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Abstract. This paper builds a decision-theoretic framework to examine the relation-

ship between language and knowledge. A decision maker describes the world through

theories. A theory consists of universal propositions called patterns, and it is formu-

lated in some language. I look at two characteristics of a successful theory. A theory is

informative if it allows agents to precisely predict outcomes of some process. A theory

is brief if it consists of �nitely many patterns. The main result of the paper identi�es

languages for which there is no trade-o¤ between both characteristics: Any informative

theory logically implies a theory that is informative as well as brief. I illustrate the main

result on speci�c problems of reasoning under uncertainty: recommendation problems,

binary preferences of a customer, or a stylized example of a chemical research.

1. Introduction

Theorizing, a process of thinking through general principles, is one of the most impor-
tant tools of human cognition. There are at least two roles for theories. First, theories
represent and compress information contained in a large number of individual facts. As
such, they are communicated in journals, published in the form of books or taught in
classrooms. Second, theories are used to predict novel facts. In this way, they in�uence
the decision-making. A quality of a theory can be measured by how well it ful�ls its
roles. Among others,

� A good theory should be correct.
� It should be informative, i.e., it should lead to precise predictions. Theory "every-
thing is possible" is tautologically correct, but it has no predictive value. I am
interested here in a very strong notion of informativeness: one should be able to
use the theory to deduce almost all relevant predictions.

� It should be brief, i.e. one should be able to express it using �nitely many
statements. To use the theory, the agent must be able to comprehend it. To
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communicate theory, it needs to be expressed in a �nite medium. An in�nite
theory is clearly useless for any real-world applications.

Each theory must be stated in a language. The language de�nes the power and the
form of expression, by characterizing which theoriies can be stated and how they are
stated. There are various reasons why the relationship between language and theories is
interesting. First, theorizing is rarely a goal itself. More often, it is a tool towards other
goals, like storage of information, or prediction. As with any tool, it is natural to ask
about its quality. Di¤erent features of a good theory lead to di¤erent trade-o¤s. One
cannot understand this trade-o¤s without paying close attention to the language. In
particular, it is impossible to de�ne what it means that a theory is brief without being
clear about how the theory is stated and what the alternative statements are. Second,
the relation between language and knowledge is of foundational importance for the
philosophy of science. Theories represent human knowledge about the world. In order
to understand better the epistemic status of a theory, it is essential to know what are the
constraints imposed on it by the language. Third, more or less explicit theorizing is used
by all people on a daily basis to predict consequences of their actions. The language that
the agent uses may a¤ect how he processes information and how he makes decisions.
This makes the language of interest for all behavioral sciences, including psychology,
cognitive sciences and economics (see (Rubinstein 2000) and (Lipman 2003)). Fourth,
people communicate knowledge in the language. The language will a¤ect the quality of
information transmission. Are there languages which are better for communication than
other?
This paper uses a decision theoretic framework to examine the relationship between

language and theories. In the �rst step, I characterize a class of theories that are brief
and informative in the same time. Any such theory can be expressed using only one
�nitely stated proposition and such theory is su¢ cient to deduce almost all relevant
predictions. Next, I characterize languages in which every informative theory belongs
to the aforementioned class. In particular, any informative theory can be stated very
brie�y. Examples include a language used in the decision theory to discuss binary choices
of a consumer, a language used to describe interactions between sets of objects and a
language used to formulate knowledge in recommendation systems. A notable exception,
which does not satisfy the assumptions of the main results, is a language used to express
theories about events that develop in time.
In the rest of the introduction, I describe brie�y the main ideas of the paper: the

de�nition of a language, the decision theoretic model of learning, the formal results
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and some more speci�c motivation. The introduction is concluded by brief overview of
related literature.

1.1. Language. To focus the attention on the role of language, I assume that theories
are deterministic. (Probabilistic theories involve additional complications, some of which
are discussed in the last section of this paper.) The world is characterized by an assign-
ment � : X ! Y of properties � (x) 2 Y to objects x 2 X, where X is in�nite and Y is
�nite. A language is de�ned as a �nite set L = fRig of ki-nary relations Ri � Xki on X:
These relations, together with free variables x1; :::; xk, symbol �; constants y; equality
relation "=", fRig ; and logical symbols, can be used to construct formulas (sentences)
in the language. A theory consists of patterns. A pattern is any universal propositions

8x1;:::;xk F (x1; :::; xk; �) ; (1.1)

where F is any formula with free variables x1; :::; xk and function �. For example, the
theory "All objects have property y" is stated as a pattern

8x � (x) = y: (1.2)

Suppose that language L prede�nes binary relation R between objects. This allows to
state the theory "If x has property y and xRx0, then x0 has property y":

8x;x0 (xRx0 ^ � (x) = y) =) � (x0) = y: (1.3)

Di¤erent sets of relations fRig lead to di¤erent languages. In Section 2, I present an
alternative, algebraic de�nition of a language as a group of all permutations on X that
preserve relations fRig. That de�nition is more convenient to work with. In particular,
one can analyze language through well-known algebraic tools. Both de�nitions are illus-
trated on �examples. Section 2.1 discusses examples. The �rst language, Time, consists
of one relation interpreted as "one period before". This allows to express patterns in
discrete time series. The second example, Product, can be used to state patterns in the
recommendation problems. The third example, Ordered Graph, is a language that allows
to state various properties of binary preference relation, for instance, transitivity. The
fourth example, Graph, is used to describe stylized problem of chemical research.

1.2. Learning. Theory (1.2) is trivially informative as it conveys very precise informa-
tion about all objects. The informativeness of theory (1.3) is more complicated. This
theory does not provide information about any particular object. However, if few past
observations had been made, one can apply (1.3) to deduce future predictions. If the
decision maker had observed an object x with property y; then (1.3) implies that all
objects x0 such that xRx0, also have property y. Even if information about x cannot
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be predicted correctly, the theory can still be useful if the cost of one mistake is small
relative to the gain in information about other objects. In other words, such a theory
might still be informative even if it does not provide precise information about every
single object.
To capture formally such a notion of informativeness, I consider a model of sequential

learning. The decision maker observes a process of objects x1; x2; x3; ... and sequentially
predicts their properties. Her behavior is described by a learning rule, that is formally
de�ned as a mapping from the history of past observations into current predictions. For
any realization of properties, one can compute the long-run average number of mistakes
committed while using the learning rule. A theory is su¢ cient for deduction if there is
a learning rule that leads to almost no mistakes in the long-run and on average, for any
realization of properties that satis�es the theory. Thus, an uncertainty-averse decision
maker (as in (Gilboa and Schmeidler 1989)) who knows a theory that is su¢ cient for
deduction expects to predict, in the long-run and on average, almost all properties.1

Whether a theory is informative or not, it depends on how many patterns the theory
contains and how often these patterns can be applied to deduce outcomes of a sequential
process. Clearly, there is a tension between brevity and informativeness. If a theory
is informative and consists of in�nitely many patterns, it might be easier to �nd an
appropriate pattern for any given period. If a theory is brief and patterns can be used
only rarely, it cannot be informative.
How often can a pattern (1.1) be applied in deduction? De�ne support of pattern (1.1)

as the set of tuples x1; :::; xk for which there exists �; such that formula F (x1; :::; xk; �)
is not true. Patterns are informative only on their support because that�s where they
put restriction on �s: I identify a class of patterns with generic support that, informally,
can be non-trivially applied to a "large" set of tuples x1; :::; xk: Patterns with generic
support can be applied often.

1.3. Results. The key result is stated in Proposition 4: If Y = f0; 1g ; then any pattern
with generic support is alone su¢ cient for deduction. As a consequence, any theory that
logically implies a pattern with generic support, is su¢ cient for deduction. (Proposition
4 is a combinatorial result that is closely related to the famous Sauer-Shelah�s Lemma
from the statistical learning theory. The connection is explained in Section 6.)
Are patterns with generic support exceptional or widespread? It depends on the

language. In some, tight, languages, any informative theory logically implies at least
one pattern with generic support. Section 5 shows that languages Product, Graph and

1This is a very strong notion of informativeness. An alternative, weaker notion is Popper�s falsi�a-

bility, which asks for existence of at least one testable implication.
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Ordered Graph are tight. Language Time does not contain any pattern with generic
support, hence it is not tight.
The main results of the paper provide a complete characterization of theories that

are and that are not su¢ cient for deduction. Consider �rst the binary case Y = f0; 1g :
There, any theory that is su¢ cient for deduction logically implies a pattern with generic
support; therefore, it logically implies a theory which is su¢ cient for deduction and
which consists of only one pattern. In the general case of �nite Y , any theory that
is su¢ cient for deduction implies a theory that consists of �nitely many patterns with
generic support. In other words, any theory that is informative, but possibly consists of
in�nitely many patterns, implies a theory that is informative and brief.
The second result is concerned with theories that are not su¢ cient for deduction. Any

tight language can be characterized by a constant h > 0 with the following property.
Suppose that the decision maker�s information is described by a theory that is not suf-
�cient for deduction. Then, no matter what learning rule she uses, there is a realization
of properties that is consistent with a theory and that leads to, on average, a mistake
every 1=h predictions. Constant h depends only on the language but not on a theory.

1.4. Applications. The results are applicable to various speci�c questions.
Classi�cation of theories: A decision maker (who uses a theory to make predictions),

or a scientist (who describes his discovery), would both like to know how informative their
theories are. The above results lead to a simple test of the su¢ ciency for deduction in
tight languages. Namely, it is enough to check whether they imply patterns with generic
supports. This might be quite helpful when patterns with generic support are easy to
characterize. Examples of such situations are provided in Section 5).
Representation of information. If patterns allow the deduction of facts about the

world, one can use them as a representation of information. This may lead to practical
implications. First, patterns can be used to compress information. Second, knowledge
of a pattern is valuable, hence patterns can be traded. Patterns with generic support
are more informative than others; therefore these patterns should be more valuable.
Communication: Patterns can be used to communicate information. Consider a

teacher who passes his knowledge about the world to a student. If the teacher�s knowl-
edge is speci�ed in a tight language and it is informative, then the teacher will be able
to pass his knowledge in a �nite time. Loosely speaking, if there is anything interesting
to be said, it can be said brie�y.
Choice of language: In some situations, the agent may choose which language to use to

express information. Suppose that the decision maker cares only about informative and
brief theories (for example, because she cannot formulate theories that have in�nitely
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many patterns, and, she does not care for any theory that leads to a strictly positive
amount of mistakes). She decides which of two languages, A or B; to use. If any theory
in B that is informative and brief, can be also formulated in A; and A is tight, then
she should prefer A: To see why, notice �rst that if theory is informative in B; it
must be also informative in A (the deductive properties of a theory do not depend on
the language in which it is stated). Since A is tight, this means that any informative
theory in B can be restated as an informative and brief theory in A: The preferences
for A will be strong if there are theories that are informative and brief in A, and they
cannot be formulated brie�y in B.
Bounded rationality: If there is a positive cost of memory, the decision maker may

decide "what to know" (see (Rubinstein 1998), chapter 5). Consider two agents. The
�rst one has limited memory and has capacity to understand only brief theories. The
other one uses tight language to express her knowledge, but he has otherwise unbounded
memory. The Theorem implies that the former agent is not necessarily at any disadvan-
tage with respect to the latter. Knowing little, but knowing the right thing, is su¢ cient
to compete with somebody who knows a lot.

1.5. Related literature. When computing payo¤s from prediction, the decision maker
uses the worst-case scenario criterion. This can be interpreted as an extreme ver-
sion of the uncertainty aversion as in (Gilboa and Schmeidler 1989). Under di¤erent
interpretation, this is an approach taken by two strands of the statistical literature:
(a) the classic statistical decision theory of (Wald 1950), (Wald 1949) and (Blackwell
and Girshick 1954) (see (Schwarz 1994)); and (b) the statistical learning theory of
(Vapnik and Chervonenkis 1971) (see (Vapnik 1998) and (Bousquet, Boucheron, and
Lugosi 2004)).
A. Rubinstein in (Rubinstein 1996) (see also Chapter 1 of (Rubinstein 2000)) asks

what properties of binary relations make them appropriate for use in natural languages.
(Binary relations correspond to assignments � in my terminology; see example in Section
2.1.2.) Among others, he argues that binary relations should be easy to describe: One
should be able to learn it from an universal proposition (theory, in my terminology) aided
by few examples.2 The ease of describibility is very closely connected to the su¢ ciency
for deduction, as the latter means that one can predict many outcomes while making
relatively few mistakes. Rubinstein looks for relations that are optimal with respect to

2In a similar spirit, (Blume 2004) postulates that a natural language, understood as an assignment

of meanings to utterances, should be simple to learn. This implies that natural languages should have

a grammar: utterances are built of words and each word is associated to a particle of meaning.
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such a criterion. Here, the goal is to characterize the set of all theories that can be
learned with few mistakes.
I. Gilboa and D. Schmeidler examine the role of similarity in induction (see, among

others, (Gilboa and Schmeidler 1995), (Gilboa and Schmeidler 1996), (Gilboa and
Schmeidler 2000), (Gilboa and Schmeidler 2003), (Billot, Gilboa, Samet, and Schmeidler
2005), and (Gilboa and Schmeidler 2001)). Although my model is very di¤erent, it is
worthy to highlight a certain analogy. Suppose, for simplicity, that the language consists
of a relation of equivalence R: One can distinguish between two notions of similarity.
Ex ante similarity is prede�ned by the language: say that objects x and x0 are ex ante
similar, if xRx0: Ex post similarity depends on the outcomes of observations: say that
x and x0 are ex post similar if they share the same properties. The decision maker uses
a theory to formulate connections between two types of similarity. For example, theory
(1.3) predicts that objects that are ex ante similar are also ex post similar.

2. Language

The decision maker faces uncertainty about relationship between instances x (objects,
problems) and outcomes y (properties, solutions). Let X be an in�nite universe of
instances and let Y be a �nite space of outcomes. A mapping � : X ! Y is called a
model of the world. Thus, a model is an assignment of an outcome to each instance. Let
M = Y X be the space of all models. The decision maker describes her knowledge about
the world in a language.

2.1. Examples.

2.1.1. Time. A forecaster predicts weather in Chicago. Let X = Z be equal to the set
of integers interpreted as periods. Let Y = f0; 1g, where 0 is interpreted as "rain" and
1 is interpreted as "sun". The forecaster may believe that

It never rains three days in the row. (2.1)

2.1.2. Binary choices. An econometrician is interested in binary choices of a consumer.3

Suppose that B is a countable set of products. Let X be a set of ordered pairs of distinct
elements of B: Let Y = f0; 1g. Model � : X ! Y assigns preferences to the pairs of
products: if � (a; b) = 0; then, faced with choice between a and b; consumer prefers a;

3I am grateful for this example to Matias Iaryczower. Related learning problems are studied in

(Kalai 2003) and (Salant 2007). The former paper addresses learnability of rational choice rules from

sets. The latter deals with binary preferences and assumes that they are outcomes of majority voting.
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� (a; b) = 1 means that he prefers b. The econometrician may know that consumer�s
preferences are transitive:

For any products a; b; c 2 B; (2.2)

if a is preferred to b and b is preferred to c; then a is preferred to c.

2.1.3. Chemical research. In a laboratory, chemists combine pairs of substances and ob-
serve what happens. Sometimes, but not always, salty water is produced in a stormy
reaction. The chemists predict types of reactions using the acid-alkaline theory. Accord-
ing to this theory, there are two types of substances, acids and alkalines; the substances
of di¤erent types react and the substances of the same types don�t. Let B be a countable
set of all tested substances. This theory is equivalent to two universal propositions:

For any substances a; b; c 2 B; (2.3)

if a and b react, a and c react, then b and c don�t react,

for any substances a; b; c 2 B; (2.4)

if a and b react, a and c don�t react, then b and c react.

2.1.4. Net�ix recommendation problem. Net�ix is an Internet-based DVD rental com-
pany. In one of its services, it makes personal recommendations to its customers. For-
mally, let C be the set of customers, M be the set of movies, X = C �M be the set
of instances and let Y = f0; 1g = fdoesn�t like, likeg be the set of preferences. Net�ix�s
recommendation are based on its knowledge about the model of the world � : X ! Y;

where � (c;m) = 1 is interpreted as "customer c likes movie m": Net�ix may know that
some universal propositions about preferences are true. For example,

For any movie m and any customers c; c0, if c likes m, then c0 likes m; (2.5)

for any two customers c and c0, for any two movies m and m0; (2.6)

if c likes m but dislikes m0 and if c0 dislikes m, then c0 dislikes m0.

describe universal propositions and are called patterns.
Next, I present two de�nitions of a language and patterns. Following the introduction,

the �rst de�nition treats language as a �nite set of relations on set X: The second
de�nition describes language as a group of permutations on X. The latter de�nition is
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more convenient and, under some conditions, is equivalent to the former. All de�nitions
are illustrated with examples.

2.2. Relational de�nition of language. A (relational) language is de�ned as a �nite
set of relations L = fRig on X; where Ri � Xki for some ki <1 and each i: Language
L can be used to formulate atomic formulas on free variables x1; x2; :::; function � and
constants y 2 f0; 1g:

x1 = x2; Ri (x1; ::; xki�1) ; � (x1) = y; and notA; (2.7)

where A is one of the atomic formulas of the language. Let F (x1; :::; xk; �) be a (not
necessarily atomic) formula that is a disjunction of conjunctions of �nitely many atomic
formulas. A (relational) pattern is a universal proposition of the form (1.1).4 A (rela-
tional) theory T is any subset of patterns.
Model � satis�es pattern (1.1) if (1.1) is true.5 Model � satis�es theory T if it satis�es

all patterns. For any theory T � P; let M (T ) denote the set of models that satisfy
theory T: Set M (T ) is interpreted as the range of uncertainty faced by the decision
maker who knows that theory T holds and nothing else. Theory T is called consistent if
it is satis�ed by some models, i.e.,M (T ) is not empty. In what follows, I always assume
that theory T is consistent. Theory T logically implies theory S; ifM (T ) �M (S).
Any language induces an equivalence relation on tuples of instances. For any k; any

�x; �x0 2 Xk; say that tuples �x and �x0 are exchangeable, if they are described by the same
relations between its elements:

8l;l0 (xl = xl0), (x0l = x
0
l0) and

8i8l1;:::;lki2f1;:::;kgRi
�
xl1 ; :::; xlki

�
, Ri

�
x0l1 ; :::; x

0
lki

�
:

Because the number of relations in the language is �nite, the set of k-tuples can be
partitioned into �nitely many equivalence classes of exchangeability. Any relational
language is completely characterized by these classes.
Although exchangeability fully characterizes relations between instances in the tuple,

it does not capture relations between the instances in the tuple to the instances outside

4This de�nition of a language presumes that relations Ri are already equipped with a meaning.

Mathematical logic de�nes language purely as a set of symbols (in particular, relational symbols).

The symbols acquire meaning only when the language is interpreted in a model (see, for example,

(Monk 2005)). I use a shortcut here to reach as quickly as possible a de�nition that corresponds to a

daily use of the word "language".
5Formally, "model � satis�es formula F" is de�ned starting from the atomic formulas and then, by

induction, extending the de�nition to all formulas.
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the tuple. A de�nition is useful. For any �x 2 Xk and x 2 X; let �x^x denote a (k + 1)-
tuple that is created by adding x at the end of tuple �x:

De�nition 1. Relational language L is externally stable, if, for any k; any exchangeable
k-tuples �x; �x0 2 Xk; any instance x 2 X; there is an instance x0; such that tuples �x^x
and �x0^x0 are exchangeable:

External stability means that any two tuples with equivalent relations between its
instances, can be also extended in an equivalent way.

2.2.1. Examples. Time. Let X = Z be the set of periods. De�ne relation R � X �X
as

xRx0 i¤ x0 = x+ 1:

Then, statement (2.1) can be rewritten as a pattern

8x; x0; x00 (xRx0 ^ x0Rx00 ^ � (x) = 0 ^ � (x0) = 0) =) � (x00) = 1: (2.8)

Language LTime = fRg is externally stable.
Binary choices. It is instructive to de�ne a more general version of the binary

preference example. Let B be a countable set of products and let

X = f(b1; :::; bd) : bi 6= j for any i 6= jg

be the set of ordered d-tuples of distinct products. For each i; j � d; de�ne binary
relations Rij � X �X: for any x; x0 2 X; let

xRijx
0 i¤ xi = x0j:

Thus, two instances x and x0 are in relation Rij; if the ith coordinate of x is equal to the
jth coordinate of x0: Let Y = f0; :::; d� 1g be the space of outcomes. An interpretation
of � (b1; :::; bd) = d0 is that the consumer, faced with choice among products b1; :::; bd0

chooses product bd0+1: Denote this language as LOrdered Graphd = fRijg (terminology
"Ordered Graph" is explained below). It is easy to check that this language is externally
stable.
Consider a case d = 2: One can express the transitivity of � as a pattern:

8x; x0; x00 (xR21x0 ^ xR11x00 ^ x0R22x00 ^ � (x) = 0 ^ � (x0) = 0) =) � (x00) = 0:

This is because, Then, xR21x0 ^ xR11x00 ^ x0R22x00 implies that there are three di¤erent
products b1; b2; b3 2 B such that x = (b1; b2) ; x0 = (b2; b3) and x00 = (b1; b3) :
Chemical research. Let B be the set of substances More generally, let X =

fx � B : jxj = dg be the set of all d-element subsets of B. Let Y = f0; 1g be the
space of outcomes, where ) is interpreted as "no reaction" and 1 means a "reaction".
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Model � describes outcomes of combining all combinations of d substances. For any
j � d; de�ne binary relations Rj � X � X: for any x; x0 2 X; xRjx0 i¤ jx \ x0j = j:

Thus, two instances x and x0 are in relation Rj; if the intersection of x and x0 has exactly
j elements. Denote this language as LGraphd = fRjg (terminology "Graph" is explained
below). One checks that language LGraphd is externally stable.
Suppose that d = 2: Statements (2.3) and (2.4) of the acid-alkaline theory correspond

to patterns, respectively,

8x; x0; x00 (xR1x0 ^ xR1x00 ^ x0R1x00 ^ � (x) = 1 ^ � (x0) = 1) =) � (x00) = 0;

8x; x0; x00 (xR1x0 ^ xR1x00 ^ x0R1x00 ^ � (x) = 1 ^ � (x0) = 0) =) � (x00) = 1:

Net�ix recommendation problem. In the Net�ix problem, there are two binary
relations RC ; RM � X �X: for any (c;m),(c0;m0) 2 X;

(c;m)RC (c
0;m0) i¤ c = c0,

(c;m)RM (c
0;m0) i¤m = m0:

One can use relational language L = fRC ; RMg to formulate statements (2.5) and (2.6).
For example, (2.5) is equivalent to theory (1.3) where R is replaced by RM :
More generally, let X = X1 � :::�Xd be a product of d in�nite sets. One can de�ne

binary relations Rj � X � X: for any x; x0 2 X; xRjx0 if and only if xj = x0j: Thus,
two instances x and x0 are in relation Rj; if the jth coordinate of x is equal to the jth
coordinate of x0: Denote this language as LProductd = fRjg. This language is externally
stable.
Suppose that d = 2. Consider statements (2.5) and (2.6). They can be restated as

patterns:

8x; x0 (xRMx0 ^ � (x) = 1) =) � (x0) = 0;

8x; x0; x00; x000
 
xRMx

0 ^ xRCx00 ^ x0RCx000 ^ x00RMx00
^� (x) = 1 ^ � (x0) = 0 ^ � (x00) = 0

!
=) � (x000) = 0:

2.3. Algebraic de�nition of language. Next, I present an alternative de�nition of a
language. The idea is to work with a class of transformations of X that preserve rela-
tions in the language. Such a class of transformations should form an algebraic group.6

Formally, a permutation of X is any bijection from X to X: A set G of permutations is

6This idea is related to a model of learning from distinguishable histories in (Crawford and Haller

1990). More broadly, this is related to XIXth century Erlangen Program (see (Klein 1979)) that

advocated the use of groups of symmetric transformations for a systematic approach to geomatric

problems.
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a group if (a) idX 2 G; (b) g�1 2 G for any g 2 G and (c) g � g0 2 G for any g; g0 2 G
(see (Lang 2002)). I refer to G 7�! X as a (algebraic) language.
A (algebraic) pattern is a pair (S; �) of �nite set S � X and function � : S ! Y:

Set S is also called a support of pattern p. Let P =
S

S�X, S �nite
Y S denote the set of all

patterns.

De�nition 2. Model � omits pattern (S; �) if, for each permutation g 2 G; there is
x 2 S; such that � (g � x) 6= � (x).

Model � omits pattern if, informally, it omits any of its permutations. For any model
�; any g 2 G; de�ne permutation of � as �g (x) := � (g � x) : Thus, �g is a proper model
of the world; if � omits pattern (S; �) ; then �g omits it as well.
A (algebraic) theory T � P is any subset of patterns. SetM (T ) and the consistency

of (algebraic) theory T are de�ned in an analogous way to the respective relational
de�nitions. Two observations are useful: (a)M (T ) is weakly decreasing in the set sense
and (b)M (T ) is invariant to permutations: For any model �; any g 2 G; if � 2M (T ) ;

then �g 2M (T ).
It turns out that relational and algebraic de�nitions of the language are equivalent

when the space of instances is countable and the relational language is externally stable.
This is made clear by two results. Say that language L is generated by group action
G 7�! X if for any k; any tuples �x; �x0 2 Xk; tuples �x and �x0 are exchangeable if and
only if there is g 2 G; such that

(g � x1; :::; g � xk) = (x01; :::; x0k) :

Proposition 1 shows any externally stable language is generated by a group of permu-
tations. Proposition 2 shows that relational language and the corresponding algebraic
language have the same powers of expression. These two results are proven in Appendix
A.

Proposition 1. If X is countable and relational language L is externally stable, then it
is generated by a certain group of permutations G 7�! X: G can de�ned as the set of all
permutations on X that preserve all relations on X : for any i; any �x 2 Xki ; any g 2 G

Ri (x1; :::; xki), Ri (g � x1; :::; g � xki) : (2.9)

Proposition 2. Suppose that L is generated by G 7�! X. For any algebraic pattern
(S; �) ; there is a relational pattern (1.1) such that model � omits the group pattern if
and only if it satis�es the relational one.
For any relational pattern (1.1); there is a �nite set of algebraic patterns P such that
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model � satis�es the relational pattern if and only if it omits any group pattern from set
P:

Although non-standard, the algebraic de�nition is more convenient for the purposes
of this paper. Below, I always use the algebraic de�nition of language.

2.3.1. Examples. Time. Relational language LTime is generated by the following group:

Example 1 (Time). Let G = Z be the set of integers and let G 7�! X act as a shift:
for any g 2 G; any x 2 X; let

g � x = g + x.

The relational pattern (2.8) corresponds to algebraic pattern (S; �), where

S = ft; t+ 1; t+ 2g for some t and
� (t) = � (t+ 1) = � (t+ 2) = 0:

Binary choices. Relational language LOrdered Graphd is generated by the following
group:

Example 2 (Ordered Graphd). Let G = �B be the group of all permutations on B: (�B
is also known as the symmetric group on B:) De�ne action �B 7�! I: for any g 2 G;
any (b1; :::; bd) 2 I; let

g � (b1; :::; bd) = (g � b1; :::; g � bd) .

When d = 2; one treat X as the set of all ordered edges in a graph with set of nodes B:
Language Ordered Graph2 allows to state transitivity. Namely, it corresponds to omitted
pattern (S; �), where

S = f(a; b) ; (a; c) ; (b; c)g and (2.10)

�0 (a; b) = 0; � (b; c) = 0; � (a; c) = 1;

Chemical research. Relational language LGraphd is generated by the following group:

Example 3 (Graphk). Let B be a countable set and let Let G = �B be the group of
all permutations on B: De�ne group action G 7�! I : for any g 2 G and for any
fb1; :::; bdg 2 X; let

g � fb1; :::; bdg := fg � b1; :::; g � bdg 2 X:
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When d = 2; one can think about X as the set of all (unordered) edges in a graph
with set of nodes B: Language Graph2 can be used to state the acid-alkaline theory.
Speci�cally, (2.3) corresponds to pattern (S; �) ; where

S = ffa; bg ; fa; cg ; fb; cgg and (2.11)

� (fa; bg) = 1; � (fa; cg) = 1; � (fb; cg) = 1;

and (2.4) corresponds to pattern (S; � 0) with the same support and where

� 0 (fa; bg) = 1; � 0 (fa; cg) = 0; � 0 (fb; cg) = 0: (2.12)

Net�ix recommendation problem. Relational language LProductd is generated by
the following group:

Example 4 (Productd). For each j; let �Xj be the group of all permutations on set Xj.7

Let G = �X1� ::::��Xd, and de�ne the group action G 7�! X: for any (g1; :::; gd) 2 G;
any (x1; :::; xd) 2 X; let

(g1; :::; gd) � (x1; :::; xd) := (g1 � x1; :::; gd � xd) .

Language Product2 can be used to state patterns (2.5) and (2.6). Speci�cally, model
� satis�es (2.5) if it omits pattern (S; �) ; where

S = f(c;m) ; (c0;m)g and � (c;m) = 1; � (c0;m) = 0;

for some c 2 C;m;m0 2M: Model � satis�es (2.6) if it omits pattern (S 0; � 0) ; where

S 0 = f(c;m) ; (c;m0) ; (c0;m) ; (c0;m0)g and (2.13)

� 0 (c;m) = 1; � 0 (c0;m) = 0; � 0 (c0;m) = 0; � 0 (c0;m0) = 1:

At this moment, the reader may wonder about the di¤erence between languages Prod-
uctd; Graphd; and Ordered Graph2: Let me just say here that both languages are formally
di¤erent because the groups of permutations are de�ned in a di¤erent way. In Section
5, I examine the properties of both languages more closely and I describe important,
structural di¤erences between them.

7This group of permutations has been used in a generalization of de Finetti�s exchangeability in

(Aldous 1981) (see also (Kallenberg 2005)). In (Blume 2004), it is used to study properties of natural

languages.
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2.4. Group properties. Here, I describe some useful properties of group languages.
Group action G 7�! X induces a group action G 7�! 2X on the set 2X of all subsets of
X: for any g 2 G; any S � X; let

g � S = fg � x : x 2 Sg � X:

Abusing terminology, I say that set g � S is a permutation of S. Similarly, for each
k; group action G 7�! X induces a group action G 7�! Xk on the set of k-tuples of
elements of X: for any g 2 G; any �x = (x1; :::; xk) 2 Xk; let

g � �x = (g � x1; :::; g � xk) � Xk:

Group action G 7�! X is transitive if, for any two x; x0 2 X; there is a permutation
g; such that g � x = x0. For any subset of instances U � X; de�ne a subgroup of
permutations that keep set U invariant:

GU = fg 2 G; g � U = Ug : (2.14)

Group GU describes a local behavior of group G on set U:

De�nition 3. Finite U � X is local (under group action G) if for any k; any pair of
k-tuples �x; �x0 2 Uk such that g � �x = �x0 for some g 2 G; there exists gU 2 GU such that
gU � �x = �x0:

Take any two tuples �x; �x0 of elements of U and suppose that there is a permutation g
that takes one tuple into the other, g � �x = �x0: If U is local, then permutation g can be
chosen so that it keeps all elements of set U inside U: In a sense, U is local if the action
of the "local" group GU behaves in the same way as the action of the original group G.
Note for future reference, that if U is local and g 2 G is a permutation, then g �U is also
local; in fact, Gg�U = g �GU � g�1:

De�nition 4. Group action G 7�! X is locally generated if there is a sequence of local
sets X1 � X2 � ::: � X; such that for any �nite subset S � X; there is n � 1 and a
permutation g 2 G such that g � S � Xn.

Locally generated group action can be approximated by group actions on �nite sets.
Any increasing sequence of local sets with the property stated in the De�nition is called
a generating sequence.
Consider language Productd from Example 4. Of course, this language is transitive.

It is easy to verify that any product set U = U1 � ::: � Ud for �nite Ud � Xd is local
under the group action G 7�! X. Take any (strictly) increasing sequences of �nite sets
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Xj
1 � Xj

2 � ::: � Xj for j = 1; :::; d: Given this, sets Xn = X1
n � ::: � Xd

n form a
generating sequence.
Next, consider language Ordered Graphd from Example 2. Take any �nite set B0 � B

and de�ne X (B0) � I as the set of all ordered d-tuples of distinct elements of B0 :

X (B0) = f(b1; :::; bd) : bj 2 B0; bj 6= bj0 for j 6= j0g : (2.15)

One easily checks that X (B0) is local for any �nite B0 � B. For any increasing sequence
of �nite sets B1 � B2 � ::: � B; sets X (Bn) form a generating sequence. Hence,
Ordered Graphd is locally generated. Clearly, it is also transitive. By similar arguments,
language Graphd from Example 3 is transitive and locally generated.
Not all group actions are locally generated. No �nite subset of X is local under group

action from Example 1. Hence, Time is not locally generated.

3. Learning

3.1. Model. An instance process is a sequence of instances �x1 = (x1; x2; :::) such that
no instances get ever repeated, xs 6= xt for s 6= t: The decision-maker observes an instance
process. In period t; she predicts the outcome of instance xt. After the prediction is
made, the decision maker is informed about the true outcome � (xt). To �x attention,
assume that the decision maker receives a payo¤ of 1 if her prediction is correct and 0 if
not. (More general payo¤s do not change any of the results.) In period t, the decision
maker has access to the database of past observations from periods s < t. A mapping
l :
[
t

(X � Y )t�1�X ! �Y is called a learning rule. In general, I allow for randomized

predictions; for example,

l
�
(xs; ys)s<t ; xt

�
(y)

is the probability that learning rule assigns to the fact that outcome of xt is equal to y,
based on the database of past observations (xs; ys)s<t.
Pure learning rule l makes deterministic predictions, i.e. after each history, it assigns

probability 1 to certain outcome. Such learning rules have an important property. In
each period t; the decision maker needs to remember only those past observations in
which the prediction was incorrect; all other observations can be deduced from the
assumption that the prediction was correct. (If Y = f0; 1g ; then the decision maker
needs to remember only periods in which mistakes were committed.) If the number of
mistakes is small, this reduces the burden imposed on the decision maker�s memory.
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For any instance process �x1; any learning rule l; any model �; de�ne

Ut (l; �x1; �) =
1

t

tX
s=1

l
�
(xu; � (xu))u<s ; xs

�
(� (xs))

This is the t-period average payo¤ from learning rule l given instance process �x and
model �.

3.2. Su¢ ciency for deduction. Take any theory T � P: Consider a decision maker
who (a) cares only about the long-run average payo¤s from prediction and (b) knows
that theory T holds, but does not know which of the models that satisfy theory T is
the true one. In particular, she considers all models which omit theory T as plausible.
Following (Gilboa and Schmeidler 1989), I assume that the decision maker exhibits an
extreme version of the uncertainty aversion and evaluates learning rule l according to
the worst-case payo¤.8. In particular,

inf
�2M(T )

Ut (l; �x1; �) (3.1)

is the worst-case t-period payo¤of a decision maker who knows that theory T holds, uses
learning rule l; and observes instances according to the process �x1: Alternatively, one
can think about (3.1) as a payo¤ of a statistician in the zero-sum game against Nature
((Wald 1950), (Wald 1949), (Blackwell and Girshick 1954), (Schwarz 1994)).
By de�nition, expression (3.1) is never larger than 1: A learning rule that each period

chooses an outcome from the same uniform distribution on Y guarantees payo¤ 1
jY j for

each model of the world, instance process and any number of periods.
One is especially interested in theories that are informative, i.e. theories that can be

used to correctly predict almost all outcomes of an instance process.

De�nition 5. Theory T is su¢ cient for deduction if there is an instance process �x and
a learning rule l; such that

lim inf
t!1

inf
�2M(T )

Ut (l; �x1; �) = 1: (3.2)

Theory T is su¢ cient for deduction if there is an instance process �x1 and a learning
rule l such that for any " > 0 there is a period t0 such that for any t � t0 the t-period
average payo¤ from using learning rule l is guaranteed to be not smaller than 1� " for

8(Chen and Epstein 2002), (Epstein and Schneider 2003), (Epstein 2006) and (Epstein, Noor, and

Sandroni 2006) develop a systematic study of axiomatic foundation of learning under ambiguity with dis-

counting. Also, the robust control literature (see (Hansen and Sargent forthcoming)) uses a discounted

version of formula (3.2) both in a theoretical and empirical framework.
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any model of the world � 2 M (T ).9 Suppose that the decision maker knows theory T;
and T is su¢ cient for deduction. Given this, she can choose an instance process and a
learning rule so to be sure to deduce almost all outcomes of the instance process.
De�nition 5 is quite weak. The decision maker can choose any learning rule that

depends on all past observations and that may make randomized predictions. The
decision maker can also choose an instance process. The latter can be particularly
troubling. In some situations (for example, chemists in the laboratory), the decision
maker may in�uence the order of observations. On the other hand, the de�nition seems
to be too weak if the instance process is given as a parameter of the learning problem.
In general, it would be to strong to require that (3.2) holds for any instance process.
Instead, one can draw an analogy to statistics, where the consistency of an estimator can
be shown only for datasets of su¢ cient size. Below, I describe instances processes that
satisfy certain su¢ cient data condition. I show that if a theory is su¢ cient for deduction
in the sense of De�nition 5, then there is a learning rule l that guarantees almost perfect
payo¤s for any instance process that satis�es the su¢ cient data condition.

3.3. Entropy characterization. For any A � X; any theory consistent T , de�ne

M (A;T ) :=
�
� 2 Y A : � = �jA for some � 2M (T )

	
; (3.3)

E (A;T ) := 1

jAj log jM (A;T )j : (3.4)

Set M (A; T ) consists of all restrictions of models � 2 M (T ) to instances in set A:
Clearly, the more models in theory T , the larger is setM (A;T ) : E (A;T ) is an entropy
of theory T on set of instances A; 1 � E (A;T ) measures the informational content of

9Alternatively, one can de�ne the long-run payo¤s as

inf
�2M(P )

lim inf
T!1

UT (l; �x1; �) :

This puts less weight on the short-run payo¤s than formula (3.2). To see it, consider a simple example.

Suppose that setM consists of all functions � : Z! f0; 1g such that there is z 2 Z; so that � (z0) = 1
for each z0 � z: Consider an instance process �z1 = 1; 2; 3; ::: and a learning rule l that always predicts

1; l � 1. Then,
inf
�2M

lim inf
T!1

UT (l; �x1; �) = 1:

On the other hand, for any learning rule l and any number of periods T; there is a model � such that

the T -period average payo¤ is not higher than 1
2 (the best strategy of statistician in such a zero-sum

game is to predict probability 1
2 for each of the outcomes):

sup
l
lim inf

T!1
inf

�2M(P )
UT (l; �x1; �) =

1

2
:

Arguably, the criterion used in this paper is more appriopriate when the DM is patient but does not

live in�nitely long.
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theory T on set A. Note that the entropy is invariant to permutations: for any g 2 G;
E (A;T ) = E (g � A;T ) : Finally,

De�nition 6. Entropy of theory T is the in�mum entropy across all �nite sets A :

E (T ) := infA�X;A is �nite E (A;T ) :

Here, 1 � E (T ) is a measure of the informational content of theory T . The next
two results establish a connection between the entropy of a theory and the payo¤s from
prediction. The �rst Lemma shows that entropy leads to an upper bound on payo¤s
and the second Lemma �nds a lower bound.

Lemma 1. For any c � 1; de�ne function hc : [0; 1] ! [0; 1] as the unique solution to
the equation

e := hc (e)

�
c+ 2 + log

1

hc (e)

�
:

Function hc is well-de�ned, continuous, and increasing. For any theory T; any instance
process �x1; any learning rule l and any t;

inf
�2M(T )

Ut (l; �x1; �) � 1 +
1

t
� hlogjY j (E (fx1; :::; xtgT )) :

� 1 + 1
t
� hlogjY j (E (T )) :

The Lemma is relatively standard; its proof can be found in Appendix C.

Lemma 2. For any theory T; any instance process �x1; and any increasing sequence
1 = t0 < t1 < :::, there is a pure learning rule l, such that for any t

inf
�2M(T )

Ut (l; �x1; �) � 1�
k�X
k=1

tk � tk�1
t

E
��
xtk�1+1; :::; xtk

	
;T
�
� t� tk

�

t
; (3.6)

where k� = max fk : tk � tg :

The proof is contained in Appendix D. The idea is fairly simple. In each period
tk�1 < t � tk; let

Ut =
�
� 2M

��
xtk�1+1; :::; xtk

	
;T
�
: � (xs) = ys; tk�1 < s < t

	
be the set of model restrictions � 2 M

��
xtk�1+1; :::; xtk

	
;T
�
; which agree with ob-

served outcomes ytk�1+1; :::; yt�1: In particular, Utk�1 is equal to the whole set of model
restrictionsM

��
xtk�1+1; :::; xtk

	
;T
�
. For any outcome y 2 Y; let nt (y) be the number

of model restrictions in Ut for which � (xt) = y: Learning rule l predicts that outcome of
instance xt is equal to some ymax 2 argmaxy nt (y) : Each period, either the prediction
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of l is correct or not. If the former, then the decision maker does not make a mistake. If
the latter, then the decision maker makes a mistake, but she also reduces Ut by at least
1
2
; jUt+1j � 1

2
Ut: Because the number of such reductions is constrained by the entropy,

learning rule l achieves the appropriate bound.

3.4. Locally generated and transitive languages. If language G 7�! X is locally
generated and transitive, a sharper characterization is possible.

De�nition 7. Instance process �x1 satis�es su¢ cient data condition, if there is � > 0;
a generating sequence of sets X1 � X2 � :::, an increasing sequence of periods 1 = t0 <
t1 < :::, a sequence of permutations gk 2 G, and a function n : N! N such that

(1) for any k � 1;
�
xtk�1+1; :::; xtk

	
2 gk �Xn(k) and tk � tk�1 � �

��Xn(k)

�� ;
(2) limk!1 n (k) =1;
(3) limk!1

tk
tk�1

= 0:

The su¢ cient data condition requires that the data collected are related to each other
in a particular way. Speci�cally, the instance process can be divided into intervals�
xtk�1+1; :::; xtk

	
such that elements of kth interval belong to a local set gk �Xn(k) (recall

that any permutation of a local set is local). Parts (2) and (3) guarantee that the size of
local sets increases but not too quickly. De�nition 7 is not vacuous - there are instance
processes that satisfy the su¢ cient data condition.

Proposition 3. Suppose that language G 7�! X is transitive and locally generated.
Theory T is su¢ cient for deduction if only if E (T ) = 0: Moreover, if T is su¢ cient for
deduction, then for any process �x1 that satis�es su¢ cient data condition, there is a pure
learning rule l such that (3.2) holds.

The �rst part of the Proposition leads to a test on whether theory T is su¢ cient for
deduction. It turns out that this is characterized completely by entropy of T , E (T ) : In
particular, T is su¢ cient for deduction if for any � > 0; there exists a �nite A � X such
that

E (A;T ) � ": (3.7)

Moreover, if theory is su¢ cient for deduction, then, for any instance process that satis�es
De�nition 7, there exists a learning rule that guarantees almost perfect predictions. This
substantially strengthens the requirement in De�nition 5.
The proof of the Proposition is based on the following result (to the best of my

knowledge, the result is novel).

Lemma 3. Suppose that G 7�! X is transitive. For any local U , and any A � U , any
theory T; E (U ;T ) � E (A;T ).
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This says that entropy on a local set is not larger than entropy on any of its subsets.
The proof of the Lemma can be found in Appendix B.

Proof of Proposition 3. The "only if" direction of the �rst part of the Proposition follows
from Lemma 1. To show the "if" part, suppose that E (T ) = 0: Then, there is a sequence
of �nite sets Am � X such that E (Am;T ) � 1

m
: Let �x1 be an instance process that

satis�es the su¢ cient data condition with � > 0; generating sequence X1 � X2 � :::,
increasing sequence 1 = t0 < t1 < :::; a sequence of permutations gk 2 G; and a mapping
n : N ! N. Because Xn is a generating sequence, there is a function m : N ! N

and permutations g0m 2 G such that for any su¢ ciently high n; g0m(n) � Am(n) � Xn and
limn!1m (n) =1: By Lemma 3 and by the permutation invariance,

E
��
xtk�1+1; :::; xtk

	
;T
�

=
1

tk � tk�1
log
��M ��

xtk�1+1; :::; xtk
	
;T
���

� 1

tk � tk�1
log
��M �

Xn(k);T
��� � ��Xn(k)

��
tk � tk�1

E (Xn;T )

� 1

�
E
�
Am(n);T

�
� 1

�

1

m (n (k))
:

By Lemma 2, there is a pure learning rule l such that bound (3.6) holds for any t. Let
kt = sup (k : tk � t) : Then,

inf
�2M(T )

Ut (l; �x1; �) � 1�
ktX
k=1

tk � tk�1
t

2

�

1

m (n (k))
� t� tkt

t
:

Because limk!1m (n (k)) =1; convergence (3.2) follows. This also implies the second
part of the Proposition. �

4. Main results

This Section contains the main results of the paper.

4.1. Generic sets. Here and in the rest of the paper I always assume that language
G 7�! X is transitive and locally generated.

De�nition 8. Finite set S � X is generic if for each " > 0; there is a local set U such
that for any subset D � U; jDj � " jU j ; there is g 2 G such that g � S � D:

Set S is generic if there is a local set U; such that any of its subsets of su¢ cient size
contains a permutation of S: In a sense, generic sets can be found almost everywhere.
Section 5 presents examples of generic sets in di¤erent languages.
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Generic sets are especially interesting as supports of patterns. One might expect that
theories that consist of patterns with generic support are more informative than theories
without such patterns. This intuition is con�rmed by the next result.

Proposition 4. Suppose that Y = f0; 1g : If S is generic, then, for any " > 0; there is
a local U � X such that for any � : S ! Y;

E (U; f(S; �)g) � ".

In particular, E (f(S; �)g) = 0:

The Proposition is central to the analysis of this paper. To see exactly what the
Proposition says, consider any one-pattern theory T = f(S; �)g : For any set U � X;

theory T imposes a restriction on the cardinality of the set of model restrictions �jU that
are consistent with theory T: In particular, if U = S; then the restriction is not trivial
but not necessarily a very serious one:

E (S; f(S; �)g) � 1

jSj log
�
2jSj � 1

�
< 1

for large S. However, if S is generic, then there is a su¢ ciently large local set U; on which
the cardinality of model restrictions of models that satisfy theory T is small. In other
words, the restriction imposed by patterns with generic support becomes signi�cant on
su¢ ciently large local sets U .
Section 6 states a slightly stronger version of the Proposition and explains how it

relates to results from the Vapnik-Chervonenkis statistical learning theory.10

How many subsets are generic? This depends on the language G 7�! X:

De�nition 9. De�ne tightness of transitive and locally generated language G 7�! X as
the largest number t (G) 2 [0; 1] such that for any �nite A � X; there is a generic S � A
such that jSj � t (G) jAj. Language G 7�! X is tight if t (G) > 0:

For any language G 7�! X, t (G) 2 [0; 1] : Section 5 characterizes the tightness of
various languages.

10When G =Graph2, Proposition 4 can be restated as the omitted subgraph problem known in the

graph theory ((Promel and Steger 1991), (Promel and Steger 1993) and (Promel and Steger 1992); see

also (Balogh, Bollobas, and Weinreich 2000), (J. Balogh and Weinreich 2001) and (Scheinerman and

Zito 1994)). When G =Product2; N. Alon suggested the Proposition can be obtained as a corollary

to Lemma 6.3 from (Alon, Fischer, and Newman 2005). The advantage of the current result is that it

applies widely to all transitive and locally generated languages, including Productd; Graphd; for d > 2.

It also points to the genericity of the support of a pattern as the main force behind the result. (The

de�nition of a generic set is, to the best of my knowledge, novel.)
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4.2. Case Y = f0; 1g. It is helpful to consider �rst only the binary case, Y = f0; 1g :

Theorem 1. Suppose that Y = f0; 1g and that language G 7�! X is tight. Theory T is
su¢ cient for deduction if and only if it logically implies a pattern with generic support.
If theory T is not su¢ cient for deduction, then for any learning rule l; any instance
process �x1; and any period t

inf
�2M(T )

Ut (l; �x1; �) � 1 +
1

t
� hlog 2 (t (G)) .

Proof. The "if" direction of the Theorem is a corollary to Propositions 3 and 4.
Let t (G) > 0 be the tightness of language G 7�! X. Take any �nite A � X and �nd

generic S � A; jSj � t (G) jAj. IfM (T ) *M (f(S; �)g) ; then, for any � : S ! Y; there
is a model �� 2M (T ) and a permutation g� such that for any x 2 S; �� (g� � x) = � (x) :
De�ne model ��� (x) := �� (g� � x) for any x 2 X: Then, ��� 2 M (T ) and ��� jS = � . This
implies that

E (A; T ) = 1

jAj logM (A; T ) � 1

jAj logM (S; T )

� 1

jAj log j� : �
�
� 2M (T )j = 1

jAj log 2
jSj

=
1

jAj jSj � t (G) > 0:

Together with Lemma 1, this implies that T is not su¢ cient for deduction. The last
part of the Theorem is a corollary to Lemma 1. �

Suppose that a decision maker expresses theory T in a tight language and that T is
su¢ cient for deduction. The �rst part of the Theorem says that T implies a theory that
consist of only one pattern. If she cares about the cost of storing information, then she
can replace theory T with a shorter one.
Because one can always create one pattern out of �nitely many, this result is trivial

when T already consists of �nitely many patterns. The real bite comes when T counts
in�nitely many patterns. In the latter case, the Theorem allows to replace in�nitely
many patterns by one, by de�nition, �nitely stated, pattern. In fact, the proof of the
Theorem suggests a bound on the size of the generic support of the pattern that replaces
theory T .

Corollary 1. Suppose that there is an instance process �x; a period t and a learning rule
l such that

inf
�2M(T )

Ut (l; �x1; �) > 1 +
1

t
� hlog 2 (t (G)) .
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Then, theory T is su¢ cient for deduction, and it logically implies a pattern (S; �) with
generic support of cardinality at most jSj � 1 + t � t (G).

Note that, by de�nition, the hypothesis of the corollary is true for any theory su¢ cient
for deduction.

Proof. Let S 0 � fx1; :::; xtg be a generic set of size at least t � t (G) and let S � S 0 be
a subset such that t � t (G) � jSj 1 + t � t (G) : Set S is generic, because any subset of a
generic set is generic. By Lemma 1,

M (S;T ) �M (fx1; :::; xtg ;T ) < 2t�t(G) � 2jSj:

Hence, there exists � : S 0 ! f0; 1g such that all models that satisfy theory T omit
(S 0; �) : �

The second part of the Theorem drives the uniform wedge between theories that are
and that are not su¢ cient for deduction. In particular, for any tight language, there
is h > 0 such that for each theory T there are two possibilities. If T is su¢ cient for
deduction, then the decision maker is guaranteed almost perfect predictions. If it is not,
then, in the worst-case, the decision maker will commit a mistake every 1=h periods, no
matter what learning rule she uses or what order she observes instances. The value of h
depends only on the language, not on the theory.

4.3. Case Y �nite. Here, I extend Theorem 1 to the general case of Y �nite. I show
that any theory that is su¢ cient for deduction implies a theory that is su¢ cient for
deduction and that consists of �nitely many patterns.
Let L = dlog jY je be equal to the smallest natural number not smaller than log jY j :

Fix an injection v : Y ! f0; 1gL. Fix pattern (S; �) ; where � : S ! Y: For any mapping
�̂ : S ! f0; 1gL ; any l � L; say that pattern (S; �) is l-consistent with �̂ if for any x 2 S

�̂l (x) = 1 if and only if � (x) 2 fy : vl (y) = 1g :

De�ne theory T (S; �̂) � P:

T (S; �̂) =
[
l

f(S; �) : (S; �) is l-consistent withy �̂g :

There is at most L jY jjSj patterns in theory T (S; �̂) :

Theorem 2. Suppose that language G 7�! X is tight. Theory T is su¢ cient for deduc-
tion if and only if there are S � X and �̂ : S ! f0; 1gL such that T logically implies
T (S; �̂) :
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If theory T is not su¢ cient for deduction, then for any learning rule l; any instance
process �x1; and any period t

inf
�2M(T )

Ut (l; �x1; �) � 1 +
1

t
� hL (t (G)) .

Proof. Notice �rst that for any model � for any instance x;

� (x) = v�1 ((v1 � �) (x) ; :::; (vL � �) (x)) :

This means that any model � is uniquely identi�able from a sequence of binary models
vl � �: For any A � X; any theory T; de�ne

Ml (T ) := fvl � � : � 2M (T )g ;
Ml (A;T ) := f�ljA : � 2Ml (T )g ;

El (A;T ) :=
1

jAj log jMl (A;T )j :

Then,

E (A;T ) � 1

jAj log jM (A;T )j

� 1

jAj log
LY
l=1

jMl (A;T (S; �̂))j �
X
l

El (A;T (S; �̂)) :

Second, because any model � 2 M (T (S; �̂)) omits any pattern that is l-consistent
with �̂ ; any binary model �l 2Ml (T (S; �̂)) omits binary pattern (S; �̂l) : By Proposition
4, for any " > 0; there is a local set U such that for any l;

El (U ;T (S; �̂)) � E (U ; fS; �̂lg) � ":

Hence, E (U ;T (S; �̂)) � L" and T (S; �̂) is su¢ cient for deduction.
Suppose that there is no generic S such thatM (T ) �M (T (S; �̂)) for some �̂ : S !

f0; 1gL : Then, for any generic S; there exists l; such that

jfvl � � : � 2M (T )gj = 2jSj;

and E (S; T ) = 1. Take now any �nite A � X: Then, there is a generic S � A such that
jSj � t (G) jAj : Moreover, E (A; T ) � t (G) E (S; T ) = t (G) : Proposition 3 implies that
T is not su¢ cient for deduction. �

5. Tightness of various languages

In this Section, I discuss tightness of various languages. In particular, I show that
locally generated and transitive languages from Section 2.1 are tight. Most of proofs are
postponed till Appendix F.
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5.1. Products. Suppose that Gj 7�! Xj are group actions for j = 1; :::; d: De�ne a
product group action G1� :::�Gd 7�! X1� :::�Xd. For any (x1; :::; xd) 2 X1� :::�Xd;

any (g1; :::; gd) 2 G1 � :::�Gd; let

(g1; :::; gd) � (x1; :::; xd) := (g1 � x1; :::; gd � xd) :

In particular, language Productd from Example 4 is a product of symmetric groups �Xj ;
j � d.
The next result shows that tightness is preserved under products.

Lemma 4. The product of local sets is local under the product of group action. The
product of generic sets is generic under the product group action. The product of tight
group actions is tight, and

t (G) � t (G1) t (G2) :::t (Gd) :

The Lemma, the fact that any �nite subset is generic under the symmetric group, and
the fact that any subset of a generic set is also generic, lead to a simple corollary.

Corollary 2. Consider language Productd from Example 4. Any �nite subset is generic
and the language is tight.

As in the Net�ix recommendation problem, suppose that Y = f0; 1g and that the
decision maker uses language Product2. The Corollary says that any nontrivial theory
(i.e. any theory that contains at least one pattern) is su¢ cient for deduction. One can
interpret this result in two ways. On one hand, this says that any positive amount of
knowledge leads, in the long-run and on average, to perfect predictions. On the other
hand, it also says that any positive knowledge is highly restrictive and, as one might
expect, hard to come upon in practice.
Regardless of the interpretation, the result indicates very strong deductive properties

of language Productd.

5.2. Ordered graph. Next, I show that language Ordered Graphd from Example 2 is
tight. Let B be a countable set, and let X be equal to the set of ordered d-element
tuples of distinct elements from B: For any mutually disjoint �nite sets B1; :::Bd � B;
de�ne set of tuples with lth coordinate in set Bl for any l � d :

X
�
B1; :::; Bd

�
=
�
(b1; :::; bd) : bl 2 Bl

	
:

Proposition 5. Consider language G =Ordered Graphd from Example 2. For any
mutually disjoint �nite sets B1; :::Bd � B; set X

�
B1; :::; Bd

�
� X is generic. The

language is tight, and
t (G) � d�d:
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I use the Proposition to show that transitivity is su¢ cient for deduction. Recall that
transitivity is equivalent to pattern (S; �) de�ned in (2.10). The Proposition does not
imply that S = f(a; b) ; (b; c) ; (a; c)g is generic. (In fact, I argue below that it is not.)
However, if model � omits pattern (S; �), then it also omits (S�; � �) ; where

S� = f(a1; b1) ; (a2; b1) ; (a1; b2) ; (a2; b2)g and
� � (a1; b1) = 0; �

� (a1; b1) = 0; �
� (a1; b1) = 0; �

� (a1; b1) = 1:

Indeed, the above pattern corresponds to a statement: "If a1 is preferred to b1; b1 is
preferred to a2; a2 is preferred to b2; then a1 is preferred to b2," which is trivially implied
by transitivity. By Proposition,

S� = X (fa1; a2g ; fb1; b2g)

is generic. and any theory that implies (S�; � �) must be su¢ cient for deduction.
Note that, even in the binary case, Proposition 5 does not guarantee that any non-

trivial theory is su¢ cient for deduction. Consider a theory f(S; � 0)g ; where S is as in
(2.10) and

� 0 (a; b) = 1; � 0 (b; c) = 1; � (a; c) = 1:

Lemma 5. f(S; � 0)g is not su¢ cient for deduction. In particular, S is not generic.

Proof. This theory is satis�ed by all models � for which there are disjoint sets B1[B2 =
B; B1 \B2 = ? such that for any b; b0 2 Bj; j = 1; 2; � (b; b0) = 0: Indeed, if � (a; b) = 1
and � (b; c) = 1; it means that a; c 2 Bj for some j = 1; 2 and � (a; c) = 0: It is
important to notice that, because B1 and B2 are disjoint, this speci�cation does not
constrain outcomes of model � for instances (b1; b2) ; where bj 2 Bj; j = 1; 2: Hence, for
any �nite A � X;

jf�jA\B1�B2 : � 2M (T )gj � 2jA\B1�B2j:

Take any �nite A � X: W.l.o.g., assume that A � A1 � A2; where Aj are �nite
and even for any j = 1; 2: There exist sets B1 [ B2 = B such that B1 \ B2 = ?;
jBj \ Ajj = 1

2
jAjj and

��A \B1 �B2�� � jB1 �B2 \ A1 � A2j
jA1 � A2j jAj = 1

4
jAj :
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(This can be proved directly, or via the �rst part of Lemma 8 from Appendix B.) Hence,

E (A;T ) = 1

jAj logM (A;T )

� 1

jAj log jf�jA : � 2M (T )gj

� 1

jAj log jf�jA\B
1�B2 : � 2M (T )gj

� 1

jAj log 2
jA\B1�B2j � 1

4
:

By the �rst part of Lemma 1, f(S; � 0)g is not su¢ cient for deduction. �

This points to an important di¤erence between languages Productd and Ordered
Graphd: in the former any single pattern leads to a theory that is su¢ cient for de-
duction, in the latter, this is not the case.

5.3. Graph. Here, I show the tightness of language Graphd from Example 3. This fact
turns out to be a relatively straightforward corollary to Proposition 5. To explain it, I
need a simple result. Let G� 7�! X�; G 7�! X be group actions and pG : G� ! G; pX :

X� ! X be "onto" mappings such that for any g 2 G� and any x 2 X

pX (g � x) = pG (g) � pX (x) : (5.1)

Mappings pG and pX are projections of group action G� 7�! X� onto group action
G 7�! X that preserve group properties.

Lemma 6. Suppose that G 7�! X is transitive. If U � X is local under G� 7�! X�;

then pX (U) is local under G 7�! X. If S is generic under G� 7�! X�; then pX (S) is
generic under G 7�! X. If G� 7�! X� is tight, then G 7�! X is tight and t (G) � t (G�) :

For any mutually disjoint �nite sets B1; :::Bd � B; de�ne set of all d-element subsets
of B, each with exactly one element in Bl; l � d :

X
�
B1; :::; Bd

�
=
�
fb1; :::; bdg : bl 2 Bl

	
:

Proposition 6. Consider language Graphd from Example 3. For any mutually disjoint
�nite sets B1; :::Bd � B; set X

�
B1; :::; Bd

�
� X is generic. The language is tight, and

t (G) � d�d:

Proof. Let G� 7�! X� be as in language Ordered Graphd: Then G = G� and let pG = id;
pX (b1; :::; bd) := fb1; :::; bdg for any (b1; :::; bd) 2 X�: One checks that (5.1) is satis�ed.
The Proposition follows from Lemma 6 and Proposition 5. �
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I show that the acid-alkaline theory is su¢ cient for deduction. Both patterns (S; �)
and (S; � 0) from equations (2.11) and (2.12), respectively, imply a pattern (S�; � �) :

S� = ffa1; b1g ; fa2; b1g ; fa1; b2g ; fa2; b2gg and
� � fa1; b1g = 1; � � fa1; b1g = 1; � � fa1; b1g = 1; � � fa1; b1g = 0:

Indeed, this pattern corresponds to a statement: "If a1 and b1 react, a2 and b1 react, a2
and b2 react, then a1 and b2 react," which is a consequence of the acid-alkaline theory.
Because S� = X (fa1; a2g ; fb1; b2g) is generic, this pattern leads to a theory that is
su¢ cient for deduction.

6. Relation to statistical learning theory

This Section explains the relationship between Proposition 4 and the statistical learn-
ing theory. For this purpose, I state a somehow stronger version of Proposition 4. Sup-
pose thatM� f0; 1gX is a family of models � : X ! f0; 1g : For any subset S � X; let
MS = f�jS : � 2Mg denote the set of model restrictions to set S: Say that G-dimension
of familyM includes S if for any permutation g 2 G;

jMg�Sj < 2jSj:

In particular, G-dimension of familyM (fS; �g) includes S: In Appendix E, I show the
following result.

Proposition 7. Suppose that S is generic. Then, for any " > 0; there is a local V � X
such that for any permutation g; any local U such that g � V � U; for any family M
which G-dimension includes S;

1

jV j log jMV j � ": (6.1)

Here, phrase "there exists local V such that for any permutation g; any local U so that
g � V � U; ... " should be read as "for su¢ ciently large local U; .... ." The Proposition
bounds the size of model restrictions to su¢ ciently large local sets of family of models
which G-dimension includes a generic set. Proposition 4 is a corollary to Proposition 7.
The de�nition of G-dimension is related to the famous V C-dimension of a family of

models. De�ne the V C-dimension of familyM as

dimV CM = inf
�
k : jMSj < 2k for any S � X; jSj � k

	
if this set is not empty and 1 if for each k; there exists S � X; jSj � k such that
jMSj = 2k:
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Proposition 8 (Sauer-Shelah�s Lemma, (Sauer 1972), (Shelah 1972), (Vapnik and
Chervonenkis 1971)). For any �nite V � X;

jMV j � jV jdimV CM :

The Proposition provides foundation for the Vapnik-Chervonenkis statistical learning
theory (see (Vapnik 1998)). It is used to prove various distribution-free asymptotic
results. Quite often, a weaker thesis is needed: If the V C dimension of family M is
�nite, then, for any " > 0; there is n; such that for any �nite V � X; jV j � n; inequality
(6.1) holds.
This weaker form of Sauer-Shelah�s Lemma is a special case of Proposition 7 for

G = �X ; i.e., when the group of permutations consists of all permutations on X: To
see this recall that any �nite subset of X is generic and local under group �X . Then,
dimV CM <1 is equivalent to the existence of a generic S � X such that �X-dimension
of M includes S: Let U be a local set from the thesis of Proposition 7. Take n = jU j
and recall that for any �nite U; V � X; there exists a permutation g 2 �X such that
g � U � V if and only if jU j � jV j :

7. Comments and conclusion

The goal of this paper is to examine the relationship between knowledge and language.
In the binary case Y = f0; 1g ; a theory is su¢ cient for deduction if it implies a pattern
with generic support. If the language is tight, then the relation goes also the other way:
Theory is su¢ cient for deduction only if it implies a pattern with generic support. In
the general case of �nite Y , any theory that is su¢ cient for deduction implies a theory
that is also su¢ cient for deduction and consists with �nitely many patterns with the
same generic support.
This is a good place to discuss some limitations of this paper. I consider here only

deterministic patterns. This is a natural assumption if one is interested in deduction
rather than probabilistic reasoning. On the other hand, the decision maker should
be able to formulate universal statements about probabilistic properties of the world.
For example, Net�ix may understand that "For any customers c1; c2, any movie m; if
customer c1 likes movie m; then customer c2 likes movie m with probability 0:7:" The
analysis of the probabilistic patterns leads di¤erent conceptual issues: How correctly
de�ne consequences of a probabilistic pattern? For example, are realizations of outcomes
drawn independently for each pattern? What is the worst-case scenario? I leave these
questions for future research. However, it is conjecture that the tightness of a language
plays an important role in characterizing the informativeness of probabilistic patterns.
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If the conjecture is true, then this paper should be understood as the �rst step towards
a more general probabilistic approach.
I assume that the decision maker computes payo¤s with respect to the long-run cri-

terion. This is certainly a simpli�cation; in the real world, people discount. One of
the consequences of the current approach is that su¢ ciency for deduction is a zero�one
notion and it divides theories into two groups: those that predict well with few mistakes
and those that do not. A discounted model could allow for more re�ned divisions into
theories that allow for correct predictions early and those that lead initially to many
mistakes.
Some technical, but interesting, questions are left open. In the end of Section 2, I

presented an example of a language that is transitive but not locally generated. In the
rest of the paper, I assumed that the language is transitive, locally generated and tight.
At this moment, it remains unclear whether there are any languages that are locally
generated, transitive, and not tight. Second, the bound on the entropy obtained in
Proposition 7 is very crude. In some special cases, much tighter bounds can be found
(for example, Sauer-Shelah�s Lemma; see also footnote ???). The question is how to
tighten the bound in Proposition 7.
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Appendix A. Relational and group languages

A.1. Proof of Proposition 1. Let G be the set of all permutations g : X ! X, such
that for any i; any �x 2 Xki ; (2.9) holds. G contains identity (hence, it is not empty)
and it is a group of permutations.
It is clear that for any tuples �x; �x0 2 Xk; if �x and �x0 are exchangeable, then g � �x

and g � �x0 are exchangeable. I show that for any two exchangeable tuples �x; �x0 2 Xk;

there is a permutation g 2 G such that �x0 = g � �x: Indeed, both tuples �x = (x1; :::; xk)
and �x0 = (x01; :::; x

0
k) can be extended to sequences (x1; x2; :::) and (x

0
1; x

0
2; :::) such that

(a) for each d0 � k; tuples (x1; :::; xk0) and (x01; :::; x
0
k0) are exchangeable and (b) X =

fx1; x2; :::g = fx01; x02; :::g : (This is a simple exercise in the back-and-forth method; see,
for example, (Poizat 2000).) Take now g : X ! X such that g (xl) = xl for any l: This
is well-de�ned, because for any l; l0; xl = xl0 () x0l = x

0
l0 :

A.2. Proof of Proposition 2. Let L be generated by G 7�! X. Take any group
pattern (S; �) : Let k = jSj and let �x� 2 Xk be an enumeration of S; i.e. tuple such that
fx�1; :::; x�kg = S: For any i; any l1; :::; lki 2 f1; :::; kg ; let ��i;(l1;:::;lki)

2 f0; 1g be de�ned as

��
i;(l1;:::;lki)

= 0 i¤Ri
�
x�l1 ; :::; x

�
lki

�
:

In the statement below, (�)1 denotes a negation and (�)0 makes the "minus" sign
disappear. Model � omits group pattern (S; �) if and only if, for any tuple of instances
�x that is exchangeable with �x�; there exists l � k such that � (xl) 6= � (x�l ) : This further
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holds if and only if � satis�es a relational pattern:

8x1;:::;xk0@^
i

^
l1;:::;lki2f1;:::;kg

(�)
��
i;(l1;:::;lki) Ri

�
xl1 ; :::; xlki

�1A ^ ^
l�k�1

� (xl) = � (x
�
l )

=) � (xk) 6= � (x�k) :

This shows the �rst part of the Proposition.
Let F (x1; :::; xk; �) be a formula that is a disjunction of conjunctions of atomic for-

mulas (2.7).

Lemma 7. Suppose that F is satis�ed for some tuple x1; :::; xk and model �: Then, it is
also satis�ed for any tuple x01; :::; x

0
k such that �x is exchangeable with �x

0 and any model
�0 such that �0 (x0l) = � (xl) for any l � k:

For any tuple �x 2 Xk; de�ne �(�x) � Y f1;:::;kg

�(�x) =
�
� : � (l) = � (xl) for any l � k and some � 2 Y X , st. F (x1; :::; xk; �) holds

	
:

By the Lemma, if �x and �x0 are exchangeable, then �(�x) = � (�x0) :
There is �nitely many equivalence classes of exchangeability on Xk: Let M be the

number of equivalence classes. Choose a representative �x(m) for any equivalence class
m = 1; :::;M: For any m; any � 2 Y f1;:::;kg; construct group patterns (Sm; ��) :

Sm =
n
x
(m)
1 ; :::; x

(m)
k

o
;

��

�
x
(m)
l

�
= � (l) for any l � k:

Then, model � satis�es relational pattern
W

x1;:::;xk

F (x1; :::; xk; �) if and only if it omits all

group patterns (Sm; ��) ; where m = 1; :::;M and � =2 �
�
�x(m)

�
:

Appendix B. Transitive group action

This Appendix contains various results about �nite transitive group actions. There
are two parts. The �rst part is concerned with mixing and the second part describes
entropy properties of �nite transitive group actions.

B.1. Mixing. Assume that A is �nite set and G 7�! A is a transitive group action. For
any function f : A! R; de�ne

Ef :=
1

jAj
X
a2A

f (a) : (B.1)
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Lemma 8. Suppose that G 7�! A is transitive. For any two subsets B;C � A, there is
g 2 G such that

jB \ g � Cj
jBj � jCj

jAj : (B.2)

For any two subsets B;C � A, for any function f : A! R; there is g 2 G; such that

E1Cf (g � :) �
1

2

jCj
jAjEf and E1Bf (g � :) � 3

jBj
jCjE1Cf (g � :) : (B.3)

Proof. Let Gx = fg : g � x = xg be a subgroup of G; which is called a stabilizer of x 2 A:
Since G 7�! A is transitive, its size jGxj does not depend on the choice of x 2 A and
jGj
jGxj = jAj. For any set S � A; de�ne mS : G! [0; 1] as

mS (g) = E1Sf (g � :) and mS =
1

jGj
X
g2G

mS (g) :

We compute

mS =
1

jGj
X
g2G

mS (g) =
1

jAj
1

jGj
X
a2A

X
b2S

"X
g2G

1 fg � a = bg
#
f (a) :

Since G is transitive, for any two a; b 2 A;
P
g2G

1 fg � x = yg = jGxj : Hence,

mS =
1

jAj
X
a2A
f (a)

X
b2S

jGxj
jGj =

jSj
jAjEf:

For the �rst part, assume that f = 1C is an indicator function of set C: The above says
that

jBj
jAj

jCj
jAj = mB =

1

jGj
X
g2G

E1Bf (g � :) =
1

jGj
X
g2G

jB \ g � Cj
jAj :

Hence, there must be at least on g 2 G such that (B.2) holds.
For the second part, de�ne sets

GC =

�
g : mC (g) �

1

2
mC

�
and GB =

�
g : mB (g) � 3

mB

mC

mC (g)

�
:

If the thesis of the lemma is not true, then GC � GB: However, this leads to a contra-
diction, as the following calculations show:

mB �
1

jGj
X
g2GB

mB (g) � 3
1

jGj
X
g2GB

mB

mC

mC (g) � 3
mB

mC

1

jGj
X
g2GC

mC (g)

= 3
mB

mC

24mC �
1

jGj
X
g=2GC

mC (g)

35 � 3

2
mB:

�
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Suppose that G 7�! B is another group action of the same group G: Let p : A ! B

be an "onto" mapping. Say that p preserves group action if for each g 2 G and a 2 A;

p (g � a) = g � p (a) :

Lemma 9. Suppose that p : A! B preserves group action. Then, for any set C � B;
jCj
jBj =

jp�1 (C)j
jAj :

Proof. This is a consequence of the fact that for any b; b0 2 B; jp�1 (b)j = jp�1 (b0)j : �

B.2. Entropy under transitive actions. For any subset U � A; let Y U be a set of
functions from U to Y: For any �U 2 Y U ; let

[�U ] =
�
� 2 Y A : � jU = �U

	
be a set of functions � 2 Y A; whose restrictions to set U are equal to �U : Let � 2 �F (A)
be a probability distribution over functions: For any subset U � A; let

h� (U) := �
X
�U2Y U

� ([�U ]) log � ([�U ]) :

be the entropy of restrictions of functions � 2 Y A to set U: I omit the reference to
measure � whenever it does not lead to ambiguity.

Lemma 10. For any U � A; h (U) �
����U 2 Y U : � ([�U ]) 6= 0	�� : For any subsets

U; V � A;
h (U [ V )� h (U) � h (V )� h (U \ V ) :

Proof. The �rst part is standard property of the entropy. The second part is equally
standard and I present its proof for the sake of completeness. Observe that

h (U [ V )� h (U) = �
X
�2Y A

� (�) log
� ([� jU[V ])
� ([�U ])

and

h (V )� h (U \ V ) = �
X
�2Y A

� (�) log
� ([� jV ])
� ([� jU\V ])

:

By Jensen�s inequality,

h (U [ V )� h (U)� [h (V )� h (U \ V )]

=
X
�2Y A

� (�) log
� ([� jV ])� ([�U ])

� ([� jU\V ])� ([� jU[V ])
� log

 X
�2Y A

� (�)
� ([� jV ])� ([�U ])

� ([� jU\V ])� ([� jU[V ])

!
:
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Observe thatX
�2Y A

� (�)
� ([� jV ])� ([�U ])

� ([� jU\V ])� ([� jU[V ])

=
X

�U\V 2Y U\V
� ([�U\V ])

X
�U[V 2Y U[V ; st. �U[V jU\V =�U\V

� ([�U[V ])

� ([�U\V ])

� ([�U[V jV ])� ([�U[V jU ])
� ([�U[V ])� ([�U\V ])

:

Since X
�U[V 2Y U[V ; st. �U[V jU\V =�U\V

� ([�U[V ])

� ([�U\V ])

� ([�U[V jV ])� ([�U[V jU ])
� ([�U[V ])� ([�U\V ])

=
X

�V 2Y V ;�U2Y U ; st. �V jU\V =�U jU\V =�U\V

�
��
�V
��

� ([�U\V ])

�
��
�U
��

� ([�U\V ])

=

0@ X
�V 2Y V st.�V jU\V =�U\V

�
��
�V
��

� ([�U\V ])

1A0@ X
�U2Y U st.�U jU\V =�U\V

�
��
�U
��

� ([�U\V ])

1A
= 1;

it must be that X
�2Y A

� (�)
� ([� jV ] j [� jU\V ])
� ([� jU[V ] j [� jU ])

=
X

�U\V 2Y U\V
� ([�U\V ]) = 1:

This �nishes the proof of the Lemma. �

LetM� Y A be a set of functions from A to set Y: For any subset U � A; let

M (U) =
�
�U 2 Y U : �U = � jU for some � 2M

	
:

Say that setM is invariant with respect to group action if � (g � :) 2M for each � 2M
and g 2 G:

Lemma 11. Suppose that M is invariant with respect to group action. For any �nite
set U � Xn,

log jM (U)j
jU j � log jM (A)j

jAj :

Proof. Let � be a uniform distribution on M: Then, h (A) = log jAj and h (U) �
log jM (U)j for each U � A by the �rst part of Lemma 10. For any subset U � A

and any permutation g; by the invariance of setM it must be that h (U) = h (g � U) :
We may �nd a subset V � A such that (a) for each U � A;

h (V )

jV j �
h (U)

jU j
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and (b) for each V � U; U 6= V;
h (V )

jV j <
h (U)

jU j :

Since A is �nite, such a set clearly exists. If V = A; then, by property (a), for each set
U � A

log jM (A)j
jAj =

h (A)

jAj �
h (U)

jU j �
log jM (U)j

jU j
and the Lemma holds. Suppose otherwise that V 6= A: Since G acts transitively, there
is g 2 G; so that g � V 6= V . By the second part of Lemma 10,

h (V [ g � V ) � h (V ) + h (g � V )� h (V \ g � V ) :

Hence,

h (V [ g � V )
jV [ g � V j �

h (V ) + h (g � V )� h (V \ g � V )
jV j+ jg � V j � jV \ g � V j

=
h (V )

jV j +

�
h(V )
jV j �

h(V \g�V )
jV \g�V j

�
� jV \ g � V j

2 jV j � jV \ g � V j :

By property (a) of set V
h (V )

jV j �
h (V \ g � V )
jV \ g � V j :

However, this implies that
h (V [ g � V )
jV [ g � V j �

h (V )

jV j ;

which leads to a contradiction with property (b). �

Proof of Lemma 3. It is a corollary to Lemma 11. �

Appendix C. Proof of Lemma 1

C.1. Function hc. Consider function fc (h) = h
�
c+ 2 + log 1

h

�
: Then, fc (h) = 0, fc is

strictly increasing for any h � ec+1, and fc (ec) � 1: Thus, there is an increasing inverse
of fc with domain e 2 [0; 1].

C.2. Combinatorial result. Here, I prove a combinatorial result that is useful in the
argument for Lemma 1. De�ne function f : R�N ! R as follows:

f (p; 1) := jY jmax (p+ 1; 0) and
f (p;m+ 1) := (jY j � 1) f (p� 1;m) + f (p;m) ; for m � 1:
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Lemma 12. Function f (p;m) is continuous, convex, and increasing in p and for any
p > 0; any r � m; r 2 N;

f (r;m) � (r + 1) jY jr
 
m

r

!
: (C.1)

Proof. f (p; 1) is continuous, convex, and increasing in p by de�nition. When m > 1;

the continuity, convexity, and monotonicity of f (p;m) follows by induction.
First, I show that for 0 � r � m;

f (r;m) � jY jm (r + 1) :

Indeed, this is true for m = 1 by the de�nition. Suppose that the above is true for m:
Take r � m+ 1: Then,

f (r;m+ 1) � (jY j � 1) r jY jm + (r + 1) jY jm � (r + 1) jY jm+1 :

In particular, this implies that

f (m;m) � (m+ 1) jY jm :

Notice also that, by the de�nition, for any m

f (0;m) = 1: (C.2)

By induction on r and k, I show that for any r � 1; k � 0;

f (r; r + k) � (r + 1) jY jr
 
r + k

r

!
: (C.3)

By the above, the statement is true for k = 0 and any r: Suppose that the statement is
true for k and any r: Then,

f (1; 1 + k) = (jY j � 1) f (0; k) + f (1; k)

� jY j � 1 + 2 jY j k � 2 jY j (2 + k) = 2 jY j
 
k + 2

1

!
;
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where the inequality follows from the inductive step and (C.2). Suppose now that (C.3)
is true for k + 1 and r � 1: Then

f (r + 1; r + 1 + k + 1)

� (jY j � 1) f (r; r + k + 1) + f (r + 1; r + k + 1)

� (jY j � 1) (r + 1) jY jr
 
r + k + 1

r

!
+ (r + 2) jY jr+1

 
r + k + 1

r + 1

!

� (r + 2) jY jr+1
" 

r + k + 1

r

!
+

 
r + k + 1

r + 1

!#

= (r + 2) jY jr+1
 
r + k + 2

r + 1

!
;

where the �rst inequality comes from the inductive step. This shows the inductive step
for k + 1 and all r: This also �nishes the proof of the Proposition. �

C.3. Proof of Lemma 1. Fix theory T , an instance process �x1; a learning rule l, and
period t: De�ne At = fx1; :::; xtg and

M (y1; :::; yt�m) := f� 2M (At;T ) : � (x1) = y1; :::; � (xt�m) = yt�mg ; (C.4)

um (y1; :::; yt�m) = inf
�2M(y1;:::;yt�m)

tX
s=t�m+1

l
�
(xu; � (xu))u<s ; xs

�
(� (xs)) � m;

Mm (u) = max
y1;:::;yt�m:ut(y1;:::;yt�m)�u

jM (y1; :::; yt�m)j ;

with a convention that Mm (u) = 0 for any u > m. Here,

� M (y1; :::; yt�m) is the set of model restrictions � 2M (At;T ) for which the �rst
n�m outcomes are equal to y1; :::; yt�m. In other words, this is the set of model
restrictions that are considered as plausible by the decision maker who observed
that � (x1) = y1; :::; � (yt�m) = yt�m: Of course,

jM (y1; :::; yt�m)j =
X
y

jM (y1; :::; yt�m; y)j ;

� um (y1; :::; yn�m) is the worst-case payo¤ from correct predictions in periods t =
n�m + 1; :::; n; that are committed by learning rule l given that the model re-
striction belongs to setM (y1; :::; yn�m) : Then, um is characterized by a recursive
formula:

um (y1; :::; yt�m) = inf
y

�
l
�
(xu; yu)u�t�m ; xt�m+1

�
(y) + um�1 (y1; :::; yt�m; y)

�
: (C.5)
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� Mm (u) is the upper bound on the size ofM (y1; :::; yt�m) for these sequences of
outcomes y1; :::; yt�m that lead to continuation payo¤ at least u:

Lemma 13. Mm (u) � f (m� u;m) for any u and any m = 1; :::; t:

Proof. Mm (u) is (weakly) decreasing in u. Notice that for any y1; :::; yt�m; y;

jM (y1; :::; yt�m; y)j �Mm�1 (um�1 (y1; :::; yt�m; y))

=Mm�1 (um�1 (y1; :::; yt�m; y))

�Mm�1
�
um (y1; :::; yt�m; y)� l

�
(xu; yu)u�t�m ; xt�m+1

�
(y)
�
;

where the last inequality is a consequence of (C.5). This leads to a recursive bound,

Mm (u) � max
�2�Y

X
y2Y

Mm�1 (u� � (y)) : (C.6)

The rest of the proof is by induction on m: The inductive hypothesis can be directly
veri�ed for m = 1: Indeed, by de�nition,

M1 (u) � jY j � jY jmax (2� u; 0) for any u � 1 and
M1 (u) = 0 � jY jmax (2� u; 0) for any u > 1:

Suppose that the inductive step holds for m: Then, due to (C.6),

Mm+1 (u) � max
�2�Y

X
y2Y

f (m� u+ � (y) ;m) :

Since function f (x;m) is convex in x; the maximum above is obtained when � (y) = 1
for some y and � (y0) = 0 for y0 6= y. Hence, by de�nition of function f;

Mm+1 (u) � (jY j � 1)
X
y2Y

f (m� u;m) + f (m� u+ 1;m) = f (m+ 1� u;m+ 1) ;

which �nishes the inductive step and the proof of the Lemma. �

Let

u� := ut (?) = inf
�2M(T )

tUt (l; �x1; �) :
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Then,M (At;T ) =Mt (u
�). By Lemmas 12 and 13,

E (At;T )

=
1

t
logM (At;T ) =

1

t
logMt (u

�)

� 1

t
log

"
(dt� u�e+ 1) jY jdt�u

�e

 
t

dt� u�e

!#

� dt� u�e
t

�
log jY j+ 2 + log t

dt� u�e

�
;

and the last inequality follows from Stirling�s formula

1

n
log

 
n

d"ne

!
� " log 1

"
+ (1� ") log 1

1� "; (C.7)

and the fact that that (1� ") log 1
1�" � " for any " 2 (0; 1) : Because hc is increasing in

e; this shows that

dt� u�e
t

� hlogjY j (E (At;T )) � hlogjY j (E (T )) :

This ends the proof of the �rst part of the Lemma.

Appendix D. Proof of Lemma 2

Fix a theory T; an instance process �x1, and an increasing sequence of periods 1 =
t0 < t1::: . For any k; let Ak =

�
xtk�1+1; :::; xtk

	
: I construct learning rule l such that

for any k;

inf
�2M(T )

tkX
t=tk�1+1

[1� lt ((xs; � (xs)) ; xt) (� (xs))] � (tk � tk�1) E (Ak;T ) :

This will �nish the proof of the second part of Lemma 1.
As in (C.4), de�ne set

M (y1; :::; ys) :=
�
� 2M

��
xtk�1+1; :::; xtk

	
; T
�
: �
�
xtk�1+u

�
= yu for each u � s

	
:

M (y1; :::; ys) consists of these model restrictions for which the initial s outcomes are
equal to y1; :::; ys, respectively. Then,M (?) =M (Ak) : De�ne learning rule l : for any
t = tk�1 + 1; :::; tk; let

lt
�
(xs; ys)s<t ; xt

�
:= argmax

y

��M �
ytk�1+1; :::; yt�1; y

�����M �
ytk�1+1; :::; yt�1

��� :
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Thus, the prediction of l is equal to the outcome � (xt) that is predicted by the largest
subset of model restrictions fromM

�
ytk�1+1; :::; yt�1

�
: At each period t;��M �

ytk�1+1; :::; yt�1; yt
�����M �

ytk�1+1; :::; yt�1
��� � 1 if the prediction of l is correct;��M �

ytk�1+1; :::; yt�1; yt
�����M �

ytk�1+1; :::; yt�1
��� � 1

2
if the prediction of l is wrong.

Therefore, the number of mistakes committed between periods tk�1 + 1 and tk cannot
be higher than

tkX
t=tk�1+1

[1� lt ((xs; � (xs)) ; xt) (� (xs))] � log jM (?)j

= (tk � tk�1) E (Ak;T ) :

Appendix E. Proof of Proposition 7

Fix locally generated group action G 7�! X.
A predictor is a tuple (C; p) of a �nite subset C � X, called support of the predictor,

and a function p : C ! [0; 1] :

De�nition 10. Family of modelsM is ("0; 
)-decomposable on local set U , if, for any
D � U; jDj � "0 jU j, there is a set of predictors C�D such that
(1) for any (C; p) 2 C�D, C � D and jCj � 
 jU j ;
(2) log jC�Dj � 
"0 jU j ;
(3) for any model � 2M; there is (C; p) 2 C�D so thatX

x2C
j� (x)� p (x)j � "0 jCj : (E.1)

Lemma 14. Suppose that 
 � "0 � 1 and family of models M � f0; 1gX is ("0; 
)-
decomposable on local set U: Then, there exists a class of functions T � f0; 1gU such
that log jT j � "0 jU j and for each model � 2M; there is � 2 T such thatX

x2U
j� (x)� � (x)j � 3"0:

Proof. For any D � U; jDj � "0 jU j ; let C�D be the family of subsets from the de�nition
of decomposability. By decomposability, for any model � 2 M; there is an inductively
constructed sequence of predictors (Cm;pm), m = 0; :::; n� 1; where n � 1



, such that

� all sets Cm are mutually disjoint,
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�
����Un n�1S

m=0

Cm

���� � "0 jU j ; and
� for any m < n; (Cm;pm) 2 C�

�
Un

m�1S
m0=0

Cm0

�
and

X
x2Cm

j� (x)� pm (x)j � "0 jCmj :

For any sequence of predictors (Cm;pm), m = 0; :::; n � 1; such that all sets Cm are

mutually disjoint,

����Un n�1S
m=0

Cm

���� � "0 jU j ; and (Cm;pm) 2 C�
�
Un

m�1S
m0=0

Cm0

�
for each

m < n; de�ne function �fCm;pmg : U ! f0; 1g as

�fCm;pmg (x) = 1; if pm (x) �
1

2
for any x 2 Cmn (D0 [D1) ;

�fCm;pmg (x) = 0; if pm (x) <
1

2
for any x 2 Cmn (D0 [D1) ;

�fCm;pmg (x) = 0; if x =2
n�1[
m=0

Cm:

The above implies that for any model � 2M; there is �fCm;pmg such thatX
x2U

��� (x)� �fCm;pmg (x)��
�
�����Un

n�1[
m=0

Cm

�����+ 2X
m

X
x2Cm

j� (x)� pm (x)j

� 3"0 jU j :

De�ne T as the family of functions �fCm;pmg where fCm; pmg is a sequence of predictors
that satisfy the above conditions. The cardinality of T can be bounded by the number
of such sequences of predictors:

jT j � sup
D�U;jDj�"0jU j

C�
1



D � 2
"0jU j
1

 � 2"0jU j:

�

Lemma 15. Suppose that 
 � "0 � 1 and family of models M � f0; 1gX is ("0; 
)-
decomposable on local set U: Then,

1

jU j logMU � 6"0 log
1

3"0
+ 2 (1� 3"0) log 1

1� 3"0 + "
0:
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Proof. Take family of functions T from the previous lemma. For any � 2 T ; any sets
D0; D1 � X; de�ne function �D0;D1 : U ! f0; 1g as

�D0;D1 (x) = � (x) if x =2 D0 [D1;

�D0;D1 (x) = 0 for any x 2 D0 and

�D0;D1 (x) = 1 for any x 2 D1:

The above implies that for any model � 2M; there are D0; D1 � U; jD0j ; jD1j � 3"0 jU j
such that

�jU = �D0;D1 :
Hence, the set MU of model restrictions on U is bounded by the cardinality of the

set of all functions �D0;D1 where jD0j ; jD1j � 3"0 jU j : By the Stirling�s formula and the
previous Lemma,

1

jU j logMU �
1

jU j log jf�D0;D1 : � 2 T ; jD0j ; jD1j � 3"0 jU jgj

� 1

jU j log
 

jU j
3"0 jU j

!2
+

1

jU j log jT j

� 2
�
3"0 log

1

3"0
+ (1� 3"0) log 1

1� 3"0

�
+ "0:

�

De�nition 11. A S-restriction is a family of functions f�ggg2G such that �g : g � S !
f0; 1g : Family of models M � f0; 1gX respects S-restriction f�gg if �jg�S 6= �g for any
model � 2M and any g 2 G:

If G-dimension of familyM contains S; then there exists S-restriction respected by
familyM. Conversely, if familyM respects an S-restriction, then G-dimension ofM
contains set S:

Lemma 16. Fix S-restriction f�gg : For any "0 2 (0; 1), there exist 
 � "0 and local V
such that for any permutation g; any local U so that g �V � U and 
"0 jU j � 1; if family
of modelsM respects f�gg ; then it is ("0; 
)-decomposable on U:

The Lemma is proved below.

Proof of Proposition 7. Fix " > 0: Find 0 < "0 � 1 small enough, so that

6"0 log
1

3"0
+ 2 (1� 3"0) log 1

1� 3"0 + "
0 � ": (E.2)

The Proposition follows from the Lemmas. �
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E.1. Proof of Lemma 16. I begin with a sketch of the main idea behind the proof.
Suppose that U is local set, D � U is its subset of su¢ cient size; jDj � "0 jU j ; and, for
simplicity, that M is a family of models that omit pattern (S; �) ; where S is generic,
M =M (fS; �g). I need to �nd a "exponentially small" set of predictors C�D, such that
each predictor (C; p) 2 C�D has "large" support C � U and for each model � 2M, there
is a predictor (C; p) 2 C�D such that p approximates model � on set C: Here and in what
follows, "A � B is large" means that proportion of the size of A to the size of B is
bounded away from 0; "A is (exponentially) small" if the size of A divided by the size
of B converges to 0 (exponentially quickly) when the size of B increases to in�nity.
Fix any x� 2 S: Say that model � 2M is "nice" if there is a "small" set W � U and

a "large" subset C � D such that for any x 2 C there is a permutation g st.
� g � x� = x;
� for each x0 2 Sn fx�g ; g � x0 2 W and � (g � x0) = � (x0) :

Because model � omits pattern (S; �) ; the above implies that for each x 2 C; � (x) =
1 � � (x�) : One can construct a set of predictors that approximate all "nice" models.
For each "small" W � U; each y : W ! Y; let

Cx
�

W;y;D = fg � x� 2 D : g � (Sn fx�g) � W and 8x2S;x 6=x�y (g � x) = � (x)g

px
�

W;y;D = 1� � (x�) :

Each predictor
�
Cx

�
W;y;D; p

x�
W;y;D

�
depends on setW and on the con�guration y of outcomes

on set W: The number of such predictors can be bounded by

1

jU j log
����Cx�W;y;D; px�W;y;D�	��

� 1

jU j log
" 

number of "small"
W � U

!
2jW j

#

=
1

jU j log
 
number of "small"

W � U

!
+
jW j
jU j :

If set W is su¢ ciently "small", the above expression is also "small".
Although predictors

�
Cx

�
W;y;D; p

x�
W;y;D

�
approximate all "nice" models, family M may

also contain models that are not "nice." The proof in the case of these models is based
on the following observation: If S is generic, U is su¢ ciently large, and model � is not
"nice"on large set D; then it (approximately) omits pattern

�
Sn fx�g ; � jSnfx�g

�
: The

support of such pattern is smaller than the support of the original pattern. The above
procedure can be repeated. One identi�es models that are "nice" with respect to the new
pattern, and �nds a set of predictors that approximate these models. This procedure is
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repeated at most jSj times. If the size of the set of predictors found at each step of the
procedure is small, then the sum of these sizes is also small. This will yield the Lemma.

E.1.1. Notation. From now on, �x "0 2 (0; 1) ; generic S � X; jSj = k, and S-restriction
f�gg : The proof of the Lemma is divided into few parts.
I start with notation. An enumeration of S is any tuple �x� = (x�1; :::; x

�
k) 2 Xk, such

that S = fx�1; :::; x�kg : De�ne set of k-tuples of that are obtained as permutations of
enumeration �x� :

A (�x�) =
�
g � �x� 2 Xk : g 2 G

	
:

By the de�nition of S-restriction, there exists a function � �x
�
: A (�x�) ! f0; 1gk such

that for any family of models M � f0; 1gX ; if family M respects S-restriction f�gg ;
then, for any � 2M and any �x 2 A (�x�) ; there is l � k such that � (xl) 6= � �x

�
l (�x) :

Take any local U � X and an enumeration �x of S: De�ne three sets of tuples:

(1) Let

AU (�x
�) = A (�x�) \ Uk: (E.3)

Set AU (�x�) consists of k-tuples of elements of U that are obtained as permuta-
tions of enumeration �x�: Recall that GU � G is the subgroup of all permutations
that keep set U �xed (see 2.14). Group action GU 7�! U induces group action
GU 7�! AU (�x

�). Because U is local, GU 7�! AU (�x
�) is transitive.

(2) For any l � k, x 2 U; de�ne set of k-tuples:

AlU (x; �x
�) = f�x 2 AU (�x�) : xl0 = xg .

This is a set of tuples from AU (�x
�) ; for which the lth element is equal to x:

Because G 7�! AU (�x
�) is transitive, it follows immediately that for any x; x0 2 U;��AlU (x; �x�)�� = ��AlU (x0; �x�)�� = jAU (�x�)j

jU j : (E.4)

(3) For any l � k + 1; any model � : X ! f0; 1g ; de�ne set of k-tuples:

AlU (�; �x
�) =

�
�x 2 AU (�x�) : � (xl0) = � �x

�

l0 (�x) for any l
0 � l � 1

	
: (E.5)

Here, AlU (�; �x
�) is a set of tuples �x 2 AU (�x�) such that the values of model � at

the �rst l � 1 elements are equal to the corresponding �rst l � 1 coordinates of
� �x

�
(�x).

For any B � Xk; let 1B : AU (�x�)! R be the indicator function of set B: 1B (�x) = 1
i¤ �x 2 B. For example, if D � U; 1Dk is an indicator of tuples whose all elements belong
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to D: For any function f : AU (�x�) ! R; de�ne integral EU;�x�f as in (B.1). BecauseX
x2U
1AlU (x;�x�) = 1;

EU;�x�f =
1

AU (�x�)

X
�x2AU (�x�)

f (�x) =
X
x2U
EU;�x�f1AlU (x;�x�): (E.6)

E.1.2. Indicator functions. The next result identi�es a class of subsets of local U with
some useful properties. The proof of the Lemma can be found in Appendix E.3

Lemma 17. For any � > 0; there is a local set V such that for any permutation g and
any local U � g � V; there are an enumeration �x� of S, and sets Wl � U; l � k such that,
for each l � k; jWlj � � jU j and

jfg � x�l : 8l0<lg � x�l0 2 Wl; g 2 Ggj �
1

2k
jU j :

I use the indicator sets to construct a class of indicator functions. For any f : AU (�x)!
R, for any permutation g; let fg : AU (�x) ! R be a function that is obtained as a g-
permutation of f; i.e., fg (�x) = f (g � �x) for any �x 2 AU (�x) : Say that set of functions
F � (AU (�x))R is GU -invariant, if f 2 F implies fg 2 F :

Lemma 18. For any � > 0; there is a local set V such that for any permutation g
and any local U � g � V; there is an enumeration �x� of S and GU -invariant families of
functions F l

U � (AU (�x
�))R,l = 1; :::; k, such that for any l � k; for any f 2 F l

U ; any
x 2 U;

EU;�x�f �
1

2k
and EU;�x�f1AlU (x;�x�) �

1

jU j for each x 2 U:

and
1

jU j log
���n1AlU (�;�x)f : l � k; � 2 Y X ; f 2 F l

U

o��� � �:
Proof. Find � > 0 so that

� log
1

�
+ (1� �) log 1

1� � + � � �:

Find a local set V such that for any local U � g � V; there are an enumeration �x� of
S and sets Wl � U; jWlj � � jU j such that the thesis of Lemma 17 holds. Fix l � k:

De�ne set of tuples
T lA := f�x 2 A : fx1; :::; xl�1g � Wlg :

De�ne f lU : AU (�x
�)! R as

f lU (�x) =

( jAj
jU j

1

jAlU (xl;�x�)\T lAj
0

if �x 2 T lA;
if �x =2 T lA:
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De�ne also a family of functions

F l
U :=

n�
f lU
�
g
: g 2 GU

o
:

By de�nition, family F l
U is GU -invariant.

For any x 2 U such that AlU (x; �x�) \ T lA is empty, it must be that

EU;�xf
l
U1AlU (x;�x�) = EU;�xf

l
U (�x)1AlU (x;�x�) =

1

jAU (�x)j
X

g��x2AlU (x;�x�)\T lA

= 0:

For any x 2 U such that AlU (x; �x�) \ T lA is not empty, it must be that

EU;�xf
l1AlU (x;�x�) =

1

jAU (�x)j
X

�x2AlU (x;�x�)\T lA

jAU (�x)j
jU j

1��AlU (xl; �x�) \ T lA�� = 1

jU j :

Therefore, for any g 2 GU ;

EU;�x
�
f lU
�
g
1AlU (x;�x�) = EU;�xf

l
U1AlU (g�1�x;�x�) �

1

jU j ;

and, by (??) and (E.6),

EU;�x
�
f lU
�
g
= EU;�xf

l
U =

X
x2U

EU;�xf
l
U1AlU (x;�x�)

=
X

x2U :AlU (x;�x�)\T lA 6=?

EU;�xf
l
U1AlU (x;�x�)

=

���x 2 U : AlU (x; �x�) \ T lA 6= ?	��
jU j � 1

2k
:

This shows the �rst part of the Lemma.
By de�nition, if g � Wl = Wl; then �x 2 T lA i¤ g � T lA: Hence,

��AlU (xl; �x�) \ T lA�� =��AlU (g � xl; �x�) \ T lA�� and �
f lU
�
g
= f lU :

Take any g; g0 2 GU and �; �0 : X ! Y such that g �Wl = g
0 �Wl and �jg�W l = �0jg0�W l :

Then, �
f lU
�
g
=
�
f lU
�
g0
and 1AlU (�;�x�)

�
f lU
�
g
= 1AlU (�0;�x�)

�
f lU
�
g0
:

In other words, functions 1AlU (�;�x�)
�
f lU
�
g
depend only on g �Wl and �jWl

: There are (a) at

most

 
jU j
jWlj

!
ways of choosing set g �W l

l � U and (b) at most 2jWlj ways of choosing
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restriction �jg�Wl
: Because jWlj � � jU j, an application of the Stirling formula yields:
1

jU j log
���n1AlU (�;�x�)f l�g : g 2 GU and � : X ! f0; 1g

o���
� 1

jU j log
" 

jU j
jW j

!
2jW j

#

� � log 1
�
+ (1� �) log 1

1� � + � � �:

�

E.1.3. Predictors. Next, I construct a class of predictors
�
C lf ;D; p

l
f;D

�
: Each predictor is

indexed with a function f : AU (�x�)! R, subset D � U and position l � k: Let

C lf ;D =

�
x 2 D : EU;�x�f1Al(x;�x�)1Dk � "0

4k jU j

(l)

�
and (E.7)

plf;D (x) = 1�
EU;�x�1Al(x;�x)1Dkf� �x

�
l

EU;�x�1Al(x;�x)1Dkf
for any x 2 C lf;D; (E.8)

The de�nitions of predictors
�
C lf;D; p

l
f;D

�
depend on the local set U and enumeration �x�

of S. This dependence is not mentioned in order to save on notation.
For each D � U; de�ne

C�D =
n�
C lf ;D; p

l
f;D

�
: l � k; f = 1AlU (�;�x)f̂ ; � 2 Y

X ; f̂ 2 F l
U

o
:

The next Lemma bounds the cardinality of the set of predictors.

Lemma 19. For any 
 > 0; there is a local set V such that for any permutation g and
any local U � g � V; any l � k; any D � U; jDj � "0 jU j ;

log jC�Dj � "0
 jU j ;

where C�D is de�ned as above.

Proof. Let � = "0

2
. Find a local set V such that for any permutation g and any local

U � g � V; there is an enumeration �x� of S and GU -invariant families of functions
F l
U � (AU (�x

�))R,l = 1; :::; k, such that for any l � k; the thesis of Lemma ?? holds.
W.l.o.g., I can assume that jU j � jV j � 1

�
log k: The result follows from the fact that

log jC�Dj � log
���n1AlU (�;�x)f : l � k; � 2 Y X ; f 2 F l

U

o���+ log k
� 2� jU j � "0
 jU j :

�
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E.1.4. Constants. Because set S is generic, then, for any "0 > 0; there is a local set
U such that for any enumeration �x of S; any D � U st. jDj � "0 jU j, the integral
EU;�x1Dk > 0 is bounded away from 0. The next result strengthens this property so that
it holds uniformly across all su¢ ciently large local Us.

Lemma 20. There is �� > 0 and a local set V such that for any permutation g, any
local U � g � V , any enumeration �x� of S; and any D � U st. jDj � "0 jU j,

EU;�x�1Dk � ��:

The Lemma is proven in Appendix E.2. Take �� > 0; so that thesis of Lemma 20
holds for "0: De�ne constants 
(l); 
 > 0; for any 1 � l � k + 1:


(1) = �� and, inductively, (E.9)


(l+1) =
("0)3

50k
(1� "0)

�

(l)
�2
for any l � k;


 =
1

4k
(1� "0) 
(k):

E.1.5. Decomposability. Let V be a local set from Lemma 20. Take any local U such
thatU � g � V for some permutation g. Suppose that family of models M respects
S-restriction f�gg : In this section, I prove that sets of predictors fC�DgD�U decompose
family M: In order to shorten the notation, in the rest of the proof I drop subscripts
referring to U , �x and � : Instead of

AU (�x
�) ; AlU (x; �x

�) ; AlU (�; �x
�) ; GU ;F l

U ; �
�x�

l ; EU;�x� ;

I write
A;Al (x) ; Al (�) ; G;F l; �l; E:

Lemma 21. Suppose that family of models M respects S-restriction f�gg : For any
D � U; jDj � "0 jU j ; any model � 2M, there is l � k so that

E1Al(�)1Dk � 
(l) and E1Al+1(�)1Dk � 
(l+1): (E.10)

Proof. By de�nition (E.5), A1 (�) = A: By Lemma 20, E1A1(�)1Dk = E1Dk � �� = 
(1):
On the other hand, if � 2M; then 1Ak+1(�) � 0: Hence, E1Ak+1(�)1Dk = 0 � 
(k+1): The
Lemma follows. �

Lemma 22. For any " > 0; any model � : X ! f0; 1g ; and any D � U; if (E.10) holds
for some l � k, then there is f̂ 2 F l such that��C lf;D�� � 
 jU j and X

x2Cl(f ;D)

��� (x)� plf ;D�� � "0 ��C lf ;D�� ; (E.11)
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where f := 1AlU (�;�x)f̂ :

Proof. Because F l is G-invariant, by the second part of Lemma 8, there is f̂ 2 F l such
that

E1Al(�)1Dk f̂ � 1

2
Ef̂E1Al(�)1Dk and

E1Al+1(�)1Dk f̂ � 3
E1Al+1(�)1Dk

E1Al(�)1Dk

E1Al(�)1Dk f̂ :

Take

f = 1AlU (�)f̂ :

Because of (E.10),

f = 1Al(�)f; (E.12)

Ef1Al(x) �
1

jU j for each x 2 U (E.13)

E1Dkf � 1

4k

(l) (E.14)

E1Al+1(�)1Dkf � 3

(l+1)


(l)
E1Dkf . (E.15)

By (E.13) and the de�nition of set C lf ;D

E1Dkf =
X

x2Clf ;D

E1Al(x)1Dkf +
X

x=2Clf ;D

Ef1Al(x)1Dk

�
��C lf ;D�� 1jU j + 1

4k
"0
(l):

Therefore, by (E.14),

1

jU j
��C lf ;D�� � Ef1Dk � 1

4k
"0
l � (1� "0)Ef1Dk

� 1

4k
(1� "0) 
l � 
: (E.16)

This shows the �rst part of (E.11).
Note that for any �x 2 Al (�) ; �x 2 Al+1 (�) if and only if � (xl) = � �x

�
l (�x) : Hence,��(� (x)� 1)E1Al(x)1Dkf + E1Al(x)1Dkf�l

��
=
X
�x2A

1

jAj1Al(x) (�x) j�l (�x)� (1� � (x))j1Dk (�x)1Al(�) (�x) f (�x)

= E1Al(x)1Al+1(�)1Dkf
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and, by (E.12), X
x2Clf;D

��� (x)� plf;D (x)��
=
X

x2Clf ;D

��(� (x)� 1)E1Al(x)1Dkf � E1Al(x)1Dkf�l
��

E1Al(x)1Dkf

=
X

x2Clf ;D

E1Al(x)1Al+1(�)1Dkf

E1Al(x)1Dkf
:

Suppose that the second part of (E.11) does not hold. Then, there is subset B � C lf ;D
such that

jBj � "0

2

��C lf ;D�� � "0

2
(1� "0) jU jE1Dkf

(the second inequality comes from (E.16)), and for each x 2 B;

E1Al(x)1Al+1(�)1Dkf � "0

2
E1Al(x)1Dkf:

But then,

E1Al+1(�)1Dkf =
X
x2U

E1Al(x)1Al+1(�)1Dkf

�
X
x2B

E1Al(x)1Al+1(�)1Dkf

� "0

2

X
x2B

E1Al(x)1Dkf

� ("0)2

8k

(l)
jBj
jU j �

("0)3

16k
(1� "0) 
(l)Ef1Dk :

(The third inequality is a consequence of the de�nition of set C lf ;D:) By inequality (E.15),

3

(l+1)


(l)
E1Dkf � E1Al+1(�)1Dkf � ("0)3

16k
(1� "0) 
(l)Ef1Dk :

This leads to


(l+1) � ("0)3

48k
(1� "0)

�

(l)
�2
;

which contradicts the de�nition of constant 
(l+1). The contradiction shows the second
part of (E.11). �
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E.1.6. Proof of Lemma 16. Find local V such that the theses of Lemmas 19 and 20 hold.
Such a local set V exists, because G is locally generated and for any �nite sets S and
S 0 there is a local V and permutations g; g0 such that V � g � S [ g0 � S 0: Lemma 16 is a
corollary to Lemmas 19, 21, and 22.

E.2. Proof of Lemma 20. Fix generic S and "0 > 0: By de�nition, there is a local V
such that for any subset D � V; jDj � ("0)2 jV j ;

EV;�x1Dk � 1

jAV (�x)j
> 0:

I will show that for any local U � V and any D � U; jDj � "0 jU j ;

EU;�x1Dk � �� := 1

2
"0

1

jAV (�x)j
> 0:

Let GU = fg 2 G : g � U = Ug : Because U is local and G 7�! X is transitive, GU 7�!
U is a transitive group action. By the �rst part of Lemma 8, for any subset D � U;

jDj
jU j =

1

jGU j
X
g2GU

jD \ g � V j
jV j :

For any D � U; de�ne

� (D) =

���g 2 GU : jD \ g � V j � ("0)2 jV j	��
jGU j

:

Suppose that jDj � "0 jU j. Then, by (E.17),

"0 � jDj
jU j =

1

jGj
X
g2GU

jD \ g � V j
jV j � � (D) + ("0)2 (1� � (D)) ;

hence,

� (D) � "0 � ("0)2

1� ("0)2
= "0

1

1 + "0
� 1

2
"0

Because U is local, group action GU 7�! U induces transitive group action GU 7�!
AU (�x) : Take any D � U; such that jDj � "0 jU j : By the �rst part of Lemma 8,

jAD (�x)j
jAU (�x)j

jAV (�x)j
jAU (�x)j

=
1

jGj
X
g2GU

jAD\g�V (�x)j
jAU (�x)j

:

By de�nition, for any set D � X such that jD \ g � V j � ("0)2 jV j ;

jAD\g�V (�x)j
jAV (�x)j

� 1

jAV (�x)j
: (E.17)
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Hence,

jAD (�x)j
jAU (�x)j

=
1

jGj
X
g2GU

jAD\g�V (�x)j
jAV (�x)j

� � (D) 1

jAV (�x)j
� 1

2
"0� (V; �x; ") :

E.3. Proof of Lemma 17. Fix generic S; k = jSj. In the results that follow, phrase
"S is �-generic for local U" for some � > 0 means that U is a local set, such that for
any subset D � U; jDj � � jU j ; there is a permutation g 2 G; such that g � S � U . I
also assume that S � U:

Lemma 23. For any local U; for which S is �-generic, there are x� 2 S and subsets
W;T � U such that

jW j � � jU j and jT j � 1

2k
jU j ;

and for any x 2 T; there is a permutation g 2 G such that g�x� = x and g�(Sn fx�g) � W:

Proof. Let W � U be a maximal set among those that do not contain any permutation
of S :
(a) for any permutation g 2 G; g � S * W and
(b) for any x 2 UnW; there is a g 2 G such that g � S � W [ fxg :
There is at least one such a set and jW j < � jU j because S is �-generic for U: For any

x� 2 S; de�ne sets Tx� � U such that for any x 2 Tx� ; there is a permutation g 2 G
such that g � x� = x and g � (Sn fx�g) � W: Then,

S
x�
Tx� = UnW; and there is x� 2 S

such that

jTx�j �
1

jSj
�

1� � jU j �
1

2 jSj :

�

Lemma 24. For any local U; for which S is �-generic, there are an enumeration �x� of
S and sets W l; T l; l � k such that for any l � k��W l

�� � � jU j and ��T l�� � 1

2k
jU j ; (E.18)

and

T l �
�
g � x�l : g 2 GU ; g �

�
x�1; :::; x

�
l�1
	
� W l

	
: (E.19)

Proof. Note that if S is �-generic for U; then any subset S 0 � S is also �-generic for
U: The Lemma is a corollary to this observation and to Lemma 23. Enumeration �x�

is constructed by induction. Let �xk be any enumeration of S. By Lemma 23, there is
an enumeration �xk� =

�
xk�1 ; :::; x

k�
k�1; x

�
k

�
and sets W k; T k that satisfy the thesis of the

Lemma. Next, consider Sk�1 = Sn fx�kg : Then, Sk�1 is �-generic for U: By Lemma 23,
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there is an enumeration �x(k�1)� =
�
x
(k�1)�
1 ; :::; x

(k�1)�
k�2 ; x�k�1

�
of Sk�1 and setsW k�1; T k�1

such that (E.18) and (E.19) hold for l = k � 1:A repetition of this argument for l =
k � 2; k � 3; :::; 1 proves the lemma the Lemma. �

I use the above results to �nish the proof of Lemma 17

Proof of Lemma 17. By Lemma 20, there is a local V such that for any permutation g
and any local U � g � V; S is �-generic for U: I can assume w.l.o.g. that S � U (this is
because the group action is locally generated.) The result follows from Lemma 24. �

Appendix F. Proofs of Section 5

F.1. Proof of Lemma 4. The proof is divided into three parts.

F.1.1. Product of local sets is local. I consider only the product of two groups, d = 2:

The general result follows by induction on d: Let Uj be local sets under group actions
Gj 7�! Xj for both j = 1; 2: Observe that

GU1�U2 = f(g1; g2) : (g1; g2) � U1 � U2 = U1 � U2g

=
Y
j=1;2

fgj : gj � Uj = Ujg = GU1 �GU2 :

Take any subset S � U; and suppose that there is (g1; g2) 2 G such that (g1; g2) �S � U:
Let Sj � Uj be the projection of S on its jth coordinate:

Sj = fxj : (xj; x�j) 2 Sg :

Because Uj is local, there is a permutation g0j 2 GUj such that g0j � Sj = gj � Sj: This
implies that (g01; g

0
2) � S = (g1; g2) � S: Hence, U1 � U2 is local under the product group

action.

F.1.2. Product of generic sets is generic. It is su¢ cient to prove the result for d = 2:

Fix any " > 0: Denote kj = jSjj and let �x�j =
�
x�j1 ; :::; x

�j
kj

�
be an enumeration of Sj;

i.e.
n
x�j1 ; :::; x

�j
kj

o
= Sj.

For any j; any local set Uj � Xj, any " > 0; let AUj (�x
�j) � Ukj be de�ned as in (E.3).

Let GUj be as in (??). Let EUj ;�x�j be an integral de�ned in (B.1).
Choose local set U1 � X1 so that for any subset D1 � U1; jD1j � "

2
jU1j ; there is a

permutation g so that g � S1 � D1: Hence, EU1;�x�11Dk
1
> 0; and let

�1 := inf
D1�U1;jD1j� "

2
jU1j;

EU1;�x�11Dk
1
:
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Choose local set U2 � X2 so that for any subset D2 � U2; jD1j � "
4
� jU1j ; there is a

permutation g so that g � S2 � D2: Hence,

�2 := inf
D2�U2;jD2j� "

4
�jU2j;

EU2;�x�21Dk
2
> 0:

Such local sets exist because Sj are generic.
By the above, U1�U2 is local under the product group action. For any D � U1�U2,

de�ne sets

DA
1 � AU1

�
�x�1
�
� U2; DA

12 � AU1
�
�x�1
�
� AU2

�
�x�2
�

as follows:

DA
1 =

��
�x1; x2

�
:
�
x1l ; x

2
�
2 D for any l � k1

	
and

DA
12 =

��
x11; :::; x

1
k1
; x21; :::; x

2
k2

�
: for any l � k2;

�
x11; :::; x

1
k1
; x2l
�
2 DA

1

	
=
��
x11; :::; x

1
k1
; x21; :::; x

2
k2

�
: for any l1 � k1; l2 � k2;

�
x1l1 ; x

2
l2

�
2 D

	
:

Suppose that jDj � " jU1j jU2j : I will show that DA
12 is not empty. Since DA

12 is
contained in AU1 (�x

�1)�AU2 (�x�2) ; this implies that then there is a permutation (g1; g2) 2
G1 �G2 such that (g1; g2) � (S1 � S2) � D. Thus, S is generic.
For any x2 2 U2; de�ne

�2 (x2) =
jfx1 : (x1; x2) 2 Dgj

jU1j
:

Then,

jDj �
n
x2 : �2 (x2) �

"

2

o
jU1j+

"

2
jU1j jU2j ; and

jDj
jU1j jU2j

� "
2
�
�
x2 : �2 (x2) � "

2

	
jU2j

:

For any �x1 2 AU1 (�x�1) ; de�ne also

�1 (�x1) =

���x2 : (�x1; x2) 2 DA
1

	��
jU2j

:

Then, ��DA
1

�� � n�x1 : �1 (x1) � "

4
�1

o
jU2j+

"

4
�1
��AU1 ��x�1��� jU2j ; and��DA

1

��
jU2j jAU1 (�x�1)j

� "
4
�1 �

�
�x1 : �1 (�x1) � "

4
�1
	

jAU1 (�x�1)j
:
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Observe that��DA
1

�� = X
x22U2

�����x1; x2� : for any l � k1; �x1l ; x2� 2 D	��
�

X
x22U2;�2(x2)� "

2

������x1 : x1l 2 U1 \ fx1 : (x1; x2) 2 Dg for any l � k1	����
�

X
x22U2;�2(x2)� "

2

�1
��AU1 ��x�1���

�
�

jDj
jU1j jU2j

� "
2

�
�1
��AU1 ��x�1��� jU2j

Similarly,

jD12j =
X

�x12AU1 (�x�1)

�����x1; �x2� : for any l � k2; ��x1; x2l � 2 DA
1

	��
�

X
�x12AU1 (�x�1);�1(�x1)�

"
4
�1

����x2 : x2l 2 U2 \ �x1 : (�x1; x2) 2 DA
1

	
for any l � k1

	��
�

X
�x12AU1 (�x�1);�1(�x1)�

"
4
�1

�2
��AU2 ��x�2���

�
 ��DA

1

��
jU2j jAU1 (�x�1)j

� "
4
�1

!
�2
��AU2 ��x�2��� ��AU1 ��x�1���

By the above, ��DA
1

��
jU2j jAU1 (�x�1)j

� 1

jU2j jAU1 (�x�1)j

�
jDj

jU1j jU2j
� "
2

�
�1
��AU1 ��x�1��� jU2j

�
�

jDj
jU1j jU2j

� "
2

�
�1 �

�
"� "

2

�
�1 =

"

2
�1 >

"

4
�1:

Thus,

jD12j �
"

4
�1�2

��AU2 ��x�2��� ��AU1 ��x�1��� > 0
and D12 is not empty.

F.1.3. Product of tight group actions is tight. It is su¢ cient to prove the result for d = 2:
The fact that the product of transitive group actions is transitive is obvious. Suppose
that for any j = 1; 2; there are constants �j > 0 such that for any �nite Aj � Xj, there
is generic Sj � Aj; jSjj � �j jAjj. Take any �nite A � X1 �X2. I show that it contains
a generic subset with at least �1�2 jAj elements.
Indeed, there are local sets Uj 2 Xj such that A � U1 � U2: By the above, U1 � U2

is local, and group action GU1�U2 7�! U1 � U2 is transitive. Let Sj � Uj be generic
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sets such that jSjj � �j jUjj for both j = 1; 2: By the �rst part of Lemma 8, there is a
permutation g 2 GU1�U2 such that

j(g � (S1 � S2)) \ Aj
jU j � jS1 � S2j

jU j
jAj
jU j � �1�2

jAj
jU j :

Let S = (g � (S1 � S2)) \ A: The above implies that jSj � �1�2 jAj : Since S1 � S2 is
generic as a product of generic sets, S is generic as a subset of a generic set.

F.2. Proof of Proposition 5. The proof of genericity of X
�
B1; :::; Bd

�
relates prop-

erties of language Ordered Graphd to language Productd from Example 4. Let X� = Bd

be a product of d-copies of B: Then, X � X�:

Fix m1; :::;ml 2 N: For any " > 0, there is a �nite set U" � B; jU"j � 2d2

"
; l � d such

that for any D � Ud" ; jDj � "
2

��Ud" �� ; there are subsets C l � B;
��C l�� = ml; l � d such

that

C1 � ::::� Cl � D:
Indeed, this is simply a restatement of the fact that any �nite set is generic under
Productd group action (Corollary 2) together with an observation that the local set from
the de�nition of genericity can be taken of any large size.
For any �nite set U � B; recall the set X (U) � X of all ordered tuples of dis-

tinct elements of B0 in (2.15). This is a local set under group action Ordered Graphd.
Moreover,

X (U) = Ud \X;
where Ud is a product of d copies of U: Also, notice that��Ud \X�� � jU � :::� U j � dX

l�d

��Ud�1�� :
In particular, if U" � B is as above, then jU"j � 2d2

"
; and

jX (U)j �
 
1� d2

2d2

"

!��Ud�� = �1� "
2

� ��Ud�� :
Finally, the above remarks can be put together. Let B1; :::Bd � B be mutually disjoint

�nite sets and let ml =
��Bl�� ; l � d. Find set U" � B with the properties described

above. Take any subset D � X (U") such that jDj � " jX (U")j : Then,

jDj � " jX (U")j � "
�
1� "

2

� ��Ud�� ;
and there are sets C1; :::; Cd;

��C l�� = ml; l � d such that

C1 � :::� Cd � D:
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Since D � X; all tuples from C1 � :::� Cd must consist of distinct elements of B: This
implies that sets C1; :::; Cd are mutually disjoint. Moreover,

X
�
C1; :::; Cd

�
= C1 � :::� Cd \X � D

and sets X
�
C1; :::; Cd

�
and X

�
B1; :::; Bd

�
are permutations of each other under group

action Ordered Graphd. (Indeed, one can �nd a permutation g : B ! B such that for
any l � d; g � C l = Bl.) Because X (U") is local, this implies that X

�
B1; :::; Bd

�
is

generic.
To show that language Ordered Graphd is tight, take any �nite A � X and �nd �nite

U � B such that A � X (U) : Let m = jU j and let m1+ :::+md = m be a �nite sequence
of natural numbers such that ml 2

��
m
d

�
� 1;

�
m
d

�	
for each l: Find mutually disjoint

subsets Bl � U so that
��Bl�� = ml. Then,��X �B1; :::; Bd���

jX (U)j � m1

m
:::
md

m
�
�
1

d

�d
:

By the �rst part of Lemma 8, there is a permutation g such that g �X (U) = X (U) and��A \X �B1; :::; Bd��� � ��X �B1; :::; Bd���jX (U)j jAj �
�
1

d

�d
:

This shows that Ordered Graphd is tight and t (G) �
�
1
d

�d
.

F.3. Proof of Lemma 6. Notice that G0 7�! X� is transitive. Indeed, G 7�! X is
transitive; thus, for any x01; x

0
2 2 X; any xj 2 p�1X

�
x0j
�
; j = 1; 2; there is a permutation

g 2 G; such that g � x1 = x2: By (5.1), pG (g) � x01 = x02:
Let U � X be local under G 7�! X: Take any subsets A01; A

0
2 � pX (U) such that

there is a permutation g0 2 G0 so that g0 � A01 = A02 Let Aj = p�1X
�
A0j
�
\ U; j = 1; 2:

Take any permutation g 2 p�1G (g0) : By (5.1), g � A1 = A2: Because U is local, there is a
permutation gU such that gU �A1 = A2 and gU �U = U: By (5.1), pG (gU)�pX (U) = pX (U)
and pG (gU) � A01 = A02: This implies that pX (U) is local.
Let U � X be a local set. Because GU 7�! U is transitive, for any x01; x

0
2 2 pX (U) ;

there is a permutation gU 2 GU such that pG (gU) � x01 = x02: By (5.1),

pX
�
gU �

�
p�1X (x01) \ U

��
� p�1X (x02) \ U:

Because the above is true for any x01; x
0
2 2 pX (U) ; the inclusion can be replaced by

equality. This implies that for any subset D0 � pX (U) ;

jD0j
jpX (U 0)j

=

��p�1X (D) \ U
��

jU j :
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Suppose that S is generic under G 7�! X: Then, for each � > 0; there is a local set U
such that for each D � U; jDj � � jU j ; there is a permutation g so that g � S � D: Take
any subset D0 � pX (U) such that jD0j � � jpX (U)j : By the above,

��p�1X (D0) \ U
�� �

� jU j : Hence, there is a permutation g so that g � S � p�1X (D0) \ U: By (5.1),

pG (g) � pX (S) � D0:

This shows that pX (S) is generic.
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