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Abstract

This paper studies a model of strategic trading with asymmetric information of an asset whose
value follows a Brownian motion. An insider continuously observes a signal that tracks the evolution
of the asset fundamental value. At a random time a public announcement reveals the current value
of the asset to all the traders. The equilibrium has two regimes separated by an endogenously
determined time T. In [0,T), the insider gradually transfers her information to the market and
the market’s uncertainty about the value of the asset decreases monotonically. By time 7' all her
information is transferred to the market and the price agrees with the market value of the asset.
In the interval [T, o), the insider trades large volumes and reveals her information immediately, so
market prices track the market value perfectly. Despite this market efficiency, the insider is able to

collect strictly positive rents after 7.
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1 Introduction

This paper studies a model of strategic trading with asymmetric information of an asset whose value
follows a Brownian motion. An insider receives a flow of (noisy) signals that tracks the evolution of the
asset value. Other traders receive no signals and can only observe the total volume of trade. There is
uncertainty about the value of the asset before the insider gets the first signal, hence the first signal gen-
erates a lumpy informational asymmetry between the insider and the rest of the market participants.
The signals the insider receives later are equally informative, but they contribute only marginally to
the informational asymmetry. The information advantage continues until an unpredictable time when
a public announcement reveals the current value of the asset to all the traders.

Kyle (1985) introduced a dynamic model of insider trading where an insider receives only one signal
and the fundamental asset value does not change over time. Through trade, the insider progressively
releases her private information to the market as she exploits her informational advantage. The market
is also populated by many liquidity traders that are uninformed and trade randomly. At time 0, the
insider observes the value of an asset. The same information is publicly released later, at time 1, to all
market participants. In each trading period in the time interval [0, 1], traders submit order quantities
to a risk-neutral market maker who sets prices competitively and trades in his own account to clear
the market. The market maker cannot observe individual trades, but can observe the total volume
of trade in each trading period. The market maker also knows (in equilibrium) the strategy of the
informed trader, and sets prices efficiently conditional on past and present volumes of trade.

Kyle constructs a linear equilibrium where in each period the price adjustment is proportional to
the volume of trade, and the volume the insider trades is proportional to the gap between the asset
value and the current market price. The market maker’s estimate of the asset value, reflected in the
current market price, improves over time. As the public announcement date approaches, this estimate
converges to the value of the asset and the insider trades frantically in her desire to exploit any price
differential.

Our model differs from Kyle’s model in three important ways. First, the fundamental value of the
asset follows a Brownian motion and therefore changes continuously over time. Second, in addition to
the initial observation, the insider continuously receives a signal of the current fundamental value of
the asset. Third, the public announcement date is unpredictable: it has an exponential distribution.

The first difference by itself is irrelevant. In Kyle’s model it makes no difference whether at time 0
the insider observes the true value of the asset or just an unbiased signal. Moreover, the model where
the insider observes the true value and the value of the asset follows a Brownian motion is formally
equivalent to a model where the initial observation is an unbiased signal of the final value of the
asset. But this feature of our model becomes important when it is combined with the second feature.
Finally, the third feature removes the force in Kyle’s model behind the trade frenzy that occurs as the
announcement date approaches. In our model, where the announcement date is not deterministic, the
insider has no urgency to exhaust all arbitrage opportunities, and release all her private information
in the process, by a particular deadline. Thus, while it is evident that in Kyle’s model the price will
become efficient (in the sense that it incorporates all the available information) as time reaches the

announcement date, it is unclear whether in our model the insider will ever fully reveal her private



information.

Our model is not the first to introduce a public announcement with random time. Back and
Baruch (2004) compare the models of Kyle (1985) and Glosten and Milgrom (1985). To facilitate the
comparison, they adopt a Glosten and Milgrom model with a single long-lived insider (who times her
transactions strategically) and a Kyle model with a random terminal time and a risky asset that takes
only the values 0 or 1.

Our model includes various special cases. The value of the asset remains constant over time if the
variance of its Brownian motion is reduced to 0. Since in our model the insider observes the initial
value without noise, the signals that track the value of the asset over time becomes superfluous. This
version of our model is similar to Kyle’s model, where the insider is endowed only with an initial piece
of private information, but with a random end time. Alternatively, we can specialize our model to
give the insider no initial informational advantage. This is accomplished by informing all traders of
the initial value of the asset. In this version of the model, the insider’s informational advantage arises
exclusively from her ability to observe the evolution of the asset value. This is an important model in
its own right that has not yet been studied. An interesting question in this model is how the insider
‘manages’ the information asymmetry. For example, the insider could let the information asymmetry
(the variance of the uninformed traders’ estimate of the current value) grow to reach asymptotically
a certain limit or without bound. The larger is the information asymmetry, the more likely it is that
the market price will diverge substantially from the actual value of the asset, and therefore, the larger
are the profitable arbitrage opportunities. Thus, in this model as well it is not evident how much of
the insider’s information is incorporated in the market price and how quickly this happens. We study
this special case in the process of constructing an equilibrium for our general model. It turns out that
in equilibrium the insider fully reveals her information as soon as she receives it. Hence, the market
price equals the asset value at all times. Yet, the insider makes strictly positive profits. We pause now
to compare this to the results of some of the seminal papers in the literature.

In their celebrated paper, Grossman and Stiglitz (1980) study a trade model with asymmetric
information, where consumers can acquire costly signals before they trade. They demonstrate that a
rational expectations equilibrium does not exist if the cost of information is relatively low and there
are no other sources of uncertainty besides the value of the risky asset (they also consider a model
with supply uncertainty that does have an equilibrium). In a rational expectations equilibrium, the
price is a sufficient statistic for the information of all the informed traders. Therefore, the informed
traders enjoy no informational advantage and do not get compensated for the costly signals they
acquire. Thus, in equilibrium, no consumer would incur the cost of acquiring information. But
then, unexpectedly acquiring information would be profitable. Grossman and Stiglitz (1980) analyze
a static general equilibrium model. Hellwig (1982) introduces a dynamic general equilibrium model
with a risky asset whose dividends follow a Brownian motion. In order to achieve Walrasian market
clearing while escaping the problematic features identified by Grossman and Stiglitz, he assumes
that agents condition their demands on the current price, but that they ignore the informational
content of that price (using only past prices to make inferences). Hellwig shows that in this model,
an equilibrium exists. When the length of the period converges to 0, and therefore the price for
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informed traders’ rents remain bounded away from zero. Moreover, as in our special case with no
initial informational asymmetry, the price incorporates all the available information with (almost) no
delay. Thus, in Hellwig’s model, the informed traders get compensated and in equilibrium a fraction
of them acquire costly information. With our simple demand protocol, with agents placing orders
before learning the price, there is no need to resort to Hellwig’s device of having consumers respond
less than rationally to the current price. Like Hellwig, we find that information rents are bounded
uniformly away from zero as the period length converges to zero, even though the difference in the
information contained in this period’s and last period’s prices is also converging to zero. However, we
do not assume perfect competition (our insider is a monopolist), and our model has a second source
of uncertainty, the amount traded by liquidity traders, which is not present in Hellwig’s model. So,
while in Hellwig’s model the total volume of trade perfectly reveals the information of the informed
traders, in our model the liquidity traders’ orders provide camouflage for the insider to conceal her
trades. But in equilibrium, she does not.

The equilibrium of our general model has a striking feature. There is a time T', endogeneously
determined in equilibrium, by which the insider reveals all her information (if the public announcement
has not yet occurred). Thus, even though there is no deterministic deadline, the price converges to
the asset value at time T. Moreover, time T divides the equilibrium into two phases. As long as
the public announcement does not occur, in the interval [0,7") the insider gradually transfers her
information to the market and the market’s uncertainty about the value of the asset decreases to 0
monotonically. In the interval [T, 00), the insider trades large volumes and reveals her information
immediately, so market prices track the asset value perfectly. Nevertheless, as we explained above,
after T the insider collects strictly positive rents, even when the time period converges to 0. In [0,7)
the insider is indifferent about her order quantities, though she trades according to a deterministic
function of the current price and value of the asset. Therefore, she is indifferent about purchasing an
additional share of the asset now or in the future, even though she discounts future payoffs. This is
so because the market compensates her more generously in the future for any price differential. In
[T, 00), her compensation, as a function of the price differential, is constant over time, and thus she is
eager to cash in her rents as soon as arbitrage opportunities materialize.

We conclude the Introduction by discussing a small subset of the vast literature on insider trading.!
Two of the most influential papers in the area of strategic trading with asymmetric information are Kyle
(1985) and Glosten and Milgrom (1985). These classic papers formalize Bagehot (1971) intuitive story
that the market provides a mechanism to compensate informed traders for their superior information,
while liquidity traders are willing to make (small) losses for the benefit of carrying out their transactions
immediately. Glosten and Milgrom study a market where multiple insiders and noisy traders place
orders sequentially (one at a time) to a risk-neutral and competitive specialist, who sets bid and ask
prices. If the proportion of insiders is high and/or the quality of their private information is too good
then the resulting bid-ask spread is too wide and the market shuts down. However, when there are
few insiders with limited private information, the market does operate. Moreover, the bid-ask spread

converges to zero as time goes by. Three notable extensions of the Glosten and Milgrom model are

For a comprehensive review of this literature, and its connection to the broader market microstructure theory, we
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Easley and O’Hara (1987) that study the impact of block trading on the bid-ask spread, Glosten
(1989) that considers a monopolist specialist that maximizes expected profits, and Dasgupta and Prat
(2005) that analyse a model where some insiders receive superior signals and informed traders care
about their reputations. In this last paper, in equilibrium, there is herd behavior and prices do not
converge to the asset value.

More closely related to our work is the literature that builds upon Kyle (1985). In a continuous-time
setting, Back (1992) considers a general distribution for the insider’s private signal (Kyle assumes a
normal distribution) and prove the existence and uniqueness of an equilibrium pricing rule. Holden and
Subrahmanyam (1992) and Foster and Viswanathan (1996) consider a market with multiple competing
insiders. Holden and Subrahmanyam assume a symmetric model in which the insiders are endowed
with the same private information and show that insiders’ competition creates a strong-form efficient
market almost immediately. Foster and Viswanathan allow for heterogenous information among the
insiders and show that this asymmetry reduces the degree of competition among them, and hence, the
efficiency of market prices. In a one-period model with heterogeneous insiders, Spiegel and Subrah-
manyam (1992) replace Kyle’s uninformed liquidity traders (and their exogenous price-inelastic noisy
trades) with strategic utility-maximizing agents trading for hedging purposes. They demonstrate that
the welfare of uninformed traders decreases with the number of insiders. In a multi-period setting,
Mendelson and Tunca (2004) propose an alternative endogenous liquidity trading model allowing for
various type of market information; some available exclusively to the insider (tractable information)
and some unavailable to all market participants (intractable information) that gets partially released
over time. In contrast to Kyle’s model, Mendelson and Tunca assume that the insider’s private in-
formation acquisition is costly. The volume of uninformed trades decreases with market uncertainty,
forcing the insider to reduce her own volume of trade. As a result, less information is acquired by the
insider and information is spread out into the market more slowly.

The rest of the paper is organized as follows. Section 2 introduces the model in full generality and
deals with its discrete-time version. We construct the unique linear Markovian equilibrium for this
model and derive its asymptotic properties. Here we also study the special case where the fundamental
value of the asset is constant over time. In Section 3 we study the limit of the discrete-time equilibrium
as the length of a period goes to zero, including the special case when the value of the asset does not
change. This exercise suggests an equilibrium for the continuous-time model that we pursue in Section
4. The equilibrium is composed of two distinct phases that we show paste smoothly. In Section 5
we discuss features and extensions of the continuous-time equilibrium, such as a model with multiple

insiders.

2 Discrete Time Model

We introduce first a continuous-time model, where the fundamental value of the asset and the liquidity
trader’s (target) holding of the asset are described by continuous time stochastic processes. In the
discrete time model that we study in this Section, trading orders are restricted to take place only at
discrete times; the time between two trading dates is a period. The continuous time model we study

in Section 4 removes this institutional constraint. We then construct a linear Markovian equilibrium



for the discrete time model.

The market participants are the insider, the market maker and a (large) number of liquidity traders.
The insider (and only her) continuously receives private information about the fundamental value of
the asset. Every period n, the insider and the liquidity traders place buy/sell orders for a quantity of
the asset. An order is a binding contract to buy/sell a quantity of the asset (the ‘size of the order’) at
a price determined by the market maker. At the end of the period, after observing the total volume of
trade, the market maker sets the price p,, and trades the necessary quantity to close all orders. This
trading process continues until an unpredictable random time 7 when the fundamental value of the
asset becomes public knowledge. At this time, the market price immediately matches the fundamental
value and the insider loses her informational advantage.

Let (Q, F,P) be a probability space endowed with two independent standard Brownian motions B}
and B}, where t € [0,00) denotes (calendar) time. Let F = (F})¢>0 be the usual filtration generated
by (B, BY). The value of the fundamental at time ¢ is V;, which we assume evolves over time as an
arithmetic Brownian motion

dV; = 6, dBy,

for some constant &,. The initial value Vj is drawn from a normal distribution with mean #y and
variance 9. The insider alone observes the (stochastic) evolution of V; during ¢ € [0, 7). The market
maker and the rest of the market participants only know the distribution of V5. The random time 7
when the value of the fundamental becomes public knowledge is exponentially distributed with mean
1/6, and is independent of (B, BY).

In the discrete time model the market maker opens the floor for trading only at discrete times
{tn}n>0. We assume that these trading dates are evenly spaced over time (e.g., once a day) so that
t, = n A for some positive constant A. The interval of time [t,, t,+1) is called period n. For ¢ > 0, let
|t] denote the largest integer n such that nA < ¢. The period when the fundamental value becomes
public knowledge is v = |7, and we assume that the announcement always occur at the end of
the period. The discrete random variable v has a geometric distribution with probability of failure
q= e 94,

During the trading period [0, 7), the insider and the liquidity traders simultaneously place their
orders at the begining of every period. Liquidity trades are not strategic agents and they are motivated
to trade for idiosyncratic reasons. They trade so as to match a moving target for their net holding of

the asset. Their holding target Y; at time ¢ follows an arithmetic Brownian motion
dY; = o, dB}

for some constant o.

At trading time t,, the liquidity traders place orders for a total of y,, = Y;, — Y;, ,. While the
insider starts trading at time 0, the moment she starts observing her private information, the liquidity
traders have been trading prior to this time and at time 0, before they place their orders, they already
hold Y_A shares of the asset. Without loss of generality, hereafter we assume that Y_A = 0. Given
that {Y;} follows a Brownian motion, {y,} is a sequence of i.i.d. normal random variables with mean

0 and variance ¥, = U;A. Let x,, denote the order placed by the insider at trading time ¢,,, and let X}



be her net holding at time ¢ (including the order she placed for the current period). That is, X; =0

for t < 0 and
Lt

X :an for t > 0.
n=0

Similarly, let z, = =, + y, denote the total volume of trade at trading time t,,, and let Z; = 0 for
t < 0 and

(t]
Zt:ZZn for ¢t > 0.
n=1

Note that at each trading time t,, Z;, = X;, + Y;, is the total holding of the asset (including the
current orders) by the insider and liquidity traders.

At the begining of each period n before the fundamental value becomes public knowledge, the
market maker commits to a pricing rule (that is legally binding). The rule specifies the price p,, for
the current period’s transactions as a function of the total volume of trade z,. The insider and the
liquidity traders place their orders after the rule is announced. All orders are executed at the end of the
period. To understand the filtration we define below, note that while the market maker commits to a
rule before knowing the current period’s volume of trade, the actual price is determined after learning
the volume of trade. Let the price process { %} be defined as follows: P, = p|4a fort € [0, (v +1)A),
and Py = V| a for t € [(v +1)A, 00).

The market maker observes the public history of prices and (total) volumes of trade. His informa-
tion is represented by the filtration FM = {FM},5q, where FM = o(Ps : 0 < s <t)Vo(Zs: 0 < s < 1)
is the sigma algebra generated by the history of prices and holdings up to time t¢. Since informa-
tion is only revealed at trading times t,, in period n, the market maker knows the history hM =
(20,905 - - - » Zn—1, Pn—1, 2n)-2 Each period, the market maker learns the volume of trade before he sets
the market price. The insider’s information includes the public history of prices and trades, and the
private history of orders she has placed and fundamental values she has observed. Her information is
represented by the filtration F! = {F/};>0, where F} = o((Ps, X5, Zs) : 0< s <t)Vo(Vs:0< s < t).
That is, at trading time t,, she knows the history hl = (Vi, 20, 20,p0, Vi, .-+, Tn_1, 201, Pn-1, Vi)
The insider places her order at the begining of the period, after observing the current value of the
fundamental.

The insider and the market maker are risk neutral and discount future payoffs by the discount
factor 6 > 0. Given a trajectory {X;} for the insider’s holding and {P;} for market prices, the

insider’s payoff is
14

I(P,X)= z:[e_”‘mf/twrl — e M8, ]z,
n=0
With uncertainty, the risk-neutral insider maximizes the expected value of II(P, X). Let V,, denote

the insider’s expected discounted value of the fundamental value at time 7 given that the fundamental

2In the tradition of game theory, we are including the trajectory of prices in the market maker’s history, though he is
not a strategic player. If he were a strategic player, he could deviate and set prices out of equilibrium. In that case, for

a given history of trades, he would make different inferences for different trajectory of prices.



value has not been publicly revealed yet and her information at time ¢,. That is

_ B i ey
Vo = IE[e—é(tu—tn)VtV+1 v >n, V] =Efe @9 |y > )T, = [1 - Z} Vi

IA — = (0+)A, V,, represents the current intrinsic value of the asset. Let o, =

where p = qe”
5.(1—q)/(1 = p). Then

Vn+1 = Vn + Wn,

where {W,,} is a sequence of i.i.d. normal random variables with mean 0 and variance ¥, = o2A.

Definition 1 A strategy for the market maker is an FM -adapted process {P:}o<t<r, and a strategy
for the insider is an Fi-adapted process {X;}o<t<r. The profile (P, X) is an equilibrium if (i) for any
n>0

P, =E[e W=y, v >n, X, FM =EV, | X, FM),

n

and (ii) given P, E[II(P, X)] is bounded above and {X;} mazximizes E[II(P, X)].

We do not model explicitly competition among market makers, but we implicitly assume that
our market maker competes in prices with other market makers. In equilibrium, this competition
drives the market maker to set the price equal to the expected value of the asset market value at
time t,41 given the history of information he has observed so far and the insider’s trading strategy.
The market maker only uses his history to make inferences about the past choices of the insider and
therefore, indirectly, about the distribution of V;. The insider chooses her strategy so as to maximize
her expected discounted profit, given that she knows how the market maker will choose prices.

In equilibrium, the market maker’s expected payoff is 0 and the insider’s expected payoff is positive.
In expectation, the insider’s profits are equal to the liquidity traders’ losses. In our model the liquidity
traders are very primitive and are not sensitive to losses. A more realistic assumption would require
that the volume they trade decreases with the losses they make. Condition (ii) for an equilibrium
makes the (minimal) requirement that the liquidity traders’ losses be finite.

The model is not exactly a game and our definition of an equilibrium does not coincide with that
of a Nash equilibrium. However, Kyle (1985) suggests that this definition would coincide with that
of a Nash equilibrium in a game where two market makers simultaneously bid prices after observing
the current volume of trade and the winner gets the right to clear the market at the wining price.
To avoid collusion, we can assume that there is a large population of market makers and that each
market maker participates in the bidding game only once.

We will restrict attention to Markovian equilibria with a particular state space. At the begining
of period n, before the market maker observes the volume of trade, the state is (n,v,—1, X,—1), where
vn—1 1s the market maker’s estimate of V;, and X,,_1 is the variance of this estimate. Note that since
Vo = Vo1 + Wi_q, and W,,_1 is an independent random variable with mean 0 and variance X,
v,—1 coincides with the market maker’s estimate of V,,_1, but as an estimate of V;,_1, the variance is
Yin—1 — %yp. Since the market maker’s estimate of V,, depends on the strategy X of the insider, the

state and corresponding Markovian strategy profile need to be specified simultaneously.



Definition 2 A strategy profile (P, X) is Markovian if for each n, the insider’s order x, and the
market maker’s price p,, depend only on the current state (n,vn—1,%n—1) and the signals they receive in
periodn, V,, for the insider and z, for the market maker. In this case we write x, = X, (Vp—1, Xn—1, Vi)

and pp, = Pp(vp—1,%n-1,2n). The state evolves according to the following transition rule

Up = E[Vn+1|vn—17 Zn—la Zn, X] and Y = E[(Vn—‘rl - Un)2’7)n—17 2n—la Zny X]u where

grad If (P, X) is a Markovian strategy profile, let
v
ﬁn(vn—ly En—h Vn) = E[Z(Vn - e_(k_n)Apk)xk ‘ Un—1, En—la Vna (P7 X)]

k=n

be the insider’s expected payoff for the transactions made from period n until the fundamental value is
publicly revealed, discounted to the end of period n, when the current state is (n,vn,—1,%n—1) and the

insider observes V,,. When (P, X) is a Markovian equilibrium, p, = v, for all n.

Below we construct linear Markovian equilibria (P, X') such that
Pn(vnfly Enfla Zn) =Up—1+ )\n(znfl)zn and Xn(vnfly Enfla Vn) = Bn(znfl)(vn - Unfl)a (1)

where {\,} and {3,} are sequences of functions \,,3, : Ryy — R;. In order to analyze these
strategies, we need a couple of preliminary results.

Each period n, the market maker uses the new observation z, to update his prior distribution on
V,. When the insider chooses her order according to the rule z,, = 5,,(3,-1)(Vo, —pn—-1), (Vp, 2n) has a
multinormal joint distribution. The Projection Theorem (see Lemma 2 below) implies that conditional
on z,, V, has a normal distribution whose variance is independent of z,. Thus, in equilibrium, the
trajectory {X,} is deterministic and independent of the history of trades. Therefore the sequences
{\.} and {f,} are also deterministic and hereafter we drop the arguments ¥,_;. Also, since in
equilibrium p,, = v, for all n, hereafter we do not differentiate these two variables.

Assume that the market maker’s strategy P satisfies (1) for some sequence {\,,} C Ry. Given P,
the insider confronts each period n a non-stationary dynamic programming problem. Let 1L, (p, V) be
the insider’s total expected discounted value from period n onward (discounted to the end of period n)
when the price and intrinsic value in period n — 1 are (p, V). If {\,} satisfies a certain transversality
condition, the sequence {II,} satisfies a Bellman equation.

Let B be the space of continuous functions f : R? — R and B> be the space of sequences IT = {II,,}
such that II,, € B for all n > 0. Recall that {(y,, W,,)} is an independent sequence of i.i.d. normal

random variables, with 0 mean and covariance matrix
Yy 0
0 >,

For any IT € B>, n > 0 and (p, V) € R?, let
b (1) (p, V) = mgx (V —p— )z + pE [Hn+1(p + (@ +yn), V + Wn)]7



and let B(II) be the sequence of functions {B(II), }, where B(II),, = by, (Il,,4+1) for each n > 0. When

{\n} converges to 0 ‘too fast’ (for example, faster than {w"} for some 0 < w < p), I,(p,V) is
unbounded. But if, for example, A, > w" for some w > p, each f[n(p, V') is bounded and II satisfies
the Bellman equation IT = B(II) (that is, II is a fixed point of B).

Lemma 1 (Optimal Profits) Assume that {P,} satisfies (1) for the sequence {\,} C Ryy. Let

n=1

If S = oo then IL,(p, V) = oo for alln >0 and (p,V) € R%. If S < oo and there is M > 0 such that

S

>/|b
3

An < M and pAp/Ans1 <1 for all n > 0, then there exist positive sequences {cu,} and {~vn} such that
An@ni1 < 1/2 and pf[n(p, V) =anlp—V)2 4+, for alln >0 and (p,V) € R?, and 1= B(f[)

If for some w € (p, 1], the sequence {\,} satisfies A, +1/A\, > w for all n > 0, then > p"/\, < 00
and II,, is well defined for all n > 0. However, the condition Ant1/An > p for all n > 0 may not be
sufficient. For example, if A, = p™(1 + [n +1]71) for all n > 0, then 3 p"/A, = oo and II,, = oo for
all n > 0, even though A\, 11/\, > p for all n > 0.

Lemma 2 (Projection Theorem for Normal Random Variables) Consider a normally distributed two-

dimensional random vector (&,m). Then, & admits the following factorization

_ Cov[¢, )
§=E[¢] + Varly] (n —E[n)) +e¢,

where € is a normally distributed random variable independent of n with mean Ele] = 0 and variance

Varle] = Var[¢] (1 — r?), and r is the correlation coefficient between & and n. It follows that

o Covl¢, ]
E[§|n = 2] = E[¢] + Tarl (z—E[g]) and

Var[¢|n = z] = Var[e] = Var[¢] (1 — r?).

An important conclusion of the Projection Theorem is that the conditional variance Var[{|n = 2]
is independent of z. In the context of our linear Markovian equilibrium, this fact implies that the

evolution of the variance 3, is independent of the volumes of trade and the insider’s trading decisions.

Theorem 1 There exist unique sequences {\n}, {On} € Ryt such that the linear strategy profile
(P, X) defined by (1) is a Markovian equilibrium. In equilibrium, {3,} is a deterministic trajectory
that is not affected by the (stochastic) choices of the insider and the market maker. Furthermore, there

exist sequences {an} C Ryy and {vn} such that the insider’s expected payoff for (P, X) satisfies

oIl (p, 2, V) = a, (V—p)2+’yn for alln > 0. (2)
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PRrOOF: The proof requires to establish three facts: (i) assuming that X,, satisfies (1) for some [,
there exists a constant A, such that E[V,41 | vn—1,Xn—1,2n, Xn] = Un—1 + A\nzn; (il) assuming that
{P,} satisfies (1) for some sequence {\,}, {IL,} satisfies (2) for some sequence {(ay,v,)} and {X,}
satisfies (1) for some sequence {3, }; and (iii) there are unique sequences {\,} and {/3,} such that the
corresponding strategy profile (P, X) defined by (1) is a Markovian equilibrium.

Assume that X, is given by (1) for some constant (3,,, and that p,—; = v,—1. Define the random
variables £ =V, — p,—1 and n = 3,(Vy, — pn—1) + yn. Conditional on (v,_1, ¥X,_1), the vector (&,n) is
normally distributed with

E[¢] =0, Var[(] =X,
E[n] =0, Var[y] =82S, 145,
Cov(e,n) = E[E(But +ya)] = fuBn_1, and 7= — LoV Ent

V ﬁ%zn—l + Zy .

By the Projection Theorem,

Yin—
= BVt 1= 2] = pocs + BV = paca) 4 W [ 0= sl = oy + 020,
ﬁ%zn—l 2nflzy

Var[V,, |n =z, =Var[l | n=2z,] =X,-1 |1

- ﬁ%znfl + Zy B ﬁ%znfl + Ey .
Therefore,

S 15y

P = VarlVags [ 1= za] = VarlVa - Wa | = 2] = 0+ o= =0

3)
and ¥, is independent of z,. Since in equilibrium, p, = P, (pn—1, Xn—1, 2n) = Vn, Po(Pn-1, Xn—1, 2n)
satisfies (1) with
= ol ()
ﬁ%znfl + Ey
Now assume that { P, } satisfies (1) for some sequence {\,,} such that > p" /A, < co and pA,/Ant1
<1 for all n > 1. Then, by Lemma 1, there exist a sequence {(,,7,)} such that {I,} satisfies (2).

Therefore, in period n, the insider’s expected value I, (pp_1, Xn_1, Vp) is

An

max E [(Vn - Pn(pn—h En—la T+ yn))x + pﬁn+1(Pn(pn—17 En—lv T+ yn)a Erm Vn+1) ‘ Vn]

xT

= max K [(Vn — Pn—-1— )\n(x + yn))x + an+1(vn + W, - Pn—1 — An(x + yn))2 + 7n+1]

T

= max [(Vn — Pn—-1 — ApZ)x + ozn+1()\%x2 — 22z (Viy — 1)) + C|, (5)

where C = ani1(Vie — pn_1)? + 20 + /\%Ey) + Ynt1 is independent of x. This is the Bellman equation
for period n; the right-hand side of (5) is precisely by (Il,+1(-, 20, ) (Pn—1,vn—1). By Lemma 1,
Anant1 < 1, so the quadratic objective function is a concave function of x and the optimal solution is
obtained from the first-order condition:

1— 2)\nan+1

" = B,(Viy — pn—1) where f, = 2200 (1 — Apani1)

(6)
Thus X, defined by (1) is indeed the insider’s best reply function.

11



Equations (5) and (6) imply that

= (Vn - pn—l)2
Hn n— 7271— sy V) =
(Pt 1, V) = 08 )

+ o1 (B0 + )‘%Zy) + Ynt1-

That is
o, _1
7 = [4)‘n(1_)‘nan+1)] (7)
’Y—p" = Yt a1 (So + A2E,). (8)

Equilibrium conditions (3), (4) and (6) — (8) define recursively the sequence {(X,, An, Bn, Onyn) }-
As we will see below, given ¥ _1, each sequence is uniquely identified by the choice of 8y. However,
the sequence becomes infeasible (for example, 3, < 0 for some n) if fj is not chosen properly. There
is a unique choice 3§ that leads to a feasible sequence that also satisfies ) p" /A, < co. By Lemma
1, in this case II satisfies (2) and therefore the linear Markovian strategy (P, X) corresponding to
{(An, Bn)} is an equilibrium. All other choices of 3y lead to infeasible sequences or to sequences that

satisfy > p" /A, = oo, and therefore, by Lemma 1, are not consistent with equilibrium. |}

Starting from (X_1, Bp), we now recursively construct the sequence {(X,, f,+1)} and establish the

properties invoked at the end of the previous proof. Equations (6) and (4) imply that

1—2\0n 52— Ba¥i_)

nt1 = 2>\n(1 - Anﬁn) B 2ﬁnznflzy '

Combining this equation with (7) and (4), we obtain

p _ P = MafBn) _ pEy (9)
4)\71(1 - )\nan—l—l) 2)\71 2ﬁnzn—1.

Qp =

The last two equations (with the time index shifted by 1) imply that

273 - ﬂflzgz—l _ Py
2571271,—121/ 2ﬂn+1zn

or  Bni1¥n = pBnXn-1

%, ] (10)
Sy = Ba¥n |

n—1

Equations (3) and (10) define (X,,, Bn+1) as a function of (X,,—1, 8,). The sequence {(An, an,¥n)} can
be derived afterwards, using equations (4), (7) and (8), once the whole sequence {(X,,, 3,+1)} has been
computed first. To compute the sequence {(X,, 3,+1)} recursively, it is convenient to introduce the

following change of variables

Y- Yin—
An _&n 1 and Bn _ ﬁn n—1 )
Sy 5,5,

Then, equations (3) and (10) imply that

Anq Fu(A,, By) A2 [ A2 B, ]
= h Fu(An, By) =14—" and Fg(A4,, By,) = p | =22
By Fp(4n By | ¢ Al ) A, + B2 ™ 5 )=r Az Bl
Let
A
GL(4) =/ Ga(A) = VAL —p]"/* and Gs(A) = VA.

12
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Figure 1: Partition induced by the functions G, G2 and Gs.

Since in equilibrium £, > 0 for all n, a point (A, B) is feasible only if Fg(A, B) > 0, that is, only if
B < G3(A). The function G is defined so that F4(A,G1(A)) = A. If B> G1(A), then F4(A, B) < A,
and if B < G1(A), then F4(A, B) > A. Similarly, the function G is defined so that Fg(A, G2(A)) = B.
If B> G2(A), then Fp(A,B) > B, and if B < G1(A), then Fp(A, B) < B. As Figure 1 above shows,
the graphs of these functions partition the (A, B) space into 5 regions. In Ry, F(A, B) is always to
the left and higher than (A, B), and any sequence {(A,,, By,)} with initial point (A, By) in this region
eventually crosses the graph of G3 and becomes infeasible. In Ry, F/(A, B) is always to the left and
lower than (A, B). In R3, F(A, B) is always to the right and lower than (A, B). In Ry, F(A,B) is
always to the right and higher than (A, B). Rj is the region of infeasible points. In Figure 1 we have
also plotted four sequences, each starting in a different region. A sequence that remains feasible must
start in Ry, R3 or Ry, and any sequence that starts in R3 always remain feasible. But not all sequences
that start in Re or R, remain feasible. Sequences that start in R; always become infeasible.

By definition, the intersection of the graphs of G; and G5 define a stationary point (121, B’) such
that (A, B) = F(A, B). This stationary point is

A:H? V:P and  B=1\/1+1_p.

The corresponding (2 3, X\, &, %) associated with (A, B) is

. ) A, + A28
y \ = N i y = P& (Zy + A°Xy) 7 (11)
2BV X, 1—p

S =A%, (=

joN



where we used the definitions of A,, and B,, to compute 3 and §; (4) and the identities A = F4(A, B)
and B = G1(A) to compute A; (9) to compute &; and (8) to compute 4. If (Ag, By) = (A, B),
then (A, B,) = (A, B) for all n > 1. Therefore, if ($_1,80) = (3, 3), then (Zn_1, B, A Qny Tn) =

(f], B, A, é, 4) for all n > 0. Thus, if ¥_; = 3, there is a stationary Markovian equilibrium, where
Pn(pn—h Yn-1, Zn) =Pn-1+ 5\Z'n and Xn(pn—la Yn-1, Vn) = B(Vn _pn—l) for all n > 0.

In this equilibrium, the variance of the market maker’s estimate remains constant: X, = S for all
n > 0. Along the stochastic equilibrium path, the fundamental value and price evolve until time 7

according with the process

2

V1—0p 1 hI
1+v1—p 1+v1I—p Ey(1+/1T—p)
By continuity of the vector field F', there exists a curve C, contained in RoU R4 and passing through
(A, B), such that F(A,B) € C for all (A,B) € C. That is, C is the largest subset of R? such that
F(C) c C and (fl, B) € C. We do not have an analytical representation for C, but we can approximate

Vn+1 = Vn + Wn and Pn+1 = |:

it numerically. This curve is strictly increasing, and it approaches the origin to the left (but it does
not contain it). Therefore, there exists a strictly increasing function v : (0,00) — (0, 00), such that
(A,B) € C if and only if B = 9(A). For any initial Ay > 0, let By = 1)(Ag). Then the sequence
{(An, Bpn)}, where (Ayp41, Bny1) = F(A,, By,) for each n, is contained in C (that is, B, = ¢(A,,) for all
n > 0) and therefore remains feasible forever. Moreover, (A, B,) — (A, B) as n — oo. When Ay < A
(respectively, Ay > A), By < B (By > B) and {(A,, B,)} is monotonically increasing (decreasing).

1 [ B, [T
)\n:_ = d n:_n _yj
Bz, b= N5,

the sequence {(\n,3n)} is also monotone and (An, 3,) — (A, 3). Therefore, A, > min{Ag, A} for all
n > 1, and for any w € (p, 1) there exists £ > 0 so that \,, > w"/f. Hence, by Lemma 1, {II,,} satisfies

Since v is concave and

(2) for the sequence {(a,,vn)} and the linear strategy (P, X) associated with the sequence {(An, 5,)}

is an equilibrium. In summary, for any given ¥_; > 0, if we initialize

Bo=¥(X_1) where U(Z_;)= \/mw <21> 7

DI I

we obtain a feasible sequence {(3,—_1, Bn, An, @n,n)}, and the corresponding linear strategy (P, X) is
a Markovian equilibrium.

For any given ¥_; > 0, if §p > ¥(X_;), the corresponding (Ao, By) lies above C (that is, By >
¥(Ap)). In this case, we show below that the sequence {(A,, By,)} will eventually become infeasible
(that is, for some finite n, (A4,,B,) € Rs). Therefore, such choice of [y is not compatible with
equilibrium. If By < ¥(X_;) instead, the corresponding (Ap, Bp) lies below C and the sequence
{(An, By)} remains feasible forever. However, in this case we show below that the sequence enters
region R3 and remains there forever afterwards. Lemma 3 then establishes that Y p"/\, = oc.
Therefore, by Lemma 1, the sequence {\,,} is not consistent with equilibrium. Thus, the only feasible

choice is By = ¥(X_1), leading to the Markovian equilibrium described above.
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We now show that if (A, By) € Ra, the sequence {(A,, By)} cannot jump to R4. That is, if the
sequence abandons the region Rg, it must go to regions Ry or Rs. Indeed, let (A, B) € Ry, (A, B') =
F(A,B), and ¢ = /1 — p. Then for (A’, B’) to be in Ry we must have that Go(A’) < B’ < G1(4"),
which implies that Ga(A4") < G1(4'), or

¢Cb+l@ ]::¢4A+A?+B%fg¢l+AH@$+B% A+ A2 + B2

A+ B2 A+ B2 AZ/(A+ B2 A2

That is, we must have that ¢/(A + B%) < 1/A% or VeA\/A—1/c < B. But (A, B) € Ry implies that
B < Gy(A) = vVecA and A > A = (1+¢)/c. Therefore, VeAyA—1 < \cA, or A—1/c <1, which is
a contradiction.

Similarly, a sequence that starts in R4 cannot jump to Rs. Indeed, let (A, B) € Ry and (A', B') =
F(A,B). For (A, B’) to be in Ry we must have that G1(A’) < B’ < G2(A’), which implies that
Go(A') > G1(A'), or VcA\/A—1/c > B. But (A,B) € Ry implies that B > G2(A) = VcA and
A < A= (1+c¢)/c. Therefore, VeAv/A—1>+/cA, or A—1/c > 1, which is a contradiction.

Lemma 3 If 5 < ¥(X_1) then > p" /A, = 0.

Remarks:

- Despite the fact that insider’s trades are informative and reduce the market uncertainty, when
the initial variance 3y < 3, ©,, ends up increasing with n. In this case,the variance reduction
induced by insider trading is insufficient to compensate for the additional uncertainty generated
by the evolution of {V,,}.

- To carry the analysis above we had to assume a state (n,v,—1,%,—1). But, in equilibrium,
{X,} is a monotone sequence and there is a one-to-one relationship between n and ¥,. Hence,
we can reduce the state variables to (v,—1,%p—1). Indeed, the equilibrium is stationary. The
continuation value for the insider in period n, for example, does not depend on n and could be
written as II(v,_1, %1, Vy) instead of I, (v,_1, %1, Vy). Put a different way, if we consider
another problem where the initial variance is 3,1, its equilibrium would coincide with the
continuation equilibrium from period n onward of the equilibrium where the initial variance
is ¥_1. Similarly, we could write B(3,_1) instead of (3, (and the same is true for the other

sequences that define the equilibrium).

2.1 The Perfect Information Case

A special case of our model is when X, = 0. In this case the insider knows from the start what the
value of the fundamental will be at the time when it is revealed. This is the assumption made by Kyle
(1985).

Proposition 1 Suppose ¥, =0 and let ¥_1 be given. Then, there exists a linear Markovian equilib-

rium defined by the sequences

Bn = % (1+S)% and Ap = Y (14_5)7"7*2’ n 20,
\/ Y1 \/ Xy
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where S is the unique root in (0,1) of the equation (1 + S) (1 — S)% = p?. The resulting equilibrium
satisfies

515, 9

Y =
1+S5—-p

X1 ’ >y (1+9) "5

_ 2 _r

Note that in equilibrium the value of ¥, converges to 0 as n — oo. That is, the market is
asymptotically efficient as the number of periods goes to infinity. Recall that p = e~ (@+92 and thus
p is decreasing function of § and §. That is, p decreases if the insider becomes more impatient or the
public revelation of the fundamental value happens faster. When p decreases, S increases, the insider
reveals her private information faster, and market efficiency increases.

We will return to this special case in Section 4, where we derive its continuous-time counterpart

by letting the period length A go to zero.

3 Continuous-Time Trading as a Discrete-Time Limit

In this section, we analyze the discrete-time linear equilibrium in Theorem 1 in the limit as A goes 0.
This limit will help us identify heuristically some distinctive features of the equilibrium which we will
use in section 4 to formally derive a continuous-time solution.

First, let us explicitly rewrite the discrete-time model in terms of the calendar time t. Recall
that for any time ¢ > 0 the corresponding trading period is n = |¢|. In the discrete-time model, the
insider’s trading strategy in period n is x, = B, (Viy — pn—1). To get a continuous-time analogue,
we would like to express the insider’s strategy as a trading rate per unit time. For this, we define
B¢ = Bn/A where n = [t|. We also define the continuous time extensions ¥y = X, Ay = A\, ¢ =
and v; = 7, where n = |t]. Finally, recall that ¥, = 05 A, Y, =02A and p=e "2, where p =6 +6
and o, = 7,(1 — e %) /(1 — e #2). Note that o, — ,0/p as A — 0.

Theorem 1, establishes that there exists a unique equilibrium where the processes A\; and (3; are
deterministic functions of ¥; . This equilibrium is defined by equations (3), (4), (8), (9) and (10)

and satisfies

025 A G2 BroZ¥i_a
Yy =0lA4 —— 2L =\ = boi—a d PO Y .
t g, + EZt,A A + 0_57 t /33 EtiA A T 0_5 an ﬁt+A t (& o2 _ ?E%ﬁA A2

Furthermore, the insider’s expected profit-to-go function at the beginning of period [t] satisfies
I (Vip) = (V — P+,

where A
e M O'Z

28t 3t a
Figure 3 depicts the values of §; (left panel) and ¥; (right panel) for different values of A as

ap = and v eHA = Ve+a + Oét+A(012; + )\f ‘75) A.

function of the calendar time t. It is interesting to note that the behavior of §; (as a function of t) has

two distinctive phases as A | 0. First, as t goes to zero, (; converges to a fixed value 3y independent
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Figure 2: Evolution of §3; (left panel) and X; (right panel) as a function of the calendar time ¢t = n A for

different values of A. (Data: o7 =5, 07 = 0.5, p =1 and X = 2.)

of A. Second, as t goes to infinity, §; converges to B which, as a function of A, diverges to +0o when

A goes to 0. Furthermore, Figure 3 suggests the following stronger result
li = forallt>T
AHL% ﬂt 0, or a = 4

where T is a finite time represented by the vertical dashed line in Figure 3. Recall that in the time
interval [t,,tn+1) the insider trades the amount 3, (V;, — pi,) A. Hence, for t > T the insider’s
trading rate grows arbitrarily large as A goes to zero. When (; is large, the market maker is able to
differentiate insider trading from liquidity trading. Hence, when A is small and ¢t > T, the insider is
revealing her private information very fast. This effect is captured in the right panel of Figure 3 that
shows > decreasing monotonically to zero and staying arbitrarily closed to zero for ¢ > T as A | 0.
In other words, for t > T', the market is asymptotically efficient as the period length goes to zero.

Recall that for any A > 0, the equilibrium (X3, 8¢, A\, o, ¢) converges to a stationary point
(f], B, &, %) as t goes to infinity. In terms of A, this limit is given by

$ 1+V1—era 2A 1 1—era g 5 1 oy
= g 5 = =< ) = P
V1—erA b AV14+V1I—erd oy 14+V1—eHA oy

e_iuAS\ 0'33 N e_MA@
—= and ¥y=—x
2 o2 1—ena

If we let A | 0 the stationary equilibrium converges to

a =

(o2 + \? Ufj) A.

. S AN A 4 Oy Oy OyOy
1 >, 06, =10 ——,—|. 12
Alrlré ( 7/37 7067/7) ( ) w7 0_y7 20’v’ M ) ( )
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The first two limits are consistent with our previous discussion: When A | 0, the market becomes
asymptotically efficient (i] = 0 and the insider trading rate grows arbitrarily large ( B =00) as t — o0.
The limit above also shows that the insider makes positive profits in the limiting regime since & and

specially 4 are both positive.

4 Continuous Time Model

In this section, we derive an “equilibrium” for the model in which trading occurs continuously over
time. More precisely, the strategy profile we construct is not an equilibrium of a continuous-time game;
instead, it is the limit of equilibria for a family of continuous time models where the insider’s trading
rate is uniformly bounded. As we explain later, this construction is required to introduce technical
constraints in the strategy space of the insider that capture the natural limits of what is possible in a
discrete time model, while at the same time preserving existence of equilibrium.

Similar to the discrete-time model, we define the intrinsic value V; to be the expected discounted

value of the fundamental at time 7 given the insider’s information at time ¢. That is,

. 0
Vi =E[e 00V | Flt> 1] = a5

We also define o, = 7, 0/(6 + 0) so that V; is a driftless Brownian motion with dynamics
dV; = o, dBy.

Given a space C of continuous processes adapted to the insider’s information F/ (to be specified later),
a continuous-time equilibrium is a pair of processes (X, P) with the following properties: (i) X € C
maximizes® the insider’s expected discounted payoff II(P, X) given the market maker’s pricing rule P,
where

H(P,X):E[e_‘STVTXT—/ e_‘”Ptht—/ e‘“d[X,P]t’P}
0 0

and [X, P]; is the quadratic covariation between X; and P;;* and (4i) the price process P is adapted

to the market maker’s information F} and satisfies the equilibrium condition
P=E[V|FM x| o<tz

given the insider’s trading strategy X.
For the analysis that follows, we find convenient to rewrite the insider’s payoff using the following
identity

e_5TVTXT:/ e_‘STthXt—i—/ e—5TXtd\7t+/ e T d[X, V],
0 0 0

3We rule out discontinuities in X because they would immediately inform the market marker that he is mispricing

the asset.
“Intuitively, this term arises because the price paid by the insider is computed ‘at the end of the period’, and therefore

it includes the effect of the insider’s ‘last trade’ dX;. For a formal derivation, see equation (11) in Back (1992).
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where [X, V]; is the quadratic covariation between X; and V;. Plugging back this identity in II, taking

expectation and canceling the stochastic integral with respect to the martingale V;, we get

(P, X) = IE[/O (e—éT\/t—e—5tPt)dXt+/o e—“d[X,V]t—/O e“”d[X,P]t‘P]

= E[/ e“t(Vt—Pt)dXt—i—/ e“td[X,V]t—/ e“td[X,P]t‘P],
0 0 0

where the second equality is based on the fact that 7 is exponentially distributed with rate 6 and is
independent of F/. Recall also the definition u = d + 6.

Our construction of a continuous-time equilibrium (X, P) builds on the features that we heuristi-
cally derived in the previous section. That is, the equilibrium has two phases: an absolutely continuous
phase in the interval [0,7") in which X has bounded variation and a singular phase in the interval
[T, o0) in which X has unbounded variation, for some switching time 7" > 0. In the absolutely contin-
uous phase, the insider’s trades at a rate 3; (V; — P;) and the market maker adjusts prices at a rate
A, where 5, A : [0,T) — R4, so that

dXt :Bt (Vt*Pt) dt and dPt :)\tdZt, t<T.

In the interval [0,T") the variance ¥; decreases from ¥y to 0. In the singular phase [T, c0), ¥; remains
at 0 all the time; the market maker adjusts the price at a constant rate Ap and the insider buys/sells

at an infinite rate driving the gap between the price and the valuation instantaneously to 0, that is,

dXt:¥—d}/t and dPt:ATdZt:dV%, tZT
T

Since the continuous-time extension of a discrete-time trading strategy (as we defined it in Section
3) is always of bounded variation, it would be natural to define C to be the set of continuous processes
of bounded variation adapted to .7-"{ . However, exactly because the insider would like to use (in
equilibrium) a strategy of unbounded variation, a continuous-time model with such a space C would
not have an equilibrium. Nevertheless, we can approximate the discrete-time equilibrium for A small
by the limit of a sequence of continuous-time equilibria in which the insider trading rate is uniformly
bounded. More specifically, for each 8 > 0, we consider the restricted strategy space C(B) for the
insider of all processes X € C such that

dXy =0 (V; — P,)dt

for some process B; adapted to F/ with |3 < 3 for all ¢ > 0. The continuous-time model with
this strategy space for the insider does have equilibria. Furthermore, an appropriate continuous-time
approximation of the discrete-time equilibrium for A small is obtained as the limit of continuous-time
equilibria as f — co. Note that when X is of bounded variation, the quadratic covariations (X, V]
and [X, P]; are both zero, and accordingly the last two terms of the insider’s objective function drop

out.
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4.1 Equilibrium in [T, c0)

First, we consider the singular phase of the equilibrium for ¢ > T'. For this, let us suppose that the

market maker uses the pricing rule
dP; = M\ dZ;, t>1T, (13)

for some deterministic function X : [T, 00) — R such that e#/)\; is strictly decreasing in ¢t > T'. For
example, the constant function Ay = Ap > 0 satisfies this property. The insider’s profit maximization
problem is
oo
max E { / e T, (V, — P)2dt
18I<B T
s.t. d‘/t =0y dBZ) and dPt = )\t [/Bt(‘/t —Pt)dt-f—O'y ng/]

Although the problem has two state variables, V; and P;, only their difference will matter from a

computation standpoint. So, let us define the price differential M; = V; — P; with dynamics
dM; = =\ BeMydt + 0, dBY — Moy dBY, t>T.
The process o, BY — A 0y BY is a driftless Gaussian process with variance o7 = 02 + \? 03 . Therefore
dM; = =\ G Mydt + 0,d By t>1T,

where B; is a standard Brownian motion. Define the value function ﬁ(Mt; ) as the insider’s expected
discounted profit-to-go if the difference between the asset value and the market price is My = V; — P,

and let M;(3) denote the the stochastic process generated by the optimal solution.

Proposition 2 Suppose the market maker uses the pricing strategy (13) for some deterministic func-
tion \¢ such that e /), is strictly decreasing in t > T. Assume that the insider trading rate (3; is
bounded above by 3 > 0. Then, the insider optimal strategy is to set By = (3 for all t > T. The value
function ﬁ(M,B) is given by

B ~ ) B _ t _

and the price differential M(3) has mean reverting dynamics and satisfies

_ t _
M, = Mpe™” Jr s ds —I—/ oee P J3 A du dB;, t>1T.
T

The fact that 3; = 3 means that the insider buys or sells as fast as possible depending on whether
M; > 0 or My < 0, respectively. This strategy is not surprising under the assumption that the market
maker adjusts prices at a rate \; such that e #¢/); is decreasing. In fact, for example, a constant \p
implies that the market price at a time ¢ is only affected by the insider’s cumulative trade up to time ¢
and not by its distribution over time prior to ¢. This, together with the fact that information leakage
can occur at any time, gives the insider no incentive to delay any profitable trade.

Proposition 2 defines half of the equilibrium condition. The other half is based on the market
maker’s requirement that P, must be equal to the expected value of V; conditional on the available

market information. It turns out that for this condition to hold, the rate A\; cannot be arbitrary.
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Proposition 3 Suppose the insider uses the trading strateqgy 3; = 3 for all t > T and the market
maker uses the pricing strategy (13) for a rate \;. Let L = QO'UB/O'y. Then, the equilibrium condition
P, = E[V;|FM] is satisfied if only if

A = Z—y [ZZ%;] for allt > T,
for some constant K. Moreover, e /)\; is decreasing only if K < %eLT.

To obtain the “equilibrium” of the unconstrained game, we let 3 go to infinity. We have to be
careful, however, with the interpretation of this limit because of the nature of the insider trading
strategy. According to Proposition 2, as 3 grows large so does the insider trading rate. In the limit as
B — o0, the insider wants to trade at an infinite rate. In the language of optimal control, the insider is
exerting singular control, that is, she is using a trading strategy that is not absolutely continuous with
respect to time. Nevertheless, Proposition 4 below guarantees that both II(M; 3) and M;(3) admit a
well-defined limit.

According to Proposition 2 and Proposition 3 there are multiplicity of equilibria (for a given /)
in [T,00). However, no matter what equilibrium is chosen for each (3, in the limit as 3 — oo, the
market maker always sets the constant market depth A\ = 0, /0y in [T, 00). Later, we will show that
this value satisfies two additional properties, namely, (i) it minimizes the insider’s informational rent
during this singular phase of the equilibrium and (i) ensures that the variance 3; converges smoothly
toOastTT.

Proposition 4 For a constant (inverse) market depth \y = Ap > 0 (t > T'), the insider’s value
function ﬁ(M, B) satisfies

_ ~ _ 1 02 4 g2 \2
lim O(M;3) =I(M) = — |M?>+ 2 —¥"T |
B—o0 2Ar 2

As B — oo, the process My(f3) converges weakly to 0 over compacts in (T,00). If Mr = 0 a.s. then the
weak converge extends to any compact in [T,00). As a result, the insider’s trading strategy converges

weakly to Xy = Xp + oy [(Bf — BY) — (BY — BY)] fort >T.

The previous result emphasizes two important features of the equilibrium in [T, 00). First, the fact
that M; = 0 for ¢t > T means that the insider is cashing out her private information instantaneously.
Second, and despite this market efficiency, the insider is able to collect positive rents in [T, 00) since
I1(0) > 0. The source of these rents is the continuous inflow of new information that the insider gets
from privately observing the evolution of V;. From the market maker’s perspective, Proposition 4
validates his work in a rather strong sense. Indeed, the market maker is concerned with setting prices
so that P, = E[V;|FM]. Proposition 4 implies that P; converges uniformly on compact sets to V; in

(T, 0).> Hence, in equilibrium the market maker knows exactly the intrinsic value of the asset and

5This follows from the Skorohod Representation Theorem and the fact that My = V; — P; converges weakly to (the

continuous process) 0.
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the price reflects this value at all times. Therefore, neither the insider nor the market maker has any
incentive to deviate from her /his strategy.

Note that the convergence in Proposition 4 holds for any Ar > 0. However, we interpret the
continuous-time equilibrium as a limit of the discrete-time equilibrium when the period length goes
to 0. Proposition 3 implies that only A\r = o,/0, is consistent with this limit. It is interesting to
note that this choice of Ar minimizes the insider’s rents after T'. Indeed, we will show in the following
section that Mr = 0 a.s. Hence, for any Ay > 0, the insider’s expected payoff-to-go after time T is
given by II(0) = (02 + Py 03) /2 A1 p. As a function of Ap, this payoff is minimized at Ay = o, /0y,
Thus, in the singular phase of the equilibrium, in addition to prices being set efficiently, the insider’s
informational rents, and hence, liquidity traders’ expected losses, are minimized.

Finally, note that Proposition 4 implies that the insider trading volume, X; behaves as a martingale

after T'. It is also interesting to note that X; — X is independent of o,,.
4.2 Equilibrium in [0,7)
To find the equilibrium in [0,7"), we first consider the insider’s problem for a given pricing rule
dPt == )\t dZt t e [O,T) (14)

where )\; is a deterministic process. As before, we set M; = V; — P;. Based on the result on Proposi-

tions 3 and 4, we let the insider’s expected profit-to-go at time 7' to be

~ M2 Oy O
H(MT) — 42;7: vlu y’

for Ay = 0, /0y. The insider’s trading problem is given by

T ~
max E [/0 e M MP By dt + e T TI(My)

s.t. th = _)\t Bt Mtdt + oy dBZ} - At Oy deJ

We solve this control problem using dynamic programming. For this, we denote by II(¢, M) the
insider’s expected profit-to-go starting in state M; = M at time ¢ < T. This value function satisfies
the border condition II(T, M) = II(M) for all M.

Proposition 5 Suppose the market maker uses the pricing rule (14) with the deterministic function

A = A et T fort € [0,T). Then I1(t, M) admits a quadratic solution

I(t, M}) = ay MZ + v, t€0,T),

with
2 2
o o
a; = aget? and = |- —- — aoagt ettt 4 Y et
Bavop Baop
Oy O'y

where ag = e 1 /(2\r) and ~yo is chosen so that yp =
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The constants ag and g are chosen to ensure the continuity of the insider’s value function at time
T. Interestingly, these value matching conditions also ensure a smooth pasting condition of II(t, M)
at T. In fact, note that we have assumed that the insider’s payoff is time homogenous in the region

[T, o0). Hence, smoothness of the value function at T' requires that

lim w = lim [at M2+ %} —0 forall M,

where the ‘dot’ denotes first derivative with respect to time. This condition is equivalent to limj7 & =
limy7 44 = 0. It is a matter of simple computations to verify that v; satisfies this requirement given
the values of ag and 7 in Proposition 5. On the other hand, it is also straightforward to see that ay
violates this condition. We will see, however, that the equilibrium that we construct in Theorem 2 is
such that M; converges (a.s.) to 0 as ¢t approaches T. Hence, II(¢, M;) is essentially smooth at 7" in

the following probabilistic sense
%r%l [o'zt M? + "yt} =0 (a.s.) for all initial condition My = M. (15)

Let us turn back to the characterization of the equilibrium. Note that Proposition 5 does not
specify the value of ;. The reason for this is that the (HJB) optimality conditions for the insider’s
control problem leave (; undetermined. The pricing rule (14) with A\; = Apet(T=% for t € [0,T)
makes the insider indifferent about her trading rates in [0,7). As in a mixed strategy equilibrium, her
trading rate is determined by the market maker’s equilibrium conditions.

As in the discrete time model, for a given strategy 3 = {f;} for the insider, let v; = E[V;|3, FM]
be the market maker’s estimate of the intrinsic value V;, and ¥; = E[(V; —v;)?|3, FM] be the variance

of this estimate.

Proposition 6 Suppose the insider uses a deterministic trading strategy B and the market maker
uses a deterministic strategy A¢. Then the pricing rule (14) satisfies the market maker’s equilibrium

condition P, = E[V;|3, FM] if and only if the following two conditions are satisfied
t
Etﬁt:)\tgz and thzo—i—dgt—dz/)\gds.
0

Proposition 6 conditions the value of 3; and 3; for a given function A;. If we use the specific value

of A¢ in Proposition 5 we get that

2 T—t
Zt220+03t—& <€2“T—62“(T_t)> and ﬁt:gvgye“( :
2p ¥y

To conclude the characterization of the equilibrium, we need to determine the value of T'. For this
we impose a value-matching condition on ¥; at T'. Since the equilibrium that we propose has ¥; =0

for all t > T, the required condition is

2
1tlTI7I_‘1 ¥ =0 orequivalently o4 02T — ;—Z (eQﬂT —-1)=0.

The following Theorem summarizes the equilibrium in [0, c0).
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Theorem 2 There exists a continuous-time linear Markovian equilibrium with two distinct phases.
The switching time T that divides these two phases is the unique nonnegative root of the equation
2uT _ 1
2 2 | €
EO‘i’O’UT:U,U [T] .
- ABSOLUTELY CONTINUOUS PHASE IN [0,7): In this first phase, the insider’s trading strategy and

market maker’s pricing rule satisfy
dX; = G (% — Pt) de and dP = \¢dZ; t<T,

where By and My are two deterministic functions given by

T—t
Tv %y T and A = Tv u(T—1)

Et Oy

Br =

The variance of the market maker’s estimate of Vy is

1— —2ut
67:| t<T’

Y=o +02t—oleT { o

which decreases monotonically to 0 in [0,T).

- SINGULAR PHASE IN [T, 00): In this second phase, the insider’s trading strategy and market maker’s
pricing rule satisfy
dX, =0, (B’ —dBY)  and dP=2Ydz, t>T.
Ty

As a result, ¥y =0 fort > T.

Finally, the insider’s payoff is given by the quadratic function
(V;, P) = ay (Vi — P)? + i, t >0,

with

ap = 2 e (T-0F and = 28 [gewmtﬁ Lok (mw] T p gyt emnT0Y
20, 4u 2

where (T —t)T = max{0,T — t}.

The previous theorem reveals a remarkable property of this linear equilibrium. There exists a finite
time 7', endogenously determined, at which market efficiency is reached and preserved thereafter. This
outcome is the result of two forces that influence the insider trading strategy in opposite directions.
On one hand, we know by Proposition 4 that the insider is able to collect positive rents after T,
despite the fact that market prices are efficient after this time. Hence, given the unpredictability of

the information leakage, the insider is anxious to collect these rents as quickly as possible pushing
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the value of T towards 0. On the other hand, the market maker’s choice of a decreasing (inverse)
market depth, ), gives the insider incentives to slow down her trading activity pushing 7" away from
0. In equilibrium, the choice of ); is such that these two forces compensate each other and the insider
gradually reveals her private information resulting in a finite time 7" bounded away from 0.

The informational rents after time 7" are due to the continuous inflow of new information that the
insider gets by privately tracking the evolution of V;. In the absence of these rents, either because V;
is constant or because the insider looses her capacity to track V;, the insider would have no incentive

to speed up her trading and market efficiency would only be reached asymptotically (7" = c0).

Theorem 3 When o, = 0, there exists a continuous-time linear Markovian equilibrium where

2102 20X
% = Bpe 21, ﬁtzw/%eﬂt, =T, (16)
)
2 —pt b 0—2
e 0
5 \/ 2uy' (17)

PROOF: using the results in section 2.1, and replacing n = t/A, we get the following equilibrium as a

et | oy
2 2,&20

ap = and Y =

function of ¢t and A.

>0 1 o2AS t Yo S _ t
N = = ] 1 = 1 (1+33)
t (14—5)%’ ﬁt A ZO ( +S)2A7 )‘t O_?%A ( +S) 2487,

e (1+ )75 d Bl i T (1+8)~+z%)
1 =
2\ %S . R N iy <Y )

where S is the unique root in [0, 1] of the equation (14 5) (1 —S)? = e 2% and ¥g =X _, (1+5)7.
For A small, it follows that S =2 A+ O(A). Hence, in the limit as A | 0, we get (16) and (17). |}

ap =

Note that when o, = 0, in equilibrium ¥; — 0 as t — oo, but X3 > 0 for all ¢ > 0. Also, the
trading rate §; remains bounded for all ¢t > 0.

The following are other remarks about the continuous-time equilibrium in Theorem 2.
- The evolution of My =V; — P, in [0,T) is given by

o2 My e+ (T—t)

dM; =
t >,

dt + 0, dBY — o, et T dBY.

Since ¥; converges to 0 as t approaches T', it follows that M; has mean-reverting paths converging

to 0 (a.s.) as t T T'. This observation supports the probabilistic smooth-pasting condition (15).

- The switching time 7' is independent of o,. On the other hand, T" decreases with both o, and
p and increases with ¥y. Furthermore, as o, | 0, this switching time diverges to 400 and the

resulting equilibrium coincides with the one derived heuristically in equations (16) and (17).

- One can show that the equilibrium in Theorem 2 satisfies the smooth-pasting condition



This is in contrast to the result in Kyle (1985) where market efficiency is reached in a non-smooth

way.

- Finally, one can show —after some tedious but straightforward manipulations— that the insider’s

ex-ante (before acquiring her private information) expected payoff satisfies

Oy Oy
Ell] = E[(V; = P)*] + = e Sy + v = yﬂ cosh(p (T —t)™) t>0.

We can also interpret E[II;] as the market best estimate of the insider’s expected payoff-to-go
from time ¢ on. Hence, from the market point of view the insider’s expected payoff decreases
monotonically with time in [0,7") and stays constant after 7. Note that because T is independent

of oy, the insider’s ex-ante expected payoff grows linearly with o,.

5 Discussion

5.1 The Effect of Noisy Information

A key difference between our model and those in the existing literature on strategic trading is that
our insider continuously updates her knowledge of the fundamental value of the asset. The volatility
coefficient o, determines the amount of information asymmetry between the insider and the rest of
the market. The higher is o, the larger is the advantage of the insider.

As noted above, the switching time 1" decreases with o,, that is, the insider is willing to reveal
her private information faster as the fundamental value becomes more volatile. The following result

shows that this effect holds in a strong sense.

Proposition 7 The value of ¥y weakly decreases with o, for all t > 0. On the other hand, the

insider’s ex-ante expected payoff E[Il;] = oy X + v¢ is weakly increasing in o, for all t > 0.

In other words, the more volatile is the fundamental value, the faster the price adjusts to the
current intrinsic value. However, this efficiency come at a cost. Indeed, the insider is willing to trade
away her private information faster because the market maker is willing to compensate her for doing
so. Hence, we expect market prices to be more informative when the volatility of the fundamental
value is higher. At the same time, higher volatility implies higher liquidity traders’ losses, which are
on average equal to the insider’s expected gains. For example, in the special case in which there is
no volatility (o, = 0), market efficiency (X; = 0) is only reached asymptotically as ¢t — oo and the

insider’s ex-ante payoff is minimized.

5.2 Market Efficiency and Insider’s Expected Payoff

The equilibrium in Theorem 2 reveals that despite the fact that the market reaches full informational
efficiency —that is, market price perfectly tracks the value of the asset— after time T, the insider still
makes positive rents. Recall that the insider’s expected payoff-to-go after time 7" can be written as

(P, X)=E U e TNy, — B) dX, +/
T

et (=) q[X, V], — / et (1) q[X, P, H .
T

T
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After time T, the market maker’s strategy P is given by dP; = ApdZ;, where Ay = 0,/0,, and
by Proposition 4, the insider’s cumulative volume traded is a martingale process such that dX; =
oy [dBf —dB}]. Thus, the first stochastic integral with respect to X; has 0 expectation and the
quadratic covariations between X; and V; and between X; and P; satisfy d[X,V]; = o,0,dt and
d[X, Py =\ azdt = o0, 0, dt respectively. It follows that

(P, X) =0 # lim II(0; §) = %
B—o0

That is, II has a discontinuity at (P, X) as X is approached by strategies of bounded variation.

5.3 Multiple Insiders

In this section we extend the model of the previous sections by considering a market with I > 1
insiders. We will focus on the symmetric information case in which all the insiders have the same
information about the evolution of V; over time.

In this setting, we will characterize a symmetric linear equilibrium in which the insiders use the
same trading strategy over time. The analysis of this equilibrium follows closely the analysis used
in the single insider case. Let us consider the discrete trading model of section 2. We will restrict

ourselves to a linear Markovian equilibrium in which insider ¢ uses a trading strategy
=B (Viy — pp_1), i=1,...,1
in period n and the market maker uses a linear pricing rule
Py =pn-1+ An 2n,

where z, = y, + Zle 2! is the cumulative trade in period n. For future reference we will denote by
g =3 it B and 3, = B + Bi-. We also denote by x, = 3, (V;, — ps—1) the cumulative insiders’
trade in period n. Similar to the single-insider model, we will show that every insider has an expected
discounted payoff that is quadratic on the difference between the fundamental value, V,,, and the

market price, P,,. In particular, insider’s ¢ expected payoff starting at period n satisfies
pIl = ol (Vi —pn1)? 47, i=1,...,1

In a symmetric equilibrium, we expect all the insiders to trade the same amount, 3) = 3,/I, and to

have identical payoffs, i, = a,, and v = v,.

Proposition 8 A linear symmetric Markovian equilibrium {(An, Bn, an,Vn) @ n > 0} exists and sat-

1sfies the following conditions.

Enflzy BrnXn—1 (1 - 2)\nan+1) I
R ,
" ! B%Zn—l + Ey " ﬁ%zn—l + Ey ﬁn An [1 +1 (1 - 2An an-l—l)]

Qp 1=, Q41

Tn 2
P M+ I1—2x a2 5 = T G (Be + A Ey)
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The proof of this proposition is almost identical to the proof of Theorem 1 and it is omitted.

Similar to the single-insider case, the equilibrium must be solved numerically. This equilibrium cor-
responds to a sequence { (X, An, Bn, an,n) @ 1 > 0} satisfying the set of recursions in the proposition

for a given initial condition Y.

The equilibrium sequence converges to a stationary point ( E ﬂ ) given by
5 1+TA y, A2 2
= +A s
Al (14 IA (1+ IA
o p 144 . ( p ) 5 22
O=—5——>-— and =(—) &, + 21 %,),
2% (11 1A =) A v)

where A is the unique root in [0, 1] of the equation (1 — A) (1+14)% = p(1+ A). Note that A is equal
to 1 —2a& A and the condition A € [0,1] is equivalent to & A € [0,1/2]. This condition is imposed to
ensure the boundedness of the insiders’ payoff (see the proof of Lemma 1).

One can show that the value of A is monotonically increasing in I and satisfies lim;_o A = 1.
Hence, f), 5\, & and 4 are decreasing in I while B is increasing in I. The monotonicity of by implies
that the market becomes more efficient as the number of insiders increases. Furthermore, given the
continuous inflow of new information due to the dynamic evolution of V,,, we know that for all n,
S, > 8, = limye 2. Hence, the stationary equilibrium is asymptotically efficient as I grows large.

Similarly, & and %4 are both decreasing in I. That is, as the number of insiders grows each one of
them receives a smaller payoff. Furthermore, it is not hard to show that collective the set of insiders
are worst off as I increases. In the limit as I goes to infinity, their cumulative payoff converges to 0,

that is, & - 0and I4 — 0 as I — oo.
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Appendix

Proof of Lemma 1.

For each n > 0 and each k£ > 0, consider the finite horizon problem for the insider where the
fundamental value is made public for sure at the end of period n+ k if it has not been publicly revealed
before. Let Il ,,(p, V) be the insider’s optimal discounted value from period n onward in this problem,
when the price and fundamental value in period n — 1 are (p, V). Obviously, I ,(p, V) < IL,(p,V)
(because the insider can always choose z, = 0 for all s > n + k) and limy_,oo I (p, V) = f[n(p, V)
for all n > 0 and all (p, V) € R2.

We first show inductively in k that for each n, either
Af.n 2 bk:,n
Hk,n(p> V) = —(V - p) + 2+ ck,n)\nzy (18)
An An
for some constants (ax.n, bk n, Ckn), Or i, = 0o. When k =0,

(V —p)?

Mo (p, V) = max (V — p— M) = = 2

so Iy, satisfies (18) with ag, = 1/4 and by, = co,, = 0 for all n > 1. By induction, assume first
that Iy 11 satisfies (18) for a given (k,n). We then show that either Il ;, also satisfies (18) or
ITj41,, = co. We have that

Hii1,0(p, V) = max (V—p—=px)x + pE[IL 1 (V + Wi, p + An(x + Y3))]

n b n
= max (V —p—A2)z +p | B[V = p— Xpw)? + Sy + A28, + 25 4 it Ans1 Sy | -
zeR )‘n-‘rl )\n—i-l

When pA,aknt1/An+1 < 1, the quadratic objective function is concave and

>\n+1(v - p)2 Ev )\2
IT n 7V = n b n b n & n )\n .
k1, (p ) 4>\n[)\n+1 - (lk,n+1p>\n] + P )\n+1 [ah 1 + ks +1] + y | Yent )\n+1 + Chint1An+l

Hence IIj41 ,, satisfies (18) with

1 PA -1
n
(tin = 7 [1 = Okl >\—+1] (19)
mn
A A An+1
bry1in = p—n[ak,n—H +bkns1]  and i =p |:ak,n+1—n + Ck,n+1n—+] - (20
)\n—l—l )\n+1 /\n

When ay, 5,410 n/Ans1 > 1, the quadratic objective function is convex, and Il 41 ,, = co. By induction,
now assume instead that Il , 41 = oo. Then Il;4,11_5s = oo for all s =0,...,n. This concludes our
proof by induction.

Let us now assume that ) p"/\, = oco. In this case we will show that IIj, ,(p,v) — oo as k — oo,
for all n and (p,v).

Special Case: When A, y1/A, = p for all n > 0, the sequences {ayn}, {bxn} and {cx,} are
independent of n and

1

a1 = —ap)’ bii1 = by +ar, and  cpq = pieg + ag.
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These difference equations have the solutions

E+1

_ k—1)
T ok 2)” ‘

bp=a0+ - +ap_1 and cp=ap_1+ ak,gpQ +---+ a0p2(
Since 1/4 < ay < apy1 < 1/2 for all k and aj, — 1/2, we have that b, — oo and ¢ — [2(1 — p?)]~L.
Therefore, as Iy ,,(p,v) > bi/An, I (p, v) — oo for all n and (p,v).

The situation A,y1/A, = p for all n > 1 represents a limit case. If the sequence {\,} goes to 0
faster, then for any n there exists k such Il ,, = co. Suppose for example that A,41/A, < p3/4 for all
n. The function f(a,d) = [4(1 — ad)]~! is increasing in a and d (when ad < 1). Therefore, ay,, > ay
for all (k,n), where a9 = 1/4 and ax41 = f(ax,4/3) for all k > 0. Since a; = 3/8, as = 1/2, and
as = 3/4, we have that 1 < agz n41pAn/Ant1, and Iy, = oo for all n.

In the general case, since ag, = 1/4 and pA,/Ap41 > 0 for all n > 1, it is easy to see (by
induction) that (19) implies ay,, > 1/4 for all kK > 1 and n > 0. Fix n > 0. For any k > 1, if there
exists j € {1,...,k} such that 1 < ag—j¢yjpAntj/Antjt1, then Iy 451 = oo, which implies that
My, =00. If 1> ap—j4ipAntj/Antji for all j € {1,... k}, then (20) implies that

pAn [1 pPAn [1 | pAaga [1 A [ p P
biom > | = 4 by > - = by >R :
kn = Moo [4 + Ok 1,n+1:| = Yo [4 + Mot |1 + bk—2n+2 =1 + -+ Mk
Note that
o0 o0 o0 n
1 1
2 Ap] =2 £ P gi_ N -
Pl A e R A A P A e

Therefore, either Il ,, = oo for some k > 1, which implies that I1,, = oo, or for all k > 1,

k .
S b)) b))
(o (p,0) > T (p,v) > =g > =230 L

Since the right-hand side of the last inequality converges to oo as k — oo, II, = oo in this case as well.

Finally, assume that ) p" /A, < oo and pAp/Auq1 < 1 for all n > 1 In this case we will show that
each II,,(p, V) is a quadratic function of (V — p) and that II = B(IT).

Since ag,, = 1/4, it is easy to show by induction that 1/4 < aj, < 1/2 for all K > 1 and n > 0.
Recall that f(a,d) = [4(1 — ad)]~! is increasing in a and d. Since aj i1 > 1/4 = ag 1 for all
n >0, a2y = fla1nt1,dn) > flaont1,dn) = a1, for all n > 0. Repeating this argument forward, we
conclude that {ak,n}?’zl is an increasing sequence and it must converge. Let o, = limy_.o pagn/An.
Since pAn /A1 < 1 and appiq < 1/2 for all k, Aoy < 1/2.

Since a,, < 1/2 for all k > 0 and n > 0,

A

bk,n < 7’!1

An |1
Prn |:—+bk;—1,n+1:| <- <

k o0 y
An
. [ P 4.+ 2 }< LAy

Ant1 Ant1 Anik] 20" S A

By induction in k, we now show that by, < bg41,, for all K > 0 and n > 1. Clearly by, = 0 < by, for
all n > 0. Since ag p41 < Ak+1n+1, if the inequality holds for (k,n), then

b1 = dnlak nt1 + bk nt1] < dnlaksine1 + bkt1n+1] = Dryon.
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That is, for each n > 0, the sequence {by ,}7°, is increasing and hence it must converge. Solving (20)

we obtain
k

2
_ 1 /\nJrj 1
Ckn = 77— Z Ak—jn+j-
An = Anj

One can show that for each n > 0, the sequence {c,};2; is increasing, and since A, < M and

ajs < 1/2 for all j and s,

M2 EL M2 L i
) 2)\n = An—i—] 2)\np

the sequence must converge. Let 7, = limy_,o0 p[brn X0/ A + i nAnLy] and define II,, by pf[n(p, v) =
an(v —p)? + Y.

Let Q be the set of f € B such that for some a,b € R, f(p,v) = a(v — p)? + b, and define the
norm ||f|| = max{|al,|b|}. Let Q, = {a(v — p)? +b | ap\, < 1}. Then, b, : Q, — Q,, is continuous.
Therefore, for each n > 0,

A~

II, = lim I, = hrn by (I py1) = by (11 n+1).

k—o0

That is, IT = B(II). |}

Proof of Lemma 3.

When [y < ¥(X_1), the sequence {(Ay, By,)} remains feasible forever. Moreover, for some finite
N, (A, Bp) € R3 for all n > N. Therefore A,, < A, for all n > N and A,, — co. Recall that the
graphs of Gy and Gy intersect at (A, B), and that (A, B) € Rz and A > A imply that B < G;(A).
The function h(A) = (A — 1)?/[A(A — 2)] is decreasing for all A > 2, and h(A) — 1 as A — co. Let
w € (p,1). Without loss of generality, assume that N is such that Ay > A and h(Ay) < w/p. Then,
B, < Gi(A,) for all n > N, and therefore for all n > N,

A%B,

Bn+1 = FB(Aann) |:A2 [Gl(An)]4

A%B, ]

LP ] = ph(An)By < wB,,. (21)

Since By < B, this implies that B, < Bw™ N for all n > N. From (4),

N\, = ﬁnznfl
" 6227171 + E A + B '

Since we would like to show that > p™ /A, = 0o, we need a tighter upper bound on B,,. Note, however,
that

A2B
Bn+1 = FB(A’VM BTL) |:A2 & ‘;4:| > an for all n > 07
so there is not a lot of slack in the previous upper bound (21) for B, 1.
For any € > 0, let N* > N be such that BwN N < e Then, for all n > N*,
A2

P S
A, + B2~

2

>1+ 4, [ 6] = Ap+ (1—é2).

An+1 = FA(AnaBn) =1+ A

14
+1—|—62/A
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Let e =1 — €2 Then An+y, > Ay« + ne > ne for all n > N*. Feeding this bound back into (21), we
obtain that

Bnsgnts < ph((n+2)e)Bysyoin < -+ < p"h((n+2)e)h((n + 1)e) - - - h(3e) BN+i3-

Choose € < 1/4 so that €2 < 1/16. Then, for all k > 3,

- [k —1— ke?)? B 1
h(ke) = b — ke2][k — 2 — ke?] 1+ k(k —2) — 2k(k — 1)€2 + k2
1 8 4
1 1 <1 - -
< +/lc[l<:—2—2(k—1)e2] = +k[7/-c—15] =R

Let ) )

4 4 4 1 1 n
Hy=|1+=||1+2| -1+ 5 d an=—= | [
R e B e e

Note that [1 + 4/12][1 + 4/22] = 10. Hence, Bn+1n+3 < p"By+13H,/10. Therefore,

Yo — p" P 10pN " H3+n 10 neis
= —> —_— > = p (.-
Xy n%:l An ;2:1 By, 77,22:1 prHpBN+«13  Bn+ys n%:l "

Gauss’s test (see, for example, Knopp 1990) states that if

where € > 1 and {g,} is bounded, then > a,, converges when ¢ > 1 and diverges when ¢ < 1. In our

case

anpr . (n+1)2 4n? 1
an  (n+1)2+4 (n+1)2+4]| n?’

so ¢ =0 and € = 2. Therefore Y a, =occ and ) p" /A, =0c0. |}

Proof of Proposition 1.
Consider equations (3) and (10) with ¥, = 0. Let us introduce the change of variable S,, =
32,1 %,/%,. Replacing 3, by S,, equations (3) and (10) become

n

Yn—1 92 Sn—1
Yp=——— d n = .
a1 W S EaTE A oS

With a partial substitution, equation (10) can also be written as 3,113, = pBnXn-1/(1 — S2_,).
Therefore, for {S,} to be compatible with equilibrium it must be that 0 < S,, <1 for all n. Since the
dynamics of S,, on the right equation are independent of ¥,, we can solve this equation independently
of the first equation. A solution for this equation is S, = S for all n > 0, where S is a root of the
equation
(1+S5)(1—9)=p%

The function f(z) = (1+x) (1 —x)? is monotonically decreasing in (0,1) with f(1) =0 < p < 1 = f(0)
and we conclude that there is a unique root S € (0,1). If we set S_; =S then S, = S for all n > 0.

In this case, the evolution of 3, is given by
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Thus, the variance decreases geometrically over time. The evolution of (,, follows directly from the
definition of S,,. Similarly, the value of ay,+1 can be computed from equation (9). Finally, to get the

value of ~,, we iterate equation (8) to get

Yn = PYn+1 T POn41 /\% Xy
= Ptz + P2 Angr By + panga A By
00
= Z pkan+k /\%4-];_1 Xy + kh—g)lo pk Tn+k-
k=1
Replacing «,, and A, one can show that the summation converges to the value of ~, stated in the
proposition, which also shows that the limit converges to 0 since 0 < p < 1.

Let g(x) = p?z/f(z), so that S,, = g(Sn_1). The function g : [0,1) — R is convex, g(0) = 0,
lim, 1 g(x) = oo, and ¢(S) = S. If we set S_; > S, then the sequence generated by S, = g(S,—1)
increases monotonically until 5, > 1 for some n. That is, the sequence becomes infeasible. If we
set S_1 < S, then the sequence generated by S,, = ¢(S,—_1) decreases monotonically to 0, and the
corresponding sequence {\,} converges to 0 ‘too fast’, making »_ p"/\, = oco. Therefore, only the

choice S_1 = S is consistent with equilibrium. |}

Proof of Proposition 2.

For notational convenience, we will drop the dependence of M;(/3) and ﬁ(M ,3) on A3 in this proof.
Let us define the insider’s value function ﬁ(t, M) as her maximum expected discounted profit-to-go
from time ¢ on if the price deferential M; = V; — P; is equal to M. This value function solves the

following stochastic control problem

ﬁ(t,M, B) = max E [/ e H(s—) M? 3, ds
1B1<p ¢

st. dMy=-M0Ge Mydt+0¢dB;, t>T and Myp= M.

From standard dynamic programming theory, we know that under certain regularity conditions ﬁ(t, M)
satisfies the Hamilton-Jacobi-Bellman (HJB) equation

~ 2 ~ ~ ~
0= mox {—AtﬂMnMu, M)+ T Tygag(t, M) + Tt M) — uTI(M) + BMQ} L@
Bl<p
where TI M and I M are the first and second partial derivatives of ﬁ(M ) with respect to M, and ﬁt
is the partial derivative with respect to t.
Our characterization of ﬁ(t, M) works in two steps. First, we will restrict the control 3; to be a

deterministic function of ¢t. Under this restriction, we will derive the (open-loop) solution

II(t, M) = / e P~ BR[IM2|M, = M]ds, (24)
t

where

_ S _
E[M2|M; = M] = M? ¢~ 20(As=A0) +/ o2 e 2P M=) gy (25)
t

for the auxiliary function A; = fg Asds. In the second step, we will invoke a so called werification
theorem (e.g., Fleming and Soner 1993, Theorem 5.1) to show that this solution solves the HJB

equation in (23) with 5; = (.
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STEP 1: OPEN-LOOP SOLUTION
Suppose the insider uses a deterministic strategy (B:. In this case, the insider’s expected discounted

payoff-to-go is given by
_ 0o 0
II(t, M) = max E [/ e =) g M2 ds} = maX/ e "D BR [M82|Mt = M] ds. (26)
181<B t 1BI<B Jt
This price differential process M; satisfies the SDE
th = d‘/t —dPt = d‘/t — )\tdZt = —)\tﬁtMtdt—FO'vdBf - )\tO'yng/.
Let us now define Ny = E[M2|M; = M]. Then, from Itd’s lemma we get that Ny satisfies the ODE

Ny +2)\ s N, = 02,

We can use this condition to rewrite the insider’s payoff as

~ 00 e_lj‘ (S_t) 2 .
I(t, M) = max/ - [as — NS} ds.
181<B J¢ 2 s

Rearranging terms and integrating by parts we get

- 0o 2 M2 00 e HS ek (s—t)
i) = [ et T8 gg M [ et ~lim SNt (T
(t, M) /t ° o Sy TR, ¢ 2\ S 2 (27)

According to this formulation, the insider’s control § affects her payoff only by modulating the evo-
lution of state variable Ng. Furthermore, because Ny is nonnegative and e # (s=1) /As is strictly de-
creasing, it follows that the insider wants to make N, as small as possible for all s >t > T. But N,
satisfies the ODE

AN, = (02 — 2 \s Bs Ny) ds.

Hence, in order to minimize N, the insider much choose 3, as large as possible, that is, 3s = 3 for all
s > T. Replacing (3, = 3, we can integrate the resulting linear ODE between ¢ and s to get

Ny = M? e~2BMs—Ay) | /S 03 e™2B(As—Au) gy,
t

Finally, replacing this expression in the payoff in (26) we get the solution in (24).

STEP 2: VERIFICATION

We now show that the open-loop solution in (24) solves the HJB optimality condition in (23) using
the control 3; = 3 for all t. It is a matter of straightforward calculations to show that for the value
function TI(¢, M) defined in (24) the HJB reduces to

0 = max {M2 (B—B) {1 20 / emH (51 g=28 (As—Ae) ds] } )
1B1<p t

Hence, it suffices to show that the term inside the square brackets is positive for all ¢ > T to conclude
that 3, = /3 is an optimal control and that II(¢, M) defined in (24) is the insider value function (without

restricting (3; to be deterministic).
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2>\tB /Oo et (s—1) 6—25(1\5—/\15) ds = X\ eMH‘?BAt /OO L‘us 6—251\5 d(QBAs)
t t

As
_ 6—ut o0 _
< NertTEAA —/ e 2% (2B Ay)
o At Je
— 62BAt [—S_QBAS}OO -1 6_2B(A00—At) <1.
. <

The first inequality is based on the assumption that e # (=) /s is strictly decreasing. The second
inequality is based on the fact that A; = fg As ds is increasing in ¢. This shows that f[(t, M) defined
in (24) is the insider’s value function and the optimal control is 3; = 3; for all t > T.

Since 3; = (3, it follows that M; has mean reverting dynamics
th = —At /BMt dt + Ot dBt

We can integrate this equation using the integrating factor exp(Ar 3t). Indeed, from a straightforward

application of It0’s lemma we get
d(e? M M) = o P B,
We then integrate this equation between T and ¢ to get

_ t _
M, = My e P Ai—AT) +/ ose PM—N)ap ¢ >T
T

which completes the proof. |

Proof of Proposition 3.
The condition P, = E[V;|FM] is a filtering condition and we can reduce the market maker’s
equilibrium condition to a classical Kalman-Bucy filtering problem. Indeed, let the signal process be

the value of the fundamental V;, with dynamics
dV; = o, dBY,
and the observation process be the price process P;, with dynamics (under the assumption 3; = /3)
dP, =\ dZ; = B (V; — P) dt + oy M dBY.

Let vy be the corresponding optimal (in mean square sense) filtering estimate of V; (with border
condition vy = Pr) and ¥; be the filtering error. Then, the equilibrium condition is P; = vy.

The generalized Kalman filter conditions for the pair (V;, P;) are given by

% = % 5 (Ep)?
dvt:?@'; [dPt—)\tﬁ(Ut—Pt)dt] and E:O—U_ 0_:3 .

To recover the identity P; = vy we need to impose that

¢ 3 _
tﬂz =1 or equivalently B =N\ 05.
)\t O'y
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This equality together with the border condition vy = Pr imply that v; = P; for all ¢ > 0. This
equality also implies that ¥; = (A 05) /B. Therefore, the second filtering equation leads to the ODE

o7 dA
y dAt 2 24,2
—=— =0, — 0, A{.
G dt vy
Solving for \; we get
\ = O el + K
Yo, et K|

for some constant of integration K, where L = 20,3/ oy. Finally, to ensure that e M /) is decreasing,

we need that

ﬁ 2 242
s =<0 o2 —o2)2) > 0.
or N—I_O_g['u Jy t)—

5 o
A< — /wz + \/(,uag)Q 4 (QﬁUUUy)2 < H 4+ 2
Ty B Oy

Substituting the solution for \;, we obtain that this inequality is satisfied only if

Ty /L
R A .
Proof of Proposition 4.

The convergence of II(M,3) to II(M) is immediate from their definitions. We will concentrate
on proving the weak convergence of {M;(3)} to 0. For this we will take advantage of the fact that
the convergence takes place on the space of continuous functions with bounded support 7 C (T, 00).
Hence, we simply need to prove convergence of the finite-dimensional distributions of {M;(3)} to 0
together with tightness of the sequence {M;(3)} (see Billingsley 1999, Chapter 2). We will also
assume without lost of generality that 3 > 1 and that 7 is the closed interval [Ty, T5] with Ty > T.

Let us first prove the convergence of the finite-dimensional distributions. Let us fix a finite set

{t1,te,...,t,} € T. For each t € T, M;(3) satisfies

_ t _
My(B) = Mpe?mAET) 1 o / e AP 4R,
T

Therefore, it follows that the random vector (Mg, (83), My, (5), ..., My, (3)) has a Gaussian distribution.
Let us denote by uM(3) and X (3) its mean vector and variance-covariance matrix, respectively. It

follows that the i*" component of ™ (3) is given by

i (B) = E[My, (8)] = E[Mq] e B W=T) i=1,...,n.
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th

Similarly, the covariance between the i** and j* components in X () is given by (assume ¢; < ;)

Sy (B) = E[(My(B) — " (B)) (M, () — 13" ()]

t; _ t; _
= &R |:(/ e_ATB(ti_s) dBS> </ ! e—ATﬁ(tj_s) dBS>:|
T T
t; _ _ ti _ t; _
_ 2R [(/ ) ng) <€—ATﬁ(tj—ti) / eI B(ti=s) qp. +/ oA B (t5—5) dgsﬂ
T T t

ti _ 2 _ t; _
</ e~ AT B (ti—s) ng) — g2 e A B(tj—ti) (/ e 2 1 B (ti—s) ds)
T T

_ efuﬂ?(tﬁT)) ,

— R MBE-t)R

o2 e AT B (tj—t:)
— (1
2 p 3 (
The fourth equality uses the fact that B; has independent increment so that two stochastic integrals
with non-overlapping ranges are uncorrelated. The fifth equality uses It6’s isometry.
Since 7 C (T, 00), if follows that ¢; > T for all i = 1,...,n. Therefore, as 3 goes to infinity we get
lim M (B) =0 and lim Ei‘]‘,(ﬁ) =0, foralli,j=1,...,n.

p—o0 p—o0

We conclude that the distribution of (M, (5), My, (5), ..., M, (8)) converges to the distribution of the
constant 0.

We now prove that {M;(3) : § > 0} is tight. For this we will invoke Theorem 7.3 in Billingsley
(1999). First, we need to prove that for every e > 0, there exists a constant C' such that

P(|M7, (B)] > C) < ¢ for all 3 > 1. (28)

Indeed, note that e*” Bt M, (B) is a martingale with continuous path a.s. Hence, we can use Doob’s

martingale inequality to show that

P(M7,(B)] > €) = B(MPT My, (B)] > AT C) <P sup | a(B)] > T )
1 3 _\2
orrrop [(emm M, (5)) ]

1 21 2Ap BT o’ 2A7 BT 2A7 BT
g (PRI 4 @ e

€ E[MQ]G*W\TB(TFT)_,_U_Z
C?2 T 2N B/

Since T1 > T, it follows that the last term converges monotonically to 0 as 3 goes to infinity. Hence,
for (28) to hold it suffices to pick C' > 0 such that

1 o?
C?> = (E[MZ]+ ).
> 1 (B + )
To complete the proof of tightness, we need to show that for every ¢ > 0 and n > 0, there exists a
§ >0 and a By > 0 such that

P(u(M(B),8) =€) <n  forall 3 > f,
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where v(M(f3),§) is the modulus of continuity of M;(3) which is defined by
v(M(B),0) = sup{|My, (B) = My, (B)| = Ty <ty <ty <Th, |t —ta| <6},

Note that the modulus of continuity satisfies

v(M(B),0) <2 sup {[M(B)I}.

T <t<T>

Therefore, using the definition of M(53) it follows that

)

< P| sup |MT|e*)‘TB(t7T) + sup o
T <t<T% T <t<T%

N ™

T <t<T>

P(u(M(3),6) > €) < P( sup | My(B)| >

€
> -
;)

t _
/ e B=9) 43
T

_ t _
< P sup |Mrp| e AT AE-T) > < + P sup o / e B (t=s) dBs| > ¢
Ty <t<Tb 4 <<ty |JT 4
Ar B(T1—T) 4o 1 — o2 7 B(T2-T)
€e o e
< P||Mp|>—F7 | +— = ;
€ 2 7 3

where the last inequality uses again Doob’s martingale inequality. The third inequality uses the
identity P(X +Y > a) <P(X > a/2) + P(Y > a/2) for two nonnegative random variables X and Y
and a constant a > 0. Finally, since Th > T it follows that both summands converge to 0 as /3 goes to
infinity. Hence, {M;(3)} is tight. If M7 = 0 a.s. then we can repeat the previous proof replacing T}
by T.

Finally, we prove the weak convergence of the insider’s trading strategy. Let us denote by X;(53)
the insider’s trading strategy when 3; = 3. It follows from Proposition 2 that X;(3) has the following
dynamics

AX(3) = BMAB)dt = 1= [00dB! ~ Aoy dBY — ()], 2T,

where A\r = o0,/0y (see Proposition 3). Integrating from T to ¢t we get
— g —
Xi(3) = Xr+ 0y [(BY = By) — (B — BY)] — 22 (My(B) - Mr).

Since M7 = 0 and M;(3) converges weakly to 0 as 3 — oo for all t > T, it follows that

X(B) "= Xy =Xrp+o, (Bl -By)— (B =BYy)], t>T. 1

Proof of Proposition 5.

The dynamic programming HJB equation for II(¢, M) is
1
0= n%ax{—)\tﬁtMHM—i— 3 (012} —|—)\%U§)HMM+H1§ —uH—i—MQﬂt},
t

where Ty, (ITprar) and II; are the first (second order) partial derivative of IT with respect to M and
t, respectively. The border condition is II(T, M) = ﬁ(M ). Since the HJB is linear in 3, the solution
must satisfy

1
My +M=0 and 5(03+A305)HMM+1L—MH:0.
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Note that the HJB optimality condition does not specify the insider trading strategy, G;.
Let us guess a quadratic solution II(¢, M;) = oy Mt2 + =y for this pair of PDEs, where «a; and ~; are

two deterministic functions of . Then, they must satisfy
(1 —2May) My =0 and a(o? + )\305) + (e M? +41) — pleeME +~¢) = 0.
Because these conditions must hold for any M;, we conclude that

0 = 1-— 2)\tOét

0 = at(012;+)‘?05)+’%—/£%
0 = & — poy
These equations are solved by
1 o2 o2
ar=ape" , N=—e " and v = |y — —& — aoagt Mt 4 Y _mHt,
20 Bapp Baop

Finally, the values of o and =y are obtained imposing the value-matching condition I1(T, M) = ﬁ(M )
for all M. That is, we need to impose ar = 1/(2 A7) and yr = 0,04/ pt. |

Proof of Proposition 6.

Suppose the insider selects a deterministic trading rate 3, and the market maker chooses the pricing
rule (14) for a deterministic function A;. In order for A\, to be consistent with the market’s maker
equilibrium condition, we need to verify that P, = E[V}|3, th\/[ |. As in the proof of Proposition 3, this
is a classical Kalman-Bucy filtering problem. Let the signal process be the value of the fundamental
V4, with dynamics

dV; = o, dByY,

and the observation process be the price process P;, with dynamics
dPt = )\tdZt :BtAt(V;f—Pt)dt‘i‘O'y)\tdBiy

Let v; be the corresponding optimal (in mean square sense) filtering estimate of V; and ¥; be the
filtering error. Then, the equilibrium condition is P; = v.

The generalized Kalman filter conditions for the pair (V;, P;) are given by

Xt By d> 5 (Bt 6)?
dv, = dP — A — P dt d — =0 — .
Ut N Uz% [ t tﬂt ('Ut t) } ar at Oy 05

To recover the identity P; = vy we need to impose that

Et 575 _
At Jg

1 or equivalently B =M a;.

This equality together with the border condition vy = Py imply that v; = P; for all ¢ > 0. This equality

also implies that (3 3;)% = \? a‘yl. Therefore, the second filtering condition leads to the differential

equation
dXy 2 242
E =0, — O'y >\t .

39



which is easily integrated to obtain ;. |

Proof of Proposition 7. Recall from Theorem 2 that 3; satisfies
1— —2ut]
Y =Yg +o02t—o2eT [67 t<T,
2p
and Xp = 0 for all t > T, where T' > 0 is the unique solution to
e2rT 17

2p

Yo+ 0iT =o? [

Since T decreases with o, it suffices to prove that X; decreases with o, for t < T.
In what follows, and without lost of generality, we will normalize the value of u such that 2 =1
(this is equivalent to re-scaling time). With this normalization, the derivative of 3; (¢ < T') with

respect to o2 is equal to

%—t—eT(l—et)—ageT(l—e_t)%, t<T
In addition, from the definition of T it follows that
or 1 [1 +T — eT]
do? o2 el —1 |’
Plugging back this value on % we get that for t < T
gf; —t—(1—e? {%} <0.

The inequality follows from the fact that /(1 — e™?) is an increasing function of .
Let us now prove the monotonicity of the insider’s ex-ante expected payoff. Given the normalization

2 ;4 = 1, this payoff is given by
1 +
E[IL] = 20, 0, cosh 3 (T —1) t > 0.

Note that to prove the monotonicity of II; with respect to o, it is enough to focus on the case t < T.

The derivative of II; with respect to o, is given by

OE[IL] 1
80; = 20y, cosh (5 (T — t)) + oy 0y sinh < (T )) 90

= 2JyCOSh(%(T ))+2gysmh< ) [1+T_e ]

. 1 T
= 20ysmh(§(T—t)> [BT_1]+20yexp<T>>0 |
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