) and (10.1.17) show that the log yield on a real consol
Ye,00,t 18 given by

Yeoot = (1= p,) Zﬂirc,oo,tﬂ%
i=0

where 7¢ oo ¢+4 is the one-period log return on a consol bond at time t+¢ and p, = 1 —exp (E[—pe,¢]) ,
where p.; is the log “cum-dividend” price of the consol bond including its current coupon payout.

Taking conditional expectations at time ¢ and imposing the expectations hypothesis,

o0
Yeoot = (1—=pc) ZPZHlit,t—H‘—H
=0

00 (S0t e (S ioi ) o
Jj=

It is straightforward to show that

e} ; 4 ) 1 B
chzqﬂl - 1 — (Im_pcél) 17
i=0  j=0 Pe

YAt = (L —p®1) 7 @1

=0

Thus, the log yield can be expressed as function of the VAR parameters, current state variables and
the loglinearization constant p,:

Yeoort = Hi (I = p.®1) ™" o + Hy (1= p,) (I — p.B1) ™" D1z
We can now write an expression for the return on the consol bond:

T¢,00,t+1 ~ Dc,ooyc,oo,t - (Dc,oo - 1) Ye,00,t4+1
= Hy Ly —p®1) " @+ Hy (L — p21) " &1 (2 — pz141).-

12
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TABLE A
Mean Asset Demands (¢ = 1/y Case)

A: Annual Sample (1890 - 1995)
State Variables: Constant AR, Yt (d—p)r  spry

vy=1¢%=1/y,p=092

Stock  Total Demand 188.44  187.46 189.20 199.43  201.97
Hedging Demand 0.00 0.00 0.00 0.00 0.00
Bond  Total Demand 127.57  146.72 155.55 155.29  231.73
Hedging Demand 0.00 0.00 0.00 0.00 0.00
Cash  Total Demand -216.01  -234.18 -244.75 -254.72 -333.70
Hedging Demand 0.00 0.00 0.00 0.00 0.00
y=2,0=1/v,p=0.92
Stock  Total Demand 98.66 100.81 101.80 132.29  132.47
Hedging Demand 0.00 2.54 3.02 28.13 27.15
Bond  Total Demand 70.78 89.58  95.75 89.71 53.41
Hedging Demand 0.00 9.12 1247 6.58  -64.35
Cash  Total Demand -69.44 -90.39 -97.55 -122.00 -85.88
Hedging Demand 0.00 -11.66 -15.49  -34.71 37.20
vy=51¥=1/v,p=0.92
Stock  Total Demand 44.79 52.42  52.30 74.29 81.40
Hedging Demand 0.00 7.66 7.79 27.30 34.06
Bond  Total Demand 36.71 53.74  63.75 64.28  -19.38
Hedging Demand 0.00 13.04 23.82 24.44  -68.76
Cash  Total Demand 18.50 -6.16 -16.05  -38.57 37.99
Hedging Demand 0.00 -20.70 -31.61 -51.74 34.69
v=20,%=1/v,p=0.92
Stock  Total Demand 17.86 29.22 2793 35.99 40.86
Hedging Demand 0.00 11.22  10.54 17.59 22.53
Bond  Total Demand 19.67 35.62  48.30 46.95 15.39
Hedging Demand 0.00 14.80  30.06 28.75 0.21
Cash  Total Demand 62.47 35.15  23.77 17.06 43.75

Hedging Demand 0.00 -26.02 -40.60 -46.34  -22.73

Note: “Constant” column reports mean asset demands when the VAR system only has a constant in
each regression, corresponding to the case in which risk premia are constant and realized returns on all
assets, including the short-term real interest rate, are i.i.d. AR; column reports mean asset demands when
the VAR ssytem includes a constant, the ex-post real return on T-Bills, the excess return on stocks, and the
excess return on bonds. The rest of the columns add sequentially the nominal T-Bill rate (y; column), the
dividend yield ((d — p)¢ column) and the yield spread (spr¢ column). The bond is a 5-year nominal bond in

the quarterly dataset and a 20-year in the annual dataset.



TABLE A (ctd.)
Mean Asset Demands (¢ = 1/y Case)

B: Quarterly Sample (1952Q2 - 1997Q4)
State Variables: Constant AR, Yt (d—p)r  spry
v=14%=1/y,p=092"4

Stock  Total Demand 272.65 285.19 289.75 301.76  302.41
Hedging Demand 0.00 0.00 0.00 0.00 0.00
Bond  Total Demand 42.80 15.90 8.20 2.88 6.54
Hedging Demand 0.00 0.00 0.00 0.00 0.00
Cash  Total Demand -215.45 -201.09 -197.95 -204.64 -208.95
Hedging Demand 0.00 0.00 0.00 0.00 0.00
v =2,0=1/y,p=092"/%
Stock  Total Demand 136.07 138.76 139.35 313.78  241.39
Hedging Demand 0.00 -3.63  -5.14 163.34 90.64
Bond  Total Demand 16.28 -36.69 -68.17 -415.77 -465.79
Hedging Demand 0.00 -39.75 -67.64 -412.62 -464.45
Cash Total Demand -52.36 -2.07 28.82 202.00 324.39
Hedging Demand 0.00 43.37 72.79 249.28 373.81
v =51=1/y,p=092"/*
Stock  Total Demand 54.13 53.07 50.50 579.78  566.99
Hedging Demand 0.00 -3.63  -6.84 520.15 507.23
Bond  Total Demand 0.38 -30.52 -30.40 -677.46 -1092.46
Hedging Demand 0.00 -25.87 -24.64 -670.69 -1086.39
Cash  Total Demand 45.49 77.45  79.90 197.68 625.47
Hedging Demand 0.00 29.51 3148 150.55 579.16

v =20, =1/y,p=092"/*

Stock  Total Demand 13.16 11.49 9.34  362.38 -
Hedging Demand 0.00 -2.37 442 348.14 -
Bond  Total Demand -7.58 -17.53 791 -371.48 -
Hedging Demand 0.00 -9.02  16.28 -362.91 -
Cash Total Demand 94.42 106.03 82.75 109.11 -

Hedging Demand 0.00 11.40 -11.86 14.77 -

Note: “Constant” column reports mean asset demands when the VAR system only has a constant in
each regression, corresponding to the case in which risk premia are constant and realized returns on all
assets, including the short-term real interest rate, are i.i.d. AR; column reports mean asset demands when
the VAR ssytem includes a constant, the ex-post real return on T-Bills, the excess return on stocks, and the
excess return on bonds. The rest of the columns add sequentially the nominal T-Bill rate (y; column), the
dividend yield ((d — p)¢ column) and the yield spread (spr¢ column). The bond is a 5-year nominal bond in

9

the quarterly dataset and a 20-year in the annual dataset. ” - ” indicates that the recursion for ¢ failed to

converge



TABLE B
VAR Estimation Results
Nominal Bills, Stocks and Real Consol Bond

A: Annual Sample (1890 - 1995)

Dependent rtby Try xreby im (d—p) spry R?
Variable (t) (t) (t) (t) (t) (t) (p)
Coefficient Estimates
7ty 0.320 -0.057  0.012  0.593  -0.007  -0.592  0.235
(2.367) (-1.476) (0.131) (2.500) (-0.226) (-1.101) (0.000)
TTyq -0.008  0.091 -0.117  0.016 0.188 1.030  0.084
(-0.021) (0.745) (-0.574) (0.024) (3.440) (0.742) (0.132)
arebpyq 0.000  0.000 0.000  0.000 0.000 0.000  0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (1.000)
Yi+1 -0.060 -0.011 -0.019  0.904  -0.006 0.078 0.784

(-2.173) (-1.555) (-1.102) (11.336) (-1.204)  (0.787) (0.000)
(d—p)y1  -0467 -0.144 0080 -0.875  0.767 -0.844  0.677
(-1.514) (-1.360) (0.426) (-1.396) (12.730) (-0.632) (0.000)

Sprist 0.030  0.002 0011 0.092 0004 0776  0.543
(1.538) (0.356) (0.966) (1.648) (1.205) (9.670) (0.000)

Cross-Correlation of Residuals

rtb Tr xreh Y (d—p) spr
rtb 7726 -0.178 -0.845  0.132 0.119 -0.161
xr - 17.185  0.211 -0.180  -0.703 0.206
xreb - - 12.489 -0.586  -0.077 0.627
Y - - - 1.220 0.234 -0.902
(d—p) - - - - 15.650  -0.191
spr - - - - - 0.986

Note: rtby = ex post real T-Bill rate, zr; = excess stock return, xrcbs = excess real consol bond return,
(d — p)¢+ = log dividend-price ratio, y¢ = nominal T-bill yield, spri = yield spread. The bond is a 5-year
nominal bond in the quarterly dataset and a 20-year for the annual dataset. The numbers in the main

diagonal of the lower panel are standard deviations multiplied by 100.



TABLE B (ctd.)
VAR Estimation Results
Nominal Bills, Stocks and Real Consol Bond

B: Quarterly Sample (1952Q2 - 1997Q4)

Dependent rtby Try xreby im (d—p) spry R?
Variable (t) (t) (t) (t) (t) (t) (p)
Coefficient Estimates
7ty 0.413  0.005 -0.015 0.308  -0.001 0.032  0.323
(6.119) (0.817) (-0.340) (3.918) (-0.719) (0.191) (0.000)
TTyq 0.994 0.085 0.556 -2.188 0.084 1.920  0.111
(1.004) (1.080) (1.214) (-2.480) (3.196) (0.788) (0.001)
arebpyq 0.000  0.000 0.000  0.000 0.000 0.000  0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (1.000)
Yi+1 -0.015  0.002 -0.013  0.961 0.000 0.487  0.794

(-0.286) (0.699) (-0.409) (16.967) (0.448)  (4.394) (0.000)
(d—p)yr  -1.305 -0.086 -0.479 1.358 0932 -1.830  0.889
(-1.298) (-1.013) (-0.980) (1.489) (34.093) (-0.734) (0.000)
SPTis1 0.011 0001 0021 0016 -0.001 0497  0.276
(0.204) (0.488) (0.954) (0.395) (-0.903)  (6.481) (0.000)

Cross-Correlation of Residuals

rtb Tr xreh Y (d—p) spr
rtb 0.601 0.229 -0.246 -0.507  -0.239 0.397
xr - 7.594 -0.127  -0.217  -0.969 0.114
xreb - - 1.327  -0.447 0.079 0.156
Y - - - 0.351 0.258  -0.899
(d—p) - - - - 7.949 -0.143
spr - - - - - 0.251

Note: rtby = ex post real T-Bill rate, zr; = excess stock return, xrcbs = excess real consol bond return,
(d — p)¢+ = log dividend-price ratio, y¢ = nominal T-bill yield, spri = yield spread. The bond is a 5-year
nominal bond in the quarterly dataset and a 20-year for the annual dataset. The numbers in the main

diagonal of the lower panel are standard deviations multiplied by 100.



TABLE C
VAR Estimation Results
Nominal Bills, Stocks, Real Consol Bond, and Nominal Bond

A: Annual Sample (1890 - 1995)

Dependent rtby Ty xreby xnby im (d—p) spry R?
Variable (t) (t) (t) (t) (t) (t) (t) (p)
Coefficient Estimates
7ty 0.323 -0.054 0.020 0.153 0.704 -0.002  -0.899  0.242
(2.419) (-1.362) (0.234) (1.014) (2.371) (-0.060) (-1.243) (0.000)
TTyq -0.012  0.085 -0.131 -0.245 -0.160 0.180 1.520  0.088
(-0.033) (0.693) (-0.645) (-0.860) (-0.229) (3.302) (0.990) (0.180)
arebpyq 0.000  0.000 0.000 0.000 0.000 0.000 0.000  0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (1.000)
xnbyiy 0.228  0.094  0.029 -0.086 -0.085 0.010 2.490  0.423
(1.904) (2.545) (0.352) (-0.622) (-0.245) (0.506) (5.426) (0.000)
Y1 -0.059  -0.010 -0.017  0.027  0.923  -0.005 0.025  0.786
(-2.201) (-1.461) (-1.042) (0.841) (12.631) (-1.077) (0.203) (0.000)
(d—p)y1  -0457 -0.131  0.113  0.553 -0.477 0.786  -1.951  0.686
(-1.530) (-1.219) (0.604) (2.073) (-0.736) (13.711) (-1.311) (0.000)
Spriy1 0.030  0.002 0.010 -0.015  0.082 0.004 0.805  0.546
(1.543) (0.292) (0.895) (-0.654) (1.546) (1.111) (7.973) (0.000)

Cross-Correlation of Residuals

rth xr xreb xnb Y (d—p) spr
rtb 7.690 -0.173 -0.849 -0.036 0.123 0.104 -0.156
xr - 17.143 0.211 0.036 -0.174 -0.703 0.202
xrch - - 12.489  0.240 -0.589  -0.078 0.629
xnb - - - 4.810 -0.640  -0.126 0.269
Y - - - - 1.213 0.220 -0.902
(d—p) - - - - - 15415 -0.182
spr - - - - - - 0.983

Note: rtby = ex post real T-Bill rate, zr; = excess stock return, xrcbs = excess real consol bond return,

(d —p)¢ = log dividend-price ratio, y¢ = nominal T-bill yield, anb; = excess nominal long bond return, spr¢

= yield spread. The bond is a 5-year nominal bond in the quarterly dataset and a 20-year for the annual

dataset. The numbers in the main diagonal of the lower panel are standard deviations multiplied by 100.



TABLE C (ctd.)
VAR Estimation Results
Nominal Bills, Stocks, Real Consol Bond, and Nominal Bond

B: Quarterly Sample (1952Q2 - 1997Q4)

Dependent rtby Ty xreby xnby im (d—p) spry R?
Variable (t) (t) (t) (t) (t) (t) (t) (p)
Coefficient Estimates
7tbit1 0.537  0.010 0.085 -0.058 0.280  -0.001 0.023  0.330
(4.940) (1.625) (1.097) (-1.460) (3.529) (-0.606) (0.138) (0.000)
TTyq 0.091  0.050 -0.168  0.423 -1.987 0.083 1.984  0.113
(0.056) (0.562) (-0.146) (0.707) (-2.128) (3.169) (0.819) (0.002)
arebpyq 0.000  0.000 0.000 0.000 0.000 0.000 0.000  0.000
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (1.000)
xnbyiy 0.228 -0.050  0.067 -0.080  0.329 0.002 1.004  0.043
(0.400) (-2.034) (0.172) (-0.344) (0.805) (0.299) (0.942) (0.272)
Y1 0.007  0.003  0.005 -0.010  0.956 0.001 0.486  0.794
(0.096) (0.914) (0.109) (-0.326) (16.614) (0.492)  (4.317) (0.000)
(d—p)ey1  -0.188 -0.043 0416 -0.523  1.109 0935 -1.910 0.889
(-0.111) (-0.457) (0.348) (-0.845) (1.138) (34.632) (-0.771) (0.000)
Spriy1 -0.018  0.000 -0.002 0.014 0.022  -0.001 0.499  0.278
(-0.352) (0.047) (-0.062) (0.616) (0.562) (-0.978)  (6.400) (0.000)

Cross-Correlation of Residuals

rth xr xreb xnb Y (d—p) spr
rtb 0.598 0.236  -0.242 0.451 -0.512 -0.247 0.405
xr - 7.582 -0.131 0.279  -0.215 -0.969 0.112
xreh - - 1.327 0.712  -0.446 0.083 0.153
xnb - - - 2731  -0.766  -0.325 0.413
Y - - - - 0.350 0.257 -0.899
(d—p) . - . . - 7032 -0.140
spr - - - - - - 0.250

Note: rtby = ex post real T-Bill rate, zr; = excess stock return, xrcbs = excess real consol bond return,

(d —p)¢ = log dividend-price ratio, y¢ = nominal T-bill yield, anb; = excess nominal long bond return, spr¢

= yield spread. The bond is a 5-year nominal bond in the quarterly dataset and a 20-year for the annual

dataset. The numbers in the main diagonal of the lower panel are standard deviations multiplied by 100.



TABLE D

Mean Asset Demands with Hypothetical Real Bonds
(Quarterly Sample: 1952Q2 - 1997Q4)

A: Nominal Bills, Stocks, and Real Consol Bond

State Variables: Constant spry

y=1,¢%=1,p=0.92

Stocks 277.57 313.71
Real Consol Bond 228.90 246.49
Cash -406.47 -460.20

y=2,%=1,p=0.92

Stocks 137.74 243.58
Real Consol Bond 119.24 -507.49
Cash -156.98 363.91

vy=51=1p=0.92

Stocks 53.84 329.71
Real Consol Bond 53.44 -977.11
Cash -7.28 747.40

v =200 =1,p=0.92

Stocks 11.89 212.08
Real Consol Bond 20.54 -480.32
Cash 67.57 368.24

v =2000,v =1,p=0.92

Stocks -1.95 4.41
Real Consol Bond 9.68 89.18
Cash 92.27 6.41

Note: “Constant” column reports mean asset demands when the VAR system only has a constant in
each regression, corresponding to the case in which risk premia are constant and realized returns on all
assets, including the short-term real interest rate, are i.i.d. spr column reports mean asset demands when
the VAR system includes all state variables. The nominal bond is a 5-year nominal bond in the quarterly

dataset and a 20-year in the annual dataset.



TABLE D (ctd.)

Mean Asset Demands with Hypothetical Real Bonds
(Quarterly Sample: 1952Q2 - 1997Q4)

B: Nominal Bills, Stocks, Real Consol Bond and Nominal Bond

State Variables: Constant spry

y=1,¢%=1,p=0.92

Stocks 286.88 347.48
Real Consol Bond 355.95 628.27
Nominal Bond -81.99 -239.64
Cash -460.85 -636.11

y=2,%=1,p=0.92

Stocks 144.20 281.46
Real Consol Bond 207.46 637.71
Nominal Bond -56.93 -797.37
Cash -194.74 -21.81

vy=51=1,p=0.92

Stocks 58.60 597.31
Real Consol Bond 118.37 496.39
Nominal Bond -41.90 -1273.07
Cash -35.07 279.38

v =200 =1,p=0.92

Stocks 15.79 -
Real Consol Bond 73.82 -
Nominal Bond -34.38 -
Cash 44.77 -

v =2000,¢ =1, p = 0.92

Stocks 1.67 -
Real Consol Bond 59.12 -
Nominal Bond -31.90 -
Cash 71.11 -

Note: “Constant” column reports mean asset demands when the VAR system only has a constant in
each regression, corresponding to the case in which risk premia are constant and realized returns on all
assets, including the short-term real interest rate, are i.i.d. spr column reports mean asset demands when
the VAR system includes all state variables. The nominal bond is a 5-year nominal bond in the quarterly

il

dataset and a 20-year in the annual dataset. ” - ” indicates that the recursion for § failed to converge



