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Résumé

Nous considérons un marché bipart it e dans lequel les agent s disposent d’infor-
mat ions privées sur un ét at de la nat ure qui dét ermine leurs ut i l i t és d’appa-
r iement . Les t ransfert s monét aires sont permis et les fonct ions d’ut i l i t é sont
quasi-l inéaires. Le modèle ét end donc les jeux d’allocat ion int roduit s par
Shapley et Shubik. Nous démont rons que le coeur ex ant e incit at if du jeu
d’appariement est non-vide. Des exemples simples il lust rent deux di¤érences
avec l’ informat ion complèt e: t out d’abord, les mécanismes d’appariement
aléat oires dé…nissent une fonct ion caract ér ist ique (à ut i l i t é t ransférable) plus
élevée que les mécanismes déterminist es; de plus, les solut ions du coeur ex
ant e incit at if ne coïncident pas nécessairement avec les résult at s st ables cor-
respondant s, et ce même si les valeurs sont privées et indépendant es. Not re
approche s’ét end au coeur brut ( int er im) incit at if, qui est lui aussi non-vide.

A bst ract

We consider two-sided mat ching market s in which agent s have privat e infor-
mat ion on a st at e of nat ure which det ermines t he agent s’ ut i l i t ies of mat ching.
M onet ary t ransfers are allowed and ut i l i t y funct ions are quasi-l inear. T he
model t hus ext ends t he assignment game int roduced by Shapley and Shubik.
We prove t hat t he ex ante incent ive compat ible core of t he mat ching game is
non-empty. Simple examples il lust rat e two di¤erences wit h complet e infor-
mat ion: …rst , random mat ching mechanisms de…ne a higher T U character ist ic
funct ion than det erminist ic ones; furt hermore, ex ant e incent ive compat ible
core solut ions need not coincide wit h ex ant e incent ive compat ible st able
out comes, even if values are independent and privat e. Our approach extends
t o t he (int er im) incent ive compat ible coarse core, which is also non-empty.

JEL classi…cat ion numbers: C78, C71, D82

K eywords: assignment game, core, incent ive compat ible mechanism, mat ch-
ing, pr ivat e informat ion.
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1 I nt r od uct ion

T wo-sided mat ching market s have been ext ensively st udied under t he as-
sumpt ion of complete information (see, e.g., Roth and Sot omayor [23]). Roth
[22] also invest igat ed ex post st able mechanisms in mar r iage problems wit h
incomplet e informat ion about ot hers’ preferences (i.e., pr ivat e values).

We consider two-sided mat ching market s wit h arbit rary incomplet e in-
format ion (i.e., possible common values). T he agent s are divided int o two
disjoint set s (e.g., pot ent ial buyers and sellers, …rms and workers, et c.) . Ev-
ery agent has privat e informat ion on a st at e of nat ure which ent ers agent s’
(ex post ) ut i l i t y of being mat ched wit h a part ner from t he ot her side of t he
market . T he (ex post ) wort h of a coalit ion is det ermined by pairwise com-
binat ions of agent s (from di¤erent sides of t he market ) and arbit rary money
t ransfers (e.g., in t he auct ions framework, we allow for ent ry fees, bidder
r ings, et c.) . Ut i l i t y funct ions are assumed t o be linear in money. Our model
is t hus an ext ension of t he (complet e informat ion) assignment game int ro-
duced by Shapley and Shubik [26]. Under incomplet e informat ion, a number
of part icular cases (bilat eral t rading, auct ions, et c.) have been analyzed in
great details (see, among ot hers, [7], [8], [18], [21],[29]).

We ext end Shapley and Shubik [26]’s result s by proving t hat t he ex ante
incentive compatible core of t he assignment game is non-empty. T his solu-
t ion concept has been most ly applied in di¤erent ial informat ion exchange
economies (see [13]). I t is appropriat e if coalit ions can form before agent s
know t heir pr ivat e informat ion. T he members of a coalit ion organize mat ch-
ings and monet ary t ransfers by means of (random) Bayesian incent ive com-
pat ible mechanisms. T his generat es a well-de…ned T U character ist ic funct ion,
namely the maximal sum of (ex ante) expect ed payo¤s t hat every coal it ion
can guarant ee by relying on an incent ive compat ible mechanism. T he ex ant e
incent ive compat ible core is de…ned as t he (st andard) core of t his charact er is-
t ic funct ion. To est ablish it s non-empt iness, we apply t he Bondareva-Shapley
t heorem.

A s in most papers on auct ions and bargaining under incomplete infor-
mat ion, we assume t hat mat ching may result from a lottery. T his procedure
is natural, especially if one relies on t he revelat ion principle (as wil l be t he
case here), but is not needed in Shapley and Shubik [26]’s original model (see
also [23]). Random assignment procedures can nevert heless be useful under
complet e informat ion, for inst ance t o guarant ee fairness when money is not
available (see, e.g., [1], [5], [6], [16]). We shall show on an example t hat ,
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when incent ive const raint s mat t er, t he T U charact er ist ic funct ion associat ed
wit h random mechanisms can t ake higher values t han t he one associat ed wit h
det erminist ic mechanisms.

Under complet e informat ion, it is also well-known (see again [26]) t hat
t he core coincides wit h t he out comes which are stable, i.e., cannot be blocked
by any single agent nor pair of agent s (from di¤erent sides of t he market ).
However, as we show on simple examples, no such property holds under
incomplet e informat ion, and t his even under privat e, independent values.
M ore precisely, one can const ruct incent ive compat ible mechanisms which
cannot be blocked by any single agent nor any pair of agent s, but are blocked
by t hree agent s coalit ions.

T he non-empt iness of t he ex ant e incent ive compat ible core means t hat
t here exist s an incent ive compat ible mechanism ¹ for t he grand coal it ion
(which select s matchings and t ransfers) such t hat no coalit ion can propose
an incent ive compat ible mechanism improving t he expect ed payo¤ of all of
it s members. In part icular, ¹ is incent ive ex ant e e¢ cient (in t he sense of
Holmst röm and M yerson [15]) and ex ant e individually rat ional. ¹ is t hus
also incent ive int er im e¢ cient . But ¹ is not necessari ly int er im individually
rat ional.

Given t he import ance of t he lat t er property in t he mechanism design lit er-
ature, a nat ural quest ion concerns t he exist ence of incent ive compat ible core
solut ions t hat would be int er im individually rat ional, i.e., such t hat all types
of agent s would like t o part icipat e in t he mechanism at t he int er im st age. A
sat isfact ory solut ion concept in t his respect is t he incentive compatible coarse
core, namely Vohra [27]’s incent ive compat ible version of W ilson [28]’s coarse
core. In t his approach, agent s form coalit ions aft er having learnt t heir types
but can only exchange informat ion inside coali t ions, once t hese have formed.
T hey t hus use exact ly t he same incent ive compat ible mechanisms as above.
However, blocking t akes place at t he int er im st age so t hat , basically, every
possible type of an agent should get a bet t er payo¤. In part icular, incent ive
compat ible coarse core solut ions are int er im individually rat ional.

In a similar way as in W ilson [28], we const ruct an auxil iary (NT U)
charact er ist ic funct ion such t hat t he incent ive compat ible coarse core is t he
st andard core of t his character ist ic funct ion. Given t he NT U st ruct ure of t he
game, we rely on on Scarf [24]’s t heorem t o prove t hat t he incentive compat-
ible coarse core is non-empty. T his result guarant ees t hat , in a large class of
t rading models wit h incomplet e informat ion, t here exist incent ive compat i-
ble mechanisms t hat are not only int er im e¢ cient and int er im individually
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rat ional (as est ablished in a number of papers), but cannot even be improved
by any coalit ion. In t hat sense, t hese mechanisms are “ collusion-proof ” .

T he posit ive result s obt ained here cont rast wit h t he ones that prevail in
di¤erent ial informat ion exchange economies. A s shown by Forges, M ert ens
and Vohra [11], in t his model, bot h t he ex ant e incent ive compat ible core and
t he incent ive compat ible coarse core can be empty, even if random mecha-
nisms and monet ary t ransfers are allowed. T he linear st ruct ure of t he assign-
ment game is cert ainly helpful but t his explanat ion of t he result s should be
used wit h care. T he incent ive compat ible cores are not empty in exchange
economies wit h linear ut i l i t y funct ions (see [27]) but random mechanisms
can be dispensed wit h in this model. On t he cont rary, here, t hey enable t he
agent s t o achieve higher expect ed payo¤s. Hence, t he result on linear ex-
change economies cannot be applied direct ly. I t is also t rue t hat random
mechanisms generat e linearity in t he sense t hat expect ed payo¤s are linear
in t he mechanism probabil i t ies. However, t his does not su¢ ce for t he non-
empt iness of t he incent ive compat ible cores, as t he count er-example in [11]
shows.

T he quasi-l inear ut i l i t y funct ions are useful in [11], as in many papers
on mechanism design (see, e.g. [2], [3], [4], [7], [8] and [17]) t o const ruct
incent ive compat ible, ex post e¢ cient mechanisms, which t urn out t o achieve
expect ed payo¤s in t he ex ant e incent ive compat ible core. Such result s also
apply here: under appropriat e assumpt ions, t he ex ant e incent ive compat ible
core cont ains ex post e¢ cient allocat ions. However, no speci…c assumpt ions
(e.g., on t he agent s’ bel iefs) are needed here t o est ablish t he non-empt iness of
t he ex ant e incent ive compat ible core. Even more, t his result (as well as t he
non-empt iness of t he incent ive compat ible coarse core) st i l l holds if t here are
no monet ary t ransfers at all. T he model covers t hen incomplet e informat ion
versions of t he marr iage problem and t he indivisible good economy of Shapley
and Scarf [25]. Obviously, in t his case, t he underlying charact er ist ic funct ion
is always NT U, even in t he ex ant e framework. T he main reason t o consider
monet ary t ransfers is t o connect our analysis wit h the lit erat ure on t rading
wit h incomplet e informat ion (e.g., auct ions), in which Bayesian incent ive
compat ible mechanisms have become a standard t ool.

T he next sect ion describes t he model. Sect ion 3 de…nes t he ex ant e incen-
t ive compat ible core and establishes it s non-empt iness. Sect ion 4 is devot ed
t o t he incent ive compat ible coarse core. Examples il lust rat e our solut ion con-
cept s in sect ion 5. Sect ion 6 concludes wit h furt her remarks on possible ex
post propert ies.
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2 I n cent i ve com pat ib le m at ch ing m ech an ism s

T he economy consist s of two, …nit e, disjoint set s of agent s I and J : I\J = ;;
let K = I [ J . Every agent k 2 K has privat e informat ion, represent ed by
his type tk 2 Tk, where Tk is a …nit e set 1; let T =

Q
k2K Tk and let q be a

probabil i ty dist r ibut ion over T , t he common prior of t he agent s, such t hat ,
wit hout loss of generality, q(tk) > 0 for every tk. Every agent derives (von
Neumann - M orgenst ern) ut i l i t y from being mat ched wit h an agent of t he
other side of t he market and from monetary t ransfers. For every i 2 I, j 2 J
and t 2 T , let ui(t; j) (resp., uj(t; i)) denote agent i (resp., j) ’s ut i l i t y of being
mat ched wit h agent j (resp., i) when t he types are t. Let also uk(t; 0) denot e
agent k’s ut i l i t y of being unmat ched (k 2 K , t 2 T ) . M onet ary t ransfers
are just added linearly t o t hese ut i l i t y numbers. A gent s thus have addit ively
separable ut i l i t y funct ions for mat ching and t ransfers.

Except perhaps for t he lat t er assumpt ions, t he framework is quit e gen-
eral: any informat ional ext ernality is allowed (t he whole vect or of types t
ent ers all ut i l i t y numbers, so t hat common values are possible). Furt her-
more, any mat ching ext ernality is also al lowed, since every agent cares about
his part ner.

A s a typical example, ext ending Shapley and Shubik [26]’s housing mar-
ket , t he I-agent s are sellers, each wit h a single it em for sale, and t he J -agent s
are potent ial buyers; ui(t; j) represent s seller i’s ut i l i t y of sell ing his it em t o
buyer j at t he st at e of informat ion t, while uj(t; i) represent s buyer j’s ut i l i t y
of buying an it em from seller j at t. St andard assumpt ions are t hat t he sell-
ers are indi¤erent t o sell t o a buyer or anot her (uj(t; i) = uj(t; i

0) for every
i; i0 2 I) , or t hat t he privat e informat ion of t raders coincides wit h t heir reser-
vat ion prices (privat e values: ui(t; j) = ui(ti; j) represent s buyer i’s reserva-
t ion price for seller j’s i t em when his type is ti, uj(t; i) = uj(t; i

0) = uj(tj)
represent s seller j’s reservat ion price for his it em). T his example covers most
auct ion models. M onet ary t ransfers are nat ural in t his example; t hey basi-
cally correspond t o sale prices, but may also involve compensat ions for not
get t ing an it em, ent ry fees, et c.

T he rest rict ions imposed on t he market wil l be re‡ect ed by t he feasible
mat ching mechanisms. T he out comes of such a mechanism consist of disjoint
pairs fi; jg ; i 2 I; j 2 J of mat ched agent s, a set of unmat ched agent s and

1T his assumpt ion (also made in, e.g., [7], [8], [11], [17], [27], et c.) is mainly for simplic-
ity. M ost of our result s go t hrough if t he set s of types are real int ervals and t he beliefs
have a density, as in [18], [19], [21], et c.
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monet ary t ransfers mk; k 2 K such t hat
P

k2Kmk · 0. In part icular, an
agent can be mat ched t o at most one agent of t he ot her side of t he market
and arbit rary t ransfers are allowed, including between agent s who are not
mat ched t oget her.

We assume t hat agent s exchange informat ion and mat ch aft er having
formed coalit ions2. A coalit ion S is just a non-empty subset of K . T he
members of S can rely on any mechanism (in part icular, any non-cooperat ive
bargaining game) t o organize mat ching and t ransfers. By t he revelat ion pr in-
ciple (see, e.g., [18] for an applicat ion to auct ions and [22] for an applicat ion
t o mat ching), all feasible collect ive decisions of S can be represented as t he
out comes of a random, di rect, incentive compatible, matching mechanism,
which we de…ne precisely below.

A s in most papers on col lect ive decisions under incomplet e informat ion
(see [7], [8], [11], [12], [15], [18], [22], et c.) , we allow t hat mat ching result s
from lot t er ies, which is usual in many auct ions mechanisms. Lot t er ies also
appear as a consequence of t he revelat ion principle if agent s are allowed t o use
mixed bargaining st rat egies. Under complet e informat ion, it is well-known
t hat random mat ching mechanisms do not achieve more expect ed payo¤s
t han t he determinist ic ones (see [26], [23]). T his is no longer t he case under
asymmet r ic informat ion, as we show in sect ion 5.

Let S be a coalit ion; let us set TS =
Q
k2S Tk. For every t = (tk)k2K 2 T ,

let tS = (tk)k2S . A (random) mat ching mechanism3 for S consist s of map-
pings ¹S = (xS;mS) : T ! [0; 1]I£J £ RK : t ! [(xijS (t))(i;j)2I£J ; (m

k
S(t))k2K ]

such t hat

² ¹S is measurable w.r.t . TS , namely ¹S(t) = ¹S(t
0) for every t; t0 2 T :

tS = t
0
S , and for every t 2 T; xijS (t) = 0 i f i =2 S or j =2 S and mk

S(t) = 0
i f k =2 S

² P
j2J x

ij
S (t) =

P
j2J\S x

ij
S (t) · 1 for every i 2 I and

P
i2I x

ij
S (t) =P

i2I\S x
ij
S (t) · 1 for every j 2 J

² P
k2Km

k
S(t) =

P
k2K\Sm

k
S(t) · 0

2T ypically, coalit ions form at t he ex ant e st age, i.e., before t he agent s know t heir types.
In sect ion 4, we will assume t hat coali t ions form at t he int erim st age, but t hat agent s do
not exchange informat ion unt il t hey are in a coali t ion.

3We will use t he t erm “ mat ching mechanism” t o refer t o a “ feasible (mat ching) mech-
anism” sat isfying t he feasibil i t y const raint s.
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T he int erpret at ion of t hese feasibil i t y condit ions is t hat every member of
S is invit ed to report his private informat ion t o t he mechanism ¹S , which, as
a funct ion of t he repor ted types t, mat ches i and j wit h probabi l i ty xijS (t), and
dist r ibut es t he (expect ed) t ransfersmk

S(t).
4 T he feasibil i t y condit ions furt her

assert t hat a coal it ion can only use t he informat ion of it s members, t hat some
agent s may be left unmat ched, and t hat t ransfers must balance. Observe t hat
a mat ching mechanism ¹S , associat ed wit h an arbit rary coalit ion S, can be
viewed as a mat ching mechanism for t he grand coalit ion K, which leaves
unmat ched all agent s in KnS.

In order t o de…ne incent ive compat ibil i t y of ¹S , consider i 2 I \ S; let
ti (resp., t0i) denot e agent i’s t rue (resp., report ed) type; agent i’s expect ed
ut i l i t y is

Ui(¹Sjti; t0i) =
X

t¡i

q(t¡ijti)

2
4 X

j2J[f0g
xijS (t

0
i; t¡i)ui((ti; t¡i); j) +m

i
S(t

0
i; t¡i)

3
5

where t¡i = tKnfig and for every t 2 T , xi0S (t) = 1 ¡ P
j2J x

ij
S (t) is t he

probabil i ty t hat agent i is left unmat ched by ¹S at t. Let us denote as
Ui(¹Sjti) t he (int er im) expect ed ut i l i t y of agent i when he t rut hfully report s
his type t o ¹S , namely

Ui(¹Sjti) = Ui(¹Sjti; ti)

¹S is incentive compatible if

Ui(¹Sjti) ¸ Ui(¹Sjti; t0i) for every i 2 I \ S; ti; t0i 2 Ti (1)

and similar ly for t he agent s j 2 J \ S on t he ot her side of t he market .

4Every xS(t) 2 [0; 1]I£J sat isfying t he above condit ions is a subst ochast ic mat r ix and
t hus a convex combinat ion of det erminist ic mat chings in f0; 1gI£J ( t his is a var iant of t he
well-known Birkho¤-von Neumann t heorem, see, e.g., [26] or [6] for a recent applicat ion).
T he descript ion of random mechanisms by mat ching probabil it ies (as opposed t o proba-
bil i t y dist r ibut ions over det erminist ic mat chings) su¢ ces here, t hanks t o t he propert ies of
t he ut i l i ty funct ions (such a simpli…cat ion is not always possible in exchange economies,
see [11], [12] and t he discussion following proposit ion 1). In t he same way, t ransfers are
det erminist ic wit hout loss of generality.
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We denot e as Uk(¹S) t he (ex ant e) expect ed ut i l i t y of agent k 2 S from
t he mat ching mechanism ¹S , namely

Uk(¹S) =
X

tk

q(tk)Uk(¹Sjtk)

A ll t he not ions int roduced in t his sect ion are il lust rat ed in sect ion 5.

3 T h e ex ant e in cent i ve com p at ib le cor e

We de…ne a cooperat ive game, namely a character ist ic funct ion5 V ¤A , from t he
previous set up. A coalit ion S can achieve a payo¤ vect or v = (vk)k2S 2 RS ,
i .e., v 2 V ¤A(S), i¤ t here exist s an incent ive compat ible mechanism ¹S such
t hat vk · Uk(¹S) for every k 2 S. T he charact er ist ic funct ion V ¤A is consist ent
wit h t he fol lowing scenario:

² Every coalit ion S chooses a mat ching mechanism ¹S, coali t ions possibly
form

² A vector of t ypes t 2 T is select ed according t o q; every agent k 2 K
is informed of his own type tk 2 Tk

² I f S has formed, ¹S is implement ed, members of S report t heir types
t o ¹S, mat chings and t ranfers are realized according t o ¹S .

One immediat ely checks that if v = (vk)k2S 2 V ¤A(S) and w = (wk)k2S 2
RS is such t hat

P
k2S wk =

P
k2S vk, t hen w 2 V ¤A(S). Indeed, w can be

achieved by modifying t he t ransfers used for v independent ly of t ypes, i.e.,
in an incent ive compat ible way. T he cooperat ive game is t hus T U and one
can describe t he charact erist ic funct ion as

v¤A(S) = max
¹S IC

[
X

k2S
Uk(¹S)] (2)

where t he maximum6 is over all incent ive compat ible (IC) mat ching mech-
anisms ¹S . T his de…nes t he ex ante assignment game. Observe t hat t he ex-
pect ed sum of t ransfers, namely

P
t q(t)

P
k2Sm

k
S(t) · 0, is part of t he above

5A s in [15], we put a “ * ” for t he incent ive compat ible concept s.
6 (2) de…nes a “ general l inear problem” (see, e.g., Gale [14]). I t is easily checked t hat

t he primal and t he dual problems are feasible and t hus have a solut ion.
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object ive funct ion, and t hat , implicit ly, v¤A(fkg) =
P

t q(t)uk(t; 0) for any
single agent k.

A s a benchmark, we consider t he …rst best charact er ist ic funct ion vA in
which agent s are not submit t ed t o incent ive compat ibil i t y const raint s. In t his
case, at an opt imum, the sum of monet ary t ransfers is exact ly 0:

vA(S) = max
¹S
[
X

k2S
Uk(¹S)]

= max
xS

X

t

q(t)

2
4X

i2I

X

j2J[f0g
xijS (t)ui(t; j) +

X

j2J

X

i2I[f0g
xijS (t)uj(t; i)

3
5

Obviously,

v¤A(S) · vA(S)

Shapley and Shubik [26] (see also [23]) have shown t hat under complet e
informat ion, one can rest rict oneself on det erminist ic mechanisms wit hout
loss of generalit y. Hence, in t he above expression of vA(S), t he maximum is
in fact over all det erminist ic mechanisms xS , wit h values in f0; 1g. A s we
already ment ioned, t his property is no longer t rue under incomplete infor-
mat ion. In example 3 (sect ion 5), t he best expect ed payo¤ a coal it ion S can
get by relying on det erminist ic incent ive compat ible mat ching mechanisms is
st r ict ly less t han v¤A(S).

A not her int erest ing property of t he assignment game wit h complet e in-
format ion is t hat all gains are generat ed by pairs of agent s from t he di¤erent
sides of t he market (see [23]). M ore precisely, t he wort h of any coal it ion S
can t hen be comput ed direct ly from the wort hs of al l singlet ons and pairs
cont ained in S and, as a consequence, t ransfers are only needed between
pairs of mat ched agent s. T his st ruct ure does not survive under incomplet e
informat ion, even in t he simplest sellers-buyers models wit h independent pr i -
vate values (see example 1 sect ion 5). T he int uit ive reason for t his is t hat in
our model, t he players exchange informat ion aft er coalit ions have formed. I f
t hey part it ion into pairs at t he coal it ion format ion st age, t hey may loose t he
int eract ion possibil i t ies which are o¤ered by larger coalit ions’ mechanisms.

Recall t hat t he core of a T U game v over K is t he set of all vect or payo¤s
w = (wk)k2K which can be achieved by t he grand coalit ion, i.e.,

P
k2K

wk ·
v(K), and cannot be improved upon by any coal it ion, i.e.,

P
k2S
wk ¸ v(S)

for every S. We refer t o C(v¤A) as t o t he “ ex ant e incent ive compat ible
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core” of t he assignment game. Under complet e informat ion, Shapley and
Shubik [26] have proved t hat t he core of t he assignment game is not empty.
A st raighforward applicat ion of t he Bondareva-Shapley theorem will enable
us t o show t hat Shapley and Shubik’s result extends, namely C(v¤A) 6= ;.
However, as we point ed out above, many nice propert ies of t he character ist ic
funct ion disappear. In part icular, t he ex ant e incent ive compat ible core does
not coincide wit h t he (payo¤s of ) stable mat chings (which are individually
rat ional and cannot be blocked by any pai r (i; j) of agent s in I £ J ; see
examples 1 and 2 in sect ion 5).

P r op osi t i on 1 T he (T U) assignment game de…ned by v¤A i s balanced, so
that the ex ante incentive compatible core C(v¤A) i s non-empty.

T he result is a direct consequence of t he fol lowing lemma:

L em m a 1 Let S be a balanced fami ly of coali t ions wi th associated weights
¸S, S 2 S, and let ¹S = (xS;mS) be a mechanism for S, S 2 S. T hen
¹ =

P
S2S ¸S¹S i s a matching mechanism for K and satis…es

Uk(¹jtk; t0k) =
X

S2S:S3k
¸SUk(¹Sjtk; t0k) 8k; tk; t0k (3)

I n par ticular , i f every ¹S i s incentive compatible, so is ¹.

P r oof of t h e lem m a: Recal l t hat a mechanism ¹S for an arbit rary coal it ion
S can be viewed as a mechanism for t he grand coalit ion. T he mechanism
¹ de…ned in the st at ement is T -measurable as a linear combinat ion of T -
measurable mechanisms. By de…nit ion of balancedness,

P
S2S:S3k ¸S = 1 for

every k 2 K ; ¹ = (x;m) is not , as such, a convex combinat ion of t he ¹S ’s
but sat is…es

xij(t) =
X

S2S:S¶fi;jg
¸Sx

ij
S (t) 8i 2 I; j 2 J; t 2 T (4)

mk(t) =
X

S2S:S3k
¸Sm

k
S(t) 8k 2 K; t 2 T (5)

so that ¹ is feasible. Indeed, let j 2 J and t 2 T :
X

i2I
xij(t) =

X

i2I

X

S2S:S¶fi;jg
¸Sx

ij
S (t)

=
X

S2S:S3j
¸S

X

i2I\S
xijS (t) · 1

11



and similar ly on t he ot her side of t he market . T he t ransfers sat isfy
X

k2K
mk(t) =

X

k2K

X

S2S:k2S
¸Sm

k
S(t) =

X

S2S
¸S

X

k2S
mk
S(t) · 0

T he equalit ies (3) can be checked in a similar way:
X

j2J
xij(t0i; t¡i)ui((ti; t¡i); j)

=
X

j2J
[

X

S2S:S¶fi;jg
¸Sx

ij
S (t

0
i; t¡i)]ui((ti; t¡i); j)

=
X

S2S:S3i
¸S

X

j2J\S
xijS (t

0
i; t¡i)ui((ti; t¡i); j)

Similar ly,

xi0(t0i; t¡i)ui((ti; t¡i); 0)

= [1¡
X

j2J

X

S2S:S¶fi;jg
¸Sx

ij
S (t

0
i; t¡i)]ui((ti; t¡i); 0)

=
X

S2S:S3i
¸S[1¡

X

j2J\S
xijS (t

0
i; t¡i)]ui((ti; t¡i); 0)

and t he t ransfers sat isfy (5).
Q.E.D.

P r oof of t h e p r op osi t i on : Let S be a balanced family of coalit ions wit h
associat ed weight s ¸S, S 2 S. We must show t hat v¤A(K) ¸ P

S2S ¸Sv
¤
A(S).

Let , for every S 2 S, ¹S be a mechanism achieving t he maximum in (2),
namely v¤A(S) =

P
k2S Uk(¹S) and de…ne ¹ as in t he lemma. ¹ is incent ive

compat ible. By t he linearity of ut i l i t y funct ions,

v¤A(K) ¸
X

k2K
Uk(¹) =

X

k2K

X

S2S:S3k
¸SUk(¹S)

=
X

S2S
¸S

X

k2S
Uk(¹S) =

X

S2S
¸Sv

¤
A(S)

Q.E.D.

Let us compare t he previous proposit ion wit h t he result s obt ained for
t he ex ant e incent ive compat ible core of an exchange economy in Vohra [27],
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Forges and M inell i [12] and Forges, M ertens and Vohra [11]. T he sellers-
buyers example (wit hout mat ching ext ernalit ies for t he sellers) is basically a
part icular case of t he economies considered in [11], where arbit rary monetary
t ransfers are allowed and ut i l i t y funct ions are quasi-l inear. A s shown in [11],
t hese condit ions do not guarant ee t he non-empt iness of t he ex ant e incent ive
compat ible core. Here, t he ut i l i t y funct ions are in fact l inear, and this even if
one rest rict s oneself t o det erminist ic mechanisms (in which all probabil i t ies
of mat ching are 0 or 1) .

T he ex ant e incent ive compat ible core of an exchange economy wit h linear
ut i l i t y funct ions is known t o be non-empty; random mechanisms are clearly
useless in t hat framework (see, e.g., [27], [13]). Let us show t hat t his result
cannot be applied direct ly here. I t is t empt ing t o view t he mat ching proba-
bil i t ies of sect ion 2 as quant it ies of indivisible goods, e.g., by appealing t o a
t ime-sharing int erpret at ion. However, t he st andard resource const raint s do
not account for t he feasibi l i t y const raint s st at ing t hat each buyer is mat ched
wit h (t ot al) probabil i ty less t han one at every st at e of nat ure. T his should
result from an assumpt ion on t he buyers’ init ial ut i l i t y funct ions, namely
t hat , at every st at e of nat ure, a buyer’s ut i l i t y for several houses is just his
ut i l i t y for his favorit e house. Such ut i l i t y funct ions are obviously not linear .
To rest r ict on t ime-shares (as opposed t o probabil i ty dist r ibut ions over de-
t erminist ic al locat ions) and ut i l i t y funct ions t hat are linear in t hese, as in
sect ion 2 (recall foot not e 4), a const ruct ion much more t edious t han above
is needed. T his approach generat es core mechanisms which are feasible in
expect at ion. T hese are always feasible here (see again foot note 4), unlike in
general exchange economies wit h asymmet r ic informat ion.

Let us furt her i l lust rat e t he di¤erences between the assignment game and
an exchange economy by considering a simple example. Let I = f1; 2g and
J = f3; 4g; consider t he balanced family S = ff1; 2; 4g; f1; 3g; f2; 3g; f4gg
wit h all weight s equal t o 1

2
and t he following det erminist ic mat chings for

some st at e of nat ure t: 2 and 4 in f1; 2; 4g, 1 and 3 in f1; 3g, 2 and 3 in
f2; 3g (and null t ransfers). T he mechanism const ruct ed in t he lemma is, at
t,

x(t) =

µ
1
2
0

1
2

1
2

¶
=
1

2

µ
1 0
0 1

¶
+
1

2

µ
0 0
1 0

¶

which is feasible as expect ed. Let us now view t he example as an exchange
economy, in which agent 1 and agent 2, t he sellers, bot h init ial ly have 1 unit
of good. T he fol lowing det erminist ic mechanisms are now feasible: agent 2

13



get s 2 unit s in f1; 2; 4g; agent 3 get s 1 unit in f1; 3g and 1 unit as well in
f2; 3g. Proceeding as in t he lemma yields t he mechanism which al locat es 0
or 2 unit s, each wit h probabil i ty 1

2
, t o agent 2 and 1 unit wit h probabil i ty

1 t o agent 3. T his mechanism cannot be feasible since it dist r ibut es 3 unit s
wit h posit ive probabil i ty. However, t he average mechanism, which gives 1 t o
agent 2 and 1 t o agent 3 is feasible7. I f t he ut i l i t y funct ions are l inear, t he
average mechanism is obviously equivalent t o t he random one, but t hen, by
cont rast wit h t he assignment game, random mechanisms are not useful at
all.

4 T h e in cent i ve com pat ib le coar se cor e

Up t o now, we have assumed that coal it ions form at t he ex ant e st age, be-
fore agent s know t heir t ypes. Such a scenario is obviously not always feasible
(see, e.g.,[15]): if types represent int r insic charact er ist ics of t he agent s, t he
mat ching procedure cannot st art before t he inter im st age, in which every
agent only knows his own type. I f we maint ain t he assumpt ion t hat agent s
do not exchange informat ion unt i l t hey are in a coalit ion, t he incent ive com-
pat ible version of W ilson [29]’s coarse core proposed by Vohra [27] is t hen
an appropriat e not ion of t he core. In part icular, solut ions in t he incent ive
compat ible coarse core are inter im individual ly rational in t he st andard sense
(see [18], [19], [21] et c.) and incentive inter im e¢ cient (see [15]). A gent s wil l
exchange informat ion only aft er having formed coalit ions, by means of t he
same mechanisms as in sect ion 2, but wil l possibly block proposals at t he
int er im st age. A s a consequence, t hey wil l base t heir ob ject ions on event s
t hat are common knowledge inside t he coalit ion at t he int er im st age.

In order t o make t he formal de…nit ion of common knowledge event s (and
t hus of t he incent ive compat ible coarse core) as simple as possible, we shal l
make, t hroughout t his sect ion, t he assumpt ion t hat all vect or of types occur
wit h posit ive probabil i ty: q(t) > 0 for every t 2 T , e.g., t hat types are
independent .8 In t his case, t he set of all types T is t he only event t hat can
be common knowledge in a coalit ion S of two agent s or more at t he int er im

7T he present example is simplist ic since t here is only one good. [11] fully de…nes a
T U exchange economy in which t he ex ant e incent ive compat ible core is empty. Hence,
t he corresponding T U game cannot be balanced (which is obviously much st ronger t han
ver ifying t hat t he most naive const ruct ion t o est ablish balancedness does not work, as we
did above).

8A ll our result s go t hrough wit hout t his rest r ict ion, by de…ning t he incent ive compat ible
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st age (since t he informat ion part it ion of agent k of type t0k is t he set of al l type
vect ors t such t hat tk = t

0
k) . Obviously, if S = fkg, “ common knowledge” is

synonymous wit h “ knowledge” , and at t he int er im st age, agent k knows his
own type tk.

Let ¹ be a mat ching mechanism for t he grand coalit ion and let ºS be a
mat ching mechanism for coalit ion S, jSj ¸ 2, as de…ned in sect ion 2. ºS is a
coarse objection t o ¹ i¤

Uk(ºSjtk) > Uk(¹jtk) 8k 2 S; tk 2 Tk (6)

In a similar way, agent k of type tk has a coarse ob ject ion t o ¹ i¤

X

t¡k

q(t¡kjtk)uk(t; 0) > Uk(¹jtk) (7)

so t hat agent k blocks ¹ at t he int er im st age as soon as t here exist s tk 2 Tk
sat isfying (7).
¹ is an incent ive compat ible coarse core mechanism i¤ ¹ is incent ive

compat ible and no coalit ion S has an incent ive compat ible coarse object ion t o
¹. In part icular, ¹ is incent ive int er im e¢ cient , namely t here is no incent ive
compat ible mechanism º = ºK such t hat (6) is sat is…ed for S = K, and ¹ is
int er im individually rat ional, namely

Uk(¹jtk) ¸
X

t¡k

q(t¡kjtk)uk(t; 0) 8k 2 K; tk 2 Tk

In a similar way as in sect ion 3, we de…ne t he incent ive compat ible coarse
core as the set of (int er im) payo¤s (of t he form [(wk(tk))tk2Tk ]k2K 2 RN ,
N =

P
k jTkj) t o incent ive compat ible coarse core mechanisms. A s point ed

out in [27] and [13], t here is no inclusion relat ionship between t he ex ant e
incent ive compat ible core and t he incent ive compat ible coarse core; indeed,
int er im individual rat ionality obviously implies ex ant e individual rat ionality,
but t he implicat ion goes t he ot her way round for e¢ ciency (see [15]).

W ilson [29] showed t hat , in t he absence of incent ive const raint s, t he coarse
core of a well-behaved exchange economy is non-empty, as t he st andard core
of an appropriat ely de…ned balanced NT U cooperat ive game wit h N players
(k; tk), k 2 K, tk 2 Tk (see also [13]). Vohra [27] ext ended his argument t o

coarse core as in [27] and [13]. From a concept ual point of view, t he concept of t he coarse
core seems more at t ract ive when no st at e of nat ure has zero probabil it y.
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exchange economies wit h linear ut i l i t y funct ions. We proceed in t he same way
here and est ablish t hat t he incent ive compat ible coarse core is t he coreC(V ¤I )
of a charact er ist ic funct ion V ¤I . T he players in t his game are, as in W ilson
[29], t he types of t he original model; we call t hem “ auxil iary players” ; t he
only viable coal it ions are of t he form f(k; tk)g for some k 2 K and some type
tk 2 Tk, or of t he form f(k; tk) : k 2 S; tk 2 Tkg for some original coal it ion
S µ K , jSj ¸ 2. T he int erpretat ion is clear: at t he int er im st age, a coal it ion
consist s eit her of a single agent who knows his type or of several agent s who
have t r ivial common knowledge (as a consequence of our assumpt ions) and
t hus consider all t heir t ypes as possible. T he viable coali t ions of two agent s
or more wil l t hus be ident i…ed wit h t he original coalit ions S µ K, jSj ¸ 2
wit h a lit t le abuse of language.

T he charact er ist ic funct ion V ¤I is now easily de…ned on viable coalit ions.
For every (k; tk), V

¤
I (f(k; tk)g) is t he set of vect or payo¤s v 2 RN in which

agent k of type tk get s at most his individually rat ional level
P

t¡k
q(t¡kjtk)uk(t; 0).

For every coalit ion S µ K, jSj ¸ 2, V ¤I (S) is t he set of vect or payo¤sw 2 RN

for which t here exist s an incent ive compat ible mechanism ¹S for coalit ion S
such t hat wk(tk) · Uk(¹jtk) for every k 2 S and tk 2 Tk. Final ly, as usual,
let us de…ne V ¤I on arbit rary coalit ions by t aking t he superaddit ive cover.
T his amount s t o allowing t he auxil iary players (k; tk) of a coalit ion t o use
an arbit rary incent ive compat ible mat ching mechanism if all (k; t0k), t

0
k 2 Tk,

are also in t he coalit ion and t o leaving unmat ched t he ot her auxil iary play-
ers. V ¤I is a well-de…ned NT U game, but clearly, t he argument showing t hat
V ¤A de…nes a T U game does not ext end here (see [11] and [13] for relat ed
comment s).

T he core of t he inter im assignment game V ¤I is t he set of all vect or payo¤s
w = [(wk(tk))tk2Tk ]k2K 2 V ¤I (K) which cannot be improved upon by any
(viable) coalit ion. We deduce t he non-empt iness of C(V ¤I ) from Scarf ’s [24]
t heorem.

P r op osi t i on 2 T he (NT U) assignment game de…ned by V ¤I i s balanced, so
that the incentive compatible coarse core C(V ¤I ) i s non-empty.

P r oof : Let B be a balanced family of viable coalit ions in t he auxil iary N
player game de…ned above, wit h associat ed weight s ¸B, B 2 B. We must
show t hat \B2BV ¤I (B) µ V ¤I (K). A ssume t hat , for some k and tk, t he sin-
glet on f(k; tk)g belongs t o B; t hen by balancedness, all singlet ons f(k; t0k)g,
t0k 2 Tk, must also be in B, al l wit h same weight , say ¸k. We can t hus as-
sociat e wit h B a balanced family S of coali t ions of original players k 2 K
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by merging al l B’s element s f(k; tk)g, tk 2 Tk, int o a single coal it ion, wit h
weight ¸k (and keeping unchanged t he coali t ions of at least two players and
t heir weight s, since t hese already correspond t o original players). Since by
de…nit ion of V ¤I , for every k 2 K , V ¤I (f(k; tk) : tk 2 Tkg) = \tkV ¤I (f(k; tk)g),
we also have \B2BV ¤I (B) = \S2SV ¤I (S). We can t hus pursue t he reasoning
in t erms of t he original players, but considering vect or payo¤s indexed by
t he types.

Let w = [(wk(tk))tk2Tk ]k2K 2 \S2SV ¤I (S): for every S 2 S, t here exist s
an incent ive compat ible mechanism ¹S achieving w. Let us de…ne ¹ as in
lemma 1. ¹ is an incent ive compat ible mechanism for t he grand coali t ion,
such t hat Uk(¹jtk) ¸ wk(tk) for every k, tk. Hence w 2 V ¤I (K).

Q.E.D.

R em ar k s:
( i) T he previous analysis shows t hat under t he assumpt ion that all type
vect ors have posit ive probabil i ty, t he relevant charact er ist ic funct ion at t he
int er im st age can be de…ned over t he original coali t ions S µ K, by consid-
ering as achievable all vect or payo¤s [(wk(tk))tk2Tk ]k2S t hat result from an
incent ive compat ible mechanism. Coal it ion S blocks a mechanism ¹ i f t here
is an incent ive compat ible mechanism ºS such t hat (6) holds. Of course, if
S is a singlet on, t he incent ive compat ibil i t y condit ions are vacuous so t hat
a single agent blocks any mechanism t hat is not int er im individually rat io-
nal. T he const ruct ion of t he auxil iary game is only necessary to use Scarf ’s
t heorem, which is not formulat ed for vect or payo¤s.
( i i) Unlike t he core of a matching game wit h complete informat ion, and as
t he ex ant e incent ive compat ible core, t he incent ive compat ible coarse core
is smaller t han t he set of int erim payo¤s which cannot be blocked (in t he
sense of (6) and (7)) by any single agent nor by any pair (i; j) 2 I £ J (see
example 1 in sect ion 5).

5 E x am p les

In t his sect ion, we mot ivat e t he basic model and the solut ion concept of sec-
t ions 2 and 3 on simple housing market s and we il lust rat e two di¤erences
between mat ching games wit h complet e and incomplet e informat ion. Ex-
ample 1 consist s of a simple auct ion (one seller) wit h independent privat e
values, in which object ions by coalit ions of more than two agent s mat t er.
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T he lat t er property is also t rue in t he second example, but is less surprising
t here, because values are common and correlat ed. T he goal of t his example
is t o show t hat t he grand coalit ion deals bet t er wit h incent ive compat ibil i t y
t han small coalit ions. F inally, in example 3, random mechanisms improve
t he charact er ist ic funct ion under incomplet e informat ion.

In t he sequel, for i 2 I and j 2 J , ¡ui(t; j) = ¼i(t; j) is int erpret ed as
t he minimum price at which seller i is wil l ing t o sell his house t o buyer j
when t he st at e of informat ion is t and uj(t; i) is int erpret ed as t he maximum
price t hat buyer j is wil l ing to pay for sel ler i’s house. T he ut i l i t y of being
unmat ched is 0 for every t rader k.

E x am p le 1
A gent 1, t he seller, has no private informat ion and a null reservat ion

price; agent s 2 and 3, t he pot ent ial buyers, have independent privat e values
uniformly dist r ibuted over f0; 1g.9 T he basic parameters of t he assignment
game are t hus: I = f1g, J = f2; 3g, Tj = f0; 1g, j = 2; 3, t2 and t3 are
i.i.d. uniformly over f0; 1g, u1(t; 2) = u1(t; 3) = 0, uj(t; 1) = uj(tj; 1) = tj ,
j = 2; 3.

We shal l show t hat in t his example,

v¤A(f1; 2g) = v¤A(f1; 3g) =
1

2

while

v¤A(f1; 2; 3g) =
3

4

Hence a feasible vect or payo¤ like (1
2
; 0; 0) cannot be blocked by any two

agent coal it ion but can be blocked by t he grand coalit ion.
Since t he seller is not submit t ed t o incent ive const raint s, one can rest r ict

on t ransfers summing up t o 0 wit hout loss of generality. In part icular, in a
seller-buyer coalit ion f1; jg, j = 2 or 3, a mechanism (x;m) can be de…ned
by t he probabil i t y of t rade x(tj) and t he expect ed t ransfer m(tj) from buyer
j t o t he seller, tj = 0; 1. T he t ot al expect ed gains from mechanism (x;m) are
1
2
x(1) · 1

2
. Hence v¤A(f1; 2g) = v¤A(f1; 3g) · 1

2
. On t he ot her hand, 1

2
can be

9T he example corresponds t o t he simplest possible discret e model. Everyt hing goes
t hrough if for inst ance, t he pair f0; 1g is replaced by t he int erval [0; 1]. In t his case,
v¤

A(f1; 2; 3g) ¸ 2
3 .
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achieved wit h a (const ant ) mechanism sel l ing always t he ob ject at t he price
1
2
.

Let us t urn t o t he grand coalit ion and consider t he feasible, incent ive
compat ible mechanism induced by a second price auct ion, namely

0 1
0 no sale sell t o 3 at price 0
1 sell t o 2 at price 0 sell t o 2 or 3 wit h probabil i ty 1

2
at price 1

where t he rows (resp., columns) correspond t o t he report ed types of agent
2 (resp., 3) . T he t ot al expect ed gains from t rade are 3

4
, which is t he maxi-

mum expect ed value that can be achieved, even in t he absence of incent ive
const raint s.

One can also check t hat no seller-buyer coalit ion can block t he previ-
ous mechanism at t he inter im st age. Indeed, t his mechanism is classically
( i.e., wit hout incent ive const raint s) ex ant e e¢ cient and inter im individually
rat ional.10

E x am p le 2
T he sellers, agent s 1 and 2, bot h know, at t he int erim stage, whet her

t he quali ty of t heir own house is high or low: T1 = fh1; l1g, T2 = fh2; l2g.
T he probabi l i ty dist r ibut ion over t he sellers’ types is q(h1; h2) = q(l1; l2) =

3
8
,

q(h1; l2) = q(l1; h2) =
1
8
. T he pot ent ial buyers, agent s 3 and 4, have no privat e

informat ion. T he reservat ion price of a seller for a high (resp., low) quality
house is ¼h (resp., ¼l) , while for a buyer, t he reservat ion prices are uh and
ul. We assume t hat ul < ¼l < ¼h < uh and t hat 1

2
(ul+uh) <

1
2
(¼l+¼h) (e.g.,

0, 9, 12, 20).11

10 I f t he buyers’ types are uniformly dist r ibut ed over [0; 1], coalit ion f1; jg, j = 2; 3,
can achieve t he vect or payo¤ (1

4 ; (tj ¡ 1
2)I(tj ¸ 1

2)) wit h an incent ive compat ible, int erim
individually rat ional, mechanism. Furt hermore, one can check t hat 1

4 is t he maximum t he
seller can expect from a mechanism wit h t hese propert ies in a two-agent coal it ion. In t he

grand coal it ion, t he second pr ice auct ion mechanism yields t he expect ed payo¤s ( 1
3 ;

t22
2 ;

t23
2 )

and t hus st r icly improves all agent s’ payo¤s.
11For a concret e example, t hink of t he t ermit es invading some regions of France. T he

qualit ies of houses in t he same neighborhood are highly correlat ed. M any owners do not
know whet her t heir house is infect ed or not , but wil l go t hrough a t est in case of pot ent ial
sale. Hence, t here is an ex ant e st age, before t he sellers know t he quality of t heir houses.One
might argue t hat t he quality of a house is ver i…able in t his example but , given t he r isk of
false cert i…cat es, an incent ive mechanism looks safer.
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Since t he buyers are not submit t ed t o incent ive const raint s, we will, wit h-
out loss of generality, focus on t ransfers summing up t o 0 t hroughout t he
example.

Let us …rst consider a seller-buyer coali t ion fi; jg, i 2 f1; 2g, j 2 f3; 4g.
T he seller has then two equiprobable types, which we denot e as h and l. We
face a simple, discret e version of M yerson [19]’s “ lemon problem” . A mecha-
nism for a seller-buyer coalit ion consist s of t he probabil i t y of t rade xh (resp.,
xl) when the sel ler report s type h (resp., l) and t he corresponding expect ed
t ransfers mh, ml from t he buyer t o t he seller. By eliminat ing t he t ransfers
from t he incent ive const raint s (see, e.g., [17] or [19]), t he opt imizat ion prob-
lem of a seller-buyer coalit ion is

v¤A(fi; jg) = max[
1

2
xh(uh ¡ ¼h) +

1

2
xl(ul ¡ ¼l)] s:t: 0 · xh · xl · 1

so that , under our assumpt ions,

v¤A(fi; jg) = 0 i 2 f1; 2g; j 2 f3; 4g

Let us set gh = uh ¡ ¼h > 0. Observe t hat , in absence of incent ive
const raint s, vA(fi; jg) = 1

2
gh. Trade is indeed bene…cial in st at e h, but t he

incent ive compat ibil i t y condit ions prevent revelat ion of informat ion from t he
seller.

Let us t urn t o t he grand coalit ion. F irst best e¢ ciency requires t o sel l
t he high quality houses, and only t hose, at every st at e of nat ure. Hence,

vA(K) = gh

We will const ruct an incent ive compat ible mechanism achieving gh as sum of
expect ed payo¤s, so t hat

v¤A(K) = gh

Since vA(S) ¸ v¤A(S) for every S, t his wil l also show t hat C(vA) µ C(v¤A)
and provide a simple procedure t o const ruct expect ed payo¤s in t he ex ant e
incent ive compat ible core.12

12T he procedure can be applied t o a large class of assignment problems (see, e.g., [2],
[3], [4], [7], [8], [17]) .
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Consider a mat ching mechanism in which only high qualit y houses are
sold, e.g., x 2 f0; 1gI£J described by

x(h1; h2) =

µ
1 0
0 1

¶
x(h1; l2) =

µ
1 0
0 0

¶

x(l1; h2) =

µ
0 0
0 1

¶
x(l1; l2) =

µ
0 0
0 0

¶

T he sum of expect ed payo¤s from x is gh. Obviously, x is not incent ive
compat ible, but one can const ruct t ransfers m such t hat (x;m) is incent ive
compat ible. For inst ance, t he t ransfers m1 t o t he …rst seller must sat isfy

¡¼h +
3

4
m1(h1; h2) +

1

4
m1(h1; l2) ¸ 3

4
m1(l1; h2) +

1

4
m1(l1; l2)

1

4
m1(l1; h2) +

3

4
m1(l1; l2) ¸ ¡¼l +

1

4
m1(h1; h2) +

3

4
m1(h1; l2)

A possible solut ion is

m1(h1; h2) =
3¼h¡¼l

2
+ gh

4
m1(h1; l2) =

3¼l¡¼h
2

+ gh
4

m1(l1; h2) =
gh
4

m1(l1; l2) =
gh
4

T he t ransfers m2 t o t he second seller can be chosen in a similar way. In
order t o balance t he t ransfers, one can simply set m3 = ¡m1, m4 = ¡m2.
T he mechanism (x;m) t hus associates buyer 3 (resp., 4) wit h seller 1 (resp.,
2) but sale only t akes place if t he seller ’s house is of high quality. (x;m)
yields t he expect ed payo¤ gh

4
t o each t rader. T he mechanism re‡ect s t hat

sale prices are in‡uenced by t he presence of low qualit y it ems; t he t ransfers in
t he low st at e should be int erpret ed as a fee t hat t he pot ent ial buyers pay t o
get informat ion and avoid a bad decision. M any ot her mechanisms achieving
ex post e¢ ciency can be const ructed. In part icular, as in [8], it is possible t o
design t he t ransfers in such a way t hat t he mechanism is int er im individually
rat ional for t he sellers, who fully ext ract t he surplus13.

13A dding (resp., subt ract ing) gh

4 t o (resp., from) all previous t ransfers gives t he sur-
plus t o t he sellers (resp., buyers). A ll t hese mechanisms, including t he lat t er , are int erim
individually rat ional for t he sellers. A not her mechanism wit h t he same propert ies is

m1(h1; h2) = 3uh¡¼l

2 m1(h1; l2) = 3¼l¡uh

2

m1(l1; h2) = 3gh

2 m1(l1; l2) = ¡gh

2
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Let us end t he analysis of t he example by showing t hat t he expect ed payo¤
from (x;m), namely, (gh

4
; gh
4
; gh
4
; gh
4
), belongs t o C(v¤A). We have evaluat ed

vA(fi; jg), i 2 f1; 2g, j 2 f3; 4g and vA(K). To complet e t he descript ion of
vA, we comput e t hat

vA(fi; 3; 4g) =
gh
2

i = 1; 2

vA(f1; 2; jg) =
5gh
8

j = 3; 4

Hence, (gh
4
; gh
4
; gh
4
; gh
4
) 2 C(vA). I t fol lows from our previous remarks t hat

(gh
4
; gh
4
; gh
4
; gh
4
) 2 C(v¤A). T he same reasoning applies t o (gh

2
; gh
2
; 0; 0).

A s announced above, t his example shows t hat it may be bet t er for t he
agent s ( in t he sense of generat ing a higher sum of expect ed payo¤s) t o st ay
t oget her at t he ex ant e (or int er im) st age in order t o exchange informat ion
within the grand coali t ion. For inst ance, t his enables t he agent s t o exploit t he
possible correlat ion between types and t o achieve …rst best e¢ ciency t hrough
full revelat ion.

E x am p le 3
T his example wil l con…rm t he advant age of random mechanisms, by il lus-

t rat ing t hat v¤A(K) can be st r ict ly larger t han t he maximum sum of payo¤s
t hat can be achieved wit h an incent ive compat ible deterministic mat ching
mechanism (t o which we will refer as v¤AD(K)) . T he framework wil l consist
of one seller (agent 1) and one buyer (agent 2) , wit h independent types t1
and t2, but common values: at t he st at e of informat ion (t1; t2), t he reserva-
t ion price of t rader 1 (resp., 2) is ¼1(t1; t2) (resp., u2(t1; t2)) . We will furt her
assume t hat each t rader only has two equiprobable types (Tk = ftk1; tk2g,
q(tk1) = q(tk2) =

1
2
, k = 1; 2) .

T his seems one of t he simplest models in which one can expect t o have
v¤AD(K) < v

¤
A(K). For inst ance, under independent privat e values, …rst best

e¢ ciency can be achieved in an incent ive compat ible way, so t hat v¤A(K) =
vA(K) (see, e.g., [3] and [4] and t he concluding remarks below) and t hus
v¤AD(K) = v¤A(K) in t his case. I t is a remarkable fact t hat v¤AD(K) and
v¤A(K) also coincide in seller-buyer models wit h common values in which
only one t rader has privat e informat ion, as it can be checked by adapt ing
M yerson [19]’s result s on the “ lemon problem” of t o our discret e framework.

Let us complet e our example by assuming t he following possible reserva-
t ion prices ¼1(t1; t2), u2(t1; t2):
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t21 t22
t11 6; 2 2; 3
t12 7; 6 0; 4

Since t he t raders’ types are independent , one can rest r ict on mechanisms in
which the t ransfers sum up t o 0 wit hout loss of generality14. Furt hermore, by
eliminat ing t he t ransfers from t he incent ive compat ibil i t y condit ions (see e.g.,
Johnson, Prat t and Zeckhauser [17]), we can writ e t he opt imizat ion problem
of t he seller-buyer coali t ion as

v¤A(f1; 2g) = maxf¡4®11 + ®12 ¡ ®21 + 4®22g

s.t . 0 · ®rs · 1 r; s = 1; 2 and

®11 ¡ 2®12 ¡ ®21 + 2®22 ¸ 0 (8)

¡®11 + ®12 + 2®21 ¡ 2®22 ¸ 0 (9)

where ®rs is t he probabil i t y of t rade when t he seller (resp., buyer) report s
his rth (resp., sth type) r; s = 1; 2. (8) is t he seller ’s incent ive compat ibil i t y
const raint (aft er eliminat ion of t he t ransfers) which expresses t hat t he sum
of his expect ed payo¤s when he always t ells t he t rut h is larger t han t he sum
of his expect ed payo¤s when he always lies. (9) has a similar int erpret at ion
for t he buyer.

T he only ex post e¢ cient mechanism in t his example, ® =
0 1
0 1

, is not

incent ive compat ible for t he buyer.

T he mechanism ® =
0 2

3
2
3
1

sat is…es (8) and (9) - wit h an equalit y - so

t hat v¤A(f1; 2g) ¸ 4.15

14A s shown in, e.g., [17], if t ypes are independent and ¹ = (x;m) is incent ive com-
pat ible, so are (x;m), mk(tk) =

P
t¡k

q(t¡k)mk(t), and (x; em), emk(t) = mk(tk) ¡
1

jKj¡1

P
l 6=k ml(tl). em(t) is exact ly balanced for every t.

15 In fact , one can check t hat v¤
A(f1; 2g) = 4. Under t he feasibil i t y const raint s, t he

ob ject ive is · ®12 ¡®21 +4 while t he sum of t he incent ive compat ibil i t y const raint s yields
®12 ¡ ®21 · 0.
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We now check t hat v¤AD(f1; 2g) < 4. Let ® be a det erminist ic mechanism;
if ®11 = 1, t he object ive ¡4®11 + ®12 ¡ ®21 + 4®22 is · 1; and similar ly if
®22 = 0. v

¤
AD(f1; 2g) is t he maximum of ®12 ¡ ®21 + 4 s.t . ®12, ®21 2 f0; 1g,

(8) and (9) (wit h ®11 = 1 and ®22 = 0) , which is 3.

6 C on clu d in g r em ar k s

In t his paper, we have focused on t he ex ante assignment game (which is
de…ned wit hout any ambiguit y) and a possible version of t he int er im assign-
ment game, in which agent s do not communicat e unt i l t hey are in a coali-
t ion. We have est ablished t hat t he associated cores are non-empty. Ot her
core concept s have been proposed at t he int er im stage, st art ing wit h W ilson
[28]’s …ne core (de…ned in absence of incent ive const raint s). T he de…nit ion
of an int er im core concept t urns out t o be quit e delicat e, especially if some
communicat ion is allowed at t he coalit ion format ion st age (see, e.g., [9] [10],
[15], [13], [20]) and we will not invest igat e t his problem furt her here. But
t he previous analysis suggest s t hat two-sided matching games wit h incom-
plet e informat ion could be an appropriat e framework in which t o apply or
develop int er im core concept s. Indeed, t he model has a simple, well-behaved
st ruct ure, a number of part icular cases are well-underst ood (e.g., seller-buyer
bargaining, auct ions,...) and t he benchmark incent ive compat ible coarse core
is not empty.

Let us t urn t o possible ex post propert ies of ex ant e incent ive compat ible
core solut ions. A number of papers (see, e.g., [2], [3], [4], [7], [8], [17]) ident ify
assumpt ions (on beliefs and ut i l i t y funct ions) which ensure t he exist ence of
mechanisms (involving exact ly balanced t ransfers) which are bot h incent ive
compat ible and ex post e¢ cient . Given t he T U aspect , it is not di¢ cult t o see
t hat t he expect ed payo¤s achieved by such mechanisms are in t he ex ant e
incent ive compat ible core (t his is i l lust rated on example 2 in the previous
sect ion). In other words, one can easily produce assumpt ions under which
t he ex ant e incent ive compat ible core cont ains ex post e¢ cient mechanisms.
Such result s are used in [11] (where an analog of proposit ion 1 does not hold)
t o est ablish t he non-empt iness of t he ex ant e incent ive compat ible core.

Transfers are crucial in t he previous approach, which guarant ees ex post
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e¢ ciency but not ex post individual rat ionalit y.16 Rot h [22] considers a
much st ronger requirement : ex post st abil i t y in t he absence of t ransfers. He
analyzes “ marr iage problems” (typically wit hout t ransfers) in which agent s
privat ely know t heir own ut il i t ies ( in our t erminology, “ pr ivat e values” ). A s
in the present paper, he considers general mechanisms (allowing in part icular
for lotter ies over mat chings) and applies t he revelat ion principle in order t o
focus on direct revelat ion mechanisms. He calls such a mechanism “ stable”
if i t select s a st able mat ching for any st ated ut i l i t ies. To express a similar
st abil i t y property in our framework, let us de…ne, for every t 2 T , vt as t he
(T U) mat ching game (wit h complet e informat ion) when t he types are t. A s
shown in [26], vt is t he superaddit ive cover of vt(fkg) = uk(t; 0), k 2 K ,
vt(fi; jg) = ui(t; j) + uj(t; i), i 2 I , j 2 J . A mat ching mechanism ¹ is
“ st able” in t he sense of Rot h [22] if for every t 2 T ( int erpreted as a vect or
of report ed types), ¹(t) select s a solut ion in C(vt), i .e., if ¹ is ex post st able.
Rot h argues t hat t his requirement is not “ excessively st rong” in a model wit h
privat e values. However, he shows t hat incent ive compat ible, ex post st able,
mat ching mechanisms do not exist in general. A s suggest ed above, in our
framework (wit h t ransfers), it is not di¢ cult t o const ruct examples in which
incent ive compat ible ex post e¢ cient mechanisms do exist , but none of t hem
is ex post individually rat ional.

Rot h [22] also observes t hat several propert ies involving strategy-proofness
in marr iage problems wit h complet e informat ion have an immediat e count er-
part in marr iage problems wit h incomplet e informat ion but private values.17

In part icular, t here exist mat ching mechanisms such t hat revealing one’s t rue
preferences is a dominant st rat egy for one side of t he market . Such result s
are also valid here, but do not seem to be helpful in analyzing t he incent ive
compat ible core unless one side of t he market cont ains only one agent (as in
st andard auct ions).

T he previous comment s raise the quest ion of t he validity of our result s in
mat ching market s where monet ary t ransfers are not possible ( l ike in Shapley
and Scarf [25]). Our solut ion concept s can be used in t his framework. Except
for t he T U aspect in sect ion 3, all our result s hold when all monet ary t ransfers
are imposed to be null. T he (NT U) ex ant e incent ive compat ible core is t hen
non-empty as a consequence of Scarf [24]’s t heorem.

16Ex ant e and, in some cases like [7] and [8], int er im individual rat ionality can be
guarant eed.

17A st rat egy-proof mechanism induces a dominant-strategy incent ive compat ible mech-
anism in mat ching problems wit h privat e values.
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