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Résumé

Nousconsidéronsun marché bipartite danslequel les agents disposent d’infor-
mations privées sur un état de la nature qui détermine leurs utilités d’appa-
riement. Les transferts monétaires sont permis et les fonctions d’utilité sont
quasi-linéaires. Le modéle étend donc les jeux d’allocation introduits par
Shapley et Shubik. Nous démontrons que le coeur ex ante incitatif du jeu
d’appariement est non-vide. Des exemples simples illustrent deux dizérences
avec l'information compléte: tout d’'abord, les mécanismes d’'appariement
aléatoires dé..nissent une fonction caractéristique (a utilité transférable) plus
élevée que les mécanismes déterministes; de plus, les solutions du coeur ex
ante incitatif ne coincident pas nécessairement avec les résultats stables cor-
respondants, et ce méme si les valeurs sont privées et indépendantes. Notre
approche s'étend au coeur brut (interim) incitatif, qui est lui aussi non-vide.

Abstract

We consider two-sided matching markets in which agents have private infor-
mation on a state of naturewhich determinesthe agents’ utilities of matching.
Monetary transfers are allowed and utility functions are quasi-linear. The
model thus extends the assignment game introduced by Shapley and Shubik.
We prove that the ex ante incentive compatible core of the matching gameis
non-empty. Simple examples illustrate two diaerences with complete infor-
mation: ..rst, random matching mechanismsde..neahigher T U characteristic
function than deterministic ones; furthermore, ex ante incentive compatible
core solutions need not coincide with ex ante incentive compatible stable
outcomes, even if values are independent and private. Our approach extends
to the (interim) incentive compatible coarse core, which is also non-empty.

JEL classi..cation numbers: C78, C71, D82

Keywords: assignment game, core, incentive compatible mechanism, match-
ing, private information.



1 Introduction

Two-sided matching markets have been extensively studied under the as-
sumption of complete information (see, e.g., Roth and Sotomayor [23]). Roth
[22] also investigated ex post stable mechanisms in marriage problems with
incomplete information about others preferences (i.e., private values).

We consider two-sided matching markets with arbitrary incomplete in-
formation (i.e., possible common values). The agents are divided into two
disjoint sets (e.g., potential buyers and sellers, ..:ms and workers, etc.). Ev-
ery agent has private information on a state of nature which enters agents’
(ex post) utility of being matched with a partner from the other side of the
market. The (ex post) worth of a coalition is determined by pairwise com-
binations of agents (from dizcerent sides of the market) and arbitrary money
transfers (e.g., in the auctions framework, we allow for entry fees, bidder
rings, etc.). Utility functions are assumed to be linear in money. Our model
is thus an extension of the (complete information) assignment game intro-
duced by Shapley and Shubik [26]. Under incomplete information, a number
of particular cases (bilateral trading, auctions, etc.) have been analyzed in
great details (see, among others, [7], [8], [18], [21],[29]).

We extend Shapley and Shubik [26]'s results by proving that the ex ante
incentive compatible core of the assignment game is non-empty. T his solu-
tion concept has been mostly applied in dicerential information exchange
economies (see [13]). It is appropriate if coalitions can form before agents
know their private information. The members of a coalition organize match-
ings and monetary transfers by means of (random) Bayesian incentive com-
patible mechanisms. T his generates a well-de..ned T U characteristic function,
namely the maximal sum of (ex ante) expected payozs that every coalition
can guarantee by relying on an incentive compatible mechanism. The ex ante
incentive compatible coreisde..ned asthe (standard) core of this characteris-
tic function. To establish its non-emptiness, we apply the Bondareva-Shapley
theorem.

As in most papers on auctions and bargaining under incomplete infor-
mation, we assume that matching may result from a lottery. T his procedure
is natural, especially if one relies on the revelation principle (as will be the
case here), but isnot needed in Shapley and Shubik [26]'s original model (see
also [23]). Random assignment procedures can nevertheless be useful under
complete information, for instance to guarantee fairness when money is not
available (see, e.g., [1], [5], [6], [16]). We shall show on an example that,



when incentive constraints matter, the TU characteristic function associat ed
with random mechanisms can take higher values than the one associated with
deterministic mechanisms.

Under complete information, it is also well-known (see again [26]) that
the core coincides with the outcomes which are stable, i.e., cannot be blocked
by any single agent nor pair of agents (from dicerent sides of the market).
However, as we show on simple examples, no such property holds under
incomplete information, and this even under private, independent values.
More precisely, one can construct incentive compatible mechanisms which
cannot be blocked by any single agent nor any pair of agents, but are blocked
by three agents coalitions.

The non-emptiness of the ex ante incentive compatible core means that
there exists an incentive compatible mechanism 1 for the grand coalition
(which selects matchings and transfers) such that no coalition can propose
an incentive compatible mechanism improving the expected payor of all of
its members. In particular, 1 is incentive ex ante e¢ cient (in the sense of
Holmstrom and Myerson [15]) and ex ante individually rational. 1 is thus
also incentive interim e¢ cient. But 1 is not necessarily interim individually
rational.

Given theimportance of thelatter property in the mechanism design liter-
ature, a natural question concerns the existence of incentive compatible core
solutions that would be interim individually rational, i.e., such that all types
of agents would like to participate in the mechanism at the interim stage. A
satisfactory solution concept in thisrespect istheincentive compatible coarse
core, namely Vohra [27] s incentive compatible version of Wilson [28]'s coarse
core. In this approach, agents form coalitions after having learnt their types
but can only exchange information inside coalitions, once these have formed.
They thus use exactly the same incentive compatible mechanisms as above.
However, blocking takes place at the interim stage so that, basically, every
possible type of an agent should get a better payo=. In particular, incentive
compatible coarse core solutions are interim individually rational.

In a similar way as in Wilson [28], we construct an auxiliary (NTU)
characteristic function such that the incentive compatible coarse core is the
standard core of this characteristic function. Given the NTU structure of the
game, we rely on on Scarf [24]'s theorem to prove that the incentive compat-
ible coarse core is non-empty. Thisresult guarantees that, in a large class of
trading models with incomplete information, there exist incentive compati-
ble mechanisms that are not only interim e¢ cient and interim individually
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rational (as established in a number of papers), but cannot even be improved
by any coalition. In that sense, these mechanisms are “ collusion-proof”.

The positive results obtained here contrast with the ones that prevail in
dinerential information exchange economies. As shown by Forges, Mertens
and Vohra [11], in this model, both the ex ante incentive compatible core and
the incentive compatible coarse core can be empty, even if random mecha-
nisms and monetary transfers are allowed. The linear structure of the assign-
ment game is certainly helpful but this explanation of the results should be
used with care. The incentive compatible cores are not empty in exchange
economies with linear utility functions (see [27]) but random mechanisms
can be dispensed with in this model. On the contrary, here, they enable the
agents to achieve higher expected payoss. Hence, the result on linear ex-
change economies cannot be applied directly. It is also true that random
mechanisms generate linearity in the sense that expected payoss are linear
in the mechanism probabilities. However, this does not su¢ ce for the non-
emptiness of the incentive compatible cores, as the counter-example in [11]
shows.

The quasi-linear utility functions are useful in [11], as in many papers
on mechanism design (see, e.g. [2], [3], [4], [7], [8] and [17]) to construct
incentive compatible, ex post e¢ cient mechanisms, which turn out to achieve
expected payosesin the ex ante incentive compatible core. Such results also
apply here: under appropriate assumptions, the ex ante incentive compatible
core contains ex post e¢ cient allocations. However, no speci..c assumptions
(e.g., on the agents’ beliefs) are needed here to establish the non-emptiness of
the ex ante incentive compatible core. Even more, this result (as well as the
non-emptiness of the incentive compatible coarse core) still holds if there are
no monetary transfers at all. The model covers then incomplete information
versions of the marriage problem and the indivisible good economy of Shapley
and Scarf [25]. Obviously, in this case, the underlying characteristic function
isalways NTU, even in the ex ante framework. The main reason to consider
monetary transfers is to connect our analysis with the literature on trading
with incomplete information (e.g., auctions), in which Bayesian incentive
compatible mechanisms have become a standard tool.

The next section describes the model. Section 3 de..nesthe ex ante incen-
tive compatible core and establishes its non-emptiness. Section 4 is devoted
to theincentive compatible coarse core. Examplesillustrate our solution con-
cepts in section 5. Section 6 concludes with further remarks on possible ex
post properties.



2 Incentivecompatible matching mechanisms

T he economy consists of two, ..nite, disjoint sets of agents | and J: I\J = ;;
let K=1[J. Every agent kK 2 K has private infor@ation, represented by
his type tx 2 Ty, where Ty is a ..nite set!; let T = ok Tk and let g be a
probability distribution over T, the common prior of the agents, such that,
without loss of generality, q(tx) > O for every t. Every agent derives (von
Neumann - Morgenstern) utility from being matched with an agent of the
other side of the market and from monetary transfers. For every i 21, 2 J
andt2 T, let ui(t; j) (resp., uj(t; i)) denote agent i (resp., j)'s utility of being
matched with agent j (resp., i) when the types aret. Let also uk(t;0) denote
agent k’s utility of being unmatched (k 2 K, t 2 T). Monetary transfers
are just added linearly to these utility numbers. Agents thus have additively
separable utility functions for matching and transfers.

Except perhaps for the latter assumptions, the framework is quite gen-
eral: any informational externality is allowed (the whole vector of types t
enters all utility numbers, so that common values are possible). Further-
more, any matching externality is also allowed, since every agent cares about
his partner.

As a typical example, extending Shapley and Shubik [26]'s housing mar-
ket, the l-agents are sellers, each with a single item for sale, and the J-agents
are potential buyers; U;j(t; j) represents seller i’'s utility of selling his item to
buyer j at the state of information t, while u;(t; I) represents buyer j’s utility
of buying an item from seller J at t. Standard assumptions are that the sell-
ers are indizerent to sell to a buyer or another (Uj(t; i) = u;(t;i’) for every
i; i'2 1), or that the private information of traders coincides with their reser-
vation prices (private values: U;j(t;j) = ui(ti;j) represents buyer i's reserva-
tion price for seller j's item when his type is ti, Uj(t;i) = u;(t;i") = u;(;)
represents seller J's reservation price for hisitem). This example covers most
auction models. Monetary transfers are natural in this example; they basi-
cally correspond to sale prices, but may also involve compensations for not
getting an item, entry fees, etc.

The restrictions imposed on the market will be refected by the feasible
matching mechanisms. T he outcomes of such a mechanism consist of disjoint
pairs Fi;jg;i 2 I;j 2 J of matched agents, a set of unmatched agents and

1T his assumption (also made in, e.g., [7], [8], [11], [17], [27], etc.) is mainly for simplic-
ity. Most of our results go through if the sets of types are real intervals and the beliefs
have a density, as in [18], [19], [21], etc.



monetary transfers myg;k 2 K such that PKZK mg - 0. In particular, an
agent can be matched to at most one agent of the other side of the market
and arbitrary transfers are allowed, including between agents who are not
matched together.

We assume that agents exchange information and match after having
formed coalitions®>. A coalition S is just a non-empty subset of K. The
members of S can rely on any mechanism (in particular, any non-cooperative
bargaining game) to organize matching and transfers. By the revelation prin-
ciple (see, e.g., [18] for an application to auctions and [22] for an application
to matching), all feasible collective decisions of S can be represented as the
outcomes of a random, direct, incentive compatible, matching mechanism,
which we de..ne precisely below.

As in most papers on collective decisions under incomplete information
(see [7], [8], [11], [12], [15], [18], [22], etc.), we allow that matching results
from lotteries, which is usual in many auctions mechanisms. Lotteries also
appear as a consequence of therevelation principleif agents are allowed to use
mixed bargaining strategies. Under complete information, it is well-known
that random matching mechanisms do not achieve more expected payoas
than the deterministic ones (see [26], [23]). Thisis no longer the case under
asymmetric information, as we show in gtion 5.

Let S be a coalition; let usset Ts = 55 Tk. For every t = (ti)koxk 2 T,
let ts = (tkes. A (random) matching mechanisrr_l_3 for S consists of map-
pings g = (Xs;ms) : T X [0; 1] £RX 1t ¥ [(xd (1) ijyz1£3; (ME(D)kak]
such that

2 1, is measurable w.r.t. Ts, namely 1g(t) = Tg(t") for every ;0 2T :
ts =t, and for every t 2 T;xd(t) =0ifi2S or j 2S and m¥(t) =0
ifk2S

2P iy = P ij - P iy —

i22Xs (D) = jonsXs(t) - Lforevery i 21 and 5 Xg(t) =
ioins Xa(t) - 1for every j 23

P
k2K m(t) = K2K\S m&(t) - 0

2Typically, coalitions form at the ex ante stage, i.e., before the agents know their types.
In section 4, we will assume that coalitions form at the interim stage, but that agents do
not exchange information until they are in a coalition.

3We will use the term “matching mechanism” to refer to a “feasible (matching) mech-
anism” satisfying the feasibility constraints.



The interpretation of these feasibility conditions is that every member of
S isinvited to report his private information to the mechanism g, which, as
afunction of thereported typest, matches i and j with probability xd (t), and
distributesthe (expected) transfersm&(t).* T he feasibility conditions further
assert that a coalition can only use the information of its members, that some
agents may be left unmatched, and that transfers must balance. Observethat
a matching mechanism g4, associated with an arbitrary coalition S, can be
viewed as a matching mechanism for the grand coalition K, which leaves
unmatched all agentsin KnS.

In order to de..ne incentive compatibility of 14, consider i 2 1 \'S; let
ti (resp., t‘}) denote agent i's true (resp., reported) type; agent i's expected
utility is

2 3

it g0 < ity 4 < ij (0 i Lt 5
Ui(Tsiti; 6) = q(t;ijti) Xg (G t)ui((ti; t50):0) + mg(ti; t54)
tyi j23[fog

) P .
where t;i = tknrig and for every t 2T, X0t =1j i23 xd(t) is the
probability that agent 1 is left unmatched by 15 at t. Let us denote as
Ui(%gjti) the (interim) expected utility of agent 1 when he truthfully reports
his type to 15, namely

Ui(*sjti) = Ui(*sjti; ti)
15 isincentive compatible if
Ui(Lsjti) . Ui(sjti; t) for every i 2 1\ S;t;; € 2 T; (1)

and similarly for the agents j 2 J \'S on the other side of the market.

“Every xs(t) 2 [0;1]'EY satisfying the above conditions is a substochastic matrix and
thus a convex combination of deterministic matchingsin 0;1g'£” (thisis a variant of the
well-known Birkhoa-von Neumann theorem, see, e.g., [26] or [6] for a recent application).
T he description of random mechanisms by matching probabilities (as opposed to proba-
bility distributions over deterministic matchings) su¢ ces here, thanks to the properties of
the utility functions (such a simpli..cation is not always possible in exchange economies,
see [11], [12] and the discussion following proposition 1). In the same way, transfers are
deterministic without loss of generality.



We denote as Uy(%g) the (ex ante) expected utility of agent k 2 S from
the matching mechanism 15, namely

X -
Uk(Fs) = q(t)Uk (sjty)

T

All the notions introduced in this section are illustrated in section 5.

3 The ex ante incentive compatible core

We de..ne a cooperative game, namely a characteristic function® Va4, from the
previous set up. A coalition S can achieve a payor vector V= (Vi)kas 2 RS,
i.e., V2 VA(S), in there exists an incentive compatible mechanism g such
that vk - Uk(%g) for every k 2 S. Thecharacteristic function V, is consistent
with the following scenario:

2 Every coalition S chooses a matching mechanism 14, coalitions possibly
form

2 A vector of typest 2 T is selected according to (; every agent k 2 K
isinformed of his own type tx 2 Tk

2 If S has formed, 14 is implemented, members of S report their types
to 15, matchings and tranfers are realized according to 1g.

One immedialigy checks t?@t if V.= (Vikas 2 VA(S) and w = (Wy)k2s 2
RS is such that  ,,gWk = g Vk, then W 2 VZ(S). Indeed, w can be
achieved by modifying the transfers used for v independently of types, i.e.,
in an incentive compatible way. T he cooperative game is thus TU and one
can describe the characteristic function as

. X
Va(S) = max[  Uk(*s)] (2)
S k2s
where the maximum® is over all incentive compatible (IC) matching mech-

anisms 1g. This de..nes the ex gpie assilgpment game. Observe that the ex-
pected sum of transfers, namely ~ ,q(t) s M§(t) - O, ispart of the above

SAsin [15], we put a “*” for the incentive compatible concepts.
6(2) de..nes a “general linear problem” (see, e.g., Gale [14]). It is easily checked that
the primal and the dual problems are feasible and thus have a solution.



objective function, and that, implicitly, va(fkg) = Ptq(t)uk(t; 0) for any
single agent K.

As a benchmark, we consider the ..tst best characteristic function va in
which agents are not submitted to incentive compatibility constraints. In this
case, at an optimum, the sum of monetary transfers is exactly O:

X
Va(S) = rrlgx[ Ui (*s)]
k2s 5 3
XX X X X _
= max  g()4 xd (Bui(t; ) + x3 (t)u; (t;)S
S ot i21 j2J[fog i2J i21[fog

Obviously,

VA(S) - Va(S)

Shapley and Shubik [26] (see also [23]) have shown that under complete
information, one can restrict oneself on deterministic mechanisms without
loss of generality. Hence, in the above expression of VA(S), the maximum is
in fact over all deterministic mechanisms Xs, with values in f0;1g. As we
already mentioned, this property is no longer true under incomplete infor-
mation. In example 3 (section 5), the best expected payor a coalition S can
get by relying on deterministic incentive compatible matching mechanismsis
strictly less than VA(S).

Another interesting property of the assignment game with complete in-
formation isthat all gains are generated by pairs of agents from the dicerent
sides of the market (see [23]). More precisely, the worth of any coalition S
can then be computed directly from the worths of all singletons and pairs
contained in S and, as a consequence, transfers are only needed between
pairs of matched agents. This structure does not survive under incomplete
information, even in the simplest sellers-buyers models with independent pri-
vate values (see example 1 section 5). The intuitive reason for thisisthat in
our model, the players exchange information after coalitions have formed. If
they partition into pairs at the coalition formation stage, they may loose the
interaction possibilities which are onered by larger coalitions mechanisms.

Recall that the core of a TU game Vv over K isthe set of all VeEEpr payoas
W = (Wy)kek Which can be achieved by the grand coalition, g=£., o Wk -
V(K), and cannot be improved upon by any coalition, i.e, Wk _ V(S)
for every S. We refer to C(va) as to the “ex ante incentive compatible
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core” of the assignment game. Under complete information, Shapley and
Shubik [26] have proved that the core of the assignment game is not empty.
A straighforward application of the Bondareva-Shapley theorem will enable
us to show that Shapley and Shubik’s result extends, namely C(vpy) 6 ;
However, as we pointed out above, many nice properties of the characteristic
function disappear. In particular, the ex ante incentive compatible core does
not coincide with the (payoss of) stable matchings (which are individually
rational and cannot be blocked by any pair (i;j) of agents in 1 £J; see
examples 1 and 2 in section 5).

Proposition 1 The (TU) assignment game de..ned by Vv is balanced, so
that the ex ante incentive compatible core C(v,) is non-empty.

The result is a direct consequence of the following lemma:

Lemma 1 Let S be a balanced family of coalitions with associated weights
.S "%_,2 S, and let g = (Xs;Msg) be a mechanism for S, S 2 S. Then

1= $25 - S s is a matching mechanism for K and satis..es
X
Uk(it; ) = .sUk(Bsjtic 1)) 8K; ty; th (3)
$2S:S3k

In particular, if every 1g is incentive compatible, so is 1.

Proof of the lemm a: Recall that a mechanism g for an arbitrary coalition
S can be viewed as a mechanism for the grand coalition. The mechanism
1 de..ned in the statement is T-measurable as a Iineangombination of T-
measurable mechanisms. By de..nition of balancedness, g,q.q3¢ .5 = 1 for
every kK 2 K; T = (X;m) is not, as such, a convex combination of the 1g’s
but satis..es

. X
xI() = ,sxs(t) 8i21;j23t2T (4)
SZgé‘ITfi;JQ
mk(t) = smi() 8k2K;t2T (5)
$25:53k
so that 1 is feasible. Indeed, let j 2J and t2 T:
x< xX X
xI) = LsXg(t)

2l 12y 525:59fig
= W) -1
= S Xg (1)
$25:53]  i2I\S
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and similarly on the other side of the market. T he transfers satisfy

x . X . xX X )
m(t) = .smg() = _s mg(t) -0
k2K k2K S25:k2S s2s  k2s

T he equalities (3) can be checked in a similar way:
Xij(t[%;tii)ui((ti;tii);j)
R x
[
jzgézs:s-nfy&

= .S xd (8 t;)ui((ti t;):)
S2S:S3i j2I\S

RS M)

Similarly,

Xt b Ui t:1); 0)
= [1i LsXd (st D)]ui((ti; t5); 0)
j2J S2S:Svfi;j
= .s[li xd (8 t;)]ui((ti; t5:); 0)
$2S:S3i j20\s

and the transfers satisfy (5).
Q.E.D.

Proof of the proposition: Let S be a balanced family of ﬁpalitions with
associated weights s, S 2 S. We must show that VA(K) . 555 .sVa(S).
Let, for every S ,%S, 15 be a mechanism achieving the maximum in (2),

namely VA(S) = 55 Uk(*s) and de..ne T asin the lemma. 1 is incentive
compatible. By the linearity of utility functions,
. > X X
Va(K) . Uk(*) = .sUk(*s)
QK ¢ keKS2sigk
= s Uk(®s) = .sVa(S)
S2s  k2S s2s
Q.E.D.

Let us compare the previous proposition with the results obtained for
the ex ante incentive compatible core of an exchange economy in Vohra [27],
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Forges and Minelli [12] and Forges, Mertens and Vohra [11]. T he sellers-
buyers example (without matching externalities for the sellers) is basically a
particular case of the economies considered in [11], where arbitrary monetary
transfers are allowed and utility functions are quasi-linear. As shown in [11],
these conditions do not guarantee the non-emptiness of the ex ante incentive
compatible core. Here, the utility functions are in fact linear, and this even if
one restricts oneself to deterministic mechanisms (in which all probabilities
of matching are 0 or 1).

Theex anteincentive compatible core of an exchange economy with linear
utility functions is known to be non-empty; random mechanisms are clearly
useless in that framework (see, e.g., [27], [13]). Let us show that this result
cannot be applied directly here. It istempting to view the matching proba-
bilities of section 2 as quantities of indivisible goods, e.g., by appealing to a
time-sharing interpretation. However, the standard resource constraints do
not account for the feasibility constraints stating that each buyer is matched
with (total) probability less than one at every state of nature. T his should
result from an assumption on the buyers' initial utility functions, namely
that, at every state of nature, a buyer’s utility for several houses is just his
utility for his favorite house. Such utility functions are obviously not linear.
To restrict on time-shares (as opposed to probability distributions over de-
terministic allocations) and utility functions that are linear in these, as in
section 2 (recall footnote 4), a construction much more tedious than above
is needed. This approach generates core mechanisms which are feasible in
expectation. These are always feasible here (see again footnote 4), unlike in
general exchange economies with asymmetric information.

Let usfurther illustrate the dizerences between the assignment game and
an exchange economy by considering a simple example. Let 1 = f1;2g and
J = f3;4q; consider the balanced family S = Ffl;2;4q; f1; 3g; 2; 3g; f4gg
with all weights equal to % and the following deterministic matchings for
some state of nature t: 2 and 4 in f1;2;4g, 1 and 3 in 1;3g, 2 and 3 in
T2;3g (and null transfers). The mechanism constructed in the lemma is, at
t,

oy il Mooy il Mo o il
1

X = : 01 T2 10

_1
T2

NN -

which is feasible as expected. Let us now view the example as an exchange
economy, in which agent 1 and agent 2, the sellers, both initially have 1 unit
of good. T he following deterministic mechanisms are now feasible: agent 2
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gets 2 units in fl;2;4g; agent 3 gets 1 unit in f1;3g and 1 unit as well in
T2;39. Proceeding as in the lemma yields the mechanism which allocates 0
or 2 units, each with probability % to agent 2 and 1 unit with probability
1 to agent 3. T his mechanism cannot be feasible since it distributes 3 units
with positive probability. However, the average mechanism, which gives 1 to
agent 2 and 1 to agent 3 is feasible’. If the utility functions are linear, the
average mechanism is obviously equivalent to the random one, but then, by
contrast with the assignment game, random mechanisms are not useful at
all.

4 Theincentive compatible coarse core

Up to now, we have assumed that coalitions form at the ex ante stage, be-
fore agents know their types. Such a scenario is obviously not always feasible
(see, e.g.,[15]): if types represent intrinsic characteristics of the agents, the
matching procedure cannot start before the interim stage, in which every
agent only knows his own type. If we maintain the assumption that agents
do not exchange information until they are in a coalition, the incentive com-
patible version of Wilson [29]'s coarse core proposed by Vohra [27] is then
an appropriate notion of the core. In particular, solutions in the incentive
compatible coarse core are interim individually rational in the standard sense
(see[18], [19], [21] etc.) and incentive interim e¢ cient (see [15]). Agents will
exchange information only after having formed coalitions, by means of the
same mechanisms as in section 2, but will possibly block proposals at the
interim stage. As a consequence, they will base their objections on events
that are common knowledge inside the coalition at the interim stage.

In order to make the formal de..nition of common knowledge events (and
thus of the incentive compatible coarse core) as simple as possible, we shall
make, throughout this section, the assumption that all vector of types occur
with positive probability: q(t) > 0 for every t 2 T, e.g., that types are
independent.® In this case, the set of all types T is the only event that can
be common knowledge in a coalition S of two agents or more at the interim

"The present example is simplistic since there is only one good. [11] fully de..nes a
TU exchange economy in which the ex ante incentive compatible core is empty. Hence,
the corresponding TU game cannot be balanced (which is obviously much stronger than
verifying that the most naive construction to establish balancedness does not work, as we
did above).

8All our results go through without thisrestriction, by de..ning the incentive compatible
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stage (since the information partition of agent Kk of typet?( istheset of all type
vectors t such that tx = t?(). Obviously, if S = fkg, “common knowledge” is
synonymous with “knowledge”, and at the interim stage, agent k knows his
own type tg.

Let T be a matching mechanism for the grand coalition and let ©s be a
matching mechanism for coalition S, jSj _ 2, as de..ned in section 2. g is a
coarse objection to 1 in

Uk(®sjtk) > Uk(Tjt) 8k 2 St 2 Ty (6)

In a similar way, agent Kk of type tx has a coarse objection to 1 ia

q(t;kitiuk(t; 0) > Uy (Ljty) (7)

tik

so that agent K blocks T at the interim stage as soon as there exists t 2 Tk
satisfying (7).

1 is an incentive compatible coarse core mechanism ia 1 is incentive
compatible and no coalition S has an incentive compatible coarse objection to
1, In particular, T isincentive interim e¢ cient, namely there is no incentive
compatible mechanism © = © such that (6) is satis..ed for S =K, and 1 is
interim individually rational, namely

X
Uc(fjt) o a(tidtue(t;0) 8k 2 Kty 2 Ty

ik

In a similar way asin section 3, we de..nethe incentive compatible coarse
core gsthe set of (interim) payoss (of the form [(Wk(tk)) 2T Jkex 2 RN,
N = ijkj) to incentive compatible coarse core mechanisms. As pointed
out in [27] and [13], there is no inclusion relationship between the ex ante
incentive compatible core and the incentive compatible coarse core; indeed,
interim individual rationality obviously implies ex ante individual rationality,
but the implication goes the other way round for e¢ ciency (see [15]).

Wi ilson [29] showed that, in the absence of incentive constraints, the coarse
core of a well-behaved exchange economy is non-empty, as the standard core
of an appropriately de..ned balanced NTU cooperative game with N players
(k;te), k 2 K, tx 2 Tk (see also [13]). Vohra [27] extended his argument to

coarse core as in [27] and [13]. From a conceptual point of view, the concept of the coarse
core seems more attractive when no state of nature has zero probability.

15



exchange economieswith linear utility functions. We proceed in the same way
here and establish that the incentive compatible coarse coreis the core C(V,?)
of a characteristic function V,°. The players in this game are, as in Wilson
[29], the types of the original model; we call them “auxiliary players’; the
only viable coalitions are of the form f(k; tc)g for some k 2 K and some type
tx 2 Ty, or of the form F(K;tx) : kK 2 S;tx 2 Txg for some original coalition
S UK, jSj . 2. Theinterpretation is clear: at the interim stage, a coalition
consists either of a single agent who knows his type or of several agents who
have trivial common knowledge (as a consequence of our assumptions) and
thus consider all their types as possible. The viable coalitions of two agents
or more will thus be identi..ed with the original coalitions S 1 K, jSj . 2
with a little abuse of language.

T he characteristic function V" is now easily de..ned on viable coalitions.
For every (k;tk), V,°(f(k;tk)Q) is the set of vector payosos l\_t,2 RN in which
agent K of type ty getsat most hisindividually rational level tikq(tikjtk)uk(t; 0).
For every coalition S L K, jSj . 2, V,%(S) isthe set of vector payossw 2 RN
for which there exists an incentive compatible mechanism 14 for coalition S
such that Wy (ty) - Ux(jtk) for every kK 2 S and te 2 Ty. Finally, as usual,
let us de..ne V" on arbitrary coalitions by taking the superadditive cover.
T his amounts to allowing the auxiliary players (K;tx) of a coalition to use
an arbitrary incentive compatible matching mechanism if all (k;t}), t 2 T,
are also in the coalition and to leaving unmatched the other auxiliary play-
ers. V|’ is a well-de..ned NTU game, but clearly, the argument showing that
V4 de..nes a TU game does not extend here (see [11] and [13] for related
comments).

The core of theinterim assignment game V,” is the set of all vector payoss
W = [(Wk(t))e2r ek 2 V,*(K) which cannot be improved upon by any
(viable) coalition. We deduce the non-emptiness of C(V,”) from Scarf’s [24]
theorem.

Proposition 2 The (NTU) assignment game de..ned by V| is balanced, so
that the incentive compatible coarse core C(V,") is non-empty.

Proof: Let B be a balanced family of viable coalitions in the auxiliary N
player game de..ned above, with associated weights g, B 2 B. We must
show that \g2gV,"(B) K V;(K). Assume that, for some Kk and ty, the sin-
gleton f(k; t)g belongs to B; then by balancedness, all singletons f(k;tl)g,
tl 2 Ty, must also be in B, all with same weight, say k. We can thus as-
sociate with B a balanced family S of coalitions of original players k 2 K
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by merging all B’s elements f(k;t,)g, tx 2 Tk, into a single coalition, with
weight _k (and keeping unchanged the coalitions of at least two players and
their weights, since these already correspond to original players). Since by
de..nition of V|, for every k 2 K, V(f(K; t) : te 2 Tg) = \¢. V,"(F(k; t)0),
we also have \g2gV,"(B) = \s2sV,’(S). We can thus pursue the reasoning
in terms of the original players, but considering vector payozs indexed by
the types.

Let W = [(Wk(tk))t 2T Jkok 2 \s2sV,*(S): for every S 2 S, there exists
an incentive compatible mechanism 1g achieving W. Let us de..ne T as in
lemma 1. 1 is an incentive compatible mechanism for the grand coalition,
such that Uk(Tjte) . Wk(tk) for every Kk, tx. Hence w 2 V2 (K).

Q.E.D.

Remarks:

(i) The previous analysis shows that under the assumption that all type
vectors have positive probability, the relevant characteristic function at the
interim stage can be de..ned over the original coalitions S 1 K, by consid-
ering as achievable all vector payoss [(Wk(tk))t. 2T, Jkes that result from an
incentive compatible mechanism. Coalition S blocks a mechanism % if there
is an incentive compatible mechanism g such that (6) holds. Of course, if
S is a singleton, the incentive compatibility conditions are vacuous so that
a single agent blocks any mechanism that is not interim individually ratio-
nal. The construction of the auxiliary game is only necessary to use Scarf’s
theorem, which is not formulated for vector payoss.

(ii) Unlike the core of a matching game with complete information, and as
the ex ante incentive compatible core, the incentive compatible coarse core
is smaller than the set of interim payors which cannot be blocked (in the
sense of (6) and (7)) by any single agent nor by any pair (i;J) 2 1 £J (see
example 1 in section 5).

5 Examples

In this section, we motivate the basic model and the solution concept of sec-
tions 2 and 3 on simple housing markets and we illustrate two dicerences
between matching games with complete and incomplete information. EXx-
ample 1 consists of a simple auction (one seller) with independent private
values, in which objections by coalitions of more than two agents matter.
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The latter property is also true in the second example, but is less surprising
there, because values are common and correlated. T he goal of this example
is to show that the grand coalition deals better with incentive compatibility
than small coalitions. Finally, in example 3, random mechanisms improve
the characteristic function under incomplete information.

In the sequel, for i 2 1 and j 2 J, jui(t;J) = %;(t;J) is interpreted as
the minimum price at which seller i is willing to sell his house to buyer j
when the state of information is t and u;(t; 1) is interpreted as the maximum
price that buyer j is willing to pay for seller i’s house. The utility of being
unmatched is O for every trader k.

Example 1

Agent 1, the seller, has no private information and a null reservation
price; agents 2 and 3, the potential buyers, have independent private values
uniformly distributed over 0;1g.° The basic parameters of the assignment
game are thus: | = flg, J = 12,39, T; = 10;19, J = 2,3, t; and t3 are
i.i.d. uniformly over 0;19, ui(t;2) = us(t;3) = 0, u;(t; 1) = u;(L;; 1) =,
j=2;3.

We shall show that in this example,

ol ol 1
Va(TL; 29) = va(F1;39) = 5
while

VA(FL;2;3g) =

Bl W

Hence a feasible vector payor like (%;0;0) cannot be blocked by any two
agent coalition but can be blocked by the grand coalition.

Since the seller is not submitted to incentive constraints, one can restrict
on transfers summing up to O without loss of generality. In particular, in a
seller-buyer coalition f1;jg, J = 2 or 3, a mechanism (X;m) can be de..ned
by the probability of trade X(tj) and the expected transfer m(t;) from buyer
j totheseller, tj = 0;1. Thetotal expected gains from mechanism (X; m) are
2x(1) - 3. Hence vi(f1;29) = vA(f1;3g) - 3. On the other hand, 1 can be

9T he example corresponds to the simplest possible discrete model. Everything goes
through if for instance, the pair f0;1g is replaced by the interval [0;1]. In this case,
VA(f1;2;39) . 2.
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achieved with a (constant) mechanism selling always the object at the price
1

E.
Let us turn to the grand coalition and consider the feasible, incentive
compatible mechanism induced by a second price auction, namely

0 1
0 no sale sell to 3 at price 0
1| sell to 2 at price 0 | sell to 2 or 3 with probability % at price 1

where the rows (resp., columns) correspond to the reported types of agent
2 (resp., 3). Thetotal expected gains from trade are 3 which is the maxi-
mum expected value that can be achieved, even in the absence of incentive
constraints.

One can also check that no seller-buyer coalition can block the previ-
ous mechanism at the interim stage. Indeed, this mechanism is classically
(i.e., without incentive constraints) ex ante e¢ cient and interim individually
rational.°

Example 2

The sellers, agents 1 and 2, both know, at the interim stage, whether
the quality of their own house is high or low: T; = fhy;lig, T, = Thy;l,g.
T he probability distribution over the sellers’ typesis q(hy; hy) = q(ly; 1) = %
q(hy; L) =q(lg; hy) = %. The potential buyers, agents 3 and 4, have no private
information. T he reservation price of a seller for a high (resp., low) quality
house is % (resp., ¥), while for a buyer, the reservation prices are U, and
. We assume that Uy < ¥y < ¥n < Up and that 3(uj+un) < 3(% +%n) (e.q.,
0, 9, 12, 20).**

19If the buyers' types are uniformly distributed over [0;1], coalition f1;jg, j = 2;3,
can achieve the vector payo= (%;(tj i %)I(tj . %)) with an incentive compatible, interim
individually rational, mechanism. Furthermore, one can check that % isthe maximum the
seller can expect from a mechanism with these properties in a two-agent coalition. In the

grand coalition, the second price auction mechanism yields the expected payors (%; 52%; 32%)
and thus stricly improves all agents’ payozs.

1 For a concrete example, think of the termites invading some regions of France. The
qualities of houses in the same neighborhood are highly correlated. Many owners do not
know whether their house is infected or not, but will go through a test in case of potential
sale. Hence, thereisan ex ante stage, beforethe sellers know the quality of their houses.One
might argue that the quality of a house is veri..able in this example but, given the risk of
false certi..cates, an incentive mechanism looks safer.
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Sincethe buyers are not submitted to incentive constraints, we will, with-
out loss of generality, focus on transfers summing up to O throughout the
example.

Let us ..rst consider a seller-buyer coalition fi;jg, i 2 1;2g, j 2 3;4qg.
The seller has then two equiprobable types, which we denote as h and |. We
face a simple, discrete version of Myerson [19]'s “lemon problem”. A mecha-
nism for a seller-buyer coalition consists of the probability of trade Xp (resp.,
X;) when the seller reports type h (resp., I) and the corresponding expected
transfers my, My from the buyer to the seller. By eliminating the transfers
from the incentive constraints (see, e.g., [17] or [19]), the optimization prob-
lem of a seller-buyer coalition is

VA(Fi; ) = maxCxe(un § ) + (U § )] ST O - X - i - 1

so that, under our assumptions,
va(fi;jg) =0 i2f1;2g;j 2 3;4g

Let us set gn = Un i %n > 0. Observe that, in absence of incentive
constraints, Va(fi;jg) = %gh. Trade is indeed bene..cial in state h, but the
incentive compatibility conditions prevent revelation of information from the
seller.

Let us turn to the grand coalition. First best e¢ ciency requires to sell
the high quality houses, and only those, at every state of nature. Hence,

va(K) = gn

We will construct an incentive compatible mechanism achieving gn as sum of
expected payors, so that

VA(K) = gn

Since VA(S) . VA(S) for every S, this will also show that C(va) |t C(Va)
and provide a simple procedure to construct expected payocsin the ex ante
incentive compatible core.?

12T he procedure can be applied to a large class of assignment problems (see, e.g., [2],
(31, [4], [71, [8], [17]).
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Consider a matching mechanism in which only high quality houses are
sold, e.g., x 2 f0;1g'#7 described by

M il M T
X(hy; 1) =

T M
X(Iy; 1) =

x(hy;hy)) =
L

O O

10
0 01T
0 0
0 0

OO O

X(Ii;hy) =

The sum of expected payoss from X is gn. Obviously, X is not incentive
compatible, but one can construct transfers m such that (X;m) is incentive
compatible. For instance, the transfers m; to the ..rst seller must satisfy

3 1 3 1
i Yn + Zml(hl; hy) + Zml(hl; L) . Zml(ll; hy) + Zml(ll; I2)
1 3 1 3
Zml(ll; hy) + Zml(ll; L) . %+ Zml(hl; hy) + Zml(hl; 12)

A possible solution is

my(hyihy) = Z+ & my(hy;lp) = 2t +
my(l1;hy) = & my(l; 1) =&

The transfers m; to the second seller can be chosen in a similar way. In
order to balance the transfers, one can simply set mz = jmg, Mg = jmMo.
T he mechanism (X; m) thus associates buyer 3 (resp., 4) with seller 1 (resp.,
2) but sale only takes place if the seller’s house is of high quality. (x;m)
yields the expected payo= 943 to each trader. The mechanism retects that
sale prices are infuenced by the presence of low quality items; the transfersin
the low state should be interpreted as a fee that the potential buyers pay to
get information and avoid a bad decision. Many other mechanisms achieving
ex post et ciency can be constructed. In particular, asin [8], it is possible to
design the transfersin such a way that the mechanism isinterim individually
rational for the sellers, who fully extract the surplust®.

13Adding (resp., subtracting) 94ﬁ to (resp., from) all previous transfers gives the sur-
plus to the sellers (resp., buyers). All these mechanisms, including the latter, are interim
individually rational for the sellers. Another mechanism with the same propertiesis

ma(hy; hp) = 3Uaih my (hy;lp) = Suiin
my(ly; hp) = 3o my(ly;l) = 40
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Let usend theanalysisof the example by showing that the expected payox
from (x;m), namely, (4;%; ;%) pelongs to C(va). We have evaluated
va(Ti;jg), 1 2 1;2g, j 2 £3;49 and Va(K). To complete the description of

Va, We compute that

va(fi;3;49) = g—zh 1=1;2
. 5
Va(fl;2;jg) = % j=34

Hence, (d;&; 30, dh) 5 C(va). It follows from our previous remarks that

o dh- G- 9h) 2 C(v). The same reasoning applies to (4; % 0;0).

As announced above, this example shows that it may be better for the
agents (in the sense of generating a higher sum of expected payors) to stay
together at the ex ante (or interim) stage in order to exchange information
within the grand coalition. For instance, this enables the agentsto exploit the
possible correlation between types and to achieve ..tst best e¢ ciency through

full revelation.

Example 3

T his example will con..rm the advantage of random mechanisms, by illus-
trating that VA(K) can be strictly larger than the maximum sum of payosrs
that can be achieved with an incentive compatible deterministic matching
mechanism (to which we will refer as Vaop(K)). The framework will consist
of one seller (agent 1) and one buyer (agent 2), with independent types t;
and t,, but common values: at the state of information (t;t,), the reserva-
tion price of trader 1 (resp., 2) is % (ty; 1) (resp., Ux(ty;t5)). We will further
assume that each trader only has two equiprobable types (Tx = Ftx; k20,
A(tka) = a(tk2) = 3, k = 1,2).

T his seems one of the simplest models in which one can expect to have
Vap(K) < VvA(K). For instance, under independent private values, ..rst best
e¢ ciency can be achieved in an incentive compatible way, so that VA(K) =
va(K) (see, e.g., [3] and [4] and the concluding remarks below) and thus
Vap(K) = VA(K) in this case. It is a remarkable fact that Vap(K) and
Va(K) also coincide in seller-buyer models with common values in which
only one trader has private information, as it can be checked by adapting
Myerson [19]'s results on the “lemon problem” of to our discrete framework.

Let us complete our example by assuming the following possible reserva-
tion prices Y1 (t1; t2), Us(ty; ty):
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to | 7:6]0;4

Since the traders’ types are independent, one can restrict on mechanisms in
which the transfers sum up to 0 without loss of generality'®. Furthermore, by
eliminating the transfers from the incentive compatibility conditions (see e.g.,
Johnson, Pratt and Zeckhauser [17]), we can write the optimization problem
of the seller-buyer coalition as

VA(FL;2g) = maxf j4®; + ®y; j ®p + 4@5,0
st. 0-®s-1 rs=12 and

®17 § 2812 j ® +20@, _ 0 (8)
i®11 +®p + 20, j 2B 0 (9

=

where ®,¢ is the probability of trade when the seller (resp., buyer) reports
his rt" (resp., st type) r;s = 1;2. (8) is the seller’s incentive compatibility
constraint (after elimination of the transfers) which expresses that the sum
of his expected payors when he always tells the truth is larger than the sum
of his expected payoas when he always lies. (9) has a similar interpretation
for the buyer.

01
01

The only ex post e¢ cient mechanism in this example, ® = , IS not

incentive compatible for the buyer.
2

The mechanism ® =

that va(fl;2g) . 4.%°

satis..es (8) and (9) - with an equality - so

=l

win ©

As shown in, eg., [17], if typessre independent and * = (x;m) is incentive com-
patibl?bso are (x;m), Mp(ty) = tikq(tik)mk(t), and (x;mm), @y (t) = mMp(ty) i
JKJﬁ 1ek T (tr). m(t) is exactly balanced for every t.

'*In fact, one can check that VA(fl;2g) = 4. Under the feasibility constraints, the

objectiveis - ®15 § ®»1 +4 while the sum of the incentive compatibility constraints yields
®12 § ®1 - 0.
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We now check that Vaop(F1;2g) < 4. Let ® be a deterministic mechanism;
if ®4, = 1, the objective j4®1; + ®1, § ®y +4®,, is - 1; and similarly if
®p = 0. Vap(T1;29) is the maximum of ®1, j ®y +4 sit. ®1,, ®y 2 0; 19,
(8) and (9) (with ®; =1 and ®,, =0) , which is 3.

6 Concluding remarks

In this paper, we have focused on the ex ante assignment game (which is
de..ned without any ambiguity) and a possible version of the interim assign-
ment game, in which agents do not communicate until they are in a coali-
tion. We have established that the associated cores are non-empty. Other
core concepts have been proposed at the interim stage, starting with Wilson
[28]'s ..ne core (de..ned in absence of incentive constraints). The de..nition
of an interim core concept turns out to be quite delicate, especially if some
communication is allowed at the coalition formation stage (see, e.g., [9] [10],
[15], [13], [20]) and we will not investigate this problem further here. But
the previous analysis suggests that two-sided matching games with incom-
plete information could be an appropriate framework in which to apply or
develop interim core concepts. Indeed, the model has a simple, well-behaved
structure, a number of particular cases are well-understood (e.g., seller-buyer
bargaining, auctions,...) and the benchmark incentive compatible coarse core
is not empty.

Let usturn to possible ex post properties of ex ante incentive compatible
core solutions. A number of papers (see, e.g., [2], [3], [4], [7], [8], [17]) identify
assumptions (on beliefs and utility functions) which ensure the existence of
mechanisms (involving exactly balanced transfers) which are both incentive
compatibleand ex post e¢ cient. Given the T U aspect, it isnot di¢ cult to see
that the expected payoss achieved by such mechanisms are in the ex ante
incentive compatible core (this is illustrated on example 2 in the previous
section). In other words, one can easily produce assumptions under which
the ex ante incentive compatible core contains ex post e¢ cient mechanisms.
Such results are used in [11] (where an analog of proposition 1 does not hold)
to establish the non-emptiness of the ex ante incentive compatible core.

Transfers are crucial in the previous approach, which guarantees ex post
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e¢ ciency but not ex post individual rationality.'® Roth [22] considers a
much stronger requirement: ex post stability in the absence of transfers. He
analyzes “marriage problems” (typically without transfers) in which agents
privately know their own utilities (in our terminology, “private values’). As
in the present paper, he considers general mechanisms (allowing in particular
for lotteries over matchings) and applies the revelation principle in order to
focus on direct revelation mechanisms. He calls such a mechanism “stable”
if it selects a stable matching for any stated utilities. To express a similar
stability property in our framework, let us de..ne, for every t 2 T, v¢ as the
(TU) matching game (with complete information) when the types are t. As
shown in [26], V¢ is the superadditive cover of vy(fkg) = uk(t;0), k 2 K,
vi(Fi;jg) = ui(t;J) +u(ti), i 21, j 2 J. A matching mechanism % is
“stable” in the sense of Roth [22] if for every t 2 T (interpreted as a vector
of reported types), 1(t) selects a solution in C(vy), i.e., if T is ex post stable.
Roth arguesthat thisrequirement isnot “excessively strong” in a model with
private values. However, he shows that incentive compatible, ex post stable,
matching mechanisms do not exist in general. As suggested above, in our
framework (with transfers), it is not di¢ cult to construct examples in which
incentive compatible ex post e¢ cient mechanisms do exist, but none of them
is ex post individually rational.

Roth [22] also observes that several propertiesinvolving strategy-proofness
in marriage problems with complete information have an immediate counter-
part in marriage problems with incomplete information but private values.!’
In particular, there exist matching mechanisms such that revealing one’strue
preferences is a dominant strategy for one side of the market. Such results
are also valid here, but do not seem to be helpful in analyzing the incentive
compatible core unless one side of the market contains only one agent (asin
standard auctions).

T he previous comments raise the question of the validity of our resultsin
matching markets where monetary transfers are not possible (like in Shapley
and Scarf [25]). Our solution concepts can be used in this framework. Except
for the TU aspect in section 3, all our results hold when all monetary transfers
areimposed to be null. The (NTU) ex ante incentive compatible coreisthen
non-empty as a consequence of Scarf [24]'s theorem.

18Ex ante and, in some cases like [7] and [8], interim individual rationality can be
guaranteed.

ITA strategy-proof mechanism induces a dominant-strategy incentive compatible mech-
anism in matching problems with private values.
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