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Abstract

We investigate the structure of the pricing kernels in a general dynamic investment
setting by making use of their duality with the self financing portfolios. We generalize
the variance bound on the intertemporal marginal rate of substitution introduced in
Hansen and Jagannathan (1991) along two dimensions, first by looking at the variance of
the pricing kernels over several trading periods, and second by studying the restrictions
imposed by the market prices of a set of securities.

The variance bound is the square of the optimal Sharpe ratio which can be achieved
through a dynamic self financing strategy. This Sharpe ratio may be further enhanced
by investing dynamically in some additional securities. We exhibit the kernel which
yields the smallest possible increase in optimal dynamic Sharpe ratio while agreeing

with the current market quotes of the additional instruments.

Keywords: Pricing Kernel, Sharpe Ratio, Self Financing Portfolio, Variance-Optimal
Hedging.



1 Introduction

The duality between pricing kernels and portfolio payoffs is the key to many fundamental
results in asset pricing theory. In a one-period setting, a pricing kernel is a random variable

my4+1 which satisfies the equality
(1) Ey [mes1wen] = RY oy Bolmeg]w,

for every portfolio with payoff w41 at time (¢ + 1) and value w; at time ¢, where R£ 1
and E; denote respectively the (gross) risk free rate from ¢ to (¢t + 1) and the conditional
expectation operator corresponding to the information available at time ¢. Harrison and
Kreps (1979) show that the existence of a pricing kernel is equivalent to the law of one price
while the absence of arbitrage corresponds to the existence of a positive pricing kernel.

If we know the prices today and the payoffs tomorrow of a set of securities, then a positive
pricing kernel my41 consistent with these securities provides an efficient method to produce
contingent claim prices in an arbitrage free framework. The kernel m;; yields an arbitrage

free price F} today for a payoff Fii; tomorrow through the equation
Rl{t—i-lEt[mt—&-l]Ft = Ey [myp1 Fy41]

This technique is especially useful when the market is incomplete and the claim Fj4; cannot
be obtained as the payoff of a portfolio based on the primitive securities.

Every positive pricing kernel yields however a different arbitrage free price system, and
in many situations the resulting range of contingent claim prices is so wide as to be of little
practical use. It is then natural to seek a rationale to reduce the set of admissible pricing
kernels, and in turn the range of corresponding prices. The quest for such a rationale is a
central theme in asset pricing theory. Bernardo and Ledoit (2000) show for instance that
setting upper and lower bounds to a pricing kernel in every state of the world controls the
maximum gain-loss ratio of every investment strategy. Balduzzi and Kallal (1997) consider
the restrictions imposed by the risk premia assigned by the pricing kernels on some arbitrary
sources of risk.

The variance bound on the pricing kernels introduced in Hansen and Jagannathan (1991)
is another important consequence of the duality between kernels and portfolios. The square
of the Sharpe ratio of every portfolio is smaller than the variance of every pricing kernel,

once properly normalized, and equality obtains for a unique portfolio whose payoff is also



itself a pricing kernel. This result is useful in two ways. On the one hand, the variance of
every pricing kernel yields an upper bound to the Sharpe ratios which portfolio managers
may expect to obtain in the market. On the other hand the Sharpe ratio of any portfolio
is a lower bound to the variance of the pricing kernels, and this allows to reject the asset
pricing theories for which the discount factor does not display enough variation across the
states of nature. Bekaert and Liu (2001) give an extensive account of the growing use of
these bounds in financial economics.

In view of this result, Cochrane and Sad-Requejo (2000) reduce the set of admissible
pricing kernels by rejecting candidates with large variance on the ground that they may
give rise to abnormal good deals in the form of investment opportunities with large Sharpe
ratios. They reason that although positive pricing kernels with large variance do not create
arbitrage opportunities, they are nevertheless suspicious and should be discarded. Cochrane
and Sad-Requejo (2000) compute the upper and lower bounds for the price of a contingent
claim when a variance bound is imposed on the kernels.

Our contribution is to extend the investigation of the duality between investment strate-
gies and pricing kernels from a single period to several consecutive trading periods. A

pricing kernel from time ¢ to horizon T is a random variable m7 which satisfy the equality
(2) E, [mpwr] = R{E [m7]ws,

for every intermediate period s between ¢ and 7' and for every self financing portfolio whose
value varies from w, to wr between time s and horizon T'. We denote here Rf the risk free
rate from s to 7.

The time dimension of this duality has so far been limited to the description of the
information set implicit in the conditional expectation of Equation 1. We generalize the
variance bound of Hansen and Jagannathan (1991) to a multiperiod setting by showing
that the standard deviation of the intertemporal marginal rate of substitution over a span
of trading periods is larger than the optimal Sharpe ratio available over the corresponding
investment horizon through dynamic self financing strategies. Every investment span gives
rise to a different variance bound, and it is legitimate to expect a sharper restriction on the
pricing kernels than the one which results from a single trading period.

The asset pricing results in the literature which follow from restrictions on the pricing
kernels are derived through a repeated use of a single period analysis. This is for instance
the case in both Bernardo and Ledoit (2000) and Cochrane and Sad-Requejo (2000) who



compute contingent claim price bounds recursively. They cannot deal with a constraint on
the kernels which is defined over several periods and which cannot be written as a succession
of constraints on the one period intertemporal marginal rates of substitution.

An important example of such a constraint is the observation of the current market
prices of a set of new securities on top of the original ones. These quotes may be the only
information available about the price process of the new securities, and it is logical to restrict
the kernels to the ones which agree with them. If the payoffs of the new securities span
several trading periods, this constraint cannot be written in a convenient time separable
way. Our multiperiod analysis handles these constraints and allows us to exhibit the sharper
variance bounds which they generate.

We propose a theory of pricing kernels in a general dynamic investment environment.
We describe the structure of the pricing kernels which are consistent with the stochastic
evolution of a finite number of securities. Equation 2 shows that the set of pricing kernels is
the dual of the set of the self financing portfolios which invest in these securities. We show
that the pricing kernel with minimum conditional variance over a span of trading periods is
the unique kernel which is also the final value of a self financing portfolio. This investment
strategy happens to be dynamically mean-variance efficient. The analysis of this duality
yields a number of results, both on the pricing kernels and on the dynamic investment
strategies.

As explained above, positive pricing kernels allow to derive the price dynamics of new
instruments in an arbitrage free framework. This technique is also often described as the
choice of a risk neutral probability distribution in which discounted security prices are
martingales. The new instruments can for instance be derivatives written on the original
securities. We take a partial equilibrium point of view and we assume that the new secu-
rities have no effect on the dynamics of the original ones. The introduction of additional
instruments may therefore only enhance the efficient frontier available through dynamic
trading.

This increase in efficiency depends on the price dynamics of the new instruments. We
show that if the price process followed by the new instruments is derived from a pricing
kernel consistent with the original securities, then the increase in the optimal dynamic
Sharpe ratio is a function of the extent to which the new instruments help dynamically
replicate the kernel. The maximum gain in efficiency is obtained once the kernel is perfectly

replicated with both the original and the additional securities so that it becomes the final



value of a self financing strategy. The maximum dynamic Sharpe ratio is then the standard
deviation of the pricing kernel. This also proves that the standard deviation of a given
pricing kernel is an upper bound to the dynamic Sharpe ratio which can be reached through
dynamic self financing strategies which invest in a arbitrarily large number of instruments,
provided that the price process of these instruments is derived from the given kernel.

Once the pricing kernel is perfectly replicated, no more mean-variance efficiency gain
may be expected from the introduction of new securities and the strategy which replicates
the kernel belongs to the enhanced efficient frontier. If we use a pricing kernel which is
already the final value of a self financing strategy based on the original securities in the
first place, then no efficiency gain is possible right from the start. This means that every
new instrument is priced by this kernel in such a way as to be useless for the construction
of a dynamically mean-variance efficient strategy. The pricing kernel with minimum vari-
ance is the only kernel enjoying this property. This special kernel corresponds therefore
to a min-max in terms of dynamic Sharpe ratio. Cochrane and Sad-Requejo (2000) have
proposed to eliminate dynamics which create “good deals”, where they define a good deal
as an investment strategy with a large instantaneous Sharpe ratio. The minimum-variance
kernel extends this methodology to an intertemporal Sharpe ratio. It generates conservative
dynamics which do not allow any increase in Sharpe ratio, thereby eliminating “good deals”
in a dynamic sense.

Besides its interpretation in terms of portfolio management, the minimum-variance pric-
ing kernel has received attention in the finance literature for another related issue: the
variance-optimal hedging of a contingent claim. Schweizer (1995) derives the price of a con-
tingent claim from the cost of its optimal replication by means of self financing strategies.
Optimality is measured by a quadratic loss function. This price happens to be identical to
the one derived from the minimum-variance pricing kernel. The importance of the variance-
optimal hedging strategy is highlighted by the fact that every pricing kernel can be written
as the variance optimal hedge residual of a contingent claim.

We prove that the cost of the variance-optimal hedge of a security does not change as
new hedging instruments are introduced, as long as these instruments are themselves priced
according to the cost of their variance-optimal hedge, that is if their price dynamics is
derived from the minimum-variance pricing kernel.

We next investigate the situation where, on top of the original securities, the current

market prices of a set of additional securities are available. These new instruments could



typically be a set of actively traded calls and puts written on the original securities. In
line with the option pricing literature, we shall sometimes refer to the collection of these
prices as a smile. We illustrate the significance of this situation by considering two dynamic
investment problems, the dynamic management of a portfolio on the one hand, and the
pricing and hedging of a contingent claim on the other hand.

We consider first a fund manager who trades in a finite number of securities and who
considers investing in derivative instruments written on them. Markets are frictionless
and perfectly competitive and we assume that the manager knows the price dynamics of
the underlying securities. Although she observes the prices of all traded securities every
period, she does not know the future price dynamics of the derivative instruments. The
manager could for instance be an equity portfolio manager who is considering investing in
convertible bonds written on the shares in which she is trading. The manager faces several
interconnected questions. Which derivatives should she select? Which price dynamics will
they follow? How should she optimally manage her portfolio with the new instruments?
Which performance gain can she expect from expanding her investment scope?

Consider now an investment banker who is seeking to price and hedge an exotic derivative
instrument written on some underlying securities. The banker knows the price process
followed by the underlying securities, and he observes the market quotes of a set of actively
traded derivatives written on them, for instance vanilla calls and puts, but he does not
know their price dynamics. The exotic derivative is not actively traded and no market
price is readily available. The banker seeks to use the traded derivatives, together with
the underlying securities, in order to hedge the exotic instrument. He is confronted with
several questions, echoing the questions raised by the fund manager. Which price dynamics
will follow the traded derivatives? At which price should he deal in the exotic instrument?
Which its the best replication strategy, using both the underlying securities and the traded
derivatives?

In a complete market setting, the questions raised by both the fund manager and the
investment banker find immediate answers. For every derivative instrument, only one price
dynamics is consistent with absence of arbitrage, and it is given by the value process of its
exact replication strategy. No performance gain can be expected in the management of a
portfolio by the introduction of new securities since the opportunity set is not changed by
the addition of redundant securities. There is no need either for the banker to hedge the

exotic instrument with the traded derivatives since it is already perfectly replicated with



the underlying securities. In an incomplete market setting however, exact replication is
typically not possible and many price dynamics for the new instruments may be consistent
with the observed market quotes and the principle of absence of arbitrage. An important
question arises as to which rationale allows to reduce the choice among admissible price
dynamics. We offer a rationale which answers the concerns of both the fund manager and
the investment banker.

Following again the logic of limiting good deals in a dynamic sense, we characterize the
kernel which yields a minimum increase in optimum Sharpe ratio while agreeing with the
prices of the instruments for which market quotes are available. Drawing on the duality with
the dynamic portfolios, we describe the efficient investment strategies which corresponds
to this kernel. They solve a max-min problem in terms of dynamic Sharpe ratio. These
strategies keep a fixed quantity of every quoted instrument, on top of an investment in the
L? minimum portfolio for the original securities.

The constraint of matching the smile reduces the set of admissible pricing kernels and
leads to a higher variance bound on the kernels. We describe this set and we show that
the increase in the variance bound is given by the distance, in the metric of the variance-
optimal hedge residuals, between the observed market quotes of the instruments and the
cost of their variance-optimal hedge.

We show that the pricing kernel which limits dynamic good deals while agreeing with
the smile is also optimal in terms of variance-optimal hedge for two reasons. First it prices
a contingent claim as close as possible to the cost of its variance-optimal hedge. Second
this price is the initial value of a constrained optimal replication strategy. In both cases,
the constrained optimality corresponds to a min-max where we consider the worst possible
contingent claim. We show finally that the contingent claim price derived from this kernel
is equal to the value of the variance-optimal hedge of the claim, when the dynamic hedging
strategy uses both the original securities and the instruments of the smile.

The paper is organized as follows. Sections 2 to 4 describe the self financing portfolios and
their mean-variance properties. They draw heavily on Henrotte (2001) which provides an
extensive account of the structure of these dynamic investment strategies. Section 5 studies
the structure of the pricing kernels and generalizes the Hansen and Jagannathan (1991)
variance bound to a multiperiod setting. Section 6 explains how to price additional securities
in an incomplete market setting while avoiding mean-variance good deals in a dynamic

sense. It relates the increase in the slope of the efficient frontier with the extent to which



the additional securities help replicate the kernel. Section 7 studies the pricing kernels
and the price dynamics which are consistent with the constraint of matching the market
quotes of a given set of securities. We derive a lower bound to the variance of these kernels
and we describe the minimum increase in the optimum dynamic Sharpe ratio implied by
this constraint. This lower bound and this minimum are reached for a pricing kernel and
an efficient dynamic strategy which we describe in Section 8. We propose this dynamics
as a solution to our two investment problems in incomplete markets, the mean-variance

management of a portfolio and the optimal replication of a contingent claim.

2 Dynamic Portfolios

2.1 Initial Market Structure

We consider a finite number n of underlying securities traded in a frictionless and compet-
itive market over a set of discrete times with finite horizon. We index the trading dates
by the integers between 0 and a final horizon T'. Information is described by a filtration
F = {Fi}o<i<r over a probability space (Q, Fr, P).

Throughout the article, equalities and inequalities between random variables are under-
stood to hold P almost surely. We denote respectively E[F] and E;[F] the expected value
and the conditional expectation with respect to F; of a random variable F in L'(P). We
let L?(P) and L?(P; IR™) be respectively the space of random variables and random vectors
in IR™ which are both measurable with respect to F; and in L?(P). If f; is positive and
measurable with respect to F;, we define L?(P, f;) as the set of random variables F' such
that f; ' belongs to LZ(P). We define in the same way L?(P, f; IR") for random vectors in
IR™. We close this list of technical notations by letting 2’y denote the usual scalar product
of two vectors x and y in R".

An unspecified numeraire is fixed every period and we let p; be the vector of prices of the
n securities in this numeraire at time t. We let d; be the numeraire dividend distributed by
the securities at time t. The owner of one unit of security ¢ at time ¢ is entitled to receive
the dividend d 41 in numeraire the next period. We let ¢; = (pt + d;) be the cum-dividend
price vector of the securities at time ¢. The vector processes {p;}o<i<r, {di}o<i<7, and
{ét}o<t<T are adapted to the filtration F.

We do not rule out that some security might be redundant at some trading period and in



some state of the world but we do impose that the law of one price holds. For the remainder

of the article, we shall assume that the following two assumptions are satisfied.

Assumption 1 Prices and returns of the securities do mot vanish. For every period t
between 0 and T and for every period s between 1 and T the price vectors py and ¢s are

P almost surely different from the null vector.

Assumption 2 Law of one price. For every period t between 0 and (T — 1), and for every
random vectors X; and Yy in IR™ measurable with respect to Fy, the equality ¢ X = ¢4V}

implies p, Xy = p,Y;.

2.2 Self Financing Portfolios

A dynamic portfolio X starting at time ¢ is a process in IR" adapted to F and indexed by
time s with ¢t < s < (T — 1), where X! represents the number of units of security i held in
portfolio X at time s. We let w(X) be the value process of portfolio X, naturally defined
by ws(X) < plX, for s < (T — 1) and we let wyp(X) = ¢4 X7

We say that a dynamic portfolio X starting at time ¢ is self financing at time s whenever
ws(X) = ¢, Xs_1 and that it is self financing whenever it is self financing from (¢ + 1) to
T. We remark that the definition of the final value of the strategy implies that a dynamic
portfolio is always self financing at time 7T'.

It is easily checked that the law of one price implies that two self financing portfolios
with identical final values at time 71" share the same value process. This property will allow
us later to identify two such dynamic portfolios.

Henrotte (2001) characterizes the set of self financing dynamic portfolios starting at time
t with the property that their final wealth at time 7T is in L?(P). Saving on notation, we
denote X; this set with no explicit reference to 7' since which we shall keep this final horizon
constant throughout our analysis. We also let wp(X;) < {wp(X) ; X € X} be the set
in L?(P) of terminal wealths of portfolios in X;. Besides the self financing condition, no
restriction is imposed on the value process of the portfolios at periods prior to the final
horizon.

Henrotte (2001) builds a positive process h by backward induction from the final value
hr = 1 at time T. This process plays a central role in the description of the structure of

X, and more generally in the mean-variance analysis. It is closely linked to the notion of

dynamic Sharpe ratio and it can be interpreted as a correction lens for myopic investors.



We denote N* the Moore-Penrose generalized inverse of a symmetric matrix N in R" x
IR™. The matrix N7 is itself symmetric, commutes with N, and satisfies!
(3) NNTN = N,
(4) NTNNt = NT.

If N is a random matrix measurable with respect to F3, then N1 (w) is defined for every w

in Q and Nt is also measurable with respect to F;.

Proposition 1 The adapted process h defined by hy = 1 at time T and the backward

equation
ef. -1
(5) he (BN, )

def.

with Ny = Ey [hyp1¢0i410,41] for 0 <t < (T — 1), is well defined, P almost surely positive,
and satisfies ¢y € L2(P,v/hy; R™) for every period t between 0 and T as soon as the following

two conditions are met:

(a). 61 € LA(P; R");

(b). dy € L?(P,\/hy; R™) for every period t with 0 <t < (T —1).
The following properties then hold.

(i). For every dynamic portfolio X € X; the process {hsws(X)?}i<s<r is a submartingale,
that is, for every period s with t < s < (T — 1) we have

hews(X)? < E, [hleHl(X)?} < E, [hTwT(X)Q] .

(ii). The set X, is the set of self financing dynamic portfolios starting at time t such that
ws(X) € L2(P,\/hs) for every period t < s < T.

(iii). The set wr(X;) is closed in L?(P).

Condition (b) of Proposition 1 involves the variable h; which is derived recursively through

Equation 5. The following lemma provides a sufficient condition independent of h.

see Theil (1983) for a general description of the Moore-Penrose inverse.
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Lemma 1 If ¢7 is an element of L?(P; IR™) (Condition (a) of Proposition 1), then d; be-
longs to L?(P,v/hy; IR™) for every period t from 0 to (T —1) (Condition (b) of Proposition 1)
if one security, say Security k, pays no dividend and is such that (p%/pf)dt is an element
of L*(P; R™) for every period t from 0 to (T — 1).

For the remainder of the article, we assume that Conditions (a) and (b) of Proposition 1

are satisfied so that the results of this proposition apply.
Assumption 3 Conditions (a) and (b) of Proposition 1 are satisfied.

Two equations will prove useful. For every period ¢ between 0 and (T' — 1),
(6) bry1 = NeN{ oy,
and the law of one price implies then that
(7) pe = NN py.

The process h acts as a weight which regularizes the prices and the values of the self
financing portfolios in A; every period. Once we multiply those processes by the square
root of h, they all have finite second moments every period. Henrotte (2001) shows that the

process h is the largest process with value hr = 1 at horizon T" having this regularization

property.

3 Optimal Replication

This section investigates the replication properties of the self financing dynamic portfolios.
We first show how to construct a dynamic strategy which best replicates a payoff Fr at
horizon T', starting from a wealth w, at time t. The loss function which we choose at horizon
T is the norm of L?(P), which is well defined for the portfolios in X;. We then study the cost
and quality of the optimal replication and we show that the value process of the optimal
solution is unique. When the final payoff Fr is zero, we obtain as a special case the minimum
L? portfolio which is the hedging numeraire used by Gouriéroux et al. (1998). We show that
are analysis can be extended to deal with the optimal replication of securities described by
a sequence of contingent cash flows instead of a single final payoff. We introduce interest
rates by mean of default free zero coupon bonds and we relate our work with the concept

of variance-optimal signed martingale measure introduced in Schweizer (1995).
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3.1 Construction of an Optimal Replication

The optimal L? replication of a contingent claim involves a mixture of forward and backward
equations. We derive first the cost of the optimal replication every period in a backward
way, and we then use this process in order to construct the optimal replicating strategy

through a forward equation.

Proposition 2 For every period t such that 0 < t < (T — 1), for every function w; in
L?(P,\/hy), and for every function Fr in L*(P):

essinf By [(FT - wT(X))Q} =F;

2
(FT - wT(Xt’wt’FT)) ] = he(Fy — wi)? + gr.
(8) L xex
. wt(X) = W¢

def.

F; and g; are defined by backward induction by gr = 0 and fort < s < (T — 1),

def.

Fy, = p/sN;_Es [h5+1Fs+1¢s+1]7

def.

Js = ES [gs—i-l] + Es [hs—HFsQ—&-l} - Es [hs+1Fs+1¢/s+1] Ns—'—Es [hs+1Fs+1¢s+1] .

For every period s between time t and (T — 1), Fs € L2(P,v/hs), gs is measurable with
respect to Fs, gs € LY(P), and gs > 0. The dynamic portfolio X"tFT is defined recursively

by
(9) X hy(we = BN pe 4 N B [heea Fe i)
(10) xtuePr S (G XPTT B N py+ N By et Fards)

for (t+1) < s < (T —1). The dynamic portfolio X"t FT belongs to X, starts at time t

with initial wealth we, and satisfies

2 2
(11) E [(FT - wT(tht’FT)) :| = hs (Fs — ws(tht’FT)) + 9gs
for every period s between t and T.

It is easily checked that if Frr, F% and F2 are in L2(P), if wy, wd, and w? are in L(P, v/hy),
and if 74 is measurable with respect to F; with ¢ Fr in L?(P) and vy,w; in L? (P, v/hy), then

b b b b
(12) Xt,wf,F% + Xt,wt,FT _ Xt’w?+wt7F%+Ft 7

(13) ,thtﬂJ)z,FT — Xt,'ytwt,thT'

12



It is clear from Proposition 2 that the optimization program

essinf F; {(FT — wT(X))Q]
s. t. X S Xt

is solved in X®F6Fr with g as optimal value. The initial value F} can be seen as the initial
cost of the best replication strategy, while g; describes the quality of this replication.

We remark that the construction of both Fs and g5 from Fp in Proposition 2 is respectively
linear and quadratic and does not depend on the starting time ¢ as long as ¢ < s. This
allows us to construct both a linear operator J; and a quadratic operator G; for every
period t between 0 and T from the space of random variables in L?(P) to the space of
random variables measurable with respect to F; such that Q.(Fr) < Fy and Gi(Fr) et Gt
as defined recursively in Proposition 2. This Proposition shows that Q:(Fr) belongs to
L?(P,v/h) while Gr(Fr) is an element of L'(P). At time T, the operators Q7 and G
are trivially respectively the identity and the null operator. We still denote G; the bilinear

operator obtained through polarization of G; and defined by
1
Gu(Ff, FP) = 5 (Gu(Ff + Fp) — Gu(Ff) — Gu(Fp))
for F¢ and F? in L?(P). Equation 11 of Proposition 2 writes

Gs(Fr) = Es

(Pr - wT(Xt’“’“FT))Q] — s (Qu(Fp) — wy(xterr) )

for any initial wealth level w; in L?(P,+/h¢). In particular for s = t and w; = Q;(Fr) we
obtain
(14) Gi(Fr) = E;

(FT — wT(XtQt(FT)»FT))Q] .

so that, by polarization,
(15) Gy(Fg, Fb) = By [(Ff — wp(XMQED L)) (Fh — wp(x8QEDFE) ]

The following lemma lists some properties of these operators which will be used through-

out our analysis.

Lemma 2 Let s and t be two periods such thatt < s < T, let Fr be a random variable in
L?(P), and let w; be a random variable in L?(P,\/h;).

(i). For every dynamic portfolio X in Xy, Qs (wp(X)) = ws(X).

13



(ii). Gi(Fr) = 0 if and only if Fr € wr(X;). For every dynamic portfolio X in X,
Gi(wr(X), Fr) = 0.

(iii). hsws(XE00)Qy(Fr) = By [wr(X4@0) Fy].

(iv). For every dynamic portfolio X in X,

hs (Qo(Pr) = wy(X2Fr) ) wy(X) = By [(Pr — wr(X™F7) ) wr(X)] .

3.2 Uniqueness of the Optimal Replication

The next result shows that the optimization problem 8 of Proposition 2 has a unique
solution, at least in terms of value at time 7', and therefore also in terms of value process.
We recall that we cannot expect to obtain a unique portfolio because we do not rule out

redundancy between the securities.

Lemma 3 We consider a period t between 0 and (T —1), an initial wealth wy in L2 (P, /hy),
and a payoff Fr in L?>(P). For every dynamic portfolio Y in X;, the equality wr(Y) =
wy (XEweETY holds P almost surely on the set Ay (Y) in F; defined by

A(Y) S {weQ such that: Ey [(Fr —wp(Y))?] = he(Qi(Fr) — w;)? + Gy(Fr)
and wi(Y) = w}.

3.3 L? Minimum Portfolio

One special choice of final payoff F and initial wealth w; at time ¢ will prove important,
it is obtained for Fr = 0 and w; = 1/y/h;. Notice that for this choice of initial wealth
Vhyw; = 1, which belongs to L2(P). We introduce the simplified notation Xt % Xt/ Vhio

¢ def.

and w! = wy(X?) for t < s < T. Equations 9 and 10 of Proposition 2 show that the self
financing strategy X' is obtained by investing every period s between ¢ and (T —1) the value
w! in the portfolio hs N ps whose value at time s is hsp,NSps = 1 and X! = haw! N ps.

The self financing condition implies that w!,; = ¢, ; X7 so that

(16) w§+1 = wih8¢;+1N:ps-

14



Proposition 2 proves that this strategy yields a dynamic portfolio in X; which satisfies

essinf Ey [wr(X)?] = B [(wh)?] = he(w})? = 1.
(17) o t X e
| wX) =1/

Statement (iii) of Lemma 2 with s = ¢ and w; = 1/y/h; implies that

(18) Qi(Fr) = Eq [W%FT} ;

1
Vhi
which shows that Q) is a positive operator whenever wl. is itself positive. If w! does not

vanish at time s between ¢t and T', we also have

b
hswt

s

(19) QS(FT) = E, [w%FT] .

3.4 Replication of a Sequence of Cash Flows

We generalize our analysis from a single payoff at horizon T to a sequence of contingent
cash flows every period up to 7'. We consider a period ¢ between 0 and (7' — 1) and we let
f ={fsh+1<s<T be a sequence of cash flows from (¢ + 1) up to 7' adapted to F.

We say that a dynamic portfolio X starting at time t finances the cash flow f; at time s
with s < (T — 1) whenever ws(X) = ¢, Xs_1 — fs and that it finances the sequence of cash
flow f whenever it finances the cash flows fs from (¢ + 1) to (T'— 1). At the last period,
we recall that we have defined the final value of a dynamic portfolio X by the equation
wr(X) = ¢pXr_1.

We create a one to one operator f; on the set of dynamic portfolios starting at time ¢ as
follows. For every dynamic portfolio X starting at time t, we let Y = 6 f(X ) be the dynamic
portfolio starting at time t defined by Y; = X; at time ¢ and

(20) sz - Xs - ( ES: fu\/mwg) hsNLjps

u=t+1

for (t+1) < s < (T —1). The following lemma yields some first properties of this operator.

Lemma 4 Let X and Y be two dynamic portfolios starting at time t such that Y = 6;(X).

(i). The portfolio X is self financing if and only if the portfolio Y finances the sequence
of cash flows f.
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(i1). w(Y) = wi(X) and (fr — wp(Y)) = (Fr — wp(X)) with

T
FT - Z fs\/mw%W

s=t+1

where we let wh = 1.

We remark that the payoff Fr is obtained at time 71" by investing every cash flow of the
sequence f in the L? minimum strategy up to time 7.

We let X;(f) be the set of dynamic portfolios starting at time ¢ which finance f and
which end up at horizon T with a value in L?(P). The following proposition proves the
equivalence between the variance-optimal replication of Fr through self financing portfolios
in X; and the L? optimal replication of the sequence f by means of dynamic strategies in

X:(f). Some integrability condition on the sequence f are needed for this result.

Proposition 3 Let f = {fs}i+1<s<7 be a sequence of cash flows such that fs belongs to
L2(P,\/hs) for every period s from (t + 1) to T. The payoff Fr = Zfth sV hswi is in
L%(P) and the mapping 0 is one to one from X; to X;(f). For every initial wealth wy in
L?(P,\/hy), we have

essinf By |(fr —wr(Y))’| = essinf By [(Fr - wr(X))?]
{YEXt(f) st {XGXt
wt(Y) = Wt o wt(X) = W¢

and the first program is solved in'Y = 0y (X“”“FT).

The optimal replication strategies for the two equivalent optimization programs of Propo-
sition 3 start with an identical initial wealth at time ¢ equal to Q;(Fr) and lead to the same
replication error described by G¢(Fr). The next lemma explains how both the optimal
hedging cost Q.(Fr) and the optimal hedging quality G;(Fr) can be directly computed

from the sequence f.

Lemma 5 Let f = {fs}ir1<s<1 be a sequence of cash flows such that fs is in L%(P,v/hs)
for every period s from (t+1) to T and let Fp = ZST:tH fsvhswy. We define the processes

f = {fsh<s<r and g = {Gshi<s<r from the sequence f by backward induction as follows.
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We let fr = gr e 0, and

fo 2 PINTE, [hes1(fors + for1)bsii] s
_ def

s = Fs|gs+1] + Es [hs+1(f_s+1 + fs+1)2}
—EBs [hs1(fs41 + fsr1) i) Ny Es [hsi1(For1 + for1)bsi] s

fort < s< (T —1). For every period s between t and T we have

QS(FT) = Z fumwg_'_f;v

u=t+1
GS(FT) - gsa

with the convention that Y 5, 1 fuv/hywe =0 when s =t so that Qi(Fr) = fi.

3.5 Interest Rates

We introduce from now on a money market. For the rest of the article we assume that
Security 1 is a risk free zero coupon bond paying a unique dividend of one unit of numeraire

at maturity 7.

Assumption 4 For every period t between 0 and (T — 1) the price p} of the zero coupon

bond is positive.

Since the price of the bond is assumed positive, we define R,{ 1 /pl for 0 <t < (T—1).
Rf is the nominal risk free return from investing in the zero coupon bond from time ¢ up
to horizon T', for our choice of numeraire every period. This buy and hold strategy belongs
to A;, we denote it 1;. We remark that ws(1;) = Qs(1) = pt = 1/R/ for s > t and we
learn from Statement (i) of Proposition 1 that hi(p})? < E; [hus1(piy1)?] < 1. We define

H; L hy/(R])? so that, with this normalization, this last inequality writes
Hy < Ey[Hia] <1
and the normalized process H is a positive submartingale.

Notice that we have
essinf F; [wr(X)?| = Hy,

X e X,
s. t. 1 f
wt(X) =P = 1/Rt
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which is reached in /H; X?.
We derive from Statement (iii) of Lemma 2 with Fr = 1 and wy = 1/v/hy,

hew!
(21) E, [w}] = Rl;’s fort <s<T,
Vhi

(22) B [wf| = Sf =V

We remark that the sufficient condition of Lemma 1 which requires that (p%/pF)d; be in
L?(P; IR™) holds with k = 1 as soon as R{dt is in L?(P; IR") for every period t between 0
and (7' — 1). This is the case for instance if R{ is bounded and d; belongs to L?(P; R").

3.6 Variance-Optimal Martingale Measure

We have seen that the operator @, is positive as soon as the final wealth w} = wp(X?)
of the L? minimum portfolio X? is itself positive. We show that when this happens, the
cost Qs(Fr) at time s between t and (7" — 1) of the optimal replication of a payoff Fr in
L?(P) can be expressed as the discounted conditional expectation of Fr in a probability
distribution different from the original probability P. This new probability distribution is
called the minimum variance probability distribution or the variance-optimal martingale
probability.

We first notice from Equation 21 that if w/. is positive, then the value w! of the strategy
Xt at time s is also positive. Statement (iii) of Lemma 2, together with Equation 21, yields

the following result

(23) Qu(Fr) = - Belwrli].

R{ Es[wf]

If f is a positive random variable in L'(P), we denote Pf and Ef the probability distri-
bution and its corresponding expectation operator obtained from the original probability P
by means of the positive Radon-Nikodym derivative f/E[f]. For every random variable F’
such that fF is in L'(P) we have Ef[F] = E[fF]/E|[f] and E{[F} = EfF]/Ef].

We use this construct here with f = w?., which is in L'(P). We obtain

Qs(Fr) = leE;UtT [Fr],

S

which shows that Qs(Fr) can indeed be written as a discounted expectation in the modified

probability distribution Pvr,
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One can usually not expect wh to be positive when the cum-dividend prices assume
unbounded values. This fact has been noted in Schweizer (1995). When this happens, the
minimum variance probability becomes the variance-optimal signed martingale measure and
the operator @)y, although still well defined, is not positive.

In a continuous time setting, Gouriéroux et al. (1998) shows that w/. is always positive
as long as prices follow continuous semimartingales with no dividend distribution. They

assume a no arbitrage condition which is more strict than the law of one price.

4 Mean-Variance Portfolio Selection

We summarize in this section the mean-variance properties of self financing dynamic port-
folios. We consider in this section a time period t between 0 and (7' — 1) and we study
the notions of dynamic Sharpe ratio and efficient frontier conditioned on the information
at date t.

For every dynamic portfolio X in X;, we denote SRy(X) the Sharpe ratio conditioned on
the information at time ¢, which results from following the self financing investment strategy
X from time ¢ to horizon T. We let
def. E; [wr(X)] — R{wt(X)

SR¢(X) Var, [wr(X)]

def.

when Var; [wr(X)] is non zero and we set SR¢(X) = 0 whenever Var; [wr(X)] = 0.

We denote Ry(X) = wp(X)/wi(X) the total return from period ¢ to horizon T of a
dynamic portfolio X in A; with non vanishing wealth w:(X) at date ¢. In particular we
have R{ = Ry(1;) when X = 1; is the strategy which invests without rebalancing in the
default free zero coupon bond with maturity 7' from time ¢ on. If w(X) and Var; [wr(X)]

are P almost surely different from zero, we also have

_ E[R(X)) - R/
- WVar [R(X)]

SR¢(X)

the usual definition of a Sharpe ratio.

Our definition of return is not innocuous. The choice of non annualized simple total return
allows us to bring together in an common framework the theories of dynamic replication
and of dynamic mean-variance analysis. This nice convergence may not hold for other

specifications of the returns.
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We let the dynamic mean-variance efficient frontier at time ¢ with horizon T', which we

denote £F;, be the set of portfolios in &; which are solution to the optimization program

essinf Var; [R¢(X)]

X e X
S. t ’LUt<X> = wt
B [Re(X)] = Ry

for some expected return target R; measurable with respect to F; and some positive initial
wealth w; in L?(P,v/hy).
Henrotte (2001) shows that the optimum dynamic Sharpe ratio from time ¢ to horizon

T, conditioned on the information available at time ¢, writes
1
SR; = ( —~ 1)
t T,

esssup SRy (X)? = SR;(X%)% = (SRy)?.
s. t. X e X

and

The optimum dynamic Sharpe ratio obtains for the portfolios on the efficient frontier £F;.
Under some regularity condition, every efficient portfolio on £F; can be identified with a
combination of the strategy X' and the zero-coupon bond with maturity 7. In particular

the strategy X! belongs to the efficient frontier £F;.

5 Pricing Kernels

We let PK; be the set of pricing kernels corresponding to the dynamics of the underlying
securities from period ¢ until the horizon T'. It is defined as the set of random variables my
in L?(P) such that

(24) B, [mrwr(X)] = RLE; [mr] wy(X),

for every period s between t and T and for every dynamic portfolio X in Xs. We do not
require any a priori positivity condition on the pricing kernels and PKj; is a vector subspace
of L2(P). For every period s between t and T we denote my “= Es[mg] the conditional

expectation at time s of a pricing kernel m7 in PK; and we define

PK) L {ms € PK; such that m; = 0}.
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The following lemma proves that a variable my in L?(P) is a pricing kernel if and only

if it “prices” correctly the n securities from one trading period to the next.
Lemma 6 A random variable my in L?(P) is a pricing kernel in PK; if and only if

Es {R£+1ms+l¢s+l} - Rgmsps

for every period s between t and (T — 1).

5.1 Structure of Pricing Kernels

The next proposition describes the structure of the set PK; of pricing kernels. The notion
of conditional orthogonality will be useful. We say that two random variables f and g
respectively in L?(P) and L?(P) are conditionally orthogonal at time ¢ if and only if Ey[fg] =
0. If A is a subset of L2(P), we let A be the set of random variables in L?(P) conditionally

orthogonal at time ¢ with every random variable in A.

Proposition 4 For every period t and s such that 0 <t <s < (T —1),
(i). wk € PK; and PK; is therefore not reduced to zero.
(ii). PKY = wp(X)*.

(iii). Every pricing kernel mp in PK, satisfies

ms

VHs
so that ms belongs to L?(P,1//Hy).

= \/]’TSQS (mT)

(iv). PK; is the set of random variables mr in L?(P) which can be written
mr = my + &up
for some random variables m%. in PK) and & in L(P). In other words
P, = wr ()" + (L} (P) x wh)
where L (P) x wk. 4 {&wh with & € LI(P)}.

(v). PK;Nwr(&:) = LE(P) x wk..
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(vi). PKy = {(Pr — wp(X%“oFr)) with Fp € L2(P) and w; € L}(P,v/h)} and
PK) = {(FT - wT(Xt’Q%FT):FT)) with Fr € L2(P)}.
(vii). The two sets PKY and PK; are closed in L?(P) and wr(X;) = (PK?) J_t.

Statement (i) proves that w. is a pricing kernel and Statement (iv) shows that every other
pricing kernel in PK; can be decomposed as the sum of this pricing kernel and a pricing
kernel conditionally orthogonal to the final values of the dynamic portfolios. Statement (v)
proves that the final value of the L? minimum portfolio X, possibly normalized by an
initial value & in L?(P), is the only pricing kernel which is also the final value of a dynamic
portfolio in &;. Statement (vi) proves that a pricing kernels is the minimum-variance hedge
residual of some contingent claim. The L? minimum portfolio obtains for instance for
Fr =0 and wy = —1/hy.

The next lemma describes how a pricing kernel in PK; evaluates a payoff in L?(P) possibly

outside wr(AXy).

Lemma 7 We consider two periods t and s such that 0 <t < s < T, a pricing kernel mr
in PK; and a payoff Fr in L*(P), we have

(25) Es [mTFT] = Rgmst(FT) + Gs (mT7 FT) .

We remark that when Frp is in wp(X;) and writes wyp(X), Equation 25 is Equation 24,
since Qs(wr (X)) = ws(X) and Gs(my,wr(X)) = 0, according to Statements (i) and (ii) of

Lemma 2.

5.2 Variance Bounds on Pricing Kernels

We have seen in Section 4 that the dynamic portfolio X* is mean-variance optimal within
X;. The next proposition shows that w}tp is also L? optimal within PK;. This results yields

intertemporal bounds on the variance of the pricing kernels.

Proposition 5 We consider two periods t and s such that 0 <t < s < T. FEvery pricing

kernel mp in PK,; satisfies the equalities
2

(26) E, [m}] = Z + G (mr),
(27) Vars [my] = m2(SRs)* + Gs(mr).
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In particular every pricing kernel mp in PKy; satisfies the inequalities

[Vl )

(28) T:Ts < FEs [m%},
(29) mz(SRS)2 < Vars[mrp].

Inequalities 28 and 29 become equalities if mr = &l with & in L7 (P), and, for s = t, if
and only if mr = &wh with & in L?(P).

It results from Proposition 5 that if & is a random variable in LZ(P), then the pricing
kernel &wk. solves
essinf F; [m#%] = €2.
(30) . { mr € PK,
o my = \/tht
We also derive that if m; is a random variable in L?(P,1/y/Hy), then the pricing kernel
(me//Hy)wt solves
essinf Var,[m7] = m?SRZ.
(31) { mr € PK;
s. t. ~
my = My
Inequality 29 provides a series of variance bounds on pricing kernels within PK; for every
intermediate period s between t and T as a function of the optimal dynamic Sharpe ratio
between s and horizon T'. Equation 27 identifies the distance to the bound to the quality of
the replication of the kernel, as measured by Gg(mp). Excess variance of a pricing kernel
is due to its component which is conditionally orthogonal to the space wr(AX;) of payoffs
which can be reached through self financing strategies. When the kernel is in wp(X}), as it

is the case for wk., the replication is perfect and the inequality becomes an equality.

6 Extension of the Investment Scope

The analysis of the self financing portfolios and their pricing kernels which we developed so
far will help us now tackle a central issue in incomplete markets. We study the implications
of selecting a price process for some derivative instruments in a way which is consistent with
the dynamic behavior of their underlying securities. We focus on two related investment

problems, the dynamic management of a portfolio on the one hand, and the optimal hedging
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of a contingent claim on the other hand. We deal in this section with basic issues and we
postpone until the next one the analysis of the additional constraint imposed by a smile.

In addition to the original n securities, we consider n, new securities which distribute
some numeraire dividends every period described by the vector process {d} }1§t§(T—1)' For
every period t between 0 and (T — 2), the owner of one unit of security j at time ¢, receives
the next period the quantity dffl of numeraires as dividend. A time (7' — 1), one unit of
security j gives right to the final payoff ¢7 at time 7. One can think of ¢7 as the sum
of a dividend and a residual value. We assume that the dividend process {df } <;<(7_1)
and the final payoff ¢7. are given and known. We further assume that the dividend process
is adapted to F, that the final payoff ¢7 is a random vector in L?(P; R™), and that for
every period t between 1 and (T' — 1) and for every index j the dividend df’j belongs to
L?(P,+/ht). These new instruments may be for instance derivatives written on the original
securities, in which case the dividends and the final payoff are functions of the prices of the
original securities. We do not however limit ourselves to this special situation.

We consider a period ¢ between 0 and (7" — 1) and we let the vector processes in R"*
{05 hi<s<(r—1) and {@% }1<s<(r—1) be respectively the ex and cum dividend price dynamics of
the new securities between ¢ and (7' — 1). We say that this price dynamics starting at time
t is admissible if it is adapted to F, if ¢ = (p? + d¥) every period, and if it satisfies the law
of one price together with the prices of the original n securities. In line with Assumption 2,
this last requirement means that for every period s between ¢t and (7" — 1) and for every
vector (u,v) in IR™ x IR™ measurable with respect to Fs, the equality ¢, u+(¢%,,)v =0
implies plu+ (p?)'v = 0. It is a weak notion of absence of arbitrage, the minimum structure
which we need in order to apply our dynamic mean-variance analysis.

We shall limit our investigations to admissible price dynamics for the new securities. Let
us remark that our approach is purely partial equilibrium. We do not study for instance
how the introduction of the new securities changes the price dynamics of the original ones,
a complex and fascinating question. The denomination “original” and “new” securities is
therefore somewhat misleading, it is only a convenient way to describe the extension of the

investment scope.
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6.1 Admissible Price Dynamics

A first question is the existence and the construction of an admissible price dynamics for
the new securities. The following lemma shows that an admissible price dynamics may be
derived from a positive pricing kernel for the original securities. It is well known that such
a positive kernel prevents the existence of arbitrage opportunities, as would result from
any violation to the law of one price. The proof of this lemma, left in the Appendix, is a

straightforward application of Lemma 6.

Lemma 8 Let mr be a positive pricing kernel in PK;. The processes {p§a¢§}t§s§(T—1)

defined by the backward equations

(32) ps = Es R£+1ms+1¢§+1} / (R£m5)7
¢ = pi+ds,

form an admissible price dynamics for the new securities.

Even when no positive kernel is available, and in particular even if we do not know if w?.

is positive, it is possible to create an admissible price dynamics for the new securities.

Lemma 9 The processes {ﬁfﬁ?}tgsg(Tfl) in IR"™ defined for every index j from one to

ng by the backward equations

=T, 1 _ / + 7l,j
Ds = pSNS ES |:h5+1¢s+1¢8+1 )
ei o
¢s J - ps J + ds Jv
form an admissible price dynamics for the new securities.

We remark that if we describe the dividends starting from (¢ 4+ 1) and the final payoff
of security j as a sequence of cash flows with f = {fs}iy1<s<r defined by fs = d%J for s
between (t+ 1) and (T'— 1) and fr = ¢;’j, then the process {p%”},<,<(r_1) coincides with

the process {fs}tgsg(Tfl) defined in Section 3.4. In particular if we let

T-1
(33) FE= N Vhawid: + 6%,
s=t+1

then we learn from Lemma 5 that ﬁf I =

Qt(F;f’j ). This means that p% represents the cost
at time s of the optimal replication of the sequence of cash flows generated by new security

j from (s + 1) up to horizon T
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We also remark that for every pricing kernel mp in PK; we have

T—-1
(34) Ey[mrFf] = E; | Y RImydE +mrdf
s=t+1

6.2 Extended Asset Structure

For an admissible price dynamics {p%, ¢% }:< s<(T—1), we consider the extended asset struc-
ture between time ¢ and horizon T" which consists in the n original securities together with
the n, payoffs priced according to the dynamics {p?, ¢§}t§s§(Tfl)~ We denote p¢ and ¢¢
the corresponding ex and cum dividend prices at time s. The first n components of the
vectors p$ and ¢¢ are respectively ps and ¢, while their last n, components are respectively
p? and ¢=.

The extended asset structure satisfies both Assumptions 1 and 2 and Conditions (a)
and (b) of Proposition 1. The zero coupon bond is a security of the original asset structure
and it remains traded in the extended one. The results of Sections 2 to 5 can therefore
be brought to bear, with period ¢ corresponding to the initial trading period 0 in these
sections.

We set h$ = hp =1 and for ¢ <s < (T —1), we let hS, HE, XE, Q¢, G¢, PKS, X5¢, w;",
SR{ be the counterparts to hs, Hs, Xs, Qs, Gs, PK,, X?, w%, SR, for the extended asset
structure. Notice that for every period s between ¢ and (T — 1) we have H¢ ‘= h¢/(Rf)?

SRS < (;6 - 1).

It is clear that PKY is a subset of PKg. The next lemma, another direct application of

and

Lemma 6, shows that a necessary and sufficient condition for a pricing kernel in PK; to

belong to PKY is to “price” correctly the new securities.

Lemma 10 Let mp be a pricing kernel mp in PKy. The following three statements are

equivalent.
(i). mr belongs to PK.

(ii). For every period s between t and (T — 1),

Es [R£+1m5+1¢§+1} = Rf;mspi.
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(iii). For every period s between t and (T — 1),

T-1
Rgmspg = Es Z Rimudi + mrér
u=s+1

If m7 is a pricing kernel in PK{ for the extended asset structure then we derive from

Statement (iii) of Lemma 10 and Equation 34 that

(35) Ey [mrFf) = Rl mp}.

6.3 Sharpe Ratio Improvement

The optimum dynamic Sharpe ratio may only increase as a result of the extension of the
investment set, which means that for every period s between ¢ and (7'—1) we have SR; < SRS
and H¢ < H,. The following result quantifies this increase in terms of pricing kernels, it is
a direct application of Equation 27 to the extended asset structure. We recall that wéle is
the value at time T of the L? minimum portfolio X%¢ in the set of self financing strategies

Xf for the extended asset structure.

Result 1 For every pricing kernel mp in PK} and for every period s between t and (T —1),
m? [(SES)? = (SRy)?] = Gy (mr) — GE(mr)

and in particular

t,e
(SRY? — (SR = S0,
‘Ht

Result 1 tells us that the optimum dynamic Sharpe ratio increases inasmuch as the
pricing kernels for the extended asset structure are better replicated with the help of the
new securities. The increase in the square of the Sharpe ratio is also directly related to
the distance between the L? minimum portfolio for the extended asset structure and the
final values of the self financing strategies based on the initial securities, as measured by
Gy(whe).

If, as in Lemma 8, a positive pricing kernel my is used in order to generate the price

dynamics of an increasing number of new instruments, then the Sharpe ratio increases as
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long as G¢(mr) decreases and the new instruments help replicate the kernel. Once enough
instruments have been introduced so that my is perfectly replicated, the optimum dynamic
Sharpe ratio ceases to increase as new instruments are added. The optimum dynamic

Sharpe ratio from s to 1" reaches then its maximum possible value given by
(SRE)? = Varg[mr/m)].

With no clear indication on which pricing kernel to choose, a fund manager runs the risk
of picking a kernel with too large a variance, leading to large potential increases in perfor-
mance for some carefully selected new instruments. We next investigate the conservative
situation which corresponds to a min-max in terms of dynamic Sharpe ratio. We study the
admissible price dynamics which yields the lowest possible increase in Sharpe ratio for the
corresponding optimal dynamic strategy. Without any smile constraint, it is possible to

avoid any mean-variance good deal altogether.

6.4 Absence of Good Deal

We consider an admissible price dynamics {pg, ¢% };<s<(r—1) and the extended asset struc-
ture which it generates from time ¢ up to horizon 7. The following propositions characterize
the situation where no gain in dynamic Sharpe ratio may be expected from trading in the

new securities.

Proposition 6 SR{ = SR; if and only if the following equivalent conditions hold.
(i). Wi = wh.

(ii). wh belongs to PKS.

When this happens, pf = pf.

If no good deal is available from ¢ to T, it seems intuitive that no good deal should exist
between a later trading date s and 7. We only prove this fact for the periods s such that

the value w! of the L? minimum strategy does not vanish.

Proposition 7 If SR{ = SRy, then at every period s between t and (T — 1) such that w'

does not vanish we have SR, = SR;.
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In particular, when wk. is positive, we know that w’ never vanishes and we may further
characterize the absence of good deal at time ¢ in terms of the entire price process of the

new instruments.

Proposition 8 If w is positive, then SR = SRy if and only if p* = p* for every period s
between t and (T — 1). When this happens, we also have SR, = SR fort < s <T.

The following proposition deals with the general case where we do not know whether w?.
is positive. It shows that no good deal is available at time ¢ and at later trading periods if
the price dynamics is derived from the optimal hedging cost of the new instruments, which

is admissible according to Lemma 9.

Proposition 9 The following two statements are equivalent.

(i). SR, = SRy for every period s between t and (T —1).

(ii). p¥ = pt for every period s between t and (T —1).

In view of Result 1, no gain in Sharpe ratio can be expected for this dynamics from the
introduction of new securities because the pricing kernel w!. in PK{ is already the final
value of a dynamic portfolio constructed with the original securities.

The use of the pricing kernel wf., or of the dynamics {P5 i<s<(r—1), can therefore be
justified on the ground of avoiding “good-deal” in the form of an increase in the slope of
the dynamic efficient frontier due to the introduction of new securities. This provides an
additional appeal to this special pricing kernel, in addition to its interpretation as pricing
securities according to the cost of their optimal replications.

The next proposition proves that the cost of the variance optimal hedge of a security is
not affected by the introduction of new hedging instruments, as long as these instruments

are themselves priced according to the cost of their variance optimal hedge.

Proposition 10 If pt = p? for every period s between t and (T — 1) then the operators QS

and Qs are identical for every period s between t and (T — 1).

7 Smile Consistent Kernels and Dynamics

We consider again a period t between 0 and (7" — 1) and the n, new securities described

by their dividends and final payoffs. A smile at time ¢ is a random vector S¥ in R"*,
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measurable with respect to F;, which describes the prices of the n, new securities at period
t. We start by studying the set of pricing kernels which are consistent with the smile and
we provide a lower bound on the variance of these kernels. We then study the admissible
price dynamics for the new securities between period ¢ and horizon 7" which agree with the
smile S¥ at time ¢, and we derive a lower bound on the optimum dynamic Sharpe ratio for

the corresponding extended market structure.

7.1 Smile Consistent Pricing Kernels

A pricing kernel consistent with the smile S} at time ¢ is a pricing kernel m7 in PK; which

satisfies
T—1

RImiSF = Ey | " Rimgd® + mref
s=t+1
According to Equation 34, this is equivalent to the requirement that E; [mpFf] = R[ mySy .
We let PK;(S7) be the set of pricing kernels consistent with the smile S¥ at time ¢t. We give
conditions for the set PK;(S¥) to be non empty and we study the properties of the pricing
kernels in PK(S}¥).

It will be useful to extend the domain of the operators Q; and G; from random variables
to random vectors. If F% and F% are two random vectors respectively in L?(P; R™) and
L2(P; R™), we let Q;(F%) be the random vector in IR such that (Q;(F%))i = Q:((F%);)
and we let Gy(F%, F?) be the random matrix of size n, x n; such that (G¢(F2))i; =
Qi((F%);, (F%);). We further denote Gy(F%) the symmetric matrix Gy(F%, F%). The follow-

ing inequality will prove useful.

Lemma 11 Let F% and F2 be respectively a random variable in L*>(P) and a random vector
in L2(P; R™), then

Gi(Ff, Fp)Gi(FL) " Gy(Fp, Fft) < Go(Ff).

In the same spirit as above, if w is a random vector in L?(P, /hy; IR™) and if F% is a
vector payoff in L?(P; R"), we let X twiFT be the random matrix of size n x n, whose
ith column is the random vector X*®)o:(Ff)i in JR™ which describes the optimal dynamic

replication of the payoff (Fi%); starting at time ¢ with wealth (w§);. It is then natural to let
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we(X twi F Ta“) represent the value process of these n, dynamic portfolios, a random vector
in IR such that w,(XHWiFF); g (X E@HHFR:),

We recall that the vector payoft F7 represents the final value of the strategies which
reinvest every period the dividends of the new securities in the L? minimum portfolio up
to horizon T'. We let Ff et Q:(FF) be the cost at time ¢ of the optimal replication of Ff,
we have earlier obtained that Fj* = py. We let M;m = FZ — wp(XHFT) represent the
gap at maturity 7" between the vector payoff I’} and its optimal mean-variance replication
strategy which starts at time ¢. Notice that Qt(M;’m) = 0 and that Equation 15 implies
that Gy(Ff) = Ey [ My (Mg |.

The next lemma yields some first results on PK;(S7). We define the random vector A

and the random variables K} and H} by

A B VGH(FR)T(SE - F),

Kf = he(SF— FF) GuFE)T (SF — Ff') = A}'Gy(Ff)AY,
_He

(1+K7)

Lemma 12 Let my be a pricing kernel in PK(SF). We have

(36) Rlmi (87 — FF) = Gi(Ff,mr),
mi

(37) ,

K

IN

Gt (mT) )
and my belongs to L?(P,1//HY).
For a random variable m; in F;, we let

o, M
mif” () 2 (A7) MET + wh)

VH,

This kernel will play a central role in our analysis, we list here some basic properties.

Lemma 13 For every random variable my in L(P,1/\/H}) the random variable mtTm(mt)

is a pricing kernel in PK; which satisfies E[m4" ()] = my and

B [(mgﬁ‘(mt)ﬂ _ Ztg
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For my in L2(P,1/\/HF) and t < s < T we let mb®(m;) = E, [mth(mt)} The next
condition will be shown to be necessary and sufficient for the existence of smile consistent

pricing kernels.
Condition 1 (S} — F*) = Gi(FF)G(Ff)t (Sf — FF).

Proposition 11  (i). If the smile S7 satisfies Condition 1, then for every random vari-
able my in L3 (P,1/\/H}), the pricing kernel m%*(my) is in PKy(SF). In particular

PK(SF) contains pricing kernels mp such that my does not vanish.

(7). Reciprocally, if there exists a pricing kernel mp in PKy(SY) such that m: does not

vanish, then the smile SY satisfies Condition 1.

We next investigate the L? properties of pricing kernels in PK;(S¥). This will provide a
lower bound on the variance of the kernels which are consistent with the smile.
7.2 Variance Bound with a Smile
The following proposition proves that the kernels m?,x have minimum L? norm within

PK,(57).

Proposition 12 Let us assume that Condition 1 is satisfied. Every pricing kernel mp in

PK,(SF) satisfies the following three inequalities:

M
(38) EKt < Gi(mr),
2
m
(39) m S B m3],
(40) m; (SRe)” +mi (R])* (ST — FF) Gu(FF)* (S} = F') < Vary [mr].

These three inequalities become equalities if and only if mp = mth (my).
When m; does not vanish, Inequality 40 writes also
(SR + (R])? (57~ F?) Gu(F)" (SF = FY) < Var, |72
my

This inequality describes how the smile constraint sharpens the variance bound on the

marginal rate of substitution which we derived in Proposition 5. The increase in the bound
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is a function of the distance, in the metric described by the matrix G¢(Fi)", between
the observed prices S{ of the instruments in the smile and the cost F}* of their optimal
mean-variance replication.

In the simple case where n, = 1 and the smile data is limited to one instrument, the
increase in the square of the Sharpe ratio writes (S¥ — F{¥)2/Gy(F%). Tt is large when the
quality of the replication is high and the difference between F{* and SY is large. Intuitively,
this says that it is “costly” for a pricing kernel to produce prices which deviate much from
the cost of the replication when this replication is very good, as this would imply a very

large variance for the kernel.

7.3 Optimum Dynamic Sharpe Ratio with a Smile

We recall that an admissible price dynamics starting at time ¢ for the new securities is a
couple of vector processes {pf, @7 };< s<(T—1) in R"* adapted to F which satisfies ¢y = p§+dy
and such that, together with the price processes of the original securities, they satisfy the
law of one price. We say that a price dynamics for the new securities is consistent with
the smile S¥ at time ¢t if it is admissible and if it satisfies pf = S¥. The next proposition
studies the existence of smile consistent price dynamics. It shows in particular the necessity

of Condition 1.
Proposition 13 (i). Let my be a positive pricing kernel in PKy(S¥). The price dynamics
105, 5 hi<s<(r—1) defined by the backward equations
Py = E; [R£+1ms+1¢§+1} / (R£m5> )
¢ = pi+ds,
s consistent with the smile S at time t.

11). If there exists a price dynamics consistent with the smile SF at time t, then the smile
p Y t

SY satisfies Condition 1.

We derive from Propositions 11 and 13 that a sufficient condition for the existence of a
price dynamics consistent with the smile is Condition 1, together with the requirement that
the kernel m%" (\/HF) be positive.

We now assume that there exists a price dynamics consistent with the smile Sf at time ¢.
We let {p?, ¢§}t§s§(T,1) be such a consistent price dynamics and we consider the extended

asset structure which it generates between time ¢ and horizon T'.
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We learn from Proposition 13 that Condition 1 is satisfied and we know from Proposi-
tion 11 that the pricing kernel mth(mt) is an element of PK;(S¥), for every variable m; in
L(P,1/\/HY). The set PK;(S¥) is therefore not empty.

Statement (iii) of Lemma 10 proves that if my is a pricing kernel for the extended asset

structure, then
T-1
Rl mpf = E, > Rimgd? +mréf
s=t+1

Since pf = S¥, we obtain that mg belongs to PK;(Sy). This proves that the set PK{ of
pricing kernels for the extended asset structure is a subset of PK;(S}).
The next proposition provides a lower bound to the optimum dynamic Sharpe ratio of

the extended asset structure. Notice that for every period s between t and (T'— 1) we have

SRS = \/1/H¢ — 1. We define similarly SR? = \/1/HZ — 1 and we remark that
(SRY)? = (SR)® + (RD)? (S — FY"Y Gu(Fp)* (87 — F).

Proposition 14 Let {p§, ¢§ }i<s<(r—1) be a price dynamics for the new securities which is
consistent with the smile S¥ at time t. The corresponding extended asset structure satisfies
0 < Hf < HY < Hy <1 and its optimum dynamic Sharpe ratio from t to T satisfies
SRy < SRY < SR{. The minimum increase in the square of the optimum dynamic Sharpe

ratio from the original asset structure to the extended one is given by
(SRP)? — (SR> = (R])? (S} — ) Gy(FR)* (7 — F).
Every pricing kernel mp in PKS satisfies the inequality

m2(SRY)* < Vary [mr] .

The next section investigates situations where the Sharpe ratio reaches its smile con-

strained lower bound SRY.

8 Two Dynamic Investment Problems

Our analysis will help us answer the questions raised by the fund manager and the in-

vestment banker who are seeking a rationale for selecting a price dynamics for some new
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instruments in an incomplete market setting. A basic requirement is to avoid working with
price dynamics who create arbitrage opportunities. A second objective is to be consistent
with the market quotes of some liquid derivative instruments. The positive pricing kernels
in PK;(SF) fulfill these requirements. When markets are incomplete however, these kernels
are usually not unique, and an additional rationale is needed in order to pick a “good”
candidate. The fund manager is afraid of generating spurious dynamic good deals, while
the banker would like to keep a close link between the price of a security and the cost of its
dynamic hedge.

We show in this section that when the kernel mth is positive, it meets these two concerns.
For the fund manager, it generates a smile consistent price dynamics which yields the
smallest possible increase in Sharpe ratio. For the investment banker, it produces derivative

prices which are as close as possible to the hedging cost under the constraint of the smile.

8.1 Portfolio Management and the Smile

We first consider a price dynamics {p5, #% };<s<(7—1) consistent with the smile S¥ at time
t and the corresponding extended asset structure which it generates. We study the situa-
tion where the optimum dynamic Sharpe ratio of the extended asset structure reaches its
theoretical lower bound, as described in Proposition 14.

The kernel mffx plays here again a crucial role. We know from Proposition 13 that
Condition 1 is satisfied and from Proposition 11 that m%”(\/HF) is a smile consistent
pricing kernel in PK;(S}).

We recall that Fjgf’j corresponds to the final payoff of the self financing strategy which
holds one unit of the new security j from ¢ to T and reinvests every dividend distributed by

this security in the L? minimum portfolio up to horizon T'. As a result, the random variable

X T Hz €T L
i (V) = VIE (e aafe )

is the final value of a self financing dynamic portfolio starting at ¢ which combines on the one
hand some constant quantities of the n, new securities given by the vector (/Hf //Hy)AY,
and on the other hand a portfolio based on the n original securities. Since, according to
Lemma 13, the payoff m4® (/HF) is in L?(P), it is also in wp(Xf) and there exists a

dynamic portfolio V¢ in X¢ such that m4® (/HF) = wp(Y®). Its value at time ¢ is

e_\/Hitx x\/ x €T 1 _ 1
wt(Y)_\/E<(At)(St Ft)+\/h7t>_Rg\/Hif'
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Proposition 15 Let {p?, ¢§}t§sg(T71) be a price dynamics consistent with the smile S¥ at
time t. The optimum dynamic Sharpe ratio SRy of the extended asset structure reaches its

minimum value SRy if and only if one of the following equivalent conditions holds.
(i). mz" (VVH}) = wi’.

(7i). There exists a vector Ay in IR™ measurable with respect to Fy such that the strategy
X% has a value process which is identical to the one of a self financing strategy in

Xf which holds constant quantities of the new securities given by the vector Ay and
N ME® is in L*(P).

(iii). The pricing kernel my* (\/HF) belongs to PKS.
(iv). For every period s between time t and (T — 1),

Es [R£+1m?—fl (VHY) §+1} = RIm%*(\/HF)p?.

Because mean-variance efficient portfolios for the extended asset structure are fixed com-
binations from ¢ to T of the strategy X%¢ and the risk free bond, Statement (ii) implies that
every efficient strategy from ¢ to T for the extended asset structure keeps a fixed quantity
of each new security in portfolio.

We next investigate if reaching the lower bound of the Sharpe ratio at time ¢ implies that
an equivalent lower bound is reached at a later trading date s, for the smile given by p?.
For every period s between ¢t and (T — 1) we let

K{ 5 he (0 — 55) Go(PE)T (0f — 5%),
)2 Ea =S L
s (1+ K?)’

SR; = (;—1).

Proposition 16 Let {pg, ¢§ }i<s<(7—1) be a price dynamics consistent with the smile Sf at
time t. If SRS = SR} then at every period s between t and (T — 1) such that my®(\/HF) is

P almost surely different from zero, we have SR, = SR5.

Combining these results with Propositions 11 and 13, we obtain that when the kernel
mgﬁv (\/HY) is positive, it generates a smile consistent price dynamics which avoids good

deals every period.
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Result 2 If the pricing kernel m5* (\/HF) is positive and if the smile S¥ satisfies Condi-

tion 1, then the price dynamics {pg, % }i<s<(r—1) defined recursively by

t, ,
ps = E; [Rfﬂmsfl (VHY) §+1} / (Rﬁmix(va)) )
o5 = ps+dg,
for every period s between time t and (T' — 1) is consistent with the smile Sf at time t. It

generates an extended asset structure such that SR, = SRY for every period s between time
t and horizon (T —1).

8.2 Hedging and Pricing with the Smile

We now turn our attention to the problem of hedging and pricing derivatives with the
constraint of a smile. We assume here that both w}. and m4" (/HF) are positive.

For a pricing kernel my in PK; such that m; et E[m7] is positive, we let Ji(EFp;mr)
represent the quality of the optimal L? replication of the payoff Fr in L?(P) under the
constraint that the replication starts at time ¢ with a value derived from the kernel mr.

Formally we let
essinf E} {(FT — wT(X))ﬂ T (Fr;my).

X e X,
s. t.

wi(X) = Blgrtil

We know from Proposition 2 that J;(Fr;mr) = he(wi(X) — Q¢(Fr))? + G¢(FPr). When
mr = wh, Equation 23 proves that wy(X) = Q¢(Fr) and J;(Fr;mr) reaches its mini-
mum over the set of pricing kernels with positive conditional expectation at time t with
Ji(Fr;wt) = Gy(Fr). The following proposition shows that the kernel m7" (y/HF) solves
a min-max problem in terms of replication quality over all possible normalized payoffs in
L?(P) at horizon T.

Proposition 17 If the smile S satisfies Condition 1, then the optimization program

essinf esssup J(Fr;myp) — Jy(Fr; wh)
mr € PKy(S¥) Fr € L*(P)
my > 0 E/ [F?] =1

is solved for the pricing kernel my® (/HF) with minimum value K¥ with

K = hy (Sf = F7') GU(Fp)* (ST — FY).
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Since Ji(Fr;mr) — Ji(Fr;wh) = hy(wi(X) — Q¢ (Fr))? with wy(X) = E; [mrFr]/(RImy),
the min-max problem of Proposition 17 can also be interpreted as selecting the smile con-
sistent kernel which produces contingent claim prices as close as possible to the cost of the
optimal unconstrained hedge. This result proves the constrained optimality of the kernel
mi (/HF), both in terms of hedging and in terms of pricing.

We now look at the optimal hedge for the extended asset structure generated by the
kernel mth (\/HY). We show that this kernel generates prices which correspond to the cost

of the optimal replication constructed with both the original and the new securities.

Proposition 18 Let us assume that my" (\/HF) is positive and that the smile S¥ satisfies
Condition 1. Let us consider the extended asset structure which this pricing kernel generates

through the smile consistent price dynamics {p?, gb?}tgsg(;p,l) defined by

Es [Ré:rlmiﬁl (VH?) §+1}
REm* (/)

xT

bs =

and ¢* = pt + d¥ for every period s between time t and (T — 1). For every payoff Fr in

L?(P), the price generated by the pricing kernel mglx (\VHY) coincides with the cost of the

variance-optimal replication of Fr which uses both the original and the new securities, that

18

(a1) sy = Do VD
REm(" (/)

for every period s between time t and horizon T. Furthermore at time t we have

(42) Qf (Fr) = Qu(Fr) + (SF — F?) Gy (Pf)" Ge (Ff, Fr).

We check that for Fr = Ff in Equation 42, Condition 1 implies that Q§(Ff ) = SF, and
Equation 41 with s = ¢ confirms the consistency of the kernel mfrx (v/HF) with the smile

SY at time ¢.
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Appendix to Section 3

Proof of Lemma 2. We only prove the second part of Statement (ii) which is not in
Henrotte (2001). We use Equation 15 with F% = wp(X) and F2 = Fr. The equal-
ity G¢(wr(X), Fr) = 0 results from the fact that Qi(wr(X)) = wy(X) and wp(X) =
wp(Xbwe(X)wr(X)) - g

Proof of Lemma 4. Statement (i). Let X be a self financing dynamic strategy
starting at time ¢ and let Y = 6¢(X). For every period s from (¢4 1) up to (T'—1) we have

s
ws(Y) = p;Y:s = plsXs - ( Z Juv huwg) hsp;N;ps-
u=t+1

We know from Equation 5 that hsp N ps = 1. The fact that X is self financed at time s
implies that p.,Xs = ¢, Xs_1. Since furthermore /h,w$ = 1, we derive

s—1
ws(Y) = ¢;Xsfl - ( Z fu\/ huwg) - fs-
u=t+1

For u < (s — 1) we know from Equation 16 that w® = w"_;hs_1¢.N; ;ps_1 and therefore

u=t+1

s—1
ws(Y) = @;XS,1 - ( Z fu\/awg_1hsl¢;Ns+_1psl> _fs

= ¢

s—1
Xo1— ( Z fu\/mwg_l) hsle_lpsll _fs

u=t+1
== ¢;Y;—1 - f57

which proves that Y finances the sequence of cash flows f. Reciprocally, the same equations
proves that X is self financing as soon as Y finances f.

Statement (ii). The equality w:(Y) = w(X) results from the fact that ¥; = X;. At
time 7', and since Equation 16 implies that w} = w%_lhT_@'TNif_lpT_l foru < (T —1),

an analysis similar to the one developed above yields
wr(Y)—fr = ¢pYro1— fr

T—1
= ¢pXp_1— ( Z fuvhuw%_lhT1¢/TNqJ~r_1pT1) = fr

u=t+1
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T-1
= wp(X) = Y fuvhaw} — fr

u=t+1
T

= wT(X)_ Z fu\/huwgﬁ
u=t+1

and we obtain that (wr(Y) — fr) = (wr(X) — Fr). o

Proof of Proposition 3. The fact that the payoff Fr belongs to L?(P) results from

the equalities
E[(fov/hswi)?] = B [hof2B, [(wi)?]] = B [nof?]

and the fact that every cash flow f; belongs to L2(P,v/hs). Since both fr and Fr are in
L?(P) and since, according to Statement (ii) of Lemma 4, (fr — wr(Y)) = (Fr — wr(X)),
wr(Y) is in L?(P) if and only if wr(X) is itself in L?(P). We conclude with Statement (i) of
Lemma 4 that the mapping 6y is one to one from X; to &;(f). The equivalence between the
two optimization programs is then a direct consequence of the properties of the mapping

6. o

Proof of Lemma 5. We prove these results by backward induction. We first deal with
the hedging cost. At time 7, we check that Qr(Fr) = Fr = ZST:t+1 fsvhswy. Let us

assume that
s+1

Qs—i—l FT Z fu\/iwerl + fS—H

u=t+1

fort < s < (T —1). Since hsﬂwjﬁ =1, we also have

Qs+1(Fr) = Z fuVhwisy + fser + fspr-

u=t+1

Using the equations w¥ ; = w*hs¢, 1 NS ps, NFNyN = N, and the definition of f,, we

derive

QS(FT) = p,sN:Es [h5+1Qs+1(FT)¢s+1]

= Z fu\/ hup/st—’—Es [hs+1wg+1¢s+1] +plst+Es [hs—i-l (fs+1 + fs+1)¢s+1]

u=t+1
S
= Z fuv huP;NjEs [hs+1¢s+1¢,s+1] N;_pshsw: + fs
u=t+1
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= Z Juv huplst—’—pshswg + fs

u=t+1
s
= Z fu\/huwg'f‘f&
u=t+1

and this proves the desired backward induction.
For the hedging quality, gr = G (Fr) = 0 at time 7" and we assume that gs11 = Gsy1(Fr)
for t <s < (T'—1). We know from Proposition 2 that

GS(FT) = ES [GS+1(FT)} + Es [herlFsZ—o—l} - Es [hs+1Fs+l¢;+1] NjEs [hs+1Fs+l¢s+1]

2
= E;s [GS+1 (FT)} + Es [herl (Fs+1 - ¢/s+1Ns+Es [hs+1Fs+1¢s+1]) } )

where Fs11 = Qs+1(Fr). According to our previous result,

Qs41(Fr) = Y fuvhuwlyy + for1 + for

u=t+1
S
= Z fuvhuhswg(b;—i—lN:ps +fs+1 + fot1
u=t+1

o125+ forr + fss1,

where Zs = > 5111 fuvVhuhswiN, ps is a vector measurable with respect to Fs. We com-
pute
Fop1 — o NS Eg[hep1 Fop1¢s11] = ¢l Zs — ¢ 1 NN Z,

+ ferl + fs+1 - ¢;+1N;_Es [herl (fTs+1 + fs+1) ¢s+1]
and since, according to Equation 6, NyNF¢s 1 = ¢si1, we obtain that

Gs(Fr) = Eg|Gst1(Fr)
+E; [herl (for1 4 for1 — sy 1 NS Es [hog1 (fsr1 + fs1) ¢s+1])2]
= Eg[gs1] + Es [hs+1 (for1+ fs+1)2]
— B [hoy1 (fsr1 + forr) Gpr] N Es (o1 (for1 + for1) ¢sra] -

This proves that Gs(Fr) = gs and concludes the backward induction proof. o
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Appendix to Section 5

Proof of Lemma 6. Let mp be a pricing kernel in PK; and let s be a trading period
between ¢ and (T' — 1). For every index i from 1 to n, there exists a self financing portfolio
Y" in X, such that ws(Y") = p! and wey1(Y?) = ¢%, ;. We create indeed this portfolio by
holding one unit of security i at time s, and by investing the value ¢, 41 of the portfolio at
time (s 4 1) in the L? minimum portfolio X**! up to horizon T. This strategy is obviously
self financing. Since the portfolio X**1 is worth 1/,/hsy1 at time (s + 1), the value at time
T of the strategy writes wr(Y") = ¢% 4 Vhsawith and satisfies

B [wr(Y')’| = B [hes1(6hi1)*Eonr |05 ]| = B [hoa(611)°)

which is finite according to Proposition 1. We conclude that Y is indeed in X,. Since myp

is in PK;, we have

Eglmrwr(YY)] = RImg1ely,

Eymrwr(Y")] = Rimgpl,

and we conclude that
Es {Rf+1ms+1¢s+1} = Rgmsps-

The reciprocal is easily obtained by backward induction on s, making use of the self

financing condition at every trading period. g

Proof of Proposition 4. Statement (i). The payoff w/ is an element of wr(X;) and
is therefore in L?(P) so that w! is in L?(P). Consider a period s between ¢t and T and a
dynamic portfolio X in X;. We know from Statement (iii) of Lemma 2 with w; = 1/4/h; and
Fr = wp(X) that Es [whwr(X)] = haw!Qs(wr(X)) and we conclude with Statement (i)
of Lemma 2 and Equation 21 that E [whwr(X)] = RIEs [wh] ws(X) which proves that
wk. is a pricing kernel in PKj.

Statement (ii). If my is an element of PK? then for every portfolio X in X}
E; [mrwr(X)] = RImawy(X) =0

since m; = 0 and m7 belongs to wr(X;)*¢.
Reciprocally, consider a payoff mp in wT(Xt)Lt, a period s between t and T, and a

portfolio X in X;. For every event Ag in F,, we create a dynamic portfolio Y starting at
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time ¢t with zero wealth in the following way. We do not invest until time s. At time s we
do nothing until the horizon T in case the event A; does not occur. If the event As occurs
at time s, we purchase the portfolio v/ HsX, and we borrow its cost v/ Hsws(X) by selling
RI/Hsws(X) units of zero coupon bonds. We then follow the self financing strategy of
VH X until time T' when we redeem the bond.

This dynamic portfolio Y is clearly self financing and starts indeed in ¢ with zero wealth.
Its final value wr(Y) is given by wp(Y) = 14,v/Hs (wT(X) - Rf;ws(X)) It is an element
of L?(P) since v/H, is bounded, wr(X) is in L?(P), and v H;RIws(X) = vhsws(X) is in
L?(P).

according to Statement (ii) of Proposition 1. We conclude that Y is an element of A} and

since my is in wr(&;)*t, we obtain
Ey [,V Hmr (wr(X) = Blwy(X))] = 0.
This equality holds for every event A, in F, and therefore
Eq {\/ﬁsmgp (wT(X) — was(X))} =0

and since v/H; > 0 we conclude that E, [mrwr(X)] = R Es [m7] ws(X) and m7 is in PK;.

The strategy 1; which consists in holding the zero coupon bond from time t on is an
element of A; with final payoff 1. Since my is conditionally orthogonal to this strategy, we
derive that E; [mr] = 0 and mr is indeed an element of PK? .

Statement (iii). First notice that if my is in PKy, mr belongs to L?(P) so that mr is
in L2(P). Equation 18 shows that Qs (mr) = (1/v/hs)Es [w§mr]. Since my is in PK; and
wi is in wp(Xs) with wf = 1/v/hs, we compute

1

RImgw? = W RIm,
S

Qs (mT) =

1
Vhs
and eventually m/v/Hs = vhsQs(m7) which is in L?(P) according to Proposition 2.

Statement (iv). We check first that if & is an element of L?(P), the product &wk. is
in L?(P) as required. Indeed

B |(qut)’] = B| (gut)’

since E; [(wh)?] = 1. It is now clear that &w! and the sum m$. + &uwh is in PK; for every

- oo [t ) = £[6] <o
variable m% in PK?.
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Reciprocally, if myp is a pricing kernel in PK;, we let & = my//H;. We know from
Statement (iii) that & is in L?(P). As seen above, the product &wk. is therefore in PK;

and so is the difference m% =mr — &w%. We check that

E, [mOT] = E [mT — §th =my — & By {w:tr}

mye
— m— L JH, =0,
Y

since By [wh] = /H; from Equation 22. This proves that m% is a element of PK? and
that mr is in PK? + (L?(P) x wh). Eventually we conclude with Statement (ii) that
PK; = wr(X,)*t + (L3(P) x wh).

Statement (v). We have already seen that L7(P) x w! is a subset of PK;. It is also
a subset of wr(X;) since for every element & of L?(P), the product &w? is in L?(P) and
corresponds to the value at time 7T of the self financing portfolio & X,

Reciprocally, if mp is an element of PK; N wr(&X;), we know that, as an element of PKy,
it writes my = m% + &k, with m% in wr(X;)*t and & in L?(P). Since both &wh and
my are in wr(X;), so is mY and we obtain that E; [(m3)?] = 0. We conclude that m$. = 0
and mp = &wk is an element of L7 (P) x wk.

Statement (vi). We consider a payoff Fr in L?(P), an initial wealth w; at time ¢ in
L?(P,+/h;) and a period s between t and T. We let mp = (FT — wT(Xt’w“FT)), obviously
an element of L?(P). We apply Statement (iv) of Lemma 2 successively with X = 1, the
strategy in X; which buys and holds one unit of the zero coupon from time s until maturity

T, and with X any dynamic portfolio in Xs. We obtain

me = Bufmr] = 5 (Qu(Fr) — w. (X' T1)))

S
and E, [mpwr(X)] = RImsws(X). This proves that my is a pricing kernel in PK;. If w; is
chosen equal to Q(Fr), then
my = (QulFr) = wy (X)) = 0
t
and mr belongs to PKY.
Reciprocally, if m% is a pricing kernel in PK? , then m% is in L?(P) and the final wealth

wp(XHQUMT)MT) i an element of wp(X;). We have obtained above that the variable

(m% - wT(Xt’Qt(m%)’m%)) is an element in PK? and this proves that wp(XH@(m)mz) i
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also in PKY. Since PK) = wy(X;)** we conclude that wy(X5@(m7):me) = 0 and if we
choose Fr = m$., then m$ = (FT — wT(Xtht(FT)’FT)) )

We consider now a pricing kernel mz in PK;. From Statement (iv) we write mp =
m$ + &, with m$ in PKY and & in L2(P). We let Fr = m$. and we have seen that m% =
(FT — wT(Xt’Qt(FT)’FT)) We compute —&uwh = —£th(Xt71/m70) = wT(Xt’_Ef/m’O)
so that, following Equation 12,

mp = Fr—wp (Xt:Qt(FT)vFT + Xt&/\/Eﬁ)

= Fr—wr (Xthi(FT)gt/JFtvFT) ]

We conclude that mr = (FT - wT(Xt’wt’FT)) with Fr = m% and wy = Q¢(Fr) — &/vVhs.
Statement (vii). We first prove that PK? = wp(X;)* is closed in L?(P). Consider a se-

quence {m%”}nzo in wr(&;)*t which converges in L2(P) to m%. We prove that m% belongs

to wr (X)) t. Let X be any dynamic portfolio in X;. The sequence {E; [m%an(X)]}nzo is

null for every n and converges in L'(P) to E; [mJwr(X)] since
E[|B [my wr(X)] = B [mbwr(X)]|] < lwr(O) 2| (m3" = m§) llz2e)-

Therefore E; [m%wr(X)] = 0 and m$ belongs to wy(&;)* which is closed in L2(P).

We consider next a sequence {m%},>o in PK; which converges in L?(P) to my. From
Statement (iv) we find two sequences {m%n}nzo and {€'},>0 respectively in wr(X;)*t and
in LZ(P) such that m% = m%n + &Mwk for every n > 0. The sequence {m%},>0 is a Cauchy

sequence in L?(P) and we compute
- .
By [(mp —m§?| = B |(m3" —my™ + (€ - &M uwh)
[ 2] ] 2
= B |(m} - m§")| + @ - g B | (wh)]]

0,m t
— mT W

+2

: .
= B |(my"—my™) |+ (& -,

*3
|
=
=
3 —
/N
3
Se
3

since E; [(wrfp)ﬂ =1 and E; [(m?p" - m%m> wrﬂ = 0. We obtain

B [~ m)?] = B | (m = )| + B 167 - ).
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which shows that both {m%"}nzo and {&}'}n>0 are Cauchy sequences which converge re-
spectively to m®. and & in L?(P).

On the one hand we know that m$. belongs to wr(X;)1t because this set is closed in L?(P).
On the other hand & is measurable with respect to F; and belongs to L(P). It is easily
checked that the sequence {£w?-},>¢ converges in L?(P) to &wkh so that my = m% + &w?
and, according to Statement (iv), mg belongs to PK;. We conclude that PK; is closed in
L?(P).

Since PK? = wp(&;)1, it is clear that wr(X;) is a subset of (PK?) Lt. Let us prove the
reverse inclusion by considering a random variable Frp in (PK?) Lt. We let F; = Q(Fr).
The final value wr(X5F61T) is in wr(&;) and therefore (FT — wT(Xt’Ft’FT)) is in (PK?) o
We know from Statement (vi) that (FT — wT(Xt’Ft’FT)) is in PK? and we conclude that
E; [(FT — wT(Xt’Ft’FT))Q} = 0, which proves that Fr = wyp(X5"F7) and that Fr belongs
to wr(Xy). o

Proof of Lemma 7. Equation 15 yields
Gy (mr, Fr) = E,|(mr—wp(x2@mnmn)) (pr— wp(x*@Fr)Fr)) ]
= Es[mrPr| - E;s [mT’LUT(Xs’QS(FT)’FT)}
—F, [(FT — wT(XSst(FT%FT)) wT(X57Qs(mT)7mT):| .
The last term vanishes since (FT — wT(stQS(FT)»FT)> belongs to PKB as seen in State-

ment (vi) of Proposition 4 and wyp(X*Q("1)m1) is a payoff in wr(X,). Eventually we

obtain
Gs(mr, Fr) = Eq [mpFr] — Rimaw (X*QF)Fry = g mrFr] — RIm.Q.(Fr)

which is Equation 25. g

Proof of Proposition 5. If we set F/r = myp in Equation 25, we obtain Equation 26
since v/ hsQs(mr) = ms/v/Hs, according to Statement (iii) of Proposition 4. Equation 27

results then from Equation 26 and the definition of SR, we have

Varg [mp] = E; {m?r] - (Es[mTDQ

= G5 (mr) +m2(SRy)%
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The two inequalities are a direct consequence of Equations 26 and 27 and the fact that
Gs(mr) is nonnegative. If mr = & with & in L?(P), then my = wr(&X?) and mr
belongs to wr(X};), and therefore also to wp(Xs). According to Statement (ii) of Lemma 2,
Gs(mg) = 0 and both inequalities are equalities.

For s = t, equality obtains in both cases if and only if G¢(mp) = 0. Statement (ii) of
Lemma 2 proves that this happens if and only if mp belongs to wr(AX;), or, according to

Statement (v) of Proposition 4, if and only if ms belongs to the set L?(P) x wh. o

Appendix to Section 6

Proof of Lemma 8. We show that the law of one price holds from ¢ to T'. We consider a
period s between ¢t and (T" — 1) and a vector (u,v) in R™ x IR™ measurable with respect
to Fy such that ¢} u+ (¢7 ;) v = 0. It results from Lemma 6 and from Equation 32 that
Es [R£+1m8+1¢s+1] = RImgps,
Es {Rgﬂms—klﬁﬁ?ﬂ} = Rf:mspf.
The equality ¢, u + (¢7,;)v = 0 implies that
By [RLmopt (@i + (670)'v)| = RIm (b + (95)') = 0

and we conclude that pu + (pZ)'v = 0 since my is positive. g

Proof of Lemma 9. We consider a period s between ¢ and (T' — 1) and a vector (u,v)

in JR™ x R™ measurable with respect to F; such that ¢, ju+ (¢%,;)'v = 0. We know from

Proposition 2 and from Equation 7 that
Es [hs+1¢_5§+1¢;+1] ijs = Fy,
Eq [hst10s110%1] Nips = ps.
The equality ¢, u+ (¢%,,)"v = 0 implies that
0= Es [hst1 (v ¢sp1 + v’g?)fﬂ) Poy1] = u'ps + V'Y

and we conclude that plu + (pf)'v=0. o

Proof of Proposition 6. We assume that SR = SR; and we show that wé&e = wh,

by proving that FE; [(w?e - w%p)ﬂ = 0. We know from Equation 17 that E; [(w})?] =
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E, [(w;’e)z} = 1. According to Statement (i) of Proposition 4, ws’ is in PK§, and there-
fore also in PK; and Equation 24 yields E; [w%ewﬂ = R{ E; [wé’ﬂ wt. Tt results from
Equation 22 that E, [wé’we} = /Hf and since Riw! = RI /\/hy = 1//H;, we derive that
B, [w%ew%] = /Hf/vH;. Now SR{ = SRy implies that Hf = H; and F; [w%ewﬂ =1 and

we conclude that
E, [(w%e - w%)ﬂ =F; [(w;’e)ﬂ + B, {(th)Q] —2F, [wé&ewﬂ =0.

If wi® = wh,, then Statement (ii) holds since, according to Statement (i) of Proposition 4,
w%e is an element of PKF.

If wk. € PK¢, then since wk is a self financing strategy in wy(X:), it is also an element
of wr(Xf). According to Statement (v) of Proposition 4, there exists & in LZ(P) such
that wh = &wy’. We know however that Ey [(wh)?] = E; [(wé’we)ﬂ = 1, and we conclude
that & = 1 and that wh® = wh. Since, according to Equation 22, E; [wh] = /H; and
E; [wf‘,le] = /Hf, we conclude that Hf = H; and SR{ = SR;.

If w) is a pricing kernel in PK{, then we learn from Equation 35 that E; [w}Ff] =
R{ Ey [wh] pf = v/hup¥. According to Equation 18, this implies that for every security j we

have ptx’j = Qt(Fﬁ’j) and since Qt(F;f’j) = ﬁf’j, we conclude that pf = p¥. o

Proof of Proposition 7. We assume that SR{ = SR; and we consider a period s such
that w! does not vanish. The payoff wk. is clearly both in PK¢ and in wy(X¢). According
to Statement (v) of Proposition 4, there exists & in L2(P) such that wf = w3, From

the construction of X' and X* and the fact that w’ does not vanish, we derive that

w; 1 19
whh = —Swh = wh = 5 w3
T = T = T = .
wt Vhswt Vhswt T

Since, according to Equation 17, Ej [(w$)?] = Es [(w3%)?] = 1, we obtain that w§ = w3*

and we conclude with Proposition 6 that SR = SRs. o

Proof of Proposition 8. If w/. is positive, then w! is positive for every period s between
t and (T —1) since E; [wy°] = hsw!/R{. If SR{ = SRy, then we conclude from Proposition 7
that SRS = SRy, and from Proposition 6 that pf = p?.

Reciprocally, if p = p? at every period s between ¢t and (T'—1), then ¢7, | = p? +d%, | =
¢%,, and p?7 = p N E, [h5+1¢§ﬁ1¢8+1} for every security j. Since R{ Es[wh] = hsw! and
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why = wths¢! N} ps we have
RgEs [w”fr]pf’j = hswgpi’j = hswgp;NjEs [hs+1¢§—’£1¢s+1} = FE; [hs+1w§+1¢§£1] .
We obtain that for every period s between ¢ and (7' — 1)
B[Rl Benilwh)ot, ] = RIEwhp.
According to Lemma 10, this proves that w} belongs to PK¢ and we conclude with Propo-

sition 6 that SR{ = SR;. o

Proof of Proposition 9. The fact that Statement (i) implies Statement (ii) results
directly from Proposition 6. Let us assume that p? = p? and that ¢, , = ¢* 1 for every
period s between ¢ and (7' — 1). We check by backward induction that h¢ = hs for every
period s between t and (7' — 1). Let us assume therefore that h$, ; = hsp1. We seek to
prove that h¢ = hs.

We know from Equation 5 of Proposition 1 that 1/h¢ = (pg)'Es [hss10%1(6541)] " 18-

S

We consider the following matrix As, measurable with respect to Fg,

Id 0
As: )
( By Id)

with By = —Eg [he416%,1¢% 1] N;. Since A, is invertible, we remark that

(A) T By [hop1 851 (65:1)' 1T ATt = (AsBs [hop1641 (6541)T AL T
and we have
e T (p%)'Es [h5+1¢§+1(¢§+1)/}+p§
= (p9) AL(A) T E, [hop10S 1 (02)] T AT Agpt

= (Asp?) (AsEs [hss101(051)] AT AgpS
= (Ap?) (Bs [hss1 (Asd 1) (Asetsy)]) T Aspt.

We know from Lemma 9 that p? = Fj [hs+1¢_5§+1¢;+1] N ps = —Bsps and therefore

p p
Aspg _ By s _ s
ps + Bsps 0
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and

¢s+1
As¢§+1 == — .
§+1 + Bs¢s+1
The block diagonal terms of the matrix Eg [hoy1(AsdS,1)(AsdSy1)’] vanish since
Eq [hs+1¢s+1($§+1 + BS¢S+1),] = FE [h5+1¢$+1(q3§+1)'] — Es [hs+1Nij¢s+1($gsg+1),]

and NyN¢si1 = ¢si1, as seen in Equation 6. As a result, we have

Nj 0
(Es [h5+1(A3¢§+1)(AS¢§+1)’])+ = ( 0 C. ) )

for some matrix C, and

1
E = (Aspg), (Es [hs+1(As¢§+1)(As¢§+1)/])+ AsPi = psN;_ps'

Since 1/hs = psN;}ps, we obtain that h¢ = hs, which concludes the backward induction

proof. g

Proof of Proposition 10. We us assume that p? = p? for every period s between ¢ and

(T — 1) and we check by backward induction that for every random variable Fr in L?(P)

we have QS(Fr) = Qs(Fr) for every period s between t and T. At time T we easily have
Q7 (Fr) = Qr(Fr) = Fr. Let us assume that Q¢ (Fr) = Qs+1(Fr) and let F,y; be this

common value. We know from Proposition 2 that

Qs(Fr) = pPiNJE|hey1For10s11]
QFr) = (09)Es [her10%41(0541) " Es [her1Fes1%y4]

since, according to Proposition 9, h§,; = hsy1. Drawing from the same analysis and from

the same notations as in the proof of Proposition 9, we write

Qs(Fr) = (Apl) By [hor1(Asdir) (As#en) Es [hsp1 Forr (Asdiyy)]

o / N:_ 0 Es [hs+1FS+1¢s+1]
= (2 0) ’
O Cs DS

for some random vector D in IR"=. We conclude that Q¢(Fr) = p,NS Es [hsi1Fst10s+1] =

Qs(Fr) which concludes the proof by backward induction. n
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Appendix to Section 7

Proof of Lemmma 11. We shall use the fact that if 3 is a -algebra on the probability space
(€2, P) and if X is a random variable in L?(P) and Y is a random vector in L?(P; IR"), then
if welet N = E[YY’|X] and Z = E[XY'|S] NTY, then Z is a random variable in L?(P)
and F [Z%X] < F [X?|X]. This fact results from the following two equations:

E[X?%| - BE[XY'[S|NTE[YX|Y] = B [(X - 2)*%] >0,

and
E|Z[%| = E[XY/|S] NTE[YX|3] < B | X?[5).

We apply this result with ¥ = F; and

X = M= Fp—wp (XU,
Y = My = Fp—wp (XM

Equations 14 and 15 show that

Gi(Pf) = Ei|(Mp®)],
Gi(Ff, Fp) = By Mz (Mg")],

and we obtain that Z = Gy(F%, F2)G(F2)* M) is an element of L?(P) and that
Gi(Ff, Fp)Gi(PL) " Gy(Fp, Fft) < Go(Ff),
which proves Lemma 11. g

Proof of Lemma 12. From the definition of PK,(S}) and Equation 25 we derive

respectively

Ei[mrFE] = RImS?,
E[mrFE = RImiF* + Gy (FE mr),

hence
Rlmy (Sf — FF) = Gy (F§,mr)

which is Equation 36.
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We now apply Lemma 11 with F% = (m7) and F% = F% and we obtain
(Rfmo)? (Sf — FY) Gu(FE)T (Sf — F{') < Gy (mr)
which writes (m?/H;)K¥ < Gy(m) and yields Inequality 37. Since Gy(m7) is in L'(P),

this inequality shows that (m?/H;)K¥ is also in L'(P). Statement (iii) of Proposition 4
proves that m?/H; belongs to L'(P) and therefore so does (m?/H;)(1+ K¥) = m?/H¥. o

Proof of Lemma 13. We start by showing that m%f(mt) is a random variable in
L?(P). According to Statement (vi) of Proposition 4, every component of Mx" is in PK) =
wr(X;)*t. In particular, E; [w%M%’x} =0 and

E{wwmmﬂzzaKjgwwwﬂg

+ Ey

ol

= 2 = 2
my x\/ T\ AT my t 2
= L(AD)GFE)A? + —LE
TGP + B | (wh)]
2 =2
_ ﬁ x :mt
= UKD =g

Since 7y is in LY (P, 1/\/H}), we conclude that m%" () is indeed in L?(P). Notice also
that E; {mg’ﬂx(mt)} = my since E; [M;ﬂ =0 and E; [wh] = VH;.

Next we show that mfrx (my) is a pricing kernel in PK;. We derive from above that the
random variable (mt/\/E)(Af)’M%x is in L2(P) and in PK) = wp(X;)*t. Since HF is
smaller than Hy, the ratio (my/v/Hy) is in L?(P) and we conclude with Statement (iv) of

Proposition 4 that m4" (/) is a pricing kernel in PK;. o

Proof of Proposition 11. Statement (i). We know from Lemma 13 that m4" () is a
pricing kernel in PK;. We check that Condition 1 implies that E; [mtTw (mt)F%} = R{ mSE .
We compute

E tx, — Mt,a: _ my E My
t [mT (mt) T } \{Ft t \/Ft

m X T T T
= \/;Tt\/h»th(FT)Gt(FT)JF (Sf — F{) +

= Rlm (S7 — F?).

ML (M;’”C)' AF + P By [wh ]

My

VH;

VI Qi (ME")

The last equation results from Condition 1, and the fact that Qt(M%m) = 0. Since mé&z (my)

is a pricing kernel in PK;, we know that

B [mgx(mt)wT (Xt’th FT)} = Rfm,F¥
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and we obtain that F {mth(mt)F%} — RIm; S, which proves that m5”(m;) is an element
of PK,(S%).
Statement (ii). We consider a pricing kernel my in PK;(SF) such that m; = E[mr]

does not vanish. We know from Equation 36 of Lemma 12 that
Gy (FE,mr) = Rl my (SF — F?).
Since the variables m; and R{ do not vanish, Condition 1 holds if we show that
Gi(FF)Gi(FF)T Gy (Ff, mr) = Gy (Ff, mr),
or equivalently, if we prove that Gy (Fif, mr) = Gy (F'%, mr), where we let
Ff = Gy(Fp)Gy(F7) " Fr.

We check that G¢(F%) = Gi(F%) = Gi(F%, F%), and therefore that Gy(F% — F%) = 0. We
derive from Statement (ii) of Lemma 2 that every component of the random vector (Ff—F%)
is a payoff in wy(&;). We conclude with the same statement that Gy ((F¥ — F§) ,mr) =0,

and this proves that Condition 1 is satisfied. g

Proof of Proposition 12. Inequality 38 is Inequality 37 of Lemma 12. Inequalities 39
and 40 result then respectively from Equations 26 and 27 of Proposition 5, together with
the fact that (1 + K7)/H; = 1/H} and the equality

Ky

11— (R (S = FYY Gu(Fr) ™ (57 = FY).

It is clear that these inequalities become jointly equalities when (m?/H;)K¥ = Gy(mr).
Let us prove that this happens if and only if mp = mtT‘T (my).

We know from Lemma 12 that m; belongs to LZ(P,1//HY) and from Statement (i) of
Proposition 11 that mg’,x(mt) is a pricing kernel in PK;(S7). We have obtained in Lemma 12
that a pricing kernel my in PK;(S}) satisfies the equality G¢(FE, mr) = Rimy (S¥ — FP).
This fact, together with some elementary algebra, prove that
2

x m x
(AFYM* ) = G (mr) — L KT
t

my

vV Hy
According to Statement (ii) of Lemma 2, the equality (m?/H;)K¥ = Gy(mr) is therefore
equivalent to the fact that (mp) — (mt/\/Ht)(Af)’M%x is a dynamic portfolio in wp(X;).

Gt <mT -
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Since both mp and (my//Hy;) (A7) M5® are in PK;, the equivalent condition says that
the variable mp — (my//H;) (A7) My" is an element of the set PK; (wrp(&;) which, ac-
cording to Statement (v) of Proposition 4, is also L?(P) x wf. Therefore the equiva-
lent condition writes my = (mg/vHy;)(AF)' My® + &k with & in L}(P). Since then
Ey[mr] = &VH; we conclude that & = (m;/v/H;) and the equivalent condition writes

my = (my//Hy) ((Af)/M;I + w%) = m5"(my) as desired. n

Proof of Proposition 13. Statement (i). Lemma 8 has established the admissibility
of the proposed price dynamics. Lemma 10 shows that R{ mupi = Ey [mpFF] and since myp
belongs to PK;(SF), we obtain that R{mtpf = R{mtStm. Since mp is positive, we conclude
that pf = SY.

Statement (ii). We first show that for every random vectors X; in IR"* measurable
with respect to F3, the equality X{pr‘r = 0 implies X, (S} — F}*) = 0. We do this by proving
by backward induction that the equality

(65 8 dvir - (x77)) o
u=t+1
holds for every period s between (¢ + 1) and 7', where we set the sum Zf;% 11 d2/hyw? to
zero for s = (t+1). The equality holds for s = T since M%x = Ff —wr (Xt’thﬁF%) . Let us
assume that .
Xt{ (¢§+1 + Z di\/ﬂwé‘ﬂ — Ws+1 (Xt’Ff’F%)> =0.
u=t+1

The self financing condition at time (s + 1) of the n, portfolios described by the ma-

trix X477 implies that wsiq (Xtthva%) = SHX?Fva%_ We also know that w¥, , =
hsw'p.NF ¢s11 and we obtain
s
X (d)?'f‘l + Z AoV huhswipaNS ¢s1 — ¢;+1X§7Ff7F%) =0.
u=t+1

The law of one price for the extended asset structure implies that

s

[0 e

ng (p? + Z divhuhsw?P;ijs _p;Xs ¢ T) =0
u=t+1

which also writes

s—1
X (p§ + Y divhawy +dY — w, (Xtth””vF%)) =0.

u=t+1
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Finally, since ¢f = p?¥ + d¥, we obtain

(65 8 dvin - (x77)) <o
u=t+1

as desired. For s = (¢ + 1) this equation writes X (gbifH — Wit (Xt’th’F%)) = 0. The

law of one price from ¢ to (¢ + 1) implies that X (pf — wy (XtthIvF”f“)) = 0 and since the

price dynamics is consistent with smile, pf = S¥ and we conclude that X{(S¥ — F¥) =0 as

claimed.

We consider now a random vectors X; in IR™ measurable with respect to F;. Since
Gi(Pf) = By [Mp"(Mp"Y] and Gu(Ff)GW(Ff)Gi(Ff) = Gu(F§), some simple algebra
shows that

By | (xi0 - XiGFpGiFp )| = o

which proves that (X; — Gy(FE)*Gu(F#)X,) My® = 0. According to our first result, we
obtain that (X; — Gy(F£)tGy(FE)X,) (SF — FF) = 0, which also writes

X[ (ST~ ) — GUFRGUFR)* (S} — FY)) = 0.

Since this last equation is true for every random vectors X; in IR™* measurable with respect
to Fy, we conclude that (Sf — Ff¥) = Gi(FF)Gy(Ff)* (SF — FF) and the smile satisfies

Condition 1. g

Proof of Proposition 14. We let m; = inf(\/HY,\/Hf) so that both (m;/\/HY) and
(m¢//Hf) are in L?(P), and we let & = m;//Hf. Proposition 5 applied to the extended
asset structure proves that the pricing kernel my = ftw%e is in PK{ and satisfies m; =
VHEE = my and Eym3) = €2. Since PK{ is a subset of PK.(S¥), the pricing kernel my is
also in PK;(S¥). We learn from Equation 39 of Proposition 12 that m?/Hf < E;[m2], and
therefore (m?/HF) < & = (m?/Hf). Since m; is positive, we conclude that Hf < H¥ < H;

[( 1 «_ (1 e (1
SRt: (fIt—1>§SRt <}Itz 1>§SRt (Hte 1)

We now compute

1 1 1 /H K}
V2 _ 2 _ _ — t_q) = 22t
(SRy)" — (SRe) oy H H (Hg 1) H,

and
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= — (SF = F}) Gu(Fp) " (S) - FY)
= (R])* (S} — F?) Gu(Ff)T (S} = FY).

which yields the desired result. The last statement results directly from Equation 40 of
Proposition 12 and the fact that PKY is a subset of PK;(S¥). o

Appendix to Section 8

Proof of Proposition 15. We first remark that the equality between SR} and SRf is
equivalent to the fact that Hf and H} are themselves identical.

Hf = H} implies (i). We apply Lemma 3 to the extended asset structure, with Fr = 0,
wy = w(XH¢) = (1//h¢), and Y = Y* in Xf. Since

Be[(Fr —wr(V))*] = B [(wr(Y))?] = 1 = hjuj

and

B 1 B 1 1
~mlyEF  RLyET VR
the set A;(Y®) has probability one and m%” (v/HF) = wr(Y¢) = wh.

(i) implies (ii). If wp(X5¢) = m4" (VHF) = wp(Y®) then iterated use of the law of one
price and the self financing condition proves by backward induction that ws(X%¢) = w,(Y®)
for every period s between ¢ and T and one can choose Ay = (\/Hf /v/Hy)A?. The equality

x\/ T x
()| = T R
proves that AjM%" is in L2(P).

(i) implies (iii). Statement (i) of Proposition 4 applied to the extended asset structure

wt(Y) = wt(Ye) Wt,

proves that wi° is an element in PK¢. If m%" (\/HF) = wh®, then m4y® (/HY) is in PK¢.
iii) implies Hf = H}. On the one hand we have proved in Proposition 14 that Hf <
¢ i t
HY. On the other hand, since mtT’x (v/HY) belongs to PK{, Optimization Program 30 applied
to the extended asset structure yields

i < B |(m (VD)

Since E; {(mth( Hf))ﬂ = 1, we conclude that HF < Hf so that Hf = H as desired.
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(ii) implies Hf = HY. We assume that the strategy X*¢ has a value process which is
identical to the one of a self financing strategy in X} which holds the constant quantities
Ay of the new securities from time ¢ up to horizon T'. Every period s between (¢ + 1) and
(T — 1), this self financing strategy reinvests the dividend Ajd? distributed by the new
securities in the original securities. If we define the sequence of cash flows f = {fs}r1<s<r
by fs = —Ajd¥ for s between (¢t + 1) and (T'— 1) and fr = 0, then there must exist a
dynamic portfolios Y starting at time ¢ which only invests in the original securities, which
finances f, and such that wr(X"¢) = Aj¢% + wr(Y).

Let X be the dynamic portfolio starting at time ¢ such that 6;(X) =Y. We learn from
Lemma 4 that X is a self financing portfolio which only invests in the original securities

and that wr(Y) = (wp(X) — Fr) with

T
FT = Z fS\/FSM%

s=t+1

T—1
o[ )

s=t+1
= NoT — AJFF.
We obtain that wr(X*¢) = A}FE +wp(X) and therefore wp(X%) = A, My" +wrp(Z) where
Z = X + XbFOFT A, is also a self financing portfolio which only invests in the original
securities. Since both wp(X"¢) and A} M. %x are in L?(P), so is wr(Z), and we conclude
that Z is a self financing portfolio in A;.

According to Statement (i) of Proposition 4, wr(X%¢) is a pricing kernel in PK{ and
therefore also in PK;. Statement (iv) of the same proposition proves that there exists & in
L?(P) such that wp(X5¢) = A, My" +&wl.. We know from Equation 22 that Ey[wp(X5¢)] =
V/Hf and therefore we obtain that & = (\/H/vVHy).

Since wh® = wp(X"€) is in PKS, it is consistent with the smile and we have

€T 1 € €T
St = WE]S [wél FT:|
t
1 /Hf
= \/F t(F7)A: + \/F\/FiEt [W%Fqﬂ
t
ks NN
— (R Ay + FF
= 1 =Gi(Fr)A¢ + FY

NG
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and (S¥ — Ff) = (1/y/h§)G¢(F¥)As. Condition 1 implies that we also have (Sf — Ff¥) =
(1/\/7)Gt(Fx)Atx and we obtain that Gt(F%)\/HfAf = Gt(F%)\/ HtAt.
Let ep = (VHF //HO)wi® — mby® (/HF). We have
V / t,x
VHiN, — \JHEAY) M
€r = \/ﬁ\/ﬁ( t t t) T
and

B[] = oo (VHA, ~ VHEAD) Gi(PP) (VEGA, — VHEAT) = 0
HtH

This proves that ep = 0 and my" (VHF) = (VH} //Hf)ws*. We know from Lemma 13
2
that E; {( m" ( Hf)) } =1, and since F; {(w?e)z} =1, we conclude that Hf = HY.

(iii) is equivalent to (iv). This equivalence results directly from Lemma 10. g

Proof of Proposition 16. If Hf = H}, then we know from Statement (iii) of Propo-
sition 15 that m4" (y/HF) is in PK§, and therefore also in PK¢. We have already seen
that the payoff m%” (\/HF) is in wp(Xf), it is therefore also in wp(XS). We obtain that
mat (VHT) is in PK§ Nwr(Xf) and, according to Statement (v) of Proposition 4,

t,x T
t, mg® (VHE)
(43) my" (VHF) = SW’UJSTG,
where we recall that m%® (\/HF) = F [m}z ( Hf)} .
We let F7" = 7121 VRyw$hds + ¢%.. Since mi" (\/HY) is in PKS, we have

E, [m§" (VHF) Fy*| = RImb® (VHF) pt,

and since my" (/HF) is in PK; and Q4(Fy™) = p%, we derive from Equation 25 of Lemma 7
that

E, |mi" (VHF) FF| = RImb® (VHF) 5t + Gs (P, mi" (VHT))
We also compute
Hi

Gs (F;xamé’x( Hi”)) =V,

Hm
G (F™, (AP Mp® +wh) = Y=L Go(FF)AT,
(P (A3 My" + wh) = YL Gu(FRIA;
since

G, (B3, (AFY ME®) = G, (F% -y difhuw%,mf)’w””) — GL(FPAT.

u=t+1
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Combining these results we obtain

[ITT —r \/Hx T\ AT
Rgm?x ( Htaj) (pf,f _ps) = \/ﬁ% GS(FT)Atv

from which we derive

x 2 T thz x X x
(RImi (VITE)) KE = =5 () Go(PRAT.

We compute
Gy (mif” (VA7) = -G (M) Mz" +wf) = SH(A]) Go(FR)AT,
and we obtain that

t,x T 2 t,x T 2
Gs (m?z( Hf))_ (Rg)Q (ms ( Ht)) Ksm: (ms (I_}/SE)) Ksm

According to Proposition 12, and since the kernel mth (\/HY) is consistent with the smile
p% at time s, this last equation proves that m%" (VHF) = my® (mb® (VHF)). Since

mb® (\/HY) is P almost surely different from zero, we also have

S,x z\ _ \/ng S,x t,x T
mrp” ( Hs)—mg,x(\/H—f)mT (ms (\/E))

and therefore
m5" (VHZ) = ———=my" (VH) .

m&® (VHF)

We derive from Equation 43 that

€T
i (VHE) = Y

He T-°

S

Since E; [(wy€)?] =1 and, according to Lemma 13, E, [(m3" (,/HZ))?] = 1, we conclude

S
that HS = H”. g

Proof of Proposition 17. Let us consider a pricing kernel mp in PK;(S7¥) such that
my > 0 and a payoff Fr in L2(P) such that E, [F2] = 1. Let wy = E; [mpFr] /(Rimy)
be the value of the payoff Fr derived from the kernel my. According to Equation 25 of
Lemma 7, (wy — Q¢(Fr)) = Gi(mp, Fr)/(RImy), and since Jy(Fr;mr) — Ji(Fr;wh) =
hy (wy — Qu(Fr))?, we obtain that
hy

H.
——Gy(mr, Fr)? = =2 Gy(mr, Fr).

Ji(Frymr) — Jy(Frywh) = ; -
() t
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Following Statement (iv) of Proposition 4, we decompose the kernel mp as mp = m. +

(my//Hy)wh., where m% is a kernel in PKY. According to Statement (ii) of Lemma 2 and

Equation 15, we have
Gu(mr, Fr) = Gi(m$, Fr) = B, [m (Fr — wp(X"U0Fr) | = B [m§Pr] .

For mr fixed, the maximum value of Gy(m7, Fr)? over random variables Fr such that
E; [F2] = 1is E[(m%)?] and we obtain that

esssup Ji(Frimy) — Jy(Friwh) = (Hy/m3)E, {(moT)z] .
Fr € L?(P)
E, [F?] =1

Since Ei[m#%| = E[(m%)?] + (m?/Hy), we have
m;

and we conclude with Inequality 39 of Proposition 12 that the program

essinf (Hy/m?)E; {(mT)Q} -1

mrT € PKt(Sf)
0< Et [mT]

is solved for the pricing kernel mf7” (/HF) with minimum value (H;/H?) — 1= K¥. o

Proof of Proposition 18. Since the smile satisfies Condition 1, the kernel méﬂx (VHY)
is in PK;(SY) and since it is positive, we learn from Proposition 13 that the proposed price
dynamics is consistent with the smile. We obtain From Proposition 15 that mtT"T (VHY) is
equal to w%e, the value at horizon T of the L? minimum strategy for the extended asset
structure. Equation 41 results then directly from Equation 23.

According to Equation 25 and since my”(\/HF) = \/HF, we compute
Ey |my” (VHT) Fr 1
[f e, ] = Qi(Fr) + ———G; (mffx( HEE)»FT)-
Rymy (VHY) Ry v Hj

We also derive from Statement (ii) of Lemma 2 that

Qi (Fr) =

T Hx X x & xT X
Gy (mfy" (VHF), Pr) = U Ge ((AFYME" + wh, Fr) = YL (A7) Gy (Ff, Fr)

5

5
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and we conclude that

1
Hj

Qi(Fr) = Qi(Fr)+ (A})' Gy (FT, Fr)

£
S

$

= QuFr)+ (S} — F}') G (FE)" G (FE, Pr)

R vH,
= Qu(Fr)+ (SF — FY) G (FE)T Gy (Ff, Fr),

which is Equation 42. g
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