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ABSTRACT

An N-player game can be approximated by adding a coordinator who interacts
bilaterally with each player. The coordinator proposes strategies to the play-
ers, and his payoff is maximized when each player’s optimal reply agrees with
his proposal. When the feasible set of proposals is finite, a solution of an asso-
ciated linear complementarity problem yields an approximate equilibrium of
the original game. Computational efficiency is improved by using the vertices
of Kuhn’s triangulation of the players’ strategy space for the coordinator’s

pure strategies. Computational experience is reported.
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ABSTRACT. An N-player game can be approximated by adding a coordinator who interacts
bilaterally with each player. The coordinator proposes strategies to the players, and his
payoff is maximized when each player’s optimal reply agrees with his proposal. When
the feasible set of proposals is finite, a solution of an associated linear complementarity
problem yields an approximate equilibrium of the original game. Computational efficiency
is improved by using the vertices of Kuhn’s triangulation of the players’ strategy space for
the coordinator’s pure strategies. Computational experience is reported.

1. INTRODUCTION

A hallmark of economic models of production and exchange is the role of price-mediated
markets to decentralize the process of arriving at an allocation. In a standard Walrasian
formulation one seeks an equilibrium price vector, i.e. one that clears all markets. In the
tatonnement process hypothesized by Walras [12], an auctioneer proposes a price vector,
then agents respond individually with their demands and supplies, and then the auctioneer
adjusts prices appropriately. This iterative process continues until aggregate demand equals
aggregate supply for all commodities.

A key element of this formulation is the addition of the auctioneer. The substance of
an iteration is (1) the auctioneer’s announcement of a public signal (proposed prices), (2)
responses by the agents individually to the public signal, and (3) the auctioneer’s revision
of the public signal. The process is simplified by the facts that the public signal is sufficient
for each agent to determine an optimal reply, and that market clearing is all that matters to
the auctioneer.'

The analog for an N-player game adds a coordinator as an extra agent who interacts

bilaterally with each player. In each iteration the coordinator proposes a profile of strategies
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A practical version of tatonnement is used in linear programming: in the Dantzig-Wolfe [2] decomposition
algorithm, from a master problem one obtains transfer prices (dual variables on system constraints) that are
sent to the subproblems, each of which responds with an optimal vertex of its own feasible set when it must
pay these prices for system resources.

3



4 SRIHARI GOVINDAN AND ROBERT WILSON

for the players. Each player responds to the proposed profile with his strategy that is an
optimal reply if all other players use their proposed strategies. If some player’s response
differs from the strategy proposed then the coordinator adjusts her proposals. The process
ends when the proposed profile agrees with the profile of players’ optimal replies. The end
result is a Nash equilibrium of the original game.

In this article we present an algorithm that is based on a similar construction. The
mathematical formulation states the conditions for a Nash equilibrium of the expanded game
that includes the coordinator as an extra agent. The algorithm proceeds by adjusting the
coordinator’s proposal until the players’ responses agree with the strategies proposed. Thus
the expanded game is an ‘imitation game’ in which the goal of one player, the coordinator,
is to propose the same strategies as the other players adopt in reply. A similar construction
is used by McLennan and Tourky (unpublished) in their method for approximating a fixed
point of an upper-semi-continuous convex-valued correspondence by an equilibrium of a 2-
player game.

The formulation is established in §2. In §3 we characterize an equilibrium of a finite ap-
proximation of the game as a solution of a linear complementarity problem. In principle
this could be solved using the Lemke-Howson [8] algorithm but in §4 we present a more effi-
cient algorithm obtained when the coordinator’s feasible proposals are vertices of Kuhn’s [7]
triangulation of the strategy space described in Appendix A. Computational experience is

reported in §5 and Appendix C.

2. FORMULATION

The N-player game G has players indexed by n in N = {1 ..., N}. The game is specified
by each player n’s sets S, and ¥,, = A(S,,) of pure and mixed strategies, and by his payoff
function G, : ¥ — R% where ¥ = [L,.en Xm- This payoff function is multilinear in other
players’ mixed strategies and independent of n’s strategy, and thus characterized by its values
for profiles of pure strategies, i.e. the vertices of . For each proposed profile 7 € ¥ of mixed
strategies, G,s(7) is n’s payoff from his pure strategy s € S,, if each other player m # n uses
the mixed strategy 7,, € X,,. A profile 7 is a Nash equilibrium of G if for each player n the
proposed strategy 7, is an optimal reply; that is, 7,, € argmax,, ex, > cg OnsGns(T).

The expanded game G° includes the coordinator as an extra player. In this game the
coordinator’s set of pure strategies includes all profiles in 3. In G° a profile (o, 7) specifies
the profile 0 = (071,...,0y) of players’ replies to the coordinator’s proposal 7 = (7,...,Tn).
Player n’s payoff is G5 (0, 7) = G,s(7) from his pure strategy s, as in game G if 7 accurately

predicts other players’ strategies. The coordinator’s payoff from her pure strategy 7 is
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o

0-(0,7) = > un(0on, 7,), where each function u, : £, x £,, — R is such that, given o, her

payoff u, (o, 7,) is maximized uniquely by choosing 7,, = 7,,. Obviously:
Theorem 2.1. (o, 7) is an equilibrium of G° iff ¢ = 7 and ¢ is an equilibrium of G.

This is the decomposition principle. The computational advantage of decomposition is that
it replaces the multilateral interactions among the N players with N bilateral interactions,
one between each player and the coordinator. Thus, the expanded game is a collection of
2-player games connected solely by the coordinator’s role in each.

An implementation of the decomposition principle in a practical algorithm restricts the
coordinator to mixtures over a finite set of feasible proposals. In this case an equilibrium of
the expanded game provides only an approximate equilibrium of the original game.

The following lemma is the basis for Theorem 2.3 below.

Lemma 2.2. Let E(G) be the set of Nash equilibria of the game G. For each ¢ > 0 there
exists § > 0 with the following property. A strategy profile o is within e of E(G) if for each

n there exists g, € R such that ||, — G,.(0)|| < d and o, € argmax,: ex,, 0%, * Gn.

Proof. Given ¢ > 0, let F' be the compact set of points in ¥ at distances at least ¢ from
E(G). We show that there exists 6 > 0 such that the condition of the lemma is violated at
every point in F. Define o : F' — R via a(0) = max, » (0, — 0y) - Gn(0). Because « is
continuous and strictly positive on F', there exists ¢ > 0 such that a(o) > 20 for all o € F.
That is, for each o € F' there exists some n and o], € ¥,, such that (o, — 0,,) - G,(0) > 24.
Further, if g, € R% and ||g, — G, (0)|| < ¢ then:

(1) (O;z —0p) g = (U;z —04) * (Gn — Gn(0) + Giu(0))

(2) = (0}, = 3) - (§n — Cu(0)) + (0}, — 0) - G (0)

(3) > (=0) +(20) =6 > 0.

Hence, 07, - g, > 0y - Gn, which implies that o, ¢ arg max, cx, 07, - Gn- n

To use this result we construct a game G that approximates the expanded game G°. From
an equilibrium of the approximate game G we obtain an approximate equilibrium of G° that
yields an approximate equilibrium of G.

To define the game G, we need a few definitions. For each n, let f, : R5* — R be a strictly
convex and differentiable function. For each 7,, € ¥,,, let T,,[1;,] be its tangent function at 7,

evaluated on X,; that is, T,,[7,|(0,) = a,(7,) - 0, for each o, € ¥,,, where

(4) an(Tn) = [fa(T0) = T - V(7)1 + V fu(70)
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and 1 is an |S,|-dimensional vector of ones.

On ¥ define f =) f, and for each 7 € ¥ define T'[7]| = > T,[r,] by f(o) =>_, fulon)
and T'[7](0) = >, Tn[m](0n). By our assumptions on the f,’s there exists a constant C' > 0
such that for all 7 # o,

(5) 0 < flo) =Tlrl(o) <Cli7 = o

Fix ¢ > 0 and let 6 > 0 be as in Lemma 2.2. Choose n > 0 sufficiently small that if
|lo —d'|| < n then (Vn) [|Gh(o) — Gn(d')|| < 0. The strict inequality above implies that
there also exists a constant ¢ > 0 such that ¢ < f(o) — T[r](0) for all 7,0 € ¥ with
lo — 7| > n. Now let P be a finite set of points in ¥ such that every point in ¥ is within
¢/C' of some point in P.

In the approximate game G, the coordinator’s set of pure strategies is P, and for each
player n his set of pure strategies is S,,, the same as in game (. Player n’s payoff from his
pure strategy s € S, is Gps(0,7) = > pep Gns(p)7p when the coordinator’s mixed strategy is
T € A(P), independently of players’ actual mixed strategies in o. The coordinator’s payoff
from her pure strategy p € P is Gop,(0,7) = T[p](c), where 0 indicates the coordinator.

In the notation before Theorem 2.1 this corresponds to specifying u, (o, 7,) = Tn[7al(04)
to construct the coordinator’s payoffs in G°, but in the approximate game G the coordinator’s
pure strategies are limited to points in the finite set P, and her mixed strategy 7 is a
randomization over points in P rather than a point in Y. This accounts for the differences
between equilibria of G° and G. If 7 is a nontrivial randomization then the coordinator
proposes a correlated equilibrium but players’ responses are uncorrelated. In effect, the
coordinator proposes a correlated profile of players’ mixed strategies in P that approximates
the players’ profiles of best responses when they are not confined to P, and which are
uncorrelated except for their mutual dependence on the coordinator’s proposal.

Our main theorem states that an equilibrium of the approximate game G yields an ap-

proximate equilibrium of G° and hence also of G.
Theorem 2.3. If (0, 7) is an equilibrium of G then ¢ is within € of E(G).

Proof. Suppose (0,7) € ¥ x A(P) is a mixed-strategy equilibrium of G. Then for each
player n his mixed strategy o, is an optimal reply to g, = Zp Gn(p)7,. That is, o, €
arg maxys ex, 0y, - Jn. For the coordinator, we claim that each pure strategy in P that is
optimal against ¢ € ¥ is within 7 of 0. Indeed, there exists p € P such that ||c —p|| < ¢/C,
so for any p’ such that ||o — /|| > 7,

(6)  Goplo,7) =Tp](0) < f(0) = c < T[pl(o) + Cllo — pl| = ¢ < Tp)(0) = Gop(o, 7).
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which verifies that for the coordinator p is a better reply than p’ against . Thus all the pure
best replies for the coordinator are within 7 of 0. Consequently, if 7, > 0 then (Vn) |Gy (p) —
Gn(0)]| <. It then follows that (Vn) ||g, — Gn(0)| < . Hence Lemma 2.2 implies that o
is within ¢ of E(G). O

The only requirements imposed on the f,,’s were convexity and differentiability. There-
fore, even if we are given a pair (§,n) as above, in the proof of Theorem 2.3 f had to be
approximated at quite a few points; viz., every point in ¥ had to be within ¢/C of some
point in P, not just within 7 of some point in P. In Section 4 we overcome this deficiency
by using a specific functional form for f for which it suffices that the distance between any
point in ¥ and some point in P is of order n rather than ¢/C.

Even with the function f we use, as a practical matter it is difficult to establish the
values of 6 and 7 required to ensure that (o, 7) is an equilibrium of G only if ¢ is e-close to
an equilibrium of G. The algorithm presented below therefore takes n as the fundamental
measure of accuracy, i.e. the closeness of the approximation is measured by the closeness of

the points in P that are the pure strategies of the coordinator.

3. FORMULATION AS A LINEAR COMPLEMENTARITY PROBLEM

In this section the conditions for an equilibrium of G are displayed as a linear comple-
mentarity problem (Eaves [3]). This problem can be solved by the Lemke-Howson algorithm
(von Stengel [9, 10]), but in §4 we present a variant that is more efficient than the usual
versions of the Lemke-Howson algorithm.

The standard form of a linear complementary problem seeks a solution (x,y) to:
(7) Mr+y=q, >0, y>0, zly,

where M is a square m X m matrix and ¢ is an m-vector. Here we specify the matrix M by
describing the conditions for an equilibrium of the approximate game G. The vector ¢ is all
zeroes except for the sum constraints that require probabilities to add to 1. The variables

used are partitioned as:
(8) x=(o,7,0,V) and y = (t,u,w,W).

Their specifications are shown in Table 1.

We assume a version of the Lemke-Howson algorithm in which the computations are
parameterized by Ag where A € R and the vector g = (g,,) € Rl is generic and consists
of a bonus for each pure strategy s of each player n. The game with the bonuses is denoted by
G @ Ag. The algorithm starts with an equilibrium of G @& Ag at A = oo. Then the parameter

A declines (not necessarily monotonically) until A = 0, which yields an equilibrium of G. By
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TABLE 1. List of Variables

Mixed Strategies

ons = Pr{n chooses his strategy s € S, }
7, = Pr{0 chooses her strategy p € P}

Optimality Slacks

t,s = n’s slack variable for his strategy s € S,

u, = 0’s slack variable for her strategy p € P
Payoffs

v, = n’s payoff from his interaction with 0

V' = 0’s payoff from her interaction with all players
Probability Slacks

w, = slack variable in n’s sum constraint

W = slack variable in 0’s sum constraint

allowing negative values of A one can continue to find additional equilibria each time that A

crosses zero.?

The conditions for an equilibrium of G @& \g are:

(9) > GsD)Tp + GnaX = Vn + s = 0
peP
(10) Y mHw=1
peEP
(11> Z Z ans(pn>ans - V + up - 0
neN seSh,
(12) > st w, =1
SESn

VneN,seS,)

(VpeP)

(VneN)

For the algorithm described in §4 it is convenient to formulate the coordinator’s inter-

action with each player separately. That is, the coordinator’s strategies are represented in

behavioral form. This entails two minor modifications. Modify Table 1 by letting w,,, be

0’s slack variable for her behavioral strategy p, € P,, and by letting V,, be 0’s payoff from

her interaction with player n; ie. V.= >V, and u, = ) typ,. Then the equilibrium

condition (3) is altered to:

2For details of these aspects see [1, 4, 5, 6]. The payoff and slack variables vy, V, w,, W are used only in
an initial step of the algorithm that makes each v,, and V basic and w, and W nonbasic, after which they

remain so throughout the algorithm.
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(13) > ns(P)Ons = Vo thny, =0 (YR €N, p, € P),

SESK

and the standard complementary condition (7, > 0 only if u, = 0) is replaced by: 7, > 0
only if (V n € N) wyy, = 0. This modification enables the computations to be organized into
1+ N separate tableaus of detached coefficients for the equations they represent. Tableau 7
represents equations (1) and (2), and for each player n the tableau 7, represents equations

(5) and (4) for the given value of n.

4. A MoODIFIED LEMKE-HOWSON ALGORITHM

In this section we modify the Lemke-Howson algorithm to improve its computational
efficiency. These alterations depend on a particular specification of the set P of proposals
available to the coordinator and a particular function f.

For each player n the set P, of the coordinator’s feasible proposals is the set of rational
points in ¥, for which the divisor is an integer K,. Thus in Theorem 2.3 the accuracy
parameter is n = max, 1/K,. In practice this is implemented by representing the simplex
Y, of player n’s mixed strategies as the set of nonnegative points summing to the integer K.
With this convention, the coordinator’s feasible set P, of proposals to player n comprises
all the integer points in ¥,,, and similarly, the proposals in P are the integer points in X.
Let P be the triangulation of ¥ described by Kuhn [7] that has P as its vertex set. Kuhn’s
triangulation is described in Appendix A.

For each n, the function f, we use is f,(0,) = 3>, .¢ 02, . An important advantage
of combining this function with Kuhn’s triangulation is that it is sufficient to restrict the
coordinator’s strategies to mixtures whose support is the vertices of either a principal simplex
of some face of ¥ or a maximal proper face of it. This has the advantage that one never
needs to compute the entire set P nor the triangulation P: from the (principal) simplex of
the triangulation currently used by the algorithm, one obtains the next one needed by the
algorithm by invoking the simple rules in Appendix A. Moreover, the players’ payoffs are
computed only at those points in P actually encountered along the path of the algorithm.

Indeed, only the data for the currently active simplex needs to be retained in the tableaus.?

30ur implementation computes and adjoins to the tableau only when needed by the algorithm the column
G(p) of players’ pure-strategy payofls from the proposal p, and the row a,(p,) of the coordinator’s payoffs
from her interaction with player n. We also delete a column or row from the tableau immediately after
it becomes unused. This reduces the number of multiplications involved in each pivoting operation. To
further minimize multiplications we compute payoffs via a recursive function that minimizes redundant
multiplications. Incidentally, these multiplications are substantially faster when proposals are integers.
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The algorithm consists of a finite sequence of pivoting operations (Gaussian eliminations).
Each pivoting operation switches the status of a variable that is currently nonbasic (i.e.
constrained to zero) and a variable that is basic, i.e. the nonbasic variable is increased
from zero until the nonbasic variable becomes zero. In the corresponding tableau these are
identified with the pivot column and the pivot row. The algorithm starts with the unique
proposal p* that is the vertex of ¥ that is an equilibrium of G @ Ag when X is sufficiently
large. The initial steps of the algorithm make each v,, and V,, basic and w,, and W nonbasic,
after which they remain so throughout the algorithm, and (if p* is not an equilibrium for
A = 0) makes X basic and t,,; nonbasic for that player n and his strategy s that first becomes
optimal as A decreases. Thereafter, the sequence of pivots traces a path in the graph of
equilibria of G @ Ag until A becomes nonbasic. At this point A = 0 so one has arrived at an
equilibrium of G, and thus an approximate equilibrium of G°, for which the players’ profile
of strategies is an approximate equilibrium of G.

As in the standard Lemke-Howson algorithm, in every iteration the slack variable ¢, is
nonbasic in 7 iff the strategy variable o, is basic in 7,,. The analogous complementarity
conditions for the coordinator’s strategies are slightly different because we represent them
in behavioral form. The strategy variable ¢, is basic in tableau 7 iff in each tableau 7;, the
slack variable u,,,, for the proposal p,, to player n is nonbasic. The variables ¢, that are basic
in tableau 7, are always those for which the corresponding proposals p are the vertices of a
single simplex of P, called the currently active simplex.

As in the usual Lemke-Howson algorithm, the pivot row in one iteration precisely deter-
mines the pivot column in the next iteration. In the modified algorithm the rules for selecting
the next pivot column derive from the rules in Appendix A for moving from one simplex
of the triangulation to an adjacent one. The rules listed below are stated for the case that

(G, g) is generic, as is assumed in Theorem 4.1 presented below.

e If the pivot row was t,, in 7y then the next pivot column is o, in 7,,. The next
pivot row is found as follows. From the currently active simplex construct the next
higher dimensional simplex obtained by adding dimension (n,s). This adds a new
proposal p to the active simplex of the coordinator, so the next pivot row is uy,,. In
the subsequent iteration the next pivot column is 7, in 7.

o If the pivot row was 7, in 7; then find the simplex adjacent to the currently active
simplex when the proposal p is deleted and a new proposal p’ is added, or identify
that dropping p yields a lower dimensional simplex on a lower dimensional face of >..

This yields three cases.
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(1) If p makes to each player n a proposal p, that is also proposed to n by some
other vertex of the currently active simplex then the next pivot column is 7,y in
1.
(2) If dropping p drops the proposal p, to some player n [just one player because
(G, g) is generic| then the next pivot column is u,,, in 7, and the next pivot
TOW iS Upy . In the subsequent iteration the next pivot column is 7, in 7.
(3) If dropping p yields a lower dimensional simplex on a lower dimensional face of
Y [just one dimension lower because (G, g) is generic] then some one dimension
(n,s) is newly zero on this face. The next pivot column is w,,, in 7, and the
next pivot row is g,s. In the subsequent iteration the next pivot column is %,
in 7.
Because these rules determine the next pivot row whenever the pivoting operation occurs
in some tableau 7,,, it remains only to determine the next pivot row when the pivot column
is in 7y. This is done as usual: the next pivot row is the basic variable that first is driven to

zero when the pivot column’s nonbasic variable is increased from zero.

Theorem 4.1. If (G, g) is generic then the path of the algorithm is a 1-dimensional piecewise-

linear manifold whose boundary point at A = 0 is an equilibrium of G.

Proof. See Appendix B, Theorem B.15. U

Note that this theorem is about the path of the algorithm, not the graph of the equilibria
over the half line 0 < A < oo. In fact, at every point the algorithm makes an implicit
selection among the equilibria in a component whenever there are multiple continuations.
This selection stems from the algorithm’s reliance on the principal simplices of Kuhn’s tri-
angulation.

Figure 1 shows an example of the path of the algorithm, projected onto the simplex >3,
of one player n’s mixed strategies. The figure shows the triangulation P, when m, = 3
and K, = 5. The coordinator’s set P, of feasible proposals is the set of vertices of this
triangulation. The pivoting operations in tableau 7, yield the sequence of circled points. At
each stage the support in P, of the coordinator’s mixed strategies in 7 is the set of vertices
of the smallest subsimplex that contains the circled point (due to our choice of f). The
path starts in the lower right corner and ends in the boundary subsimplex where the path

terminates with an arrow.

4.1. A Slim Version of the Algorithm. From the above rules for the pivoting operations

it is evident that omitting all pivots in tableaus 7,, n > 1, has no effect on the sequence
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F1cURE 1. Hlustrative Path of the Algorithm

of pivots in tableau 7. At any stage, moreover, from the currently active simplex one can
reconstruct the players’ strategies that would have been traced by pivoting in their tableaus,
as shown in Appendix B, Theorem B.9. Thus, the ‘slim’ version of the algorithm uses only
tableau 7y and the pivoting operations there. Although the slim version is somewhat faster,
all the computational results reported in the next section are based on the full version of the

algorithm.

5. COMPUTATIONAL EXPERIENCE

The algorithm is implemented in an experimental code available from the authors and
shown here as Appendix D. The code is written in APL, which ordinarily is used only for
program development. Each test problem was solved on a laptop computer with a Windows
operating system and a CPU speed of 1.83 MHz. The number of CPU cycles was estimated
as the product of the elapsed time in seconds and 1.83 MHz; e.g. if the elapsed time was
5000 milliseconds then the estimated CPU time is 5 x 1.83 = 9.15 megacycles. Because APL
operates as a run-time interpreter it typically uses about three times as many cycles of the
CPU as an efficient compiled language such as C or FORTRAN.

For each pair (N,m) where N is the number of players and m = |S,| is the number
of pure strategies for each player n, 100 examples were randomly generated with payoffs
from each profile of pure strategies uniformly distributed on [—1,1]. In all examples the
bonus vector ¢ had ¢g,s = 0 except g,1 = 1. Results are shown in Appendix C only for

pairs (N, m) for which the average elapsed time was less than a few minutes. The same
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examples were used for each value of K = 10,20, 40, where each K,, = K = 1/n and n is
the accuracy parameter. The accuracy of payoffs was better than one might infer from the
strategy accuracy n. For K = 40 and thus n = 0.025, the average of the maximum difference
between the players’ equilibrium payoffs in the approximate game G and their actual payoffs
in G from those strategies used in the equilibrium of G was 0.005 and in every case this
average was in the interval [0.0006, 0.012]. The average of the maximum difference between
the expectation (using the coordinator’s mixed strategy) of the coordinator’s proposals and
the players’ equilibrium strategies was 0.019.

The test problems verify the importance of Savani and Stengel’s [11] demonstration that
the Lemke-Howson algorithm’s worst-case computing time is exponential in the number of
players’ strategies. Appendix C includes histograms for some values of (N, m) that suggest
that the distribution of computational times has a long tail; indeed, the histograms resemble
exponential distributions and in nearly every case the standard deviation of times was as
large as the average time. In most cases the average times were strongly affected by a few

test problems that required many pivoting operations and payoff evaluations.
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APPENDIX A. KUHN’S TRIANGULATION OF THE STRATEGY SPACE

For each player n, label and order his pure strategies in S, by successive integers 1, ..., |S,|.
The simplex 2, of player n’s mixed strategies is assumed to be represented by nonnegative
points summing to an integer K,,. With this convention, we require that the coordinator’s
feasible set P, of proposals to player n comprises all the integer points in ¥,,, and similarly,
the proposals in P are the integer points in ..

We now describe our adaptation of Kuhn’s [7] triangulation P of ¥ with P as the vertices.
For each player n suppose that T,, C S, is an ordered subset of n’s pure strategies with
elements 1; < iy < -+ < 4,,,. We describe simplices of P in the face of the strategy space
¥ = [[,%, spanned by T' = [[,T,. The description here is confined to the principal
simplices, i.e. those with the maximal dimension ) m, — N. We also show the operations

used to obtain from a given simplex:

e Fach simplex with the same support and the same dimension that is adjacent to the
given simplex.

e Fach simplex that is a face of the given simplex with one fewer dimension and that
belongs to the same face of X.

e Each simplex that is a face of the given simplex with one fewer dimension and that
belongs to a next lower dimensional face of X.

e Each simplex on a next higher dimensional face of ¥ for which the given simplex is

a face.

These four operations do not exhaust all the possibilities but they include all those encoun-
tered on the path of the algorithm when (G, g) is generic, as assumed in Theorem 4.1.

In Kuhn’s triangulation, each simplex of P with support 7' is characterized by two objects:

e An anchor, which is a vertex with support in 7.

e An ordering of all pairs (n,i;) such that i; € T), and ; # iy,

The vertices p*, k =0,.. ., >, My — N of the simplex are obtained recursively, starting from
the anchor p°. From each p* one obtains p**! by adding 1 to the coordinate (n,i;) that is
the k-th in the ordering, and subtracting 1 from coordinate (n,;41). In this case (n,i;) is
called the k-th increment even though it entails both an increment and a decrement.
Observe that coordinate (n,i;) never has a 1 subtracted at any stage, and coordinate
(n,im,) never has a 1 added to it, while other coordinates are the same at the beginning
and end of the sequence of the vertices. For example, if each of 3 players has 4 strategies,
each K,, = 10, and T' = (2 4) x (12 3) x (1 2 3) then from the anchor and the order of
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k Player n: 1 2 3 order of increments
0 p'= (0208) (1270) (0280)| = anchor

1 pl= (0208) (1270) (1180) (n,i;) = (3,1)

2 pP= (0307) (1270) (1180) (1,2)

3 pP= (0307) (1360) (1180) (2,2)

4 p (0307) (2260) (1180) (2,1)

5 pd= (0307) (2260) (1270) (3,2)

TABLE 2. Example of the Vertices of a Simplex of P

increments shown in the right panel of Table 2 one obtains the sequence of vertices shown

in the left panel.

Each simplex adjacent to the given simplex, with the same dimension and on the same

face of X spanned by T, is obtained by one of the following three operations:

(1) If (n,4;) is first in the ordering then make it last and make p' the new anchor.

(2) If (n,i;) and (n’,4;) are two successive increments in the ordering then switch their
positions in the ordering.

(3) If (n,i;) is last in the ordering then make it first. Also, revise the anchor so that
the old anchor becomes the new p!, i.e., from the old anchor p° subtract 1 from

coordinate (n,i;) and add 1 to coordinate (n,%;4+1) to obtain the new anchor.
The restrictions on these three operations are the following:

(1) Operation (1) is not possible precisely when coordinate (n,i;41) is actually coordinate
(n,im,) and it is zero everywhere except in the anchor. Thus dropping the anchor
puts one on the face of ¥ where coordinate (n, i,,,) is zero.

(2) Operation (2) is not possible precisely when n =n’, j = 5/ + 1 and coordinate (n, ;)
is zero in the anchor. In this case one must increment (n,4;) by 1 before decrementing
it; taking out the vertex obtained after incrementing (n, ;) then puts one on the face
of ¥ where coordinate (n, ;) is zero.

(3) Operation (3) is not possible precisely when coordinate (n,i;) is actually (n,7;) and
it is zero in the anchor. Deleting the last vertex produces a simplex on the face of X

where coordinate (n, ;) is zero.

Each of these three restrictions identifies a condition in which a next lower dimensional face
of ¥ is encountered.

These three operations thus determine all possible adjacent simplices on this face. They
also determine the maximal faces of the given simplex that lie on the face of ¥ spanned by

T. Each maximal face of the given simplex is obtained by deleting one of the increments
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in the ordering. In particular, those maximal faces of the given simplex on a next lower

dimensional face of 3 are obtained iff one of the following holds:

(1) The first pair in the ordering gives a -1 to (n, 4,,,) for some n and moves it from 1 to
0. It is impossible to drop the anchor and add a new vertex at the top that performs
this increment last.

(2) Player n has two successive increments of the form (n,i;), (n,4;_1) and the increment
(n,i;) moves this coordinate from 0 to 1. It is impossible to reverse this order of
increments.

(3) The last increment is (n, 7;) for some n and this increment moves the coordinate from
0 to 1. It is impossible to delete the last vertex and put a new anchor that reverses
this order of increments from the old anchor; i.e. subtract 1 from (n,i;) and add 1

to (n,i;,) from the old anchor to form a new anchor.

Finally, one can add a new increment (n,7) for which 7 ¢ T,, and thus obtain a next higher

dimensional simplex of P on a next higher dimensional face of ¥.

o If i < i then adjoin (n, i) as the last increment in the ordering. Note that ¢ becomes
the new value of #; for n.

o If i; < i < ij4; for some 1 < j < m, and (n,i;) is the k-th increment then insert
(n,i) as the new k-th increment between the old (k — 1)-th and k-th increments.

o If i > i, then adjoin (n,i,,,) as first increment in the ordering and adopt as the
new anchor the vertex such that the old anchor becomes second in the sequence of
vertices. That is, the new anchor is obtained from the old anchor by subtracting 1

from (n,4,,,) and adding 1 to (n,7). Note that i becomes the new value of m,,.
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APPENDIX B. A CANONICAL DECOMPOSITION FOR N-PLAYER GAMES

This Appendix is a self-contained presentation of the theory of the decomposition algo-

rithm.

B.1. Notation. As in the text, the set of players is N = {1,..., N}. Each player n € N
has a finite set of pure strategies denoted S,. His set of mixed strategies is denoted ¥,,.
S=1I,5: X =1]][,%; foreach n, S_, = Hm#n Spoand X, =[] Y _,.. Let d be the

dimension of ¥. For any nonempty set 7T, of S,, for player n, ¥,(7},) is the set of mixed

m#n

strategies in X, whose support is contained in 7;,. Given a subset 7}, for each player, we use
T and (T to denote the corresponding product spaces and d’ to denote the dimension of
X(T).

With these player and strategy sets a game G is now specified as a collection of payoff
functions, one per player, i.e. a game is specified as a vector G in G = RV*S. Given a game
G, we write G, (s) to denote player n’s payoff from the strategy profile s € S.

For ease in exposition, we label the pure strategies of all the players as consecutive positive
integers. Specifically, each strategy set S, is given as {4 _; +1,...,i" } where i = 0. (Thus
player n has i¥ —i*_, pure strategies, and d =iy — N). Let I = {1,...,i% } be the set of
all the pure strategies for all players. (¥ is then a subset of RL.) Let I* = {4},...,i% } be
the collection of the “last” strategies of the players. For a typical nonempty subset T, of .S,,,
we denote the elements as i'(7,,) < --- < i*(T;,). For T =], Ty, I(T) C I is the collection
of all the strategies in T;, for each n, and I*(T') is the set of all i*(7},).

Let p be a a positive integer that is fixed throughout. For each n, let A, be the set
of A, € ¥, such that p\, is a vector with integer coordinates. For each subset T, let
A (T,) = Ay N5, (T,). A =T], An; for each n, A_,, =[] A,,; for each subset T of S,

A=T], A (Th).
Given a game G we construct a new game G that has an extra player, called player 0 or

m#n

the coordinator. His set of pure strategies is A, and his set of mixed strategies is denoted .
(g is viewed as a subset of R*.) The payoffs for each player n € N in the game G depends
only on his strategy and the strategy of player 0, and it is given by Gy (s, A) = G(Sn, A_n).
Player 0’s payoff function is defined as follows: if he plays a pure strategy A = (A1,..., An)
and the players in A/ play the mixed strategy profile o, his payoff is (X, 0) = > ©n(An, 00)
where @, (An, 0n) = DAy - (0, — BA,).

For each i, let e; be the i-th unit vector in R®; and, for any subset T of S, ep = Y ier Ci
By a slight abuse of notation, if ¢ is a coordinate of player n, we still use e; to denote the

i-th unit vector in R®"—it should be clear from the context as to what the ambient space
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is; the same comment applies to vectors of the form es,. For i,5 € S, for some n, let
6;; =p '(ei — e;). (The usefulness of the notation lies in the fact that if A € A and \; > 0,
then A + 6, ; belongs to A as well.) For the special case where j = ¢ + 1 (and thus ¢ # i),

we will denote 0, ; by &, i.e. & is the vector p~(e; — €;41).

B.2. Triangulating the Strategy Space. We now describe a triangulation of > that has
A as its vertex set. The procedure is derived from Kuhn’s [7] procedure for triangulating a
cube.

For each o € X, define x(0) € R® by: for each n and i € S,, x;(0) = PYlis <j<iOj- In
other words, (o) is a representation of the mixed strategy profile o as a profile of “cumulative
distributions” scaled by p. Let X = {z(0) |[c € Z}; let V ={z(\) | A € A}. X is easily
seen to be the set of all x € R’ such that 0 < Tis 41 S Tix_ 42 < 0 S Tl S Tiy = P
for each n. And, V is the set of points in X whose coordinates are all integers. We first
describe a triangulation of X with V' as the vertex set. The triangulation that it implies for
Y. is then derived in a straightforward manner since the map sending o to z(o) is a linear

homeomorphism between 3 and X. The following lemma is the basis for our triangulation.

Lemma B.1. Each x € X has a unique decomposition of the form z = Zf:o a'v!, where:
ol >0foralll,and Yo' =1;0v' € Vioralll, and v* S o' S - S 0F <0+ ep g

Proof. Given z € X, define [z] to be the integer part of z, i.e., for all coordinates i, [z];
is the largest integer smaller than x;. Clearly [z] belongs to V. Let r = x — [z]. All the

coordinates of r are nonnegative and strictly smaller than 1; also, for all « € I*, r; = 0,

since ¥; = p. Let v' = [z]. If r = 0, then set k¥ = 0 and o = 1. Otherwise, we define
a finite sequence a',...,a* of positive numbers and a corresponding sequence of pairwise
disjoint subsets I', ..., I* of subsets of I inductively as follows. Let a' be the maximum over

i of r; and let I' be the coordinates that achieve this maximum. For [ > 1, let a! be the
maximum over {i ¢ Uy I" | r; # 0} of r; and let I' be the set of coordinates that achieve
this maximum. (k = —1 for the first integer [ for which this maximum does not exist, that
is, 7; = 0 for all i ¢ Uy I".) Since r; = 0 for each i € I*, I' is contained in I\I* for each
l. For 0 <1<k, let o' =v""! +ep; we have that v* S o' S --- S 0% < 0¥ + epg. Let

a’ = (1—a') and, for 0 < I < k, let o! = (a' — a'*1) where a**! is zero. 0 < o! < 1 for all [.
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Moreover
(14) Z advt = (1 —a"’ 4 (a' —a®) (W’ +ep)
!
(15) ok (@ = d) W Fep 4o o)
(16) +aF(° +ep - +epm)
(17) = v +aep+-tdep=|+r=2u,
which thus gives us a decomposition that is obviously unique. 0

Remark B.2. It is easy to see that the k + 1 vertices in the lemma can equivalently be
written in the form v°, 0% +ep, ..., 0% + e where ) £ IV C - C IF C I\I*.

Define a simplicial complex D as follows. The vertex set is V. A simplex in D is the

convex hull of a set of vertices of the form v < v! < -+ < vF

< v +epg-. It follows from
Lemma B.1 that D is indeed a simplicial complex that triangulates X.

A simplex of L is called a principal simplex if it is not a face of another simplex—or
equivalently if it has a nonempty interior in X. There exists a simplex characterization of

the principal simplices in £, which we now provide.

Lemma B.3. A simplex D of D is a principal simplex iff there is an ordering (i.e. a bijection)
7w :{1,...,d} — I\I* such that the vertex set of D is of the form {v° v! ... v} where
vl =0 4 eqq for 1> 0.

Proof. As X is d-dimensional, observe first that the principal simplices are those that have
d + 1 vertices. Therefore, any simplex whose vertices are generated by an ordering as in the
lemma is clearly a principal simplex. To prove the other way around, suppose that L is a
principal simplex with vertex set v* S v' S --+ S v Since v? < 00+ epy g+, and [I\I[*] = d,
the vertices of L satisfy the following properties: (i) for each 0 < I < d, we have that v! —v!~!
is unit vector for some coordinate i € I'\I*; (ii) for each ¢ € I\I* there exists a unique [ such
that v! — v'~! = ¢;. There is now an implied ordering 7 and the vertices of L are obtained

from % and this ordering as given in the lemma. 0

Having triangulated X we now show the properties of the triangulation, call it £, that it
implies for . It turns out to be easier to characterize the principal simplices in £ than to
characterize any arbitrary simplex of £ directly (which is the main reason for first studying
X). The vertices of a principal simplex in D are obtained successively from some vertex by
adding one unit vector at a time in some order. So describing what this operation does in X

gives us a handle on the principal simplices. Suppose v = x(A). If v + ¢; belongs to X, it is
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obtained from v by adding 1 to coordinate . This implies that =!(v + ¢;) is obtained from
A by adding p~! to coordinate i and subtracting it from coordinate i + 1. (Coordinates i and
i+ 1 belong to the same player, since if i = i} for some n, then v+ ¢; ¢ X.) In other words,

v+ e;) = X+ &. We therefore have the following theorem, whose proof is obvious.

Theorem B.4. A simplex L is a principal simplex of L iff there exists an ordering = :
{1,...d} — I\I* such its vertex set is of the form {\% --- A’} where for each k > 0,
A= \k—1 + fﬂ(k).

Every principal simplex in £ then has a compact representation in the form of a vertex-
ordering pair (A, 7).

For each 7' C S, the triangulation £ induces a triangulation, call it £(7T'), of ¥(7T'), which
we now study. Again, to do so, we first study the equivalent problem for X. Let X (T') be
the set of z(o) such that ¢ € ¥(T"). More directly, X(T) is the set of x € X such that for
eachmnandi ¢ T,: x; =x;—1 ifi >4" |+ 1 and zero if i = ¢} _, + 1. Let D(T) be the set of
simplices of D whose vertices belong to V(T"). Then D(T) is a triangulation of X (7).

There exists a simple characterization of the principal simplices of D(T") analogous to that
of the principal simplices of D. To get at this, we need some more notation. For each n and
i*(T,,) define R(i*(T,)) = {i € S, | i*(T,) < i <i**Y(T,) }, where i**H(T,) = i* +1if k = x.
Observe that for each © € X(T), x; = u(r,) if i € R(i*(T,)). Therefore, if a vertex v in
V is of the form v° 4 ey for some v° € V(T), v also belongs to V(T') iff for each i € I(T),
I' either contains R(7) or is disjoint from it. The next lemma now follows just like Lemma

B.3, its counterpart for D.

Lemma B.5. A simplex of D is a principal simplex of D(T) iff there is an ordering 77 :
{1,...,dp} — I(T)\I*(T) such that the vertex set of D is of the form v < v! <. < vir
where v° € V(T) and v = v/~ 4 ep(yry) for all [ > 0.

For a vertex v = 2() for some A € A(T), if v+egr(r,)) belongs to V(T'), then i*(T,,) ¢ T*
and x~ ! (v+ep(n(r,))) is obtained from A by adding the vector &, Ty = e, —eimiir,))-

n

The following theorem follows readily from the previous lemma.

Theorem B.6. A simplex L of £ is a principal simplex of £(T') iff there is an ordering
al :{1,...,dr} — I(T)\I*(T) such that the vertex set of D is of the form {\°, ... X%}
where \” € A(T) and for each I >0, X' = N1+ ¢7 ).

Like with ¥, a principal simplex in £(T) can be expressed as a pair (\°,77), where
A € A(T) and 7T is an ordering of T\T*. For each T, let L*(T) be the collection of the
principal simplices of £(7") and let £* = UpL*(T).
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The above constructions when applied to the space ¥, (i.e. the case N = 1) yields a
triangulation £, of X, with vertex set A, and, for every subset T, of S,, a triangulation
L,(T,) of the face 3,,(T,). A principal simplex of £,, is given by a vertex \? and an ordering
T {1, S =1} — Sp\{i }.

Observe that the principal simplices of £,, are the the projections of principal simplices
of £. Indeed, given a principal simplex (A% 7) of £, let A2 be the projection of A\’ and
let m, be the implied ordering for S, i.e. for any pair i,5 € S,\{:} 7. 1(i) < =, 1(j) iff
77 () < 771(j). Then (A2 m,) describes a principal simplex that is the projection of that
given by A\ and 7. Going the other way, given a collection of principal simplices (A, m,),
one for each n, take A\° to be the product of the A\?’s, and choose any ordering 7 that respects
the individual orderings in the sense that for each n and i,j € S,\{ i }, #71(i) < 7~1(j) iff
7 (i) < m,1(5). (A% 7) then describes a principal simplex in £ whose projection to each
Y, is the principal simplex we started with. Thus, the principal simplices of £, are the
projections of the principal simplices of £. A similar statement holds for each face 3(7") of X
in the sense that the principal simplices of £,,(T},) is the projection of the principal simplices
of L(T).

We conclude this section by introducing two important pieces of notation. For any simplex
L € L, let Xy(L) be the set of mixed strategies for player 0 whose support is contained in
the vertex set of L. We denote by 3 the set of mixed strategies of player 0 whose support
is a simplex in L.

Let L be a principal simplex of £(T') for some T' C S generated by a pair (A\°, 7). Suppose
i is a strategy of some player n that is not contained in T,,. Let T} = T,,U{ i} and let 7" be
the product of 7] with 7_,,. There exists a unique principal simplex of £(7") that has L as
a face. Denote this simplex by L Vi. Likewise for a simplex L, in £,(T,), L, V i denotes
the the unique principal simplex of £,(7) that has L, as a face. (If L,, is the projection of
L,, L, Vi is the projection of LV i.)

B.3. The Coordinator’s Best Replies. The main task in this section is to derive results
on when the vertices of a principal simplex of some face are all best replies. Since player 0’s
payoffs are given as a sum of his payoffs from bilateral interactions with the other players,
we study this question for the case of a principal simplex of a player.

Fix some some player n. Recall that player 0’s payoffs in his interactions with n are
given by the function ¢, (A, 0,) = pA, - (0, — .BA,) for A\, € A, and o, € ¥,,. A simple

computation yields the following useful formula:

(18) (Pn<)\n7 Un) - Spn()\n + 5@',]'7 Un) = Pil + )\n,i - )\n,j - Un,i + Un,j
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for all A\, € A,,, 0, € ¥, and i, j € S,,.

Lemma B.7. )\, is a best reply to a strategy o, only if |0,,; — \pi| <p~'foralli e S,. In

particular, if A\, is a best reply to o,, the support of )\, is contained in that of o,,.

Proof. The second statement follows trivially from the first, which we now prove. Suppose
0, is such that either: (i) there exists 7 such that o,; — \,; = p~'; or (ii) there exists j
such that \,; — 0, = p~'. Since obviously o,, # \,, in case (i) there exists j such that
Onj < Anj and in case (ii) there exists ¢ such at o,,; > A, ;. In both cases, therefore, A, +9; ;

is a better reply than )\, against o, since
(19) On(Any 1) — PuAn 461y 00) =07+ A — Mg — Oni + 00y <0
OJ

Obviously, if A, is a best reply against o, it is at least as good a reply against o, as each

each strategy of the form A, + d; ;. The following lemma proves the converse.

Lemma B.8. Suppose )\, is at least as good a reply against o, as A\, +9; ; for each 7,5 € S,,.
(1) A, is a best reply against o,,. (2) X, # A, is also a best reply against o, iff there exist
subsets S;” and S, of S, such that: (i) A, = A\, +p~'(egr —eg-); (ii) An +9j; is a best reply
against o, for all i € S, j € S,

Proof. We prove the lemma in two steps. First, we show that any A # A, cannot be a best
reply unless it is of the form given in (i) of statement 2 of the lemma. Second, we show that
any A, # A, that is of the form given in 2(i) is not a strictly better reply than )\, against
o, and that is in fact as good a reply iff point (ii) of statement 2 holds.

Let Al # A, be an arbitrary strategy for player 0 that is not expressible in the form given
by 2(i). Then either: (a) there exists i such that X, ; < A,; —p~'; or (b) there exists j such
that A, ; > A +p~'. In case (a) choose j such that X, ; > A, ;+p~" and in case (b) choose
i such that X, ; < An; —p~'. (Such a choice is possible since A, are X, are different points
in A,,.) In both cases, X, ; = A}, i < Ani — A — 2p~'. Therefore, X, 4 d;; is a strictly better
reply against o, than X/, since
(20)

On(As 0n)—Pn(N+0; 4, 00) = p’l—i—A;l’i—)\;m—an,ﬁ—an,j < —p A=A —Onito,; <0,

where the last inequality follows from the fact that A, is a better reply than A, 4-9;, against
o,. Thus if A\, is to be a best reply against o, it must be of the form given in 2(i).
Given now a strategy A, = A, +p~'(eg+ — eg-), we can obviously take S and S to be

disjoint sets that, therefore, have the same cardinality. A direct computation gives us, then,
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that for any bijection i — j(i) between S and S, ,

(21) Spn()‘nv Un) - @n()‘lnan) = Z (SDnO‘mU?J - QDnO‘n + 5i,j(z‘)a Un)) .

ies;t

Since A, is a better reply than each A\, + d;;, A, is a better reply than A/. Finally, A/ is a

]
best reply iff for some bijection i — j(i) (and hence for all bijections) A, 4 d; j(;) is best reply

for all . O

Let L, be a principal simplex of £,,(7},) for some subset T}, of S,,. Let (A2, ) be the vertex-
ordering pair generating L,. And denote the vertex set by { X2, ..., A& }. Let T:F(L,) be
the subset of coordinates i in T;,\{*(T;,) } such that 7=!(i) < 7~'(i — 1), i.e., these are the
coordinates 4 for which p~! is first added to )x%i before it is subtracted at a later stage. Let

T (L,) be the complement of these coordinates in T,: these coordinates first have a p~*

subtracted before it is added, if at all. Define oy,(Ly) by 0ni(Ly) = A) + p~'(aepr — (1 —
a)er-), where aw = |T,7|/(d"™ + 1). We are now ready to state and prove the main result of

this section.

Theorem B.9. For each principal simplex L, of £, (T):
(1) 0,,(Ly) is the unique point in %, (7)) against which all the vertices in L,, are best

replies.
(2) For each i ¢ T,,, the set of points in X, (7, U{i})) against which the vertices of L,
are best replies is the interval [0,,(Ly,), 0, (Ly V )]

Proof. Using the fact that p(A°,0,) — @(A0 + 055, 04) = p~' — i+ 00y + A, — AD);, We see

n,j’
that A% + 6, ; and A" are equally good replies against o,,(L,) if i € T,/ (L,) and j € T, (Ly);
otherwise, \” is a strictly better reply than A + d; ;. Therefore, using the first statement of

Lemma B.8, A\ is a best reply. Also, each vertex of L is of the form A\° + p~'(ezr — ez-)
for some TF C T+ and T, C T;;. Hence, using the second statement of Lemma B.8, all the
vertices of L,, are best replies to 0,,(L,). To complete the proof of point (1) we will now show
that there exists at most one point in 3,(7},) against which the vertices of L, are equally
good replies.

The set of o, € ¥, against which the vertices of L, are equally good replies satisfy the

following system of linear equations:
(22> ()On()‘fwo-n) - Qpn<)\£1+1;0'n) — 0 0 < l < dTn — 1

(23) Y 0w = 1.
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It follows from simple linear algebra that there is at most one solution to this system in
¥, (T, )—viewing the variable o, as having d* + 1 coordinates, by dropping the coordinates
not in 7,,, the above system has d’» + 1 linearly independent equations in d’ + 1 variables.
Hence, there exists at most one point in ¥, (L,) against which the vertices of L, are best
replies.

We turn now to point (2). Fix i ¢ T,,. Let C be the set of points in X,,(7,, U{ i }) against
which the vertices of L,, are best replies. As before, elementary linear algebra involving the
above system shows that C' is a convex set whose dimension is at most 1. We know that C'
includes o0,(L,); and, applying point (1) of this theorem to the vertices of L,, V i, we have
that it also contains o, (L, V 7). Therefore it contains the interval between the two points
and in fact lies in the affine space A generated by this interval. Take a point ¢, in A that
is outside this interval. We will show that it does not belong to C, which proves point (2).
Since o, belongs to A, it is of the form o, (L,) + (1 — B)o,(Ly, V i). Furthermore, because
on(Ly) belongs to the boundary of ¥, (T,,U{i}), 5 < 0. Let A\, be the vertex of L, Vi that
does not belong to L,,. Since i belongs to the support of A, but not to o,(L,), by Lemma
B.7, A, is a worse best reply against o,(L,) than the vertices of L,. Because it is a best
reply against o, (L, V 1), it is, therefore, a strictly better reply against o, than each vertex
of L,. Thus o, ¢ C. O

Remark B.10. It need not even be true that o,(L,) belongs to L, at all. For instance,
suppose |S,| = p = 5. Consider the simplex generated by the vertex (1/5,1/5,1/5,1/5,1/5)
and the ordering 2,3,4,1. o,(L,) = (8/25,8/25,3/25,3/25,3/25), which is an affine combi-
nation of the five vertices that uses weights (—.2, .4, .4, —.2,.6), i.e. 0,(L,) lies outside the
convex hull of these five points. As is obvious from our formula, it is true, however, that the

distance between o, (L,) and L,, goes to zero as p goes to infinity.

B.4. Selecting a Generic Set in G. For a game G € G and a vector g € R, let G @ ¢
be the game where player 0’s payoff function is still ¢ but where for each n, his payoff when
he plays ¢ and player 0 plays A is é’n(z, A) + gni—thus, g is a vector of “bonuses” for the
original players. Throughout this section and the next, g is a fixed vector in R’.

Our objective here is to choose a generic subset of G such that for each game G in this
set, the best replies of all the original players are “non-degenerate” in the game G @ ag for
all a € R. This result helps us to carry out the procedure in the next section to compute an

equilibrium of G.
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Fix a principal simplex L with vertex set { A%, ..., A" } in £(T) for some T. Recall that
Yo(L) is the set of mixed strategies whose support is contained in the vertex set of L. For
oo € Xo(L), oo, is the probability of vertex A* under oy.

Define 0(G, L) to be the set of (0g,5) € Xo(L) x R such that for each n, the strategies
in T}, are all best replies to o in the game G & Bg. We now have the following important

properties of (G, L) for a generic payoff function G.

Theorem B.11. There exists a closed, lower-dimensional semi-algebraic subset Gy, of G such
that for each G ¢ Gr,, the set 0(G, L) is a closed interval with the following properties:

(1) Suppose (79, 3) belongs to the interior of §(G, L). Then 15 belongs to the relative
interior of ¥y(L); and for every player n, only the strategies in 7,, are best replies
against 7o in G & .

(2) Suppose (79, 3) is an end point of §(G, L) such that 7y is in the relative interior of
Yo(L). Then there is exactly one i € I\I(T') that is also a best reply to 7y in the
game G @ g.

(3) Suppose (19, 3) is an end point of §(G, L) such that 7y belongs to the relative boundary
of 3o(L). Then 7y belongs to the relative interior of one of the maximal proper faces
of ¥o(L); and for each n, only the strategies in T), are best replies against 7y in the
game G @ fg.

Proof. For the purpose of this proof, we will view strategies in ¥(L) as points in R4+
rather than being in R?, by ignoring the coordinates in A that are not vertices of L. Consider
now the following system of equations and inequalities in the variables (G, 0g, 5,v) € G X
RY 1 x R x RV:

(24) wn,i(Ga 00, ﬂ? U) = Gn(z> 00) =+ ﬁgn,i —Up = 0 vnﬂ € Tn
(25) wn,i(G; 00, ﬁ? U) = Gn(l, 00) + ﬁgn,z — Up g 0 Vn,z ¢ Tn
dr
(26) ZUO,* (G7 0o, ﬂ’ U) = Z UU,k -1 =0
k=0
(27) Yor(G,00,B8,0) =00 = 0 YOL<k<d".

It has d¥ + N + 1 equations and I — N + 1 inequalities in N|S| + d* + 2 + N variables.
(Recall that > |T,,| — N = d” is the dimension of both ¥(T') and L.) Let ©(L) be the set of
solutions to this system. For any game G, (g, 3) belongs to 6(G, L) iff there exists v € RV
such that (G, 09, 3,v) belongs to ©(L). Moreover, if we fix a game G, the above system

is linear in the variables (og, 3,v) € RY 1 x R x RV. Therefore, the results stated in the
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theorem follow if we show that there exists a closed lower-dimensional semialgebraic subset
Gy, of G such that for G ¢ Gy, the following properties hold: (a) the set of (G, 0¢, 3,v) € O(L)
that satisfies all inequalities strictly is 1-dimensional; (b) the set of (G, 0y, 3,v) € ©(L) that
satisfy exactly one of the inequalities weakly is finite; (¢) the set of (G, 09, 3,v) € O(L) that
satisfy two or more inequalities weakly is empty.

For each nonnegative integer [, let ©'(L) be the subset of ©(L) consisting of points
(G, 00, 3,v) for which exactly [ of the inequalities are satisfied with equality. To obtain
properties (a)-(c) above for generic G, our first task is to prove that ©!(L) is a manifold of
dimension N|S|+ 1 — . To this end, fix (G, 09, 3,v) € ©Y(L). Let J be the set of indices
J such that ¢;(G, 0 5,v) = 0 and choose a neighborhood U of (G, 0y, 3,v) such that v, is
strictly negative on U for all j ¢ J. Define ¢’ : G x RY x R x RV — R’ to be the function
given by the collection (wj)j ¢, of coordinate functions. The domain of ¥’ has dimension
N|S| +d" + N +2; while |J| = Y |Tn|+ 141 =d" + N+ 1+ 1. Therefore, if we can
show that the Jacobian of ¢/ has full rank then the implicit function theorem implies that
the (G, 00, 3,v) has a neighborhood V', which can be taken to be a subset of U, such that

(”)"'(0) NV is homeomorphic to an open subset of RNSH1= which proves that ©'(L)
is then a manifold of dimension N|S| + 1 —[. To prove that the Jacobian of ¢ has full
rank, observe that for each (n,i) € J, and coordinate v; of 7, dv;/0G,(i,s_,) = 0 for
all s_, € S_,, if j # (n,i), while Zs_n i /0G,(i,5—n,) = 1. Thus, the derivative of 1, ; is
independent of the derivatives of v; for all j # (n,7). Since >, 0o = 1, there exists some k
such that (0,k) ¢ J. Therefore, the derivatives of the coordinate functions that correspond
to restrictions on player 0’s strategies are independent as well. Thus the derivative of ¢/ has
full rank and ©'(L) is a manifold of dimension N|S|+ 1 — .

Let proj : ©(L) — G be the natural projection. For each [ > 1, let G be the closure of
proj(©!(L)). Then, G} is a semialgebraic set of dimension at most N|S|+1—1 < N|S|. For
each G ¢ G! for [ > 1, property (c) above holds.

For [ = 0,1, applying the generic local triviality theorem to the projections from ©!(L) —
G we get that there exists closed semialgebraic subset QZL of G such that for each component
C of G\G!, there exists a semialgebraic set F such that proj~*(C)N©OY(L) is homeomorphic
to C x Fy under a map that sends { G} x Fy to proj '(G) N ©(L). Since C is open in
G, proj }(C) N ©Y(L) is an open subset of the semialgebraic manifold ©'(L) and hence has
dimension N|S|+1—1. Therefore, Fiy and hence also proj ' (G)N©O!(L) has dimension 1 —1.
If G ¢ G, then property (a) holds, while if G ¢ G:, property (b) holds. Let Gy, be the union
of the sets G for [ > 0. Then properties (a)-(c) hold for any G ¢ Gr.. O
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For a game G € G, let 0(G) = Uper+0(G, L). Let G* = G\ Upeps Gr. We now have the
following theorem concerning the structure of #(G), which implies that it is a 1-dimensional

piecewise-linear manifold.

Theorem B.12. Let G be a game in G*. Let (0,00, a) € 0(G, L) where L € £*(T) for some
T. Let L' # L be another principal simplex in £*.

(1) If (00, ) belongs to the interior of 6(G, L) then it does not belong to 0(G, L').

(2) If (09, ) belongs to the boundary of 6(G, L) and oy belongs to the interior of ¥q(L),
then it belongs to 0(G,L') iff L' = L Vv i, where i is as in Statement 2 of Theorem
B.11.

(3) If (09, @) belongs to the boundary of (G, L) and oy belongs to the interior of ¥y (K)
where K is a maximal proper face of L, then (0¢, ) belongs to (G, L) iff either
L = K Viforsome i ¢ I(K) or L' belongs to £*(7T") and has K as a maximal proper

face.

Proof. The sufficiency proof of Statements 2 and 3 are obvious. We prove the rest of the
theorem now. The basic observation that drives these other conclusions of the theorem is
the following. Suppose (09, @) belong to §(G, L), then I(T") is contained in the set of the
best replies (of all the players taken together) against oy in the game G & ag.

Suppose (0g, @) belongs to 0(G, L) N O(G, L'); and suppose it satisfies the condition of
either Statement 1 or 3, i.e. oq either belongs to the interior of ¥y(L) or to the interior of
a maximal proper face ¥o(K) of Xo(L). Then by the previous theorem, only the strategies
in I(T) are optimal against oy in the game G @ ag. The above observation now tells us
that I[(7") C I(T), i.e. T" C T. Therefore L' is a simplex in £(7"). Since L is a principal
simplex of L(T), ¥o(L") N3(L) is therefore a proper face of ¥¢(L). In particular oy cannot
belong to the interior of 3(L) and has to belong to the interior of a maximal proper face
Yo(K) of ¥¢(L), thus proving Statement 1. Statement 3 follows as well, from the fact that
Yo(L) NXg(L"), which contains o( and is a face of ¥o(L’), must now equal ¥ (K).

Suppose finally that (o9, ) belongs to 0(G, L) N O(G, L") and satisfies the condition of
Statement 2. Since oy belongs to the interior of (L), we have that (L) is a face of
Yo(L); and our observation above shows that I(7") C I(T) U {i}. Combining these two
facts, we have I(T") = I(T)U{i}, ie. L' =L Vi. O

B.5. Paths of the Algorithm. Take a game G that belongs to G*. Let E* be the set
of (0,00,0) € ¥ x B x R such that (o,00) is an equilibrium of G @ Bg. We show that
E* is essentially a piecewise linear 1-dimensional manifold, which provides the basis for the

decomposition algorithm to compute equilibria of G' successfully.
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Lemma B.13. (0,09, a) belongs to E* only if (0¢, «) belongs to 6(G).

Proof. Let (0,00, ) be a point in E*. Let L* be the simplex spanned by the support of oy.
There exists a unique face 3(T") of ¥ whose relative interior contains the relative interior of
the simplex L*. Let L be a principal simplex of £(T') that has L* as a face. We will now
show that (o9, ) belongs to (G, L).

Since the relative interior of L* is contained in that of X(7'), for each player n and each
t, € T, there exists a vertex of L* whose projection to ¥, has t, in its support. Since the
support of gy is the vertex set of L*, and since it is a best reply to o for player 0, it now
follows from Lemma B.7 that T}, is included in the support of o,, for each n. Therefore, each
strategy in T, is a best reply for player n against oy in the game G @ ag. It now follows
from its definition that §(G, L) contains (op, ). O

Thanks to the above lemma, and Theorem B.11, we need to focus only on strategies for
player 0 whose support is either a principal simplex or a maximal proper face of a principal
simplex in some face of ¥. If L is a principal simplex in a face of ¥, denote by o(L) the
mixed strategy profile in ¥ where each player n plays the strategy o, (L,). The following

lemma helps provide a near complete description of E*.

Lemma B.14. Fix (0,00,a) € E* and let L be a principal simplex of a face ¥(T") of ¥ such
that (0o, ) € (G, L).
(1) If (00, ) belongs to the interior of 6(G, L) then o = o(L).
(2) If (09, ) belongs to the boundary of (G, L) but oy belongs to the interior of ¥q(L)
then o € [0(L),0(L V 1)], where i € I\I(T') is as in Statement 2 of Theorem B.11.
(3) If (09, ) belongs to the boundary of 0(G, L) and oy belongs to the interior of a
maximal proper face Xo(K) of ¥o(L) where L = K Vi for some ¢ ¢ I(K), then
o€ lo(K),o(L)].

Proof. 1f (09, a) belongs to the interior of #(G, L) then the support of o, is contained in 7, for
each n by Statement 1 of Theorem B.11. Since oy is an interior point of 3 (L), by Statement
1 of Theorem B.9 we have o,, = 0,,(L,,) for each n, which proves the first statement.

Suppose (09, ) satisfies the conditions of Statement 2. Let n the player whose strategy set
includes 7. By Statement 2 of Theorem B.11, the support of ¢,, for each m # n is contained
in 7,, while for player n it is contained in 7,,U{ 7 }. Since oy belongs to the interior of ¥q(L),
therefore, by Theorem B.9, o, € [0,,(Ly),0n(Ly V i)] and o, = 0y,(Lyy,) for m # n, which
proves Statement 2.

Finally, Statement 3 follows by applying Statement 2 to the simplex K. OJ
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Combining the results of the preceding two lemmas, we have characterized the exact nature
of equilibria in E* except for one case: equilibria of the form (o, 0y, @) where (g, &) belongs
to (G, L) and (G, L) for two simplices L # L' whose intersection is a maximal proper face
of each. In this case, [o(L),o(L")] x{ (0q, @) } is contained in E* but there could be equilibria
where ¢ does not belong to this interval. If we exclude these “extraneous solutions” we get
a manifold, as we show now.

Let E be the set of (0,00, a) € E* such that if oy belongs to a maximal proper face of two
different simplices L and L' in £*, then o € [o(L),o(L’)].

Theorem B.15. F is a 1-dimensional piecewise-linear manifold without boundary.

Proof. Let (0,00, ) be a point in E. Then, there exists 7" and L € L*(T") such that (o9, ) €
9(G, L).

If (00, @) belongs to the interior of #(G, L), by Statement 1 of Theorem B.12, (G, L) is a
neighborhood of (0¢, ) in §(G). By Statement 1 of Lemma B.14, then, {o(L) } x 6(G, L)
is a neighborhood of (0,00, a) in E.

If (09, ) belongs to the boundary of (G, L) but oy belongs to the interior of ¥y(L), by
Statement 2 of Theorem B.12, (G, L) U 0(G, L V i) is a neighborhood of (0¢, @) in 0(G).
Therefore, from Statements 1 and 2 of Lemma B.14 we get that ({o(L)} x 0(G,L)) U
([o(L),o(L V)] x { (00, c) }) U({ a(LVi)} x0(G,LVi))is a neighborhood of (g, 00, @) in
E.

If (09, ) belongs to the boundary of (G, L) and oy belongs to the interior of a face 3y (K)
where K is a maximal face of ¥y(L), then by Statement 3 of Theorem B.12, (G, L)U0(G, K)
is a neighborhood of (0¢, @) € 0(G). Also, either K € L* or K = LN L’ for some L' € L*(T).
Using Statement 3 of Lemma B.14 in the former case and our assumption on F in the latter,
we get that ({o(L)} x 0(G,L)) U ([o(L),0(K)] x {(00,a) }) U ({o(K)} x (G, K)) is a
neighborhood of (0g, @) in E. O

Suppose for each n there exists i,, € S, such that g,;, > g, for all ¢ # 4, in S,,. Then
for all large o the game G @ ag has a unique equilibrium in which each player n plays i,
and the coordinator proposes this pure strategy profile. Thus there is a unique component
of E that contains this equilibrium point for large a. Such an equilibrium can be used to

initialize the algorithm, which then guarantees convergence.
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APPENDIX C. RESULTS OF TEST PROBLEMS

For each triple (N, m, K), Table 3 reports for 100 random examples with payoffs uniformly
distributed on [—1,1] the average total CPU time (in megacycles) required to reach an
equilibrium, and similarly, Table 4 reports the averages of (1) the portion of the total time
devoted to computing payoffs (in megacycles), (2) the number of times that payoffs were
computed (in thousands), and (3) the number of pivot operations (in thousands). Table 5
reports the worst case (in terms of total megacycles) encountered in each set of 100 examples.
For K = 40, Tables 6 and 7 show for selected cases the histograms of total CPU time among
the 100 examples, first on a relative scale and then on an absolute scale — as mentioned in

the text, the tails of these distributions are quite long.
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TABLE 3. Average Total CPU Megacycles for 100 Random Examples

N K m: 2 3 4 ) 6 7 8 9 10 11 12
2 10 0.0 0.1 0.1 0.1 0.1 0.2 0.2 0.2 0.2 0.5 4.7
20 0.1 0.1 0.9 0.2 0.2 0.3 0.4 0.4 1.4 6.0 1.0
40 0.1 0.1 0.2 0.3 0.4 0.6 0.8 0.8 6.3 1.7 7.3
3 0.1 0.2 0.3 0.5 0.7 1.5 2.1 3.7 3.6 7.8 114
0.3 0.3 0.5 0.9 1.3 3.1 5.1 5.6 81 138 19.1
0.2 0.5 0.9 1.8 2.6 6.2 7.8 153 122 262 39.1
4 0.1 0.4 1.0 1.7 4.5 79 124 243 395 89.1 101.6
0.2 0.7 1.9 29 106 135 219 435 585 944 176.8
0.4 1.4 3.8 5.8 181 256 53.8 759 130.8 182.6 374.2
> 0.2 0.8 2.8 8.6 152 5H3.8 734 196.9 334.1
0.4 1.6 54 169 31.6 101.2 120.0 209.2 718.1
0.9 3.1 10.7 283 509 160.6 243.7 475.3
6 0.5 2.6 9.7 261 T74.8 2189
0.9 5.0 153 424 1173 2718
1.7 9.8 392 909 206.2 458.2
7 0.8 2.6 299 86.8
1.5 108 489 136.6
3.0 21.3 91.0 308.2
8 1.4 104 54.7
2.7 191 121.2
5.3 434 2109
9 2.1 250 192.2
4.1 46.1 324.2
8.0 88.8 739.7
10 4.1 61.3
7.8 125.7
15.6 204.8
11 4.9 100.4
10.9 257.0
21.6 691.6
12 9.8
19.1

36.8
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TABLE 4. Payoff and Pivot Calculations

For K = 40, each cell shows for 100 random examples the averages of:
) Total time to compute payoffs (in megacycles),

(1
(2) Number of times payoffs computed (in thousands),
(3) Number of pivot operations (in thousands).

N m: 2 3 4 5 6 7 8 9 10 11 12
2 (1) 0.0 0.0 0.0 0.0 0.0 0.0 0.1 01 04 01 04
(2) 0.1 0.1 0.1 02 0.3 04 0.5 0.5 40 1.0 3.5
(3) 0.1 0.2 0.3 04 0.5 0.6 0.8 0.8 59 15 6.6
3 0.0 0.1 0.1 02 0.3 0.6 0.7 14 1.1 22 33
0.1 0.3 06 10 1.3 29 35 6.9 50 98 134
0.2 0.5 0.8 14 20 42 50 103 6.9 134 181
4 0.1 0.2 05 0.7 22 3.1 6.5 9.6 17.5 26.4 36.0
0.2 0.7 1.8 25 68 9.0 18.0 22.0 344 422 55.1
0.3 1.1 25 34 91 120 23.7 285 445 54.8 70.5
) 0.2 0.5 1.7 44 84 29.8 49.2 116.0
0.4 1.3 3.9 9.0 141 36.0 475 73.7
0.6 1.8 5.2 11.7 181 451 59.2 91.1
6 0.3 1.8 7.1 18.4 53.0 1394
0.6 3.2 109 21.3 344 558
0.9 4.2 158 278 423 679
7 0.7 4.6 225 96.6
0.9 5.6 175 39.1
1.4 7.2 216 473
8 1.3 102 67.1
1.4 9.2 265
1.9 116 32.1
9 2.0 258 304.8
1.8 13.6 43.1
24 166 51.0
10 4.3 68.0
29 233
3.8 299
11 6.3 185.6
3.5 285
4.5 338
12 11.3
5.0

6.3
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TABLE 5. Maximum Total CPU Megacycles in Each Set of 100 Examples

N K m: 2 3 4 5 6 7 8 9 10 11 12
2 10 0 0 0 1 1 1 1 2 1 4 422
20 0 0 82 1 2 2 2 4 90 509 8
40 0 1 1 2 3 3 5 9 528 17 544
3 0 1 2 3 5 10 14 129 27 80 172
18 1 3 9 10 31 121 115 131 158 172
1 3 6 19 20 61 43 631 76 308 463
4 0 2 6 14 30 68 127 309 763 1289 945
1 4 11 24 136 135 151 631 748 971 1853
2 8 21 49 156 189 950 587 1454 2215 12946
5 1 4 15 83 88 297 1017 2620 4513
2 7 33 238 350 552 1127 1563 3286
4 15 64 189 364 1321 2134 2741
6 2 9 69 196 562 5296
) 18 76 282 752 1209
11 35 879 1073 1870 5201
7 ) 40 513 780
9 75 482 1197
17 161 650 2544
8 6 62 233
11 175 1277
22 893 1148
9 7 164 2781
30 178 4163
36 383 8119
10 23 1445
40 1426
85 1440
11 27 1816
66 3812
132 16270
12 59
105

187
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TABLE 6. Examples of Histograms of Cycles (Relative Scale)

In each row the width of each cell is 5% of the maximum number of cycles. Each entry
shows the number of examples requiring the corresponding number of megacycles.

N m

4 12189 6 4 00 0O0O0O0OO0OO0OO0OO0OO0OOOOOGO01

5 9|17 8 6 224 1010010010110 1

6 7 |54 1512 6 6 31101 0000O0O0O0O0O0T1

7T 5 |42 17 13 10 6 7 001 1 0 0 0 0 OO 2 001

8 4126 2016 99 3 3 311 12000121T11

9 4 (52 21 12 5223 10000O0O0O0O0O0O0O0 2

10 3 |42 18 13 53 45 2202110000011

1 3 |8& 6 3 1.10000O0O01TO0O0O0O0O0O0O0T1

TABLE 7. Examples of Histograms of Cycles (Absolute Scale)
In each row the width of each cell is 50 megacycles.

N m > 1000
4 12129 20 15 71 3 2 4340101002000 8
5 9 |13 4 0 42503002102301000 6
6 7 |21 14 10 5342 3315341114011 13
7 512016 12 6 56 3 7325315100000 5
8 4 119 24 15 13 2 8 3 23 1 1021000121 2
9 4|14 4 6 10 6 46 2 26 3 230224201 21
10 3 |26 24 11 10 4 3 2 41 4 2 3 00021100 2
11 3 |10 12 7 11 8 3 8 5 3 2 3 5 2 2 2 4 2 000 11




Appendix D. The APL Program for the Decomposition Algorithm

Function DA (main function for computing equilibrium of G when sums = K)
sigma<K DA G

Av
Av
Av
Av
Av

A * x

I1:

I2:

LO:

L1l:

L3:

L4:

DA - Compute approximate equilibrium of G
using Decomposition Algorithm with simplicial subdivision
G is 1+N dimensional payoff array from profiles of N pure strategies
[or use a function G in Pay]l
Each player n's simplex = nonnegative integer points summing to Kln]

Initialize: Set up parameters

Abort«0 ¢ ts<Ots ¢ N«(pG)[1l] ¢ KeNPK ¢ me«lipG ¢ Me+/m ¢ L«0,+\m ¢ Le<«0pO0
NoOEg«<0 ¢ equi<0 6p0 ¢ n<l
Le<Le,cL[nl+wm[n] ¢ -»(N2n<n+1)/I1 ¢ BF<0 ¢ ->(M=pg)/L0 ¢ g«0p0 ¢ n<l
g<g,m[n]*tl ¢ > (N=2nen+l)/I2 ¢ -L0 AA Default g

Set up initial tableaus
D«1,Npl ¢ T«LS«P«Ves<ss«a<0p0 ¢ Q«(N,M)pP0 ¢ NoPivots<0 ¢ n<l

Find n's best-reply to g

jenoLe ¢ QIn;jl«l ¢ ss«ss,Linl+i<(vgljl)[1] ¢ pnem[nlp0 ¢ pnl[i]l«<KIln]
s«s,pn ¢ P«P,clpi ¢ LS«<LS,i1 ¢ V«<V,cpn ¢ a<a,c(2xKlnlxpn)-+/pnx2 ¢ ->(N>n<n+1)/L1
An<V ¢ Seg<«2 0p0 ¢ Inc«<NpcOpO0 ¢ V«(1,N)pV

Fill tableaus for 0's initial proposal
v<(M,1)p Payoff s ¢ T«T,ct«(((v51l),((-8Q)50)),(g,0)),(MP0),1 ¢ n<l
T<T,c((((1,m[n])pn>a)51),(-1,0)),(0,K[nl) ¢ - (N>nen+1)/L2

Specify labels and lex ordering
gcol«0 ¢ Last<1000+0,1N ¢ V0<9600+0,1N ¢ v0«9700+0, 1N
rowecr«(-1M),-V0[1l] ¢ col«cc«(<cAn),vO0[1+1N],gcol,Last[1l] ¢ n<l

row<row,<(An[n]),-v0[1+n] ¢ col«col,c(n>Le),VO0[1+n]l,Last[1+n]
> (N2nen+1)/L3 ¢ lex<clLast[1l],gcol,(-1M), (cAn) ¢ n<l
lex<lex,cLast[1+n], (im[n]) ¢ - (N>nen+1)/L4

rowI«row ¢ colI«col A initial configuration for use in Adj & ADJ
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A

L5:

A * x

A*x

Pvt:

P1:

Pur:

P2:

PUR:

P3:

Out:

A

FPC:

FCO:

Do initial pivots

1 PivotD (<An),-VO0[1l] ¢ kel+n<l
1 PivotD vO[k],-ss[n] ¢ k PivotD ss[nl],-vO0[k] ¢ k PivotD VO[k],An[n]
k<l+nen+l ¢ ->(N=>n)/L5 A¢ display ¢ 1+0

Lemke-Howson algorithm

Identify first pivot in T[1] : uses gcol
k<l ¢ r<korow ¢ pc«(k>T)I[;(k>col)iLastlk]l,gcol]l ¢ p«((A/pc<0)A~revo,v0)/1pr
> (0=pp)/Fin ¢ jepl(¥+/pclp;1)[1]] ¢ PCegcol ¢ PRer[j] ¢ -Pvt

Pivot in T[k] : uses k,PC,PR

r<korow ¢ c«k>col ¢ pr«r1PR ¢ pc«clPC ¢ t«kdT ¢ prow«t[pr;] ¢ pcol«t[;pc]
spexpvteprowlpc]l ¢ t«((txpvt)-pcole.xprow)+D[klxsp ¢ tlpr;]lespxprow
t[;pcle—spxpcol ¢ tlpr;pclespxD[k] ¢ x<rlpr] ¢ rlprleclpcl ¢ clpcl«x

rowlkl«cr ¢ collkl«cc ¢ Tl[klect ¢ D[kl«Ipvt ¢->(MaxPivots<NoPivots«<NoPivots+1l)/Fin
>((D[k]>1E79)A(D[k1<1E9))/P1 ¢ Tl[klect«t+D[k] ¢ D[k]«<1l ¢ -»P1 AReduce D[k] if big

Purge o0ld row or column : uses PR PC

> ((1<k)A(1<=PC))/Pur ¢ -P2

Purge the row of the now-basic BF-slack if that proposal to n was dropped
r<kdrow ¢ ie~r€PC ¢ T[k]«cirAkDT ¢ rowlkleciAr

rowI[k]<c(ko>rowI)~PC ¢ -P3

»>((1=k)A(1<=PR))/PUR ¢ -P3

Purge the column of old PR from T[1] if it was a vertex now dropped : uses PR
c<locol ¢ je~c€PR ¢ T[1l]«cj/12T ¢ collll«cj/c

colI[1]«c(1>co0lI)~PR ¢ -P3

>(2>=1>5row) /0

»(1<=PR)/FPC ¢ - ((PR#gcol)AAbort#1)/FPC ¢ -Fin

Find next pivot column PC : uses BF,0ldPR
r<poV«Simplex ¢ r«r[1l] ¢ (oA oS oL oI oP)«(An Seq LS Inc P)
k<1 ¢ -(BF=0,1)/FC0,ADJ ¢ 10

- (1<=PR)/New ¢ PC«-PR ¢ n« 1l+k«<((PCe€'col)/IN+1)[1] ¢ -»(n=0)/FPR ¢ -NewD
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A Find new vertex np of adjacent simplex if adding dimension (n,j),j=PC-L[n]
A : uses n,PC
NewD: j«PC-L[n] ¢ g«n>0l ¢ p«n>0P ¢ f«lL/p ¢ l«l/p

»((3<f),(3>1))/LF,LL © -LM

Av If j<f then adjoin n,j as last increment
LF: Seg<«oS,(n,j) ¢ jpe<r+l ¢ -LE

A If f<j<1l then insert increment n,j into Seq
IM: s<((oS[l;]len)A(oS[2;1€lr/(g<j)/q))/1r-1 ¢ s«s[1]
Seg«<((2,s-1)*t0S),(2 1pn,j),(0,s-1)40S ¢ jpes+l ¢ -LE

Av If j>1 then adjoin (n,l) as first increment and revise An & LS
LL: pn<n>An ¢ pnll,jl«pnll,jl+71,1

An[nl«cpn ¢ Seg<«<(n,l),0S ¢ LS[nl«j ¢ jp<l ¢ -LE
LE: Ve<Simplex ¢ np<V[jp;] ¢ ~Adj

A Find new NF vertex np [if any] when vertex V[ip;1l, p=>PR is dropped: uses oldPR
New: p<«dPR ¢ v«A/oV=(poV)pp ¢ ip«((A/v)/1lr)[1] A ip = row of dropped vertex

A Find new vertex np [if any] when simplex flipped by dropping p: uses oA,o0S,oL,ip
NV: ne«oS[1l;1lip-1] ¢ g«n>0l ¢ ~-»(ip=1,r)/N1,N3 ¢ -N2

AV First increment rotated to last, or first find face strl[l]1=0 if reached
N1: An<oVI[2;] ¢ n«oS[1;1] ¢ g<n>ol

>((oS[2;1]=gl"1+gloL[n]l]l)A((n>0A)[oL[n]l]l=1))/N1F ¢ -N1V
N1F: Seqg«0 1voS ¢ 1i«<LS[n] ¢ LS[n]«oS[2;1] ¢ -»DF Ai=n's dropped dimension

At Face with str[LS[n]]l=0 when decrement is to LS[n], if zero after Anchor => np<0
N1V: Seg«l%oS ¢ i«r ¢ »N4 A i=n's dropped BF proposal

AV Succesive increments switched, or first find face str[j[11]1=0 if reached
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N2:

N2F:

N2V:

N3:

N3F:

N3V:

N4 :

DF:

ADJ:
Al:

j<oS[2; (ip-1),ipl
>((n=0S[1;ipI)A(((g13[1]1)=1+(g1j[2]1))A((n>0A)[3[1]11=0)))/N2F ¢ -N2V
Seg<oS[;(1r-1)~ip-1]1 ¢ i«j[1] © -DF

At Face with str[j[1]]=0 when n=n',j=j'+1l and (n,j) is zero in Anchor => np<0
Seql; (ip-1),ipl«Seql;ip,ip-1] ¢ i<ip ¢ -N4

Ay Last increment rotated to first, or first find face str[fl=0 if reached
jcoS[2;r-11 ¢ »((j=gl1]1)A((n>0A)[gl[1]11=0))/N3F ¢ ->N3V

Seq<0 ~1voS ¢ i«j ¢ -DF

AtFace with str[j]=0 when j=n's first, which is zero in Anchor => np<0
pn<n>An<oA ¢ jjeqll+gqlj]l ¢ pnlj,jjlepnlj,jjl+71,1

An[nl«cpn ¢ Seg«~100S ¢ i<l ¢ -N4

VeSimplex ¢ np<«VI[ij;]
>(A/DA/"np>"0)/D0 ¢ 1+0 Achecked in Simplex too

V<Simplex ¢ np«® ¢ k<l+n ¢ BF«0 ¢ PC«pln] ¢ PR«<L[nl+i ¢ -Pvt

Find BF proposal dropped [if any] by dropping NF proposal p«>PR : uses v,p
sS<+#v ¢ =>(A/s>1)/ADJ ¢ k<«l+n«(4As)[1] ¢ PC«plnl ¢ -Adj

Adjoin new BF row to T[k] : uses n,np A Form of <a> assumes f(x)=+/x%2
pnen>np ¢ a<(2xK[n]lxpn)-+/pnx2 ¢ rnew«<a, 1 0
t«k>T ¢ r<kdrow ¢ c«k>col ¢ rI<korowlI ¢ cI«<k>coll
x<(recl)/r ¢ new<rnewl[cIlxl+.x-t[rix;]
x«(y«cecl)/c ¢ new<new+y\rnewl[cIix]IxD[k]
Tlkl<cnews;t ¢ rowlkl«c(cpn),r ¢ rowI[k]«c(cpn),rI ¢ PR<cpn ¢ BF«<l ¢ -Pvt

Adjoin new NF payoff column to T[1l] : uses np

>(1l<=np)/Al ¢ 1+0 ANew skipped if BF=1 since np inherited from previous iteration
vePayoff s<,onp ¢ cnew«v,l

t«1D5T ¢ r«lorow ¢ c«l>col ¢ rI«lorowl ¢ cI«<locoll

X<(c€rl)/c ¢ new«t[;cix]+.xcnewlrIix]

X<(y«rerl)/r ¢ new<new+t+y\cnewl[rIlx]xD[1]
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A*x

FPR:

FR1:

A * x

Fin:

Fl:

A*x

Mul:

End:

Tl[1l]l<cnew,t ¢ coll[ll«c(cnp),c ¢ colI[l]l«c(cnp),cI
lex[1]«cLastl[1],gcol, (cnp), (2¢+(-M)ilex[1]1), (—-1M)
PCecnp ¢ k<l ¢ -»FPR

Find next pivot row PR : uses k=1,PC
BF«<0 ¢ n«k-1 ¢ t«k>T ¢ r«kdrow ¢ c«kdcol ¢ lx«kdlex ¢ y<«t[;clPC]
Re((x«y>0)/r)~V0,v0 ¢ i«(x/1py)~riv0,v0 ¢ I«l«0 ¢ ->((0<pR),(n=0))/FR1,End ¢ 1+0

PR<R[1] ¢ = ((12pR)V(PIlx)<l«l+1)/Pvt ¢ PR«I«1lx[1l] ¢ -»(I€R)/Pvt A«Select I if Dbasic
>(~I€c)/FR1 ¢ slx«<71xI#Lastl[k] ¢ iRexel/xeslxxt[i;clI]+yl[i]
R«<iR/R ¢ i«iR/1 ¢ -»FR1] A Select rows with min ratio until only one row=PR

Finish
Time<Ots-ts ¢ Time«(30 24 60 60 1000L751Time)+1000 ¢ NOEg«NoEg+l ¢ s«0p0 ¢ n<«l

ken+l ¢ s<«s,((k>T)50)[(k>row)in>Le; (k>col)lLast[k]]1+D[k] ¢ - (N=n«n+1)/F1
sigma<DAReport s ¢ - ((MultiEg#1)VvAbort=1)/0 ¢ -»Mul A DAReport reports results

Seek more equilibria, if MultiEg=1. ‘Reverse sign of lambda to continue path
t«15T ¢ t[;(1>col)ilgcoll«-t[;(1ocol)igcol] ¢ T[l]l«ct
ts<Ots ¢ NoPivots«<0 ¢ PC«gcol ¢ k<1l ¢ -FPR

»>(MultikEg=1)/0 ¢ O«'Err at FPR: no pivot row found' ¢ 1+0
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Function PivotD - does pivoting, replicates Pvt in DA
k PivotD pcrjc;ri;k;pri;prow;pc;pcol;pvt;sp;t;x
Av PivotD - Pivots pc,pr retaining integers

pc<pcrll] ¢ prepcrl[2] ¢ r<k>row ¢ c«<k>col

preripr ¢ pce<clpc ¢ t«<k>T ¢ prow<t[pr;] ¢ pcol«t[;pcl ¢ sp<xpvteprowlpc]
t<((txpvt)-pcole.xprow)+spxD[k] ¢ tlpr;lespxprow ¢ t[;pcl<—-spxpcol
tlpr;pclespxD[k] ¢ x«rlprl] ¢ rlprleclpcl ¢ clpclex ¢ rowlkl«cr ¢ collkl]l«cc
Tl[k]l]«ct ¢ D[k]«lpvt ¢ NoPivots«NoPivots+l ¢ -0

*x kX

Function Pay — recursive function to compute payoffs efficiently

Lv Pay x;Gn;k;n;xI

Av Pay - Recursive function for N-player payoffs at sigma=s.
A Global:G,s,v;N,m;Le. Lv=Level.

»(Lv[1]1<0)/0 ¢ > (N2(pLv)+n«Lv[1])/0 ¢ -»(N=pLv)/Calc ¢ k<l

Next: ((n-k),Lv) Pay sl(n-k)>xLeleo.xx
> ((0<Lv[1]l-k)A(22k«<k+1))/Next ¢ -0

Calc: n<((~(WN)€LV)/WN)[1] ¢ k«(1ld1n),n+1(N-n) ¢ xI«xIm ¢ xI[nl«<cim[n]
Gne(m[nl,x/xm[ (1IN)~n]l)pk®(n,xI)IG ¢ vIn3Lel«Gn+.x,x ¢ =0

*x kX

Function Payoff — calls Pay
v « Payoff s;n;x;xLe;xIm;xm;xs
Av Payoff - Computes payoffs from strategies s by calling on recursive function Pay

A Limit calculations in <Pay> to support of s
XLeexImexmed ¢ n<l
L2: xImexIm,cxs«<(s[n>Le]l#0)/1m[n] ¢ xmexm,pPxs ¢ xLe«xLe,c(+/71¢xm)+1pxs
> (N>n«n+1)/L2 ¢ s<s~0
ve<MpO ¢ (,N+1)Pay(,1) ¢ -0 A Input s and Output v are global within Pay



Function Simplex — computes the current simplex from An, Seq, LS

V <« Simplex;i;Jj;3js;k;n;pn;g;r;ov;v

Av Simplex - Computes set V of vertices of 0's simplex of pure strategies

av from Anchor,Sequence,LS

A Global: An=Anchor is a list of (enclosed integer) proposals to the players.

A Global: Seq is matrix of rows (n,j) of pairs, indicating order of increments
A to Anchor

A Global: LS is an N-vector of last str. decremented for each player.

A 2==An, N=pAn, ((1l+r),N)=pV. An's n-th element is an enclosed integer

A proposal to player n

A span Incln] = those str. of n incremented or decremented

A LS[n] = last str. decremented (=0 if none)

A Compute support P and span Inc of simplex V defined by An,Seq,LS

P<«Inc«IncP«0p0 ¢ n<l

LO: P«P,c(((n>An)>0)v(im[nl)e(Seqll;len)/Seql2;]1)/1mln]
k<(Seqll;1len)/Seql2;]1 ¢ j<kl4k] ¢ ->((0<pj)ALS[nl<l/j)/Flaw
Inc«<Inc,cq<«<j,LS[n] ¢ IncP«IncP,c((klg)<(ki~10q))/gq
> (N>n<n+1) /L0

A Compute the vertices of the simplex V
r<pSeq ¢ r<r[2] ¢ V<(1l,pov)pov<An ¢ ~»(r=0)/0 ¢ i<l

Ll: veov ¢ n<Seqll;i]l ¢ j«<Seql2;il] ¢ pnen>v ¢ gen>Inc
Jjj«qll+gljl ¢ pnlj,jjl<pnl],331+1,71 ¢ vinlecpn © V<V5v ¢ ovev
>(r>i<i+1)/L1
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