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Preliminary and Incomplete

“(Likelihood Principle) The information brought by an observatioabout [a parameter]
0 is entirely contained in the likelihood functionThe Bayesian Choi¢doy Christian P.
Robert, p. 15-

“... with a specific parameterization of preferences the theory would place many restric-
tions on the behavior of endogenous variables. But these predictions do not take the form
of locating blocks of zeros in a VAR description of these variablbghey and Interest in

a Cash-in-Advance Econonfgobert E. Lucas, Jr., and Nancy L. Stokey, p. 512,

I. INTRODUCTION

These epigraphs frame our topic. Unrestricted Vector Autoregressions (VARS) have be-
come a crucial component of the economists’ toolbox. They are used, among other pur-
poses, to answer questions like: What is the effect of a technology shock on hours worked?
How does output respond to monetary perturbations? What happens after a fiscal shock?
Knowing the answers to these questions will guide us in building better theoretical models.

To provide answers to these questions the researcher needs to recover economic shocks
from the unrestricted VAR innovations. This is done through identification restrictions on
the unrestricted VAR. This practice is attractive because, at least up to a linear approxi-
mation, many dynamic equilibrium models have a representation as a restricted VAR. This

lsee Robert,2007).
2See Lucas and Stoke$987).
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restricted VAR is a recursive expression of the model’s likelihood function, which accord-
ing to the likelihood principle contains all that the data have to say about the model's
parameters. Consequently, if our theoretical model has a restricted VAR representation
and we correctly place our identification restrictions in a unrestricted VAR, we can learn
everything is to be known about the theoretical model’s behavior without the need to fully
specify and estimate a dynamic equilibrium model.

However, the promise of unrestricted VARs of providing a coherent framework for struc-
tural inference is not without difficulties. As we will describe below in more detail, the
travel between a unrestricted VAR and a dynamic equilibrium model is full of dangers.
When can we recover economic shocks from unrestricted VAR innovations? Which are the
restrictions that a theoretical model’s stationary distribution places on a unrestricted VAR?
Can the impulse response function of the identified VAR match the impulse response func-
tion of a theoretical model? What are the consequences of estimating the unrestricted VAR
with a finite set of data?.

This paper addresses these questions in six steps. First, it collects a set of convenient
formulae that summarize how we can move between a unrestricted VAR and a dynamic
equilibrium model.

Second, we make precise how, in general, unrestricted VAR innovations amalgamize
current and past realizations of the economic shocks hitting preferences, technologies, and
information sets. The formulae impose a taxonomy of potential challenges in interpreting
unrestricted VAR innovations and the impulse response function of observables to them
in terms of the economic shocks and their impulse response function. This taxonomy
structures the rest of the paper.

Third, we study when the mapping between unrestricted VAR innovations and the his-
tory of economic shocks is invertible, i.e., when we can write the economic shocks as
a function of linear combinations of present and past unrestricted VAR innovations. For
some theories, the number of economic shocks differ from the number of observables and
therefore the number of shocks in the unrestricted VAR. Even for the lucky situation in
which the economic shocks equal the number of variables, it is possible that the history
of economic shocks spans a bigger space than the history of the observables. We show a
necessary and sufficient condition to test for invertibility for the ‘square case’, i.e., when
we have the same number of economic shocks and observables.

Fourth, the paper analyzes the implications of invertibility (or lack of) for the impulse
response function of an identified VAR. Even when the theory is such that there are equal
numbers of shocks and no invertibility problem, there remains the challenge of partition-
ing the contemporaneous covariation among unrestricted VAR innovations in a way that
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captures the contemporaneous covariance of economic shocks. In practice, researchers ac-
complish this by imposing long run theoretical restrictions from theory on the VAR or by
placing zeroes. For the ‘square case’, we show that when the model is invertibility there

is an identification scheme such that the impulse response function of a identified VAR
matches those of the economic theory.

Fifth, we also explore the implications of employing small samples to estimate the unre-
stricted VAR. Even when all of the previous problems can be resolved, because the theoret-
ical model implies in general an infinite order VAR (technically, it is a finite order VARMA
system), one must either fit moving average terms or use an information-theoretic (e.g.,
a Bayesian information criterion) to select a suitable lag length for the unrestricted VAR.
Because the unrestricted VAR is profligately parameterized relative to the economic theory,
specifying a good lag length for small samples means that the researcher must call for help
from different tools.

Finally, we illustrate our results with some examples, including two interesting applica-
tion, one by Fisherq) and one by Erceg, Henderson and Levih (

The daunting hierarchy of problems described above tempts the researcher to decline the
challenge to match his theory to a unrestricted VAR. But because the VAR is simply an
expression of the likelihood principle, a researcher who claims to take his theory seriously,
in the sense of analyzing the data as if his theory is true, simply cannot turn his back on the
implications of his theory for a unrestricted VAR.

The paper is organized as follows. In section 2 we ...

Il. THE QUESTION

The main objective of the paper is to set up necessary and sufficient conditions under
which the economic shocks can be recovered from the linear combinations of history of
innovations generated by a reduced form VAR. We first define economic sivatksand
innovations,a;’s. Economic shocks are defined in a economic model equilibrium, while
innovations are defined in an unrestricted VAR. Second, we show how unrestricted VAR
innovations are function of linear combinations of the history economic shocks. Finally,
we ask whether economic shocks are function of linear combinations of the history of
unrestricted VAR innovations? The conditions under which the answer is “yes” will be
given in sectiorll .

I1.1. Economic Model Equilibrium. We start with the equilibrium laws of motion of an
economic model or a linear approximation to it. These laws of motion have a representation

3A theorist who wants to analyze the data as if his theéerpot true would not turn his back on the
likelihood function either. However a complete study of the robustness problems raised by the explicit use of
a false theory will divert us too much from the main focus of our paper.
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in the state-space form
Xe+1 = A% + Bw (1)
Yt =Cx + Dw 2)
wherew; is a Gaussian vector satisfyifigu = 0, Emw; = I, Eww;_j = O for j £ 0. Here
X IS ann x 1 vector of possibly unobserved state variabless ak x 1 vector of variables
observed by an economist or econometrician,\&nid anm x 1 vector of economic shocks
impinging on the states and observables. Typically, the observation vector includes some
prices, quantities, and capital stocks. Whtlrshocks in the economic model states, and
k observablesfAisnx n,Bisnxm, Cisk x n, andD is k x m. In generalk # m, although
we shall soon devote some special attention to an interesting ‘square case’ in which the
number of economic shocks equals the number of observdbies)
There are two main ways of obtaining equilibrium representations of the fEt2).
The firstis to compute a linear or loglinear approximation of a nonlinear model about a non-
stochastic steady state, as exposited for example, in Christiano (XXXX), Uhlig (XXXX),
King and Watson (XXXX), or thelynare manual? It is straightforward to collect the lin-
ear or log linear approximations to the equilibrium decision rules and to arrange them into
the state-space forni)-(2). We provide an extended examples in section EXAMPLES.
A second way thatl)-(2) emerges is directly as a representation of a member of a class
of dynamic stochastic general equilibrium models with linear transition laws and quadratic
preferences. Ryoo and Rosen (XXXX), Rosen and Topel (XXXX), Rosen, Murphy, and
Scheinkman (XXXX), and Hansen and Sarg&d~) provide many examples.

[1.2. Unrestricted VAR. On the other hand, a mainstay of empirical macroeconomics is
the reduced form vector autoregression on observables

“w=a+ > Ajy-j+a 3)
=1
wherea; = y; — E[ye|[y* 1, z‘l?"zltrace(AjA’j) < 4o, Eaa = Q, and thea and theA;s
satisfy the least squares orthogonality conditions
Ea=0

Eay_;=0, j>1

We calla; innovations. Let; be an stochastic process that satisfies= 0, Eg;g/ =1, and
Ests{_j = 0 for | # 0, then exists an uniqué such thatGQe; = a for any orthonormal
matrix Q. To economize on notation, from now on, we shall assumeQhat .

4Dynare is a suite of Matlab programs that computes linear approximations of a big class of dynamic
stochastic general equilibrium models.
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I1.3. The Innovations Representation.To build a map from linear combinations of the
history of economic shocks to innovations, we define what is called an innovations rep-
resentation: Associated with any state space systeld,C,D) of the form (1)-(5) is the
following innovations representation

X141 =A%k +KGg (4)

Yt = CX + Gg, (5)

whereR = E[x |y Y], G& = a = yt — E[yt[y' 1], andK is the Kalman gain from the steady
state Kalman filter equations:

> = ASA +BB - (ASC' +BD)
(C=C'+DD')"}(AsC' +BD') (6)
K = (AXC'+BD)(C=C'+DD')™? 7)
whereZ = E(x — %) (% —%)’. The covariance matrix of the innovatioas= Gg; equals
Eaa = GG =CsC' +DD'. (8)

With m shocks in the economic moded,states, andk observablesk is nx k andG is
k x k. The vector processes andg; are each of dimensiokx 1, as is they; process, and
the matrixG is k x k. Let H(Z) be the Hilbert space consisting of all square summable
linear combinations of the one-sided infinite history of random vedordhe Kalman
filter takes the history* and by using a Gram-Schmidt procedure constructs a history
with orthogonal increments that spans the same linear space, i.e., is sudfyhat H (a')
and for whichEaa; =0fort #s.

The innovations representatiod){(5) is also an equilibrium representation for the
process, one that resembles the original equilibrium representa)ig8)( It differs from
itin that (a) then x k matrix KG replaces tha x mmatrix B; (b) thek x k matrix G replaces
thek x mmatrix D; and (c) thek x 1 process; replaces then x 1 processy.

We can combine and rearrange the two representations to obtain the following system
that describes the mapping from the economic shagke the innovation&e;:

K:j [Kc A— KC] m [ } ©)
|

Gg = [ + Dw. (20)

Define
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if the eigenvalues oA — KC are less than unity in modulus, we can wri®-(10) as

Ga={D+[c —CJ[I-AL]" [KBD} L b, (11)

Equation L1) can be writen as:
Gg = Zohjwt,j (22)
j=

with
ho = I
hj=[C —C] (A*)jl{ B ] . j>1
KD -
Equation [[2) verifies that by constructiohl (a!) c H(w'), i.e., equationX1) defines a
mapping from linear combinations of the history of economy shoeshsto innovations,
Geg. We want to know whethed (at) = H(wW!). If it is, we say that the mappind.l) is
invertible.
In sectiorill, we give a neat condition for checking invertibility in the ‘square’ case that
there are as many observables as economic shocks.

Il.4. The Conditional Likelihood. Before showing the condition to check invertibility,
let us spend some time on the implications of the innovations representdlidB) (for
estimation.

The innovations representatiof)€(5) can be rearranged to assume the form of a Wold
moving average representation

vt = [G+C(I —AL)KGL]g (13)

By applying a partitioned inverse formula to invert the operé®#- C(I — AL)"1KGL] in
(13), Hansen and Sargerd0%5) show that when the eigenvaluesAf KC are less than
unity in modulusy; has an autoregressive representation given by

yt = C[l = (A—KC)L] Kyt 1+ G (14)
which is of the form(8) with
Aj =C(A—KC)I"K, j>o0. (15)

Formulas [14) and (L5) make explicit the restrictions that the dynamic model defined by
(A,B,C,D) imposes on a VAR. These restrictions dependAoB,C, andD, but also on

K, the Kalman gain from the steady state Kalman filter equatiép£7). In sectionlV),

we show that, when the model is invertibility there exists another versiobSptijat only
depends o\, B,C, andD, therefore, in that case the restrictions that the dynamic model
described imposes on a VAR only dependAB,C, andD.
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The innovations representatiod){(5) , and the restricted VAR14), implied by(A,B,C,D)
exhausts the implications of the economic model for all first and second moments of the
process{y:}. Whenw is Gaussian, it exhausts the implications of the model for the joint
distribution of any sequence gk. This claim follows from the fact that all of the infor-
mation that a time series of observatidfys}{_, contains about the economic parameters
underlying (A,B,C,D) is contained in the model’s likelihood function. The innovations
representation4)-(5) or the theoretical infinite order VARL4) contains all of the infor-
mation needed to construct a Gaussian likelihood function conditional on an initial infinite
history of observation3.

Denote the likelihood function of a sample of da[tﬁ}tT:l conditional on the infinite
historyy® by f(yr,yr_1,...,y1|y°). Factor this likelihood as

L= f(yr.yr-1,....yay®) = fr(yrly" D froalyr-aly" 2 fa(ysy®).  (16)

Under the assumption thag is a Gaussian process, the conditional dengity|y* 1) is
N (C%,GG). Recalling thag, = y; — C% from (5), it follows thatlog f (yr,yr_1,...,y1|Y°),
the log of the conditional likelihoodl€), equals

;
logL=—.5 Z{kloan+In|GG’|+a{(GG’)‘1at}. (17)
t=

[Il. THE ANSWER IN THE“SQUARE CASE”

In sectionll.3, we show how the innovation representation defines a mapping from linear
combinations of the history of economy shooh§,to innovationsGe;. In this section we
investigate when that mapping is invertible for the ‘square’ case, i.e., when there are as
many observables as economic shocks. This is the case that is ‘least likely’ to have an
invertibility problem. In such an framework, we can get a nice necessary and sufficient
condition for invertibility in terms of the fundamentals of the problem.

We shall make the following assumptions:

AsSsSUMPTION 1. The state space systert),((2) is stable: all of the eigenvalues &f
are less than one in modulus, except possibly one associated with a constant.

ASSUMPTIONZ2: D is square and invertible.

Assumption 2 often applies to systems with equal numbers of economic shocks and observ-
ables (i.e., variables in the pertinent VAR). Under AssumptioriL2) ¢an be represented

5See Hansen and Sarge@005), chapter 9) for how the Kalman filter can also be used to construct an
unconditional likelihood function.
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as:

L}Dwt (18)
To check whethei (a') = H(w!), we must inquire whether the polynomialliron the right
side of (L8) has a square-summable inverse in nonnegative powdrs $tich an inverse
BD!
K
unity in modulus® The following theorem gives an easy way to check this condition

exists if and only if the zeros ojet{l +[C —C] [ —A*rl { } } are all less than

Theorem IIl.1. WhenD 1 exists, the zeros of

def{I +[C —C][z1-A] " [Bil] }

equal the eigenvalues 8f— BD'C and the eigenvalues &

Proof. Write
~1
|+C*(z|—A*)—1B*:{|+[C —C][z1-A] " [BDK }}
where
c = [c —C]
. _ [BD
e - [)

Now apply the partitioned inverse formula

deta) detd + ca 1b) = det(d) deta+ bd'c)
witha=1,b=C*,c=B*,d = (z| - A*) to get
det(zl — A*+B*C")

detl +C*(zl - A*)~1B*) = detzl A

(19)

Compute
e s A—-BDIc BDIC
zZI -A"+BC =1zl — 0 A ,

an equation that shows that the zerogletzl — A* + B*C* equal the eigenvalues &f—
BD~1C and the eigenvalues @ Using this result in19) shows that the zeros ot +
C*(zl — A*)~1B*) equal the eigenvalues #8f— BD'C and the eigenvalues &t O

61f one or more zeros equal unity in modulus, an autoregressive representation fails to exist, but neverthe-
less, it is true tha (a!) = H(w!). See Whittle (XXXX) and Hansen and Sarge2®05), chapter 2).
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Under assumptions 1 and 2, theorBhdlimplies that in order to check whethii(a') =
H(Z), we can simply check the eigenvaluestof BD~C. The theorem allows us to check
invertibility in terms of the fundamental objectsB,C, D without actually computing the
innovation representation aid % via the Kalman filter.

Another way to express this point is to note that we can comypated> directly without
having to solve the Riccati equatic){as we show in the following theorem.

Theorem 111.2. Suppose thab~! exists and thafA — BD~C is a stable matrix. Then in
the steady state Kalman filté, = BD~1 and> = 0.

Proof. Notice thatz = 0 solves the steady state Riccati equati@n Notice also that with
> = 0, equation ) implies thatk = BD~1. Furthermore, the Riccati difference equation
corresponding to the steady state equal@)rcén be represented as

i1 = (A—KC)%(A—KC)' +BB
+ KDD'K’—BD'K'—KDB' (20)
where
K = (A%,C' +BD)(C%C’' +DD') L.
Under the conditions of the theorem,— K;C converges to a stable matrix— BD~1C

and successive iterat@s converge to zero starting from any positive semidefinite initial
2. O

Corollary 111.3.  Under the conditions of theoreffi.1, Dw; = Gg& and the innovations
covariance matrixcG = DD’. Thus, we are free to s& = D. Of course, the choice &
is unique only up to postmultiplication by an orthogonal matrix.

Proof. It can be verified directly from1(1) that when the conditions of theorelbth 1/ hold
and, thereforek = BD1, it follows thatGg = Dw. O

The assertions in theorerhi$.1/ andlll.2 can be viewed as extensions to the case of a
vector process of well known results for a first order pure moving average process that are
contained in the following example:

Example Ill.4. Take the scalar pure m.a. process

Yi+1 = Wi+1 + OW.

Let the state b& = w; so that we have a state space representation &ith0,B=1,C =
a,D = 1. Evidently,

A—-BD IC=—aqa,
which is a stable matrix if and only j&r| < 1, in which cas&K = B.
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The consequences of theoreitisl, 1.2, and corollaryill.3! for the impulse response
function are studied in the following section.

IV. IMPULSE RESPONSEFUNCTIONS

In sectiorill/we provide an easy way to check invertibility (theorghi) and a mapping
from contemporaneous economic shocks to contemporaneous innovations for the invertible
case (corollaryll.3). In this section, we investigate the implications of these results for the
impulse responses function from innovations to observables and its relationship with the
impulse responses function from economic shocks to observables. Finally, we will also
comment on the implications of invertibility for We assume that conditions 1 and 2 hold.

IV.1. From Economic Shockswto Observablesy. We are often interested in an impulse
response function from the of economic shoakss, to the observableg;’s,

Yo = Hy+d(L)w (21)

wherelL is the lag operatod(L) = z‘j"’zodjLi, > j-otraced;d|) < +oo, andpy is the mean

of y. If all eigenvalues ofA are less than unity in modulus, except for a single unit eigen-
value associated with a constant state variable, elementary calculations with sis{&m (
deliver

¥t = ty+[C(1 — AL)"'BL+D]w, (22)

so that evidently
do=D (23)
dj=CAB j>1 (24)

Formula 22) tells us how to compute the impulse response function directly from the state
space representatigi, B,C,D) of the economic modé.

Although the impulse response function is unique, the matfigel3,C, D) used to rep-
resent an impulse response function2d)(are not. Differen{A,B,C,D)’s can deliver the
samepy, d(L). For convenience, one often selects a particular member of this class by
choosing a minimum state realizationaf, d(L).®

"The Matlab control toolkit prograrmpulse.m calculatesd(L) from (A,B,C,D).
8The Matlab control toolkit commargl/s=ss(sys,'min’) replaces afA, B,C, D) with an equivalent
minimal state realization.
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IV.2. From Innovations € to Observablesy. For someG, let us now to calculate the
impulse response functions from innovatioas, to observablesy;’s,

Vi = Hy‘f‘ C(L)G& (25)
wherec(L) = 35 o¢jL) = (I — 351 AjLJ)~L. This is a Wold moving average representa-
tion

The shock process is said to be ‘fundamental for because it is by construction in
the space spanned by square summable linear combinations of current and past values of

they process. Representatic2b] is a population version of the impulse response function
reported by a typical VAR researcher.

IV.3. Invertibility and Impulse Responses Functions.As corollaryllll.3! states, if the
model is invertible, then we can chodSe=D. If this is the case, we can rewrii25) as

Yt = My +c(L)Dw, (26)
but, since the impulse response function is uniq@8), (24), and 26) imply that
co=I (27)
cg=CA-BD! j>1 (28)
Hence
ciD=dj j>0. (29)

Equation 29) shows that, if the model is invertible, there exists and identification scheme,
G =D, such that the impulse response function asociated with the VAR matches the one of
the economic model.

IV.4. Invertibility and Restricted VAR. In addition, 7) and 28) imply that we can
rewrite 26) as

vt = [D+C(l —AL)'BD'DL]w (30)
Since the eigenvalues @& — BD~IC are less than unity in modulus, the partitioned in-
verse formula allow us to invert the operajbr+C(l — AL)!BD~!DL] in (30) and get an
autoregressive representation given by

yi =C[l — (A—BD'C)L]'BDly;_1 + Dwt, (31)
implying that _
Aj=C(A-BD'C)"BD!, j>o0
in (3).

9A VAR representation does not exist whedetc(z) has zeros on the unit circle. See Whittle (XXX) and
Hansen and Sargerft991). Tom: add statement of finite approximations that still exist.
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V. A BADLY BEHAVED EXAMPLE : A PERMANENT INCOME MODEL

A consumer maximizes
5 - t b 2 € 2
tz B[(c ) (ki —ke—1)7]

subject to the asset accumulation equations
ki +c < Rk_1-+0d

with k_1 as an initial condition, and where the pure endowment prodeésilows the
two-component process

O1W1t +

1
— O07W:
1-pL 1ML 22

Ok = Mg+

where|p;| < 1and|A;| < 1. Wheres is a very small positive number, the teetk —k;_1)?

is a small adjustment cost that we include to select an interesting sctitidre follow
Hall (1978) and selRB = 1 in order to deliver the outcome thiatandc; are cointegrated
SetR=1.050; = .9,A1 = .6, g = 5,b = 30. Letdy = T%ﬂ_olwlt, Ay = 1_—§1Lazw2t,
andd; = pg + dy + dx. Define the state vector ag= [k—1 1 dy dzt}/ and let the
observable variables lyg, 1 = [ct+1 dt+1] ' Then the solution of the consumer’s problem
can be expressed®s

X+1 = AX%+Bwig
Yeir1 = Cx+Dwiyg

/. . . . . .
wherew; = [wlt WZt} is a vector white noise with mean zero and identity contemporane-
ous covariance matrix; aid

1.0000 00000 06667 0888

A 0 1.0000 0 0
0 0 09000 0
0 0 0 Q6000

101t we sete =, the solution of the problem i5 = b.

11This outcome occurs in the limit &\, 0.

12ne used Hansen and SargenP905 Matlab progransolvea.m . To produce(A,B,C,D) from the
solution produced bgolvea.m , setS=[sc;sd(1,:)], A=ao, B=c, C=S *a0, D=S+c.

13We can read the random walk property of the optikaalirectly fromA andB.
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[ 0 0

0 0
0.5000 0

0 0.8000

[0.0500 50000 03333 01111]]
0 5.0000 Q9000 06000

5 _ [0.1667 00889
~ 05000 08000

It follows that

1.0000 00000 06667 08889
0 1.0000 0 0
—0.2250 —20.0000 —0.1500 —0.2000]
0.2250 150000 01500 02000

A-BD lIc=

This matrix has an eigenvalue 05 (which equalsx). Therefore, the mappind.8) is not
invertible. It follows that the Hilbert spadé (&') spanned by the history of VAR shocks is
smaller than the spade(w') spanned by the space of economic shocks. Furthermore, in
general the shapes of the impulse responsesandw; differ.

Invertibility of the mapping18) for the permanent income model is obtained for the
square cases in which the observation vector is eiitxerkt}' or ¢ k— ktfl}'. With
these observation vectors, the offending zer® &lips’ to become a zero aR~1. The
reader can verify this claim numerically by recomputiag BD1C and applying Theorem
[.1.

V.1. Historical note. Sargent(1987a), Hansen, Roberds, and Sar@é8tl), and Roberds
(199)) studied a version of this example in response to a question asked by Robert E. Lucas,
Jr., at a 1985 Minneapolis Fed conference: with a constant interest rate, what restrictions
are placed on a vector autoregression for government expenditures and tax receipts by the
hypothesis of present value budget balance? The permanent income model is isomorphic
to a stochastic version of a tax smoothing model in the style of Barro (1979) with total
tax collectionst; replacing consumption, and government expenditurgsreplacing the
endowment}. This model imposes two restrictions on thed; process: (1) present value
budget balance, and (2) must be a martingale. Because it implies equal present values
of the moving average coefficients @fandc; to either economic shoak;, present value
budget balance puts a zeroRinto the operator on the right side @8) and is therefore

the source of noninvertibility.
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Hansen, Roberds, and Sargent (1991) went on to answer Lucas’s question by showing
that present value budget balance by itself puts no testable restrictions on the infinite order
VAR of [c d]".

The permanent income example withd; as the observables is one in which the invert-
ibility condition is bound to fail. That stands as a counterexample to a presumption that
VAR shocks always readily match up with the economic shegkst is thus one important
example of things that can go wrong. However, there are other examples in which things
go right. In the next section, we turn to such an example.

VI. A BETTERBEHAVED EXAMPLE: JONAS FISHER'S TWO TECHNOLOGY SHOCK
MODEL

Jonas Fisher20039 assesses the impact of technology shocks on business cycles by
imposing what he motivates as long-run restrictions on an estimated non-structural VAR.
Fisher explicitly acknowledges that a necessary condition for his procedure to be com-
pelling is that the mappindld) be invertible, assumes that his model is such that this con-
dition is satisfied, and imposes a long-run restrictiorGotiat is suggested by an analysis
of an exogenous growth model with two orthogonal unit-root technology processes. In this
section, we use our theoreihh 1 to verify that that invertibility assumption is indeed valid
at calibrated values for the parameters in Fisher's model. Se¥tioextends the exam-
ple by replacing calibrated parameter values with their Bayesian prior from Fisher’s data,
obtained using an MCMC algorithm.

There is a representative household whose preferences over stochastic sequences of con-
sumptionC; and leisurel — L are representable by the utility function

EbiWUWQ+wme4ﬁ) (32)
t=

wheref € (0,1) is the discount factor anHp is the conditional expectation operator. The
resource constraint is given by

Ci+X% = AKILEE, (33)
and the law of motion for capital is:
Kit1 = (1-9) Kt + WX, (34)
and:
A = etGlbWap  y>0 (35)
Vi o= eltCWey >0 (36)

[Wat,Wypt]” ~ #7(0,D), D diagonal (37)
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whereC, (L) andC, (L) are square summable polynomials in the lag operatdiVe as-
sume thaC, andC, are both the identity operator.

1 a 1
VI.1. Transforming Variables. Define the scaling variab® = A5V, = (A_1V%;) & ¢

and the transformatior@; = % andK; = Zt\*jttil. Using methods described, for example,

by Uhlig (1999), first compute a steady state transformed capital stegkhen obtain
log-linearized decision rules for capital

logK: 41— logKss= a1 (Iog K; —log Kss) +agWag +agWy g,
for hours worked
logL; —logLss= by (Iog K: —log IZSS) + DoWayt + bawy
and for consumption
10gC: — l0gCss = c1 (IogK: — I0gKss) + CoWa + Cawo

whereay, ay, as, by, by, b3, c1,C, andcs are constants that depend on the structural parame-
ters of the economy. For this model, it turns out that az, a, = —fj—la, andb, = — .

Then use these loglinear decision rules and the definitions of the transformed variables
to obtain the following state-space system in logarithms of our original (untransformed)
variables:

1 1 0 0 1 0

AlogKesr | = E2(y+vu) a 0 AlogK; |+ | s +a 35 +as <aa’t)
logL; —blﬁ—g b1 1 logLi_1 by b3 vt
(38)
Y Vi 1 0o -1
(AI'OgLu >:< Vtg%a 0’(1b by) g) AlogKe |+ 1—ab, —abs (x"ﬂ )
0ogLt 11T g 1 logL;_1 by bs ut
(39)

Equations'88), (39) form a state space system of the form A,B,C, and D. For the rest of the
argument in this section, we use the following parameter vgBuesl.00, ¢y = 5.49,a =
0.452 6 = 0.0006 y = 0.002 v = 0.011 g5 = 0.012 g, = 0.008 Later we will describe
how we estimated these parameter values.
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FIGURE 1. Common impulse response functions for VAR and economic
structure for Fisher’'s model. For the two-observed-variable model, only the
bottom two panels are pertinent.
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VI.2. Using Theoremlll.1. We turn first to the bivariate system formed 88 and

(39). This is a ‘square system’ with two shocks and two observables. The eigenvalues
of A— B« D~IC are zero, which means that1) is invertible, and also that by setting

G =D andK = BD 1, we attain an innovations representation wi¢lg, = Dw;. We

also know from theorenfil.2! that the historyy* provides a perfect estimate of the state
AlogK; andlogl;_1. By settingG = D, the impulse response function ¢p associated

with a identified VAR perfectly matches the impulse response function to the theoretical
shocksw;. This impulse response function is reported in the bottom two rows of panels
of Figure2. For this example, invertibility prevails so that we are assured that there ex-
ists someG satisfyingGG = DD’ that makes the impulse response for the identified VAR
match the theoretical impulse response towtse However, the example also confirms the
doubt expressed in the epigraph from Lucas and Stokey. The redbiredst be equal

0.4370 —0.0252 .
toD = [0.1908 00763] , which lacks zeros, as Lucas and Stokey feared. To make the

impulse response function from an unrestricted VAR match requires a way of discovering
G while being initially ignorant oD.

VI.3. Fisher’s Identification Procedure. Fisher fits an unrestricted VAR withlog p; as
an observable, therefore in order to explain his procedure, we need to deifne the system
formed by B8) and the observer equation

Alogp —v 0 0 1 0 1 "

Alogt | = y+abi¥g a(l-by) O Alogke |+ 1-ab, —abs (WaJt)

|Oth —bl:{i_—g bl 0 |Oth,1 b2 b3 v
(40)

Before we describe Fisher’s bit of magic, have to work around a technical difficulty. When
using the three variable observation vec#)( we have to confront the fact that we have

a stochastically singular system because two shocks are driving three observables. Two
eliminate that stochastic singularity while staying as close as possible to Fisher’'s model,
we add a very small measurement erroloigL ;.

To identify G from a three variable system, Fisher notes thiaig p = —AlogV4 is an
exogenous white noise that equals;. Therefore, any scheme for factori@®G' that
identifies the row ofGe; associated witlf\ log pr with wy ¢ should work. Fisher used the
following scheme.

Let Q = CZC' + DD’ be the covariance matrix @e; from the infinite order VAR (see
equation8). Fisher 2003, footnote 5) used the following version of a procedure of Blan-
chard and Quabh to identif§. First, he formed(1) = (I — z‘j"’:lAj)*l. Second, he com-
puted a lower triangular Cholesky factoof ¢(1)Q¢(1)’, so thatxX = ¢(1)QE(1)’. Third,
after noting that(1)G is a factor of¢(1)Q¢&(1), he compute§ = ¢(1) ~x.
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We have verified that applying this scheme produc€s-aD. The impulse response
associated both with the infinite order VAR wi= D conforms with the impulse response
to the economic shocks. Itis reported in Figdrd he only change from the VAR computed
for our two variable system is the addition of the top panel in Fidiesd the addition
of equation ?7?) to our ARMA representation for the VAR and the theoretical economic
model4

While these calculations confirm the validity of Fisher’s identification procedure for his
theoretical model, they don't really contradict the skepticism about zero restrictidasion
z‘j”:lAij expressed in Lucas and Stokey’s epigraph. The phexs#ogenous variablés
in the epigraph bears remembering. Fisher’'s zero restrictionluagtp; is never influ-
enced byw,: comes from having specified the model so thédg p; is econometrically
exogenous.

VI.4. Interpretation. While these calculations confirm the validity of Fisher’s identifica-
tion procedure for his theoretical model, they don't really contradict the skepticism about
zero restrictions oG or z‘f:lA,-Lj expressed in Lucas and Stokey’s epigraph. The phrase
‘endogenousariables’ in the epigraph bears remembering. Fisher’s zero restriction that
Alogp is never influenced bw,t comes from having specified the model so thadg p

is econometrically exogenods.

VI.5. Finite order VARs. Using the projection formulas in Appendix A, we computed
population versions of finite order vector autoregressions for both the two and three vari-
able VARs® We computed these for VARs of length 1 and 4. Both gave such close ap-
proximations to the impulse response functions reported in F@tiat it was impossible

to detect any difference when we plotted them on along side those in Agure

VIl. BAYESIAN ESTIMATION OF FISHER' S MODEL

In this section we describe how we estimate Fisher's model.

VIIl. AN ALMOST WELL BEHAVED EXAMPLE: THE EHL MODEL

Many sticky price models imply a reduction in hours worked after a productivity shock
hits the economy. This theoretical finding has been the motivation of some empirical work
(see Gali, XXXX) trying to identify a productivity shock and its consequences for hours

14p simple alternative to Fisher's scheme would also work, namely, cho@ewga triangular Cholesky
factor of the innovation covariance matfixthat setsGiow, 1 = Alog p.

15Fisher has a nice discussion of this point in his paper and describes how the particular zero restriction
that we have imposed wouldn't prevail with a modified technology for producing investment goods.

16Chari, Kehoe, and McGrattan use Monte Carlo methods to approximate these VARs. It is easier and
more accurate to use the analytic formulas in the appendix.
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FIGURE 2. Posterior Distribution for Fisher's model.

worked. As mentioned in the introduction, if we want to recover the theoretical impulse
response function with a unrestricted VAR we need to check for invertibility of our theory.
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For that porpouse we analyze Erceg, Henderson and Lel@A83 model with sticky
prices and sticky wages. In this section, we use our thebilehto verify that that invert-
ibility assumption is indeed valid at calibrated values for the parameters in Erceg, Hender-
son and Levin’s model. SectidX extends the example by replacing calibrated parameter
values with their Bayesian posterior from Erceg, Henderson and Levin’s model, obtained
using an MCMC algorithm. Since this model is well known in the literature we will only
present the equations describing the log deviation from steady-state values of the variables.

VIII.1. The Model Equations. First, we have the Euler equation which relates output
growth with the real rate of interest

Yt = Etyty1 — 0 (1t — EApty1+ Ee Qi1 — ) (41)

wherey; denotes output; is the nominal interest ratg; is the preference shifter shogk,
is the price level, and is the elasticity of intertemporal substitution.
The production function and the real marginal cost of production are:

S=a+(1-0)n (42)

MG =W — P+ Nt — Wt (43)
whereg; is a technology shocky is the amount of hours workethg is the real marginal
cost,w is the nominal wage, andl is the capital share of output.

The marginal rate of substitutiomfs) between consumption and hours is:

1
mrs = g+ Y%+ (44)

wherey is the inverse elasticity of labor supply with respect to real wages. Hence, the
preference shifter shock affects both the consumption Euler equation and the marginal rate
of substitution.

The pricing decision of the firm under the Calvo-type restriction delivers the following
forward looking equation for price inflatiof\p ):

Apy = BEAPt 11+ Kp(MG + At) (45)

wherek, = (1*33812‘(’51(11);%) ande = %1 Is the steady state value of the elasticity of

substitution between types of goods.is the price markup shoclé, is the probability of
keeping prices fixed during the period, gfids the discount factor.
Since the model presents sticky wages, the following equation relates wages and the mrs:

AW = BE:AW 1 + Kw(Mrs — (W — pt)) (46)

wherek,, = %, 6y is the probability of keeping wages fixed in a given period,

and @ is the elasticity of substitution between different types of labor in the production
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function. With staggered wage setting, it is no longer true that workers remain on their
labor supply schedule. Hence, the driving force of current nominal wage growth is expected
nominal wage growth, as well as the distance between the marginal rate of substitution and
the real wage.

We use the following specification for the Taylor rule:

e = Prlt—1+ (1— or) [YrApe + Yyt + ms (47)

wherey; andy; are the long run responses of the monetary authority to deviations of infla-
tion and output from their steady state values, arglis the monetary shock. We include
an interest rate smoothing parameger,following recent empirical work (see Clarida, Gali
and Gertler, 2000).

In order to close the model, we need the identity that links real wage growth, nominal
wage growth and price inflation:

W — Pt = We—1 — Pr—1+ AW —Ap (48)

We specify the shocks to follow the following processes:

a = Pad—1+W

& = PgG-1+W

mg = w"

A = w
where each innovatiow; follows a.# (0, ¢?) distribution, fori = a,g,m,A. The innova-
tions are uncorrelated with each other.

VII.2. The A, B, C, and D matrices. With the system in this form, we can apply Uhlig’s
(1999) formulae to find the coefficients of the policy function are of the form:

Kt = PxKi_1+Qz, (49)

and
Lt = RxK_1+ Sz, (50)

whereKi=[wi—pr rt Apr &Awe Yy [, Li=[m mg mrs ¢ |,andz=[a g ms A |.
A more convinient way of writing49) and 60) is

[ K H’z[ﬁ QZN][K{_l z@]’ﬂﬂwt, (51)
and
L=[R SNJ[K_, 7] +Sw, (52)

wherew; = [ w@ w™ w} wf |



A B,C'S (AND D)'S FOR UNDERSTANDING VARS 22

Let us assume that the observables we considef aré Ap; Any yi w—p; |/, then
we obtain the following state-space system in log deviations from steady state:

(K Z m ) =A[K_; Z ., n1]+Bw, (53)
Y =C[K/ , Z, n_1] +Dw, (54)
where
P Q«N 0
A= N 0 0
Ry. (S*N)L. 0
| QQ
As.
As,.—[00OO0OO0OO0O0O0OO0Y
C=|"" :
A5_‘.
A
and
Bs.
B BQ.
b= Bs.
By.

whereA| . stands for thgth row of matrix A.

Equations §3), (54) form a state space system of the form A,B,C, and D. We use the
following calibrated parameter valugs=0.9,€ = 6,6 = 0.4,0 =0.5,6p = 6, = 0.9,y =
2,0=06,%=0.125y;=15p = pa=pg= 0.9, andg; = 0.05fori =a,mA,qg.

VIII.3. Using Theoremlll.1. We turn first to the system formed k§3) and 64). This is

a ‘square system’ with four shocks and four observables. The eigenvalfesB®f D—1C

are all zero but one that is exactly equal to one. Since the model is specified in deviations
from the steady state, the mean is zero, hefdgis not invertible. The good news is that
since the eigenvalues are not strictly bigger than one, we still havelti#t = H(w') and

by settingG = D andK = BD ™1, we attain an innovations representation witfy = Dw.

We also know from theoreiftl.2] that the history! provides a perfect estimate of the state

[ K1 Z.q M1 ]'. By settingG = D, the impulse response function ¢gpassociated

with a identified VAR perfectly matches the impulse response function to the theoretical
shocksw.

IX. BAYESIAN ESTIMATION OF EHL'S MODEL

In this section we describe how we estimate the EHL's model.
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FIGURE 3. Posterior Distribution for EHL's model.
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X. CONCLUDING REMARKS
APPENDIXA. FINITE ORDER AUTOREGRESSIONS

This appendix describes formulas for takingAB,C, D and forming the associateth
order vector autoregressidfi.

A.1l. Moment formulas. Take an economic model in the state-space fdr{2). Assume

that all of the eigenvalues & are less than unity in modulus, except possibly for a unit
eigenvalue that is affiliated with the constant. If present, the unit eigenvalue determines the
unconditional mean vectqry of X via

(I =A)ux = 0. (A1)

The stationary covariance matrix ®fs cx(0) = E(x— py)(X— )" and can be computed
by solving the discrete Sylvester equation

cx(0) = Ack(0)A' + BB, (A2)

which can be solved by Hansen and Sargent’s matlab prodoannlej . (The indigenous
matlab prograndlyap.m works only when there are no unit eigenvaluesAof The
autocovariance of is ¢x(j) = E(x — x)(X%—j — tx)’ and can be computed from

() =Ale(0), j>1. (A3)

Let py = Cpuy be the mean of andcy(j) = E(yt — py) (Vi—j — ly)’. Elementary calculations
establish:

¢(0) = Cc(0)C'+ DD’ (A4)
o,(j) = CA(0)C'+CA-1BD, j>1 (A5)
o(—i) = o), =1 (A6)

A.2. Projection formulas. We want to calculate theth order vector autoregressions
- A (n)
Ve—Hy= > A (Vi-j— Hy) + & (A7)
=1

Whereet(n) satisfies the orthogonality conditions
Elg” (v j— 1) =0, j=1,...n (A8)

17Riccardo Colacito has written a Matlab progragsvar.m that by implementing these formulas ac-
cepts an(A,B,C,D) and a positive integem and yields all of the objects defining ath order VAR. His
programvarss.m takes amth order VAR and forms a state space sys#,C, D, a useful tool for using
Matlab to compute impulse response functions for estimated VAR’s.
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The orthogonality conditions, also known as the normal equations, can be written

n
oK) =Y AVc(k—j), k=1...n (A9)
=1
Writing out (A9) and solving for[A(ln) A(zn) Aﬁ,”)} gives:
-1
o[ &0 ol - ohn-1
6| | o(-1) &0 - -2
: y: ) Y : :[A(ln) Ag') . Aﬁ”)] (A10)
o] [e(1-n) ¢-n - ¢(0)
The covariance matrix(" = Est(”)at(”)’ of the innovations is
(! (n)s
AV 50 ol on-D) AT
-1 0 -+ Cy(n—2 A
0 g0 |2 | | Y 9O =2\ (A1)
AV [oy(1-n) c(2-n) -+ ¢(0) | (A
Please note that theh order autoregression can also be expressed as
n
ye=a®+y Ay ;4" (A12)
j=1
where
- A
a<“>:(|—_z A"y, (A13)

Herepy is a properly scaled eigenvectorz)fl)1 associated with the unit eigenvalue, where
the proper scaling assures that the mean of the corsiadt Our Matlab progranssvar
takes an(A,B,C,D), with the understanding that the constaris the first state variable,
and computes anth order VAR. Our programvarss takes amth order VAR and forms
the pertinentA,B,C,D).

APPENDIXB. APPROXIMATION FORMULAS

Hansen and Sargent (1993) develop the following frequency domain approximation cri-
terion. The truth is a stationary stochastic process for observghigth unconditional
meanv and spectral density matrix(w). An incorrect approximating model with para-
meter vecto® implies that the mean of is () and that the spectral densiB(w, d) is
defined as

El— Ay —HO) = 5 [ exnio))6(w 8)do (B1)
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Hansen and Sargent show that maximum likelihood estimai@asymptotically minimize
the approximation criterion

(8) = Sh(8) + 55(8) + 54(0) ®2)
where
1 T
AWB) = 5 / logdeiG(w,3)dw (B3)
H(8) = %T /_ " tracdG(w, &) 1F (w)]dw (B4)
#(8) = [v—pu(d)]'G(0,8) v — u(d)). (BS)

To computeB2), we can use Riemann sums to approximate the integrals lbet even
and take as our approximant

o = % Ni {logdetG(wj, 8) +tracdG(w, 8) *F (w))] } +[v — u(8)]'G(0,8) v — u(d)]
=

. (B6)
wherew; = %,j =0,1,....N—1.

B.1. Calculating theoretical spectral density matrices. For a state space systeéaB,C, D
the spectral density matrix of the observables is

S/(w) = C(I —Aexp(—iw)) BB - Aexpliw))~'C’' +DD'". (B7)

To computeF (w) andG(w, ) in (B6), we will apply this formula twice, once for the
A,B,C,D matrices that define the truth, and again with &8,C,D matrices associated
with the approximatingith order VAR. TheA B,C,D associated with the approximating
nth order VAR are defined implicitly by the following state space representation of the
VAR:

1 1 0 0 077 1 7 [0
Yir1 a AV AY AV w S
% | = |0 T 0 - 0| %1 |+]|0[w, (B8)
Rt P : : Ve -
[ Vin | 0 0 O - 0] M=ns1] [O]
N
Yt
o = [a AV AP o AD] | Wer | Sl (BY)
&
| Vt—n+1]
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whereSis a Cholesky factor o™ = E&™ &’ computed fromAL1):
s =sg,

The misspecification consists of the assertion w{% is orthogonal to the history gffor
dates beforé—n.
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