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A CANONICAL DECOMPOSITION ALGORITHM TO COMPUTE
EQUILIBRIA OF N-PLAYER GAMES WITH ARBITRARY ACCURACY

SRIHARI GOVINDAN AND ROBERT WILSON

Abstract. In this draft we extend the theoretical development in [1, Appendix C] to enable
the Decomposition Algorithm to compute equilibria with arbitrary accuracy.

1. Introduction

In [1] we describe a Decomposition Algorithm that computes an ε-equilibrium of a game
with any number N of players. For a game with the array G of payo�s from pure strategies,
the algorithm traces a connected 1-dimensional path of ε-equilibria of games of the form
G ⊕ λg from λ = ∞ to λ = 0. Here g is a generic vector of bonuses for the players'
pure strategies and an ε-equilibrium of G is obtained when the e�ect of these bonuses is nil
because λ = 0. The key feature of the algorithm is that each player responds optimally to
a mixture of pro�les proposed by an auxiliary `coordinator' whose objective is to minimize
the di�erence between his proposals and the players' replies. The algorithm relies on a �xed
�nite set of feasible proposals for the coordinator that are the vertices of Kuhn's triangulation
of the space of pro�les of players' mixed strategies. The diameter δ of the simplices of this
triangulation �xes the value of ε, and generally ε = O(δ), although the exact relation depends
on the structure of the payo�s in G.

Figure 1 shows an example of the path of the algorithm, projected onto the simplex
of one player's mixtures of three pure strategies. The �gure shows the triangulation for
δ = 1/5. The coordinator's set of feasible proposals to this player is the set of vertices of
this triangulation. The steps of the algorithm yield the sequence of circled points. At each
stage the support of the coordinator's mixed strategy is the set of vertices of the smallest
subsimplex that contains the circled point. The path starts in the lower right corner and
ends in the boundary subsimplex where the path terminates with an arrow.

Date: September 24, 2007.
This work was funded in part by a grant from the National Science Foundation of the United States.

1



2 SRIHARI GOVINDAN AND ROBERT WILSON

Figure 1. Illustrative Path of the Algorithm

In this note we extend the theoretical development in [1, Appendix C] to the case that
triangulations with all diameters d = 1/α, α = 1, 2, . . . are allowed. This is accomplished by
extending the triangulation to the product Z × Σ of the integers Z and the strategy space
Σ. This extension enables the Decomposition Algorithm to compute an equilibrium with
arbitrary accuracy.

One starts by using the algorithm in [1] with a relatively small scale factor, say α0, to
obtain an initial approximate equilibrium when λ ↓ 0. The algorithm then proceeds through
a sequence of values of α until the desired accuracy of the approximation is obtained. The
sequence is not monotonic � the values of α can decrease, and indeed, whenever the path
returns to α0 one initially increases λ from zero until it returns to zero, whereupon one
again increases α. Thus, the path generates a sequence of ε-equilibria of G ⊕ λg, where
ε = O(1/α), along which either α = α0 and λ ≥ 0, or α ≥ α0 and λ = 0. One can terminate
the computations at any level of α, provided λ = 0, and thereby obtain an ε-equilibrium
where ε = O(1/α), or continue inde�nitely to obtain increasingly accurate approximations
of an equilibrium as α ↑ ∞.

Figure 2 illustrates a possible path of the algorithm for the case of a 1-dimensional strategy
space, as well as other paths that are loops or inaccessible from λ = ∞. Figure 3 illustrates
the form of the increasingly re�ned triangulations of the strategy space for α = 2, 3, 4, 5, 6.

The algorithm has been implemented in an experimental code in the APL language that is
available from the authors. Our initial computational experience indicates that if one wants
to terminate with the ε-equilibrium obtained from α then one can start with a value of α0
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that is about 10% of α. Although one can start with α0 = 1, the algorithm can then be slow
because there are so many approximate equilibria at this level that the algorithm returns
many times to α0 = 1 before �nally reaching an approximate equilibrium at this level that
thereafter allows α ↑ ∞.
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The following sections present the theoretical development of the increasingly re�ned tri-
angulation in a form that closely parallels the development in [1, Appendix C]. For further
details and additional references, consult the text of [1].

2. Preliminaries

The player set is N = { 1, . . . , N}. Each player n ∈ N has a �nite set of pure strategies
denoted Sn. His set of mixed strategies is denoted Σn. S ≡ ∏

n Sn; Σ ≡ ∏
n Σn; for each n,

S−n ≡
∏

m6=n Sm and Σ−n ≡
∏

m6=n Σ−m. Let d− 1 be the dimension of Σ. The only subsets
of S we consider here are product subsets T =

∏
n Tn. For each such subset T , denote by

Σ(T ) the corresponding face of Σ, and let dT − 1 be the dimension of Σ(T ).
With these player and strategy sets a game G is now speci�ed as a collection of payo�

functions, one per player, i.e. a game is speci�ed as a vector G in G ≡ RN×S. Given a game
G, we write Gn(σ) to denote player n's payo� from the strategy pro�le σ ∈ Σ.

For ease in exposition, we label the pure strategies of all the players as consecutive positive
integers. Speci�cally, each strategy set Sn is given as { i∗n−1 +1, . . . , i∗n } where i∗0 = 0. (Thus
player n has i∗n− i∗n−1 pure strategies, and d−1 = i∗N−N). Let I = { 1, . . . , i∗N } be the set of
all the pure strategies for all players. Σ is then a subset of RI

+; and for each game G and each
player n, the payo� function Gn has an obvious extension to the whole of RI

+, which is still
denoted Gn. Let I∗ = { i∗1, . . . , i

∗
N } be the collection of the �last� strategies of the players.

For a typical nonempty subset Tn of Sn, we denote the elements as i1(Tn) < · · · < i∗(Tn).
For T =

∏
n Tn, I(T ) ⊆ I is the collection of all the strategies in Tn for each n, and I∗(T ) is

the set of all i∗(Tn).
Let X = {ασ ∈ RI | α > 1, σ ∈ Σ }. For each x ∈ X,

∑
i∈Sn

xi is constant across n, and
this common number is denoted x̄. X is then d-dimensional. Let Λ be the set of points in X

whose coordinates are all integers. For each subset T of S, X(I(T )) (or simply X(T )) is the
subset of X consisting of those x for which xi = 0 for all i /∈ I(T ), and Λ(T ) ≡ Λ ∩X(T ).
X(T ) has dimension dT .

For each i ∈ I, let ei be the i-th unit vector in RI ; and, for any subset T of S, eT ≡∑
i∈I∗(T ) ei. (e∅ = 0.)
Given a game G we construct a new game G̃ that has an extra player, called player 0 or

the coordinator. The pure strategy set of player 0 is Λ. For each n, his set of pure strategies
is { xn ∈ RSn | ∑

i∈Sn
xi > 1 }. If the coordinator plays λ and the original players play

the pro�le x, then the payo�s of the players in G̃ are as follows. The payo� of player 0 is
ϕ(λ, x) = (λ + λ̄eI) · (x − .5λ); for each n ∈ N , his payo�s depend only on his strategy
and that of the coordinator and are given by: G̃n(λ, x) = Gn(λ−n, x). Given that player n's



A CANONICAL DECOMPOSITION ALGORITHM 5

payo�s do not depend on the strategies of his opponents in G, we will write G̃n(λ, xn) to
denote his payo�s when he plays xn and the coordinator plays λ. Also, we will write G̃n(·, i)
to denote his payo�s when plays the i-th unit vector in RSn .

Let Σ̃0 be the set of mixed strategies for player 0 whose support is �nite. Then the payo�
functions for all the players have an obvious extension when he employs a strategy in Σ̃0�we
will still use ϕ and G̃n to denote these extended functions.

3. Pseudo-Equilibria

Fix a game G ∈ G. For each player n ∈ N , his payo� function G̃n is linear in his own
strategies, which form an unbounded set. Therefore, even his best response correspondence
might not be well-de�ned (e.g. this happens when his payo� function Gn is positive). Con-
sequently, the game G̃ might not have an equilibrium. However, if we weaken the optimality
requirement by asking that xi be zero for each coordinate i that is an inferior reply, then we
do get existence. The following de�nitions lay out this weaker requirement.

De�nition 3.1. For each player n, i ∈ Sn is an inferior reply against λ ∈ Λ if there exists
j ∈ Sn such that G̃n(λ, i) < G̃n(λ, j). A strategy xn of player n is a pseudo-best-reply against
λ if xi = 0 for all inferior replies i.

Remark 3.2. An equivalent way to de�ne a pseudo-best-reply is the following: xn is a
pseudo-best-reply if (

∑
i∈Sn

xi)
−1x maximizes G̃n(λ, σn) over the set of σn ∈ Σn.

De�nition 3.3. (σ0, x) ∈ S̃0 × RI is a pseudo-equilibrium of G̃ if:
(0) σ0 is a best reply for player 0 against x, i.e. ϕ(σ0, x) > ϕ(σ′0, x) for all σ′0 ∈ Σ̃0;
(1) For each n, xn is a pseudo-best-reply against λ.

We will now show the relationship between (certain) pseudo-equilibria of G̃ and the equi-
libria of G. Let K > 0 be such that for each n, ‖Gn(σ) − Gn(σ′)‖ 6 K‖σ − σ′‖ for all
σ, σ′ ∈ Σ.

Theorem 3.4. Fix ε > 0. Suppose (σ0, x) is a pseudo-equilibrium of G̃ such that x ∈ X

and 2K‖x − λ‖ 6 ε(x̄)N for each λ in the support of σ0. Then σ ≡ (x̄)−1x is an ε-Nash
equilibrium, i.e. for each n, Gn(σ−n, σ′n) 6 Gn(σ) + ε for all σ′n ∈ Σn.

Proof. Let σ′n ∈ Σn be an arbitrary strategy for some player n. Let σ′ be the pro�le (σ−n, σ
′
n).

Also, let x′ = (x̄)−1σ′. Observe �rst that, since (σ0, x) is a pseudo-equilibrium, the bilinearity
of G̃n implies that G̃n(σ0, x

′
n) 6 G̃n(σ0, xn). Next, our assumption on the support of σ0 and
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the Lipschitz nature of Gn imply that:
|Gn(x)− G̃n(σ0, xn)| = |Gn(x)−

∑

λ∈Λ

σ0,λGn(λn , xn)| 6
∑

λ

σ0,λ|Gn(x)−Gn(λ−n, xn)|

6
∑

λ

σ0,λK|x− (λ, xn)‖ 6 .5ε(x̄)N .

Likewise, |Gn(x′)− G̃n(σ0, x
′
n)| 6 .5ε(x̄)N . Because G̃n(σ0, x

′
n) 6 G̃n(σ0, xn),

Gn(x′)−Gn(x) 6 Gn(x′)− G̃n(σ0, x
′
n) + G̃n(σ0, xn)−Gn(x) 6 ε(x̄)N .

Finally, by the multilinearity of Gn, (x̄)N(Gn(σ′)−Gn(σ)) = Gn(x′)−Gn(x) and the result
is proved. ¤

One implication of the above theorem is the following. If (σ0, x) ∈ Σ̃0 × X is a pseudo-
equilibrium of G̃ such that x̄ is large and the distance between σ0 and x is small (relative to
x̄)�i.e. the coordinator's proposal and the strategies of the players in N (when normalized)
are close�then (x̄)−1x is an approximate equilibrium of G. In the next section we construct
a subset of Σ̃0 such that equilibria involving strategies in this subset have the property that
the coordinator's proposals are close to the responses of the original players.

4. The Coordinator's Strategies

In this section, we describe a subset of the coordinator's mixed strategy set that su�ces
for computing equilibria. This subset is obtained as follows. First we obtain a triangulation
of X with Λ as its vertex set. Then we obtain the subset of mixed strategies for the co-
ordinator consisting of those strategies whose support is included in the vertex set of some
principal simplex of this triangulation. The procedure is derived from Kuhn's procedure for
triangulating a cube.

For each x ∈ X, de�ne z(x) ∈ RI by: for each n and i ∈ Sn, zi(x) =
∑

i∗n−1<j6i xj. In
other words, z(s) is a representation of x as a pro�le of �cumulative distributions.� Let
Z = { z(x) | x ∈ X }; let V = { z(λ) | λ ∈ Λ }. Z is easily seen to be the set of all z ∈ RI

such that 0 6 zi∗n−1+1 6 zi∗n−1+2 6 · · · 6 zi∗n−1 6 zi∗n for each n, and zi∗m = zi∗n > 1 for all
n,m ∈ N ; and V to be the set of points in Z whose coordinates are all integers. We �rst
describe a triangulation of Z with V as the vertex set. The triangulation that it implies for
X is then derived in a straightforward manner since the map sending x to z(x) is a linear
homeomorphism between X and Z. The following lemma is the basis for our triangulation.

Lemma 4.1. Each z ∈ Z has a unique decomposition of the form z =
∑k

l=0 αlvl, where:
αl > 0 for all l, and

∑
l α

l = 1; vl ∈ V for all l, and v0 � v1 � · · · � vk 6 v0 + eI .
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Proof. Given z ∈ X, de�ne [z] to be the integer part of z, i.e., for all coordinates i, [z]i is the
largest integer smaller than zi. Clearly [z] belongs to V . Let r = z− [z]. All the coordinates
of r are nonnegative and strictly smaller than 1; also, the ri's are the same for all i ∈ I∗.
Let v0 = [z]. If r = 0, then set k = 0 and α0 = 1. Otherwise, we de�ne a �nite sequence
a1, . . . , ak of positive numbers, and a corresponding sequence of pairwise disjoint subsets
I1, . . . , Ik of subsets of I, inductively, as follows. Let a1 be the maximum over i of ri and let
I1 be the coordinates that achieve this maximum. For l > 1, let al be the maximum over
{ i /∈ ∪l′<lI

l′ | ri 6= 0 } of ri and let I l be the set of coordinates that achieve this maximum.
(k = l − 1 for the �rst integer l for which this maximum does not exist, that is, ri = 0 for
all i /∈ ∪l′<lI

l′ .) For 0 < l 6 k, let vl = vl−1 + eIl . We claim now that each vl belongs to V

and that v0 � v1 � · · · � vk 6 v0 + eI\I∗ . Indeed, to see this claim, observe that for each n

and each strategy i 6= i∗n, ri 6 ri+1 unless [z]i + 1 = [z]i+1; therefore, for each l, vl
i 6 vl

i+1.
Also, for each l, I l either contains I∗ or is disjoint from it; therefore, for each l, vi∗n is the
same across all n. Thus, our claim is proved. Let α0 = (1 − a1) and, for 0 < l 6 k, let
αl = (al − al+1) where ak+1 is zero. 0 < αl < 1 for all l. Moreover,

∑

l

αlv1 = (1− a1)v0 + (a1 − a2)(v0 + eI1) + · · ·+ (ak−1 − ak)(v0 + eI1 + · · ·+ eIk−1)

+ak(v0 + eI1 + · · ·+ eIk) = v0 + a1eI1 + · · ·+ akeIk = [x] + r = x,

which thus gives us a decomposition that is obviously unique. ¤

Remark 4.2. It is easy to see that the k + 1 vertices in the lemma can equivalently be
written in the form v0, v0 + eI1 , . . . , v0 + eIk where ∅ 6= I1 ( · · · ( Ik ⊆ I, and for each l, I l

either contains I∗ or is disjoint from it.

De�ne a simplicial complex D as follows. The vertex set is V . A simplex in D is the
convex hull of a set of vertices in V of the form v0 6 v1 6 · · · 6 vk 6 v + eI . It follows from
Lemma 4.1 that D is indeed a simplicial complex that triangulates X.

A simplex of L is called a principal simplex if it is not a face of another simplex�or
equivalently if it has a nonempty interior in X. There exists a simplex characterization of
the principal simplices in L, which we now provide.

Lemma 4.3. A simplex D of D is a principal simplex i� there is an ordering (i.e., a bijection)
π : { 1, . . . , d } → (I\I∗)∪ { I∗ } such that the vertex set of D is of the form { v0, v1, . . . , vd }
where vl = vl−1 + eπ(l) for 1 6 l 6 d.

Proof. As Z is d-dimensional, observe �rst that the principal simplices are those that have
d + 1 vertices. Therefore, any simplex whose vertices are generated by an ordering as in the
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lemma is clearly a principal simplex. To prove the other way around, suppose that L is a
principal simplex with vertex set v0 � v1 � · · · � vd. Since vd 6 v0 + eI , and |I\I∗| = d, the
vertices of L satisfy the following properties: (i) for each 0 < l 6 d, we have that vl − vl−1

is either eI∗ or ei for some coordinate i ∈ I\I∗; (ii) for each i ∈ I\I∗ there exists a unique
l such that vl − vl−1 = ei; and (iii) there exists a unique l such that vl − vl−1 = eI∗ . There
is now an implied ordering, and the vertices of L are obtained from v0 and this ordering as
given in the lemma. ¤

Having triangulated Z we now show the properties of the triangulation, call it L, that it
implies for X. It turns out to be easier to characterize the principal simplices in L than to
characterize any arbitrary simplex of L directly (which is the main reason for �rst studying
Z). Suppose a principal simplex D of Z is obtained by an ordering π and a vertex v0 as
above. For 1 6 l 6 d, then vl is obtained from vl−1 by adding 1 to each coordinate in π(l).
Therefore, for the corresponding points xl and xl−1 in X, we have xl = xl−1 +ξπ(l) where ξπ(l)

equals eI∗ if π(l) = I∗ and it equals eπ(l)− eπ(l)+1 otherwise. We therefore have the following
theorem, whose proof is obvious.

Theorem 4.4. A simplex L is a principal simplex of L i� there exists an ordering π :

{ 1, . . . , d } → (I\I∗) ∪ { I∗ } such its vertex set is of the form {λ0, · · · , λd } where for each
k > 0, λk = λk−1 + ξπ(k).

Every principal simplex in L then has a compact representation in the form of a vertex-
ordering pair (λ, π). A maximal proper face of a principal simplex L in L is not a face of
another principal simplex if it is contained in the boundary of X; otherwise it is a face of
exactly one other principal simplex.

For each T ⊆ S, the triangulation L induces a triangulation, call it L(T ), of X(T ), which
we now study. To do so, again we �rst study the equivalent problem for Z. Let Z(T ) be the
set of z(x) such that x ∈ X(T ). More directly, Z(T ) is the set of z ∈ Z such that for each n

and i /∈ Tn: zi = zi−1 if i > i∗n−1 +1 and zero if i = i∗n−1 +1. Let D(T ) be the set of simplices
of D whose vertices belong to V (T ). Then D(T ) is a triangulation of X(T ).

There exists a simple characterization of the principal simplices of D(T ) analogous to that
of the principal simplices of D. To get at this, we need some more notation. For each n and
ik(Tn) de�ne R(ik(Tn)) ≡ { i ∈ Sn | ik(Tn) 6 i < ik+1(Tn) }, where ik+1(Tn) = i∗n +1 if k = ∗.
Observe that for each z ∈ Z(T ), zi = zik(Tn) if i ∈ R(ik(Tn)). Therefore, if a vertex v in V is
of the form v0 + eI′ for some v0 ∈ V (T ), v also belongs to V (T ) only if for each i ∈ I(T ), I ′

either contains R(i) or is disjoint from it. The next lemma now follows just like Lemma 4.3,
its counterpart for D.
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Lemma 4.5. A simplex of D is a principal simplex of D(T ) i� there is an ordering πT :

{ 1, . . . , dT } → (I(T )\I∗(T )) ∪ { I∗(T ) } such that the vertex set of D is of the form v0 6
v1 6 · · · 6 vdT where: v0 ∈ V (T ), and for l > 1, vl = vl−1 + eIl , with I l = ∪i∈I∗(T )R(i) if
πT (l) = I∗(T ) and I l = eR(πT (l)) otherwise.

In the above lemma if xl and xl−1 are points in X that correspond to vl and vl−1 above,
then xl = xl−1 + ξπT (l), where ξπT l is eI∗(T ) if πT (l) = I∗(T ) and it equals eik(Tn) − eik+1(Tn) if
πT (l) = ik(Tn). The following theorem obtains readily from the previous lemma.

Theorem 4.6. A simplex L of L is a principal simplex of L(T ) i� there is an ordering
πT : { 1, . . . , dT } → (I(T )\I∗(T )) ∪ { I ∗ (T ) } such that the vertex set of L is of the form
{λ0, . . . , λdT } where λ0 ∈ Λ(T ) and for each l > 0, ll+1 = λl + ξπT (l).

Like with X, a principal simplex in L(T ) can be expressed as a pair (λ0, πT ), where
λ0 ∈ Λ(T ) and πT is an ordering. For each T , let L∗(T ) be the collection of the principal
simplices of L(T ) and and let K∗(T ) be the collection of maximal proper faces of the simplices
in L∗(T ). Let L∗ = ∪TL∗(T ) and K∗ = ∪TK∗(T ). Suppose K ∈ K∗(T ) for some T , then
K is a subset of at most two di�erent elements of L∗(T ); and it is a subset of exactly one
element L of L∗(T ) i� it belongs to the boundary of X(T ), i.e., K ∈ L∗(I(T )\i) for some
i ∈ I(T ), or K ∈ Σ. If K belongs to two di�erent L, L′ ∈ L∗(T ), we use L∧L′ to denote K.
If K ∈ L∗(I(T )\i) and is a subset of L ∈ L∗(T ), then we write L as K ∨ i.

For each L ∈ L(T ), let L1 be the face of L that is contained in Σ. It is easy to check that
the collection of simplices of the form L1 triangulate Σ and that for each T , the principal
simplices of Σ under this triangulation are the sets that are maximal faces of the principal
simplices of L(T ). Let K1(T ) be the collection of the principal simplices of Σ(T ): L1 belongs
to K1(T ) i� L ∈ L∗(T ) and L1 is a maximal face of L. Let K1 = ∪TK1(T ). For each T ,
K1 ∈ K1(T ) and i /∈ I(T ), let K1 ∨1 i be the unique simplex in K1(I(T ) ∪ { i }) that has
K1 as a maximal proper face. And for K1 6= K̃1 in K1(T ) such that their intersection is a
maximal proper face of each, let K1 ∧1 K̃1 denote this intersection.

For each L ∈ L∗ (resp. K ∈ K∗), let Σ0(L) (resp. Σ0(K)) be the set of mixed strategies
of the coordinator whose support is a subset of the vertex set of L (resp. K). Let Σ0 be
the union over L ∈ L∗ of the sets Σ0(L). The properties of the simplices in L∗ imply the
following theorem about Σ0.

Theorem 4.7. For L,L′ ∈ L∗: Σ0(L) is a maximal proper face of Σ0(L
′) i� L′ = L ∨ i

for some i; the intersection of Σ0(L) and Σ0(L
′) is a maximal proper face Σ0(K) of each i�

K = L ∧ L′. These statements also hold for K,K ′ ∈ K1.
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5. The Coordinator's Best Replies

This section is devoted to an analysis of the best reply correspondence of the coordinator.
In view of Theorem 3.4, we will restrict the strategies of the original players to be in X.

For i, j ∈ I, let δi,j = ei − ej. Given λ ∈ Λ, observe that λ + δij belongs to Λ only if i

and j are strategies of the same player. Let J be the collection of all subsets J of I with
the property that J contains exactly one strategy for each player. For each T ⊆ S, let J (T )

be the set of J ∈ J such that J ⊆ I(T ). Observe that for λ ∈ Λ, λ + eJ belongs to Λ for
J ⊆ I only if J belongs to J . In the following, when we talk of vectors of the form λ + δij

or λ + eJ it is to be implicity understood that i, j ∈ Sn for some n in the former case and
J ∈ J in the latter.

We will say that two pure strategies λ, λ′ ∈ Λ are immediate neighbors if one is obtained
from the other by adding a vector of the form δij or eJ ; we will say that that they are neighbors
if for each n, there exist subsets S+

n and S−n of Sn such that: (i) λ′ = λ +
∑

n(eS+
n
− eS−n );

(ii) |S+
n | − |S−n | is independent of n and belongs to {−1, 0, 1 }. Observe that λ and λ′ are

neighbors if they are immediate neighbors. Furthermore, they are neighbors i� |λi− λ′i| 6 1

for all i ∈ I, and |λ̄− λ̄′| 6 1.
When x ∈ X, the coordinator's payo�s are given by ϕ(λ, x) = λ · (x− .5λ)+Nλ̄ · (x̄− .5λ̄).

A simple computation yields the following useful formulae for all (λ, x) ∈ Λ×X:

ϕ(λ, x)− ϕ(λ + δij, x) = λi − λj − xi + xj + 1

and
ϕ(λ, x)− ϕ(λ + eJ , x) =

∑
i∈J

(λi − xi) + N(λ̄− x̄) + N.

Lemma 5.1. If λ ∈ Λ and x ∈ X are such that either |λ̄ − x̄| > 1, or |λi − xi| > 1 for
some i ∈ I, then λ has an immediate neighbor that is a better reply against x than λ. In
particular, if λ is a best reply against x, and x ∈ X(T ) for some T , then λ ∈ X(T ) as well.

Proof. The second statement follows trivially from the �rst, which we now prove. Suppose
λ̄ 6 x̄ − 1. Then for each n there exists i ∈ Sn such that λi < xi. Letting J be the set of
these i's, one per player,

ϕ(λ, x)− ϕ(λ + eJ , x) =
∑
i∈J

(λi − xi) + N(λ̄− x̄) + N 6
∑
i∈J

(λi − xi) < 0,

and λ + eJ is a better reply against x than λ. If λ̄ > x̄− 1, using an analogous argument, it
can be shown that the strategy λ − eJ is a better reply than λ against x, where J consists
of one strategy i per player with the property that λi > xi.
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Suppose that |λ̄− x̄| < 1 and one of the following holds for some player n: (i) there exists
i ∈ Sn such that xi − λi > 1; or (ii) there exists j such that λj − xj > 1. We now have the
following: under case (i) there exists j ∈ Sn such that xj < λj; and under case (ii) there
exists i ∈ Sn such at xi > λi. In both cases, therefore, λ+ δij is a better reply than λ against
σn, since

ϕ(λ, x)− ϕ(λ + δij, x) = 1 + λi − λj − xi + xj < 0.

¤

The next lemma gives a simple test to determine if a pure strategy is a best reply for the
coordinator.

Lemma 5.2. Suppose λ is at least as good a reply against x as its immediate neighbors.
Then λ is a best reply against x. More precisely:

(1) A strategy that is not a neighbor of λ is not a best reply against x.
(2) A neighbor λ′ = λ +

∑
n(eS+

n
− eS−n ) is at least as good a reply as λ i�

(a) λ + δij is a best reply against x for all n, i ∈ S+
n , j ∈ S−n .

(b) if λ̄′ > λ̄, λ + eJ is a best reply for each J ∈ J that is contained in ∪nS+
n .

(c) if λ̄′ < λ̄, λ− eJ is a best reply for each J ∈ J that is contained in ∪nS−n .

Proof. Since λ is at least as good a reply as each of its neighbors against x, by Lemma 5.1,
|λ̄− x̄| < 1 and |λi − xi| < 1 for all i. If λ′ is not a neighbor of x, then: either |λ̄− λ̄′| > 2,
in which case |λ̄′− x̄| > 1; or |λi− λ′i| > 2 for some i, in which case |λ′i− xi| > 1. Therefore,
in both these cases Lemma 5.1 implies that λ′ is not a best reply.

Consider now a neighbor λ′ as in Statement (2) of the lemma. Then |λ̄− λ̄′| 6 1. Suppose
λ̄ 6 λ̄′, i.e., λ̄′ − λ̄ is either 0 or 1. (The other case is analogous.) Then for each n,
|S+

n | − |S−n | = λ̄′ − λ̄. There is no loss of generality in assuming that for each n, the sets S+
n

and S−n are disjoint. If λ̄′ − λ̄ = 1, then �x J ∈ J such that J contains one strategy in each
S+

n ; otherwise let J be the empty set. Since the sets S+
n \J and S−n have the same cardinality

for each n, we can now choose any bijection sending for each n, every strategy i ∈ S+
n \J to

j(i) ∈ S+
n . Then,

ϕ(λ, x)− ϕ(λ′, x) =
∑

n,i∈S+
n \J

(ϕ(λ, x)− ϕ(λ + δi,j(i))) + ϕ(λ, x)− ϕ(λ + eJ , x).

By assumption the strategies λ + δi,j(i) and λ + eJ are no better than λ. Therefore, λ is at
least as good as λ′; using Statement (1) it is now a best reply to x. Observe now that λ′ is
an equally good reply i� each of the strategies of the form λ + δi,j(i) or λ + eJ is. Since the
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set J and the bijection i → j(i) were arbitrary, Statements 2.a and 2.b follow. The proof of
2.c is analogous and therefore omitted. ¤

Suppose L ∈ L(T ) for some T , and it is generated by the pair (λ0, πT ). For each player n,
let T+

n (L) be the subset of Tn consisting of those strategies ik(Tn) such that π−1(ik(Tn)) <

π−1(ik−1(Tn)), i.e. these are coordinates that are �rst incremented by 1 before being decre-
mented. Let T−

n (L) = Tn\T+
n (L)�these coordinates are decremented �rst by 1 before being

incremented. De�ne x(L) ∈ X(T ) as follows: for each coordinate i /∈ I(T ), xi(L) = 0; for
each n and i ∈ Tn, xi(L) = λ0

i + αn if i ∈ T+
n (L) and xi(L) = λ0

i − (1 − αn) if i ∈ T−
n (L),

where αn = (|Tn|(N +
∑

m 1/|Tm|))−1(N −∑
m |T−

m(L)|/|Tm|+ |T−
n |(N +

∑
m 1/|Tm|)). For

each n, 0 < αn < 1 and thus |xi − λ0
i | < 1 for all i. x̄(L) = λ̄0 + (|N +

∑
m 1/|Tm|)−1(N −∑

m |T−
m(L)|/|Tm|) and, therefore, x̄− λ̄0 < 1.

Theorem 5.3. For each T and L ∈ L(T ):

(1) x(L) is the unique point in X(T ) against which all the strategies in L are best replies
for the coordinator.

(2) For each n and i /∈ T , the set of points in X(
∏

m6=n Tm × (Tn ∪ { i })) against which
the strategies of Ln are best replies is the interval [x(L), x(L ∨ i)].

Proof. It is easily checked that λ0 is at least as good a reply as its immediate neighbors.
In fact, we have the following results: (i) an immediate neighbor of the form λ0 + δij is a
best reply i� i ∈ T+

n (L) and j ∈ T−
n (L) for some player n; (ii) an immediate neighbor of

the form λ0 + eJ is a best reply i� J ⊆ ∪T+
n (L); and (iii) a neighbor of the form λ0 − eJ is

never a best reply. Using Lemma 5.2 λ0 is a best reply against x(L). Also, every strategy
in L is a neighbor of λ0 and is of the form λ0 +

∑
n(eT+

n
− eT−n ) where T+

n ⊆ T+
n (L) and

T−
n ⊆ T−

n (L) for each n. Therefore, using points (i) and (ii) above, Lemma 5.2 shows that
all the strategies in L are best replies. To complete the proof of point (1) we will now show
that there exists at most point in X(T ) against which the strategies in L are equally good
replies.

The set of points in X(T ) against which strategies in L are equally good replies satisfy
the following system of linear equations in the variable x ∈ RI :

ϕ(λl, x)− ϕ(λl+1, x) = 0 0 6 l 6 dTn − 1
∑
i∈T1

xi −
∑
i∈Tn

xi = 0 n 6= 1

xi = 0 i /∈ I(T ).
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It follows from simple linear algebra that there is at most one solution to this system in
X(Tn)�viewing the variable x as having I(T ) = dT + N − 1 coordinates, by dropping the
coordinates not in I(T ), the above system has dT + N − 1 linearly independent equations
in dT + N − 1 variables. Hence, there exists at most one point in X(T ) against which the
points in L are best replies.

We turn now to point (2). Fix i /∈ I(T ). Let C be the set of points in X(I(T ) ∪ { i })
against which the points of L are best replies. As before, elementary linear algebra involving
the above system shows that C is a convex set whose dimension is at most 1. We know
that C includes x(L); and, applying point (1) of this theorem to the vertices of L ∨ i, we
have that it also contains x(L∨ i). Therefore it contains the interval between the two points
and in fact lies in the a�ne space A generated by this interval. Take a point x in A that
is outside this interval. We will show that it does not belong to C, which proves point (2).
Since x belongs to A, it is of the form βx(L)+ (1−β)x(Ln∨ i). Furthermore, because x(Ln)

belongs to the boundary of X(I(T ) ∪ { i }), β < 0. Let λ be the vertex of Ln ∨ i that does
not belong to L. Since i belongs to the support of λ but not to x(L), by Lemma 5.1, λ is a
worse reply against x(L) than the vertices of L. Because it is a best reply against x(L ∨ i),
it is, therefore, a strictly better reply against x than each vertex of L. Thus x /∈ C. ¤

We turn now to the case when the vertices of a set K1 ∈ K1 are best replies. Fix a subset
T of S. Let x1(T ) ∈ Σ(T ) be the strategy pro�le where each player n mixes uniformly over
his strategies in Tn. The proof of the following theorem is similar to that of Theorem 5.3
and is, therefore, omitted.

Theorem 5.4. For K1 ∈ K1(T ) and i /∈ I(T ):

(1) x(T ) is the unique point in Σ against which the strategies in K1 are best replies.
(2) The set of points in Σ(I(T ) ∪ { i }) against which the vertices of K1 are best replies

is [x1(T ), x1(T ∪ { i })].

6. The Structure of Pseudo-Best-Replies

Our objective here is to choose a generic subset of the space G of games such that for each
game G in this set, the pseudo-best-replies of all the original players are �non-degenerate.�

In this section and the next, g ∈ RI is a �xed vector. For each game G ∈ G and each
α ∈ R, de�ne the game G̃ ⊕ αg as follows: the strategy sets and the payo� function of the
coordinator are as in G̃. The payo� to player n when he plays pure xn and player 0 plays λ

is G̃(λ, xn) +
∑

i∈Sn
αgixi.
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Let L ∈ L(T ) be a set generated by a pair (λ0, πT ) for some T . Recall that L1 is the face
of L that is contained in Σ. In case L1 is nonempty, there exists 0 6 l1 < dT such that the
vertex set of L1 is { λ0, . . . , λl1 }; in case L1 is empty, take l1 to be −1.

Viewing strategies in Σ0(L) as points in RL (and not RΛ) consider now the following
system of equations and inequalities in the variables (G,α, σ0, v) in G × R× RL × RN :

ψn,i(G, σ0, v) ≡ G̃n(σ0, i) + αgi − vn = 0 ∀n, i ∈ Tn

ψn,i(G, σ0, v) ≡ G̃n(σ0, i) + αgi − vn 6 0 ∀n, i /∈ Tn

ψ0,∗(G, σ0, v) ≡
dT∑

k=0

σ0,k − 1 = 0

ψ0,k(G, σ0, v) ≡ σ0,k > 0 ∀0 6 k 6 dT

ψα ≡ α > 0

ψ⊥ ≡ α(
∑

l>l1

σ0,l) = 0.

Let Θ(L) be the set of solutions to this system and denote by proj the natural projection
from Θ(L) to G. If (G,α, σ0, v) ∈ Θ(L), then for each n, each of the strategies in Tn yields
a payo� of vn in the game G̃ ⊕ αg, and none of them is inferior; besides, the support of σ0

is in L1 unless α = 0. This last property, given by the complementary slackness condition
ψ⊥, implies that every point in Θ(L) satis�es at least one of the inequalities weakly: either
λ0 = 0, or σ0,l = 0 for all l > l1. The following lemma shows that for generic games, almost
all points satisfy exactly one inequality weakly.

Lemma 6.1. There exists a closed, lower-dimensional subset GL of G such that for each
G /∈ GL, and each l > 1, the set of points in proj−1(G) that satisfy exactly l of the inequalities
weakly is 1-dimensional if l = 1; �nite if l = 2; and empty if l > 2.

Proof. For each positive integer l, let Θl(L) be the subset of Θ(L) consisting of points
(G,α, σ0, v) for which exactly l of the inequalities are satis�ed with equality. To obtain
the properties of the lemma, our �rst task is to prove that Θl(L) is a manifold of dimension
N |S|+2−l. To this end, �x (G,α, σ0, v) ∈ Θl(L). Let J be the set of indices j 6= ⊥ such that
ψj(G,α, σ0, v) = 0. By the complementary slackness equation ψ⊥, either J contains α or it
contains ψ0,k for all k > l1. Choose a neighborhood U of (G,α, σ0, v) such that ψj is strictly
negative on U for all j other than ⊥ that is not in J . De�ne ψJ : G ×R×RL×RN → RJ to
be the function given by the collection (ψj)j∈J of coordinate functions. The domain of ψJ

has dimension N |S|+ dT +N + 2; while |J | = ∑
n |Tn|+ 1 + l = dT +N + l. Therefore, if we
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can show that the Jacobian of ψJ evaluated at (G,α, σ0, v) has full rank, then the implicit
function theorem implies that (G,α, σ0, v) has a neighborhood V , which can be taken to be a
subset of U , such that (ψJ)

−1
(0)∩V is homeomorphic to an open subset of RN |S|+2−l, proving

thereby that Θl(L) is a manifold of dimension N |S|+2− l. To prove that the Jacobian of ψJ

has full rank, observe that for each (n, i) ∈ J , and coordinate ψj of ψJ , ∂ψj/∂Gn(i, s−n) = 0

for all s−n ∈ S−n if j 6= (n, i), while
∑

s−n
ψi/∂Gn(i, s−n) > 0. Thus, the derivative of ψn,i is

independent of the derivatives of ψj for all j 6= (n, i). Since
∑

k σ0,k = 1, there exists some k

such that (0, k) /∈ J . Therefore, the derivatives of the coordinate functions that correspond
to restrictions on player 0's strategies are independent as well. Finally, the derivative of ψα

if α ∈ J is obviously independent of the other derivatives as well. Thus the derivative of ψJ

has full rank and Θl(L) is a manifold of dimension N |S|+ 2− l.
Let proj : Θ(L) → G be the natural projection. For each l > 2, let Gl

L be the closure of
proj(Θl(L)). Then, GL is a semialgebraic set of dimension at most N |S|+ 2− l < N |S|. For
each l > 2 and G /∈ Gl

L, proj−1(G) ∩Θl(L) is then empty.
For l = 1, 2, applying the generic local triviality theorem to the projection from Θl(L) → G,

we get that there exists a closed semialgebraic subset Gl
L of G such that for each component

C of G\Gl
L, there exists a semialgebraic set FC such that proj−1(C)∩Θl(L) is homeomorphic

to C × FC under a map that sends {G } × FC to proj−1(G) ∩ Θl(L). Since C is open in
G, proj−1(C) ∩ Θl(L) is an open subset of the semialgebraic manifold Θl(L) and hence has
dimension N |S| + 2 − l. Therefore, FC , and hence also proj−1(G) ∩ Θl(L), has dimension
1− l. If G /∈ Gl

L, then proj−1(G)∩Θl(L) is (2− l)-dimensional. (In particular, since all sets
are semi-algebraic, proj−1(G)∩Θ2(L) is �nite.) Let GL be the union of the sets Gl

L for l > 0.
All the properties of the lemma hold for G /∈ GL. ¤

For each game G, let θ(G,L) be the set of points (α, σ0) such that there exists v for which
(G,α, σ0, v) ∈ Θ(L). Let θ0(G, L) be the subset of θ(G, L) consisting of points of the form
(0, σ0), and let θ1(G,L) be the subset consisting of points (α, σ0) where the support of σ0

is in L1. For any �xed G, the set of solutions to the system of equations and inequalities
described in this section are linear in the variables (α, σ0, v). Therefore, we now have the
following theorems about the structure of θ0(G,L) and θ1(G,L), whose proofs are immediate
from the above lemma.

Theorem 6.2. For each G /∈ GL, θ0(G,L) is a closed interval such that for each (0, σ0) ∈
θ0(G,L):

(1) If (0, σ0) belongs to the relative interior of θ0(G,L), then σ0 belongs to the relative
interior of Σ0(L); and each i ∈ I\I(T ) is an inferior reply against σ0 in the game G̃.
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(2) If (0, σ0) belongs to the boundary of θ0(G,L) but σ0 belongs to the relative interior
of Σ0(L), then there is exactly one i ∈ I\I(T ) that is not an inferior reply against
σ0.

(3) If σ0 belongs to the relative boundary of Σ0(L) then it belongs to the relative interior
of Σ0(K) for some maximal proper subset K of L; and each i ∈ I\I(T ) is an inferior
reply against σ0.

Theorem 6.3. For G /∈ GL, θ1(G,L) is a closed interval that is nonempty only if L1 is a
maximal face of L, i.e, L1 ∈ K1(T ). Moreover, for (α, σ0) ∈ θ1(G, L):

(1) If (α, σ0) belongs to the relative interior of θ1(G,L), then α > 0; σ0 belongs to the
relative interior of Σ0(L1); and each i ∈ I\I(T ) is an inferior reply against σ0 in the
game G̃⊕ αg.

(2) If (α, σ0) belongs to the boundary of θ1(G,L) but σ0 belongs to the relative interior
of Σ0(L1): then either α = 0, and all i /∈ I(T ) are inferior against σ0 in G̃; or α > 0

and there is exactly one i ∈ I\I(T ) that is not an inferior reply against σ0.
(3) If σ0 belongs to the relative boundary of Σ0(L1) then it belongs to the relative interior

of Σ0(K) for some maximal proper subset K1 of L1; α > 0; and each i ∈ I\I(T ) is
an inferior reply against σ0 in the game G̃⊕ ag.

Let G∗ be the union of the sets G\GL where L ranges over the principal simplices in L∗.
G∗ is then set a set of full measure; more precisely, its complement is a countable union
of lower-dimensional semi-algebraic sets. Our �nal two theorems of the section show the
relationship among the various sets θ(G,L), as L ranges over the principal simplices, for a
game G ∈ G∗. The two theorems have similar proofs and, so, the proof of the second is
omitted.

Theorem 6.4. Suppose G ∈ G∗ and (0, σ0) ∈ θ0(G,L) for some L ∈ L∗(T ). Let L′ 6= L be
another principal simplex in L∗.

(1) If (0, σ0) belongs to the interior of θ0(G,L) then it does not belong to θ(G, L′).
(2) If (0, σ0) belongs to the boundary of θ0(G,L) and σ0 to the interior of Σ0(L) then

(0, σ0) belongs to θ(G,L′) i� L′ = L∨ i where i is as in Statement 2 of Theorem 6.2.
(3) If σ0 belongs to the interior of a maximal proper face Σ0(K), then (0, σ0) belongs to

the θ(G,L′) i� either K = L′ or K = L ∧ L′.

Proof. If (0, σ0) belongs to θ(G,L′) then it belongs to θ0(G,L′). By applying Theorem 6.2
to θ(G,L′) observe �rst that (0, σ0) belongs to θ(G,L′) only if σ0 belongs to the interior
of either Σ0(L

′) or one of its maximal proper faces. Suppose �rst that σ0 belongs to the
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interior of Σ0(L). By Theorem 4.7, our observation implies that (0, σ0) belongs to Σ0(L
′)

only if L′ = L ∨ i for some i /∈ I(T ). If (0, σ0) belongs to the interior of θ0(G,L), then by
statement 1 of Theorem 6.2 this coordinate i is an inferior reply and hence (0, σ0) /∈ θ(G,L).
On the other hand if (0, σ0) is boundary point, then θ(G,L′) contains (0, σ0) i� L′ = L ∨ i.
Thus we have proved Statements 1 and 2.

Suppose now that σ0 belongs to the relative interior of a maximal proper face Σ0(K).
Then, using our observation above and also Theorem 4.7, (0, σ0) belongs to θ0(G, L′) only
if L′ = K or K = L ∧ L′. Obviously if L′ is either of these sets, then (0, σ0) belongs to
θ0(G,L′). Thus, Statement 3 follows. ¤

Theorem 6.5. Suppose G ∈ G∗ and (α, σ0) ∈ θ1(G,L) for some L ∈ L∗(T ). Let L′ 6= L be
another principal simplex in L∗.

(1) If (α, σ0) belongs to the interior of θ1(G,L) then it does not belong to θ(G,L′).
(2) If (α, σ0) belongs to the boundary of θ0(G,L) and σ0 to the interior of Σ0(L) then

(α, σ0) belongs to θ(G,L′) i� α > 0 and L′ = L ∨ i where i is as in Statement 2 of
Theorem 6.3.

(3) If σ0 belongs to the interior of a maximal proper face Σ0(K), then (α, σ0) belongs to
the θ(G,L′) i� either K = L′1 or K = L1 ∧ L′1.

7. Newton Paths

In this section, we show how to construct Newton paths for our algorithm when the game
belongs to G∗.

Take a game G that belongs to G∗. Let E∗(G) be the set of (α, σ0, x) ∈ R+×Σ0×X such
that (σ0, x) is an equilibrium of G̃ ⊕ αg; and α = 0 if the support of σ0 is not contained in
Σ. We analyze the structure of E∗ through a series of claims.

Claim 7.1. (α, σ0, x) belongs to E∗(G) only if (α, σ0) belongs to θ(G).

Proof. Let (a, σ0, x) be a point in E∗. Let L∗ be the simplex spanned by the support of σ0.
There exists a unique face X(T ) of X whose relative interior contains the relative interior
of the simplex L∗. Let L be an element of L(T ) that has L∗ as a subset. We will now show
that (α, σ0) belongs to θ(G,L).

Since the relative interior of L∗ is contained in that of X(T ), for each i ∈ I(T ) there exists
a strategy in L∗ whose i-th coordinate is nonzero; and since this strategy is a best reply
against x for player 0, it now follows from Lemma 5.1 that xi > 0. Therefore, for each player
n, each strategy in Tn is a pseudo-best-reply against σ0 in the game G̃⊕ αg. It now follows
from its de�nition that θ(G,L) contains (α, σ0). ¤
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For each L ∈ L∗, let E∗(G,L) be the set of (α, σ0, x) ∈ E∗(G) such that (α, σ0) ∈ θ(G,L).
The above claim says that E∗(G) is the union over all L ∈ L∗ of E∗(G,L).

Claim 7.2. Suppose (0, σ0, x) is in E∗(G,L) for some L ∈ L∗(T ).
(1) If (0, σ0) belongs to the interior of θ0(G,L), then x = x(L).
(2) If (0, σ0) belongs to the boundary of θ0(G,L) but σ0 belongs to the interior of θ0(G,L)

then x ∈ [x(L), x(L ∨ i]) where i is as in Statement 2 of Theorem 6.2.
(3) If σ0 belongs to the interior of Σ0(K) for a maximal proper face K such that K ∈ L∗,

then x ∈ [x(K), x(L)].

Proof. If (0, σ0) belongs to the interior of θ0(G,L) then by Statement 1 of Theorem 6.2,
x ∈ X(T ). By Theorem 5.3 x = x(L).

We turn now to Statement 2. In this case, by Statement 2 of Theorem 6.2, x ∈ X(I(T )∪
{ i }). By Statement 2 of Theorem 5.3, x ∈ [x(L), x(L ∨ i)].

Finally, in the case of Statement 3, observe that L = K∨ i for some i. Therefore, it follows
from applying Statement 2 to θ(G, K). ¤

The next claim provides the analog of the above result for θ1(G,L). Its proof follows like
above by combining Theorems 6.3 and 5.4.,

Claim 7.3. Suppose (α, σ0, x) is in E∗(G,L) for some L ∈ L∗(T ) and (α, σ0) ∈ θ0(G, L).
(1) If (α, σ0) belongs to the interior of θ1(G,L), then x = x1(T ).
(2) If (0, σ0) belongs to the boundary of θ0(G,L) but σ0 belongs to the interior of θ0(G,L)

then either (i) α = 0 and x ∈ [x1(L1), x(L)] or (ii) α > 0 and x ∈ [x(L), x(L ∨ i])

where i is as in Statement 2 of Theorem 6.3.
(3) If σ0 belongs to a maximal proper face K of Σ0(L1) then (i) x = x1(T ) if K = L1∧1K1

for some K1 ∈ K1; (ii) x ∈ [x(K), x(K1)] if K ∈ K1.

The only type of equilibrium that is not described by the above claims is the following:
suppose (0, σ0, x) ∈ E∗(G) is such that σ0 belongs to a maximal proper face of two principal
simplices in L∗, i.e., if its support is of the form L ∧ L′. In this case, the vertices of L ∧ L′

are obviously best replies against both x(L) and x(L′). But, x need not lie in this interval.
However, if we look at the subset of E∗(G) where this is true, then we get a 1-dimensional
manifold. Accordingly, let E(G) be the set of (α, σ0, x) ∈ E∗(G) such that if the support of
σ0 is of the form L ∧ L′, then x ∈ [x(L), x(L′)].

Theorem 7.4. E(G) is a 1-dimensional manifold without boundary.
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Proof. Fix (α, σ0, x) ∈ E∗(G,L) for some L ∈ L∗. We will prove that it has a neighborhood
that is homeomorphic to an interval for the case where (α, σ0) belongs to θ0(G,L). The proof
when (α, σ0) belongs to θ1(G, L) is similar. Suppose it belongs to the interior of θ0(G,L).
By Claim 2, x = x(L), and θ0(G,L)×{ x } is contained in E∗(G,L). Since σ0 belongs to the
interior of θ0(G, L), this set is actually a neighborhood of (α, σ0, x) in E∗(G) by Statement
1 of Theorem 6.4. Thus, (α, σ0, x) has a neighborhood that is homeomorphic to an interval
in this case.

If (α, σ0) is in the boundary of θ0(G, L) but σ0 belongs to the interior of Σ0(L), then
x ∈ [x(L), x(L ∨ i)]. In this case, (θ0(G,L) × { x(L) }) ∪ ({ (a, σ0) } × [x(L), x(L ∨ i])) ×
(θ0(G,L ∨ i)× { x(L ∨ i) }) is a neighborhood in E∗(G).

If σ0 belongs to Σ0(K) for some K ∈ L∗, then L = K ∨ i for some i, and we can apply the
previous case to K to get the requisite neighborhood.

If σ0 belongs to θ(G,L′) for some L′ 6= L in L∗(T ), then by assumption, x ∈ [x(L), x(L′)].
Therefore, (θ0(G,L) × { x(L) }) ∪ ({ (α, σ0) } × [x(L), x(L′)]) × (θ0(G, L′) × { x(L′) }) is a
neighborhood in E∗(G).

Finally, if (α, σ0) belongs to the Σ0(K) for K ∈ K1, then x ∈ [x1(L), x(L)] and then
(θ1(G,L)×{ x1(L) })× ({ (α, σ0) }× [x1(L), x(L)])× (θ0(G,L)×{ x(L) }) is a neighborhood
of in E∗(G). ¤

Suppose the vector g is such that for each n, there exists a unique i such that gi > gj

for all j 6= i in Sn. Then for all large α, for each player every strategy other than this
strategy i is inferior in the game G⊕ αg. Thus, the game has a unique pseudo-equilibrium
where the players play this pro�le, call it x(g), and the coordinator also chooses this pro�le.
There is now a unique component of E∗(G) that contains (α, x(g), x(g)) for all large α.
This component is obviously not compact. For each integer M > 1, this component must
contain an equilibrium (0, σ0, x) where x̄ = M . This component then gives an approximate
equilibrium with arbitrary accuracy.
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