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Abstract

We present a new monetary model in the presence of segmented asset markets that
implies a persistent fall in interest rates after a once and for all increase in liquidity. The
gradual propagation mechanism produced by our model is novel in the literature. We
provide an analytical characterization of this mechanism, showing that the magnitude
of the liquidity effect on impact, and its persistence, depend on the ratio of two pa-
rameters: the long-run interest rate elasticity of money demand and the intertemporal
substitution elasticity. At the same time, the model has completely classical long-run
predictions, featuring quantity theoretic and Fisherian properties. The model simulta-
neously explains the short-run “instability” of money demand estimates as-well-as the

stability of long-run interest-elastic money demand.
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1 Summary Introduction

We develop a model based on the ideas proposed in the literature on liquidity effects of
money shocks by Lucas (1990), Fuerst (1992), Christiano and Eichenbaum (1992), and others.
They remarked that segmented market models in the literature so far, to keep the analysis
tractable, have been constructed to ignore the lingering distributional effects that in reality
most likely follow an injection of liquidity. We develop a tractable model of these effects,
and analytically characterize the determinants of the persistence of the interest changes on
interest rate that follow an open market operation. For instance we show that including this
distributional effect, a once and for all increase in liquidity necessarily produces a persistent
drop in interest rates, whose half life is determined by two type of factors: those determine
the adjustment of consumption in permanent income theory, as well as the long run interest
rate elasticity of money demand.

We use the model to show that the persistent liquidity effects imply a behavior of velocity
and interest rates that is consistent with the short run “instability” of money demand in the
presence of transitory monetary shocks. At the same time, and also novel in the segmented
market models applied to monetary shocks, we show that if the changes in money growth
are nearly permanent, the model delivers and standard money demand, with a positive

relationship between velocity and interest rates.

2 Description of the Model and Literature Review

The model in this paper is a descendent of the monetary models with segmented markets
of Grossman and Weiss (1983) and Rotemberg (1984). These models are motivated by the
hypothesis that, as described by Friedman in his presidential address, and in contrast with
the working of the simpler neoclassical monetary models, an open market operation that
increases the quantity of money once and for all produces a protracted decrease in nominal
interest rates.! In the models in these two papers agents are subject to a cash in advance

constraint, but access to asset markets where open market operation takes place is restricted

IFor instance, pages 5-6 of Friedman’s 1968 presidential address: “Let the Fed set out to keep interest
rates down. How will it try to do so? By buying securities. This raises their prices and lowers their yields.
In the process, it also increases the quantity of reserves available to banks, hence the amount of bank credit,
and, ultimately the total quantity of money. That is why central bankers in particular, and the financial
community more broadly, generally believe that an increase in the quantity of money tends to lower interest
rates. [...] The initial impact of increasing the quantity of money at a faster rate than it has been increasing
is to make interest rates lower for a time than they would otherwise have been. But this is only the beginning
of the process not the end. [...] These three effects will reverse the initial downward pressure on interest
rates fairly promptly, say, in something less than a year. Together they will tend, after a somewhat longer
interval, say, a year or two, to return interest rates to the level they would otherwise have had.”



to a fraction of the agents. This fraction of agents, who holds only half of the money stock,
have to absorb the entire increase on the money supply associated with the open market
operation, which will be absorbed only with a lower real interest rate. Moreover, if this
effect is large enough, the nominal interest rate decreases also. Mostly for tractability, these
two papers assume that agents have access to the asset markets every-other period. Not
surprisingly, with this pattern of visits to the asset market, the effect of a once and for all
increase in money supply on interest rates are short lived: the largest effect is in the first two
periods, after which there are small lingering echo effects.

Several monetary models of segmented asset markets have been written to analyze a
variety of related questions since the seminal work of Grossman and Weiss, and Rotemberg.
In all of them, some carefully chosen assumptions are used to avoid having to keep tract of
the lingering effects on the cross section distribution of asset holdings produced by an open
market operation. The simplifications have the advantage of allowing a sharper analytical
characterization of the equilibrium.? For instance, in Lucas (1990) asset and good markets
are separated within the period, but at the end of the period all agents pool their resources.
Similar assumptions are made in the base-line models in Fuerst (1992) and Christiano and
Eichenbaum (1992), who use set-ups closely related to the one in Lucas (1990) to study
the effects on output of a monetary shock. In Alvarez and Atkeson (1997) agents visit the
asset market at exogenously randomly distributed times, at which they effectively —via the
complete market assumption— pool resources. In Alvarez et al. (2002) agents face a fixed
cost of accessing the asset market, making participation endogenous and time-varying. Yet
the parameters considered and the nature of the equilibrium is such that, at the end of the
period the distribution of asset is degenerate. Finally, the closest environments to the one
consider in this paper are the ones in Alvarez et al. (2001) and in Occhino (2004). In these
set ups a fraction A of the agents have permanent access to asset markets, the remaining
fraction is excluded from the asset markets permanently. Apart from these differences in
the way that agents are segmented in their participation in asset markets, the model has a
binding cash-in-advance, with exogenous velocity.

All these models have in common that an open market operation that produces a once

and for all increase in the money supply, decreases interest rate on impact, but then the

2See, for instance Lucas (1990): “In [2] and [13], (referring to Grossman and Weiss, and Rotemberg) an
open market operation that induces a liquidity effect will also alter the distribution of wealth, since agents
who participate in the trade will have different post-trade portfolios than those who were absent. These
distributional effects linger on indefinitely (as they no doubt do in reality), a fact that vastly complicates the
analysis, effectively limiting both papers to the study of a one-time, unanticipated bond issue in an otherwise
deterministic setting. This paper studies this same liquidity effect using a simple device that abstracts
from these distributional effects.” Fuerst (1992) uses the same assumption and comments about it: “This
methodology is not without cost. By entirely eliminating these wealth effects, the model loses the persistent
and lingering effects of a monetary injection captured, for example, in Grossman and Weiss (1983).”



interest rate returns immediately to its previous level. These models also have in common
that they produce a version of the quantity theory in which different permanent values of the
growth rate of money supply are associated with different inflation rates, and hence -via a
Fisher equation- different nominal interest rates, but with the same level of velocity. In this
sense, these models have an interest rate inelastic long run money demand. In this paper,
we introduce a modification of the set-up in which a once and for all increase in the money
supply has a persistent liquidity effect, due to persistent redistribution effects of the open
market operation, and additionally it implies a long run interest elastic money demand.
There are examples in the literature of models where a once and for all increase in the
money supply produce a transitory, but persistent, decline in interest rates. These examples
feature a different mechanism to generate persistence. An early example is the model in
Christiano and Eichenbaum (1992). In their basic set up, firms face a CIA constraint and,
given the assumption on when the household have to decide their cash holdings, asset market
are segmented. In this set-up, as well in the closely related set-up of Fuerst (1992), liquidity
effect are short lived.® Christiano and Eichenbaum (1992) add to this basic-set up, a convex
adjustment cost on households cash holdings, which produces a persistent liquidity effect. A
recent contribution by Curdia and Woodford (2008) uses a modeling device very close to the
one in Alvarez and Atkeson (1997). But additionally, this model adds another channel that
produces the persistent liquidity effect, namely slow price adjustment of firms a la Calvo.
The model we analyze in this paper is a version of the segmented market model in Alvarez
et al. (2001) where instead of using a binding cash in advance constraint, we use a Sidrausky
money in the utility function set-up. In this setup we obtain the standard result that velocity,
is endogenous and forward looking, it is a function of an appropriately expected discounted
value of future monetary expansions. This implies that the price level and inflation are
also functions of future expected monetary expansions. Surprisingly, we show that this
relationship between inflation and money is, up to first order, exactly the same regardless of
the degree of segmentation, and hence it is the same as in the otherwise standard monetary
model. Instead, the degree of segmentation on the asset markets determines the effect of
monetary expansions on interest rates, i.e. whether or not there is a liquidity effect. To

understand the behavior of interest rate, we consider two extreme cases, in terms of the

3Fuerst explains the lack of propagation in terms of his model very clearly: “As for the failures, the
most glaring is that the model is lacking a strong propagation mechanism. The real effects of monetary
injections are a result of (serially uncorrelated) forecast errors. These effects will therefore be strongest
during the initial period of the shock.” ...“This failure to achieve persistence is more a criticism of my
particular modeling strategy than of this class of models as a whole. If it takes more than one period for the
economy to re-balance its portfolio and ‘undo’ the monetary injection, then the effects of monetary shocks
will of course persist. While this assumption may be the most natural, it is also somewhat intractable for
the reasons outlined in section 2.”



persistent of open market operations.

The first case is a once and for all increases in money supply. In this case there is a jump
on impact in the price level, and no effect on expected inflation. The model with segmented
markets necessarily produces a persistent decrease in nominal interest rates. The magnitude
of this effect at impact is inversely proportional to the fraction of agents participating in
the open market operation. The persistence of the liquidity effect depends on the ratio
of two elasticities, that govern how long it would take to return to the same distribution
of liquidity across agents. The half life of the liquidity effect is shorter, the higher is the
ratio of the intertemporal elasticity of substitution relative to the elasticity of substitution
between consumption and cash balances. On the other extreme, a very persistent increase in
the growth rate of money supply, that immediately increases expected inflation, produces a
persistent increase in nominal interest rates.

The model in this paper may display liquidity effect for both unanticipated and antici-
pated monetary shocks, although the effects of anticipated monetary shocks may differ from
anticipated shocks. In the model in Lucas (1990) and in versions by of Christiano and Eichen-
baum (1992) and Fuerst (1992) only unanticipated shocks display liquidity effects. On the
other hand, in Alvarez et al. (2001), Occhino (2004), Alvarez et al. (2002), there is no distinc-
tion between the effect of expected and unexpected monetary shocks on interest rates. The
feature that the theory implies that both unanticipated and unanticipated monetary shocks
have an effect on interest rates, but that they differ, can be used to employ the identification
strategy proposed by Cochrane (1998) to estimate the impulse responses of interest rates.

Combining the results for the dynamics of monetary expansions, inflation and interest
rates we obtain the following behavior for money demand. In the long run, i.e. comparing
across steady states with different constant monetary growth rates, the model displays an
interest-elastic money demand. In the short run, i.e. comparing mean reverting shocks
on the growth rate of money, the model features persistent departures of the relationship
between real balances and interest rates, due to the persistent liquidity effects. We view this
property of the model as a useful step to reconcile low frequency US data on interest rate and
velocity, which is consistent with an interest elastic money demand, and the high frequency
data, which features persistent deviation from it, and with lower interest rate elasticities. We
illustrate the quantitative impact of this feature by simulating the model economy with a
process for the growth rate of money supply with both low and high frequency components,

and comparing it with the US economy.



3 The Environment

Let U (c,m) be the period utility function, where ¢’ is consumption m’ are beginning-of-
period real balances. We assume that U is strictly increasing and concave. Let i =T, N be
the type of agents, trader, or which there are A, and non-traders, of which there are (1 — \) ,
respectively. While the focus of the paper is on the analysis of the behavior of interest rates
due to the unequal access to asset market at the time of open market operations, we first
describe the equilibrium in a model without a bond market, and hence without open market
operations. We do so, because it is easier, and it highlights the logic of the determination of
different equilibrium variables.

Time is discrete and starts at t = 0. The timing within a period is as follows: agent
start with nominal beginning-of-period cash balances M/, they receive nominal income P, y°,
choose real consumption ¢ and end-of-period nominal balances N}. Next period nominal cash
balances M/, are given this period nominal balances plus P, 7/, the nominal lump-sum

transfer from the government. Their budget constraint at t > 0 are:
Ni + Picy=Py' + My , My, = Ni+ Pat, (1)

Our choice of the timing conventions for this problem are consistent with an interpretation
of U as a cash-credit good, as in Lucas and Stokey (1987). We use a Sidrausky money-in-
the-utility function specification because, relative to a cash-in-advance model, allows, albeit
in a mechanical way, more flexibility to accommodate a stock m and a flow ¢. We will return
to the discussion of the specification, and the relation between stocks and flows below.

The problem of an agent of type 7 is

max g
oo

{Mi}2

> BU (¢, Mj/P,)
t=0

subject to (1) given My. Notice that while we labeled the agents traders and non-traders,
the budget constraint in (1) indicates that neither type of agent is allowed to trade in bonds
or any other security. Their only intertemporal choice is the accumulation of cash balances.
Yet, in Section 3.1 we show that the equilibrium of the model will be the same as one in
which traders and the government do participate in a market for nominal bonds.

Market clearing of goods and money is given by

)\ctT—l—(l—/\)ciV = )\yT—I—(l—)\)yN,
AME+ (1= NMN = M,



for all t > 0. The government budget constraint is given by
My— My =P Ml +(1-N7] ,

for all £ > 1. Notice that the government budget constraint does not apply for t = 0, since
our convention for timing is that we start the period with the cash after transfers. To simplify
the notation, in this section we assume that the government does not trades in bonds, an
assumption that we remove in Section 3.1. We note for future reference that the budget
constraint of the agents and market clearing imply that aggregate beginning-of period and

end-of-period money balances are the same:
M; = Ny = ANI + (1 -\ NN

for all ¢ > 0. Notice that using the definition of N, the budget constraint of the government

follows from the budget constraint of the households:
Mygi =M+ Py M+ Q=N 1] =N+ P M+ (1 =070 -

We define inflation m;, growth rate of money, p;, beginning-of-period real balances, my,

and end-of-period real balances, n; as:

Py My MMy N}

T4l = —p—o Mkl = s e = 57, Ty = 57, Ty = 57,
t t t t t

for i =T, N and t > 0. With these definitions we write the budget constraints as
d+n,=y +m; and mi ., =nj/m + 74, >0 (2)
market clearing as

I+ (1 =XNmd = my, (3)
Ml +(1=Nc¢ = M +1-Ny", t>0

the money growth identity
Myt /My = g1 /Teg1, >0 (4)

and the government budget constraint as

(e —)mes =M+ (1 =-N7"], t>1. (5)



The exogenous random process for this economy are given by s; = (s, 74, 7). We use s*
for the histories of such shocks, but we avoid this notation when it is clear from its context.

The f.o.c. for the agent problem w.r.t. ni , i =T, N are:

g

Tt+1

Ui (chymi) = E, { (U3 (chays i) + Us (choysmi )] } | (6)
for t > 0, where the expectation is with respect to the realization of inflation and the lump

sum subsidy 7/, ;. Now we can define an equilibrium.

DEFINITION 1. Given initial conditions {M{} and a monetary and fiscal policy described by
stochastic processes { [ttt th_;_l, Ttﬁl}zo an Equilibrium is an initial price level Py, inflation
rates {741}, and stochastic processes {nf, mi, ci, m;},-, for i = T, N such that: the budget
constraints (2), Euler equations (6), identity (4), the government budget constraint (5), and
market clearing (3) hold.

We finish this section with two comments on the set-up. The first is that our convention
for the timing of the model is one where the initial conditions M{ contain the period zero
monetary injection, and thus 7 and g are not part of the set-up. For instance, our convention
entails that {1, 7{} are random variables, whose realization is not known as of time ¢ = 0.
Second, in the monetary-fiscal policy described by (5), the resources obtained by monetary
expansions can be used for redistribution across agents, since the lump sum transfers 77 and

7N are allowed to differ across types.

3.1 Interest Rates in an Equilibrium with an Active Bond Market

In this section we introduce a bond market where traders participate and where the open
market operation take place. We show an equivalence result for equilibrium with and without
an active bond market, and analyze how interest rates depend on the equilibrium allocation.

We assume that traders at time ¢ have access to a bond market and a set of Arrow
securities that pays contingent on the realization of s;; which opens at the beginning of the
period , before consumption takes place, at the same time as the money expansions 7/ are
given to agents. Thus, if a trader buys one nominal zero coupon bond in period ¢, it pays @
dollars, reduces his holding of money M by this amount, and increases next period holding of
money across all the realizations of the shocks by one dollar. Let H; the beginning-of-period
money stock, after the current period lump-sum transfer from the government but before
participating in the bond market, and let B} the number of nominal bonds purchased, and
Ay(si11) the quantity of Arrow securities that pay one dollar contingent on the realization of

si11 - The price of each of these securities at the beginning of period ¢ is denoted by q;(s¢11).

7



In this case we can write the budget constraint of the trader at time ¢ and history s* -which

we omit to simplify the notation-

ZA;F(StJrl)Qt(StH)—|—QtB;‘F—i—MtT = H,

St+1

N+ Pl = MF+PyT,
Hya(sen) = Ny + B+ Al (si1) + Pra(si41) 741 (se41)

for t > 0. The interpretation is that during the period the agent chooses bond holdings B}
and consumption ¢!, and given the budget constraint, this gives next period cash balances
before transfers NI. The last line shows the next period cash balances, which include the
cash from the bonds purchased this period, as well as the lump-sum transfer of cash from

the government. Equivalently, we can write the budget constraint in real terms as:

> a] (sien)a(sin) + Qebi +m{ = hy, (7)
St41
n +cf = ml+y7,
nl + b +al'(s
hip1(Si41) = ! . t (5141) ‘|‘75r1(5t+1) )
Ti41(Se41)

for t > 0. The government budget constraint is:

Z A(se40)@t(Se1) + QeBe+ My — Myy = By + Ay + B A+ (1= N7V, (8)

St+1

for t > 1, or in real terms:

bi—1 + az_1 + my_
t—1 t—1 t1+[
Tt

Z ar(St41)qe(5e41) + Qeby +my =

St+1

ME+(1-07"], (9)

for t > 1. The trader’s problem is to maximize utility by choice of {n{, bf}j:o subject to
(7), and given an initial condition hy.
The first order conditions for the choice of nominal bond holdings B} and Arrow securities

AT (s111) are:

Qs [Ul (c?, mz) + Uy (CtT>m;F)} = K Tt [Ul (szrl’ mtT+1) + U, (C?+1>mf+1)} (10)

B Pr(si41]s") [

@ (ser1) [U (sz m?) + Uz (ctT,mf)} - T+1

Uy (ctTH,mtTH) + U, (Calvmal)}



where Pr(s;;1|s") is the probability of state s,y conditional on the history s’. Combining

this first order condition with the Euler equation for n] we obtain:

— 11
= G ) + Oa (F,mil) (1)

or, by letting 7, be the nominal interest rate, 1 +r, = Q; ', we can write:

Us (cf,m})

Tt = ——/—— v -
Ul (C$>mg)

Notice that, given the timing assumptions for the bond market, interest rates are functions
of the time ¢ allocation, i.e. they do not involve any expected future values. For instance

consider the the utility function

hie,m)™ =1
1=

_1
U(c,m) = , where h(c,m) = [c"+ A" m™] 77 (12)
which has a constant elasticity of substitution 1/ (1 + p) between ¢ and m, a constant in-
tertemporal substitution elasticity 1/ between the consumption-money bundles, and A is a
parameter. This case yields the constant elasticity, unitary income, money demand:

Uy (cf,mi) _ 1 (m?)‘“”) (13)

cf

Tt = - = —
Ul (C?a m?) A
Finally, market clearing in the market for Arrow securities and bonds, under the assump-

tion that only traders participate in these markets, is given by:
by = A b and a;(sie1) = A al (Si41) » Vs (14)

for all t > 0. Next we give an equilibrium definition for the model with an active nominal

bond market:

DEFINITION 2. Given initial conditions {Mév , HO} and a monetary and fiscal policy de-

~ (0.0]
scribed by stochastic processes {,ELHl,%tJ;l,%ﬁl,bt,dt} . an Equilibrium with an active

bond market is an initial price level Py, inflation rate process {Te1}4oy, stochastic processes
{ni,mi, ci my},, for i = T, N, and stochastic processes {ht,b;f,af,qt,Qt}zo that satisfy:
the budget constraints for non-traders (2) and traders (7), Euler equations for end-of-period
cash balances (6), the f.o.c. for bonds and Arrow securities (10), identity (4), the government
budget constraint (9), and market clearing (3) and (14).



As in the equilibrium described in Definition 1, our convention for the initial conditions
Hy, M{¥ include the time zero money injection, and so neither 7¢ nor o are part of the
definition. Instead B and M] are choices for the traders, and hence bond prices Q; are
determined starting from period ¢ = 0 on. The following proposition shows the sense in

which the equilibrium with and without an active bond market are equivalent.

PROPOSITION 1. Consider an equilibrium in the model without bond market: (P, {mi+1},—,
{ni, ¢, m{, m;},Z,), for initial conditions {M¢} and policy {utH,TEFI,TtJL}ZO. Then, for
any stochastic process of transfers to traders, {7 ; }72,, there is an equilibrium with an active
bond market that satisfies:

<p07{ﬁt+l}toi07{ﬂiv 6;7 mfﬁ) mt}toio> - <P07{7Tt+1}toi()7{niv Civ mf‘:a mt};:0> P

with bond and Arrow prices {Qy, ¢:}:2, given by equation (10) for all £ > 0, the fiscal and
monetary policy given by {f'tN, ﬂt}zl = {TtN, ut}zl, and {a;, b },°, satisfying (14) and:
ar—1 + by
T

— Qiby — ZQt(5t+1)at(5t+1) =\ =F), t>1

St+1

with initial conditions ]\;[év = MY, Hy= MI— Qo(ap+ by)/\, where ag + by satisfies an

appropriately chosen present value.

The proposition shows that it is only the combination of monetary and fiscal policy that
matters. We use this proposition to analyze the equilibrium where all monetary injections
are carried out through open market operations. To do so, first consider an equilibrium
without an active bond market and where 7Y = 0. In this case the budget constraint of the
government is:

My — My = A\P7]

Then using the previous proposition, we can construct an equilibrium where 71 = 0 for all

t > 0. The budget constraint of the government is:

Z Q(St+1)A(Sp41) + QB + My — My = By + Ay,

St+1

which in the case of a time varying but deterministic policy is:

QtBt + M, — M,y = By ,t>1 or Z (Mt - Mt—l) (HleQz‘) =D .

t=1

10



In this equilibrium, traders start with an initial value of government bonds that will enable
them to buy the present value of the future seigniorage. The equivalence, in terms of real
allocations, of the equilibrium where lump sum transfers are different across agents and the
one where money injections are carried out through open market operations, makes clear
the sense in which open market operations with segmented asset markets have redistributive
effects.

We will consider below a fiscal and monetary policy that is similar, but not identical, to
the one described above. We will assume 7 = 7V = 7 and 7! = 0. In this case non-traders
receive a lump sum transfer with constant real value 7 and the government budget constraint
is:

Z @ (541)A(5041) + QB+ My — My = B+ A1+ P (1-X\)T

St41
We will choose the value 7 so that it coincides with the “average” seignorage in the economy;,
as described in detail in Section 6. We choose this policy so that traders and non-traders

are, at least in some average long run sense, completely symmetric.?

4 Approximate aggregation with Segmented Markets

In this section we examine the determination of inflation in the model where traders and non-
traders are not identical. Given the equivalence established by Proposition 1, the argument
is developed using the simpler framework without an active bond market. In particular, we
allow traders and non-traders to be subject to different arbitrary processes for {TtN }zl and
{TtT }::1 We show that, somewhat surprisingly, up to a linear approximation the relation
between aggregate inverse velocity m,/y and future money growth rates {1} is independent
of the fraction of traders (\), and hence that it is the same one obtained in a model with a
representative agent where \ = 1.

We assume that both types of agents have the same real income, so that y? = y¥ = v.
We define an approximate equilibrium by replacing the Euler Equations of each agent (6) and
the identity (4) by linear approximations around the values that correspond to the steady

state of an aggregate model with m’ = m, & = ¢ = y for i = T, N, and constant growth of

the money supply i1 = 7, satisfying

F=m(u—1), U, <y,m>=§w1 (v, m) + Us (y,m)] (15)

4 We can preserve the symmetry in other ways too. For instance, we can let non-traders have a higher
real income, i.e. we can let ¥~ be higher than y” and assume that non-traders receive zero real lump sum
transfer.

11



Let 2; = x — T denote the deviation of the variable x from its steady state value z. The

linearization for the Euler equation (6) gives:

g

Upié) + Urority = gEt [(Un + U21) éiH + (Ul2 + [722) mi—i—l} - ﬁEt [Ul + Uz] i1 (16)

We also linearize the identity m, = p; m4_1/m,; obtaining:
T = [y + gmt—l - gmtu (17)
m m

and the budget constraint of the government m, — mfr—:l =Ml + (1 — X) 7/ obtaining:

mMy— m
e G B UGV (18)
We are now ready to define an approximate equilibrium.

DEFINITION 3. Given initial conditions { M/} and a fiscal and monetary policy described by
{Mt+1a Tf+1}:io an Approzimate Equilibrium is given by {n!, m}, ci,mt}toio for i =T, N, and
Py, {11}, that satisfy: the linearized version of the budget constraints (2), the linearized
Euler equation (16), the linearized identity (17), the linearized government budget constraint
(18), and market clearing (3).

Using this definition we state our main result on aggregation:

PROPOSITION 2. In an approximate equilibrium the processes for aggregate real balances

and inflation {my, m41},2, and the initial price level Py are the same for any .

The proof of this result is simple: in the equilibrium without active bond markets traders
and non-traders optimal decisions are characterized by the same Euler equation, evaluated
at different shocks for {7/}, and the same inflation process. Linearizing these equations, and
using market clearing, one obtains the aggregation result. This results is important for two
reasons. First, substantively, it says that the relation between inflation and money growth,
to a first order approximation, is independent of the fraction of traders A. Second, it shows
that the equilibrium has a recursive nature. One can determine first the path of aggregate
real balances obtaining the process for inflation, as we do next in Section 5. With this process
one can then solve for the decision problem of the non-trader, obtaining the process for the
non-trader consumption and real balances. Using feasibility and the process for aggregate
real balances, one can finally solve for the traders’ real balances and consumption, which
in turns gives us the interest rate from (11). Since the problem of the non-trader is a key

intermediate step to determine the behavior of interest rates, Section 6 analyzes it in detail.
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5 Velocity and Money Growth

In this section we consider a model with one type of agent, or A = 1. We obtain a description
of the behavior of inverse velocity and inflation as a function of future expected money growth
rates, as in the representative agent model of Sidrausky, or in Cagan’s.® Our interest in the
determination of inverse velocity and inflation in this setup comes from our previous result
on aggregation, Proposition 2, which shows that aggregate inverse velocity and the inflation
are the same irrespective of the value of A € [0, 1].

Using market clearing, ¢; = y into the f.o.c. for m, and the inflation identity 7, ; =

fir1 My /My We can write

g

He+1

0 ) o= B {0 () 4 O s} (19)
Our next task is to analyze the behavior of this system. We first consider the steady
state, the case where money supply grows at a constant rate i and r is the net interest rate

that corresponds to a constant money growth rate and inflation j:
—1. (20)

We interpret the solution of m in (20) as a function of ¥ = /3 — 1, as the “long run” money
demand. For the case where U is given by equation (12), this money demand has a constant
interest rate elasticity 1/(1 + p).

In what follows we analyze a linearized version of the difference equation (19), expanded
around a constant u = 1 and m = m. We seek a solution for real balances as a function of

future expected growth of money supply.

PROPOSITION 3.  Let my = my; —m, iy = py — fi. Linearizing (19) around (20) we have:

mt = Oé]Et [,[Lt-i-l] + ¢Et [mt+1] Where (21)
m Uy -~ Us + mUss
10 [Ul—i-mUlg] ( /M) Ui +mUis

and where U;, Uj; are the derivatives of U (+) evaluated at (y,m). With 0 < ¢ < 1 we can

T — N =

5Equivalently, we consider a set-up where traders and non-traders are identical, i.e. where y
y, ¥ =7 for all t > 0 with initial conditions M = MY = My for any .
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express its unique bounded solution as

iy =ad ¢ B[] t>0. (22)
=1

Thus, if 0 < ¢ < 1 and a < 0, future expected money growth reduces current real money
balances. We briefly discuss sufficient conditions for this configuration. If U is given by
(12) the requirements for ¢ can be written in terms of conditions on: =, p, 7 and m/y. In
particular, in Lemma 1 in Appendix A.4 we show that when p > —1, the condition that
¢ < 1 is equivalent to

7<2+p+% (23)

(otherwise if p = —1, then ¢ = 1). Notice that condition (23) holds for a wide range of
parameters of interest. For instance, set the annual nominal interest rate of 4 percent, the
annual money-income ratio of 1/4, and an elasticity of substitution between consumption
and real balances of 1/2, so 7 = 0.04, m/y = 1/4 and p = 1, then 7 has to be smaller than
103, a condition we see as meet easily for any reasonable estimate of ~.°

Notice that —a(f/m) is decreasing in Ujp > 0, achieving 1 if Ujs = 0. The assumption
of Uja > 0 has the interpretation that the durable good is a complement to the consumption
of non-durables.” Lemma 1 also shows that the condition 0 < ¢, which ensures monotone
dynamics, is:

1
< — <2+p+—_y_ —i—f——p_y)
147 rm m

This inequality is implied by (23) as the length of the time period goes to zero.

5.1 Linear State Space Representation for Velocity and Inflation

We specify a linear time series process for {4, } and rewrite the initial conditions exclusively
in terms of real variables. We start with a representation for inflation as a function of future

money growth rates and the initial aggregate money balances. Using (17) and (22) we obtain

N B it (s
Wtzut—‘—gmt_l—aa;gb 1Et[ut+,~], tz() (24)

SNote that (23) holds regardless of the length of the model’s time period, since the term y/ (¥ m) contains
the ratio of two flows (7/y), and the rest of the terms are parameters independent of the length of the time
period. We return to this issue in the discussion of Proposition 5.

" For instance for the case where U is given by (12), U2 > 0 is equivalent to the condition that intertem-
poral elasticity of substitution, 1/, is higher than the intratemporal elasticity of substitution between ¢
and m, given by 1/ (1 + p).

14



Notice that equation (17) is defined for 7y = Py/P_1 and po. This representation avoids us
to carry a nominal level variable, such as My, as initial state. Instead, the initial state is
the real level of m_;. It will be useful in setting up impulse responses, as well as in defining
problems for agents using real variables and growth rates.

We will consider the case where we can write the de-trended growth of money supply fi,

as a function of an exogenous state z; :
fliv1 =V Zee1 5 21 = Oz + €441 (25)

for t > 0, where 2y is given, v is an k£ x 1 vector, © is an k X k matrix with &k stables

eigenvalues, and ;.1 is an k x 1 vector of innovations. In this case
iy = aY ¢ Byl =av Ol —¢0]" 2, t>0.
i=1
Replacing (25) into (24) we obtain:
ﬁt:uzmtgmt_l—a gy@[l—gb@]_lzt , t>0.
m m
For example if z; follows the AR(1) process z;41 =0z + &1 and v =1, then k = 1, iy = 2,
and © = 6, so that for ¢t > 0:

0
my =o& ——— Ut , Ty =

1— o0

. po 0
mt_1+{1—a%1_¢e]ut,

3=

given m_;. Recall that o < 0 if (23) holds, so that real balances are decreasing in /i; and
hence inflation increases more than one by one with ji;. This is a well known feature of the
standard variable velocity model.

We summarize the linear equilibrium representation for the aggregate economy as a func-
tion of the innovations {e;},° , the parameters {fi/m, «, ¢, v, O}, and initial conditions zq

and m_; as follows:

L (Y _

my =Kz , = (%> me1+C 2z , 2z =0 2+ e, (26)
for all ¢ > 0, where the vectors ( and « are given by:

(Ey([—a%@[l—qﬁ@]_l) , K= al/@[]—gb@]_l. (27)
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For future reference we also produce a formula for expected inflation:

Et [ﬁ-t—i-j] =1I ("‘)j_l 2ty where 1:[ =

|7;\

K+ (0. (28)

3

As a special case notice that if v = 1 and © = 0, so that i, is i.i.d., we have that real
money balances are constant (k = 0), inflation is equal to money growth (¢ = 1), and hence

expected inflation is constant (II = 0), or:

k=I1l=0,and (=1. (29)

Finally we examine the behavior of interest rates in the case of A = 1 for the util-
ity function in (12). Denoting 7, = r;, — 7 and linearizing equation (13) we have: 7, =

— (14 p) (7/m) m,. Replacing m; by (26) we have:
. T
Tt:—(l—l—p)%/ﬁzt, t>0. (30)

For instance, in the case where 2,11 = 0z + 411 and v = 1 we have

0
1— 00

fe=(1+p) <_af)

- e (3)
Since a < 0 under our maintained assumptions, interest rates move in the same direction
than fi;, and hence there is no liquidity effect in the standard model. Additionally, nominal
interest rates inherit the persistence of fi;. Moreover if § = 0, so that pu, is i.i.d., then the

nominal interest rate is constant.

6 Interest Rates with Segmented Markets

This section analyzes interest rates for the following fiscal-monetary policy. We consider
a steady state, i.e a value of m for the aggregate balances that corresponds to a constant
money growth rate i (the unconditional mean of the process for money growth). We set the
fiscal policy as follows: 7V = 7, and 7/ = 0, and endow the traders with an initial bond
position that allows them to buy the seignorage not allocated to the non-traders, as outlined
in Section 3.1. In the absence of shocks —“in a steady state” — traders and non-traders are
symmetric. Yet when there are shocks, traders must absorb all innovations to the money
supply.

While our focus is on interest rates, for simplicity we analyze the equilibrium where there

is no active bond markets, which in Section 3.1 was shown to be equivalent to one where
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all the money injections are carried out through open market operations. In particular, as
explained above, the nature of the equilibrium is recursive: we first solve for the process for
inflation in the aggregate model, then we solve for the non-trader’s problem —which is done
in the next subsection— and finally, using the equivalence of the allocations with and without

an active bond market, we solve for interest rates.

6.1 The Non-Trader problem

In this section we consider the problem of a non-trader choosing {n;},~,, facing a constant

N a given process for inflation {711 };-, and given initial condition

real lump sum transfer 7
mo = n_1/m + 7. We simplify the notation in this section by dropping the superindex N
from n, ¢, and m, whenever it is clear from the context.

We start by studying the non-trader problem assuming inflation is constant at 7 > 1. In
this case the state of the problem is given simply by n;_;. We solve for the optimal decision
rule g (-), that gives n, = g (n4_1), and find conditions under which it has a unique steady
state n = ¢ (n) that is globally stable. Furthermore we characterize the local dynamics of
this problem, i.e. the value of ¢’ (7). In the second part of this section we use these results to
characterize the solution of the linearized Euler equation when inflation follows an arbitrary
process.

The next proposition uses the Bellman equation for the non-trader problem with 7 > 1 :

V(n) = max {U(y+"+n/m—n', n/z+7)+ 8V (n)}. (32)

0<n/ <y+7N+n/7

PROPOSITION 4. Assume 7 > 1, 7V

> 0, U strictly concave and bounded above, and
0 < Ujs < —Uj;. Then the function g(-) is strictly increasing, it has a unique interior steady

state 7 = g(n) that is globally stable, with 0 < ¢’ (7) < 1.

We briefly comment on the intuition for this result. Formally, the Bellman equation (32)
can be thought of as the problem of an agent accumulating a durable good, namely money
balances. Regard Uy(y + 7V + n/7 —n/,n/7 + 7V) as a function of n and n’. The value of
—Ui(+, ) gives the marginal cost of accumulating real balances. The assumption that Uy +
Uiz < 0 means that the marginal cost is increasing in n, i.e. —Uy(y+7~+n/7—n',n/7+71V)
is an increasing function of n. We are interested in the value of ¢’ (i2) because it determines
the speed of convergence to steady state for the non-trader problem.

Using the the decision rule g (-) and the budget constraint, we can define the optimal
consumption rule. For future reference, it turns out to be more convenient to use m (real

cash balances after the transfer) as the state. The budget constraint of the agent is given by
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m=n/r+7Y¥ and m+y=c+g(n). Thus c(m) =m+y— g ([m—7"] ) and ¢ (m) is
given by 1 — 7 ¢’ (n). The elasticity of the ratio m/c (m) with respect to m is:
m_ 9 (m/c(m))

e (m) = m/c(m) om =1- c(m) Om c(m)

Q=mg'(n). (33

We are interested in this elasticity because the interest rate response to money shocks depends
on the changes of the m/c ratio. In particular, ¢ determines the value of the impact effect
and ¢'(n) the half-life of the impulse response of interest rates to money shocks.

In the next proposition we specialize the utility function to U CRRA and h CES as
described in (12) and characterize the slope ¢’ (7) and the elasticity € (m).

PROPOSITION 5. Assume U is given by equation (12), 0 < Ujs < —Uj; and © > 1. For any
values of the triplet p, r =7/ —1 and m/¢ > 1, let A be such that r = U, /U; evaluated at
m/é. Then ¢’ (n) and € (m) depend only on m/¢, v/ (1+ p) , 7, 5. Moreover:

dg (n)

0< o

<1, 0<e(m)

and ¢’ (n) and € (m) are increasing in the ratio v/ (1 + p).

Recall that 1/7 is the intertemporal elasticity of substitution of the bundle h, and that
1/ (1 + p) is the intratemporal elasticity of substitution between cash balances and consump-
tion. Proposition 5 shows that, somewhat surprisingly, the values of ¢’ (i) and € (m) depend
on the ratio between the elasticities, v/ (1 + p), as opposed to the values of v and 1 + p
separately.

This result can be understood by considering the behavior of an agent that starts with
cash balances 1 percent below steady state. To reach (or get back to) the steady state the
agent must reduce consumption. If the reduction in consumption is large, then convergence
to the steady state will be fast, and hence the liquidity effect will be short lived. To see why
this decision depends on /14 p, let us consider a case where the convergence to steady state
is fast, i.e. ¢’ & 0. According to Proposition 5 this can happen either because of a small
or a high 14 p. Let us consider each of these possibilities in turn.

Consider a case where v > 0, but cash and consumption are very poor substitutes, so
that 1/ (1 + p) =~ 0 and 7/ (1 + p) ~ 0. In this case, the agent would like to keep m/c almost
constant, which implies that ¢ = 0, and since the initial decrease in consumption is large
then ¢’ must be small. Alternatively, a similar behavior is produced if the intertemporal
substitution elasticity is high. Let 1/(1 4 p) > 0 and assume that the bundles are very close
substitutes intertemporally, so that 1/v &~ oo and v/ (1 + p) & 0. Since the agent substitutes
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intertemporally very easily then the speed of convergence is high, or ¢’ is small, and thus it
must be that the initial drop in consumption is large, or € = 0.

These examples illustrate why only the ratio matters. To see why ¢ and ¢’ are increasing in
v/ (1 4 p) consider now the case where + is very large, so the agent dislikes large variations in
the bundle h. In this case, the initial drop in m will be partly compensated by not decreasing
¢ too much, and hence € > 0, and it can be close to one. This also implies that the adjustment
to steady state will take more time, or that ¢’ is high.

We conclude this part with two comments on the role of the steady state value of m/c
in Proposition 5. First, as a technical comment notice that the condition that m/¢ > 1 is
only sufficient, but not necessary, for 0 < ¢’ (7) < 1.8 Second, and more importantly, the
result on the dependence of the speed of convergence on the ratio m/c is less standard, but it
should be clear in this context. If the stock of money is very small relative to consumption,
the effect of starting with a value of this stock below steady state can be quickly corrected:
if m/¢ = 1 then ¢’ (n) = 0, so the steady state is attained immediately. In other words, if
the stock m is small relative to the flow ¢, it must be that the length of the model period
is so big that it makes the analysis of convergence uninteresting. While this property was
derived for a money-in-the-utility function, we think that inventory theoretical models on
the lines of Baumol-Tobin, Miller and Orr, Alvarez and Lippi (2009), must display similar
behavior. Indeed, in Appendix AA-1 we analyze the continuous time version of the non-
trader problem, that deals more naturally with the stock/flow distinction. In this case the
corresponding results of Proposition 5 holds for any value of m/c.

So far we have analyzed the problem for a non-trader when inflation is constant. Now
we move to the problem of the non-trader facing the (linearized) equilibrium process for
inflation. We use the steady state n to define n,, the deviations of the end-of-period real cash
balances n;, = n; — n. Notice that a bounded process {nt};’i o satisfying the Euler equation
(6) is a solution to the non-trader’s problem. Now we are ready to state a characterization of
the linearized solution to the non-traders’ Euler equation. Replacing the budget constraint
(2) into the Euler equation (6) for non-traders with constant lump sum transfers 7¥ = 7%,

and linearizing with respect to (¢, m, ) around the values (¢, m, 7) we obtain:
. .1 . .
E¢ [fi41] = Eofe — Bnt—l + &7ty + Sy [Mpsa] - (34)

where the coefficients &; are functions of the second derivatives of U evaluated at the steady

state as well as 3 and 7, given by equation (A-10) in Appendix A.7.

8The following case obtains 0 < ¢’ (7) < 1, without requiring m/¢ > 1. Notice that Proposition 4 holds if
v > 1, since in this case the utility is bounded above, and it only requires that in addition Uy; + Uj2 < 0,
which is weaker than m/¢ > 1.
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The next proposition assumes that inflation is governed by the linearized equilibrium

described in Section 5:

ASSUMPTION 1.  The deviation of inflation and real balances from their steady state value
{7y, my};2, are given by the linear stochastic difference equation with exogenous driving
shocks {z11},-, described by the matrix and vectors {©, (, k} as detailed in equation (26).
They imply that E, [7;,1] = II 2, as given in (28).

The state for the dynamic program of the non-trader problem is given by the last period
real balances n;_;, and the variables needed to forecast inflation, which given the linear
representation in Section 5, are (z;,my;_1). The next proposition characterizes the solution

Ny = G (Ny_1, 2, My—1) for the linearized Euler equation.

PROPOSITION 6.  Assume that U is bounded from above, that 0 < U5 < —Ujy, and that
the deviation of inflation and real balances from their steady state value {7, M, },-, are given

by Assumption 1. The unique bounded solution of the linearized Euler equation is given by:
My = g (Mu—1, 26, My—1) = Po Ny—1 + ©1 2 + P11 (35)
where the g coefficients satisfy:
0<wo=g¢(n) <1,

and where ¢; are functions of the coefficients &; of the linearization of the Euler equation,
the parameters (3,7, m, and the coefficients describing the (linearized) equilibrium law of

motion k, ©, ¢ and II are given by equation (A-11) in Appendix A.7.

The result that the slope of the linear optimal policy ¢ (+) that solves the linearized Euler
0G/0n = ¢y is the same as the slope at the steady state of the optimal decision rule for the
non-linear problem ¢’ (72), is a standard one. As it is standard, ¢ is the (stable) solution of
a quadratic equation with coefficients defined by &, and 3. Recall that if the growth rate of
money fi; is i.i.d. real balances are constant (see equation (29)), inflation is i.i.d., and hence
expected inflation is constant or: © = k = I[I = 0, ¢ = 1. In this case, using our notation
for g (-) and the expressions (A-11) for the coefficients ¢; in Appendix A.7 we obtain that

n
01 = —Bpo&1 = —po=
s

so that for all ¢ > 0, we have m; = 0, and thus n; = g ('fzt_l — %,&t) + pomy_1. If the
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economy starts with m_; =0

J A

e =g () -1 — g (1) —fu

3

so n, follows an autoregressive process of order one, with parameter ¢’ (n), and innovations

that are proportional to inflation 7, = ji; with a (negative) coefficient given by —¢’ (n) n/7.

6.2 Interest Rates in a Linearized Equilibrium

In this section we use the aggregation result of Section 4, the inflation dynamics of Section 5
and the characterization of the non-trader’s dynamic problem of Section 6.1 to solve for the
effect of open market operations on interest rates.

We are interested in the following particular monetary-fiscal policy. Non-traders receive
a constant real transfer per period, equal to the steady state value of seigniorage. Traders
receive the remaining part of the seigniorage. The deviation from the steady state growth
of money supply evolves according to ji; = v z;, for an exogenous process z; as described in
(25). Equivalently, as shown in Section 3.1, we can regard this equilibrium as one in which
non-traders receive a constant real tax rebate 7/ and traders receive no lump sum rebate
but participate in open market operations. Returning to the equilibrium without an active
bond market, the values of 7/¥ and 71 are given as follows. Let m (ji — 1)/fi be the average

seigniorage,

Ny m(p—1) s 1 [Mt—Mt_l} (I=XN)m(a—1)
T, =———= and T, = — — )
t — t Pt )\ /jL

it A

where m solves gjgzg =7 = % — 1. In steady state (i.e. when p; = f all t), the value of
71 is also constant, and hence 7¥ = 71 = m (ji — 1) /ji. It is straightforward to verify that

these choices satisfy the government budget constraint (5). Also it is easy to verify that with

these choices for 7/ and 7 if M, grows at a constant rate ji, then traders and non-traders

will have the same consumption and money holdings, m? = m» = m and & =&V =y.
Now we turn to the determination of the path of interest rates. To do so, let’s use a first

order approximation around u; = m; = i and m; = m! = m) =m, ¢! = ¥ = y where

7y = r; — 7. Linearizing the f.o.c. of the traders (11) with respect to ¢! and m?, replacing

eIl using market clearing for goods and money (3) to write the resulting expression in

terms of ¢V, MY | and using that the elasticity of substitution between m and c is given by
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1/ (14 p), we obtain

o (5-2) 242 (2o (3 -4)

Finally we use this equation to solve for interest rates as follows. The term m; is determined

by the equilibrium in the aggregate economy, i.e. m; = k z. The terms MY, ¢V are

ﬁ\|$>

determined by the solution to the non-trader problem. Using the budget constraint of the
non-trader we have mY¥ =nl  /m, + 7V and ¢’ =y +nl /7 + 7 — n¥. Linearizing these

expressions gives

myN N 1 /1 1 n /1 1\, 1
— —— =z =" |t =|-—= T — =Ty
m c T\m y ™ \y m Y

Using the decision rule of non-traders: n; = g ns_1 + ©1 2: + ws My_1, to replace n,, and

that the equilibrium deviation from inflation are given by 7, = (%) my_1 + C z; we obtain:

=S

Q4p)A-N[1 1 7p].
SUIERS [— §+7]nt1 (36)

ap)er ] )
<

i (02
i—a) (5)+ ﬂ -t

(1=2)
?
The interest rate is a function of (7,1, z, my_1). The variables 7,1 and n;_; encode the

—(1+p)—

distributional effects between traders and non-traders. Indeed, as A — 1, the expression for
the interest rate converges to the one for the aggregate model derived above, where only

aggregate real balances matters:

A

7 m K
Z=—(l4p)—=—(1+p) = 2.
7 m m

6.2.1 Unexpected once-and-for-all increase in the money supply

This section studies the impulse-response of nominal interest rates when the growth rate
of money supply follows and iid process. Equivalently, we analyze the effect of starting
the system at the steady state corresponding to i and then shock it with an unexpected
transitory one time increase in the growth rate of the money supply at t, i.e., yu; > i and
ters = o for all s > 1, i.e. a once and for all permanent increase in the level of the money
supply.

Let the initial conditions 7,y = A, = 0, if ji; is iid we have that, as shown in (29),
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k=0 =0, v=_=1. This gives
= fy >0, s =flyps=0 all s>1, and my s =0, s> 0.

For the non-traders we have that for all s > 0:

~

~ ~ ~ ~ ~ s
Nits = Q0 Nigs—1 + P1204s + P2mlers—1 = Qo Niys—1 = [po]” Tt

Using that for iid shocks ¢ = —po2 we have:

ft;S =—(1+p) (1=2) l (1 — %(1 -7 900)) [©o]” (37)

2T

for all s > 0. Equation (37) shows that the sign and persistence of the liquidity effect depend
on the magnitude of py. The impact effect is negative, i.e. interest rate decrease when money

increases, if

1—%(1—7? o) > 0. (38)
Equation (33) with ¢ = y immediately shows that condition (38) is equivalent to £(m) > 0,
or equivalently to an elasticity of consumption with respect to money balances smaller than
one, a condition established in Proposition 5.

To understand the mechanics of the liquidity effect, note that the effect of an iid shock
to money supply to the non-trader is to increase the price level, thus decreasing the post-
transfer real money balances m of the non-trader. If the consumption elasticity is smaller
than one then the ratio of money to consumption for the non-traders decreases, i.e. €(m) > 0.
Since with an iid shock aggregate real balances remain the same, this implies that the ratio
of money to consumption must increase for traders. In turn a higher m/c ratio for traders
implies, by equation (11), that the nominal interest rate must decrease.

The size of the impact decrease in interest rate after a once and for all increase in money
increases with €(m) > 0. Recall that Proposition 5 establishes that ¢ is an increasing function
of v/ (14 p). The persistence of the liquidity effect also depends on the magnitude of pq =
¢’ (n), which is also increasing in v/ (1 + p). The closer the value of ¢q is to one, the more
persistent the liquidity effect is. Finally, note that the more segmented markets are (the
smaller is \), the larger the (absolute value of the) liquidity effect at all horizons.

We summarize this discussion in the following Proposition, which assumes that m/c > 1

(a condition related to the choice of time units discussed in Proposition 5).

PROPOSITION 7. The effect of an unexpected once and for all increase in the money

supply at time t of size (u; — 1) /[t is to decrease interest rates on impact and return to the
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Figure 1: Effect of a 1% unanticipated transitory increase money, for 6 years
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To illustrate this proposition we compute the impulse response to a once and for all shock
to the money supply for different parameter values. In all the impulse responses we use
annual inflation and real rate of 2 percent, U given by (12) and choose the value of the
parameter A to obtain a steady-state value of m /¢ equal to 0.25 at annual frequency. We let
the model period to be a month. In the first figure we plot impulse responses for a once and
for all shock to money supply, which implies a 1 percent increase in price level on impact, so
(o — 1) /iu to be 0.01. In the figures we let A = 0.25, v = 2 and we vary the value of p. As
it is clear from Proposition 7, different values of A scale the distance to steady state by the
same proportion at all horizons.

The figure shows that for larger values of p, and hence lower elasticity of the long-run
money demand, there are larger liquidity effects at impact, with shorter life-times. The value
of p has two opposite effects on the impulse response of interest rates, as can be seen in the

formula in Proposition 7. The first is a direct effect of the preferences: larger values of 1+ p,
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raise the sensitivity of the marginal rate of substitution of traders, increasing the effect of a
given change in the money-consumption ratio m/c onto the interest rate. The second effect
operates through the equilibrium determination of the elasticity m/c dc(m) /Om, that is a
function of p, as shown in Proposition 5. For a fixed value of ~ larger values of p increase
this elasticity and hence imply a smaller decrease at impact on the ratio m/c. The impulse
responses in Figure 1 show that the first effects almost completely dominates the second one,
since the vertical distance between the impulse responses at ¢ = 0, is almost proportional to
the change in the value of 1 + p. Additionally, different values of p correspond to different
persistence of the liquidity effect, through changes in (m/c) (dc(m) /Om), or equivalently,
changes in ¢’ (7). Higher values of p, as shown in Proposition 5, imply faster convergence, as
can be seen from the impulse responses of Figure 1.

Table 1 complements Figure 1 by computing two of the determinants of the impulses
response of interest rates after a once and for all change in the money supply for different
combinations of intertemporal elasticity of substitution 1/, and intratemporal elasticity
of substitution 1/(1 + p). One of the determinants, the half-life of the shock, is a simple
transformation of g, and is given by 7 = [log (1/2) /log (¢¢)], expressed in years. The other
determinant, denoted by ¢, is the impact elasticity of m/c with respect to a change in m, or

e= 1—(m/c)dc(m) /Om, also a transformation of y.

Table 1: Once and for all shock to u: half life 7 (years), and ¢ = 1 — =4

c dm

H p: 1 3 7

v:

9 e =091 e =0.87 e =0.82
T =177 T=1.25 7=10.89

4 e =094 e =10.91 e =0.87
T =2.53 T=1.77 T=1.25

3 e =0.96 e=0.94 e=0.91
T =3.63 T=2.53 T=177

Note: 7 = [log (1/2) /log (¢0)] half-life of the interest shock ,

e=1- %;—; elasticity of m/c w.r.t m on impact.

The values for p and ~ for Table 1 are chosen so that the ratio v/ (1 + p) is constant on
the diagonal. The values of 7 and ¢ across the diagonal of Table 1 are the same, which follows
from Proposition 5, where it is shown that the decision rules ¢ (-) and g () are functions of
the ratio of the elasticities v/ (1 4 p). The value of € has the interpretation of the elasticity
of the ratio m/c with respect to an unanticipated once and for all shock to the price level

(hence to m). The values for this elasticity varies between 0.82 and 0.95 across the values

25



Figure 2: Segmented Mkts Model: Impulse response of interest rates money shocks
Initial shock to money chosen to have a 1% impact increase in price level
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of v/ (1 + p) reported in the table. The range of half-lives across the values of ~/ (1 + p)

reported in Table 1 is between a bit less than a year, to more than 3 and a half years.

6.2.2 Persistent increase in the growth rate of the money supply

This section analyzes the effect of a persistent increase in the growth rate of the money
supply on interest rates. We use the general expression for 7, in (36), the evolution of the
state m; given by (26), and the evolution of n, given by (35).

Figure 2 plots the impulse responses of interest rates to money shocks under the assump-
tion that the growth rate of the money supply is an AR(1) with autocorrelation 6, as opposed
to iid. Otherwise the parameter values are the same ones used in Figure 1 in the case where
p =1 (so the long run elasticity of the money demand is 1/2). We plot the impulse response
for four values of 6, corresponding to a half life of zero months, one month, three months,
and ten years. The zero half life coincides with the iid case of Figure 1, and is included to
help in the comparisons. The size of the initial shock to money is chosen so that the effect
on the price level on impact is an increase of 1 percent, as in the case of iid money growth.

As can be seen from the impulse responses in Figure 2, the monetary shocks with a
shorter half-life produce a liquidity effect. If the monetary shock is very persistent, instead,

the Fisherian aspects of the model take over, expected inflation rises considerably on impact,
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Figure 3: Aggregate Model: Impulse response of interest rates money shocks
Initial shock to money chosen to have a 1% impact increase in price level
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and there is no liquidity effect. Notice that for intermediate values of 6 the impulse response
has an inverted hump shape, attaining the minimum some periods after the impact effect.
The hump shape of the impulse response is due to the fact that the dynamic system has
two eigenvalues: 6, governing aggregate real balances and inflation, and g, governing the
non-traders adjustment of their real balances. Note that for the three smallest values of 6,
the impulse response converge to the same line, since the short run behavior is dominated by
0 and the long run by ¢q. Instead, for the case where # is much larger, this effects completely
dominates, and the impulse response is almost identical to the one where markets are not
segmented.

To identify the effect of segmented markets on interest rates, Figure 3 displays the impulse
response (to the same shocks) for the model with A = 1, which has no liquidity effects. As
shown in Section 5, in the model with A\ = 1 interest rates move in the same direction
than expected changes in money supply. When shocks are short lived, so that there are no
movements in the expected growth rate of money, interest rates remain almost constant at
the steady state level. Comparing Figures 2 and 3, it can be seen that when monetary shocks
are very persistent the behavior of interest rates are similar for the model with segmented

markets (A = 0.25) and for the model with homogenous agents (A = 1).
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6.2.3 Short vs Long Run Money Demand Elasticities and the Liquidity Effect

We finish this section with a comment on the difference between the liquidity effect and the
interest elasticity of the money demand. The thought experiment that reveals a liquidity
effect on interest rate is an open market operation, i.e. an increase of the money supply.
Instead, the slope of the money demand is a relationship between real money balances —or
velocity— and interest rates. As explained, in this model the “long run” interest-elasticity of
the money demand is —1/ (1 + p). The liquidity effect of an increase in the (nominal) money
supply, too, depends on p, among other parameters.

As done in the literature —see e.g. Christiano et al. (1999)—, we define the “short-
run money demand elasticity” as the ratio of the impact effect on real balances relative to
the impact effect on interest rates following a monetary shock. We argue that there is no
“constant” short-run elasticity of the money demand in the model. We emphasize that this is
consistent with the unstable estimates of the interest-elasticity of money demand equations
using high-frequency data.

To fix ideas consider the case where the growth rate of the money supply follows an
AR(1) process with parameter . From our analysis of the aggregate model and the result
on approximate aggregation of Section 4 and Section 5 we find that the decrease on impact

of aggregate real balances after a shock to the money supply is given by equation (26)

__| _ = 0
mdﬂ m=m, 4=0 — _ — 1_¢9a

—_
.
3

| =

3
e

where @ < 0 and 0 < ¢ < 1. Hence real balances decrease after an increase in money growth,
the more so the more persistent is the increase in money growth. From our analysis of the
impact on interest rates of a monetary shock, equation (36), we have that:

T

n
™

where ( is given in (27) and the expression for ¢; is given in Appendix A.7 by (A-11). Thus

we define the short run elasticity of the money demand as the ratio:

1 dm
dm _ wdp
T

- l—d|m:ﬁ1, =0, n=n -

r
m ar

n _
rdi

To understand the sign of this expression, notice that (1/m) (dm/du) < 0, so the sign of
the elasticity n depends on whether there is a liquidity effect or not. If there is a liquidity

effect, i.e. if interest rates decrease with increases in money, then the elasticity is positive on
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impact! We consider two interesting special cases:

rdm g irg—o , g=rdm o1
m dr 1+p

n= itA=1,

In the case case of an once-and-for-all increase in the money supply (# = 0) expected inflation
is constant and thus aggregate real balances remain constant (kx = 0, and 7, = 0). Thus
the impulse response of a purely transitory shock on the growth rate of the money supply
iy will display a short-run interest elasticity of the money demand equal to zero. Instead,
in the case where A = 1, i.e. when markets are not segmented, the short-run and long-run
elasticities are the same since the standard interest elastic money demand equation holds at
all frequencies. To illustrate the effect of other parameters’ values on this elasticity, Table 2
reports the value of 1 using three values of 8 used in Figure 2, denoted by the corresponding
half-life of the shocks 7 (6)), two values of p, determining the long-run elasticity —1/ (1 + p)),

and two values of )\, determining the degree of market segmentation.

Table 2
n= L
p=1 p=1 p=23
A=0.25 A=0.1 A=0.1
7(#) 1 months. || + 0.34 + 0.08 + 0.19
7(0) 4 months. || + 0.93 + 1.25 - 0.40
7(0) 10 years || - 0.47 - 0.43 -0.23

As expected from our earlier analysis, the last row of Table 2 shows that when the mone-
tary shock is persistent the short-run elasticity is closer to the long-run elasticity —1/ (1 4 p),
although the limit as # — 1 depends on A and does not converge exactly to —1/ (1 + p). In-
stead, when the monetary shock are short lived, the liquidity effect makes the sign of the

short-run elasticity the opposite of the one on the long-run elasticity.

6.3 The effect of anticipated monetary policy shocks

The analysis until now focussed on the effect of an unanticipated shock to the money supply.
This section uses the model to explore the effect of anticipated monetary injections.

For simplicity we focus on the case of a once and for all increase of the money supply. To
be concrete suppose that agents learn at the beginning of period ¢ that the money supply
will jump in period ¢ + 1, i.e. fiy41, and fly4145 =0, 1 =0,1,2,....
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Using equation (22) and equation (24) shows that inflation and real money balances (i.e.

the price level) adjust immediately upon the announcement at ¢, with

~ [N A N
T = —04% Hep1 5 Ty = Qfhgqq -

Therefore, upon the announcement the price level increases reducing real money balances
(remember that our assumption are such that o < 0).

The adjustment process is completed in period ¢t + 1 with
. TN L~
M1 = (L +a—) s , My =0
m

TO BE COMPLETED....

7 Simulated Examples

In this section we compute the linearized equilibrium for numerical examples. As discussed
in Appendix AA-2, estimates of long run interest elasticities of money demand range between
1/4 and 1/2. In this section we use 1/2, the value estimated by Lucas (2000). We use the
specification of U(c,m) = [h (e, O 1] /(1 — ) where h is a CES function as in (12).
The 1/2 elasticity corresponds to a value of p = 1. We use a monthly model, with an money
to income ratio equal to 0.25 at annual frequencies. This correspond to a value of A = 33.33
for the monthly model . We use a value of the intertemporal of substitution of 1/2, or v = 2,
which is a value commonly used in the literature and in the range of estimates by Ogaki and
Reinhart (1998) and others. The values # and fi are chosen so that the annual real interest
rates and inflation rates are two percent (the values for our monthly model are § = 0.9983,
and i = 1.0017). We set the fraction of traders to A = 0.25.

Figure 5 below shows the result of a simulation where the money supply growth fi;/f is
given by the sum of two AR(1) independent processes. One is very persistent, with a monthly
autocorrelation equal to 0.995, which corresponds to a half-life of 10 years. The other is much
less so, with a monthly autocorrelation 0.5, i.e. a half life of a month. The unconditional
standard deviation of these processes are 0.0120 and 0.0054 respectively. We simulate the
model and display a scatter plot of interest rate and velocity. The solid line displays the
log-log money demand with elasticity 1/2 which corresponds to permanent changes in the
growth rate of money. The figure below displays annual simulated data (by averaging twelve
consecutive non-overlapping periods). These figures are meant to be compared with the
scatter plot and time series graph from annual US data for the 20-th century in Lucas
(2000).
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The mechanics behind the figure is as follows. The effect of the persistent shock is
quantitatively similar to the effect of a permanent change on the growth rate of money. The
effect of the transitory shock is quantitatively similar to the one of an iid shock on money
supply growth, which has no effect on real balances, and produces variations on interest
rates. To better understand the mechanism that generates this time series recall the impulse
response of Figure 2: an innovation to a persistent process does not cause a liquidity effect,
i.e. interest rate and money growth move in the same direction. Instead, the response of an

innovation to a transitory shock displays a liquidity effect.

8 Concluding remarks

In this paper we presented a theoretical mechanism that gives rise to a persistent liquidity
effect, and characterized its relationship with a long-run interest rate-elastic money demand.
Our interest in monetary models that feature liquidity effects based on segmented asset
markets is to study monetary policy questions as in Lahiri et al. (2007), Nakajima (2006),
Lama and Medina (2007), Khan and Thomas (2007), King and Thomas (2008), Bilbiie (2008),
Curdia and Woodford (2008), Gust and Lopez-Salido (2009), and Zervou (2008). Comparing
with this literature, we have deliberately kept the model as simple as possible. The simplicity
allowed us to give a relatively sharp characterization of the theoretical results, such as the
relationship between money and prices in the presence of segmentation, and the impact effect
and persistence of the liquidity effect as a function of simple elasticities. The disadvantage of
this simplicity is that this version of the model lacks many important features of so that many
question of interest cannot be addressed. For instance, the model has exogenous endowment,
and flexible prices. In this regards, we view the result of the model as applying to the

aggregate nominal demand.
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A Proofs

A.1 Proof of Proposition 1.

The tilde allocation satisfies market clearing for cash balances and consumption, since they
are satisfied in the original equilibrium. Market clearing of bonds is satisfied trivially by
construction. The budget constraint of the government is satisfied by construction too, given
that the budget constraint for the original equilibrium is satisfied. The tilde allocation solve
the problem of the non-traders since their budget constraint is identical. Finally, for traders,
at the tilde equilibrium prices and interest rates and chosen initial conditions, the allocation
{cf,mf}zo is budget feasible, and the f.o.c. for the bond holdings is satisfied. Hence,

{cf, mf}zo solve the trader’s problem. Q.E.D.

A.2 Proof of Proposition 2.

By adding the Euler equation of the traders times A to the Euler equation of the non-traders
times (1 — A\) we obtain the following Euler equation for the aggregate real balances:

g s

Uné, + Uiy = Et% [(Un + Uzl) Crp1 + (Ul2 + [722) mt—i—l} - Et% [[71 + Uz} i1

Using feasibility ¢, = 0, thus the Euler equation becomes

g

Ugring = Etg [(Ur2 + Usa) 11 ] — Et? (U1 + U] 4

Using the linearized identity (17) to replace 7,4 into the Euler equation we get

&

7—-‘-2

Urging = Etg [(Ur2 + Usz) 1] — By = [Ur + U] (ﬂt+1 + gmt - gmt—i—l)
T m m

or

Urg1ng + % [Ul + 02] gmt = Etg [(Ulz + [722) mt—l—l} - Et,ﬁ [[71 + Uz] (ﬂt+1 - gmt—l—l)
T m T T m
multiplying by /m and using that in the steady state # = 1 and U, = 8/[ (U1 + Ug):

p

[Urom + Uy iy = _Et? (U1 + Us] mjir + Etg [ (Urs + Uss) + Uy + Us] 1y (A-1)

which is identical to the Euler Equation for the aggregate model that is obtained by linearizing
(19) around the steady state. Q.E.D.

A.3 Proof of Proposition 3.

Linearizing (19) around the steady state gives equation (A-1). Using the definitions above
we obtain (21). Q.E.D.
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A.4 Sufficient conditions for 0 < ¢ < 1

LEMMA 1. Let the utility be given by equation (12). Then ¢ < 1 and a < 0 if

v o< 24p+ and p> —1
T

1
(m/c)
If p=—1then ¢ = 1. Finally ¢ > 0 if
1 1 p
s m(“ﬂ*m”‘m)

Proof. Using (12) we have that

Uy = |+ Smr o Lot
2 A A
_l-v 4 1
1 2 1 =m="
U — P P —m Pl = A
e {C + .Am ] Am (I=v+p) [C—P—l—%m—p}
1 |
—lfﬂ+zmﬁ] Zmﬁ*guﬂ)
and
1 —
U, = [c P4+ Zm_p} ¢ Pt
R L
_ P 4 P =11 _
mU12 = |iC —l—Am :| C (1 ’y—l—p) [c—ﬂ—l—%m—f’}
thus
U, + mU. 1 1— —
6 = (8/p) [1+ _2+m_22] _ [1 ( y) r(m/c)—p
Uy + mUis 1+r (2—=~v4+p)r(m/c)+1

Sufficient conditions for 0 < ¢ < 1 are the following. For ¢ < 1 we have:

(1—=7) r(m/e)—p

Gt rmi+l

If (2—~+p)r(m/c)+ 1> 0, this implies:

0<(1+p)(1+rm/ec)
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which holds if p > —1. If p = —1, then ¢ = 1. This establishes the condition for ¢ < 1:

vo< 24p) + and p > —1 .

1
r(m/e)

For ¢ > 0 we have
(L—7) r(m/c)—p
2—y+p)r(m/c)+1

Since the denominator is positive (whenever ¢ < 1), this inequality implies

—1<r

—@2=v+p)r(m/c) =1 <r[1l=7y) r(m/c)=p]

or

2+r 1 1 p [ 1}
¥ 1—( .

1+r+r(m/c)1—|—r+1+r m/c)
Finally, o < 0 iff U, + mU;5 > 0. Above we have computed

U, +mU, (I—=~v+p)r(m/c)+1+r(m/c)

[c—p + %m—p] -1 c—r-1 [1+ 7 (m/c)]

soUp+mUps >0 if (1—=v+p)r(m/c)+1+7r(m/c) > 0oryr(m/c) < (2+p)r(m/c)+1,
or (23) holds. QED.

A.5 Proof of Proposition 4.

Under the stated conditions the value function V' is strictly concave and differentiable. The
f.o.c. for this problem is

N ﬁ . ﬁ N — / _
Ur (y+ 7"+ 2 =g (), = +77) = BV (g (n) (A-2)
for all n > 0. Since V is concave, V' is decreasing and since Uy + Uya < 0 the LHS of the

f.o.c. (A-2), for a fixed value n’ = g (n), is decreasing in n, and hence g (+) is increasing. The
envelope gives:

1 n n 1 n n
Viln) = ZU (?/+TN+? —9(”)7?+TN) + =U> <y+TN+t —g(n),t+TN)-
T T T T T T
Using the f.o.c. and the envelope evaluated at steady state we obtain:
1 n 1 n
Uy <y+TN—n <1——) , 2+TN) (l—é) -y, <y+TN—n <1——) , 2+TN)
T T T T T T
Under the assumption that U;o > 0 and 7 > 1 it is easy to see that there is a unique steady

state n satisfying this equation.
We now show that this steady state is globally stable. Suppose not, i.e. that ¢'(n) > 1,
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and assume that ny > n, then limn; = oo. But notice that V' is bounded below, since
V(n)>V(0)>U(y+7V,7) /(1 - 3). Additionally we assume that U is bounded above.
In this case, since V' is concave,

V(ng) >V (0)+ V' (ng) my
and hence as n; — oo it must be that
V' (ny) = Uy (/7 +y + 75 = g, ng /7 + 7V) 40 (/7 +y + 7 = g, /7 +7V) — 0,

and since Uy > 0 :
lim Uy (ne/7 +y+ 7 —nem/7+7%) =0

Since U;s > 0 then
U (n/m+y+7" —nep,ng/7+78) > Uy (/7 +y + 7 — gy, 7)
but if ny1 > ny, for 7 > 1
U (ne/7+y+ 7" = nga, ™) > U (y+ 7V, 7Y) > 0

a contradiction. Hence lim; n; must be bounded, and thus ¢’ (n) < 1. Q.E.D.

A.6 Proof of Proposition 5.

-Part 1. Using 1y = ¢’ - 141 for the policy rule gives m; = n,_1 /7, ¢, = (1/7 — ¢') ny—1 and
M1 = g1 /7, ¢io1 = (1/7— ¢') g'ny—q1. Totally differentiating the Euler equation (6) and
using the above policy functions gives a second order ODE with characteristic equation

0= 3(p0)” +bpy + 1,

that has ¢g = ¢’ (7) as its smallest root, where the coefficient b is:

Frl(142 Qe B2

—-b= > 0. (A-3)

Uiz
1+U11

Note that —b > 0 under the assumption Uy + Uj3 < 0 and 7 > 1. As an intermediate step
for the proof, the next lemma gives the properties of ¢y as a function of —b.

LEMMA 2. The expression for the root that is smaller in absolute value is:

b P —48
Yo = 23 (A-4)

with 0 < g < 1, provided that —b > 1 4+ 3. Moreover, g is decreasing in —b.

Proof of Lemma 2. A real solution requires b — 43 > 0. If —b > 1 + 3, then
P>(1+0)>=1+032+26,and b —46 > (1 — ) > 0. If —=b = 1 + 3 then ¢, = 1. To see
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that ¢q is decreasing in —b:

dpo 0 [b—y/(=B)° =48\ 1 1 1
8(—b)8(—b)( 20 )25(1_ b2—45>§ﬁ<1_m)<0'

Q.E.D.

- Part II. We show that the coefficients of the equation that defines pg = ¢’ (n) are a
function of v/ (1+p), B, @ and m/c. Using U (¢, m) = (h (e, m)' 7 — 1) /(1 —~) gives:

Uso - haa /Ry + 7 (hihy) / (=hhiy) Uiy N hia/hiy + 7 (hihy) / (=hhay)

U—ll - 1 + Y (hlhl) / (—hhll) ’ U11 - 1 + Y (hlhl) / (—hhll)
Using that h is CES we have
I 1 —1/p=1 ) c P
h = (1 P4 P P —_— — 15,
11 (1+p) _C + Am _ c [c_/’—l— im‘f’}
[ 1 | Lm=r
hee = (1 P —mr “mr2d A
22 ( _I_p) _C + Am ] Am {[C_p_i_%m_p] )
r 1 —1/p—2
he = (14+p) e+ ~m P Imr A

A
Thus By (£>2 » e (ﬁ)

hll N m & hll N m ‘
And using that, as from equation (13), (2 )P JA=rm/c

hihy 1

—hhll N (1 —l—p)r(m/c)

Plugging these expressions into the ones for Uy /Uy and Uyp/Uy; gives

) (%) s

U (%) (@) () e —@)+

Ui 1) () U 1l

which are functions of the ratio v/ (1 + p), the number r, and the ratio m/c.
Replacing (A-5) into (A-3) gives:

T+

Al IQ

(1—2)?+23(7+E(1+1)?)
l—z+zi(1+7)

b= (A-6)

where z =c¢/m € (0,1) and ¥y = v/ (1 + p).
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The partial derivative of (A-6) with respect to 4 gives

0(—b)_ _%(CE+T) 7‘?—@ r)(l—x -
281 _(1—x+x§(1+7~))2< Z(I+na )) (A7)

Noting that at the steady state g(l +r) = 1 (by equation (13)) establishes that —b is
decreasing in /(14 p). This, by Lemma 2, implies that the root ¢y is increasing in v/(1+p).

-Part III. We conclude the proof by showing that 0 < e(m) for # > 1 and m/c > 1. The
proof is in two parts. We first analyze the case of v = 0. Then we extend the results for the
case of v > 0.

Assume 7 = 0. We show that the elasticity of ¢ (m) with respect to m, evaluated at
m = m, is smaller than one, which implies that £(m) > 0. Note by equation (33) that
m e 1 requires (1— <)L <y Using equation (A-4) this inequality becomes

c Om

1
—b—26(1—%);—M20 (A-8)

Using equation (A-6) for v/ (14 p) = 0 gives

+ b (1—2x) (A-9)

—bh=
l—2a «

where x = ¢/m. We want to show that inequality (A-8) holds for z € (0,1), i.e. that
1
a(w) = =b(x) —28(1 - ) — - b(z)’—43>0 .

This follows because: a(0) >0 and o' (z) >0 for z € (0,1). These two inequalities follow

from:
2
a(O)zﬂ—é—\/ﬁz—F(g) +%—4ﬁ

Using that m > 1, we have

2 2
a(0)>7r—£—\/7r2+<é) +%—4é:7r—é— (W—é) =0 .
™ ™ ™ ™ ™ ™

Finally for o’ (x) > 0 we have

b b B _ T B
ad = - |1+ — +27T_<(1_x)2 W)

b
B — 48

g

1+ +2—>0 .
Y

We conclude the proof for the v = 0 case by showing that —b > 1+ 3 (an assumption
in Lemma 2). From equation (A-6) with 4 = 0, simple algebra shows that the inequality
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—b> 1+ holdsif 7 > 1 and m/c > 1.

These results extend to the case where v > 0. As above, the inequality 0 < e requires
(1 — %) % < ¢p . This inequality was shown to hold for v = 0. Since ¢y is increasing in 7,

then it holds a fortiori for v > 0. The inequality —b > 1+ 3 holds, since —b is decreasing in
7 and lims_.(—=b) = 1+ .

A.7 Expressions for the linearized Non-Trader problem

Coefficients for the linearization of the Euler equation of the Non-Trader’s problem.

¢, — [F0u+2 (00 + it Uar + Un)] (A-10)
0 B [Ui1 + U]

n
51 - ﬁ_ﬁ_v
& = — g(Ul+Uz)+§(011+U12+021+Ugg) i
’ [U11 + Ux] pr
Coefficients for the equilibrium solution of the Non-Trader’s problem:
1
(o —&o) o+~ = 0, (A-11)

B
(po—&) w2 = & (%) :
(po— &) 1+ @10 + por = &C + &I

A.8 Proof of Proposition 6.

We try a solution of the form
Ny = o N1+ P1 2 + Pamy_1

with coefficients g, @2 and ¢y to be determined. Replacing the hypothesis for inflation and
expected inflation the EE:

E¢ [fiy41] = Eofe — %ﬁt—l +& [(%) M1+ ¢ Zt] + 611 2 .

Taking expected values on the guess for the solution of the policy:

E; [ut1] = @o e + o1 Et [2e41] + @oriy
= o M+ ©10 z + pak 2
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Equating the two terms:

wo Nt + P10 2z + ok 2

= Solu — %ﬁt—l +& [(%) my—1 + ¢ Zt} + &1 2

rearranging

(po — &) Ty + @10 2z + ok 2
1 R T R _
= —— +& [(g> my—1 +¢ Zt] + &Il 2
I} m

Replacing again the guess for the optimal policy in n; :

(o — &0) [P0 M1 + 1 2t + @ariu_1 | + 010 2t + ok 2

_ —%m_l & [(£) i+ ¢ a] + &l =

rearranging:

(0 — &o) po u—1 + (o — &) 1 2 + (0o — &o) Parive—1 + P10 2z + Y2k 24
1 R T ~ _
= ——=y1+& [(g> Mmy—1 + ¢ Zt] + &II 2
I} m

matching coefficients:

(900—50)900+% =0

(po—&) w2 = & (%)
(po— &) o1+ @10 + por = &C + &I

That ¢y = ¢’ (n) can be verified immediately by linearizing the f.o.c. of the problem for the
non-trader with constant inflation 7. Then, using Proposition 4, we then have 0 < g =
g (n) <1. QE.D.

43



Online Appendices

Persistent Liquidity Effect and
Long Run Money Demand

Fernando Alvarez and Francesco Lippi

September 4, 2009



AA-1 The Non-Trader problem in continuous time

Since in our discrete time analysis, the speed of convergence and the elasticity of m/c depend

on the value of a stock/flow, namely the steady state value of m/c, we analyze the continuous

time version of the non-trader problem. The continuous time version has two advantages.

One is that it deals more naturally with the stock/flow distinction. The other one is that it

simplifies some expression, which are key for the impact of money on interest rate shocks.
Consider the problem of a non-trader maximizing

max /000 e U (c(t),m (1)) dt

subject to
m(t)+c(t)=y+7—mm(t)

and m (0) > 0 given. Here 7 is the continuously compounded inflation rate and § is the
discount rate. The steady state of this problem is the same as the discrete time version,
given by

Uy, (¢,m)

U.(¢,m)
In the case where U is given by (12), recall that ¢ and m are independent of «y and depend only
on the properties of h, in particular we obtain m/¢ = (1/A)r=Y/1+0). We let ¢ = 1 (m) the
optimal decision rule for consumption. From the budget constraint the dynamics of m (¢) for
values close to the steady state m, is governed by dm (t) /Om = —7 — ¢’ (m). In the next
proposition we keep fixed the value of 4, m, and regard v, p and the steady state value of
m/¢ as parameters. The interpretation is that the value of the parameter A is changed as a
function of p and m/ec.

=f+mT=T.

PROPOSITION 8.  Assume that m > 0, and that U is given by (12). Keeping the steady
state value m/¢ fixed, the slope of the optimal consumption function evaluated at steady
state is a function of v/ (1 + p) and satisfy

¢ Oc(m)

m Oom

|m=m -

1 fory/(1+p)=0
<1 for 7= >0

and ¢’ (m) is decreasing in 1.

As anticipated in the continuous time limit the particular threshold value of m/c = 1
plays no role.
Proof of Proposition 8. Using A for the co-state, the Hamiltonian H is

H(c,m)=U(c,;m)+ A—-mr+y+71—(

The f.0.c. are:

A=—pA\—Hp : A=X(0+7)—Uy(c,m),

and
H.=0:U.(c,m) = A\

1



The steady state is then:

Un

&m) = 0+,
Uc( ) ™
TmACE = y+T.

From U, (c(t),m (t)) = A (t) we obtain:
Upe + U = A,
replacing into the A expression:
¢Uee (¢, m) + mUegy (¢,m) = Ue (¢,m) (m +9) — Uy,
and using the budget constraint for r:
CUee (e,m) = U (e,m) (m+6) — [y +7 —mm — c| Usp (¢, m) — Uy, (¢, m)

Linearizing this ODE around (¢, m, ¢, m) = (0,0, ¢,m) we obtain

¢ = D) e (T 8) [ )+ (=)
WUcm _ Umm — Umc —
tg, o e g e o

where all the second derivatives are evaluated at the steady state values. Summarizing we
have the linear system:

Uen (21 4+ 6) — Uy

¢ = a(e,m)=[r+0(c—2a)+ i

(m —m)
m = blem)=y+17—mrm—c
We are looking for a solution of the form
c=1(m)=c+¢ (m)(m—m).

We use the method of undetermined coefficients:

0y (m)

om

,—_ de/dt a(¥(m),m) 0
Vm) = @ T b m).m) 0
(1 4 8) 0 () + [ Vent2r ) U |

—m — ' (m) ’

where the second line uses L'Hopital. The quadratic equation for ¢ is then

Uern, (21 +§) — Umm] _0

—¢’<w+¢/>+<w+5>w’+[ 7
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The stable solution is given by

_V+WL%¢V+WP+4%%%%#M
5 .

¥ =

Now we specialize the utility function U to (12).
First we show that if v = 0, then ¢’ (m) = m/c.Using that h is a CES we obtain that

hao 1
hi (m/c)’
1

h12/h11 = _m—/c

we have

—V+ﬂ+¢v+ﬂh%ﬂ&%gg
2

Y=

SO

hu@+wy—m2_@rmﬁ+( 1)2

—h1  m/c m/c
Thus

h12 (T+7T) — h22
_hll

:[wmﬁ+2@+ﬂ(£2)+C;J2

- (e ()

[r+n]*+4

and hence




In the case of ¥ > 0 we have U = f (h) :

SO

hihy
—hhqy

Thus

and

"
Ui = fhu+f"hmhi=f {hn + %hlhl}
f//
Uy = f/{h22+7h2h2}
f//
Uz = fhio+ f"hihy = f,{hm‘l'?hlhz}
U hay + J}—,/,hzhz B haa /P11 + J}—lllh2h2/h11
Ull h11 + %hlhl 1 + %hlhl/hll
_ has/h11 + v7? (hihi) / (—hhay)
1 + Y (hlhl) / (-hhll)
1 —-1/p—1
|:C_p + sz_p} c Pt
1 —1/p—1 ) P
1 - P —p— _1
aener ] e [ + Fm~7]

(e + %m"’} “HPTL p [c + %m‘p}

—l/p—l C_p_l

(14 p) [C_p + }‘m—f’] ~le [C—P + im—p] el oy { [

c*P—l—im*P

1

(14 p)r(m/e)

U
Ull

c—P

yr?

2
1
haa/h1y + y7? (hahi) / (—hhay) _ (m—/C) T @ )rm/o

1 + Y (hlhl) / (—hhll)

Ua

o
L+ e

hia/hi1 +yr (hihy) / (—hhay)

Un

1+ (hih1) / (=hhir)
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SO
Uern (27 +6) — Upim
(_UCC)

2
I S A 1 o
(m/c <1+p>(m/c>> [+ ]+ (m/) T T
o
L+ e

2
1 _ o 1
m/c [77' + T] (1+p)(m/c)ﬂ- + (m/c)

-y
N (e )

>
S
1

2
1 1 T
_ melmtrl4 (m/>  wR
B 1 (1+p) 1
1+ e =t

Thus A (v/ (1 + p)) is decreasing in ~y provided that 7 > 0.
Since

—fr+ ]+ /I 7P +4A ()
2

W (m, ) =
then ¢’ () is decreasing in 7. Q.E.D.

AA-2 Literature Review: interest elasticity, Liquidity
Effects and the Price Puzzle

Here we give a brief account of estimates of parameters that quantify two key experiments
for the model: the long run interest rate elasticity of the money demand, and the size and
persistence of the liquidity effect.

There are many estimates of the interest rate elasticity of money demand. In our model,
the parameter 1/(1 + p) correspond to the long run elasticity of the money demand, so we
refer to the studies that better much this concept. Lucas (2000) and Stock and Watson (1993)
identify this elasticity using the long-run behavior of interest rates and velocity using almost
a century of annual data. Lucas preferred estimate is 0.5 for the elasticity of M1 velocity
with respect to interest rates, or equivalently a semi-elasticity of velocity with respect to
interest rates of 0.8, while Stock and Watson’s estimate of the M1 semi-elasticity is 1.0.
Hoffman et al. (1995) find long run elasticities similar to the ones estimated by Lucas for
five industrialized countries.” There is a widespread view that the short run money demand
elasticity is substantially smaller than the long run elasticity, see, for instance, Goodfriend
1991). Lucas (2000) and Stock and Watson (1993) interpret the lack of stability as evidence
that it takes a very long-span on data to have enough low frequency variation to uncover the
elasticities.

9The difference between the interest rate elasticities around 0.5 found by Lucas (2000) and Hoffman et al.
(1995), and the one in Stock and Watson (1993) around 0.1 is due to the treatment of the income elasticity
of money demand. In Lucas (2000) and Hoffman et al. (1995) a unitary elasticity is imposed, while in Stock
and Watson (1993) income elasticities are estimated.



Papers that incorporate more recent data, such as Ball (2001) and Ireland (2009), find
evidence of instability on the long-run money demand using M1, and also evidence of smaller
elasticities. Ireland (2009) finds evidence of a downward shift on money demand after 1980.
Ireland estimates elasticities of M1 velocity with respect to interest rates of about 0.05 and
semi-elasticities about 1.5 using data after 1980. Ireland, as well as others, interpret the shift
on money demand as due to financial innovation and deregulation. One approach suggested
by this finding is to use a different monetary aggregate constructed to better reflect the
changes in regulatory environment, such as MZM, or “money of zero maturity”, or M1S (M1
plus balances “swept”, see Dutkowsky et al. (2006) for details). Studies using MZM, such as
Teles and Zhou (2005) and Carlson et al. (2000), find a more stable money demand. Teles
and Zhou (2005) report elasticities of the MZM velocity with respect to interest rates of
about 0.25, and Carlson and Keen (1996) find a interest rate semi-elasticity of around 4.0
(See table 10).

Summarizing, estimates of long run interest rate elasticities for money demand range be-
tween 0.25 and 0.5, depending on the time periods and monetary aggregates. These estimates
are based on low frequency, decade to decade, changes on velocity and interest rates.

While the liquidity effect is present in most description of how monetary shocks affect
interest rates, innovations on interest rates and monetary growth do not display the negative
correlation suggested by the liquidity effect —see, for instance, Leeper and Gordon (1992).
The most common interpretation of this feature of the data is that there are lots of changes
in the money supply that are accommodating high frequency changes on money demand.
Following this interpretation the literature has used a variety of identifying assumptions
to isolate the changes in money supply that accommodate high frequency money demand
shocks.

There is a large literature on the effect of “monetary policy shocks” using VARs. The
estimates in this literature differ according to the assumptions used to identify the monetary
policy shock, the time period and the variables included in the VARs. Yet, almost all of the
estimates are based on the assumption that there is a liquidity effect. While the focus of this
literature is on the effect of monetary shocks on output, the estimated impulse responses can
be used to quantify the size of the impact effect, as well as the persistence of interest rates
and monetary aggregates after a monetary shock.

Estimates using VARs typically display persistent effects on interest rates of an innovation
on monetary policy, or a monetary policy shock. See for instance the survey of Christiano
et al. (1999) where the impulse response of interest rates seem to be well described as an AR
process, with a half life of about half a year. The VARs also estimate the path of monetary
aggregates that will follow a monetary shock. For the purpose of the theory developed in
this paper, the persistence of the liquidity effect, as well as its magnitude depends on the
persistence of the path of the relevant monetary aggregate that follows a monetary shock.
Depending on the assumption on identification of a “monetary shock”, and the choices of
monetary aggregate, different behavior of monetary aggregates is found.

For instance, one of the identification schemes used in the literature focuses on the behav-
ior of Non-borrowed reserves (or the ratio of borrowed to non-borrowed reserves), as opposed
to a broader monetary aggregate such as M1 or M2. This assumption is meant to reflect
the operating procedure of the Fed, which accommodates high frequency shocks to reserves.
While this assumption may be a good description of the Fed operating procedures, it is not



part of the theoretical model, which complicates the mapping between the estimated im-
pulse response and the theoretical path described in the models. In the survey by Christiano
et al. (1999) they compare different identification schemes, and in particular the behavior of
Non-Borrowed reserves and broader monetary aggregates. Indeed the patterns of adjustment
seem to differ across monetary aggregates. Non-borrowed reserves, M0, and M1 seem to dis-
play “u” shaped patterns after a contractionary shock, while M2 seem to display a persistent
decrease.

Another statistic of interest that appears in the literature is the difference between the
long and short run elasticities of the money demand. For instance Christiano et al. (1999)
compute the short run money demand elasticity, by the ratio of the impact effects on interest
rates and money on the impulse response of the estimated VAR. They find that the semi-
elasticity of the money demand is smaller than what other estimate based on long run data,
say -1.0, to be compared with values between -4.0 and -8.0 discussed above.

Finally, we comment briefly on the behavior of the price level in the model and in the
estimated impulse responses. A common specification in the literature is that, by construc-
tion, the price level cannot jump contemporaneously with the monetary contraction. The
estimated subsequent behavior of the price level after a monetary contraction, depends on the
variables included in the system, and to a lesser extent, the period considered. Indeed, the
simpler system tend to find an increase in the price level after a contractionary shock, a fea-
ture that is called “the price puzzle”, since it is against the hypothesis of nominal rigidities.!°
Specifications where the price puzzle is not observed, which typically consist on including
variables such as the price of commodities, display a slow decrease in the price level after a
contractionary shock. This pattern is consistent with model with nominal rigidities.

The model in this paper has no rigidities on the price adjustment, so the price level can
jump on impact after a monetary shock. The importance of nominal rigidities is not a central
topic of this paper, indeed one can consider the same model with sticky prices. In the current
version with flexible prices, the reaction of inflation diminishes the strength of the liquidity
effect. Recall that in the case of i.i.d. shocks to the growth rate of money py, interest rates
decrease after an open market operation because the price level increase proportionally with
the amount of money, but traders receive a more than proportional amount. Instead, in a
sticky price version of the model, the increase on traders’ real balances will be even higher.

Christiano et al. (1999) use M2 as a monetary aggregate, and in a quarterly model find
that after a monetary expansion, interest rates decrease in a persistent fashion. The point
estimates indicate that the response of interest rates is a bit more persistent than the re-
sponse of M2, which can be well approximated by an AR(2) with autocorrelation 0.5 and
hence a half-life of 3 months. Their estimates display the “price puzzle”, i.e. inflation has a
small protracted initial decrease. The estimates in Christiano et al. (2005) also show similar
patterns, where the point estimates of the interest rate impulse response is more persistent
than the one for money growth. Altig et al. (2005) estimate the effect of a monetary policy
shock, using MZM as a measure of money. The result are roughly similar to those in Chris-
tiano, Eichenbaum and Evans (2001, 2005) but they also feature velocity. They estimate
that the impulse response of velocity and interest rates comoves, as if were generated by a

ONotice that an alternative explanation of this puzzle is that the shock identify the economy behaves
according to the Fisherian fundamentals, i.e. higher interest rates are associated with higher inflation.



money demand with a small interest rate semi-elasticity.

In summary, the literature present plenty of estimates of the liquidity effect after a mon-
etary shock, but the emphasis and interest of the papers is not on measuring monetary
aggregates or the relative persistence. As a consequence, future version of this paper will
include estimated VARs that are tailored to estimate the relative persistence of interest rates
and velocity of monetary aggregates. In particular the monetary aggregates will be chosen
to be consistent with the ones that produce stable long run money demands.

AA-3 Estimating a two components for money growth

Here we set up a simple two unobservable components process for money growth. Let
{ptt}1=1,.. 7 be the sample of observed money growth rates, i.e. the log of the consecu-
tive levels of the nominal money stock. We assume that it is the sum of two unobserved,
independent processes, each of them of the form:

Pigr1 — B = pi (fig — [1) + €ip1

where the innovations {¢;;} are i.i.d., through time and independent of each other, normally
distributed with mean zero and variance o;>. We have then p; = pig ;+ 2, fort =1, ..., T. We
conjecture that the process was in place for a long time before the beginning of our sample,
so that we assume that the initial observation was drawn out of the invariant distribution,
which is normal with mean y and variance »_,_, , 0;%/(1 — p;®).
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