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1 Introd uc tion

Economiststypicallyassumethatagents'preferencesdependonlyontheir
ownconsumption.Incontrast,avarietyofevidencepointstotheexistence
ofrelativeconsumptione®ects,inwhichpersoni'spreferencesregardingi's
consumptiondepend upon person j's consumption. \ H appiness"studies,
inwhichthecorrelationbetweenmeasuresofconsumptionandmeasuresof
happinessareweakerthanexpected,areofteninterpretedasevidencethat
utility depends largelyupon howone's consumption compares tothatof
one's peers.1 N eumarkand Postlewaite [34] n̄d evidenceconsistentwith
relativeconsumptione®ects inthelabor-supplydecisionsofsisters.Frank
[24]o®ersexamplesofconsumptionthatappearstobemotivatedbyrelative
considerations.2

W hywouldonecareaboutrelativeconsumptione®ects? B ecausethey
canleadtoine±cientallocations.T hestandardfoundationforrelativecon-
sumptione®ects supposesthat\ prizes"(suchasaccess togoodschoolsor
mates)areallocated tothosewhorankhigh on ameasureofstatus. If
one'srankis particularlysensitivetotheconspicuous consumptionofcer-
taingoods(suchashousing),thenconsumptionwillbeine±cientlyconcen-
tratedonthesegoodsattheexpenseofothers.3 Frank[24]arguesthatsuch
considerationsleadA mericanstoundersave,overconsumeluxurygoods,and
underconsumeleisureandpublicgoods.4 Cole,M ailathandPostlewaite[1 4]

1For example,Blanch°ow er and O sw ald [9],E asterlin[2 0 ,2 1],Inglehart [2 8],O sw ald
[35],Veenhoven[4 1].

2 T he relative income hypothesis(Dusenb erry [19],P ollak [36]) similarly explainsag-
gregate consumptiond ata bypositinga linkb etw eend esired c onsumptionand a reference
levelb ased onpreviousconsumption.

3Ine± ciencyisnot implied by the mere existence ofw hat Hirsch [2 6]called positional
good s,i.e.,good sin¯xed supplythat canb e consumed onlybya (perhapshigh ranking)
subset ofaneconomy'sagents.Competitive market pricescapture the externality that
agent ic annot consume such a good ifagent jd oes.

4 T he claim that Americansund erconsume leisure oftenb eginsw ith anargument that
hoursw orked have increased inrecent d ecad es,fueled primarilybyincreased female lab or
supply(b ecause \w e b oth have to w orkto make end smeet").Coxand Alm [16]argue that
leisure time hasac tuallyincreased once one ac countsfor the technology-ind uced red uc tion
intime required for d omestic prod uc tion.
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modeltheabilityofstatusconsiderationstoboostconsumptionofstatus-
producingactivities.

Concernsaboutrelativeconsumptione®ectsareheightenedbythefact
thatincomeinequalityhasworsenedintheU nitedStatesinrecentdecades
(KatzandA utor[30 ]).D oestheresultingconsumptionpatternexacerbate
the ine±ciency caused by relative consumption e®ects? Ifso, are there
appropriatepolicyresponses?

T his paperpursuesanargumentofSamuelsonandSwinkels [39]:that
relativeconsumptione®ectsmayhavenothingtodowithstatus-allocated
goods.Instead,relativeconsumptione®ectsmaybeatoolN atureusesto
equip uswithpreferences thataremoree®ectivelymatchedtotheuncer-
taintiesofourenvironment.

N aturemustdesignus,throughthetrial-and-errorprocessofevolution,
tomake decisions in awide variety ofcircumstances. G ivingus prefer-
encesoverabsoluteconsumptionlevelscanberisky,causingustoexerttoo
muche®ortinlow-yieldenvironmentsandtoolittlee®ortinhigh-yielden-
vironments.N aturerespondsbydesigningustoconditionourbehavioron
informationgleanedfrom ourenvironment.Buttheconsumptionofone's
contemporaries isoftenanimportantsourceofenvironmentalinformation.
H ighconsumptionlevelsre° ectarelativelybountifulenvironmentinwhich
onemightbewelladvised toincreaseone's ownconsumption. L owcon-
sumptionlevelsre° ectmeagerenvironmentsinwhichfanaticalattemptsat
consumptionareilladvised.R elativeconsumptione®ects,intheformofa
tendencytopushconsumptionlevels inthedirectionofthoseobserved in
one'scontemporaries,thusmakeoptimaluseofscarceinformation.

In the absenceofconstraints, N ature could induce such relative con-
sumption e®ects bycouplingordinaryutilityfunctions,dē ned onlyover
one's ownconsumption,withasu±cientlysophisticatedabilitytoprocess
information.Informationwouldthenbeusedoptimally.T hepolicyimpli-
cationsofrelativeconsumptione®ectscouldconsistentirelyofmeasuresto
ensurethatinformationisalsoproducedoptimally.

U nfortunately,itis beyondourcapabilities toprocess alloftheuseful
informationwereceive.A s aresult,N aturemustmakesomecompromises
indesigningourpreferences and information-processingrules.Samuelson
and Swinkels [39]examine N ature's abilitytomitigate information prob-
lemswithutilityfunctions thatseem anomalous from aclassicalpointof
view.Buildingrelativeconsumptione®ectsdirectlyintopreferences isone
ofthesecomplexity-cuttingshortcuts,substitutinganapproximatebutsim-
pledecisionruleforamoreprecisebutcomplicatedinferenceproblem.

Tworisksariseinworkingwithsuchpreferences.ForN ature,thereisthe
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dangerthatheragentswillsometimes reacttoothers'consumptionlevels
withoutgoodinformationalgroundsfordoingso.N aturemustbalancethis
dangeragainstthecomplexitycostsofmorepreciseinformationprocessing.
Inthecourseofdoingso,relativeconsumptione®ectsspillintoutilityfunc-
tions,givingrisetopolicyimplicationsthatgobeyondthemereproduction
anduseofinformation.Forananalystmodelingthepreferences,thereis
thedangerofbuildinganever-increasingmenagerieofarbitrarye®ects or
\ justsostories"intopreferences,anewoneforeverybehavioralanomaly
(cf.Postlewaite[37]).A usefulsafeguardagainstabuseinthisrespectisto
provideanevolutionaryfoundationforsuchpreferencee®ects,aswedoin
Sections2{ 3.

T hispaperconcentratesoninformation-drivenrelativeconsumptionef-
fects. Status is undoubtedlyalso importantin resourceallocation. B ut
status and information can havequite di®erentimplications thatcan be
untangledonlybycarefullymodelingeach.

Section 2 examines asimplemodeloftheproblem N aturefaceswhen
designingagentstoliveina° uctuatingenvironment.Section3 derives N a-
ture'soptimalsolution,notes thatinformation-processingconstraintsmay
promptN ature to implementthis solution by buildingrelative consump-
tion e®ects intotheutilityfunction,and presents an example.Section 4
contraststheimplicationsofinformation-basedrelativeconsumptione®ects
withthosearisingoutofconcernsforstatus.Concentratingthedistribution
ofproductivitiesalleviatesrelative-consumptiondistortionsinthe r̄stcase,
butamplī es them in the second. Section 5 concludes with averybrief
discussionofhowinformation-basedandstatus-basedrelativeconsumption
e®ectsmightbeempiricallydistinguished.

2 Informationand Consumption

T hissectionpresentsamodelinwhichagents'decisionsareguidedbyinfer-
encestheydrawfrom observationsofothers'decisions.B eginningwiththe
workofBanerjee[5]andB ikhchandani,H irshleiferandW elch[7],avariety
ofherdingmodelshavecapturedsimilarconsiderations.Inatypicalherding
model,eachagentuses Bayes'ruletoassess thesignalhehasobserveddi-
rectlyandtheinformationcontainedinhisobservationsofhispredecessors'
decisions.Crucialtothelatterassessmentistheagent'sabilitytoinferthe
Bayesiandecisionproblemsfacedbyeachofhispredecessors.

Inourcase,thisupdatingprocessiscomplicatedbytwofeaturesofN a-
ture'sdesignproblem.First,agentsinourmodelobservetheirpredecessors
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throughthe l̄terofnaturalselection.A gentswhohavechosenstrategies
well-suitedtothecurrentenvironmentaremorelikelytosurvivethanare
others,biasingthemixofsurvivorswhosedecisionscanbeobservedbysub-
sequentagents.A nagent's observedbehaviorthusmixes clues aboutthe
agent's informationwith clues abouthis evolutionaryexperience,bothof
whichentertheobserver'sinferenceproblem.T heincorporationofthelat-
tere®ectmakestheproblemmoresimilartothatofBanerjeeandFudenberg
[6]andEllisonandFudenberg[22,23]thantoherdingmodels.

Secondly,the stateofthe environmentitself° uctuates in ourmodel,
forcingtheagentstodrawinferencesaboutamovingtarget.Thisdisrupts
thesimplerecursivestructuretypicalofherdingmodels.Instead,weexam-
ineastationaryequilibrium inwhichtheoptimaldecisionruleshapesthe
inferenceanddecisionproblemsfacedbyone'spredecessors,whichinturn
a®ectsthecurrentinferenceproblemandhencetheoptimaldecisionrule.A
sequenceofrecursiveoptimizationproblemsisthusreplacedbya x̄ed-point
problem.

2 .1 T he E nvironment

L ettimebedividedintodiscreteperiods.A tthebeginningofeachperiod
t,theenvironmentis characterizedbyavariable µt2 fµ;µg.T heevents
withinaperiodproceedasfollows:

1.Eachmemberofacontinuumofsurvivingagentsgivesbirth,witheach
survivingagentgivingbirthtothesame,exogenously x̄ednumber
ofo®spring.Eacho®springis characterized byaparameter².T he
realizedvalues of² areuniformlydistributedon [0 ;1 ].W e interpret
each o®springas (notnecessarily independently)drawing ² from a
uniform distribution.

2.Eachnewly-bornagentobservesnrandomlyselectedsurvivingagents
from theprevious generation,discerningwhethereachchosezorz,
andalsoobserves asignal» 2 IR drawnfrom adistributionG(»;µt)
withdensityg(»;µt).

3.A llparents thendie.Eachmemberofthenewgenerationchooses a
consumptionstrategyz2fz;zg.

4.N ature then conducts survivallotteries, where h(z;²;µ):fz;zg £
[0 ;1 ]£fµ;µg ! [0 ;1 ]givestheprobabilitythatanagentwithstrategy
zandcharacteristic²surviveswhenthestateoftheenvironmentisµ.
A gain,weassumenoaggregateuncertainty.
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5.N aturedrawsavalueµt+ 1 2fµ;µg.

W einterpretzandzasdenotinglow-consumptionandhigh-consumption
strategies.Itmayappearas ifhigherconsumptionlevels,byreducingthe
chanceoffallingbelowastarvationbarrier,mustbepreferredinabiologi-
calcontext(withfreedisposalobviatingthedangerofexcessconsumption).
H owever,thehigh-consumptionstrategymaydemandmoree®ortanden-
ergyandmayexposetheagenttogreaterdanger,openingthepossibility
thatthelow-consumptionalternativeissuperior.

W eallowtherankingofthesestrategiestodependuponboth individ-
ualcharacteristics andthestateoftheenvironment.Someagentsmaybe
better-endowedwiththeskills thatreducetheriskofprocuringconsump-
tionthanothers.Someenvironmentsmayfeaturemoreplentifulandless
riskyconsumptionopportunities thanothers.T hesee®ects appearinthe
specī cationofthesurvivalprobabilitiesh(z;²;µ),givenby

h(z;²;µ) = 1
2

h(z;²;µ) = 1
2 + b(²¡q) (1)

h(z;²;µ) = 1
2 + b(²¡(1 ¡q)); (2)

where0 < q< 1 =2.Figure1 depictstheseprobabilities.T helow-consumption
strategyzyieldsasurvivalprobabilityof12 ,regardlessoftheagent'scharac-
teristicorstateoftheenvironment.T hehigh-consumptionstrategyzyields
ahighersurvivalprobabilityforagentswithhighervaluesof²andyieldsa
highersurvivalprobabilitywhenthestateis µ.Toensuretheprobabilities
arewelldē ned,weassume

0 < b< 1 =(2(1 ¡q)):

T heenvironmentalparameterµfollowsaM arkovprocess,withtransition
rule:

µ µ
µ 1 -¿ ¿
µ ¿ 1 -¿

(3)

where
¿ < 1

2 ;

sothatnextperiod'sstateismostlikelytomatchthisperiod's.5

5T he symmetry ofthisM arkov processsimplī esthe calculations, but isnot c rucial
for the results.
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Figure1 :Survivalprobabilities

W eassumethatthedensityg(»;µ)iscontinuousandstrictlypositiveon
IR ,forboth µ and µ,and satis̄ es themonotonelikelihoodratioproperty
(M ilgrom [33])):

»00> »0 =) g(»00;µ)
g(»00;µ)

>
g(»0;µ)
g(»0;µ)

; (4)

sothathighervaluesof» leadtheagenttobelievethatstateµ ismorelikely.
W eassumethat\ proportion"G(»0;µ)oftheagents characterizedbyeach
valueof²drawvaluesof»·»0.6

2 .2 Full-InformationO ptimum

W eassumethroughoutthateachagentknowsthevalueofhischaracteristic
².M uchthenhingesonwhattheagentsandN aturecanobserveconcerning
thestateµ.

Iftheagentcanobserveµ (i.e.,G(»;µ)isperfectlyinformative),thenob-
servationsofthepreviousgenerationareirrelevantandtheoptimaldecision

6Again,w e assume there isno aggregate uncertainty.Ineach case, the fac t that w e
d o not require ind epend ence could b e exploited to construc t anexplicit measure-theoretic
found ation.
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isstraightforward,givenby:7

z ()
(
µ=µ and²> q
µ=µ and²> 1 ¡q :

Ifµ denoteswinterandµ summer,thentheenvironmentalcharacteris-
ticseems su±cientlyunambiguousas tobeobservedbytheagents.Even
here,however,mistakescanoccur.Plantscanproducebudsataninoppor-
tunetime,sometimesdisastrously,onthestrengthofanuncharacteristically
warm spell.A nimalscanmakeill-advisedmigrationandhibernationdeci-
sions.Peoplecanplantorharvestcropstooearlyortoolate.H ence,even
withsomethingsoobviousastheseason,wecanexpectagents'abilitiesto
observethestatetofallshortofthedesiredprecision.

M oregenerally,theenvironmentalvariablemaybesomethinglessobvi-
ousthanclimate.Forexample,µ andµ mayindextherelativeavailability
ofedibleplantsandslow-movinganimals,whichinturnmaymoveinnoisy
cycles,leavingtheagentswithquiteimprecisebeliefsaboutthestateofthe
environment.

T hisuncertaintyonthepartoftheagents is noproblem ifN aturecan
observethestateoftheenvironment.ButN ature \ observes"thestateof
theenvironmentonlybyallowingthetrail-and-errorprocess ofevolution
toproduceadecisionrulethatis optimalgiventhestate,andhencecan
only observe states thatare stationary forlongperiods oftime. Ifthe
relevantinformationcontainedinµandµ isonlywhethertheedibleanimals
in one's environmentaremostlydinosaurs ormostlymammals,then the
statechangesslowlyenoughthatN aturecansimplycountonadaptingher
agents totheenvironment,equippingthem with the µ orµ decision rule
(andcausingthem toignore»)asrelevant.Therewillbesomedisruption
wheneverthestatechanges,butsuchtransitionsaresu±cientlyinfrequent
andidiosyncraticthatN aturecannotendowheragentswiththecapability
torespond.

W e are interested in cases in which the state µ exhibits ° uctuations
whicharenotperfectlyobservedbytheagents(sothatG(»;µ)isnontrivial)
andwhicharesu±cientlytransitorythatN aturecannotobservethem.W e
assumethattheprocessgeneratingthestate,givenby(3),remainsconstant
forasu±cientlylongtimeastobeobservedbyN ature.8

7T hroughout,w e ignore measure-zero casesinw hich d ec isionsare arb itrary.
8Ifnot,thenw e w ould emb ed the current processina larger one w hich generatesshort-

term transitionmatriceslike (3)ac cord ingto a rule that issu± cientlystationaryasto b e
ob served byNature.
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2 .3 No-InformationO ptimum

Supposen= 0 (nomembers oftheprevious generationcanbeobserved)
andtheagents knowonlytheircharacteristic² andsignal» andthatthe
stateofthe environmentis generated bya M arkovprocess given by(3).
T hestationarydistributionofthisM arkovprocessattachesaprobabilityof
1
2 toeachofthestates µ andµ.H ence,theprobabilitythatthestateis µ,
conditionalonhavingobservedsignal»,is

½(µj»)=
1
2 g(»;µ)

1
2 g(»;µ)+ 1

2 g(»;µ)
:

A nagentwithnoadditionalinformationaboutthestatemaximizeshis
probabilityofwithstandingthesurvivallotteryhefacesbychoosing

z () ½(µj»)h(z;²;µ)+ (1 ¡½(µj»))h(z;²;µ)> 1
2 : (5)

U sing(1){ (2)to l̄linthesurvivalprobabilities,this inequalitybecomes

z () ²> ½(µj»)q+ (1 ¡½(µj»))(1 ¡q):

Foreachposteriorprobability½(µj»)=½thereisthusacriticalcharacteristic
²¤(½)=½q+ (1¡½)(1¡q),withlargervaluesof²promptingachoiceofzand
lowervalues promptingz.T hefunction ²¤(½)is decreasingin ½,meaning
thattheagentismorelikelytochoosezwhenthepriorprobabilityofstateµ
islarger.N oticethat²¤(1 )=qand²¤(0 )=1 ¡q,sothattheagent'sactions
coincidewiththefull-informationoptimumwhenthepriorisdegenerate.

T hedecisionruleembeddedin²¤(½)maximizestheprobabilitythatan
agentsurvivesasingleperiod.H owever,evolutionwillselectforthedecision
rulethatconditionstheagent'sbehavioronhisposterior½ (only,sinceitis
asu±cientstatisticfortheproblem facingtheagent)soastochoose:9

9T he evolutionarilymost suc cessfulstrategyinthissettingw ill(asnearlyaspossible)
maximize the prob ab ility ofsurvivingfor T period s,for allsu± ciently large valuesof
T.The prob ab ility ofsurvivingfor T period sisgivenby

P T
k= 0 p(²

¤)kp(²¤)T¡kprob T(k),
w here prob T(k) isthe prob ab ility that,over the course ofT period s,exac tlyk ofthese
period sare charac terized bystate µ and T¡kbystate µ.AsT getslarge,thismaximization
problem convergesto (7),inthe sense that the maximizer of(7) comesarb itrarily close
to maximizingthe T-period survivalprob ab ilityfor alllarge T,and hence evolutionw ill
selec t for the maximizer of(7).(T he key to establishingthisequivalence isto note that
over longperiod softime,the proportionofµ statesisverynearly½(µj»).T he prob ab ility
ofsurvivaluntil(large) period T isthenverynearly p(²¤)½(µj»)(1 ¡ p(²¤))½(µj»),w hich is
equivalent to (7).) T he equivalence of(7) and (6) thenfollow sfrom notingthat (6) is
necessaryand su± cient (exceptingd eviationsonsetsofmeasure zero)for maximizing(7).
See R obson[38].Resultsofthistype are stand ard inevolutionary b iology(Charlesw orth
[11,pp.47{50 ],Tuljapurkar [4 0 ]).
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z ()
³
½(µj»)lnh(z;²;µ)+ (1 ¡½(µj»))lnh(z;²;µ) >

½(µj»)lnh(z;²;µ)+ (1 ¡½(µj»))lnh(z;²;µ)´ ln1
2

´
: (6)

Equivalently,letp(²¤;µ)betheexpectedprobabilitythatanagentcarrying
agene inducingdecision cuto®²¤(½)survives N ature's survivallottery in
aperiod inwhichthestateoftheenvironmentis µ,withtheexpectation
takenoverthevalueof².L etp(²¤;µ)besimilarlydē nedforstateµ.T hen
(6)isequivalenttochoosingtherule²¤(½)tomaximize:

½(µj»)lnp(²¤;µ)+ (1 ¡½(µj»))lnp(²¤;µ): (7)

Incontrast,thedecisionrulegivenby(5)maximizestheaveragesurvival
probability½(µj»)p(²¤;µ)+ (1¡½(µj»))p(²¤;µ).Toseethedi®erence,consider
anenvironmentinwhichstateµ isquiteunlikely.M aximizingtheprobability
ofsurvivingasingle period (as in (5))maythen callforastrategythat
entailsazerosurvivalprobabilityinstateµ (inreturnforahighersurvival
probabilityinthemuchmorelikelystateµ).Butoveralongerperiodoftime,
this strategyis asurerecipeforextinction.A superiorstrategy increases
the survivalprobability in state µ atthe expenseofstate µ,as does the
maximizerof(7).

W hen½ = 1
2 ,(5)willset²

¤= 1
2.Incontrast,(7)callsforavalueof²

¤

thatexceeds 1
2.Inparticular,thefunctions p(²¤;µ)and p(²¤;µ)aregiven

by:

p(²¤;µ) =
Z²¤

0

1
2
d²+

Z1

²¤
h(z;²;µ)d²

p(²¤;µ) =
Z²¤

0

1
2
d²+

Z1

²¤
h(z;²;µ)d²:

T hesefunctionsarestrictlyconcaveandhaveslopesofequalabsolutevalue
butoppositesignwhen ²¤= 1

2.
10 Tomaximizetheproduct 1

2 lnp(²
¤;µ)+

1
2 lnp(²

¤;µ),onethenincreases ²¤above 1
2 ,tradingo®adecreaseinp(²

¤;µ)
forasmallerincreaseinthevalueofp(²¤;µ).B ecausep(²¤;µ)isrelatively
small,this increasesthesum 1

2 lnp(²
¤;µ)+ 1

2 lnp(²
¤;µ)andhenceincreases

thelong-term survivalprobability.
10 T he slope charac terizationfollow simmed iatelyfrom the ob servationthat h(z ; 12 ;µ)¡

1
2 =

1
2 ¡ h(z ; 12 ;µ),asshow ninFigure 1.It isthisproperty w hich ensuresthat setting

²¤= 1
2 maximizesthe single-period survivalprob ab ility

1
2 (p(²

¤;µ)+ p(²¤;µ)).
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A s½ increases,theoptimalvalue²¤decreasesandp(²¤;µ)increaseswhile
p(²¤;µ)decreases. T he investmentin survivalprobability is thus shifted
towardthemorelikelystate.

3 R elative consumptione®ec ts

3.1 O bservable-ConsumptionO ptimum

W enowturntothecaseinwhichagentscaninferinformationaboutµ from
thenoisysignalprovidedbyobservingn(> 0 )agents from thepreceding
generation (aswellas from the signal»).Ifthestatea®ects therelative
payo®ofahigh-consumptionhuntingstrategy,forexample,thenanagent
maybeabletoinferinformationaboutµ bywatchingwhetherhissurviving
neighborsappeartobemostlythosewhohuntorthosewhoplant.

N ature's optimum incorporates the agent's information intohis deci-
sion rule.11 A decision ruleforanagentis nowacollectionoffunctions
f²(n;»);²(n¡1 ;»);:::;²(0 ;»)g, where ²(k;»)is the cuto®value of² for
choosingz (z beingchosenforlargervalues of²)whentheagenthas ob-
servedkcasesofzandn¡kcasesofz inthepreviousgenerationandhas
observedsignal».Figure2 illustratessuchastrategyforthecaseinwhich
n=1.W eletEdenoteacollectionf²(n;»);:::;²(0 ;»)g.

Itisclearthatitcanneverbeoptimalfor²(k;»)tolieoutsidethebounds
[q;1 ¡q].O urintuitionisthathighervaluesof» andmoreobservationsof
z(ratherthanz)willindicatethatstateµ ismorelikely,makingtheagent
moreinclinedtochoosez.H ence,weexpectequilibrium decisionrules to
beatleastweaklydecreasingin» andtosatisfy,forall»,

q·²(n;»)·:::·²(0 ;»)·1 ¡q:

W erefertoacollectionoffunctionsf²(n;»);:::;²(0 ;»)g thatsatis̄ esthese
inequalitiesasbeingadmissible.

L etÃtbetheproportionofstrategyzamongthoseagentswhosurvived
periodt¡1 .T henÃtdescribesthedistributionfromwhichperiod-tagents
drawtheirobservations ofz,witheachperiod-tnew-bornobservingz on
eachdrawwithprobabilityÃtandobservingzwithprobability1 ¡Ãt.L et
ªE(Ãt;µt)betheproportionofsurvivingperiod-tagentswhochosez,given
that(i)theseagents,as new-borns,drewobservations from thedistribu-
tiondescribedbyÃt,(ii)theperiod-tstateoftheenvironmentrelevantfor
11Anyd ecisionrule or mixofrulesthat d oesnot make use ofthisinformation,w hether

tailored to state µ,µ,or some comb inationofthe tw o,isevolutionarily d ominated by a
single rule that respond soptimallyto the information.
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Figure2:A dmissibledecisionrule(²(1 ;»);²(0 ;»))whenn=1,conditional
onavalue»=»0

N ature's survivallotteries is µt,and(iii)theagents'decisionruleis given
byE.G iventhatN ature r̄strunstheperiod-tsurvivallotteriesandthen
determinestheperiod-(t+ 1 )state,wecandescribeoursystemasaM arkov
process(Ãt;µt)dē nedonthestatespace[0 ;1 ]£fµ;µg.L etting£(µ)denote
thetransitionrulegivenby(3),(ªE;£)denotesthetransitionruleforthe
process(Ãt;µt):

Ãt+ 1 = ªE(Ãt;µt)
µt+ 1 = £(µt):

L et¹E((Ãt;µt);(Ã 0 ;µ0))betheprobabilitydistribution inducedbythe
transitionrule(ªE;£)inperiodtgiveninitialcondition(Ã 0 ;µ0).Thende-
n̄e,fork=0 ;:::;n(suppressingthedependenceofªonE,thedependence
ontheinitialcondition,andsometimesubscriptsonµ)

½E(µtjk;»;t)=
R1
Ãt= 0 g(»;µ)r(k;Ãt)d¹(Ãt;µ)R1

Ãt= 0 g(»;µ)r(k;Ãt)d¹(Ãt;µ)+
R1
Ãt= 0 g(»;µ)r(k;Ãt)d¹(Ãt;µ)

(8)
where

r(k;Ãt)=

Ã
n
k

!
Ãk
t(1 ¡Ãt)n¡k:

T he function ½E(µtjk;t)thus gives the probabilitythatthe state in time
t is µ, given atime-t observation ofsignal» and kvalues ofµ.12 T his
12 T he numerator ofthe right sid e isthe joint prob ab ility that the state w asµ and the
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probabilityre° ectstwoconsiderations| theextenttowhichanobservation
of»orzindicatesthattheprevious-periodstatewasrelativelyfavorablefor
» orstrategyz (i.e.,was µ),andtheprobabilitythatthestatemayhave
changedsincethepreviousperiod.

O ur r̄stobservationestablishesconditionsunderwhichtheseprobabil-
itieshavewell-behavedlimits:

L emma1 T hereexistsavalueq¤2(0 ;12 )suchthatforanyq2(q¤;12 )and
anyadmissibleE,thereexistprobabilities½E(µjk;»)(k=0 ;:::;n)satisfying,
forallinitialconditions,

lim
t! 1

½E(µtjk;»;t)=½E(µjk;»):

In addition,the ½E(µjk;»)arestrictlyincreasingin » andsatisfy½E(µjk+
1 ;»)> ½E(µjk;»).

T herestrictionthatq> q¤ ensures thatthepopulationcannevergettoo
heavilyconcentratedonasingleconsumptionstrategy,eitherzorz.T his
inturnensures thatchanges inthestateoftheenvironmentarere° ected
relatively quickly in the observed distribution ofconsumption strategies,
andhencethatthelatterisinformative.Toseehowthiscouldfail,consider
theextremecaseofq= 0.Inthis environment,thereis novalueof² for
which z is adominantstrategy. A s aresult, itis possiblethatvirtually
theentirepopulationchoosesz.A changefrom stateµ toµ willthennot
produceanoticeablechange inthedistributionofconsumption strategies
foranextraordinarilylongtime,causingthis distributiontoberelatively
uninformative.13

T heinequality½E(µjk+ 1 ;»)> ½E(µjk;»)indicatesthatobservationsof
high consumption enhancetheposteriorprobabilitythatthe stateofthe
environmentisµ.T his isthefoundationofrelativeconsumptione®ects.

T heobviousapproachtoprovingL emma1 istoshowthattheM arkov
process(ªE;£)hasanergodicmeasure¹¤E(Ã;µ;»)whichcanbeinsertedin
(8)tocalculatetheprobabilities ½E(µjk;»).H owever,theM arkovprocess
agent d rew » and kobservationsofz ,w hile the d enominator isthe prob ab ilityofd raw ing
» and kobservationsofz .
13Ifq= 0 ,our mod elw ould also b e sensitive to the spec ī c ationofthe M arkov process

governingthe state µ.Ifthisprocessw ere asymmetric, thenthe possib ility w ould arise
that the populationcould b e absorb ed ina state inw hich allagentsalw ayschoose either
z or z .A similar possib ilityarisesinE llisonand Fud enb erg[2 3].
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(ªE;£)is notirreducible,foilingthestandardroutetoergodicity.14 T he
proofconstructs a candidate measure ¹¤ and establishes an appropriate
convergenceresult.

D ē nition1 T hefunctionsE=f²(n;»);:::;²(0 ;»)g areanequilibrium if
²(k;»)solves,foreachvalueofkand» (cf.(7)),

max² prob(µjk;»)lnp(²;µ)+ (1 ¡prob(µjk;»))lnp(²;µ) (9)

where
prob(µjk;»)=½E(µjk;»): (1 0 )

In dē ninganequilibrium,weusethelimitingprobabilities ½E(µjk;»)
toevaluatethepayo®ofastrategy.T his re° ectstwotimingassumptions.
First,thestateoftheenvironmentchangesrapidlyrelativetothefrequency
withwhich N aturecanrespondviamutationandselection,forcingN ature
torelyonagents'observationsofothers'consumptiontoinferinformation
aboutthe environment. Second, the process governingthe state ofthe
environmentpersists forasu±cientlylongtimethat(i)N aturecanadapt
heragentstothis process,inparticulartuningtheirinformation-updating
rulestothisprocess,and(ii)thelimitingprobabilities ½E(µjk;»)areuseful
approximationsoftheinformation-updatingproblem facingtheagents.

P roposition1 L etq2(q¤;12 ).Thananequilibrium withadmissiblefunc-
tionsf²¤(n;»);:::;²¤(0 ;»)gexists.Inanysuchequilibrium,²¤(k;»)isstrictly
decreasingin » andsatis̄ es ²¤(k+ 1 ;»)< ²¤(k;»).

Figure 3 depicts theresultingequilibrium. A gents aremorelikelyto
choosehighconsumption,i.e.,choosezforawiderrangeof²,whenkand»
arelarge.O bservationsofhighconsumption,byincreasingtheexpectation
thattheenvironmentis inastatefavorabletohighconsumption,increase
anagent's propensitytochoosehigh consumption.R elativeconsumption
thusbecomesusefulasaresponsetoenvironmentalinformationthatneither
theagentsnorN aturecanobserve.15

14Inparticular,Ã tisd raw nfrom the uncountable set [0 ;1],w hile ¯xinga sequence of
valuesofµ and iteratingthe functionª E(Ã ;µ) cangenerate onlya countable set ofvalues
ofÃ (though d i®erent initialcond itionslead to d i®erent setsofsuch values).Ifw e set
¿ = 1

2 ,sacrī c ingthe (essential,for our purposes) persistence ofthe proc ess£ ,thenthe
period -tstate w ould b e ind epend ent ofitspred ecessor and w e could appealto Futia's
resultsonrand om c ontrac tions[2 5,Defs.5.1,6.2 ]to estab lish ergod icity.
15G ivenour restric tionto ad missible E(e.g., to casesinw hich ²(k+ 1;») · ²(k;»)),

show ingthat consumptionobservationsare informative entailsonly preclud ingequality.
We could strengthenour resultsto show that there isno equilib rium inw hich ²(k+ 1;») >
²(k;»),but the argument isted ious.
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Figure3:Equilibrium consumptionstrategies

Itisimportanttonotethatanagent'ssurvivalinourmodeldependsonly
ontheagent'sownconsumption.T heroutetogeneticsuccess istochoose
optimalconsumptionlevels,regardlessofothers'choices.T heconsumption
levelsofothersarerelevant(only)becausetheyserveasvaluableindicators
ofthestateoftheenvironment.

3.2 Imperfec t InformationP rocessing

T heagentsinourmodeloptimallyreacttotheuncertaintyintheirenviron-
mentbybeingmorelikelytochoosehighconsumptionstrategieswhenthey
observeotherswhohavechosenhighconsumption.N aturecanensuresuch
behaviorbyequippingheragentswithanunderstandingofBayes'ruleand
theirenvironmentandwithautilityfunctionoverdecisioncuto®s ²¤given
by

u(²¤;µ)=lnp(²¤;µ):

A nagent'sexpected-utilitymaximizationproblem,conditionalonanobser-
vation(k;»),isthengivenbythecounterpartof(7):

max
²¤

½E(µjk;»)lnp(²¤;µ);+(1 ¡½E)(µjk;»)lnp(²¤;µ): (1 1 )
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Information is thenusedoptimally,butis notproducedoptimally.In-
stead,agentsmakedecisionsconcerningtheproductionofinformationthat
ignorethevalueofthis informationtoothers.16 A s aresult,policyinter-
ventionsdesignedtoincreasetheproductionofinformationcanyieldPareto
superioroutcomes.H owever,anappropriatepolicycouldconsistsolelyof
providinginformation.Iftheresultinginformationwasasu±cientstatistic
forobservation ofothers'consumption,then relative consumption e®ects
woulddisappear.

U nfortunatelyforN ature,shefacesformidableconstraintsonherability
todesignagentswhoprocessinformationperfectly.Cognitiveresourcesare
costly(Clark[1 3,Chapter4]).N aturecannotensurewehavesu±cientre-
sourcesto° awlesslyprocesstheinformationcontainedinourenvironment,
insteadbeingforcedtoworkwithagentswhose informationprocessingis
noisy.Tocapturethis,weexpandthemodelbyassumingthat,whencalcu-
latingtheposteriorprobabilityofstateµ,thereisprobability¸ 2(0 ;1 )that
theagentmistakenlyconditionsonanuninformativesignal³ ratherthan».
H ence,theagent'sposteriorbelief,nowdenoted ½̂E(µjk;»;³),isgivenby

½̂E(µjk;»;³)=
(
½E(µjk;») withprobability1 ¡¸
½E(µjk;³) withprobability¸ ;

where thefunction ½ is given by(8). T heagentcalculates the posterior
correctlywithprobability 1 ¡¸ 2 (0 ;1 ).A miscalculatingagentnotonly
fails torecognizewhenhis information is basedonthesignal³,butfails
torecognizethepossibilityofconditioningonsuchanuninformativesignal
(hencecontinuingtoapply(8)).T hisistheessenceoftheagent'simperfect
informationprocessing.

W eletf(³)denotethedensityof³.W eassumethisdensityispositive
on IR anddoesnotdependuponthestateµ,ensuringthat³ isuninforma-
tive.H owever,weensurethat³ isnottooidiosyncraticallydistributedby
assuming

s00> s0 =)

8
>>><
>>>:

g(s00;µ)
f(s00) > g(s0;µ)

f(s)

f(s00)
g(»00;µ) >

f(s)
g(»0;µ)

; (1 2)

sothatlargesignals(forexample)aremorelikelytocomefromtheinforma-
tivedistribution(givenstate µ)thantheuninformativedistribution.T he
16Ane± cient solutionw ould spread the valuesoff²(n;»);:::;²(0 ;»)gfurther apart,

trad ingsecond -ord er lossesinind ivid ualoptimizationfor the prod uc tionofmore informa-
tion.Inthe absence ofgroup selec tion,the restric tionofNature'sd esignmechanism to
ind ivid ualsurvivalputssuch a solutionb eyond her grasp.
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valueof³ andwhether½E(µjk;»)or½E(µjk;³)istheapplicableposteriorare
drawnindependentlyofoneanotherandtheotherrandomvariables inthe
model.

Insertingtheposterior½̂E(µjk;»;³)into(1 1),theagent'smaximization
problem isnow

max
²¤

½̂E(µjk;»;³)lnp(²¤;µ);+(1 ¡½̂E(µjk;»;³))lnp(²¤;µ): (1 3)

T henoisecapturedby³ pushestheagent'svaluesof²(k;»),awayfromtheir
optimalvalues, sothatinformation is nolongerused optimally. N ature
can always improve these choices by enhancing the agent's information-
processingability,whichcorresponds todecreasing¸ in this context,but
eventually n̄dstheopportunitycostoffurtherimprovementsprohibitive.17

A ne®ectivepolicyresponsetotheresultingrelativeconsumptione®ectsnow
calls fortheprovisionofinformationaswellastheprovisionofassistance
in processinginformation,with appropriately provided and processed in-
formationagainbanishingrelativeconsumptione®ectsandtheirattendant
ine±ciencies.

G iventhatshemustworkwiththenoisybeliefs½̂ratherthan½,however,
N aturewillnolonger n̄ditoptimaltolettheutilityfunctionbegivenby
u(²¤;µ)=lnp(²¤;µ)(as in(1 3)).Instead,N aturecanimprovetheagent's
performancebybuildingtheobservationkintotheutilityfunction.Intu-
itively,sheuses \ distortions"oftheutilityfunctiontocorrectforthenoise
intheagent's informationprocessing.

L et Á(µj²¤)be the probability ofstate µ thatcauses ²¤ to solve the
maximizationproblem (1 1)(orequivalently,(1 3)).T hen:

P roposition2 N aturecanachieveheroptimum,giventhattheagents'in-
formationupdatingisgivenby½̂,withautilityfunctionu(²¤;k;µ)forwhich,
foreachk=0 ;:::;n,thereis avalue ²̂(k)suchthat

Ã
Á(µj²¤)du(²

¤;k;µ)
d²¤

+ (1 ¡Á(µj²¤))du(²
¤;k;µ)
d²¤

17Amongother d i± culties,a perfec t ab ilityto processinformationrunsthe riskofb eing
too cumb ersome to b e useful.Welackthe time to analyze everypiece ofinformation.Na-
ture againrespond sbybuild ingreac tionsto commoninformation-processingand d ec ision
problemsinto our b ehavior.IfNature'sagentshab itually calculate that it isoptimalto
hed ge consumptionlevelsinthe d irec tionofthose observed intheir peers,thenNature w ill
d ispense w ith the calculationand emb ed relative consid erationsinto the utilityfunction.
LeDoux[31]d iscussesthe incentivesfor Nature to arm usw ith a mixof\hard -w ired "and
cognitive responsesto our environment,arguingthat many ofour seemingly hard -w ired
reac tionsare engineered to ensure that w e d o not tarry to processinformationb efore
ac ting.

1 6



> (< ) Á(µj²¤)dlnp(²
¤;µ)

d²¤
+ (1 ¡Á(µj²¤))dlnp(²

¤;µ)
d²¤

!

() ²¤ < (>) ²̂(k): (1 4)

R ecognizingthatboth » and ³ playarole in shapingtheagent's beliefs,
N atureregards theagent'sposteriorbeliefs asbeingless informativethan
doestheagent.Sherespondsbyadjustingtheutilityfunctiontoreducethe
sensitivityoftheagent'sactionstohis beliefs.18 Shedoes sobydesigning
theutilityfunctiontodiscouragetheagentfrom strayingtoofarfrom an
action ²̂(k)(foreachobservationk),increasing(decreasing)thederivative
ofexpected utility (relative totheutility function lnp(²¤;k))forsmaller
(larger)actions.H ence,N aturerequires thattheagentobservemoreper-
suasiveinformationbeforestrayingtoofarfromatargetconsumptionplan,
wherethelatterdepends uponobservations ofothers'consumption.T he
keyobservation is thatN ature's manipulationoftheutilityfunction,and
hencetheagent'sutility,dependsuponthevalueofk.R elativeconsump-
tione®ects nowtaketheform ofincorporatingothers'consumptionlevels
directlyintotheutilityfunction.

N ature'sproblemwouldbeparticularlysimpleif»wereuninformative.
In this case,the agents havenousefulinformation beyond thatwhich is
conveyedbythenumberofẑobservationsk,uponwhichN aturecancondi-
tionutilities.Shecouldthenabandonallthoughtsofallowingheragentsto
process information,havingthemmaximizeautilityfunctionthatdepends
uponkandthatinducestheoptimalstrategy(²¤(n);:::;²¤(0 )).N atureis
pushingheragentstowardthisoutcomewhendesigningtheutilityfunction
uofProposition2,andwilldosomorevigorouslytheless informativeis».
Similarly,N aturewouldnotencounterdi±culties ifshecouldsimplycon-
ditionutilitiesdirectlyon» (butnot³),againessentiallyachievingperfect
informationprocessing.N ature'sdi±cultiesarisewhenshewouldlikeher
agentstoconditiontheiractionsoninformationsuchas » thatshecannot
\ observe",butwhichheragentscannotprocessperfectly.19

18Nature w ould prefer to make the agentsbeliefslesssensitive to ³,and w illd o so to
the extent possible.But aslongasshe cannot purge ³ from the agent'sb eliefs,there are
gainsfrom manipulatingthe utilityfunction.W hyd oesn't Nature instead make the agent
lessresponsive to hisb eliefsbygivinghim a stronger prior or otherw ise tinkeringw ith the
function½?B ecause thismakesthe agent lessresponsive to kasw ellas³.
19W hat ifthe agent canalso b e mistakenconcerningthe informationconveyed byk?

T henNature'sd esignproblem ismore d i± cult and the d etailsofthe solutionw illd i®er,
but the utility functionw illagainb e manipulated to c ompensate for shortcomingsin
informationprocessing.
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W enowhaveanexpectedutilityfunctionoftheform

max
²¤

½̂E(µjk;»;³)u(²¤;k;µ);+(1 ¡½E(µjk;»;³))u(²¤;k;µ); (1 5)

or,equivalently,wecanwritethisintermsofautilityfunctiondē nedover
consumptionlevelsz2fz;zg ratherthanoverconsumptioncuto®s²¤(just
as(6)and(7)areequivalent):

max
z

½̂E(µjk;»;³)u(z;²;k;µ);+(1 ¡½E(µjk;»;³))u(z;²;k;µ): (1 6)

R elativeconsumptione®ectsnowarisenotonlythroughtheprocessing
ofinformationbutalsodirectlythroughutilityexternalities.A nappropriate
policyresponsemaythencallformorethansimplyprovidingandprocessing
information.Inparticular,removinguncertaintyfromtheeconomywillnot
banishrelativeconsumptione®ectsandtheirattendantine±ciencies.

N oticethatthereisnoquestionofN ature'sdesigningustosolvesome
problemsofinordinatecomplexity.T heabilitytoreadthesewordsre° ectsa
triumphofbiologicalengineering.O urargumentrequiresonlythatN ature
cannotensurethatwecansolveeverycomplexproblemweencounter,and
thatshewillaccordinglyadoptinformation-processingshortcutswhenever
shecan.\ Ingeneral,evolvedcreatureswillneitherstorenorprocess infor-
mationincostlywayswhentheycanusethestructureoftheenvironment
andtheiroperations upon itas aconvenientstand-infortheinformation-
processingoperationsconcerned." (Clark[1 3,p.64].)W ehavedeveloped
aparticularlysimplemodelofthelimitations N aturefaces indesigningher
agents andtheresultinginformation-processingshortcuts.T hedetails of
theshortcutswilldependuponthespecī cformofthelimitations,butthe
generalprincipleremains:informationprocessingcomplexities canprompt
relativeconsumptione®ectstospilloverintoutilityexternalities.

3.3 E xample

W ecanillustratetheimplicationsof(1 6).Tofocusattentiononthepersis-
tenceofrelativeconsumptione®ectsintheabsenceofuncertainty,weassume
thatthedistributionofthestateµ andthesignals » and³,andhencethe
agents'beliefs captured in ½̂,aredegenerate.Tosimplifythederivations,
wetakeasteptowardrealism inassumingthattheconsumptionchoicez is
drawnfrom IR + (ratherthanfz;zg).T heinformationreceivedbytheagent
is thenavectorofn consumption levels. W edenotethis observation by
(̂z1;:::;ẑn)´ẑandletm(̂z)betheresultingmeanobservedconsumption
level.
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L ettheutilityfunctioncorrespondingto(1 5)begivenby

u(z;²;ẑj®)=z¡1
2 ®(z¡m(̂z))2 ¡z2

2²
: (1 7)

W einterpretz2 =2²asthedisutilityassociatedwithsecuringconsumptionz
andinterpret²(distributeduniformlyamongthecontinuumofagents)asan
indexofproductivity.A ssuggestedbyProposition2,relativeconsumption
e®ects(capturedbytheterm¡1

2 ®(z¡m(̂z))2)taketheformofdiscouraging
theagentfrom choosingaconsumptionleveltoodi®erentfrom areference
levelthatdependsuponobservationsofothers'consumption.H ighervalues
oftheparameter® ¸0 indicatethatrelativeconsumptione®ectsaremore
important.

L etF beadistributionfunctionwithF (z)identifyingtheproportionof
theagents intheeconomychoosingaconsumptionlevellessthanorequal
toz.L etÁnF bethemeasureovern-tuplesf̂z1;:::;ẑng inducedbythedistri-
butionF .A nequilibrium isthenadistributionofconsumptionlevelswith
thepropertythat,ifeachagentisallowedtodrawnobservationsfrom the
previousgeneration'sdistributionandthenchooseanoptimalconsumption
level,wereproducethedistribution:2 0

D ē nition2 A ninformation-basedequilibrium isadistribution F ¤(z)and
aspecī cationofutility-maximizingchoicesz¤(²;ẑ)suchthat

F ¤(z)=(̧ £ÁnF¤)(f(²;ẑ):z¤(²;ẑ)·zg): (1 8)

where¸ is L ebesguemeasure.

Establishingtheexistenceofsuchan equilibrium is astraightforward
x̄ed-pointargument.Solvingthe r̄st-orderconditionforutilitymaximiza-
tion,weobtaintheoptimalchoicefunction

z¤(²;ẑj®)=²
1 + ®m(̂z)
1 + ®²

: (1 9)

If® > 0 ,thenrelativeconsumptione®ectspushtheallocationawayfromthe
\ nodistortion"solutionofz¤(²;m(̂z)j0 )=²,withlargervaluesof® prompt-
inglargedistortions.T heoptimalchoicefunctionz¤(²;m(̂z)j®)isincreasing
inboth²andm(̂z),sothatlargercharacteristicsandlargerobservationsof
2 0We could equivalently interpret thisasa rational-expec tationsequilib rium inw hich

agentssample their ow ngeneration.
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others'consumptionleadtolargerconsumption.T heequilibrium is ine±-
cientif® > 0 ,withgainstobehadfrom pushingtheconsumptionofeach
agentforwhom ²> 0 closertothemeanconsumption.

Information-basedrelativeconsumptione®ectsthusinducesomeagents
toincreaseconsumptionandotherstodecreaseconsumption,comparedto
thebasecaseofnosuche®ects.T heformerwillbethosewhohaveobserved
otheragentswithparticularlyhighconsumptionlevels,whilethelatterwill
haveobservedsmallconsumptionlevels.

W ecancalculatethesupportoftheequilibriumdistributionofconsump-
tionlevelsby r̄stnoticingthat

z¤(0 ;m(̂z)j®)=0 ;

sothatagentswiththelowestcharacteristicchoosetheirno-distortioncon-
sumptionlevelofzero,regardlessofwhattheyobserve.N ext,noticethat

z¤(²;z¤(²;m(̂z)j0 )j®)=z¤(²;m(̂z)j0 )=²: (20 )

H ence,an individualwhoobservesameanconsumptionequaltothecon-
sumptiontheagentwouldhavebeenchosenintheabsenceofrelativecon-
sumptione®ectsactsisiftherearenorelativeconsumptione®ects.Itfollows
from (20 )thattheleastupperboundontherangeofequilibrium valuesof
z¤(²;m(̂z)j®)is unity.2 1 A s ® increases from zero,the range ofrealized
values thus remains x̄edat[0 ;1 ],whilethedistortioncreatedbyrelative
consumptione®ectsgrowsstronger.

N owconsiderthee®ects ofapolicyinterventionthatreplaces ² inthe
utilityfunctiongivenby(1 7)witha+ (1 ¡a)² forsomea2 [0 ;1 ].2 2 Figure
4 depictsthischange.W ecanthinkofthepolicyinterventionasaprogram
2 1To verify this, let ~z (®) b e the upper b ound . It su± cesto consid er ² = 1 (since

z ¤(²;m (^z )j®)isincreasingin²).Ifthe range ofz ¤(²;m (^z )j®)is¯nite,it su± cesto observe
that z ¤(1;~z (®)j®)= ~z (®) must hold ,w hich canb e satis̄ ed onlyif~z (®)= 1.To see that
anunb ound ed range ofvaluesofz ¤(1;m (^z )j®) isimpossible,let z ¤(1;m (^z )j®)= h(m (^z )).
T hennote that for m (^z ) > 1, w e have m (^z ) < h (m (^z )) and d h (m (^z ))=d m (^z ) < 1. A
positive measure ofobservationsinthe interval[1 + ±;1 + ± + ´] w ould thenrequire an
id enticalmeasure ineach ofthe in̄nite sequence ofascend ing, d isjoint (for su± ciently
small´) intervals[h¡1(1 + ±);h¡1(1 + ± + ´)], [h¡1(h¡1(1 + ±));h¡1(h¡1(1 + ± + ´))],
[h¡1(h¡1(h¡1(1 + ±)));h¡1(h¡1(h¡1(1 + ± + ´)))],and so on,animpossib ility.
2 2A grow ingliterature ad d ressesthe policyimplicationsofrelative consumptione®ec ts.

For example,Corneo [15]show sthat inthe presence ofrank-b ased relative income e®ec ts,
red istributive taxationmayb e most usefulinsocietiesw ith relativelyegalitariand istribu-
tionsofincome.Ljund qvist and U hlig[32 ]show that ifcurrent utilitiesd epend uponpast
consumption,thencountercyclical̄ scalpolicy canb e e®ec tive ind ampeningthe relative
e®ec ts.
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Figure4:Productivityenhancement

enhancingproductivities inthepopulation,concentratingonthoseatthe
bottomendoftheproductivityscale,perhapsbyincreasingaccesstoeduca-
tionalresources.A sa! 1 ,theproductivityofeveryagentintheeconomy
approaches themaximum productivityofunity. W e began this example
withthecaseofa=0.

U tilitymaximizationnowyieldsanoptimalchoicefunctionof(cf.(1 9)):

z¤(²;m(̂z)j®;a)= (a+ (1 ¡a)²)(1 + ®m(̂z))
1 + ®(a+ (1 ¡a)²)

:

O nceagain,foranyvalueof®,anagentofcharacteristic²whoobserves
m(̂z)=z¤(²;m(̂z)j0 ;a)=a+ (1 ¡a)²willchoosez=a+ (1 ¡a)²,sothat
anobservationofameanconsumptionlevelequaltothechoicethatwould
havebeenchosen intheabsenceofrelativeconsumptione®ects leavesthe
optimalchoiceunaltered.

A nargumentanalogoustothecaseofa=0 allowsustoconcludethat,
foranyvalueof® ¸0 ,therangeoftheequilibriumconsumptionlevelsisnow
[a;1 ](comparedto[0 ;1 ]intheoriginalcaseofa=0 ).A sa! 1 ,equilibrium
consumptionlevelsz¤(²;m(̂z)j®;a)thusconvergeonamasspointatunity
(forall®):

z¤(²;m(̂z)j®;1 ) = 1 (21 )
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u(z¤(²;m(̂z)j®;1 );²;m(̂z)j®;1 ) = 1
2 : (22)

H ence,relativeconsumptione®ectsandtheirattendantine±ciencydisap-
pearasproductivityvariation is eliminatedfrom thepopulation.U tilities
convergetoavalueof 1

2 ,yieldingane±cientoutcomeinwhicheachagent
receivesthemaximumutilitylevelinthepopulationbeforethepolicyinter-
vention.

4 A Comparisonw ith R ank-B ased E ®ec ts

W econtrastthepreviousexamplewithoneinwhichrelativeconsumption
e®ectsariseoutofrankconsiderations.2 3 W eagainconsideracontinuumof
agentswithcharacteristics ² distributeduniformlyon [0 ;1 ]andwhomust
chooseconsumptionore®ortlevelsz2 IR +.L ettheutilityfunctionnowbe
givenby

u(z;²;r(z))=r(z)¡z2

2²
(1 + ®²)3

(1 + ®m)2
; (23)

where® matchesitsvaluefromSection3.3 andm isthemeanconsumption
levelfortheinformation-basedequilibrium ofSection3.3 whena=0 (both
forreasons thatwillsoonbeapparent),andr(z):IR + ! [0 ;1 ]identī es
therankofanagentwhochoosesconsumptionlevelz.W einterpretrank
as beingvaluablebecausethereareprizes allocatedonthebasis orrank.
T hevariablezmaythusbevaluedforitsownsakeaswellasforitsability
tosecurerank,where(23)capturestheextremecaseinwhichonlyrankis
important.

L etz¤(²;r)beautility-maximizingconsumptionchoicegivencharacter-
istic²andrankfunctionr.

D ē nition3 A rank-based equilibrium is a strictly increasing function
r¤(z):IR + ! [0 ;1 ]andspecī cationofutility-maximizingconsumptionlev-
elsz¤(²;r¤)suchthat

r¤(z)=¸(f²:z¤(²;r¤)·zg);

where¸ is L ebesguemeasure.

A rank-basedequilibrium isthusadistributionofconsumptionlevelsthat
isreproducedwheneachagentmakesanoptimalconsumptionchoice,given
2 3See Hopkinsand K ornienko [2 7]for a similar analysisofrank-b ased e®ec ts.
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theequilibrium choicesofothersandhencethetranslationofconsumption
levelstoranks.

Inequilibrium,wemusthaver(z(²))=²,andhencethee±cientsolution
maximizes

u(z;²;²)=²¡z2

2²
(1 + ®²)3

(1 + ®m)2
;

giving
z¤(²;²)=0 :

B ecauseonlyrankmattersforallocation,e±ciente®ortlevelsarezero.
T he r̄st-orderconditionforthemaximizationof(23)is

dr(z)
dz

¡z
²
(1 + ®²)3

(1 + ®m)2
=0 :

U singtheequilibrium conditionr(z(²))=²,wehave

dz
d²

=
1

dr=dz
=
²
z
(1 + ®m)2

(1 + ®²)3
; (24)

yieldingadi®erentialequationthatwecansolveforequilibrium consump-
tionlevels:

z¤(²;r¤)=²
1 + ®m
1 + ®²

:

H ence,this rank-based equilibrium gives risetoconsumption levels iden-
ticaltothemeanconsumptionlevelsoftheinformation-basedequilibrium
ofExample 1 (cf.(1 9)). A veragebehaviorin thetwoeconomies is thus
indistinguishable.2 4

R ankconcernspromptagentstochoosehigherequilibrium e®ortlevels
thandoesthee±cientsolution.2 5 Itwouldbeindividuallyvaluabletodo
so,buttheequilibrium e®ectofallagentsdoingsoistodecreaseutility.In
equilibrium,therankofagent² is givenby ².T hee±cientsolutioncalls
foragent²tosimplyassumethathisrankis x̄edat²,andthenchoosean
optimalconsumptionplancontingentonthisrank.T herealizedequilibrium
produces the same distribution ofranks, butonly afterevery agenthas
increasedconsumptioninacollectivelyvaine®orttoincreaserank.
2 4 B rockand Durlauf[10 ]and Durlauf[18] d iscussthe issuesthat arise w henstud ying

b ehavior inthe presence ofrelative consumptione®ec ts.
2 5Ifw e replaced r(z ) w ith (1 ¡°)z + °r(z ) in(2 3),so that e®ort levelz lead sb oth

to d irec t c onsumptionof(1¡°)z and to rank-b ased consumptionof°r(z ),thene± cient
e®ort levelsw ould b e positive, but equilib rium e®ort levelsw ould stillexceed e± cient
levels,w ith the d iscrepancyincreasingin°.
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A s before,letthecharacteristic² bereplacedbya+ (1 ¡a)²,sothat
an increase in acorresponds toan enhancementofproductivities thatis
concentratedamonglow-productivityagents.A sa ! 1 ,everyagent'spro-
ductivityincreasestothemaximumlevelofunity.Thee±cientlevelofe®ort
remainsunalteredatzero.Takingthe r̄st-orderconditionformaximizing
utilityandagainusingtheequilibriumrelationshipthatr(z(²))=²,wecan
solvefor(cf.(24))

dz
d²

=
a+ (1 ¡a)²

z
(1 + ®m)2

(1 + ®(a+ (1 ¡a)²))3
=
1
z
(1 + ®m)2

(1 + ®)3
;

wherethesecondequalityholds forthelimitingcaseofa= 1.Con̄ ning
attentiontothiscaseandusingtheboundaryconditionthatz(0 )=0 ,this
di®erentialequationcanbesolvedfor

z¤(²;r¤j1 ) =

Ã
2²
(1 + ®m)2

(1 + ®)3

! 1
2

> ²
1 + ®m
1 + ®²

u(z¤(²;r¤j1 );²;r(z¤(²;r¤j1 ))j1 ) = 0 :

R aisingtheproductivityofeveryagentin theeconomytothemaximum
tends totightenthedistributionofconsumption,enhancingthepayo®to
seekingstatusandunleashingacountervailingtendencyforeveryagentto
competemorevigorouslybyincreasinge®ort.R ank-basedine±cienciesare
thusexacerbated,withtheentirepopulationexertingmoree®ortwhilebeing
reducedtothezeroutilitylevelgarneredbyonlytheleastfortunateagent
beforethepolicyintervention.2 6

Inequalitypoliciescanthushavequitedi®erente®ectsdependingupon
thenatureoftherelativeconsumptione®ects thatappearinutilityfunc-
tions.Ifthesee®ects are N ature's reactiontoan inferenceproblem,then
smoothingproductivitiescanalleviatethedistortionsofrelativeincomeef-
fects.Ifthee®ectsarisebecauserankorstatus is animportantallocation
device,thensmoothingproductivitiescanberuinous.B yincreasingsocial
mobility,inequalitysmoothinginthelattercaseensuresthatmoreresources
arewastedinthezero-sumquestforstatus.T heine±ciencyofrelativecon-
sumptione®ectsmightbereducedinthiscasebyentrenchingconsumption
di®erencesmoresolidly,makingsocialmobilitymoredi±cult.Perhapspara-
doxically,everyoneinourdeliberatelyextremeexamplemightprefersocial
rigiditytosocialmobility,includingthoseonthebottom.
2 6For similar reasons,equilib ria inrent-seekinggamesor w arsofattritionare typically

most w astefulw hencontestantsare evenlymatched .
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5 Conclusion

T hemessageofthis paperis thatconcerns aboutrankandstatus arenot
theonlypossibleorigins ofrelativeconsumptione®ects.Instead,relative
consumption e®ects maybean importantinformation-processingtoolfor
makingbetterdecisions ina° uctuatingenvironment.Inaddition,therela-
tiveconsumptione®ectsarisingoutofthesetwomotivationscanhavequite
di®erentproperties.Smoothingthedistributionofproductivitiescanpush
equilibrium consumptionpatternstowardthebasecaseofnorelativecon-
sumption e®ects when the latterre° ectinformation concerns, suggesting
thatequalization policies may be surprisingly e®ective in boostingutili-
ties.Smoothingtheproductivitydistributioncan pushconsumptionpat-
ternsawayfrom thebasecaseofnorelativeconsumptione®ectswhenthe
latterariseoutofstatusconsiderations,suggestingthatattemptstotighten
thedistributionofstatus maycounterproductivelyredoublethequestfor
highstatus.R elative-consumptionine±cienciesarealleviatedintheformer
case,butexacerbatedinthelatter.

Is there any evidence forinformation-based relative consumption ef-
fects,orforthelimitationsinourabilitytoprocessinformationthatwould
promptN aturetobuildrelativeconsumptione®ects intoourutilityfunc-
tions? Psychologists reportexperimentalevidence suggestingthatpeople
arepoorBayesians(KahnemanandT versky[29]).Psychologistsalsoreport
an inclinationtoconform tothebehaviorofothers (A ronson [1 ,Chapter
2],Cialdini [1 2,ch.4]),eveninsituations inwhichonewouldbeextremely
hard-pressedtoidentifyaninformation-basedreasonfordoingso.2 7

Information-basedrelativeconsumptione®ects inducepressureforpeo-
ple toconform tothe consumption decisions ofothers. L owproductiv-
ityagentswillstrivetoincreaseconsumption,whilethehighproductivity
agentswillattenuatetheirconsumptioninordertonotbetooconspicuously
di®erent.T helatter n̄dingcontrastswiththepopularviewofrelativecon-
sumptione®ectsascreatingincessantincentivestoconsumemore.A ttempts
to\ keepupwiththeJoneses"appeartobeubiquitous,butnooneconspicu-
ouslystrivesto\ keepdownwiththeJoneses."D oesthissuggestthatstatus
2 7Amongthemost strikingisthe classic w orkofAsch [2 ,3],inw hich anapparent d esire

to conform prompted experimentalsub jec tsto make ob viously incorrec t choicesw hen
matchingthe lengthsoflines,w hile d enyingthat they w ere in°uenced by the choicesof
others.A committed B ayesiancould stillrationalize thisb ehavior w itha pureinformation-
processing story, centered around sub jec ts' uncertainty asto the consequencesofthe
variouschoicestheyfac ed .But a pure informationprocessingmod elisnot usefulifit can
b e preserved only w ith the help ofcomplicated upd atingmod elsthat d epend too ¯nely
onthe circumstancesofthe choice.
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ismoreimportantthaninformationasasourceofrelativeconsumptionef-
fects?

Tworesponsesareinorder.First,itislikelythattheobservationswhich
motivaterelativeconsumptione®ectsarestratī ed,withpeoplein° uenced
more by the consumption ofothers whoappeartobe \ like them"than
peoplewhoselifestylesarequitedi®erent.W emaybeunfazedbycompar-
isonswithinternetbillionaires,butmaybemuchmoreconsciousofhowour
consumptioncompareswiththatofourcolleagues.Similarly,peoplewith
highconsumptionlevelsmaythencomparethemselves primarilytopeople
insimilarcircumstances,freeingtheinternetbillionairefrom desperateat-
temptstoreduceconsumptionandopeningthepossibilityofanupwardbias
inconsumptionevenatthehighendoftheconsumptionscale.2 8

Inaddition,theconceptoflikenessonwhichsuchstratī cationisbased
isbothendogenousandliabletomanipulation.M uchlikeSherlockH olmes'
dogthatdidn'tbarkinthenight,itiseasiertoobservewhatsomeonehas
thanwhattheydon'thave,makinghighconsumptionlevelsinherentlymore
obviousthanlowlevels.M oreimportantly,theadventofmodernadvertising
andmass communicationmay especially contribute tothis asymmetry.2 9

R elativeconsumptione®ectsmaythenpushprimarilyupwards.
Second,andmoreimportantly,information-basedrelativeconsumption

e®ectsdonotimplythatweshouldobservepeopleanxioustoreducecon-
sumptionlevelstothoseoftheirpeers(howeverbroadlyornarrowlydē ned).
Instead, individualconsumption patterns cannotdistinguish information-
basedandstatus-basede®ects.T heutilityfunctiongivenby(1 7),incorpo-
ratinginformation-basede®ects,is concaveinconsumptionz andhas the
comparative-staticimplication

dz¤(²;ẑj®)
d̂zi

> 0 ;

sothathighervaluesofobservedconsumptioninducehigherconsumption.
Butthelatteris whatonemeans by \ keepingup withtheJoneses,"and
thesearepreciselytheproperties oneexpects from autilityfunctionwith
status-basedrelativeconsumptione®ects.Information-basedrelativecon-
sumptione®ectsimplynotthatwemustobservepeopletryingtokeepdown
2 8Notice that Nature hasincentivesto encourage such stratī c ation,since information

ab out the environment ismore relevant w henit comesfrom observingthose insimilar
circumstances. At the same time,Nature must b ew are ofbuild ing too much taste for
stratī c ationinto our comparisons,sinceexcessivelynarrow comparisongroupsmayensure
that virtuallyno informationgetstransferred .
2 9Aronson[1,Chapter 3]d iscussesthe persuasive ab ilityofmod erncommunications.
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withtheJoneses,butratherthatpeoplewhosecharacteristicsleadtohigh
consumptionlevelsshouldstrivelessvigorouslytokeepaheadoftheJoneses
thantheywouldtocatchupiftheJoneseswereahead.T hisabilitytocoast
whileaheadis re° ectedinthelong-standingnotionoftheidlerich.\ ...we
mustmakeallowancesfortherichmen'sfailings,andrecollectthatwe,too,
wereverylikelyindolentandvoluptuous,hadwe...thedailytemptation
ofalargeincome."30 T hesalientobservationisnotthatwealthmayinduce
decreasede®ort,butratherthatsuche®ectsshouldcontinuetocharacterize
therelativelywealthyevenasabsolutewealthlevelschange.31

A nabilitytoobservethequalitativefeaturesofutilityfunctions isthus
insu±cienttodistinguishthetwomodels.Supposeinsteadwecouldobserve
utilityfunctionsexactly.Inthecaseof(17),wewouldobserve

z(1 + 2®m(̂z))¡z2
µ
® +

1
2²

¶
¡®m(̂z)2 : (25)

O necouldrearrangethisfunctionasin(1 7)andconcludethatinformation-
based e®ects are atwork. Butone could also interpretthis as a ver-
sion of(23), in which the rank ofconsumption levelz is given by z+
2®zm(̂z)¡®m(̂z)2 andconcludethatstatus-basede®ectsareatwork.A gain,
individual-leveldatamaybeinsu±cienttodistinguishthetwo.

Sharp di®erences in information-based and status-based relative con-
sumptione®ects appearintherestrictions theyplaceonthecollection of
consumption levels and utility functions in the economy(ratherthan on
anyparticularutilityfunction).T hesearemostobviouslyre° ected inthe
contrastingcomparativestaticimplicationssketchedinSections3.3 and4.

D istinguishinginformation-basedandstatus-basedrelativeconsumption
e®ectsthus promisestobeaformidabletask.Butgiventhesensitivityof
economicpolicyoutcomestothenatureofrelativeconsumptione®ects,itis
clearlyanimportanttask.Furthertheoreticalmodelingislikelytobeuseful
inthisrespect,asarecarefullydesignedexperiments.
30W illiam M ad epeac e T hackery, \G eorge the T hird ," inT he Four G eorgesand T he

E nglish Humorists(Lond on,Collins'Clear-T ype P ress1910 (originally1855)).
31T w o centuriesb efore T hackery,R ob ert Burtonw ould comment that \Id lenessisan

append ix to nob ility"(Anatomy ofM elancholy (E ast Lansing,M I, M ichiganState U ni-
versity P ress1965 (originally 162 1), part 1, sec tion2 , memb er 2 , subsec tion6), w hile
nearlya c enturylater And rew Carnegie w ould view the d isincentive e®ec tsofa fortune as
su± ciently d eleteriousasto comment that \Iw ould assoonleave mysona curse asthe
almighty d ollar"(quoted inBurtonJ .Hend rick,Life ofAnd rew Carnegie (G ard enCity,
NJ ,Doubled ay,Doranand Company,1932 ),volume 1,chapter 17).

27



6 Append ix: P roofs

6.1 P roofofLemma 1

6.1.1 SurvivalProportions

W e r̄stcalculateªE(Ãt;µ).FixanadmissibleE=f²(n;»);:::;²(0 ;»)g,let
thestatebeµ,and x̄theproportion Ãt.T henproportionr(k;Ãt)ofthe
agents inperiodtwillobservekvaluesofz,where

r(k;Ãt)=

Ã
n
k

!
Ãk
t(1 ¡Ãt)n¡k:

T heseagentswillchoose²(k;»)astheirdecisioncuto®.H ence,proportion

S(²(k;»);z;µ)=
Z 1

¡1

Z1

²(k;»)
(12 + b(²¡q))g(»;µ)d²d»

oftheseagentswillchoosestrategyzandsurvive,whileproportion

S(²(k;»);z;µ)=
Z 1

¡1

Z²(k)

0

1
2 g(»;µ)d²d»

willchoosezandsurvive.W ethenhave

ªE(Ãt;µ)=
P n

k= 0 r(k;Ãt)S(²(k;»);z;µ)P n
k= 0 r(k;Ãt)S(²(k;»);z;µ)+

P n
k= 0 r(k;Ãt)S(²(k;»);z;µ)

:

EvaluatingthisequationatÃ 1 =0 andÃt=1 gives

ªE(0 ;µ) > 0
ªE(1 ;µ) < 1 ;

andhencethatprobabilities remainwithintheunitinterval.W enextes-
tablishthatªE(Ãt;µ)is increasinginÃt.Todoso,wenotethat

S(²(k);z;µ)
S(²(k);z;µ)+ S(²(k);z;µ)

is increasing in k, since more agents choose z as k increases, increasing
S(²(k);z;µ)anddecreasingS(²(k);z;µ).T heresultthatªE(Ãt;µ)isincreas-
inginÃtthenfollowsfromnotingthatthedistributionr(k;Ãt)increases,in
thesenseof r̄st-orderstochasticdominance,asÃtincreases.W eillustrate
ªE(Ãt;µ)inFigure5.
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ψ 1

1

   
ψ

Ψ E(ψ t,θ)

Ψ E(ψ t,θ)

  

Figure5:FunctionsªE(Ãt;µ)andªE(Ãt;µ)

L etfqig1i= 1 beasequenceofvaluesofqandletE(q)beadmissiblegiven
q.T henasq! 1

2 ,thesequenceoffunctionsªE(q)(Ãt;µ)convergesuniformly
(overadmissibleEandÃt2 [0 ;1 ])toaconstantfunction.H ence,thereexists
avalueq¤2 [0 ;12 )suchthatforallq2 [q¤;12 ],theslopeofªE(Át;µ)does
notexceed 1

2.
W e nowletthe state be µ and perform asimilarexamination ofthe

functionªE(Ãt;µ).H ere,wehave

ªE(Ãt;µ)=
P n

k= 0 r(k;Ãt)S(²(k;»);z;µ)P n
k= 0 r(k;Ãt)S(²(k;»);z;µ)+

P n
k= 0 r(k;Ãt)S(²(k;»);z;µ)

;

where

S(²(k;»);z;µ) =
Z 1

¡1

Z1

²(k)
(12 + b(²¡(1 ¡q))g(»;µ)d²d»

S(²(k;»);z;µ) =
Z 1

¡1

Z²(k)

0

1
2 g(»;µ)d²d»:

O nce again,ªE(Ãt;µ)is strictly containedwithin theunitinterval. T he
fraction

S(²(k;»);z;µ)
S(²(k;»);z;µ)+ S(²(k;»);z;µ)
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isincreasingink,asasmallervalueof²(k)inducesmoreagentstochoosez
(increasingS(²(k;»);z;µ)anddecreasingS(²(k;»);z;µ)),andhenceªE(Ãt;µ)
isincreasinginÃt.A nargumentanalogoustothatforthecaseofªE(Ãt;µ)
establishesthatthereexistsq¤ suchthatforallq2 (q¤;12 ],bothªE(Ãt;µ)
andªE(Ãt;µ)haveslopeslessthan 1

2.W ehereafterassumethatq2(q¤;12 ).
Finally,wenotethat,forallk,

S(²(k;»);z;µ)
S(²(k;»);z;µ)+ S(²(k;»);z;µ)

>
S(²(k;»);z;µ)

S(²(k;»);z;µ)+ S(²(k;»);z;µ)

andhence
ªE(Ãt;µ)> ªE(Ãt;µ):

Figure5 illustratesbothfunctions.

6.1.2 A nA lgebraofSets

L et¨ denote the process generated bythe transition rule (ªE;£). L et
¹((Ãt;µt);(Ã 0 ;µ0))betheprobabilitymeasureoverthetime-tstate(Ãt;µt)
given initialcondition (Ã 0 ;µ0). W e constructameasure ¹¤ and show¹
convergesto¹¤astgetslarge.

Because qhas been chosen sothatq > q¤, and hence the slopes of
ªE(Ãt;µ)andªE(Ãt;µ)fallshortof12 ,itmustbethat

ªE(Ã;µ)> ªE(Ã;µ):

Figure6 illustratesthisproperty,whilefootnote32 describeshowitisused.
W enowdē neapairofcountablyin̄ nitecollectionsofsets,

fAkg1k= 1; fAkg1k= 1; (26)

whereeachofthesetsAkorAk isasubsetofthestatespace[Ã;Ã]£fµ;µg.
W ewilladopttheconventionthatforanyk,Ak½ [Ã;Ã]£fµg andAk½
[Ã;Ã]£fµg,andhereaftersuppress thenotationforthevalues ofµ when
specifyingasetAk orAk.W ealsodrop thetimesubscriptsanddrop the
subscriptEonthefunctionª.

T hecollectionsfAkg1k= 1 andfAkg1k= 1 aredē nedrecursively.First,we
dē netwoin̄ nitecollectionsofthelevel-onesetsbyletting

A11 = (Ã;ª(Ã;µ))

A1i+ 1 = ª(A1i;µ):
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A11

A12

A11

Figure6:FunctionsªE(Ãt;z)andªE(Ãt;z),withinitial r̄st-levelsets

and

A11 = (ª(Ã;µ);Ã)
A1i+ 1 = ª(A1i;µ):

Figure6 illustratestheinitialstepsinthisconstruction.N oticethatthecol-
lectionsfAg11i andfAg11i aredisjointandthattheunionofeachcollection
equals [Ã;Ã],exceptforacountablecollectionofendpointsthathavebeen
omitted.A swedē neeachlevelofsets,weshallsimilarlyexcludeacount-
ablecollectionofendpoints.L etM denotetheunionofthesecollectionsof
excludedsetsandnotethatM willitselfbecountable.Itwillbeclearfrom
theconstructionthatthesets M and[0 ;1 ]nM arebothforwardinvariant
undertheM arkovprocess¨(i.e.,¨neverleaves M ifitbegins in M ,and
thatnopathoriginatingoutside M canenterM ).

W enowdē nethelevel-twosets.Foreach r̄st-levelsetA1iorA1i,we
dē neacountablyin̄ nitecollectionofsecond-levelsets,givenby

A 2 1 = fª(A1i;µ)g£fµg
A 2j+ 1 = ª(A 2j;µ)

A 2 1 = fª(A1i;µ)g£fµg
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A 2j+ 1 = ª(A 2j;µ):

W econtinueinthis fashion,dē ning,foreachlevel-(n¡1 )setA (n¡1)i
orA(n¡1)i,acountablyin̄ nitecollectionoflevel-nsets,givenby

An1 = fª(A(n¡1)i;µ)g£fµg
Anj+ 1 = ª(Anj;µ)

An1 = fª(A(n¡1)i;µ)g£fµg
Anj+ 1 = ª(Anj;µ):

W e thus haveacountably in̄ nitecollectionoflevels f1 ;2;:::g,with the
sets dē nedateachleveln> 1 containingacountably in̄ nitecollection
ofsetsforeachofthesetsoccurringatapreviouslevel,ofwhichthereare
countablymany.T heentirecollectionofsuchsetsisthuscountablyin̄ nite,
andthesetscanbeplacedinanordercapturedbytheindexkof(26).

L et¤idenotethecollectionoflevel-isets,andlet¤denotethecollection
ofallsuchsetsalongwiththeemptyset,or¤=[ 1i= 1¤i[ f;g.L et¤bethe
collectionofcountableunionsofdisjointsets in¤.Thenwenotethat¤is
analgebraon[¤=[0 ;1 ]£fµ;µgnM .32

6.1.3 CandidateL imitingM easure¹¤

W enowdē neasequenceofmeasuresf¹kg1k= 1.
Todē nethe r̄st-levelmeasure¹1,considerahypotheticalM arkovpro-

cess 1̈,inwhichthestatesaretakentobethe r̄st-levelsets,sothatthe
state space is ¤1 (whereeach setis taken tobeastate,ratherthanthe
unionofthesetstakentobethestatespace).L etthetransitionprobability
betweensetsA andA0,underprocess 1̈,betheprobabilitythattheprocess
32 Analgeb ra ona set A isa c ollec tionofsubsetsofA that includ esA and the empty

set and that isclosed und er the takingofcomplementsand ¯nite unions.O ur assumption
that the slopesofª (Ãt;µ) and ª (Ã t;µ) are b ound ed b elow one-half,implied by q > q¤,
makesits¯rst appearance here.By ensuringthat ª E(Ã ;µ) > ªE(Ã ;µ),thisassumption
ensuresthat each level-iset isc ontained ina uniquelevel-jset for everyj< i(rather than
intersec tingmore thanone level-jset) and that each level-jset isa c ountable unionof
level-isetsforj< i.T hisallow susto conclud e that ¤ isanalgeb ra,w ith the complement
ofany¯nite unionofelementsin¤ b einga countable unionofelementsin¤.Inad d ition,
it simplī essubsequent c alculations.It allow susto recursively calculate the measures¹i
inSec tion6.1.3and verifyineach case that the resultingmeasuresare consistent,inthat
the level-imeasure ofa set A isthe sum ofthe level-kmeasuresofitssubsets,for any
k> i.It also simplī esthe calculationofthe stationary d istributioninSec tion6.1.6.
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¨movesfrom A toA0.O ursetsareconstructedsothatthisprobabilityis
independentoftheparticularstateinA inwhichtheprocess¨ n̄ds itself,
andhencethis transitionprobability iswelldē ned.T he M arkovprocess
1̈ hasacountablyin̄ nitestatespace,andisanaperiodic,irreducible,pos-

itiverecurrentprocess.Itis accordinglyergodic,withauniquestationary
distribution,whichwedenoteby¹1.W ecanview¹1 asameasureonthe
countableset¤1,endowedwiththediscrete¾-algebra.W ecanalsoview¹1
as ameasureonthespace [0 ;1 ]£fµ;µg,withthe ¾-algebrageneratedby
themembersof¤1,eachinterpretedasasubsetof[0 ;1 ]£fµ;µg.

A tthe r̄stlevel,itisstraightforwardtocalculatethestationarydistri-
bution¹1.T hemeasure¹1 isgivenby

¹1(A11) = 1
2 ¿

¹1(A 1i+ 1) = (1 ¡¿)¹1(A1i)

¹1(A11) = 1
2 ¿

¹1(A 1i+ 1) = (1 ¡¿)¹1(A1i):

Similarly,wecandē neaM arkovprocess 2̈ whosestatespaceis the
collectionofsecond-levelsets¤2.This M arkovprocess is againaperiodic,
irreducible,andpositiverecurrent.Itisaccordinglyergodic,withaunique
stationarydistributionwhichwecall¹2 ,whichwecaninterpretasameasure
onthediscrete¾-algebraontheelementsof¤2 ,orasameasureon[0 ;1 ]£
fµ;µgwiththe¾-algebrageneratedbythesubsetsof[0 ;1 ]£fµ;µgcontained
in¤2.Inaddition,everylevel-onesetisacountableunionoflevel-twosets
(minusacountablecollectionofendpoints),withameasure¹1 thatisthe
sum ofthe ¹ 2 -measures ofthe level-twosets in contains. H ence, the ¾-
algebrageneratedby¤2 matchesthatgeneratedby¤1 [ ¤2 ,and¹1 and¹ 2
agreeonanysetfrom this¾-algebraforwhich¹1 isdē ned.

Continuinginthisway,wedē netheentirecollection

f¹kg1k= 1;
whereeach¹k isdē nedonthe¾-algebrageneratedby[ki= 1¤i.

ForanyA 2¤and¹k,eitherA isnotcontainedin¤iforanyi·k,in
whichcase¹k(A)isundē ned,orA iscontainedinsome¤iwith i·k,in
whichcase¹k(A)isdē nedandisequalto¹k0(A)foranyk0¸i.W ecan
thendē ne¹¤on¤bytaking¹¤(A)=¹k(A)forsomekforwhich¹k(A)is
dē ned.

W ecanthinkof¹¤asbeingthelimitofthesequencef¹kg1k= 1.H owever,
insteadofasequenceofchangingmeasures ona x̄eddomain,wehavea
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sequenceofmeasuresonanever-expandingsequenceofdomains,withthe
measures beingconstantalongthe sequence, in thesensethatonceaset
enters thedomain, its measure remains x̄ed alongthe remainderofthe
sequence.

6.1.4 ¹¤ isameasure

Intuitively,ournextstep is toshowthat¹¤ is ameasure.M oreprecisely,
weembed¤ ina¾-algebraandthen showthat¹¤ extends uniquelytoa
measure on that¾-algebra. R ecallthat¤ is the collection ofcountable
unionsofdisjointsets in¤,and isanalgebraon [¤.W ethenproceed in
v̄esteps.
First,weextend¹¤from¤to¤.ForeachsetA in¤,wetakeaminimal

representationofA tobethesmallestcollectionofsets in¤whoseunion
is A.Becauseoftherecursivestructureof¤,minimalrepresentationsare
uniquelydē nedandconsistofdisjointsets.T hen¹¤(A0)isdē nedforany
A0 in theminimalrepresentationofA,andwetake ¹¤(A)tobethesum
ofthemeasures¹¤(A0)ofthesets intheminimalrepresentation.Itisthen
straightforwardthat¹¤ is n̄iteon¤(beingboundedabovebyunity)and
is n̄itelyadditive.

Second,wenotethat¹¤ iscountablysubadditiveon¤.Supposenot,so
wecan n̄dacaseinwhich

[ 1i= 1Ai=A;
1X

i= 1
¹¤(Ai)> ¹¤(A);

wheretheunionisdisjoint.B ecause¹¤(A)is n̄ite,theremustbea n̄ite
nsuchthat

nX

i= 1
¹¤(Ai)> ¹¤(A):

B ecause¹¤ is n̄itelyadditive,wethenhave

¹¤([ ni= 1Ai)> ¹¤(A); [ ni= 1 (Ai)½A;

withstrictsetinclusioninthesecondcase,whichisprecludedbythecon-
structionof¹¤.

T hird,wearguethat¹¤ iscontinuousfromaboveattheemptyset(A sh
and D ol¶eans-D ade [4,p. 1 0 ]),which in turn implies thatitis countably
additive([4,T heorem 1.2.8])).Toverifythis,letfB ng1n= 0 beasequenceof
sets in¤with

B n ! ;:

34



W eneedtoshowthat
¹¤(B n)! 0 :

W ecantakethesequenceB n tobedecreasingwithoutsacrī cinganygen-
erality.(Ifnecessary,redē neeach B n tobetheunion [ 1k= nB k.) G iven
that¤consistsofcountableunionsofsets in¤,theremustbeasequence
ofdisjointsetsfC m g1m = 0 witheachCm in¤and,foreachB n,asequenceof
numberskni,i=1 ;:::;1 ,suchthat

B n =[ 1i= 1Ckni;

foreachsetB n.Because¹¤ iscountablysubadditive,wehave

1X

m = 1
¹¤(Cm )·1 ;

andhence,

lim
k!1

1X

m = k

¹¤(C m )=0 :

B utforeveryk,thereisanh(k)suchthat

B n =[ 1i= 1Ckni½[ 1m = h(k)C m ;

andthefactthatB n ! ;implies thath(k)! 1 ,giving¹¤(B n)! 0 ,as
required.

Fifth,wehavenowshownthat¹¤ is acountablyadditive,positiveset
function on thealgebra¤. TheCarath¶eodory H ahn Extension Theorem
(W heedenandZ ygmund[42,p.20 6])thenensuresthat¹¤extendsuniquely
toameasurethatisdē nedonthe¾-algebra¾(¤)generatedby¤andthat
agreeswith¹¤on¤.H ence,¹¤ isameasure(on¾(¤)).

6.1.5 Ergodicity

W enowestablish therequired limitingproperty. W econstructapairof
sequences ofM arkovprocesses f̈ ig1i= 1 and f̈ ig1i= 1 from ¨ byreplacing
(Ãt;µt)ineachsamplepathgeneratedby¨with(Ã;µt),whereÃ is given
by

minfÃ 2Aijg if (Ãt;µt)2Aij

maxfÃ 2Aijg if (Ãt;µt)2Aij
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inthecaseoff̈ ig1i= 1 and

maxfÃ 2Aijg if (Ãt;µt)2Aij

minfÃ 2Aijg if (Ãt;µt)2Aij

inthecaseoff̈ ig1i= 1.T heprocesses ïand ïarethecounterpartsofthe
M arkovprocess ï,constructedinSection6.1.3,obtainedbyhavingeachof
ïand ïassignavalueofÃ toeveryelementinthestatespaceof .̈
L etting½E(µjk;»;t;i)and½E(µjk;»;t;i)bethecounterpartsof½E(µjk;»;t)

fortheprocesses ïand ï,wehave

½E(µjk;»;t;i)·½E(µjk;»;t)·½E(µjk;»;t;i):

W eobtainthis resultbynotingthattheprocess ïchoosestheminimum
(maximum)possiblevalueofÃ (consistentwithstayingwithintheelement
of¤ioccupiedbytheprocess ï)wheneverthestate is µ (µ),andhence
minimizes the extenttowhich an observation ofz signals state µ. T he
process ïdoesjusttheopposite,andhencemaximizestheextenttowhich
z indicatesthatthestateifµ.

Inaddition,theprocesses ïand ïinherittheergodicityof ï.H ence,
½E(µjk;»;t;i)and½E(µjk;»;t;i)converge(ast! 1)tolimits

½E(µjk;»;i)·½E(µjk;»;i):

Furthermore,theformersequenceis increasingin i andthelattersequence
decreasing in i,with the formerapproachingthe latteras i ! 1. T he
probability½E(µjk;»;t),beingboundedby½E(µjk;»;t;i)and½E(µjk;»;t;i),
mustaccordinglyconvergetothiscommonlimit.T hisallowsustoestablish
thedesiredconclusion,namelythatthereexist½E(µjk;»),k=0 ;:::;n,such
that:

lim
t!1

½E(µjk;»;t)=½E(µjk;»):

T hisestablishestheresultforanyinitialconditionnotcontainedinthe
setM .ToextendtheresulttoinitialconditionsinM ,wenotethatbecause
ªE(Ãt;µ)andªE(Ãt;µ)haveslopesboundedbelow1

2 ,wehave,forany x̄ed
sequenceofrealizationsofvaluesofµ andanytwoinitialconditions Ã and
Ã0,that

jÃt+ 1¡Ã0t+ 1j·
1
2
jÃt¡Ã0tj:

H ence,foranyrealizationofthesequenceofrandomvariablesµt,thesample
pathsofrealizedvaluesofÃtgeneratedbyanytwoinitialconditionsconverge
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atanexponentialrate.33 Furthermore,thesamplepathsofrealizedvalues
ofÃthavethemonotonicitypropertythatÃ 0 < Ã00 ) Ãt< Ã0tforallt> 0 .
T his inturnensuresthatthelimitingprobability½E(µjk;»)givenaninitial
stateinM liesbetweenthelimitingprobabilitiesforsomepairoflargerand
smallerinitialstates notcontained in M ,andhencemustconvergetothe
commonlimitattainedbythelatterpair.

6.1.6 ½E(µjk;»)is increasingin»with½E(µjk+ 1 ;»)> ½E(µjk;»)
T hat½E(µjk;»)is increasingin» followsfrom (8)andthemonotonelikeli-
hoodratioproperty.N ext,toestablish½E(µjk+ 1 ;»)> ½E(µjk;»),itsu±ces
(from (8))toshowthat

Z1

Ã = 0
Ãd¹¤(Ã;µ)>

Z1

Ã = 0
Ãd¹¤(Ã;µ): (27)

First,werecallthat

Ã < ªE(Ã;µ)·ªE(Ã;µ)< Ã;

whichweusetoconstructtheintervals inthefollowingexpression.N ext,
noticethattheconstructionofthemeasure¹¤ensures,foranyA 2¾(¤)

A ½[Ã;ªE(Ã;µ)] ) ¹¤(A;µ)= ¿¹¤(A;µ)

A ½[ªE(Ã;µ);ªE(Ã;µ)] ) ¹¤(A;µ)= ¹¤(A;µ)= 0

A ½[ªE(Ã;µ);Ã] ) ¿¹¤(A;µ)= ¹¤(A;µ):

Since¿ < 1
2 ,this implies(27). jj

6.2 P roofofP roposition1

L et¥bethe setofadmissibleE, i.e.,thesetofn¡tuples ofdecreasing
functions from IR into[q;1 ¡q],denotedbyf²(n;»);:::;²(0 ;»)g,withthe
propertythat²(k+ 1 ;»)·²(k;»).W econstructafunctionH(E),dē ned
on¥.ForanyadmissiblecollectionE,calculatetheprobabilities pE(µjk)
(whoseexistenceisestablishedinL emma1),inserttheseprobabilities into
themaximization problem given by(9){ (1 0 ), solveforequilibrium values
²(k;»),andletthesenewvaluesbeH(E).

W erecallfrom L emma1 that,foranyadmissiblecollection,theposterior
probabilityattachedtoµafteranobservationofk+ 1 valuesofzmustexceed
33It w ould su± ce for thislast step that the slopesofª E(Ãt;µ) and ª E(Ãt;µ) have an

upper b ound lessthanone.
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thatafteranobservationofksuchvalues(k=0 ;:::;n¡1 ),conditionalon
»,andthatthisposterioris increasingin».Thisensuresthatthemapping
wehaveconstructedwillalwayschoosenewcuto®sthataredecreasingin»
andsatisfy²(k+ 1 ;»)·²(k;»),andhencethemap is from theset¥into
itself.

W enextnotethat,for x̄edprobabilities pE(µjk;»),theobjectivecon-
tained in(9){ (1 0 )arestrictlyconcave,andhencethemaximizer²(k;»)is
unique,ensuringthatourmappingisafunction.

T heset¥isaconvexsubsetofalocallyconvexlineartopologicalspace
(themetricspaceofn¡-tuplesofdecreasing,bounded(by[q;1 ¡q])func-
tions,withthemetricinducedbythe L 1 norm:

jjE;E0jj=
nX

k= 1

j
Z 1

»= ¡1
j²(k;»)¡²0(k;»)jd́

where´ isthemeasureinducedbythedensity 1
2 g(²;µ)+ 1

2 g(²;µ),whichisthe
densityof» conditionalonµ beingdrawnfrom thestationarydistribution.

T he set¥ is alsocompact. In particular,a subsetofametricspace
is compactifitis closed and sequentiallycompact. T he set¥ is clearly
closed.Toestablishsequentialcompactness, x̄avalueofkandletf²ig1i= 1
beasequenceofdecreasingfunctions ²i(k;»).W eshowthatthereexistsa
convergingsubsequence.Bysuccessivelytakingsubsequences,wecan n̄da
subsequencef²jg1j= 1 thatconvergesateveryrationalvalueof»,andlet²¤,
dē nedonlyontherationals,bethe(pointwise)limitofthis subsequence.
T hen ²¤mustbedecreasing.Extend ²¤ tothereals in IR byletting(for
»¤ 2 IR)²¤(k;»¤)= limn!1 ²¤(k;»n(»

¤)),where »n(»
¤)is a sequence of

rationalsapproaching»¤from below.Then²¤(k;»)isdecreasing.
W enextnotethatthesequenceoffunctions ²j(k;»)mustconvergeto

F ¤(k;»)almosteverywhere.Inparticular,F j(k;»)mustconvergetoF ¤(k;»)
atanyvalue» atwhichF ¤(k;»)iscontinuous.SinceF ¤(k;»)isdecreasing,
itis continuous atallbutcountablyin̄ nitelymanyvalues,ensuringthat
thesequenceF j(k;»)convergestoF ¤(k;»)almosteverywhere.B ecauseeach
F jand F ¤ areboundedabovebythe´-integrablefunction ²(»)= 1 ¡q),
L ebesgue'sdominatedconvergencetheorem (B illingsley[8,T heorem 1 6.4])
ensuresthatjjE;E0jj! 0 .

ItthenremainstoverifythecontinuityofthefunctionH.Todoso,we
mustshowthattheprobabilities½E(µjk;»)arecontinuousinE,forwhichit
su±cestonotethatthefunctionsªE(Ãt;µ)andªE(Ãt;µ)movecontinuously
(inthesup norm)inE.

T hisgivesacontinuousmappingfrom aconvexsubsetofalocallycon-
vexlineartopologicalspace intoitself. T he Schauder-Tychono®theorem
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(D unfordandSchwartz [1 7,p.456])ensuresthatthismappinghasa x̄ed
pointE¤,andhencethatanequilibrium exists.

Itfollows from thefull-supportassumptions andmonotone-likelihood-
ratio-propertyassumptionsong(»;µ)andg(»;µ)that²¤(k;»)isstrictlyde-
creasingin».N owsupposethat²¤(k+ 1 ;»)=²¤(k;»).Inorderfortheseval-
uestobeoptimal,itmustbethatthek+ 1 stobservationofzdoesnotchange
thelikelihoodthatthestateifµ.B utthis canoccuronlyifnoadditional
observationsofzareinformative,i.e.,onlyifpE¤(µjk+ 1 ;»)=pE¤(µjk;»)for
k=0 ;:::;n¡1 .B utthenidenticalproportionsoftheagentschoosezand
z,regardlessoftheirobservations,ensuringthattheirexistnumberspand
p< psuchthatproportionofsurvivingagentschoosingzisgivenbypwhen
thestateisµ andpwhenthestateisµ.Butthenanobservationofzyields
ahigherposteriorprobabilityofstateµ,orpE¤(µjk+ 1 ;»)> pE¤(µjk;»),a
contradiction. jj

6.3P roofofP roposition2

First, x̄anadmissibleEandhence informationupdatingrules ½E(µjk;»)
and ½̂E(µjk;»;³).Consideranagentwhohasobservedkvaluesofzanda
signals2 IR ,wheresmaybearealizationofeither» or³.L et° E(k)be
theposteriorprobabilitythatthestateis µ,givenkobservationsofz(but
ignoringanyothersignals).T hentheagent'sposterior½̂(µjk;»;³)isgiven
by(8),whichwecanrewriteas:

½E(µjk;s)=
g(s;µ)° E(k)

g(s;µ)° E(k)+ g(s;µ)(1 ¡° E(k))
:

N ature, recognizingthe possibility thatthe signals is an uninformative
realizationoftherandomvariable³,wouldinsteadassignposterior

½NE(µjk;s)=
[(1 ¡¸)g(s;µ)+ ¸f(s)]° E(k)

[(1 ¡¸)g(s;µ)+ ¸f(s)]° E(k)+ [(1 ¡¸)g(s;µ)+ ¸f(s)](1 ¡° E(k))
:

D ividingthenumeratoranddenominatorofthisexpressionby[(1 ¡̧ )g(s;µ)+
¸f(s)],weobtainanexpressiontowhich(4)and(1 2)canbeappliedtocon-
cludethat34

0 <
d½NE(µjk;s)

ds
<
d½E(µjk;s)

ds
: (28)

34Inparticular,(4 ) and (12 )implythat the term [(1¡¸)g(s;µ)+ ¸f(s)]=[(1¡¸)g(s;µ)+
¸f(s)]isd ec reasingins,but at a slow er rate thang(s;µ)=g(s;µ),w hich su± cesfor (2 8).
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H ence,highersignals increasethelikelihoodthatthestateisµ,butN ature
reactslesssharplytotheagent'sinformationthandoestheagent,re° ecting
N ature'srealizationthatthesignalmaybeuninformative.

Condition(1 2)ensures thatthereareuniquesignals s and s > s such
that

g(s;µ)=f(s); g(s;µ)=f(s):

T his inturnensuresthatthereexistsavalueŝ2 [s;s]suchthat

½E(µjk;̂s)=½NE(µjk;̂s):

L et²NE(k;s)bethevalueof²
¤ thatN aturewouldliketoinduce,given

thattheagenthasobservedkvaluesofẑandsignals.L et²E(k;s)bethe
valueof²¤ thatmaximizes(1 3),andhencethevaluetheagentwillchoose
giveutilityfunctionlnp(²¤;µ).N aturewouldchose²NE(k;½̂)tosolve

max²¤½NE(µjk;s)lnp(²¤;µ)+ (1 ¡½NE(µjk;s))lnp(²¤;µ): (29)

T his is N ature'scounterpartof(7),givenN ature'sexpectationconditional
onkobservationsofzandtheagent'ssignals.Theobjectivegivenin(29)
is strictlyconcavein ²¤ and is continuous ins (because½NE(µjk;s)is)and
hencethemaximizer²NE(k;s)iscontinuousandstrictlydecreasingins.

Condition (28)implies thatifN atureallows heragents tosolve(1 3),
then theywillchoose values of²¤ thatare toosmall(from herpointof
view)whenevers > ŝ and toolarge when s < ŝ. L etthe value of²¤

chosenbytheagent(andpreferredbyN ature)whens= ŝbedenoted ²̂(k)
(=²E(k;s)=²NE(k;s)).

N oticenextthat,ontheinterval[q;1¡q],thederivativesdlnp(²¤;µ)=d²¤
anddlnp(²¤;µ)=d²¤arebothstrictlydecreasing,with

dlnp(q;µ)
d²¤

=0
dlnp(1 ¡q;µ)

d²¤
=0 :

N owforeachsignals,dē neº(²NE(k;s);k)tosatisfy

½E(µjk;s)
Ã
d(lnp(²N (k;s);µ))

d²¤
+ º(²NE(k;s);k)

!

+(1 ¡½E(µjk;s))
Ã
d(lnp(²N (k;s);µ))

d²¤
+ º(²NE(k;s);k)

!
=0 : (30 )

B ecausetheleftsideof(30 )islinearinº,eachº(²NE(k;s);k)iswelldē ned.
Furthermore,because²NE(k;s)isdecreasingins,wecanviewº asafunction
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º(²¤;k)dē nedonthesetofallvaluesof²¤thatareN ature'soptimalchoice
²NE(k;s)forkandsomesignals.Itfollowsfrom(30 )thatthisfunctionmust
becontinuous in²¤.Thendē neafunctionu0(²¤;k;µ)by

u0(²¤;k;µ) =
dlnp(²¤;µ)

d²¤
+ º(²¤;k)

u0(²¤;k;µ) =
dlnp(²¤;µ)

d²¤
+ º(²¤;k):

W ewillthenlettheutilityfunctionu(²¤;k;µ)betheintegralofu0(²¤;k;µ)
withrespectto²¤.(Integrabilityfollows from thecontinuityofº(²¤;k)in
²¤.)

T he agent's r̄st-ordernecessary conditions forutility maximization,
givenutilityfunction u(²¤;k;µ),aregiven by(30 )andare solved by N a-
ture'soptimum ²NE(k;s).T heutilityfunctionu(²¤;k;µ)thus achieves N a-
ture'soptimum ifthelatteruniquelysolvestheseconditions,whichweshow
below.

N ext,let½N (µj²¤)bethevalueoftheposterior½̂ atwhichN aturewould
optimally inducechoice ²¤ (andhencethatcauses theagenttochoose ²¤,
givenutilityfunctionu(²¤;k;µ)).R ecallthatÁ(µj²¤)is theposteriorthat
wouldcausetheagenttochoose²¤,givenutilityfunctionlnp(²¤;µ).Com-
paringN ature'soptimization(29)withtheagent's(1 1 ),condition(28)and
thefactthat²̂(k)=²E(k;s)=²NE(k;s)imply:

½N (µj²¤) > (< ) Á(µj²¤) () ²¤ < (>) ²̂(k):

From (30 ),thisensuresthat

º(²¤) > (< ) 0 () ²¤ < (>) ²̂(k);

andhencethat(1 4)holds.
Fortheagent'sutility-maximizationproblemtoimplementN ature'sop-

timumgivenutilityfunctionu(²¤;k;µ),weneedthattheagent's r̄st-order
conditionhaveauniquesolution,foreachposteriorprobabilityofµ,within
therangeofvalues ²¤ thatcanariseas solutions toN ature's optimization
problem.(N aturecanensureothervaluesof²¤arenotchosenbyattaching
largeutilitypenaltiestosuchvalues.)Supposethis isnotthecase,sothat
therearevalues²0and²00thatbothsolvethe r̄st-orderconditionforsome
posterior½0,theformerbeingN ature'soptimumforthisposterior.Butthen
²00mustbeN ature'soptimum forsomeposterior½00,ensuringthat²00solves
the r̄st-orderconditionforposteriors½0and½00,acontradictiontothefact
that,conditionalon²¤,the r̄storderconditionislinearintheposterior½.
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ItremainstoshowthatanequilibriumEexists,giventhatN aturere-
sponsetoEwithanoptimalutilityfunctionu(²¤;k;µ).G iventhecontinu-
ityofN ature'soptimum inthesignals,thisargumentisastraightforward
adaptationofL emma1 andProposition1. jj
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