LEARNING THROUGH THEORIES
MARCIN PESKT*

ABSTRACT. This paper builds a decision-theoretic framework to examine the relation-
ship between language and knowledge. A decision maker describes the world through
theories. A theory consists of universal propositions called patterns, and it is formu-
lated in some language. I look at two characteristics of a successful theory. A theory is
informative if it allows agents to precisely predict outcomes of some process. A theory
is brief if it consists of finitely many patterns. The main result of the paper identifies
languages for which there is no trade-off between both characteristics: Any informative
theory logically implies a theory that is informative as well as brief. I illustrate the main
result on specific problems of reasoning under uncertainty: recommendation problems,

binary preferences of a customer, or a stylized example of a chemical research.

1. INTRODUCTION

Theorizing, a process of thinking through general principles, is one of the most impor-
tant tools of human cognition. There are at least two roles for theories. First, theories
represent and compress information contained in a large number of individual facts. As
such, they are communicated in journals, published in the form of books or taught in
classrooms. Second, theories are used to predict novel facts. In this way, they influence
the decision-making. A quality of a theory can be measured by how well it fulfils its
roles. Among others,

e A good theory should be correct.

e It should be informative, i.e., it should lead to precise predictions. Theory "every-
thing is possible" is tautologically correct, but it has no predictive value. I am
interested here in a very strong notion of informativeness: one should be able to
use the theory to deduce almost all relevant predictions.

e It should be brief, i.e. one should be able to express it using finitely many
statements. To use the theory, the agent must be able to comprehend it. To
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communicate theory, it needs to be expressed in a finite medium. An infinite
theory is clearly useless for any real-world applications.

FEach theory must be stated in a language. The language defines the power and the
form of expression, by characterizing which theoriies can be stated and how they are
stated. There are various reasons why the relationship between language and theories is
interesting. First, theorizing is rarely a goal itself. More often, it is a tool towards other
goals, like storage of information, or prediction. As with any tool, it is natural to ask
about its quality. Different features of a good theory lead to different trade-offs. One
cannot understand this trade-offs without paying close attention to the language. In
particular, it is impossible to define what it means that a theory is brief without being
clear about how the theory is stated and what the alternative statements are. Second,
the relation between language and knowledge is of foundational importance for the
philosophy of science. Theories represent human knowledge about the world. In order
to understand better the epistemic status of a theory, it is essential to know what are the
constraints imposed on it by the language. Third, more or less explicit theorizing is used
by all people on a daily basis to predict consequences of their actions. The language that
the agent uses may affect how he processes information and how he makes decisions.
This makes the language of interest for all behavioral sciences, including psychology,
cognitive sciences and economics (see (Rubinstein 2000) and (Lipman 2003)). Fourth,
people communicate knowledge in the language. The language will affect the quality of
information transmission. Are there languages which are better for communication than
other?

This paper uses a decision theoretic framework to examine the relationship between
language and theories. In the first step, I characterize a class of theories that are brief
and informative in the same time. Any such theory can be expressed using only one
finitely stated proposition and such theory is sufficient to deduce almost all relevant
predictions. Next, I characterize languages in which every informative theory belongs
to the aforementioned class. In particular, any informative theory can be stated very
briefly. Examples include a language used in the decision theory to discuss binary choices
of a consumer, a language used to describe interactions between sets of objects and a
language used to formulate knowledge in recommendation systems. A notable exception,
which does not satisfy the assumptions of the main results, is a language used to express
theories about events that develop in time.

In the rest of the introduction, I describe briefly the main ideas of the paper: the
definition of a language, the decision theoretic model of learning, the formal results
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and some more specific motivation. The introduction is concluded by brief overview of
related literature.

1.1. Language. To focus the attention on the role of language, I assume that theories
are deterministic. (Probabilistic theories involve additional complications, some of which
are discussed in the last section of this paper.) The world is characterized by an assign-
ment 0 : X — Y of properties 0 () € Y to objects z € X, where X is infinite and Y is
finite. A language is defined as a finite set £ = {R;} of k;-nary relations R; C X% on X.
These relations, together with free variables x1, ..., x;, symbol 6, constants y, equality

n

relation "=", {R;}, and logical symbols, can be used to construct formulas (sentences)

in the language. A theory consists of patterns. A pattern is any universal propositions

vyﬁ,...,az F(xlw'-axkag)a (11)

k

where F' is any formula with free variables xq, ..., x; and function 6. For example, the
theory "All objects have property 3" is stated as a pattern

V. 0(x)=y. (1.2)
Suppose that language £ predefines binary relation R between objects. This allows to
state the theory "If = has property y and xRz, then 2’ has property y":

Voo (2R ANO(x)=y) = 0(a') =y. (1.3)

Different sets of relations { R;} lead to different languages. In Section 2, I present an
alternative, algebraic definition of a language as a group of all permutations on X that
preserve relations { R;}. That definition is more convenient to work with. In particular,
one can analyze language through well-known algebraic tools. Both definitions are illus-
trated on ‘examples. Section 2.1 discusses examples. The first language, Time, consists
of one relation interpreted as "one period before". This allows to express patterns in
discrete time series. The second example, Product, can be used to state patterns in the
recommendation problems. The third example, Ordered Graph, is a language that allows
to state various properties of binary preference relation, for instance, transitivity. The
fourth example, Graph, is used to describe stylized problem of chemical research.

1.2. Learning. Theory (1.2) is trivially informative as it conveys very precise informa-
tion about all objects. The informativeness of theory (1.3) is more complicated. This
theory does not provide information about any particular object. However, if few past
observations had been made, one can apply (1.3) to deduce future predictions. If the
decision maker had observed an object x with property y, then (1.3) implies that all
objects x’ such that xRz’, also have property y. Even if information about x cannot
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be predicted correctly, the theory can still be useful if the cost of one mistake is small
relative to the gain in information about other objects. In other words, such a theory
might still be informative even if it does not provide precise information about every
single object.

To capture formally such a notion of informativeness, I consider a model of sequential
learning. The decision maker observes a process of objects x1, zo, x3, ... and sequentially
predicts their properties. Her behavior is described by a learning rule, that is formally
defined as a mapping from the history of past observations into current predictions. For
any realization of properties, one can compute the long-run average number of mistakes
committed while using the learning rule. A theory is sufficient for deduction if there is
a learning rule that leads to almost no mistakes in the long-run and on average, for any
realization of properties that satisfies the theory. Thus, an uncertainty-averse decision
maker (as in (Gilboa and Schmeidler 1989)) who knows a theory that is sufficient for
deduction expects to predict, in the long-run and on average, almost all properties.!

Whether a theory is informative or not, it depends on how many patterns the theory
contains and how often these patterns can be applied to deduce outcomes of a sequential
process. Clearly, there is a tension between brevity and informativeness. If a theory
is informative and consists of infinitely many patterns, it might be easier to find an
appropriate pattern for any given period. If a theory is brief and patterns can be used
only rarely, it cannot be informative.

How often can a pattern (1.1) be applied in deduction? Define support of pattern (1.1)
as the set of tuples z1, ..., 2} for which there exists 6, such that formula F (1, ..., xy, 6)
is not true. Patterns are informative only on their support because that’s where they
put restriction on #s. I identify a class of patterns with generic support that, informally,
can be non-trivially applied to a "large" set of tuples x1, ..., xy. Patterns with generic
support can be applied often.

1.3. Results. The key result is stated in Proposition 4: If Y = {0, 1}, then any pattern
with generic support is alone sufficient for deduction. As a consequence, any theory that
logically implies a pattern with generic support, is sufficient for deduction. (Proposition
4 is a combinatorial result that is closely related to the famous Sauer-Shelah’s Lemma
from the statistical learning theory. The connection is explained in Section 6.)

Are patterns with generic support exceptional or widespread? It depends on the
language. In some, tight, languages, any informative theory logically implies at least
one pattern with generic support. Section 5 shows that languages Product, Graph and

IThis is a very strong notion of informativeness. An alternative, weaker notion is Popper’s falsifia-

bility, which asks for existence of at least one testable implication.



LEARNING THROUGH THEORIES 5
Ordered Graph are tight. Language Time does not contain any pattern with generic
support, hence it is not tight.

The main results of the paper provide a complete characterization of theories that
are and that are not sufficient for deduction. Consider first the binary case Y = {0, 1}.
There, any theory that is sufficient for deduction logically implies a pattern with generic
support; therefore, it logically implies a theory which is sufficient for deduction and
which consists of only one pattern. In the general case of finite Y, any theory that
is sufficient for deduction implies a theory that consists of finitely many patterns with
generic support. In other words, any theory that is informative, but possibly consists of
infinitely many patterns, implies a theory that is informative and brief.

The second result is concerned with theories that are not sufficient for deduction. Any
tight language can be characterized by a constant & > 0 with the following property.
Suppose that the decision maker’s information is described by a theory that is not suf-
ficient for deduction. Then, no matter what learning rule she uses, there is a realization
of properties that is consistent with a theory and that leads to, on average, a mistake
every 1/h predictions. Constant h depends only on the language but not on a theory.

1.4. Applications. The results are applicable to various specific questions.

Classification of theories: A decision maker (who uses a theory to make predictions),
or a scientist (who describes his discovery), would both like to know how informative their
theories are. The above results lead to a simple test of the sufficiency for deduction in
tight languages. Namely, it is enough to check whether they imply patterns with generic
supports. This might be quite helpful when patterns with generic support are easy to
characterize. Examples of such situations are provided in Section 5).

Representation of information. If patterns allow the deduction of facts about the
world, one can use them as a representation of information. This may lead to practical
implications. First, patterns can be used to compress information. Second, knowledge
of a pattern is valuable, hence patterns can be traded. Patterns with generic support
are more informative than others; therefore these patterns should be more valuable.

Communication: Patterns can be used to communicate information. Consider a
teacher who passes his knowledge about the world to a student. If the teacher’s knowl-
edge is specified in a tight language and it is informative, then the teacher will be able
to pass his knowledge in a finite time. Loosely speaking, if there is anything interesting
to be said, it can be said briefly.

Choice of language: In some situations, the agent may choose which language to use to
express information. Suppose that the decision maker cares only about informative and
brief theories (for example, because she cannot formulate theories that have infinitely
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many patterns, and, she does not care for any theory that leads to a strictly positive
amount of mistakes). She decides which of two languages, A or B, to use. If any theory
in B that is informative and brief, can be also formulated in A, and A is tight, then
she should prefer A. To see why, notice first that if theory is informative in B, it
must be also informative in A (the deductive properties of a theory do not depend on
the language in which it is stated). Since A is tight, this means that any informative
theory in B can be restated as an informative and brief theory in A. The preferences
for A will be strong if there are theories that are informative and brief in A, and they
cannot be formulated briefly in B.

Bounded rationality: If there is a positive cost of memory, the decision maker may
decide "what to know" (see (Rubinstein 1998), chapter 5). Consider two agents. The
first one has limited memory and has capacity to understand only brief theories. The
other one uses tight language to express her knowledge, but he has otherwise unbounded
memory. The Theorem implies that the former agent is not necessarily at any disadvan-
tage with respect to the latter. Knowing little, but knowing the right thing, is sufficient
to compete with somebody who knows a lot.

1.5. Related literature. When computing payoffs from prediction, the decision maker
uses the worst-case scenario criterion. This can be interpreted as an extreme ver-
sion of the uncertainty aversion as in (Gilboa and Schmeidler 1989). Under different
interpretation, this is an approach taken by two strands of the statistical literature:
(a) the classic statistical decision theory of (Wald 1950), (Wald 1949) and (Blackwell
and Girshick 1954) (see (Schwarz 1994)); and (b) the statistical learning theory of
(Vapnik and Chervonenkis 1971) (see (Vapnik 1998) and (Bousquet, Boucheron, and
Lugosi 2004)).

A. Rubinstein in (Rubinstein 1996) (see also Chapter 1 of (Rubinstein 2000)) asks
what properties of binary relations make them appropriate for use in natural languages.
(Binary relations correspond to assignments  in my terminology; see example in Section
2.1.2.) Among others, he argues that binary relations should be easy to describe: One
should be able to learn it from an universal proposition (theory, in my terminology) aided
by few examples.> The ease of describibility is very closely connected to the sufficiency
for deduction, as the latter means that one can predict many outcomes while making
relatively few mistakes. Rubinstein looks for relations that are optimal with respect to

’In a similar spirit, (Blume 2004) postulates that a natural language, understood as an assignment
of meanings to utterances, should be simple to learn. This implies that natural languages should have
a grammar: utterances are built of words and each word is associated to a particle of meaning.
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such a criterion. Here, the goal is to characterize the set of all theories that can be
learned with few mistakes.

I. Gilboa and D. Schmeidler examine the role of similarity in induction (see, among
others, (Gilboa and Schmeidler 1995), (Gilboa and Schmeidler 1996), (Gilboa and
Schmeidler 2000), (Gilboa and Schmeidler 2003), (Billot, Gilboa, Samet, and Schmeidler
2005), and (Gilboa and Schmeidler 2001)). Although my model is very different, it is
worthy to highlight a certain analogy. Suppose, for simplicity, that the language consists
of a relation of equivalence R. One can distinguish between two notions of similarity.
Ex ante similarity is predefined by the language: say that objects x and 2z’ are ex ante
similar, if zRx’. Fx post similarity depends on the outcomes of observations: say that
x and 2’ are ex post similar if they share the same properties. The decision maker uses
a theory to formulate connections between two types of similarity. For example, theory
(1.3) predicts that objects that are ex ante similar are also ex post similar.

2. LANGUAGE

The decision maker faces uncertainty about relationship between instances x (objects,
problems) and outcomes y (properties, solutions). Let X be an infinite universe of
instances and let Y be a finite space of outcomes. A mapping 6 : X — Y is called a
model of the world. Thus, a model is an assignment of an outcome to each instance. Let
M =YX be the space of all models. The decision maker describes her knowledge about
the world in a language.

2.1. Examples.

2.1.1. Time. A forecaster predicts weather in Chicago. Let X = Z be equal to the set
of integers interpreted as periods. Let Y = {0, 1}, where 0 is interpreted as "rain" and

1 is interpreted as "sun". The forecaster may believe that

It never rains three days in the row. (2.1)

2.1.2. Binary choices. An econometrician is interested in binary choices of a consumer.?

Suppose that B is a countable set of products. Let X be a set of ordered pairs of distinct
elements of B. Let Y = {0,1}. Model § : X — Y assigns preferences to the pairs of
products: if 0 (a,b) = 0, then, faced with choice between a and b, consumer prefers a;

3T am grateful for this example to Matias Iaryczower. Related learning problems are studied in
(Kalai 2003) and (Salant 2007). The former paper addresses learnability of rational choice rules from
sets. The latter deals with binary preferences and assumes that they are outcomes of majority voting.
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0 (a,b) = 1 means that he prefers b. The econometrician may know that consumer’s

preferences are transitive:

For any products a,b,c € B, (2.2)

if a is preferred to b and b is preferred to ¢, then a is preferred to c.

2.1.3. Chemical research. In a laboratory, chemists combine pairs of substances and ob-
serve what happens. Sometimes, but not always, salty water is produced in a stormy
reaction. The chemists predict types of reactions using the acid-alkaline theory. Accord-
ing to this theory, there are two types of substances, acids and alkalines; the substances
of different types react and the substances of the same types don’t. Let B be a countable
set of all tested substances. This theory is equivalent to two universal propositions:

For any substances a,b,c € B, (2.3)

if a and b react, a and c react, then b and ¢ don’t react,

for any substances a,b,c € B, (2.4)

if a and b react, a and ¢ don’t react, then b and ¢ react.

2.1.4. Netflix recommendation problem. Netflix is an Internet-based DVD rental com-
pany. In one of its services, it makes personal recommendations to its customers. For-
mally, let C' be the set of customers, M be the set of movies, X = C x M be the set
of instances and let Y = {0,1} = {doesn’t like, like} be the set of preferences. Netflix’s
recommendation are based on its knowledge about the model of the world 6 : X — Y,
where 6 (¢, m) = 1 is interpreted as "customer ¢ likes movie m”. Netflix may know that
some universal propositions about preferences are true. For example,

For any movie m and any customers c, ¢, if ¢ likes m, then ¢’ likes m, (2.5)

for any two customers ¢ and ¢, for any two movies m and m/, (2.6)

if ¢ likes m but dislikes m’ and if ¢’ dislikes m, then ¢ dislikes m’.

describe universal propositions and are called patterns.

Next, I present two definitions of a language and patterns. Following the introduction,
the first definition treats language as a finite set of relations on set X. The second
definition describes language as a group of permutations on X. The latter definition is
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more convenient and, under some conditions, is equivalent to the former. All definitions

are illustrated with examples.

2.2. Relational definition of language. A (relational) language is defined as a finite
set of relations £ = {R;} on X, where R; C X*i for some k; < oo and each i. Language
L can be used to formulate atomic formulas on free variables xy, x5, ..., function 6 and
constants y € {0, 1}:

1 = X9, R; (1, ..,2%,-1),0 (x1) =y, and not A, (2.7)

where A is one of the atomic formulas of the language. Let F (x1,...,2,6) be a (not
necessarily atomic) formula that is a disjunction of conjunctions of finitely many atomic
formulas. A (relational) pattern is a universal proposition of the form (1.1).* A (rela-
tional) theory T is any subset of patterns.

Model 6 satisfies pattern (1.1) if (1.1) is true.” Model 6 satisfies theory T if it satisfies
all patterns. For any theory T C P, let M (T) denote the set of models that satisfy
theory T. Set M (T) is interpreted as the range of uncertainty faced by the decision
maker who knows that theory T" holds and nothing else. Theory T is called consistent if
it is satisfied by some models, i.e., M (T') is not empty. In what follows, I always assume
that theory 7' is consistent. Theory T' logically implies theory S, if M (T') C M (S).

Any language induces an equivalence relation on tuples of instances. For any k, any
7,7 € X*, say that tuples  and 7’ are exchangeable, if they are described by the same

relations between its elements:
VU’ (Jfl = [Bl/) 54 (IL‘E = 3321) and
/ /
Vivll,...,lki6{17...,k}Ri (l’ll, ceey ml@) ~ Rz (ZL‘ZI, . {L‘lki> .

Because the number of relations in the language is finite, the set of k-tuples can be
partitioned into finitely many equivalence classes of exchangeability. Any relational
language is completely characterized by these classes.

Although exchangeability fully characterizes relations between instances in the tuple,
it does not capture relations between the instances in the tuple to the instances outside

4This definition of a language presumes that relations R; are already equipped with a meaning.
Mathematical logic defines language purely as a set of symbols (in particular, relational symbols).
The symbols acquire meaning only when the language is interpreted in a model (see, for example,
(Monk 2005)). I use a shortcut here to reach as quickly as possible a definition that corresponds to a
daily use of the word "language".

SFormally, "model 6 satisfies formula F” is defined starting from the atomic formulas and then, by

induction, extending the definition to all formulas.



10 MARCIN PESKI
the tuple. A definition is useful. For any # € X* and 2 € X, let Z"x denote a (k + 1)-
tuple that is created by adding = at the end of tuple 7.

Definition 1. Relational language L is externally stable, if, for any k, any exchangeable
k-tuples z,%' € X*, any instance x € X, there is an instance x', such that tuples T"x
and T'"x' are exchangeable.

External stability means that any two tuples with equivalent relations between its

instances, can be also extended in an equivalent way.

2.2.1. Examples. Time. Let X = Z be the set of periods. Define relation R C X x X
as
rRx iff ' =2+ 1.

Then, statement (2.1) can be rewritten as a pattern
Va, o' 2" (xRx' N’ Rx" N0 (2) =0A0 (') =0) = 0 (2") = 1. (2.8)

Language L7, = {R} is externally stable.
Binary choices. It is instructive to define a more general version of the binary
preference example. Let B be a countable set of products and let

X = {(bla“'abd) : bl 7&.7 for any [ 7&]}

be the set of ordered d-tuples of distinct products. For each 7,57 < d, define binary
relations R;; C X x X: for any z, 2’ € X, let

rRijx" iff vy = 2.

Thus, two instances = and 2’ are in relation R;;, if the ith coordinate of z is equal to the
jth coordinate of 2. Let Y = {0, ...,d — 1} be the space of outcomes. An interpretation
of 0 (by,....,bq) = d' is that the consumer, faced with choice among products by, ..., by
chooses product bgi. Denote this language as Lorgered Graph, = {fj} (terminology
"Ordered Graph" is explained below). It is easy to check that this language is externally
stable.

Consider a case d = 2. One can express the transitivity of 6 as a pattern:

Va, o', 2" (xRyyx' N xRyyx” A2’ Ry N0 (2) =0A 0 (2') =0) =0 (2") =0.
This is because, Then, xRs12’ A xR112” N\ 2’ Roox” implies that there are three different
products by, be, by € B such that o = (b1, by) , 2" = (ba, b3) and x” = (b, b3) .
Chemical research. Let B be the set of substances More generally, let X =

{z € B :|z| =d} be the set of all d-element subsets of B. Let Y = {0,1} be the

space of outcomes, where ) is interpreted as "no reaction" and 1 means a "reaction".
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Model 6 describes outcomes of combining all combinations of d substances. For any
J < d, define binary relations R; C X x X: for any z,2' € X, zR;2’ iff [xN 2’| = j.
Thus, two instances  and 2’ are in relation R;, if the intersection of z and 2’ has exactly
Jj elements. Denote this language as Larapn, = {R;} (terminology "Graph" is explained
below). One checks that language L ¢apn , is externally stable.
Suppose that d = 2. Statements (2.3) and (2.4) of the acid-alkaline theory correspond
to patterns, respectively,

Vo, o' 2" (xRix’ AN xRix”" AN’ Ria” N0 (x) =1 A6 ()
Vo, o', 2" (xRix’ N xRy N’ Ry NGO (x) =1 A0 ()

) = 0(z")

1
0) = 0 (")

0,
1.

Netflix recommendation problem. In the Netflix problem, there are two binary
relations R¢, Ry € X x X: for any (¢, m),(¢,m') € X,

(e,m) Ro (d,m') iff c=¢,
(e,m) Ry (¢,m') if m=m'.

One can use relational language £ = {R¢, Ry} to formulate statements (2.5) and (2.6).
For example, (2.5) is equivalent to theory (1.3) where R is replaced by Ry;.

More generally, let X = X! x ... x X? be a product of d infinite sets. One can define
binary relations R; C X x X: for any z,2" € X, xR;2’ if and only if z; = 2. Thus,
two instances x and 2’ are in relation R;, if the jth coordinate of x is equal to the jth
coordinate of 2’. Denote this language as Lppauct, = {R;}. This language is externally
stable.

Suppose that d = 2. Consider statements (2.5) and (2.6). They can be restated as
patterns:

Vi, 2" (zRya' N6 (z) =1) = 0 (2") = 0,

ol o " TRy’ N zRox” /\/x’Rox”’ A l;/RMCC” 0 (2" = 0.
N () =1AN0()=0A0(2")=0

2.3. Algebraic definition of language. Next, I present an alternative definition of a

language. The idea is to work with a class of transformations of X that preserve rela-

tions in the language. Such a class of transformations should form an algebraic group.’

Formally, a permutation of X is any bijection from X to X. A set GG of permutations is

6This idea is related to a model of learning from distinguishable histories in (Crawford and Haller
1990). More broadly, this is related to XIXth century Erlangen Program (see (Klein 1979)) that
advocated the use of groups of symmetric transformations for a systematic approach to geomatric

problems.
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a group if (a) idx € G, (b) g7' € G for any g € G and (c) go g € G for any g,¢9' € G
(see (Lang 2002)). I refer to G —— X as a (algebraic) language.

A (algebraic) pattern is a pair (S,7) of finite set S C X and function 7 : S — Y.

Set S is also called a support of pattern p. Let P = U Y denote the set of all
SCX, S finite
patterns.

Definition 2. Model 6 omits pattern (S, 7) if, for each permutation g € G, there is
x €8, such that 0 (g - x) # 7 (x).

Model 6 omits pattern if, informally, it omits any of its permutations. For any model
6, any g € G, define permutation of 6 as 0, (z) := (¢ - =) . Thus, 6, is a proper model
of the world; if # omits pattern (5, 7), then 6, omits it as well.

A (algebraic) theory T' C P is any subset of patterns. SetM (T") and the consistency
of (algebraic) theory T are defined in an analogous way to the respective relational
definitions. Two observations are useful: (a) M (T') is weakly decreasing in the set sense
and (b) M (T) is invariant to permutations: For any model 0, any g € G, if § € M (T),
then 6, € M (T).

It turns out that relational and algebraic definitions of the language are equivalent
when the space of instances is countable and the relational language is externally stable.
This is made clear by two results. Say that language L is generated by group action
G —— X if for any k, any tuples 7,7 € X*, tuples Z and 7’ are exchangeable if and
only if there is g € GG, such that

(g 21,.0yg9-p) = (24, . 27,) -

Proposition 1 shows any externally stable language is generated by a group of permu-
tations. Proposition 2 shows that relational language and the corresponding algebraic

language have the same powers of expression. These two results are proven in Appendix

A.

Proposition 1. If X is countable and relational language L is externally stable, then it
s generated by a certain group of permutations G — X. G can defined as the set of all
permutations on X that preserve all relations on X : for any i, any z € X*, any g € G

R; (z1,...,xk,) < Ri (9 %1, ..., g - Tp;) - (2.9)

Proposition 2. Suppose that L is generated by G —— X. For any algebraic pattern
(S,7), there is a relational pattern (1.1) such that model 0 omits the group pattern if
and only if it satisfies the relational one.

For any relational pattern (1.1), there is a finite set of algebraic patterns P such that
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model 0 satisfies the relational pattern if and only if it omits any group pattern from set

P.

Although non-standard, the algebraic definition is more convenient for the purposes
of this paper. Below, I always use the algebraic definition of language.

2.3.1. Ezamples. Time. Relational language L1y, is generated by the following group:
Example 1 (Time). Let G = Z be the set of integers and let G — X act as a shift:
forany g € G, any x € X, let

g-r=9g+=x.

The relational pattern (2.8) corresponds to algebraic pattern (S, 1), where

S ={t,t+1,t+2} for some ¢ and
T({t)=7(t+1)=7(t+2)=0.

Binary choices. Relational language Lordered Grapn, 18 generated by the following
group:

Example 2 (Ordered Graphg). Let G = Ilg be the group of all permutations on B. (Il
is also known as the symmetric group on B.) Define action llg — I: for any g € G,
any (b, ...,by) € 1, let

g- (bla "'7bd) = (g ’ b17 g bd) :

When d = 2, one treat X as the set of all ordered edges in a graph with set of nodes B.
Language Ordered Graphs allows to state transitivity. Namely, it corresponds to omitted
pattern (S, 7), where

S ={(a,b),(a,¢), (b, )} and (2.10)
70 (a,b) = 0,7 (b,c) = 0,7 (a,c) =1,

Chemical research. Relational language £ g4y, is generated by the following group:

Example 3 (Graphy). Let B be a countable set and let Let G = Ilg be the group of
all permutations on B. Define group action G —— I : for any g € G and for any
{b1,...,bq4} € X, let

g- {bla “'7bd} = {g . b17 g bd} € X.
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When d = 2, one can think about X as the set of all (unordered) edges in a graph
with set of nodes B. Language Graphs can be used to state the acid-alkaline theory.
Specifically, (2.3) corresponds to pattern (.S, 7), where

S ={{a,b},{a,c},{b,c}} and (2.11)
T<{a7 b}) = 177—({0’70}) = 177—({[77 C}) =1,

and (2.4) corresponds to pattern (.S, 7') with the same support and where

7 ({a,0}) = 1,7 ({a,c}) = 0,7 ({b,c}) = 0. (2.12)

Netflix recommendation problem. Relational language Lp, 4401, i generated by
the following group:

Example 4 (Product,). For each j, let Iy, be the group of all permutations on set X7.7
Let G =1lx1 X .... x IIxa, and define the group action G — X : for any (g1, ..., 94) € G,
any (1, ...,xq) € X, let

(9152 9a) - (1,00, 7a) i= (g1 - @1, 0, ga - Ta) -

Language Products can be used to state patterns (2.5) and (2.6). Specifically, model
0 satisfies (2.5) if it omits pattern (S, 7), where

S =A{(¢e,m),(d,m)} and 7 (¢,m) = 1,7 (', m) =0,
for some ¢ € C,m,m’ € M. Model 0 satisfies (2.6) if it omits pattern (S’,7"), where

S"={(e,m),(c,m'),(d,m),(d,m")} and (2.13)

T (c,m)=1,7(d,m)=0,7(d,m)=0,7(,m') =1.

At this moment, the reader may wonder about the difference between languages Prod-
uctq, Graphg, and Ordered Graphs. Let me just say here that both languages are formally
different because the groups of permutations are defined in a different way. In Section
5, I examine the properties of both languages more closely and I describe important,
structural differences between them.

"This group of permutations has been used in a generalization of de Finetti’s exchangeability in
(Aldous 1981) (see also (Kallenberg 2005)). In (Blume 2004), it is used to study properties of natural

languages.
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2.4. Group properties. Here, I describe some useful properties of group languages.

Group action G —— X induces a group action G —— 2% on the set 2% of all subsets of
X: for any g € G, any S C X, let

g-S={g-z:xeS} CX.

Abusing terminology, I say that set g - .S is a permutation of S. Similarly, for each
k, group action G —— X induces a group action G —— X* on the set of k-tuples of
elements of X: for any g € G, any T = (21, ..., ;) € X, let

g-i:(g~x1,...,g~xk)§X’“.

Group action G —— X is transitive if, for any two x, 2’ € X, there is a permutation
/

g, such that g - = 2/. For any subset of instances U C X, define a subgroup of
permutations that keep set U invariant:

Guv={9€G,g-U=U}. (2.14)
Group Gy describes a local behavior of group G on set U.

Definition 3. Finite U C X is local (under group action G) if for any k, any pair of
k-tuples 7,7 € U* such that g -7 = ' for some g € G, there exists gy € Gy such that

gU'ZfZQ_]/.

Take any two tuples Z,Z’ of elements of U and suppose that there is a permutation g
that takes one tuple into the other, g -z = . If U is local, then permutation g can be
chosen so that it keeps all elements of set U inside U. In a sense, U is local if the action
of the "local" group Gy behaves in the same way as the action of the original group G.
Note for future reference, that if U is local and g € G is a permutation, then ¢- U is also
local; in fact, Gy =g Gy - g~

Definition 4. Group action G — X is locally generated if there is a sequence of local
sets X1 C Xy C ... C X, such that for any finite subset S C X, there isn > 1 and a
permutation g € G such that g - S C X,,.

Locally generated group action can be approximated by group actions on finite sets.
Any increasing sequence of local sets with the property stated in the Definition is called
a generating sequence.

Consider language Product, from Example 4. Of course, this language is transitive.
It is easy to verify that any product set U = U' x ... x U? for finite U¢ C X? is local
under the group action G —— X. Take any (strictly) increasing sequences of finite sets
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X/ ¢ X} ¢ .. c X for j = 1,..d. Given this, sets X, = X! x ... x X? form a
generating sequence.

Next, consider language Ordered Graphg from Example 2. Take any finite set B’ C B
and define X (B’) C I as the set of all ordered d-tuples of distinct elements of B’ :

X (B') = {(by,....ba) : b; € B',b; # by for j # j'}. (2.15)

One easily checks that X (B’) is local for any finite B’ C B. For any increasing sequence
of finite sets By C By C ... C B, sets X (B,) form a generating sequence. Hence,
Ordered Graphg is locally generated. Clearly, it is also transitive. By similar arguments,
language Graph, from Example 3 is transitive and locally generated.

Not all group actions are locally generated. No finite subset of X is local under group
action from Example 1. Hence, Time is not locally generated.

3. LEARNING

3.1. Model. An instance process is a sequence of instances Z., = (1, Z2, ...) such that
no instances get ever repeated, x; # x; for s # t. The decision-maker observes an instance
process. In period t, she predicts the outcome of instance ;. After the prediction is
made, the decision maker is informed about the true outcome 6 (z;). To fix attention,
assume that the decision maker receives a payoff of 1 if her prediction is correct and 0 if
not. (More general payoffs do not change any of the results.) In period ¢, the decision
maker has access to the database of past observations from periods s < t. A mapping
[: U (X x V)" 'x X — AY is called a learning rule. In general, I allow for randomized

t
predictions; for example,

! ((IS’ ys)s<t ) xt) (y)

is the probability that learning rule assigns to the fact that outcome of x; is equal to y,
based on the database of past observations (zy,ys),_,-

Pure learning rule [ makes deterministic predictions, i.e. after each history, it assigns
probability 1 to certain outcome. Such learning rules have an important property. In
each period ¢, the decision maker needs to remember only those past observations in
which the prediction was incorrect; all other observations can be deduced from the
assumption that the prediction was correct. (If Y = {0,1}, then the decision maker
needs to remember only periods in which mistakes were committed.) If the number of

mistakes is small, this reduces the burden imposed on the decision maker’s memory.
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For any instance process T, any learning rule [, any model @, define

Ur T ) = 1 301 (00,0 () 25) (0(2)

This is the t-period average payoff from learning rule [ given instance process z and
model 6.

3.2. Sufficiency for deduction. Take any theory 7' C P. Consider a decision maker
who (a) cares only about the long-run average payoffs from prediction and (b) knows
that theory 7" holds, but does not know which of the models that satisfy theory T is
the true one. In particular, she considers all models which omit theory 7' as plausible.
Following (Gilboa and Schmeidler 1989), I assume that the decision maker exhibits an
extreme version of the uncertainty aversion and evaluates learning rule [ according to
the worst-case payoff.®. In particular,

inf U, (I, Zoo, 0) (3.1)

0€M(T)

is the worst-case t-period payoff of a decision maker who knows that theory 7" holds, uses
learning rule [, and observes instances according to the process Z.,. Alternatively, one
can think about (3.1) as a payoff of a statistician in the zero-sum game against Nature
((Wald 1950), (Wald 1949), (Blackwell and Girshick 1954), (Schwarz 1994)).

By definition, expression (3.1) is never larger than 1. A learning rule that each period
1

for
[Y]

chooses an outcome from the same uniform distribution on Y guarantees payoff
each model of the world, instance process and any number of periods.
One is especially interested in theories that are informative, i.e. theories that can be

used to correctly predict almost all outcomes of an instance process.

Definition 5. Theory T is sufficient for deduction if there is an instance process T and
a learning rule [, such that

lim inf inf U;(l,Z,0) = 1. (3.2)

t—00 0eM(T)

Theory T is sufficient for deduction if there is an instance process Z, and a learning
rule [ such that for any € > 0 there is a period ¢’ such that for any ¢ > ¢ the ¢-period
average payoff from using learning rule [ is guaranteed to be not smaller than 1 — ¢ for

8(Chen and Epstein 2002), (Epstein and Schneider 2003), (Epstein 2006) and (Epstein, Noor, and
Sandroni 2006) develop a systematic study of axiomatic foundation of learning under ambiguity with dis-
counting. Also, the robust control literature (see (Hansen and Sargent forthcoming)) uses a discounted

version of formula (3.2) both in a theoretical and empirical framework.
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any model of the world § € M(T).” Suppose that the decision maker knows theory T,
and T is sufficient for deduction. Given this, she can choose an instance process and a
learning rule so to be sure to deduce almost all outcomes of the instance process.
Definition 5 is quite weak. The decision maker can choose any learning rule that
depends on all past observations and that may make randomized predictions. The
decision maker can also choose an instance process. The latter can be particularly
troubling. In some situations (for example, chemists in the laboratory), the decision
maker may influence the order of observations. On the other hand, the definition seems
to be too weak if the instance process is given as a parameter of the learning problem.
In general, it would be to strong to require that (3.2) holds for any instance process.
Instead, one can draw an analogy to statistics, where the consistency of an estimator can
be shown only for datasets of sufficient size. Below, I describe instances processes that
satisfy certain sufficient data condition. I show that if a theory is sufficient for deduction
in the sense of Definition 5, then there is a learning rule [ that guarantees almost perfect
payoffs for any instance process that satisfies the sufficient data condition.

3.3. Entropy characterization. For any A C X, any theory consistent T, define

M(A;T) = {reY":7=0], for some § € M (T)}, (3.3)
£(AT) = |%|10g M (A T)]. (3.4)

Set M (A, T) consists of all restrictions of models § € M (T') to instances in set A.
Clearly, the more models in theory T', the larger is set M (A;T). £ (A;T) is an entropy
of theory T on set of instances A; 1 — &€ (A;T) measures the informational content of

9 Alternatively, one can define the long-run payoffs as
inf lim inf Up (l,Z0c,0).
0eM(P)  T—oo
This puts less weight on the short-run payoffs than formula (3.2). To see it, consider a simple example.
Suppose that set M consists of all functions 6 : Z — {0, 1} such that there is z € Z, so that 6 (z') =1
for each 2z’ > 2. Consider an instance process zZ,, = 1,2,3,... and a learning rule [ that always predicts
1, I = 1. Then,

elen/a hmTlgio Ur (l,Z,0) = 1.

On the other hand, for any learning rule [ and any number of periods 7', there is a model 6 such that
the T-period average payoff is not higher than % (the best strategy of statistician in such a zero-sum
game is to predict probability % for each of the outcomes):
1
suplim inf inf Urp ([,Z,0) = =.
lp T—o00 feM(P) T(, o ) 2
Arguably, the criterion used in this paper is more appriopriate when the DM is patient but does not

live infinitely long.
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theory T on set A. Note that the entropy is invariant to permutations: for any g € G,
E(A;T)=E(g- A;T). Finally,

Definition 6. Entropy of theory T s the infimum entropy across all finite sets A :
E(T) :=infacx 4 is finite € (A;T) .

Here, 1 — £(T') is a measure of the informational content of theory 7. The next
two results establish a connection between the entropy of a theory and the payoffs from
prediction. The first Lemma shows that entropy leads to an upper bound on payoffs
and the second Lemma finds a lower bound.

Lemma 1. For any ¢ > 1, define function h. : [0,1] — [0,1] as the unique solution to

the equation

e = h, (e) (c+ 2 + log hcl(e)> .

Function h,. is well-defined, continuous, and increasing. For any theory T, any instance
Process Too, any learning rule [ and any t,

. _ 1
Gellg(fT) Ut (la Toos 9) S 1+ ; - hlog|Y| (5 ({xla ---wrt} T)) :

1
< 1+ 7 = hiogy (E(T)).
The Lemma is relatively standard; its proof can be found in Appendix C.

Lemma 2. For any theory T, any instance process To,, and any increasing Sequence

1=ty <t; <.., there is a pure learning rule [, such that for anyt

k*
. _ by — th—1 b — g
f Uil %0, 0) 21— ) —¢ 3o 1) — ; 3.6
Qellgll(T) (1, %00, 0) > kz:; " ({ztp ys1s e, )5 T) - (3.6)

where k* = max {k : t;, <t}.

The proof is contained in Appendix D. The idea is fairly simple. In each period
tro1 <t <ty let

U, = {T eM ({xtk—l"rl? ...,xtk} ;T) T (Ts) = Ys, o1 < S5 < t}

be the set of model restrictions 7 € M ({:Ut,cfﬁl, ...,xtk} ;T) , which agree with ob-
served outcomes vy;, 41, ..., %—1. In particular, Uy, | is equal to the whole set of model
restrictions M ({xtkfﬁl, ey xtk} ;T). For any outcome y € Y, let n; (y) be the number
of model restrictions in U; for which 7 (x;) = y. Learning rule [ predicts that outcome of
instance z; is equal to some yma.x € argmax, n; (y). Each period, either the prediction
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of [ is correct or not. If the former, then the decision maker does not make a mistake. If
the latter, then the decision maker makes a mistake, but she also reduces U; by at least
%, |Upi1| < %Ut. Because the number of such reductions is constrained by the entropy,

learning rule [ achieves the appropriate bound.

3.4. Locally generated and transitive languages. If language G —— X is locally
generated and transitive, a sharper characterization is possible.

Definition 7. Instance process T, satisfies sufficient data condition, if there is 6 > 0,
a generating sequence of sets X1 C Xy C ..., an increasing sequence of periods 1 = tg <
t1 < ..., a sequence of permutations g, € G, and a function n: N — N such that
(1) for any k> 1, {xtkﬂH, - a:tk} € gr- Xnwy and ty —tp_1 >0 {Xn(k)
(2) limg o n (k) = o0,

(3) limy oo 7%= = 0

Y

The sufficient data condition requires that the data collected are related to each other
in a particular way. Specifically, the instance process can be divided into intervals
{xt,ﬁlﬂ, e :ctk} such that elements of kth interval belong to a local set gy, - X, (1) (recall
that any permutation of a local set is local). Parts (2) and (3) guarantee that the size of
local sets increases but not too quickly. Definition 7 is not vacuous - there are instance
processes that satisfy the sufficient data condition.

Proposition 3. Suppose that language G —— X is transitive and locally generated.
Theory T is sufficient for deduction if only if € (T') = 0. Moreover, if T is sufficient for
deduction, then for any process T, that satisfies sufficient data condition, there is a pure
learning rule | such that (3.2) holds.

The first part of the Proposition leads to a test on whether theory T is sufficient for
deduction. It turns out that this is characterized completely by entropy of T', £ (T') . In
particular, 7' is sufficient for deduction if for any ¢ > 0, there exists a finite A C X such
that

E(A;T) <e. (3.7)
Moreover, if theory is sufficient for deduction, then, for any instance process that satisfies
Definition 7, there exists a learning rule that guarantees almost perfect predictions. This
substantially strengthens the requirement in Definition 5.

The proof of the Proposition is based on the following result (to the best of my
knowledge, the result is novel).

Lemma 3. Suppose that G — X is transitive. For any local U, and any A C U, any
theory T, E(U;T) < E (A;T).
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This says that entropy on a local set is not larger than entropy on any of its subsets.
The proof of the Lemma can be found in Appendix B.

Proof of Proposition 3. The "only if" direction of the first part of the Proposition follows
from Lemma 1. To show the "if" part, suppose that £ (T') = 0. Then, there is a sequence
of finite sets A,, C X such that £ (A,,;T) < % Let 7., be an instance process that
satisfies the sufficient data condition with § > 0, generating sequence X; C X, C ...,
increasing sequence 1 =ty < t; < ..., a sequence of permutations g, € G, and a mapping
n : N — N. Because X,, is a generating sequence, there is a function m : N — N
and permutations g/, € G such that for any sufficiently high n, ¢/ (n) " Ap@m) € X, and

lim,, oo m (n) = co. By Lemma 3 and by the permutation invariance,

bt ({xtk—1+17 ceey .Ttk} ,T)

1
= ———log M ({4, 141,34, )3 T)|

by — tp—1
1 [ X
log | M (X,e); T) | < ————E(X,,; T
Tt — g 0g| ( (&) ) by — tp—1 ( )
1 1 1
< 5€ (Anei T) < 5y

By Lemma 2, there is a pure learning rule [ such that bound (3.6) holds for any t. Let
ky = sup (k : ty <t). Then,

k¢

. _ tr — th_12 1 t— 1t
f >1- el - 3
gk, Ul oo, 0) = ; t omn(k) t

Because limy_,o, m (n (k)) = oo, convergence (3.2) follows. This also implies the second
part of the Proposition. O

4. MAIN RESULTS

This Section contains the main results of the paper.

4.1. Generic sets. Here and in the rest of the paper I always assume that language

G —— X is transitive and locally generated.

Definition 8. Finite set S C X is generic if for each € > 0, there is a local set U such
that for any subset D C U, |D| > e |U|, there is g € G such that g-S C D.

Set S is generic if there is a local set U, such that any of its subsets of sufficient size
contains a permutation of S. In a sense, generic sets can be found almost everywhere.
Section 5 presents examples of generic sets in different languages.
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Generic sets are especially interesting as supports of patterns. One might expect that
theories that consist of patterns with generic support are more informative than theories
without such patterns. This intuition is confirmed by the next result.

Proposition 4. Suppose that Y = {0,1}. If S is generic, then, for any ¢ > 0, there is
a local U C X such that for any 7: S —Y,

E(U{(S,1)}) <e.
In particular, € ({(S,7)}) = 0.

The Proposition is central to the analysis of this paper. To see exactly what the
Proposition says, consider any one-pattern theory 7" = {(S,7)}. For any set U C X,
theory T" imposes a restriction on the cardinality of the set of model restrictions 6|y that
are consistent with theory 7. In particular, if U = S, then the restriction is not trivial
but not necessarily a very serious one:

1
5]

for large S. However, if S is generic, then there is a sufficiently large local set U, on which

E(S (S, < —=log (2 —1) <1

the cardinality of model restrictions of models that satisfy theory T is small. In other
words, the restriction imposed by patterns with generic support becomes significant on
sufficiently large local sets U.

Section 6 states a slightly stronger version of the Proposition and explains how it
relates to results from the Vapnik-Chervonenkis statistical learning theory.'”

How many subsets are generic? This depends on the language G — X.

Definition 9. Define tightness of transitive and locally generated language G — X as
the largest numbert (G) € [0, 1] such that for any finite A C X, there is a generic S C A
such that |S| >t (G) |A|. Language G — X s tight if t (G) > 0.

For any language G — X, t(G) € [0,1]. Section 5 characterizes the tightness of
various languages.

OWhen G =Graphsy, Proposition 4 can be restated as the omitted subgraph problem known in the
graph theory ((Promel and Steger 1991), (Promel and Steger 1993) and (Promel and Steger 1992); see
also (Balogh, Bollobas, and Weinreich 2000), (J. Balogh and Weinreich 2001) and (Scheinerman and
Zito 1994)). When G =Products, N. Alon suggested the Proposition can be obtained as a corollary
to Lemma 6.3 from (Alon, Fischer, and Newman 2005). The advantage of the current result is that it
applies widely to all transitive and locally generated languages, including Producty, Graphg, for d > 2.
It also points to the genericity of the support of a pattern as the main force behind the result. (The

definition of a generic set is, to the best of my knowledge, novel.)
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4.2. Case Y = {0, 1}. It is helpful to consider first only the binary case, Y = {0,1}.

Theorem 1. Suppose thatY = {0, 1} and that language G — X 1is tight. Theory T is
sufficient for deduction if and only if it logically implies a pattern with generic support.
If theory T is not sufficient for deduction, then for any learning rule |, any instance
process Tso, and any period t

1
ot U (1T, 6) < 14 5 = hiogs (£(G).

Proof. The "if" direction of the Theorem is a corollary to Propositions 3 and 4.

Let t (G) > 0 be the tightness of language G — X. Take any finite A C X and find
generic S C A, S| > t(G) |Al. EM(T) € M ({(S,7)}), then, for any 7 : S — Y, there
is a model 0, € M (T') and a permutation g, such that forany z € S, 0, (g, - z) =7 (x).
Define model 0 (z) := 0, (g, - ) for any x € X. Then, 0F € M (T) and 6¥|s = 7. This
implies that

E(AT) = |A| log M (A, T) > — |A| log M (S,T)
1
log 70" € M(T)| = — log2°!

= — |5 >¢t(G) > 0.
|A||| (@)

Together with Lemma 1, this implies that 7" is not sufficient for deduction. The last
part of the Theorem is a corollary to Lemma 1. 0

Suppose that a decision maker expresses theory T in a tight language and that 7' is
sufficient for deduction. The first part of the Theorem says that T implies a theory that
consist of only one pattern. If she cares about the cost of storing information, then she
can replace theory T with a shorter one.

Because one can always create one pattern out of finitely many, this result is trivial
when T already consists of finitely many patterns. The real bite comes when T' counts
infinitely many patterns. In the latter case, the Theorem allows to replace infinitely
many patterns by one, by definition, finitely stated, pattern. In fact, the proof of the
Theorem suggests a bound on the size of the generic support of the pattern that replaces
theory T

Corollary 1. Suppose that there is an instance process T, a period t and a learning rule
[ such that

. _ 1
b U (1o, 0) > 1 = huoga (£(G).
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Then, theory T is sufficient for deduction, and it logically implies a pattern (S,T) with
generic support of cardinality at most |S| <1+t -t(G).

Note that, by definition, the hypothesis of the corollary is true for any theory sufficient
for deduction.

Proof. Let 8" C {x1,...,x;} be a generic set of size at least ¢ -t (G) and let S C S’ be
a subset such that ¢ -t (G) < |S|1+1¢-t(G). Set S is generic, because any subset of a
generic set is generic. By Lemma 1,

M(S;T) < My, .2y} T) < 201D < 2181,

Hence, there exists 7 : S’ — {0,1} such that all models that satisfy theory 7' omit
(8", 7). 0

The second part of the Theorem drives the uniform wedge between theories that are
and that are not sufficient for deduction. In particular, for any tight language, there
is h > 0 such that for each theory T there are two possibilities. If T is sufficient for
deduction, then the decision maker is guaranteed almost perfect predictions. If it is not,
then, in the worst-case, the decision maker will commit a mistake every 1/h periods, no
matter what learning rule she uses or what order she observes instances. The value of h

depends only on the language, not on the theory.

4.3. Case Y finite. Here, I extend Theorem 1 to the general case of Y finite. I show
that any theory that is sufficient for deduction implies a theory that is sufficient for
deduction and that consists of finitely many patterns.

Let L = [log|Y'|| be equal to the smallest natural number not smaller than log Y| .
Fix an injection v : Y — {0, l}L. Fix pattern (S, 7), where 7 : S — Y. For any mapping
7:5 — {0, 1}L ,any [ < L, say that pattern (S, 7) is [-consistent with 7 if for any x € S

71 (x) =1if and only if 7 (z) € {y : v (y) = 1}.
Define theory T (S,7) C P:

T(S,7)= U {(S,7) : (S,7) is l-consistent withy 7} .
1

There is at most L |Y|"* patterns in theory T (S, 7).
Theorem 2. Suppose that language G —— X 1is tight. Theory T is sufficient for deduc-

tion if and only if there are S C X and 7 : S — {0, 1}L such that T logically implies
T(S,7).
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If theory T is not sufficient for deduction, then for any learning rule I, any instance

process Tso, and any period t

1
< - — .
uf U (1o, 0) < 1 = b (£(C)

Proof. Notice first that for any model 6 for any instance x,

0(z)=v"((v100)(x),.., (v 00)(x)).
This means that any model # is uniquely identifiable from a sequence of binary models
vy 0 6. For any A C X, any theory T, define

M (T):={v060:0e M(T)},
M (A;T) :={0)]a:0 € M (T)},

1
Then,
E(A;T) < |A| log | M (A;T)|
|A|10gH|MlAT |<Z&AT

Second, because any model § € M (T'(S,7)) omits any pattern that is [-consistent
with 7, any binary model 6, € M, (T (S, 7)) omits binary pattern (.5, 7;) . By Proposition
4, for any € > 0, there is a local set U such that for any [,

EWU;T(S,7) <EWU;{S,7}) <e.

Hence, £ (U;T (5,7)) < Le and T (S, 7) is sufficient for deduction.
Suppose that there is no generic S such that M (T') C M (T (S, 7)) for some 7 : S —
{0, 1}L. Then, for any generic S, there exists [, such that
{vj00:0 e M(T)} =25,
and € (5,T) = 1. Take now any finite A C X. Then, there is a generic S C A such that
|S| > t(G)|A|. Moreover, € (A, T) > t(G)E(S,T) = t(G). Proposition 3 implies that
T is not sufficient for deduction. O

5. TIGHTNESS OF VARIOUS LANGUAGES

In this Section, I discuss tightness of various languages. In particular, I show that
locally generated and transitive languages from Section 2.1 are tight. Most of proofs are
postponed till Appendix F.
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5.1. Products. Suppose that G; — X; are group actions for j = 1,...,d. Define a
product group action Gy X ... Xx Gg — X7 x ... x Xy. For any (x1,...,24) € X1 X ... Xx Xy,
any (g1,...,94) € Gh X ... x Gy, let

(g17 "'7gd) : (xla "'wxd) = (gl * X1y -5 9d :Ud) .
In particular, language Product; from Example 4 is a product of symmetric groups Ilx_,
J<d.

The next result shows that tightness is preserved under products.

Lemma 4. The product of local sets is local under the product of group action. The
product of generic sets is generic under the product group action. The product of tight

group actions is tight, and
t(G) > t(Gy)t(Gy) ...t (Gy).

The Lemma, the fact that any finite subset is generic under the symmetric group, and

the fact that any subset of a generic set is also generic, lead to a simple corollary.

Corollary 2. Consider language Producty from Example 4. Any finite subset is generic
and the language s tight.

As in the Netflix recommendation problem, suppose that ¥ = {0,1} and that the
decision maker uses language Products. The Corollary says that any nontrivial theory
(i.e. any theory that contains at least one pattern) is sufficient for deduction. One can
interpret this result in two ways. On one hand, this says that any positive amount of
knowledge leads, in the long-run and on average, to perfect predictions. On the other
hand, it also says that any positive knowledge is highly restrictive and, as one might
expect, hard to come upon in practice.

Regardless of the interpretation, the result indicates very strong deductive properties
of language Product,.

5.2. Ordered graph. Next, I show that language Ordered Graph, from Example 2 is
tight. Let B be a countable set, and let X be equal to the set of ordered d-element
tuples of distinct elements from B. For any mutually disjoint finite sets B!,...B% C B,
define set of tuples with /th coordinate in set B' for any | < d :

X (B',...,BY) = {(by,....,ba) : b € B'}.
Proposition 5. Consider language G =Ordered Graphy from Example 2. For any
mutually disjoint finite sets B',..B* C B, set X (B',...,B%) C X 1is generic. The
language s tight, and
t(G)>d™.
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I use the Proposition to show that transitivity is sufficient for deduction. Recall that
transitivity is equivalent to pattern (S, 7) defined in (2.10). The Proposition does not
imply that S = {(a,b), (b,c), (a,c)} is generic. (In fact, I argue below that it is not.)

However, if model 6 omits pattern (5, 7), then it also omits (5*, 7*), where

S* = {(a1,b1), (az,b1), (a1,b2), (az,b2)} and
T* (al,bl) = O,T* (al,bl) = O,T* (a17b1) = 0,7'* (al,bl) =1.

Indeed, the above pattern corresponds to a statement: "If a; is preferred to by, by is
preferred to as, as is preferred to by, then a; is preferred to bs," which is trivially implied
by transitivity. By Proposition,

S* =X ({a1, a2}, {b1,02})

is generic. and any theory that implies (S*,7*) must be sufficient for deduction.

Note that, even in the binary case, Proposition 5 does not guarantee that any non-
trivial theory is sufficient for deduction. Consider a theory {(S,7')}, where S is as in
(2.10) and

7 (a,b) =1,7"(b,c) = 1,7 (a,c) = 1.
Lemma 5. {(S,7')} is not sufficient for deduction. In particular, S is not generic.

Proof. This theory is satisfied by all models 6 for which there are disjoint sets B'UB? =
B, B*N B? = @ such that for any b, € B/, j = 1,2, 0 (b,V') = 0. Indeed, if 0 (a,b) = 1
and 0 (b,c) = 1, it means that a,c € B’ for some j = 1,2 and 6 (a,c) = 0. It is
important to notice that, because B! and B? are disjoint, this specification does not
constrain outcomes of model 6 for instances (by, bs), where b; € B, j = 1,2. Hence, for
any finite A C X,

{0\ anpixpz : 0 € M(T)} > 2|AﬁBl><B2|'

Take any finite A C X. W.lo.g., assume that A C A' x A% where A’ are finite
and even for any j = 1,2. There exist sets B! U B> = B such that B' N B? = &,
|BY N AY| = % |A7| and

Bl x B2N Al x A2
|Al x A2

}AmleB2}2| ||A]:}11A|.
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(This can be proved directly, or via the first part of Lemma 8 from Appendix B.) Hence,

£(AT) = — log M (A:T)

A
1
> Wlog {04 :0 € M(T)}|
1
> Wlog [{0]anprxpz 1 0 € M(T)}

> Llog2|AmleBQ| > i

|A]

By the first part of Lemma 1, {(.S,7')} is not sufficient for deduction. O

This points to an important difference between languages Product; and Ordered
Graphg: in the former any single pattern leads to a theory that is sufficient for de-

duction, in the latter, this is not the case.

5.3. Graph. Here, I show the tightness of language Graph, from Example 3. This fact
turns out to be a relatively straightforward corollary to Proposition 5. To explain it, I
need a simple result. Let G* — X*, G — X be group actions and pg : G* — G, px :
X* — X be "onto" mappings such that for any ¢ € G* and any x € X

px (9-2) =pc(9) px (v). (5.1)
Mappings ps and py are projections of group action G* —— X™* onto group action

G —— X that preserve group properties.

Lemma 6. Suppose that G — X is transitive. If U C X is local under G* — X,
then px (U) is local under G — X. If S is generic under G* — X*, then px (S) is
generic under G — X. If G* —— X* is tight, then G — X is tight and t (G) >t (G*).

For any mutually disjoint finite sets B!,...B? C B, define set of all d-element subsets
of B, each with exactly one element in B',[ < d :

X (B',...,BY) = {{b,....b4} : by € B'}.

Proposition 6. Consider language Graphy from Fxample 3. For any mutually disjoint
finite sets B*,...B* C B, set X (B, ..., BY) C X is generic. The language is tight, and
t(G) >d™.

Proof. Let G* — X* be as in language Ordered Graph,. Then G = G* and let pg = id,

px (b1, ..., 04) := {b1,...,bq} for any (by,...,bg) € X*. One checks that (5.1) is satisfied.
The Proposition follows from Lemma 6 and Proposition 5. U
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I show that the acid-alkaline theory is sufficient for deduction. Both patterns (S, 7)
and (S, 7') from equations (2.11) and (2.12), respectively, imply a pattern (S*,7) :

S* = {{a1,b1},{az,b1},{ai,ba},{az,b2}} and
T* {al,bl} = 1,7'* {al,bl} = 1,7'* {al,bl} = 1,7'* {al,bl} =0.

Indeed, this pattern corresponds to a statement: "If a; and by react, as and b, react, as
and b, react, then a; and by react," which is a consequence of the acid-alkaline theory.
Because S* = X ({a1,a2},{b1,b2}) is generic, this pattern leads to a theory that is
sufficient for deduction.

6. RELATION TO STATISTICAL LEARNING THEORY

This Section explains the relationship between Proposition 4 and the statistical learn-
ing theory. For this purpose, I state a somehow stronger version of Proposition 4. Sup-
pose that M C {0,1} is a family of models § : X — {0,1}. For any subset S C X, let
Mg ={0|s : 0 € M} denote the set of model restrictions to set S. Say that G-dimension
of family M includes S' if for any permutation g € G,

|Mg.5| < 2|S|.

In particular, G-dimension of family M ({5, 7}) includes S. In Appendix E, I show the
following result.

Proposition 7. Suppose that S is generic. Then, for any € > 0, there is a local V C X
such that for any permutation g, any local U such that g -V C U, for any family M
which G-dimension includes S,

1
—1 <e. 6.1
V] og|My|<e (6.1)

Here, phrase "there exists local V' such that for any permutation g, any local U so that
g-V CU, .. " should be read as "for sufficiently large local U, .... ." The Proposition
bounds the size of model restrictions to sufficiently large local sets of family of models
which G-dimension includes a generic set. Proposition 4 is a corollary to Proposition 7.

The definition of G-dimension is related to the famous V (C-dimension of a family of
models. Define the V C-dimension of family M as

dimyc M = inf {k : [Mg| < 2" for any S C X, |5| < k}

if this set is not empty and oo if for each k, there exists S C X, |S| < k such that
M| = 2.
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Proposition 8 (Sauer-Shelah’s Lemma, (Sauer 1972), (Shelah 1972), (Vapnik and
Chervonenkis 1971)). For any finite V C X,

|MV| S |V|dimvc/\/l '

The Proposition provides foundation for the Vapnik-Chervonenkis statistical learning
theory (see (Vapnik 1998)). It is used to prove various distribution-free asymptotic
results. Quite often, a weaker thesis is needed: If the V(' dimension of family M is
finite, then, for any € > 0, there is n, such that for any finite V' C X, |V| > n, inequality
(6.1) holds.

This weaker form of Sauer-Shelah’s Lemma is a special case of Proposition 7 for
G = Ily, i.e., when the group of permutations consists of all permutations on X. To
see this recall that any finite subset of X is generic and local under group Ilx. Then,
dimy o M < oo is equivalent to the existence of a generic S C X such that IIx-dimension
of M includes S. Let U be a local set from the thesis of Proposition 7. Take n = |U]
and recall that for any finite U,V C X, there exists a permutation g € IIx such that
g-U CVifand only if |U| < |V].

7. COMMENTS AND CONCLUSION

The goal of this paper is to examine the relationship between knowledge and language.
In the binary case Y = {0,1}, a theory is sufficient for deduction if it implies a pattern
with generic support. If the language is tight, then the relation goes also the other way:
Theory is sufficient for deduction only if it implies a pattern with generic support. In
the general case of finite Y, any theory that is sufficient for deduction implies a theory
that is also sufficient for deduction and consists with finitely many patterns with the
same generic support.

This is a good place to discuss some limitations of this paper. I consider here only
deterministic patterns. This is a natural assumption if one is interested in deduction
rather than probabilistic reasoning. On the other hand, the decision maker should
be able to formulate universal statements about probabilistic properties of the world.
For example, Netflix may understand that "For any customers ¢y, ¢y, any movie m, if
customer c¢; likes movie m, then customer ¢y likes movie m with probability 0.7.” The
analysis of the probabilistic patterns leads different conceptual issues: How correctly
define consequences of a probabilistic pattern? For example, are realizations of outcomes
drawn independently for each pattern? What is the worst-case scenario? I leave these
questions for future research. However, it is conjecture that the tightness of a language
plays an important role in characterizing the informativeness of probabilistic patterns.
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If the conjecture is true, then this paper should be understood as the first step towards
a more general probabilistic approach.

I assume that the decision maker computes payoffs with respect to the long-run cri-
terion. This is certainly a simplification; in the real world, people discount. One of
the consequences of the current approach is that sufficiency for deduction is a zero—one
notion and it divides theories into two groups: those that predict well with few mistakes
and those that do not. A discounted model could allow for more refined divisions into
theories that allow for correct predictions early and those that lead initially to many
mistakes.

Some technical, but interesting, questions are left open. In the end of Section 2, I
presented an example of a language that is transitive but not locally generated. In the
rest of the paper, I assumed that the language is transitive, locally generated and tight.
At this moment, it remains unclear whether there are any languages that are locally
generated, transitive, and not tight. Second, the bound on the entropy obtained in
Proposition 7 is very crude. In some special cases, much tighter bounds can be found
(for example, Sauer-Shelah’s Lemma; see also footnote 777). The question is how to
tighten the bound in Proposition 7.
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APPENDIX A. RELATIONAL AND GROUP LANGUAGES

A.1. Proof of Proposition 1. Let GG be the set of all permutations g : X — X, such
that for any i, any € X% (2.9) holds. G contains identity (hence, it is not empty)
and it is a group of permutations.

It is clear that for any tuples z,2' € X*, if z and #’ are exchangeable, then ¢ -
and g - 7' are exchangeable. I show that for any two exchangeable tuples 7,7 € X*,
there is a permutation g € G such that ¥ = ¢ - Z. Indeed, both tuples & = (z1, ..., 1)
and 7' = (21, ...,x},) can be extended to sequences (x1,xs,...) and (2}, x5, ...) such that
(a) for each d’ > k, tuples (x1,...,z7) and (21, ..., z},) are exchangeable and (b) X =
{1, 29,...} = {), 2}, ...} . (This is a simple exercise in the back-and-forth method; see,
for example, (Poizat 2000).) Take now g : X — X such that ¢ (x;) = x; for any [. This
is well-defined, because for any [,1’, x; = 2y <= ;= z,.

A.2. Proof of Proposition 2. Let £ be generated by G —— X. Take any group
pattern (S, 7). Let k = |S| and let z* € X* be an enumeration of S, i.e. tuple such that

{z1,...,2;} = S. For any i, any [y, ..., [y, € {1,....,k}, let p:( € {0,1} be defined as

Uil )

biseli,

iy = 0T R, (:c,x,k>

In the statement below, (=)' denotes a negation and (—)° makes the "minus" sign
disappear. Model § omits group pattern (S, 7) if and only if, for any tuple of instances
7 that is exchangeable with z*, there exists | < k such that 6 (z;) # 7 («}) . This further
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holds if and only if # satisfies a relational pattern:

vxl,...,x

k

*

/\ /\ (_)pi,(zl,.“,lki) R; (mll, ...,mlki> A /\ 0 (x;) =7 (x7)

i Uiy, €41k} 1<k—1
— 0 (zx) # 7 (27) -

This shows the first part of the Proposition.
Let F (x1,...,2x,0) be a formula that is a disjunction of conjunctions of atomic for-
mulas (2.7).

Lemma 7. Suppose that F is satisfied for some tuple x1, ...,z and model 6. Then, it is

also satisfied for any tuple ', ..., x) such that T is exchangeable with ' and any model
¢ such that 0' (x}) = 6 (x;) for any | < k.

For any tuple 7 € X*, define © (z) C y ALk}
©(z)={p:p(l)=0(x)) for any | < k and some 6 € YX, st. F(xy,..., 23, 0) holds} .

By the Lemma, if Z and 7’ are exchangeable, then O (z) = © (7).

There is finitely many equivalence classes of exchangeability on X*. Let M be the
number of equivalence classes. Choose a representative z(™ for any equivalence class
m=1,....,M. For any m, any p € Y{l"“’k}, construct group patterns (Sm,’/'p) :

Sm = {.I'gm), vy Zlfgm)} s
T, (a:l(m)) =p(l) for any [ < k.
Then, model 0 satisfies relational pattern \/ F (z1, ..., 2%, 0) if and only if it omits all

L1y Th

group patterns (S,,,7,), where m =1,...,M and p ¢ © (a‘:(m)) .

APPENDIX B. TRANSITIVE GROUP ACTION

This Appendix contains various results about finite transitive group actions. There
are two parts. The first part is concerned with mixing and the second part describes
entropy properties of finite transitive group actions.

B.1. Mixing. Assume that A is finite set and G —— A is a transitive group action. For
any function f: A — R, define

Bf = @Zf(a). (B.1)

acA
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Lemma 8. Suppose that G —— A is transitive. For any two subsets B,C' C A, there is
g € G such that

[Bng-Cl _ |C]
—_ < (B.2)
| B A
For any two subsets B,C C A, for any function f : A — R, there is g € GG, such that
C B
Blof(g-) > 3 Ef and Blaf (5) <3, 01B1cf (00).  (B3)

Proof. Let G, = {g: g+ = = x} be a subgroup of G, which is called a stabilizer of z € A.
Since G —— A is transitive, its size |G| does not depend on the choice of x € A and

% = |A|. For any set S C A, define mg : G — [0, 1] as

ms (g9) = Elsf(g-.) and mg = st
gEG

We compute

1

aeA besS Lgea

Since G is transitive, for any two a,b € A, > 1{g-z =y} = |G.|. Hence,

geG
Ga| _ 151

m > fla))
o |A|aeA s |G| A"

For the first part, assume that f = 1 is an indicator function of set C. The above says
e Bl [C] _ Bg-C|
ng-
T = M = Elgf (g :
A[1A] G ¢ Z \GI Z A
Hence, there must be at least on g € G such that (B.2) holds.
For the second part, define sets
1 m
Ge = {g cme (g) > §mc} and G = {g :mp(g) > 3—Lme (g)} :
mc
If the thesis of the lemma is not true, then G- C G . However, this leads to a contra-
diction, as the following calculations show:

1 mp mpg 1
ma Y ma S e (g) > 372 LS ()
‘ geGp ‘G’ geGp mo mc ’G| geGeo
m 1 3
¢ 9¢Gc
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Suppose that G — B is another group action of the same group G. Let p: A — B
be an "onto" mapping. Say that p preserves group action if for each g € G and a € A,
plg-a)=g-pla).
Lemma 9. Suppose that p : A — B preserves group action. Then, for any set C' C B,

o] _ p(0)
B~ 4]

Proof. This is a consequence of the fact that for any b,0' € B, [p~' (b)| = [p~ (v')]. O

B.2. Entropy under transitive actions. For any subset U C A, let YV be a set of
functions from U to Y. For any 7y € YV, let

o] ={reY*: 1|y =7}

be a set of functions 7 € Y4, whose restrictions to set U are equal to 7. Let u € AF (A)
be a probability distribution over functions. For any subset U C A, let

h (U) == > p(frw])log u ([
TrEYU
be the entropy of restrictions of functions 7 € Y4 to set U. I omit the reference to
measure j, whenever it does not lead to ambiguity.
Lemma 10. For any U C A, h(U) < |{rv € YV : u([rv]) # 0}|. For any subsets
UV CA,
h(UUV)—=h(U)<h(V)—h(UNV).

Proof. The first part is standard property of the entropy. The second part is equally
standard and I present its proof for the sake of completeness. Observe that

h(UUV)=h(U)==> /L(T)logmand

2. )
AT = 5 iy tog )
V)= hUNV) == D p(Dlog S

By Jensen’s inequality,

R(UUV)—=h(U)—[h(V)—h(UNV)]

_ S g A () Dglog<zﬂm p(rlv]) i ([rw) )

= p([rloav]) p(Irloov 5 e(rloav]) p(lrloov])
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Observe that

() g ()
2 HO) ) i (o]

() 3 p([row]) p(froov v)) p([rouv|ol).

w([roav])  p(rouv]) 1 ([roav])

TUnv €YUV Touv €YYV, st rpuvlunv =tunv
Since
Z w1 ([rowv]) p ([rouvv]) 1 ([rouv]v])
U EYUYY, st rouvluny=runy (lrev])

w

([rowv]) 1 ([ronv])
p(
([

!
_ 3 ([[ ) m(r])

TUmv
VeyV sUeYU, st. vVipnv="Vlvnv="unv

w(
U
_ Z p([7])

TVeYV strVlpnv=runv TUmV TUEYVU st. TU|UnV =TUnv a ([TUHV])

=1,

U Umv])

it must be that

S ) M) s ) = 1

T oo ~, 2,

This finishes the proof of the Lemma. U
Let M C Y4 be a set of functions from A to set Y. For any subset U C A, let
MU)={m €YY : 7y = 7|y for some 7 € M} .

Say that set M is invariant with respect to group action if 7 (g-.) € M for each 7 € M
and g € G.

Lemma 11. Suppose that M is invariant with respect to group action. For any finite
set U C X,
log | M (U)] _ log| M (A)
o AL

Proof. Let p be a uniform distribution on M. Then, h(A) = log|A| and h(U) <
log IM (U)| for each U C A by the first part of Lemma 10. For any subset U C A
and any permutation g, by the invariance of set M it must be that h (U) = h(g-U).
We may find a subset V' C A such that (a) for each U C A,
h(v) _h(U)
Vi = U]




38 MARCIN PESKI
and (b) for each V- C U, U #V,
h (V) - h(U)
V] Ul
Since A is finite, such a set clearly exists. If V"= A, then, by property (a), for each set
UCA

AL A T ol T [T
and the Lemma holds. Suppose otherwise that V' # A. Since G acts transitively, there
is g € G, so that g -V # V. By the second part of Lemma 10,

log|[M(A)| _ h(A) _ h(U) _ log|M(U)|

h(VUg-V)<h(V)+h(g-V)=—h(VNng-V).

Hence,

h(VUug-V)
Vug- V|

h(V)+h(g-V)—h(VNg-V)
Vi+lg-V|—=|Vng-V]|
h(V h(VNg-V
Cny | (- mR) gV
V| 2|V —|Vng V|

<

By property (a) of set V'
h(V) _h(VNg-V)
Vi = WVng-v|-

However, this implies that

h(VUg-V) < h (V)
Vug-vi = V|~
which leads to a contradiction with property (b).

Proof of Lemma 3. It is a corollary to Lemma 11.

ArPENDIX C. PROOF OF LEMMA 1

C.1. Function h.. Consider function f.(h) =h (c+2+log+). Then, f.(h) =0, f. is
strictly increasing for any i < e“™!, and f,. (e¢) > 1. Thus, there is an increasing inverse
of f. with domain e € [0,1].

C.2. Combinatorial result. Here, I prove a combinatorial result that is useful in the

argument for Lemma 1. Define function f: R x N — R as follows:

f(p,1):=]Y|max(p+1,0) and
fo,m+1)=(Y]|-1)f(—-1,m)+ f(p,m), form> 1.
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Lemma 12. Function f (p,m) is continuous, convex, and increasing in p and for any

p>0,anyr <m,r €N,

Flr,m) < (r+1)|Y] ( :’:” > . (C.1)

Proof. f(p,1) is continuous, convex, and increasing in p by definition. When m > 1,
the continuity, convexity, and monotonicity of f (p, m) follows by induction.
First, I show that for 0 <r < m,
from) < Y™ (r+1).

Indeed, this is true for m = 1 by the definition. Suppose that the above is true for m.
Take r < m + 1. Then,

flrom+) <(Y|-Dr Y[+ @E+1D]Y]" < (r+1)y]™.
In particular, this implies that
fim,m) < (m+1)Y|™.
Notice also that, by the definition, for any m
f(0,m)=1. (C.2)

By induction on r and k, I show that for any » > 1,k > 0,

f(r,r+k)g<r+1>|yr<”k>. (C.3)

r

By the above, the statement is true for £ = 0 and any r. Suppose that the statement is
true for k and any r. Then,

FLT+E) = (Y] =1) f(0, k) + F(1,F)

S|Y|—1+2|Y|k§2|Y|(2+k):2|Y|(kir2>,
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where the inequality follows from the inductive step and (C.2). Suppose now that (C.3)
is true for K+ 1 and r > 1. Then

fr+Lr+1+k+1)
<(Y|-1)f(rr+k+1)+fr+1Lr+k+1)

§(|Y|—1)(r+1)|y|7“<7"+’;+1)+(T+2)|Y|r+1(r+k+1>

r+1
(r+k+1) <r+k+1)
_.I_
r r+1

r+k+2
= (r+2) Y[ ,
r+2) Y] ( e )

< (r+2) Y™

where the first inequality comes from the inductive step. This shows the inductive step
for k 4+ 1 and all r. This also finishes the proof of the Proposition. 0

C.3. Proof of Lemmma 1. Fix theory 7', an instance process T, a learning rule [, and
period t. Define A; = {1, ...,2;} and

M Y1y Ypom) = {7 € M(A;T) 7 (1) = Y1, ooy T (Tpm) = Yo ) 5 (C4)
¢
U, (Y1s ooy Ytm) = " inf Z l ((xu,T (xu))u<s,xs) (1 (x5)) < m,
TEM(YL - Yt—m) s=t—m+1
Mm ('LL) = max |M (yl; "'7yt*m)| )

YooYt iU (Y1 oYt —m ) >0
with a convention that M,, (u) = 0 for any u > m. Here,

o M (y1,..., Ys—m) is the set of model restrictions 7 € M (Ay; T') for which the first
n —m outcomes are equal to yi, ..., ys_m. In other words, this is the set of model
restrictions that are considered as plausible by the decision maker who observed
that 0 (z1) = y1, .+, 0 (Yt—m) = Yt—m. Of course,

MW, )| = DM Y1 Geoms 9]
y

® Uy, (Y1, s Yn_m) is the worst-case payoff from correct predictions in periods ¢t =
n—m+1,...,n, that are committed by learning rule [ given that the model re-
striction belongs to set M (y1, ..., Yn—m) - Then, u,, is characterized by a recursive

formula:

Um (yla a3 yt—m) = Hz’l’f [l ((xim yu)ugt_m ) mt—m—&-l) (y) + Um—1 (yla oo Yt—m, y)} : (05)
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e M, (u) is the upper bound on the size of M (y1, ..., ys_,) for these sequences of
outcomes v, ..., Y;_n that lead to continuation payoff at least w.

Lemma 13. M, (u) < f(m —u,m) for any v and any m =1, ...t

Proof. M,, (u) is (weakly) decreasing in u. Notice that for any y1, ..., ¥s—m, ¥,

’M (yla "'7yt*m7y)‘

IN

M ( -1 (yh "'7yt*m7y))
M1 (Um—1 (Y1, -+ Ye-m, Y))
M, - (um Y1, s Yt y) — ((xu’ yﬂ)ugt_m ) xt—m-&-l) (y)) )

IN

where the last inequality is a consequence of (C.5). This leads to a recursive bound,

My (w) < max » My (u =0 (y)). (C.6)

The rest of the proof is by induction on m. The inductive hypothesis can be directly
verified for m = 1. Indeed, by definition,

M (u) < Y| < |Y|max (2 —u,0) for any v <1 and
M (u) =0 < |Y|max (2 —u,0) for any u > 1.

Suppose that the inductive step holds for m. Then, due to (C.6),

M1 (u) < mafo(m—U+5(y),m).

Since function f (z,m) is convex in z, the maximum above is obtained when 0 (y) = 1
for some y and 0 (') = 0 for 3/ # y. Hence, by definition of function f,

M1 (u) < (JY]=1) Zf m—um)+f(m—u+1lm)=f(m+1—um+1),

yey

which finishes the inductive step and the proof of the Lemma. O

Let

ut =y (9) = Qelj\r/llf )tUt (I, Too, 0) .
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Then, M (Ay; T) = M, (u*). By Lemmas 12 and 13,

E(A;T)

1 1
- glog./\/l (A T) = glog M; (u*)

%log [([t - u*—l + 1) ’}/”t_“ﬂ < [t —tu*‘l )]

[t — u*] t
<—(log|Y|+2+1
< og [Y] + Flogm—r7 )

IN

and the last inequality follows from Stirling’s formula

1 n 1 1
—1 ~elog—+(1—¢)l C.7
n Og < I'gn-‘ ) € Og c + ( 5) Og 1 _ 67 ( )

and the fact that that (1 —¢)log ;== < e for any € € (0,1). Because A, is increasing in
e, this shows that

[t —u]

< Tuogly| (€ (A5 T)) < ogiy| (€ (T)) .

This ends the proof of the first part of the Lemma.

APPENDIX D. PROOF OF LEMMA 2

Fix a theory T, an instance process Z.,, and an increasing sequence of periods 1 =

to < t1... . For any k, let Ay = {xtk71+1, ...,a:tk}. I construct learning rule [ such that
for any £k,
tg
inf 1-1 s 0 (xs)), 0(xs))] < (tp — tre1) E (A T) .
iy 2 bt ()0 (@) < (te = i) € (AsT)

This will finish the proof of the second part of Lemma 1.
As in (C.4), define set

M (yp, .y ys) = {T eM ({a:t,%ﬁl, ---,thk} ,T) i T (:Utkfﬁu) =y, for each u < 3} :

M (y1, ..., ys) consists of these model restrictions for which the initial s outcomes are
equal to y, ..., ys, respectively. Then, M (&) = M (Ay) . Define learning rule [ : for any
t= tk,1 + 1, ...,tk, let

IO
)]

[ 53 Ys)s<t > =
t((a: Ys) <t :Ct) argmyax ]./\/l (ytk,ﬁl"“’yt*l
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Thus, the prediction of [ is equal to the outcome 7 (z;) that is predicted by the largest
subset of model restrictions from M (ytk71+1, ey yt,l) . At each period t,

M (Yo s 150 Y1, 1) |
|M (ytk—1+17 SRED) yt—l) ‘

M (1, 0 9-1,00)| 1 if the prediction of [ is wrong.
|M (ytk,1+17 ey ?thl)’

< 1 if the prediction of [ is correct,

[\

Therefore, the number of mistakes committed between periods t,_; + 1 and ¢, cannot
be higher than

tg

Yo L=l 0(x)) ) (0 ()] < log | M (2))]

t=tp_1+1

= (ty — ty1) E (AR T).

APPENDIX E. PROOF OF PROPOSITION 7

Fix locally generated group action G —— X.
A predictor is a tuple (C, p) of a finite subset C' C X, called support of the predictor,
and a function p : C' — [0,1].

Definition 10. Family of models M is (¢',~)-decomposable on local set U, if, for any
D CU,|D| > ¢€"|U|, there is a set of predictors C;, such that
(1) for any (C,p) € Ch, C C D and |C| > |
(2) log [Cp| <€ |UT;
(3) for any model 0 € M, there is (C,p) € C}, so that
> 10 (x z)| <€'|0]. (E.1)
zeC
Lemma 14. Suppose that v < &' < 1 and family of models M C {O,l}X is (¢',7)-

decomposable on local set U. Then, there exists a class of functions T C {0, l}U such
that log |T| < ' |U| and for each model 6 € M, there is T € T such that

> 10 (x 7)| < 3¢
zeU

Proof. For any D C U, |D| > €' |U|, let C}, be the family of subsets from the definition
of decomposability. By decomposability, for any model 6§ € M, there is an inductively
constructed sequence of predictors (Cy, p), m =0,...,n — 1, where n < %, such that

e all sets ), are mutually disjoint,
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n—1

e U\ U C,
m=0

m—1
o for any m < n, (Cy, pm) € C* (U\ U C’m/) and
0

m'=

<¢|U|, and

> l6() (@) < €'|Conl -

zeCp,
For any sequence of predictors (Cy, pm), m = 0,...,n — 1, such that all sets C,, are
n—1 m—1
U\ U Cn| < €|U|, and (Cy, py) € C* <U\ U (Jm,> for each
m=0

m/=0
m < n, define function 7¢,, ..y : U — {0,1} as

mutually disjoint,

T{Cm,pm} (x) = 17 1f pm ( ) a for a"ny T C Cm\ (‘DO U Dl)

[N}

1
T{Cm,pm} (IL') = 07 if Pm \T ( ) 5 for any r € Cm\ (DO U Dl)

T(Cpm} () =0, if 2 ¢ U C.
m=0
The above implies that for any model 6 € M, there is 7¢¢,, 5.} such that

> 10@) = 70 ()]
U\UC +2) 0> 10 () (2)]

m z€Cpm
<3'|U|.

Define 7 as the family of functions 7(¢,, ..} Where {C,, py, } is a sequence of predictors
that satisfy the above conditions. The cardinality of 7 can be bounded by the number
of such sequences of predictors:

1
|T| < sup C*Dw < 275’\U|% < 2E/|U|.
DCU,|D|>e'|U|

O

Lemma 15. Suppose that v < & < 1 and family of models M C {0,1}" is (¢/,7)-
decomposable on local set U. Then,

/

+ €.

1 1
P — < / D P
log My < 6¢"log 3 +2(1—3¢")log 1

|U]| — 3¢
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Proof. Take family of functions 7 from the previous lemma. For any 7 € 7, any sets
Dy, Dy C X, define function 7p, p, : U — {0,1} as

Tpo.py () =7 (x) if © ¢ Dy U Dy,

Tpo.0y () = 0 for any = € Dy and

Tpo,py () =1 for any x € D;.
The above implies that for any model § € M, there are Dy, D1 C U, |Dy|,|D;| < 3¢’ |U]
such that

0|U = TDy,D1 -

Hence, the set My of model restrictions on U is bounded by the cardinality of the
set of all functions 7p, p, where |Dy|, |D;| < 3¢’ |U|. By the Stirling’s formula and the
previous Lemma,

1
U]

1
19

2
1 U 1
< —1 + —log|T
=101 Og<se'|U|> o7 7!

1 1
<2 (3" log — + (1 —3¢)1 "
< (8 og — + ( s)og1_3€,>+€

log My < log {7py.p, : T € T, |Do|,|D1]| < 3" |UJ}

3¢’
O

Definition 11. A S-restriction is a family of functions {Tg}geG such that T, : g+ S —
{0,1}. Family of models M C {0,1}" respects S-restriction {r,} if 0|45 # 7, for any
model 8 € M and any g € G.

If G-dimension of family M contains S, then there exists S-restriction respected by
family M. Conversely, if family M respects an S-restriction, then G-dimension of M
contains set S.

Lemma 16. Fixz S-restriction {7,}. For any ¢’ € (0,1), there exist v < &' and local V/
such that for any permutation g, any local U so that g-V C U and ve' |U| > 1, if family
of models M respects {1,} , then it is (¢',y)-decomposable on U.

The Lemma is proved below.

Proof of Proposition 7. Fix ¢ > 0. Find 0 < &’ < 1 small enough, so that

1 1
6’ log e +2(1 -3¢ log 3

The Proposition follows from the Lemmas. 0

+¢& <e. (E.2)
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E.1. Proof of Lemma 16. I begin with a sketch of the main idea behind the proof.
Suppose that U is local set, D C U is its subset of sufficient size, |D| > £"|U|, and, for
simplicity, that M is a family of models that omit pattern (S, 7), where S is generic,
M= M({S,7}). I need to find a "exponentially small" set of predictors Cj,, such that
each predictor (C,p) € Cj, has "large" support C' C U and for each model § € M, there
is a predictor (C, p) € C}, such that p approximates model 6 on set C. Here and in what
follows, "A C B is large" means that proportion of the size of A to the size of B is
bounded away from 0; "A is (exponentially) small" if the size of A divided by the size
of B converges to 0 (exponentially quickly) when the size of B increases to infinity.
Fix any x* € S. Say that model § € M is "nice" if there is a "small" set W C U and
a "large" subset C' C D such that for any = € C' there is a permutation g st.
g 1" =u,
o for each 2/ € S\{z*},g-2’ e Wand 0 (g -2') =71 (a).
Because model 6 omits pattern (S, 7), the above implies that for each z € C, 0 (z) =
1 — 7 (x*). One can construct a set of predictors that approximate all "nice" models.
For each "small" W C U, each y : W — Y, let

Cr o p={g 2" €D:g-(S\{z*}) CW and Voesozry (9-7) = 7 (2)}
piw/[j,y;D =1-7 (37*) :

Each predictor (C’ffv D> p%}{;y; D) depends on set W and on the configuration y of outcomes
on set W. The number of such predictors can be bounded by

1 a;,* 1:*
|_w log | { (CW,y;D’ pW,y;D) } ‘

number of "small" oWl
W cCcu

1 o number of "small" M
IR WU U]

If set W is sufficiently "small", the above expression is also "small".

Although predictors (Cﬁzy; D,pa;y; D) approximate all "nice" models, family M may
also contain models that are not "nice." The proof in the case of these models is based
on the following observation: If S is generic, U is sufficiently large, and model # is not
"nice"on large set D, then it (approximately) omits pattern (S\{z*},7|s\(z+}). The
support of such pattern is smaller than the support of the original pattern. The above
procedure can be repeated. One identifies models that are "nice" with respect to the new
pattern, and finds a set of predictors that approximate these models. This procedure is
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repeated at most |S| times. If the size of the set of predictors found at each step of the
procedure is small, then the sum of these sizes is also small. This will yield the Lemma.

E.1.1. Notation. From now on, fix ¢’ € (0,1), generic S C X, |S| = k, and S-restriction
{7y} . The proof of the Lemma is divided into few parts.

[ start with notation. An enumeration of S is any tuple z* = (%, ...,x}) € X*, such
that S = {x},...,x;}. Define set of k-tuples of that are obtained as permutations of
enumeration T* :

A@*)={g-2*e X" g€ G}.
By the definition of S-restriction, there exists a function 7% : A (z*) — {0,1}" such
that for any family of models M C {0, I}X, if family M respects S-restriction {7,},
then, for any # € M and any z € A (7*), there is [ < k such that 6 (z;) # 7% (7).
Take any local U C X and an enumeration Z of S. Define three sets of tuples:
(1) Let
Ay (7%) = A(z) N U". (E.3)

Set Ay (*) consists of k-tuples of elements of U that are obtained as permuta-
tions of enumeration z*. Recall that Gy C G is the subgroup of all permutations
that keep set U fixed (see 2.14). Group action Gy —— U induces group action
Gy — Ay (T*). Because U is local, Gy — Ay (z*) is transitive.

(2) For any | < k, x € U, define set of k-tuples:

AL (r;7%) ={z € Ay (T%) : 2y = 7}

This is a set of tuples from Ay (z*), for which the [th element is equal to x.

Because G — Ay (z*) is transitive, it follows immediately that for any x, 2’ € U,

Ay (z*
4 (a1} = |4y (5] = 2 (B.4)
(3) For any | < k+ 1, any model 6 : X — {0,1}, define set of k-tuples:
Al (0;77) = {z € Ay (z) : 0 (xy) =75 (z) forany I' <1 —1}. (E.5)

Here, Al (0;7%) is a set of tuples Z € Ay (7*) such that the values of model 6 at
the first [ — 1 elements are equal to the corresponding first / — 1 coordinates of
T (Z).
For any B C X* let 15 : Ay (z*) — R be the indicator function of set B: 15 (Z) =1
iff v € B. For example, if D C U, 1, is an indicator of tuples whose all elements belong
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to D. For any function f : Ay (Z*) — R, define integral Eyz-f as in (B.1). Because

21%@@*) =1

zeU

Eyg | = AU ) S F @ =) Euefla e (E.6)
xGAU(:L"*) zelU
E.1.2. Indicator functions. The next result identifies a class of subsets of local U with
some useful properties. The proof of the Lemma can be found in Appendix E.3

Lemma 17. For any A > 0, there is a local set V' such that for any permutation g and
any local U D g -V, there are an enumeration T* of S, and sets W; C U,l < k such that,
for each I < k, |W;| < X|U| and

1
|{g-x2‘:Vl/<lg-a:f,€VVz,g€G}|Z%\U].

I use the indicator sets to construct a class of indicator functions. For any f : Ay () —
R, for any permutation g, let f, : Ay () — R be a function that is obtained as a g-
permutation of f, i.e., f,(Z) = f(g-Z) for any = € Ay (z). Say that set of functions
F C (Ay (z)® is Gy-invariant, if f € F implies f, € F.

Lemma 18. For any n > 0, there is a local set V such that for any permutation g
and any local U O g -V, there is an enumeration T* of S and Gy-invariant families of
functions Fi; C (Ay (f*))R,l = 1,....k, such that for any | < k, for any f € Fi;, any
reU,

1 1
EU$ f > % and EUQ; flAlU(a:;i*) S m fO’F each v € U.

and

{1%(9@f:lgk,HEYX,fEJ-"}]H <.

Proof. Find A > 0 so that

1 1
/\log—+(1—/\)log1 +A<n.

A - A
Find a local set V' such that for any local U O ¢ -V, there are an enumeration z* of
S and sets W; C U, |W;| < A|U| such that the thesis of Lemma 17 holds. Fix | < k.
Define set of tuples
T, :={zcA:{xy, ..o} CW}.
Define f}; : Ay (%) — R as

A
f[l] (.f) = U] |AZU(Il;f*)ﬁT1l4| if xT € T}L},
0 if 7 ¢ TY.
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Define also a family of functions
7= {(h), 9€Cu}.

By definition, family F}; is Gp-invariant.
For any = € U such that Al (x;z*) NTY is empty, it must be that

_ 1
EU,a_cflUlAlU(:p;Z*) = EU,ffll] (.77) ]"AlU(x;f*) = |A (J_,’)| Z =0.
v g-TEAL (a;3*)NTY

For any = € U such that AL (z;2*) N T} is not empty, it must be that

1 [Av ()] 1 1
Eusfl 0 pae = —
vzl AL (57%) Ay (7)] Z U] {Al (x; %) NT ‘ U]

Therefore, for any g € Gy,

(fU) 1Al T*) T EU@f(l]lAlU(g*Lw;i*)

IN

m)
and, by (??) and (E.6),

EU,:z (f(l])g = EU,Ef[lJ = Z EU@f(l]]-AlU(x;a’c*)

zelU
= Z Eua il ag (wa
zeU:AL (z;2*)NT) #£2
_ {zeU: Al (x;2*)NTY # o} 1
|U| — 2k

This shows the first part of the Lemma.
By deﬁnition if g- W, = W, then 7 € T} iff g - T',. Hence, ‘Aéj (x;T%) ﬂTf4| =
|AL (g - z;27) N TY| and
(), = fir-
Take any g,¢' € Gy and 0,60’ : X — Y such that g- W; = ¢’ - W; and 0|,y = 6|,
Then,

(fr), = (fv), and Ly o) (1), = Lag oy (F0)

In other words, functions 1 AL (6:7) ( fU)g depend only on ¢g- W, and 6|,. There are (a) at

U
most ( ||VV|| ) ways of choosing set g - W} C U and (b) at most 21l ways of choosing
l
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restriction 6|,.yy,. Because |W;| < A |U|, an application of the Stirling formula yields:

1
—longAzU(g;f*)fé* g€ Gpand 0 : X — {0,1}}‘

(1)

1 1
S)\logx—i—(l—)\)logl

r<n
N AsT

0

E.1.3. Predictors. Next, I construct a class of predictors (C’}; D plf’ D) . Each predictor is
indexed with a function f : Ay (z*) — R, subset D C U and position [ < k. Let

8/

Evz 1 aez)1pk f

Pip(x) =1 for any z € C} p, (E.8)

The definitions of predictors (C} D plﬁ D) depend on the local set U and enumeration z*

of S. This dependence is not mentioned in order to save on notation.
For each D C U, define

Ch = {(Chonth) 1< b, [ =Ly g f0 €YY fe AL}
The next Lemma bounds the cardinality of the set of predictors.

Lemma 19. For any v > 0, there is a local set V' such that for any permutation g and
any local U D g-V, anyl <k, any D C U,|D| > £'|U],

log [Cp| < ey |UT,
where C}, is defined as above.

Proof. Let n = 2. Find a local set V such that for any permutation g and any local
==

U D g -V, there is an enumeration z* of S and Gpy-invariant families of functions
Fl C (Ap (f*))R,l = 1,...,k, such that for any [ < k, the thesis of Lemma ?7 holds.
W.lo.g., I can assume that |U| > |V| > %log k. The result follows from the fact that
log |C}| < log ‘{1%(9@1' U<kOeYX fe HJ}] +logk
<2 |U| <y |U].
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E.1.4. Constants. Because set S is generic, then, for any ¢ > 0, there is a local set
U such that for any enumeration z of S, any D C U st. |D| > ¢'|U]|, the integral
Eyz1pe > 0 is bounded away from 0. The next result strengthens this property so that

it holds uniformly across all sufficiently large local Us.

Lemma 20. There is 0* > 0 and a local set V' such that for any permutation g, any
local U D g -V, any enumeration =* of S, and any D C U st. |D| > &' |U],

EU@* ]_Dk 2 5*

The Lemma is proven in Appendix E.2. Take 6* > 0, so that thesis of Lemma 20
holds for €. Define constants v), v > 0, for any 1 <1 < k + 1:

) = §* and, inductively, (E.9)
I+1 (5/)3 1))2
P = o (L= (Y1) for any 1 <k,
1
= (1—¢)y™,
V=g Ay

E.1.5. Decomposability. Let V' be a local set from Lemma 20. Take any local U such
thatU DO ¢ -V for some permutation g. Suppose that family of models M respects
S-restriction {7,}. In this section, I prove that sets of predictors {C},};; decompose
family M. In order to shorten the notation, in the rest of the proof I d;op subscripts
referring to U, Z and 7: Instead of

AU (f*) ) AlU ([C, 'T*) ) AZU (97 a_j*) ) GU7 f‘(lja le*a EU,f*v
I write
A AN (), AY0),G, F', 7, E.
Lemma 21. Suppose that family of models M respects S-restriction {7,}. For any
D CU, |D|>¢€U|, any model € M, there is | < k so that
E1yp1pe > 9 and E1 g1 1pe < Y. (E.10)
Proof. By definition (E.5), A' (§) = A. By Lemma 20, E141(5)1pr = Elpe > §* =y,

On the other hand, if € M, then 1 4x+1(9) = 0. Hence, E1 gx11(9)1pr =0 < A*+1) | The
Lemma follows. 0

Lemma 22. For any e > 0, any model 0 : X — {0,1}, and any D C U, if (E.10) holds
for some | < k, then there is f € F! such that

Clp| = Ul and >~ [0(x) = plp| <& |Chp), (E.11)
z€C(f;D)
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where f = 1AIU(9@)f.

Proof. Because F' is G-invariant, by the second part of Lemma 8, there is f € F! such
that

E].Al ].chf> EfE].Al ].Dk and

N E].AlJrl(g)].ch A
E]_AH-l(g)]_Dkf S SmElAl(g)lef
Take
f= 1AZU(9)f-
Because of (E.10),
J=1u/, (E.12)
1
Efla < ] for each z € U (E.13)
Elpcf > i Q) (E.14)
4l<:
(H—l)

7()
By (E.13) and the definition of set C};D

Elpef = Y Eluglpf+ Y. Efluglp
mEC};D :B¢le;D

1 1
l l
< ‘Cf;D‘ |_U’ + Ea?”y( ).
Therefore, by (E.14),
1 1
m |CJZC,D} Z Ef].Dk — EEI’}/Z Z (1 - €,> Elek

%(1—8)7 > 7. (E.16)

W

This shows the first part of (E.11).
Note that for any 7 € A' (), & € A1 () if and only if 0 (z;) = 7 (Z) . Hence,

(0 (x) — 1) E1qy1pef 4+ E1 g1 f7]

Z 1Al(z ) Im (7) = (1 =0 (2))[ 1px (7) Lare) (7) [ (T)

mGA

— E].Al(x)lAl+1(9)1Dkf
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and, by (E.12),

Y 10@) —php (@)

zeC’}yD
_ Z (0 (z) = 1) EL (o) lpe f — EL i 1pr f7i]
xEC};D E].Al (m) ].Dkf

_ Z E].Al(x)].AlJrl(g)].Dkf
ElAl(x)]_Dkf .

1
xECf;D

Suppose that the second part of (E.11) does not hold. Then, there is subset B C C’Jlf; D
such that

e g
B2 S |kl 2 S (1-2) U] E1ps
(the second inequality comes from (E.16)), and for each x € B,
6/
E1A1($)1A1+1(9)1Dkf > §E1Al(x)1Dkf.
But then,

Elyaglpf =Y Elyglasiglprf

zelU
> " ElyyLaiglpef
reB
5J
> 3 ZElAl(z)lef
reB
(5/)2 ) | B (5/)3 N (1
> Lt 5 1—eVAOEf1 .

(The third inequality is a consequence of the definition of set C%.,.) By inequality (E.15),

D )?
3—E1Dkf Z E].AlJrl(g)].Dkf >

1—e)AYWE 1.

This leads to

¢ 3 EL g _ oy oy’

which contradicts the definition of constant 4+ . The contradiction shows the second
part of (E.11). O
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E.1.6. Proof of Lemma 16. Find local V' such that the theses of Lemmas 19 and 20 hold.
Such a local set V' exists, because G is locally generated and for any finite sets S and
S’ there is a local V' and permutations ¢, ¢’ such that V O ¢g-SUg¢g -S’. Lemma 16 is a
corollary to Lemmas 19, 21, and 22.

E.2. Proof of Lemma 20. Fix generic S and ¢’ > 0. By definition, there is a local V'
such that for any subset D C V,|D| > (¢')*|V],

1
Eyalpe > ———— > 0.

Ay (2)]
I will show that for any local U O V and any D C U, |D| > ¢’ |U],
1 1
Eyzlpr > 6% = > 0.
e A @)

Let Gy ={g€ G:9-U=U}. Because U is local and G — X is transitive, Gy —
U is a transitive group action. By the first part of Lemma 8, for any subset D C U,

b _ 1 [DNg-Vi
ol U\Z v

geGy

For any D C U, define

‘{gGGU IDNg-V| > (e |V|}‘
|Gl

a(D) =

Suppose that |D| > &' |U|. Then, by (E.17),

EHREP -
hence,
g —(&)? 1 1
D > [ S / - /
( ) —1_ (€,>2 € 1 + e - 26

Because U is local, group action Gy —— U induces transitive group action Gy ——
Ay (z). Take any D C U, such that ]D| > ¢ |U| . By the first part of Lemma 8,

|Ap (2)] |[Av (2 3 |ADmgv
|Av (7)] |Av (z !G| Ay (2

geGu
By definition, for any set D C X such that [DNg- V| > (¢)*|V],

| Apngv (7)| 1
A @]~ A @)

(E.17)
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Hence,

Ap ()| |A ()] 1 , _
Ap ( —|G|Z D”gvl > (D) e6(V,z,e).

1
- >
| Ay (Z) | Ay ( |Av (Z)] — 2

E.3. Proof of Lemma 17. Fix generic S, k = |S|. In the results that follow, phrase
"S is A-generic for local U" for some A > 0 means that U is a local set, such that for
any subset D C U, |D| > A|U|, there is a permutation g € G, such that g-S C U. I
also assume that S C U.

Lemma 23. For any local U, for which S is \-generic, there are z* € S and subsets
W, T C U such that

1
WI < AU] and (7] > o U],
and for any x € T, there is a permutation g € G such that g-x* = x and g-(S\ {z*}) C W.

Proof. Let W C U be a mazimal set among those that do not contain any permutation
of §:

(a) for any permutation g € G, g- S € W and

(b) for any x € U\W, there is a g € G such that g- S C W U {z}.

There is at least one such a set and |[W| < A |U| because S is A-generic for U. For any
x* € S, define sets T, C U such that for any x € T+, there is a permutation g € G
such that g - 2* = = and ¢ - (S\ {z*}) C W. Then, |JT,- = U\W, and there is z* € S

such that

I A 1
Tpe| > ——2 U] > —.
Tl 2 gr=a V1= 575

O

Lemma 24. For any local U, for which S is A-generic, there are an enumeration &* of
S and sets W', T, 1 < k such that for any | < k

(W < X|U| and |T'| ziw\, (E.18)

and
T C {9-27:9€Gu,g-{a},....27_1} cw'}. (E.19)

Proof. Note that if S is A-generic for U, then any subset S’ C S is also A-generic for
U. The Lemma is a corollary to this observation and to Lemma 23. Enumeration z*
is constructed by induction. Let % be any enumeration of S. By Lemma 23, there is
an enumeration 7% = (x’f*, oy TRE 1,xk) and sets W¥, T* that satisfy the thesis of the
Lemma. Next, consider S*~! = S\ {z;}. Then, S*! is A-generic for U. By Lemma 23,
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there is an enumeration z*~D* = xgkfl)*, . x,(f_;l)*, a:,’;_1> of S*¥~! and sets Wk—1 Tk-1
such that (E.18) and (E.19) hold for I = k — 1.A repetition of this argument for [ =
k—2,k—3,...,1 proves the lemma the Lemma. O

I use the above results to finish the proof of Lemma 17

Proof of Lemma 17. By Lemma 20, there is a local V' such that for any permutation g
and any local U D g -V, S is A-generic for U. I can assume w.l.o.g. that S C U (this is
because the group action is locally generated.) The result follows from Lemma 24. [

APPENDIX F. PROOFS OF SECTION 5

F.1. Proof of Lemma 4. The proof is divided into three parts.

F.1.1. Product of local sets is local. 1 consider only the product of two groups, d = 2.
The general result follows by induction on d. Let U; be local sets under group actions
G; — X for both j = 1,2. Observe that

Gu,xv, = {(91792) : (91,92) Uy x Uy = U x Uz}
= H {gj:gj-Uj:Uj}:GUl XGUQ.

j=1,2
Take any subset S C U, and suppose that there is (g1, g2) € G such that (g1,92)-S C U.
Let S; C U; be the projection of S on its jth coordinate:

S; =A{z;: (z;,2_;) € S}.

Because Uj is local, there is a permutation g7 € Gy, such that g} - S; = g; - S;. This
implies that (¢7,45) - S = (g1, 92) - S. Hence, U; x Us is local under the product group
action.

F.1.2. Product of generic sets is generic. It is sufficient to prove the result for d = 2.

Fix any € > 0. Denote k; = |S;| and let 7% = (m?

ie. {xfj, ’I;Z} =Sj.

For any j, any local set U; C X, any € > 0, let Ay, (z%) C U*i be defined as in (E.3).
Let Gy, be as in (?7). Let Ey, - be an integral defined in (B.1).

Choose local set U; C X so that for any subset Dy C Uy, |Dy| > 5 |Ui|, there is a
permutation g so that g - S; C D;. Hence, Ey, z1 1pr > 0, and let

1=

- xzj> be an enumeration of Sj,
J

lnf EUl,:l_?*l 1Dk
D1CUs,|D1|>5|Un, !
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Choose local set Uy C Xj so that for any subset Dy C Uy, |Di| > £¢|Uy|, there is a
permutation g so that g - Sy C D,. Hence,

g 1= inf EU273—C*21D1€ > 0.
D2CUs,|D2| 25 ¢|U2], 2

Such local sets exist because S; are generic.
By the above, U; x Us is local under the product group action. For any D C U; x Us,
define sets

D{ C Ay, (#) x Us, Dy C Ag, (%) x Ay, (72)
as follows:

Dt = {(a‘cl,mz) : ($l1,£B2) € D for any [ < kl} and
D = {(:1:%, ...,x,lﬂ,x%, . xkz) for any | < ko, (xl, .. :L‘,lﬁ,xl) DA}
= (x%, ...,:L‘]lcl,l’%, ...,:L’kZ) for any 1} < kq,ls < ko, (xll,xb) € D} )
Suppose that |D| > e|U;||Us|. T will show that D, is not empty. Since Di} is
contained in Ay, (Z*!) x Ay, (z*2), this implies that then there is a permutation (g1, g2) €

G1 X Gy such that (g1, g9) - (S1 x S2) € D. Thus, S is generic.
For any x9 € Us,, define

{z1: (21, 22) € D}
|Un|

(0%)] (ZL‘Q)
Then,

D] < {21 0z (2) = S} U1 + 5 01| U], and

UL [[0s] 2= |Us|

D _fmioa(m)>5)

For any 7, € Ay, (z*!), define also

T Tt 2? EDA
e = L2t

Then,

‘Df‘ < {i‘l e (1’1) Z } ’U2| + = QZ51 ‘AUl ( )} |U2 and

|D14 g {1_31 L Qq ([E1> = —¢1}
TINE T E
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Observe that

!Df‘! = Z ‘{(il,xz) : for any | < ky, (95},3:2) € D}‘

r2€U2

Z H{i‘l:xlleUlﬂ{wlz(xl,wg)ED} foranylgkl}H

22€U2,02(x2)> 5

> olAm (@)

r2€Uz,a2(w2)> 5

D
> (i —3) v () s

v

v

Similarly,
|D1a| = Z [{(z",2%) : for any | < ks, (z",27) € Dfl}!
zleAy, (z*1)
> Z ‘{j}22x12€U2ﬂ{I12(J_Il,l‘g)eDfl} for anylgkl}‘
xleAul (a’:*l),a1(a¢1)zi¢1
> 62 |Auz (7°%)]

Df‘ — %2 —*1
- <|U2||L1U1 @ _Z¢1> e e )

By the above,

il (o
|U2| [Avy ()]~ [Us] [Ap, (2+1)] \ [Us] [Us]

|D| € € € €
Z(m—§)¢12<8—§>¢1—5¢1>1¢1-

_ g) b1 |Apr (2] [T

Thus,
|Dia| > i¢1¢2 | Az (272) | |Ap, (271)] > 0

and D, is not empty.

F.1.3. Product of tight group actions is tight. It is sufficient to prove the result for d = 2.
The fact that the product of transitive group actions is transitive is obvious. Suppose
that for any j = 1,2, there are constants J; > 0 such that for any finite A; C X, there
is generic S; C A;, |S;| > 9, |A;|. Take any finite A C X; x X,. I show that it contains
a generic subset with at least 019, |A| elements.

Indeed, there are local sets U; € X; such that A C U; x U,. By the above, U; x U,
is local, and group action Gy, xy, — U; x Us is transitive. Let S; C U; be generic
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sets such that |S;| > ¢; |U,| for both j = 1,2. By the first part of Lemma 8, there is a
permutation g € Gy, xy, such that
|A]

(g- (51 x %)) NA] [ x K[ 1A] ¢ o 1A]
7] U] U] U]

Let S = (g-(S1 x S2)) N A. The above implies that |S| > 0102 |A|. Since S x S5 is
generic as a product of generic sets, S is generic as a subset of a generic set.

F.2. Proof of Proposition 5. The proof of genericity of X (Bl, - Bd) relates prop-
erties of language Ordered Graph, to language Producty from Example 4. Let X* = B¢
be a product of d-copies of B. Then, X C X*.

Fix my,...,m; € N. For any ¢ > 0, there is a finite set U. C B, |U.| > %, [ < d such
that for any D C U4, |D| > %!Usd , there are subsets C! C B, {C’l‘ =my, | < d such
that

Cix...x(CCD.

Indeed, this is simply a restatement of the fact that any finite set is generic under
Product, group action (Corollary 2) together with an observation that the local set from
the definition of genericity can be taken of any large size.

For any finite set U C B, recall the set X (U) C X of all ordered tuples of dis-
tinct elements of B’ in (2.15). This is a local set under group action Ordered Graphg.
Moreover,

X(U)=UnX,
where U? is a product of d copies of U. Also, notice that

UNX| > U x ...xUl—d ) _ |U*].
I<d

In particular, if U. C B is as above, then |U.| > 2%2, and

X (U)] > (1— %) ot = (1= 35) o]

Finally, the above remarks can be put together. Let B!, ...B¢ C B be mutually disjoint
finite sets and let m! = |B!|, | < d. Find set U. C B with the properties described
above. Take any subset D C X (U.) such that |D| > ¢|X (U.)|. Then,

DIz e X U] 2 ¢ (1-5) U]
and there are sets C, ..., C, }C’l| =m!,l < d such that

C'x..xC*CD.
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Since D C X, all tuples from C! x ... x C? must consist of distinct elements of B. This
implies that sets C*, ...,C? are mutually disjoint. Moreover,

X(CH..,.c)=C"x..xC'NXCD

and sets X (Cl, ey Cd) and X (Bl, . Bd) are permutations of each other under group
action Ordered Graphg. (Indeed, one can find a permutation g : B — B such that for
any | < d, g-C' = B'.) Because X (U.) is local, this implies that X (Bl, ...,Bd) is
generic.

To show that language Ordered Graph, is tight, take any finite A C X and find finite
U C Bsuchthat A C X (U). Let m = |U| and let m'+ ... +m? = m be a finite sequence
of natural numbers such that m! € {[%1 -1, (%H for each [. Find mutually disjoint
subsets B! C U so that ‘Bl} = m,;. Then,

(X (B BY)| _mu ma (1)
| X (U)] “m m  \d/)
By the first part of Lemma 8, there is a permutation g such that g- X (U) = X (U) and

X . | X (B, ..., BY| 1\*
|AnX (B',...,BY)| > X0 |A|2(d).

This shows that Ordered Graph, is tight and t (G) > (é)d.

F.3. Proof of Lemma 6. Notice that G' —— X’ is transitive. Indeed, G —— X is
transitive; thus, for any o}, 75 € X, any z; € py' (x;) , j = 1,2, there is a permutation
g € G, such that g - x; = z5. By (5.1), pc (9) - 2} = 5.

Let U C X be local under G —— X. Take any subsets A}, A, C px (U) such that
there is a permutation ¢’ € G’ so that ¢’ - A} = A} Let A; = py (A;) NnU,j =1,2.
Take any permutation g € p;' (¢'). By (5.1), g - A; = A,. Because U is local, there is a
permutation gy such that g+ A; = Ay and gy-U = U. By (5.1), pe (9v) -px (U) = px (U)
and pg (gu) - A} = Aj. This implies that px (U) is local.

Let U C X be a local set. Because Gy —— U is transitive, for any =/, 2z} € px (U),
there is a permutation gy € Gy such that pe (gv) - ) = x5. By (5.1),

px (v (px (2) NU)) S px' (z5) NU.
Because the above is true for any x),z5 € px (U), the inclusion can be replaced by

equality. This implies that for any subset D' C px (U),

D |px (D) U]
lpx (U)] U]
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Suppose that S is generic under G —— X. Then, for each § > 0, there is a local set U

such that for each D C U, |D| > 6 |U|, there is a permutation g so that g-S C D. Take

any subset D' C px (U) such that |D’| > §|px (U)|. By the above, |10)_(1 (D) N U‘ >
§|U|. Hence, there is a permutation g so that g - S C py* (D) NU. By (5.1),

pe(9) -px (S) € D'

This shows that px (S) is generic.
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