Research Paper No. 1957

Testing Multiple Forecasters

Yossi Feinberg
Colin Stewart

January 2007

RESEARCH PAPER SERIES

STANFORD
GRADUATE SCHOOL OF BUSINESS




Testing Multiple Forecasters®

Yossi Feinberg! Colin Stewart?

Stanford University Yale University

January 2007

Abstract

We consider a cross-calibration test of predictions by multiple potential experts in a
stochastic environment. This test checks whether each expert is calibrated conditional
on the predictions made by other experts. We show that this test is good in the sense
that a true expert—one informed of the true distribution of the process—is guaranteed
to pass the test no matter what the other potential experts do, and false experts will
fail the test on all but a small (category one) set of true distributions. Furthermore,
even when there is no true expert present, a test similar to cross-calibration cannot be
simultaneously manipulated by multiple false experts, but at the cost of failing some
true experts. In contrast, tests that allow false experts to make precise predictions can

be jointly manipulated.

*We wish to thank Nabil Al-Najjar, Brendan Beare, Dean Foster, Sergiu Hart, Stephen Morris, Wojciech
Olszewski, Alvaro Sandroni, Jakub Steiner, and Jonathan Weinstein for helpful comments and suggestions.

femail: yossi@gsb.stanford.edu

femail: colin.stewart@yale.edu



1 Introduction

Economic and other scientific models commonly include a stochastic component. A
novice tester may wish to test potential experts who each claim to possess a predictive
stochastic model—a theory. Assuming the tester has no prior distribution over the
stochastic process at hand, the question is whether, by simply observing a sequence of
probabilistic predictions by the experts and the realization of the process, the tester
can distinguish true experts from charlatans.

In this paper we provide a method for reliably testing sequential predictions in the
presence of multiple potential experts. Contrary to the case of testing a single expert,
with two or more potential experts we can construct a test revealing their types by
pitting their predictions against one another.

In many cases, theories allow only for sequential predictions in the sense that they
can only assess the probabilities of future events given some information about the
realization so far. For example, a weather forecaster may have a model determining
the probability of rain tomorrow based on the barometric pressure in the past week, but
be unable to predict the distribution of barometric pressure tomorrow. Hence he cannot
use his model to predict the probability of rain two days from now until tomorrow’s
barometric pressure has been realized. Similarly, an economic model might connect
one observable indicator—interest rates, say—to the future distribution of another
indicator—say unemployment—yet be completely silent on the future distribution of
interest rates. In this sequential setting, a novice tester must wait for the realization to
unfold before obtaining the potential expert’s prediction. He cannot ask the weather
forecaster for the ex-ante distribution of rain from now to eternity.

A most intuitive sequential test asks that the expert predictions be calibrated, i.e.
that the empirical distribution conditional on his prediction converge to that prediction.
For example, if the expert states that the probability of an increase in unemployment is
40%, we would like to see that, on average, the unemployment rate rose 40% of the time

in those periods for which this 40% prediction was made. Dawid (1982,1985) proposed



this test and showed that an expert predicting according to the true distribution of the
process will be calibrated in this sense. However, Foster and Vohra (1988) demonstrated
that this test can be manipulated by a false expert: there exists a mixed forecasting
strategy that is calibrated with probability one on every realization of the process.

This negative result has been extensively generalized to many other classes of tests,
see Kalai, Lehrer, and Smorodinsky (1999); Fudenberg and Levine (1999); Lehrer
(2001); Sandroni, Smorodinsky, and Vohra (2003); Sandroni (2003); and Vovk and
Shafer (2005). Recently, Olszewski and Sandroni (2006a) obtained the strong result
that all sequential testsﬂ of a single potential expert can be manipulated. These results
stand in sharp contrast to the case of ex ante predictions. If the tester can ask the
potential expert to predict the entire distribution of the process on day one, then there
exists a good test that cannot be manipulated, as first shown by Dekel and Feinberg
(2006); see also Olszewski and Sandroni (2006b) for a stronger result.

We show that, with more than one potential expert, the situation is very different:
there is a good sequential test that cannot be manipulated by false experts. In fact, this
test is a simple extension of the calibration test. The crux of the matter is that with
more than one expert, there is more information for the tester, even if the information
is provided by a false expert. The tester requires not only that predictions be verified
against the realization, but also that they be verified against the predictions made
by the other potential experts. If the potential experts are unable to correlate their
actions, then the ability to manipulate is dramatically reduced.

We call our sequential test the cross-calibration test. This test compares the em-
pirical frequencies of events conditional on the joint predictions made by the experts.
For example, consider all of the periods where one potential expert forecasts the prob-
ability of increase in unemployment to be 40%, while another potential expert puts it
at 20%. Conditional on these predictions, the empirical distribution cannot be both
40% and 20%. Hence, if such a disagreement in predictions occurs infinitely often, we

are guaranteed that at least one of the potential experts will not be calibrated with

IThey refer to these tests as those that do not make use of counterfactual future predictions.



respect to this test.

We show that a true expert predicting according to a model based on a distribution
P is guaranteed to pass the cross-calibration test with P-probability one. In other
words, if P indeed governs the process, a true expert is bound to be well cross-calibrated
no matter what strategy—pure or mixed—is employed by the other potential experts.
Note that the true expert need not know the entire description of the distribution
P—he only needs to know the conditional probability in each period given the realized
history so far. We also show that the classic calibration test of a single forecaster is
a good test (as defined by Dekel and Feinberg (2006)) in the sense that the set of
realizations on which a model following P will be calibrated is a category one set—a
countable union of nowhere dense sets. In particular, cross-calibration is also a good
test since it has no Type I errors—a true expert is guaranteed to pass, and the set
of realizations on which he passes is a subset of those on which he is calibrated when
tested in isolation.

Unlike tests of a single expert, with multiple experts, the test of each one generally
depends on the forecasts made by others. For a true expert, the strategies of the other
potential experts are irrelevant, but for a false expert they are not. Thus false experts
may attempt to tailor their strategies based on their knowledge of the strategies of
others.

Before describing the results in detail, let us state more precisely what we mean
by “knowing” a distribution. Consider the case of a single potential expert. We can
view the test as a game in which nature chooses a realization according to a mixed
strategy P. The expert is required to make predictions, either ex ante if a true expert
is supposed to possess knowledge of the full distribution P, or sequentially if a true
expert is supposed to have a model that reveals Nature’s “behavioral strategy”—the
conditional probability generated by P given the particular history realized so far.
In either case, a true expert is informed (at least partially) of Nature’s strategy. In
contrast, a false expert has no such information. In particular, Nature’s strategy is

not part of an equilibrium of the game, and randomization by Nature is not defined



in terms of the expert’s conjecture (or uncertainty) regarding Nature’s pure strategy.
The property we wish to test is whether or not each potential expert knows Nature’s
mixed strategy (or the relevant conditionals in the sequential case).

Consider a false expert being tested alongside a true expert. If the false expert
knew the true expert’s strategy, then he would himself possess the same knowledge as
the true expert, making him a true expert rather than a false one. Thus knowing the
strategy of another true expert amounts to being a true expert oneself. As in the single
expert case, a test of multiple potential experts can only distinguish their knowledge of
the distribution if it cannot be manipulated by a false expert. The question is therefore
whether there exists a (mixed) strategy for the false expert that is sure to pass the
test regardless of the true distribution P, in other words, without any knowledge of
the true expert’s strategy. The answer is no. In fact, a false expert is guaranteed to
fail the test for most distributions P. When a true expert is present, we show that, for
every (mixed) forecasting strategy, a false expert using this strategy passes the cross-
calibration test with probability zero except on a category one set of true distributions
P. Thus a false expert can only be guaranteed to pass the test for a small set of
strategies by Nature when these strategies determine the predictions made by the true
expert. These results remain unchanged if more experts, true or false, are added to
the mix.

In independent work, Al-Najjar and Weinstein (2006) consider a test which com-
pares the likelihoods of predictions made by a false and a true expert. Their test is
relative: the single expert who performs best is the one who passes. Al-Najjar and
Weinstein elegantly show that a false expert cannot manipulate this comparative test:
whichever strategy the false expert uses, there will be a true expert who will provide
more accurate predictions. While their test need not pass the true expert—is not free
of Type I errorsEFit successfully identifies probabilities close to the true distribution,

i.e. even if it selects the false expert the predictions that performed best are likely to

2For many true distributions, no matter how long the test is, there exist strategies for the false expert
that make it likely that the true expert fails.



be close to the true probabilities. Moreover, these probabilities are identified for all
but a uniformly bounded finite number of periods. In contrast, cross-calibration has
no Type I error, and in particular always identifies the true probabilitiesEL but we do
not know if a uniform bound on the number of periods can be obtained. Moreover,
the false expert cannot manipulate cross-calibration and is sure to fail on most true
distributions.

If none of the potential experts is a true expert, then it may be easier for false
experts to manipulate the test since they are not tested against the true conditional
probabilities. The question is to what extent the false experts can manipulate the
test, individually or jointly. The answer depends on what the false experts know,
and requires a modification of the cross-calibration test. If one false expert knows the
strategies of all other false experts, then he is facing a randomized calibration-type test.
As shown by Lehrer (2001), this false expert has a strategy allowing him to manipulate
the test. This result holds more generally for any test of multiple experts that relies
only on sequential predictions. If there existed strategies for the other forecasters that
prevented manipulation in this way, then we could use these strategies to design a
non-manipulable sequential test of a single forecaster, which Olszewski and Sandroni
(2006a) proved to be impossible.

While the manipulation by a single false expert cannot be prevented if he knows
the others’ strategies, in the other extreme, we know that an expert cannot manipulate
the test no matter what others are doing (this follows from the case where there is a
true expert among those tested). There remains the question of whether it is possible
for multiple false experts to pass the test simultaneously. We answer this question for
a modification of the cross-calibration test. We consider a strict cross-calibration test
which requires the empirical frequencies to lie within the predicted intervals, not only
on their boundaries. This test is no longer free of Type I errors—a true expert may fail

the test—but only for knife-edge cases. For the strict test, although every expert has

3In our test, it is possible for a false expert to pass alongside a true expert. In order for this to occur,
the predictions of the false expert must be close to the true probabilities in all but finitely many periods;
the test therefore identifies probabilities close to the true ones.



a best response to the others’ strategies, there is no Nash equilibrium as long as each
expert always strictly prefers to pass the test. If they all know each others’ strategies,
they cannot all be playing best responses. Except on a small set of realizations, the
probability that at least two potential experts pass the test simultaneously is zero.
To summarize, for the strict test with no true expert, the false experts cannot know
each others’ strategies and simultaneously manipulate, nor can they manipulate the
test if they do not know each other’s strategies. Furthermore, even if they try to
coordinate their strategies, they can only jointly pass the cross-calibration test with
positive probability on a category one set of realizations. Hence, the strict cross-
calibration test cannot be manipulated (in a strong sense) even when there is no true
expert present.

We conclude by showing that it is necessary to place some restriction on the richness
of predictions announced in the test in order to prevent joint manipulation by multiple
false experts. If the experts are allowed to report exact probabilities, rather than an
interval of probabilities as in the cross-calibration test, then they are able to correlate
their predictions and manipulate the test simultaneously.

Our results reinforce the role of the topological notion of category one as a measure
of smallness in a forecasting environment. We show that the standard calibration
test is a good test—predictions based on a distribution P pass on a category one set of
realizations that has P-probability one. Hence, by Foster and Vohra (1998), calibration
is a simple manipulable good testﬁ Moreover, the current examples of single expert
tests that cannot be manipulated are good tests (see Dekel and Feinberg (2006) and
Olszewski and Sandroni (2006b)). For multiple experts, cross-calibration also belongs
to the class of good tests. It is also the case that false experts can jointly pass the
strict cross-calibration test with positive probability on at most a category one set
of realizations. What is perhaps most interesting is that when a false expert faces a
true expert in the (good) cross-calibration test, he can manipulate against at most a

category one set of possible distributions, the same notion characterizing the extent of

4The first example of a manipulable good test was given by Olszewski and Sandroni (2006b).



Type II errors for good tests.

2 The Cross-Calibration Test

The environment we consider extends the classic calibration framework to allow for
multiple forecasters. Let Q = {(Wt)tzo,l,..‘ | we € {0, 1}} denote the space of possible
realizations. Fix a positive integer n > 4, and divide the interval [0, 1] into n equal
closed subintervals Iy, ..., I,, so that I; = [Z_Tl, %] All results in this paper hold when
{0,1} is replaced by any finite set S, and the partition of [0,1] is replaced by a fine
enough finite partition of the distributions over S into convex subsets.

At the beginning of each period ¢ = 0,1, ..., all forecasters j € {1,..., M} simulta-
neously announce predictions If € {L,...,I,}, which are interpreted as probabilities
with which the realization 1 will occur in that period. We assume that forecasters ob-
serve both the realized outcome and the predictions of the other players at the end of
each period. A (mixed) strategy for a forecaster i is therefore a collection u! = { ,uf;}zo

of functions

Mé : {0’ 1}t Xj‘\il {Ilv s 7In}t - A({Ib >In})7

where A(X) denotes the space of distributions over a set X. A strategy profile is
denoted by p = (pt, ..., ™).

The realization in €2 may be determined by a stochastic process. By Kolmogorov’s
extension theorem, a distribution P in A({0, 1}°°) corresponds to a collection of func-

tions

pe 2 {01} — A({0,1})

which we also denote by P = {p;};~,. Hence P corresponds to a pure strategy that is

independent of the previous predictions made by the potential experts.

The cross-calibration test is defined over outcomes (wt, I} .. ,ItM ):iov which spec-

ify, for each period t, the realization in {0,1}, together with the prediction intervals

announced by each of the M forecasters. Given any such outcome and any M-tuple



l= (ll,...,lM) € {1,...,n}M, define

L.
=Ny vimrm

and

T
Vé“:zgga (1)
t=0

which represents the number of times that the forecast profile [ is chosen up to time

T. For Vrfp > 0, the frequency flT of realizations conditional on this forecast profile is

given by
1 T
flT = VTZdwt' (2)
T t=0
Forecaster j passes the cross-calibration test at the outcome (wt, I ..., ItM)zO if
210 — 1 1
limsup | f& — < — 3
moup 7 - 25 < o Q

for every [ satisfying limy_ vk = occ.

In the case of a single forecaster, the cross-calibration test reduces to the classic
calibration test, which checks the frequency of realizations conditional on each forecast
that is made infinitely often. With multiple forecasters, the cross-calibration test checks
the empirical frequencies of the realization conditional on each profile of forecasts
that occurs infinitely often. Note that if an expert is cross-calibrated, he will also be
calibrated.

We say that predictions are close to one another if the predicted intervals intersect,
i.e. the intervals are either identical or have a common boundary. If the conditional
empirical distribution lies exactly on the boundary between two intervals, then neither
of these intervals can be ruled out in the cross-calibration test. We define the strict
cross-calibration test to be the same as the cross-calibration test, except with disjoint
intervals, for example of the form {[0,1/n),[1/n,2/n),...,[(n —1)/n,1]}. We now mod-
ify the inequality in to a strict inequality (on one side of the interval) when needed,

to reflect that the empirical distribution must converge to the appropriate interval.



A true expert may fail the strict cross-calibration test if, for example, the true
distribution gives rise to independent probabilities 1/n — 1/e! in each period ¢, causing
the empirical distribution to converge to 1/n from below with probability one.

We consider two types of potential experts: true experts and false experts. A true
expert knows the conditional probabilities, given the realization so far, of the distribu-
tion P governing the stochastic process, while a false expert does not. Hence the true
expert possesses the correct model. Formally, for each history hy = (ws, 1L .. .0 SM )Z;E,

true experts follow the strategy defined by

pe (he) =1 (Pt ((Ws)ij)» ;

where I(p) denotes the interval containing p. If p lies on the boundary between two
intervals, we may assume that the lower interval is chosen. False experts have no
knowledge of Nature’s strategy, and no knowledge of any true expert’s strategy if
such an expert is present. They observe only the realization and past predictions of
other experts, and are free to choose any strategy randomizing their prediction in each
period. We assume that all experts know which, if any, of the other experts are true
ones; however, relaxing this assumption has no impact on our results. Note that while
we say that a true expert follows the distribution P, his strategy requires only that he
know the conditional probabilities for the unraveling realization at hand, not the full
distribution P.

Throughout the paper, we provide the proofs for two potential experts, with or
without one being a true expert. The proofs are essentially the same for all other
combinations of a finite number (greater than one) of potential experts. We frequently

denote by Pr, instead of Pr, p, the probability of events with respect to p and P.
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3 A True Expert

We begin by exploring the outcome of the cross-calibration test when some of the
potential experts are indeed true experts. We show that no matter what others do, a
true expert following the sequential predictions of a distribution P of the stochastic

process is guaranteed to pass the cross-calibration test with P-probability one.

Proposition 1 For every distribution P governing the stochastic process, if a potential
expert predicts according to a model that follows P, he is guaranteed to pass the cross-
calibration test with probability 1 no matter what strategies the other potential experts

use. That is, for any strategy profile u = (P, p2, ..., ™), the set

ll?"'v
Jr

2 —1| 1
- 5 §27Lorjliiréole<ww>:1} (4)

{w | Vi, Pr, <lijrpsup

has P-probability one.

Recall that although the true expert is assumed to have a strategy P, he is only
providing the conditional probabilities for the realized history. Hence, he need not
know P ez ante, but has the knowledge of the conditional probabilities according to P
once a history is realized.

Proof. The proof closely follows that of Dawid (1982).
Let p= (P, u?, ..., M), and fix . Let p; = P(w¢|wi, ..., wi—1).
Since [ is fixed, we omit it from the notation, for example in p; and (; below. Letting

B = Vit if vy > 0 and 0 otherwise, define

Xt = BiCe(wi — pr).

Let B:, Dy and F; denote, respectively, the Borel fields corresponding to the realizations
{0, 1}, the predictions {11, ..., I, }* based on P, and the realizations ({I1, ..., I, })™ ! of
the other forecasters’ (possibly) randomized predictions ul_l, ey ,u;l. Since wy is condi-
tionally independent of the realization of u{ for j # 1 when conditioned on B;_1 X D;_1,

and since the conditional expectation of w; equals p;, we have E (Xy | Bi—1 X D;—1) = 0.
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The sequence of partial sums St := Zle X therefore forms a martingale with respect

to (BT X DT).
We have
E(X7?) = E ((Bi¢t)*var (w; | Bi—1 X Di-1)) (5)
< %E ((57&@)2) ) (6)
and hence
1 T
E(S7) < ZE <Z(ﬁt§t)2> (7)
t=1

since, for any ' < t,
FE (Xt’Xt ’ Bt—l X Dt—l) = Xt/E(Xt ’ Bt—l X Dt—l) = 0.

Since (:¢; = l% or £;(; = 0, inequality implies that F(S%) < g—z for all T. The

martingale convergence theorem therefore guarantees the convergence of the sequence

(S7) with P-probability one, and by Kronecker’s lemma,

T
5TZCtPt—fT—>0 as T — oo
=1

as long as vp — oo. Since p; € I; = [232;2, 22—2], we have

1
< —
2n — 2n

T 2j — 1
Br Z Ctpe —
t=1

for all T'. The claim now follows by the triangle inequality and enumerating over [. ®
Note that if there are two or more true experts, they will make identical predictions

and jointly pass the cross-calibration test.

12



4 False Experts: The Non-Manipulability of Cross-

Calibration

When a false expert faces a multiple experts test, we must distinguish two cases. In
the first case, one of the others being tested is indeed a true expert, who predicts
according to a model that follows the true distribution of the process. The other case
occurs when all of those being tested are false experts. What matters for manipulability,
and significantly so, is whether the false expert knows what strategies the others are
using. If he does, manipulation is possible, but if not, it is virtually impossible. When
there is a true expert, knowing this true expert’s strategy amounts to having the
correct model, or in other words, being a true expert oneself. Hence a false expert,
by definition, cannot know the strategy a true expert uses. This suffices to prevent
manipulability in the presence of a true expert.

When there are only false experts, we might want to allow them to know each
others’ strategies in order to see if collusive manipulation is possible. It turns out that
in the strict cross-calibration test, it is not. While a false expert who knows every other
expert’s strategy can find a strategy that will manipulate the test given the strategies
of others, there is no equilibrium for these manipulative strategies. The others could
benefit from deviating if they wish to pass the test. More precisely, there is no strategy
profile where more than one potential expert can manipulate the strict cross-calibration

test with positive probability on more than a small—category one—set of realizations.

4.1 Facing True Experts

Consider a false expert facing a true expert in a cross-calibration test. The true expert
predicts according to the true distribution P. The failure probability is determined
according to P and the strategies employed by other potential experts. We would like
to see the false expert fail with probability one according to the true distribution P,

except perhaps for a small set of true distributions. The notion of smallness we employ
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is that of a category one set of distributions, as suggested by Dekel and Feinberg
(2006). We show that for every strategy (pure or mixed) of the false expert, for all but
a category one set of distributions P, when the true expert follows P, the false expert
will fail the cross-calibration test with probability one, no matter what strategies the

other potential experts employ.

Proposition 2 In the presence of a true expert, for every strateqy p of a false expert,
the set of distributions P under which the false expert will pass the cross-calibration

test with positive (p, P)-probability is a category one set of distributions in A(S2).
Proof. We first prove the following lemma.

Lemma 1 If a forecasting strategy p is cross-calibrated with respect to a true distrib-
ution P with (u, P)-positive probability, then for every n € (O, %) there exists a finite

history hl. that occurs with positive probability such that

Pr(u is close to P in every period following hlt |hL) > 1 — 1. (8)

Proof of Lemma Recall that two predictions are close if they are identical or
adjacent intervals. Assume by way of contradiction that no such history exists. In
particular, does not hold for the empty history. We can therefore find a finite time

to such that

Pr (3s < tg such that p is not close to P at period s) > n/2 (9)

By the same argument, for every history hy, that occurs with positive probability, there

exists a period t(hy,) > to such that

Pr (3s € (to, t(ht,)] such that p is not close to P at period s|hy,) > /2.
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Since the number of histories of length ¢¢ is finite, by choosing t; = maxy, t(h,) we

obtain
Pr (3s € (to, t1] such that p is not close to P at period s|hy,) > 1/2
for every history hy,. Inductively, there is a finite ¢; such that
Pr (3s € (tj—1,1;] such that 4 is not close to P at period s|hy;_,) > /2. (10)
Define the events
F; = {3s € (tj—1,t;] such that x is not close to P at period s} . (11)

We have

Pr(—Fj x|~ F;N-Fj N N=aFjp—1) <1 —-n/2 (12)

since holds for every history h,_, that occurs with positive probability.
The event that the forecasts are close from some period onwards is the complement

of the event that the forecasts are not close infinitely often (i.o.). We have

oo
Pr (The experts are cross-calibrated) < Pr | — ﬂ U F;

n=1j>n
oo oo
=Pr( || <D Pr|()F
n=1j>n n=1 jizn

(13)

For every n, we have from that

Pr( () —Fj | =Pr(=Fy) Pr(=Fpq1|=Fp) - Pr(=Fpyp|=Fp N Fopy NN Fypg) -+

<(-2)(1-3) =0
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which, together with , implies that Pr(the complement of F; holds i.0.) = 0. Since
for the forecasts to be cross-calibrated, their predicted intervals must be close from
some point onwards, the probability that p and P are cross-calibrated must be 0,
contradicting the assumption of the lemma, as required. =

Fix n < % By Lemma (1} if P and p are cross-calibrated with positive probability,
then P must satisfy for at least one of the countable collection of finite histories.
It suffices to show that the set of distributions that satisfy for a given history is a
category one set.

Given any finite history h = (wt, ... I )Ti let

Q(h) = {w' = (wg)t:(),l,m ’ (wf), e ,w'T) = (WQ, e ,wT)}

be the set of realizations consistent with h—the cylinder determined by h. The set
Q(h) is both open and closed—a clopen set. For every finite history h and ¢ € (0,1),
let S(h,e) be the set of distributions that assign probability at least € to Q(h) and for
which h has the property of (given n and p). The set of distributions against which

1 passes with positive probability is contained in the countable union

U U S(h,e™).

finite histories h n=1

Thus it suffices to show that each S(h,¢) is nowhere dense. We will show that each of
these sets is closed and has empty interior.

To show that S(h,e) is closed, we want to construct for each p ¢ S(h,e) an open
neighborhood of p that is disjoint from S(h, ). There are two cases to consider: either
p assigns probability less than € to Q(h), or h does not satisfy (or both).

In the former case, consider the set {p’ | p’(2(h)) < €}. This set contains p, and is
open in the weak* topology since 2(h) is clopen.

In the latter case, there exist some 7’ > 7 and some period 7 such that

Pr (u is close to p in every period from T + 1 to 7 following h) < 1 — 7. (15)

16



Each distribution p’ gives rise for each t to an induced distribution p} over finite
histories of realizations (wp,...,w;). Assume first that, conditional on h, p does not
obtain conditional probabilities at the boundaries of the intervals I; between the periods
T + 1 and 7. Consider the open set U of distributions p’ for which p’. is at a distance
less than § from p, for every history. Since p, does not induce conditional probabilities
exactly at the boundaries, we can find § > 0 sufficiently small such that u is close to
p’ if and only if it is close to p along these finite histories. Thus holds with p’
in place of p when the probability is with respect to the original distribution p. Since
the p’-probability of any event determined by time 7 is within ¢ of its p-probability,
also holds for p’ with p/-probability when § is sufficiently small. This guarantees
that U is disjoint from S(h,¢e). Note that U is open since the probabilities that p’ € U
obtains are close to those that p obtains on the clopen cylinders.

In the case where p takes one out of a finite number of values (the boundaries of
intervals I;) at one out of the countable number of finite histories, we have a countable
union of such probability distributions. The set of distributions taking a specific value
conditional on a specific finite history h that is obtained with positive probability is
a category one set of distributions. This follows from observing that the set S, of
distributions assigning at least probability " to h is closed, and so is the subset of S,
consisting of those distributions that assign a given probability conditional on h. Let
A denote the event that the history h = (le, e ,ilt) occurs, and B the event that
wt1 = 1. Consider the function fpj4 that obtains the value o on the complement of
A, takes the value 1 on the event AN B, and the value 0 on the event AN—B. When A
and B are clopen, the set of distributions S for which the integral of fp 4 is a contains
all distributions that assign 0 probability to A, and all that assign probability exactly
« to B conditional on A. Intersecting S with the closed set S;, that assigns probability
at least € to A yields a closed set S), as required. The set S/, is nowhere dense since
one can always approach any element with a sequence of distributions such that the
probability of B conditional on A converges to, but never equals, o. Therefore, the

set of distributions with at least one conditional probability value on the boundary is
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category one. Hence we can add this set to the union of the sets S(h, ) with no impact
on the claim.

Finally, we must show that the interior of S(h,¢) is empty. Fix p € S(h,e). We
want to construct a sequence q',¢?, ... converging to p such that ¢" ¢ S(h,¢) for all n.
As above, let T' be the length of the history h, and let p; denote the distribution over

outcomes in period ¢ given the history under p. Define

(1) =
1—[pe(-) + %J otherwise,

where the function |z| produces the largest integer not greater than z. Since 7 < %,
1 cannot be close to both p and ¢" in any period after T'+ n with probability at least
1 — 7. Therefore, ¢" ¢ S(h,e) and the proof of the proposition is complete. ®

We have shown that a false expert cannot manipulate the cross-calibration test.
For any strategy he might employ, there exists a large set of distributions P for each
of which there exists a set of realizations having P-probability one on which the false
expert is guaranteed to fail the test. This set of distributions contains all but a category
one set in A(Q2) endowed with the weak* topology.

We note that our proof implies that a false expert can be distinguished from most
true experts in finite time with high probability. Consider a mixed strategy p and a
true distribution P such that the probability that p is cross-calibrated against the true
expert is zero. This means that there exists some € > 0 such that, for the false expert,

for some prediction profile [ that occurs infinitely often, we have

o

whenever T is sufficiently large. Pick such a period T for which, in addition, forecasting

fr—

210 — 1 1
— 4+ 2 1—¢/2. 1
o ‘>2n+ 5)> e/ (16)

according to the true distribution P ensures that one will be cross-calibrated within
e with probability at least 1 — /2. After T' periods, with probability at least 1 — ¢,

the cross-calibration score of the true expert is higher by at least € than that of the
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false expert. In particular, by choosing fine enough intervals for the cross-calibration
test, the finite horizon approximation to the cross-calibration test can only be passed
by predictions that are close to the true distribution. Since the true expert is likely to
be selected, we also have that the predictions are close to the actual process.

Although the cross-calibration test succeeds, with high probability, in identifying
the true expert in finite time (hence also approximately identifying the true probabili-
ties), this time is not bounded and generally depends on the experts’ strategies. The
test used by Al-Najjar and Weinstein (2006) compares the ratio of probabilities that
a true expert and a false expert predicted for the realization. They show that the test
identifies predictions close to the true probabilities. Interestingly, it does so, with high
probability, in all but a finite number of periods that is uniformly bounded independent
of the experts’ strategies.

We conclude this section with the following proposition for the single-expert cali-
bration tests. It states that when using a pure strategy—following some distribution
P—a potential expert can be calibrated on at most a category one set of realizations.
Naturally, that category one set of realizations has P-probability one, as shown by
Dawid (1982). This demonstrates that the calibration test is a particular example of
a good test as defined by Dekel and Feinberg (2006). Combining this proposition with
the main result of Foster and Vohra (1998), it follows immediately that there exists a
good test that can be manipulated. See Olszewski and Sandroni (2006b), who were
first to demonstrate the existence of such a test. We will use the following proposition

in the proof of our main theorem below.

Proposition 3 For every P, the set of realizations at which P is calibrated is a cate-

gory one set. Hence, calibration is a good test.

Proof. We will prove the result for the weak calibration test as defined by Kalai,
Lehrer and Smorodinsky (1999), which requires calibration only for sequences of pre-
dictions that occur with positive density (a positive proportion of the time). The set of

realizations on which P passes the (standard) calibration test is a subset of the set of
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realizations on which P passes the weak calibration test since the standard test requires
that additional conditions be satisfied. It suffices to prove the result for every parti-
tion of the form [0, z], [z, 1] for = € (0, 1), since calibration on a partition {I1,...,I,}
implies calibration on {I1,lo U--- U I,}.

We define the density of a sequence of time periods 71 < Th < ... < T, < ... as

n
i —. 1
imsup T (17)

n—oo n

Note that the sequence does not have positive density if and only if the sequence
{n/T,}>2, converges to zero.

Let P € A(Q2) and z € (0,1) be given. Define the sets

m—1 m—1
Spmo = {w | Z ]]Pt(wt)Sﬂﬁ < 1/nor Zt:(;n}it(wz)éxwﬂrl <r+ 1/n} (18)
t=0 m Zt:o ]lm(wt)gx

and
m—1 m—1
Spm1 = {w | Z ﬂpt(wt)Zﬂﬁ < 1/nor Zt:(;ni]?t(wz)zxwﬂrl >z 1/n} (19)
t=0 m Zt:o ]lm(wt)zx
and let
Srjy = ﬂ (Sn,m,OmSn,m,l)‘ (20)
m=M

Letting N = max{10,2/xz,2/(1 — z)}, define the set

S = ﬁ D SM. (21)

n=N M=1

Let w be such that P is weakly calibrated at w. In particular, for I = [0,z], we

either have

T-1 1, ,
lim sup Z 7t(;t)€ =0 (22)
t=0

T—o00

or

. % Z,:T:o ]lpt(wt)e]wt+1
lim sup <z

T
T—o0 Y im0l (wier
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where the notation lim inf*, lim sup® refers to limits taken only over sequences with
positive density (these are the relevant limits for weak calibration). We claim that for
every n > N, w € Sy, for all m sufficiently large. If Equation holds, then for

every n > N there exists some M such that for all m > M,

m—1

3 bpionse 1/n. (24)

m
t=0

Hence for every n > N, there exists some M such that w € Sy, 0 for all m > M. If,
on the other hand, Equation does not hold, then assume for contradiction that
there exists some n > N such that w ¢ Sy m 0 for an infinite sequence of values of m.
Since holds, this sequence cannot have positive density, which implies that for all
large enough m in this sequence, Inequality holds, contradicting that w does not
belong to any of these sets.

The symmetric argument applied to the interval I = [z, 1] demonstrates that for
every n > N, w € Sy m,1 for all sufficiently large m. Combining these two results,
we find that for every n > N, there exists some M such that w € S,]l\/[ , and therefore
w € S. In addition, if P is not weakly calibrated in either [0,z] or [z,1] at w, then
w ¢ S, for there exists some n > N and infinitely many m with w ¢ Sy, ,,, «. Hence for
some n, we have w ¢ SM for all M, which implies that w ¢ S.

We need to show that S is a category one set in . We will show that each S is a
closed set with empty interior. Since S is a countable intersection of a countable union
of such sets, it is a category one set. The set SM is an intersection of sets of the form
Sp,m, with I € {0,1}, so it will be closed if all of the sets S, ,,,; are closed. Without

loss of generality, consider the case | = 0. For every w ¢ Sy, .0, we have

m—1
npt(wt)<m
[ 1
E o /n (25)

t=0

and
m—1
Zt:ﬂ ]]Pt(wt)§$wt+1

mel
t=0 t(wi) <z

>z +1/n. (26)
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Consider every w’ such that w; = w; for t = 0,...,m — 1. Since both conditions above
depend only on the first m coordinates of w, each such ' is not a member of Sy, 1,0-
This collection of these w’ constitute a finite cylinder and hence comprise an open set.
Therefore, every point outside Sy, ,,0 has an open neighborhood outside this set and
Sn,m,o is closed.

Consider any point w € SM. Let x < 1/2. Define a sequence of realizations

(W(j))jzl,z,... by

Wt if ¢ < j
w@e=9{ 1 ift>jand p1(w(G)elw(i), ..., w(i)e1) <z (27)

0 ift>jand pi1(w(f)elw(i),. .., w(i)i-1) > =

By definition, w(j) agrees with w in the first j coordinates; hence the sequence (w(j));=1,2,...
converges to w. It suffices to show that w(j) ¢ SM. If the density of P at [z, 1] given

w(7) is at least 1/10, then there exist infinitely many m > M such that

m—1

Z]IM>1/1021/N21/7L. (28)
m
t=0

For m large enough, we also have

0 D)) zaw ()i

m—1
t=0 dpy(w(5)e)>w

<z2=z—-z/2<zx—1/N<zx—1/n (29)

since, for t > j, w(j)i+1 = 0 whenever 1, (.(j),)>2 = 1 and so the empirical distribution
converges to zero. We conclude that if the density of P at [z, 1] for w(j) is at least
1/10 then w(j) ¢ SM.

If the density 7 at [z,1] is less than 1/10, then the density p in [0,z) must be at
least 1 —n > 9/10 since the sum of densities for the intervals [0, z), [z, 1] must be at

least 1. For infinitely many m > M, we have

m—1

> W >9/10 > 1/N > 1/n. (30)
t=0
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The empirical frequency when [0, z] is predicted is given by

Yoiro Ly w())<aw(F)er _ S Wy, ()= (J)t+1 +]1m(w yo)<a@(J)t+1)
Zt 0 t(w(f)e) <z Zt 0 t(w(f)e) <z

(31)

When 1, (o (j),)== We have w(j)iy1 = 0, and when 1, ,(j),)<» We have w(j)i1 = 1.

Substituting these into Equation (31)) gives

> iso ]]mw (o) <e@(F)t41 Z?Blﬂpt(m J)<e o 2= My, ()<
Zt 0 t(w(_] ) Zt ]lpt(w t)<£l? N m

By the definition of the density at [0, x), there exist infinitely many m such that

m—1 m—1
2= 0 ﬂ'” Wo<e 5 2tzo I >p—1/10>1/2+2/10 >z +1/N > 2+ 1/n,
m

Zt 0 t(w(j)e) <z B
(33)
indicating that w(j) ¢ SM, as required.
For the case where x > 1/2, define the sequence w(j) as in except with the in-

equality on the second line weak, and on the third line strong. Applying the symmetric

argument with the roles of the intervals [0, z] and [z, 1] reversed gives the result. m

4.2 No True Experts

When there are no true experts, a false expert who does not know the strategies of
others remains unable to manipulate the test since he can at most manipulate against
a category one set of pure strategies. In particular, there does not exist a strategy that
succeeds in manipulating the test against all strategies of the other false experts. But
what if the false experts know each other’s strategies? Can they jointly manipulate the
test? A single false expert who knows the strategies employed by other false experts
can choose a manipulating strategy. This follows from the observation that fixing the
others’ strategies in the cross-calibration test is equivalent to the randomized calibra-
tion tests studied by Lehrer (2001) for the false expert who knows these strategies.
Lehrer showed that all such tests are manipulable. To eliminate joint manipulation,

we consider a stronger test—the strict cross-calibration test. This test requires that
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predictions made infinitely often in adjacent, yet different, intervals do not simultane-
ously pass the test. Moving to the strict test introduces some Type I errors, as true
distributions with conditional probabilities that converge to the edge of the predicted
interval may fail the test. Olszewski and Sandroni (2006b) have also studied tests that
reject some distributions out of hand. They show that by allowing some Type I errors,
the tester can prevent a false expert from arbitrarily delaying rejection in a finite time
approximation test.

We show that manipulation by at most one false expert is all that the strict cross-
calibration allows even when the experts are informed of one another’s strategies. More-
over, there is no equilibrium as long as each expert prefers to pass the test: if one
expert passes with positive probability, then the other expert must be using a strategy
for which the probability of passing the test is less than one. Hence the second expert
could, by choosing a different strategy that passes almost surely, be strictly more likely
to pass the test. But this latter strategy must leave the first expert using a strategy
that passes the test with zero probability, and cannot be a best response. We conclude
that the false experts cannot jointly manipulate the strict test.

We assume throughout that experts cannot correlate their randomized predictions.
While they can condition on all past realized randomized predictions, they cannot
use correlated strategies. With correlated strategies, multiple false experts can act
as a single expert and joint manipulation would arise. Our last result (Proposition
below) considers the case where the experts are allowed to make precise predictions;
that is, instead of predicting intervals, they provide exact conditional probabilities. It
turns out that a sequential test of this sort can be manipulated simultaneously since
the experts can exploit the richness of the allowed forecasts in the first period to signal

a full strategy for all remaining periods.

Theorem 1 For any strategy profile p = (u*, ..., ™M) of M > 2 false experts, the
set of realizations on which at least two false experts simultaneously pass the strict

cross-calibration test with positive probability is a category one set in ).
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Proof. Fix the realization w. For each n € (%, 1), define the (possibly empty) set
H,, = {finite histories h | Pr(forecasts agree forever after h|h,w) > n}.

Note that histories include the realizations of previous forecasts. Let Hn denote the
complement of H, in the set of all finite histories. The following lemma states that
the probability that the forecasters are simultaneously strictly cross-calibrated without

reaching any history in H, is zero.

Lemma 2 Fizn € (3,1) and the realization w. If Pr(H,) < 1, then
Pr(i and j are strictly cross-calibrated | H,,w) = 0.

Proof of Lemma We will assume throughout that w is given and that all
probabilities are conditional on w and H,. Suppose that Pr(H,) < 1. Then there
exists some to such that Pr (Els < to such that I! # I§> > (1 —n)/2, since otherwise
the empty history would lie in H,,, and we would have Pr(H,) = 1. By the same
argument for every history hy, € Fn of length ty that occurs with positive probability,

there exists t(hy,) > to such that for the history hy,, we have
Pr (3s € (to, t(hy,)] such that I? # I7|hy) > (1 —n)/2.

Since the number of histories of length ¢¢ is finite, by choosing ¢; = maxp, t(h,), we

have

Pr (3s € (to,t1)] such that I} # I7|hy,) > (1 —n)/2.

Inductively, there is a finite ¢; such that
Pr (3s € (tj_1,t;)] such that I} # Ig\htj_l) >(1-mn)/2, (34)

and this also holds for every history of length ¢;_1 in H, that occurs with positive
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probability. Define the events
E; =3s € (tj_1,t;] such that I’ # IJ. (35)

We have that

Pr(=Ej k| ~E;jN—Ej NN B ) <n/2 (36)

since holds for every history hy;, , € Fn that has positive probability.

Considering the event that the forecasts do not disagree infinitely often (i.o0.), we

have that
[e.9]
Pr ( the complement of E; holds i.o.) =Pr | = ﬂ U E;
n=1j>n
oo o0
=Pr|(J B | <D Pr|[)E
n=1j>n n=1 j>n

For every n, we have from that

Pr( () ~Ej | =Pr(=E,)Pr(~Eni1|=Ey) - Pr(=Enik[~En N Eng1 N+ N Eppp) -+

j=n

<

N3

g 0, (38)
which, together with , implies that

Pr ( the complement of E; holds i.0.) = 0.

Since forecasts that are strictly cross-calibrated cannot disagree infinitely often, the
probability of strict cross-calibration must be 0. =
Fix a realization w on which the probability v that two forecasters simultaneously

pass the strict cross-calibration test is positive. For each n € (%, 1), Lemma [2{ implies
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that there exists some hy € H, that occurs with positive probability and satisfies
Pr(i and j are strictly cross-calibrated | hy,w) > . (39)

We will show that when 7 is sufficiently large, following the history hAr, there is a
particular path of forecasts that occurs with probability greater than 1 — v on which
the players agree in every period. In particular, the forecasters both pass the strict
cross-calibration test on this path.

For each finite history h, let p(h) = (p1(h),...,pn(h)) and q(h) = (q1(h),...,qn(h))
denote the mixed forecasts of the two players in the period immediately following h.
For each h, there exists some I(h) € {1,...,n} satisfying pyp)(h) > L

We define a path of forecasts following the given history hr, i.e. a unique path
of realizations of the forecasts of the players given w and the realization of forecasts
hr after which both agree. We will show that this path occurs with high proba-
bility when 7 is close to 1. For each t > T, recursively define the history h; =
(hT,wT,Il(T),Il(T),...,wt_l,Il(t,l),Il(t,l)), where each [(7) satisfies py(;)(hr-1) > %
(if there exists more than one such [(7), then the choice among them is arbitrary). For
each [ € {1,...,n} and t > T, let p! = p;(ht)qi(hs) denote the probability that both

players forecast I; in the period following h;.

Lemma 3 Conditional on the history hr of occurring, the infinite history
(hT, wr, Lyry, Lierys wr+1, L1y, Lyr g1y - - ) recursively defined above occurs with prob-

ability greater than n(n —1) + 1.

Proof of Lemma Once again all probabilities are conditional on w. We have
t—1
Pr(forecasts agree forever after hy|hr) < H pf(t) + Z (H plT(T)> Z o (40)

t>T t>T \r=T V()

The first term on the right-hand side represents the probability of remaining on the
specified path. The second term is an upper bound on the probability of leaving this

path, but agreeing in every period nonetheless. This term captures, for each ¢, the
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probability that the first deviation from the most likely path occurs in period ¢, and

yet the forecasts agree in that period. We will show that

Z(Hﬂz )sz/ (n—1)(1 —n), (41)

t>T I'£1(t)

which, together with and the fact that hy € H,), implies that
[l <n—(-Da-n)=nn-1)+1,
t>T

as needed.

Note that

t—1
Pr(forecasts disagree in some period after hp|hy) > Z (H P?(ﬂ) <1 - Z pf) ,
t>T \7=T !
(42)
since the ¢t term on right-hand side of this inequality is the probability of remaining
on the specified path until period ¢, at which time the players choose two different

forecasts. Since hy € H,, the probability of disagreement after Ar is less than 1 — 7,

and hence implies

Z(le )( —pr><1—n- (43)

t>T l

We will show that, for all ¢ > T,

PSS il m
l

VI(t)

from which, together with , the desired inequality follows immediately.

Since py(y) (he) > 1 we have
(1 =iy (he)) (1 = oy (b)) < <1 - ;) (1 — @iy (b))
< (n—=1) (pyay (he) (1 = quey (he)) + @iey(he) (1 = pyy (b)) -
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Rearranging terms gives

n (1= pyay(he)) (1 = quay (he)) < (0 — 1) (1 = pyey (R quey () -

Note that

> oy () (he) < (1= pyey (he)) (1 =y (he))
L)

since the left-hand side represents the probability (following h;) that both players
announce the same forecast other than [;(;), whereas the right-hand side represents the

probability that neither announces I;(;). Combining the last two inequalities gives

n Y oy ()i (he) < (n— 1) (1 = pyyy (he)ayey (he))
L)

which is simply a rearrangement of , as needed. m

For > 0, consider the set of realizations Q(v) C Q on which the experts are simul-
taneously strictly cross-calibrated with probability at least «v. The set of realizations
on which the experts are simultaneously cross-calibrated with positive probability is a
countable union |J, Q(7,) of these sets, where v, — 0. Thus it suffices to show that
Q(v) is a category one set for each v > 0.

Fixing an arbitrary v > 0, we will write Q in place of Q(y). By Proposition [3| a
countable collection of pure strategies in the classic calibration test can only pass on a
category one set of realizations. Hence the proof of the theorem is complete if we can
show that there exists such a collection of strategies out of which, for each realization
in , at least one is calibrated.

As noted above, by choosing n sufficiently close to 1, Lemmas [2| and [3| together
imply that, for each w € €, there exists some history hr after which both players are
strictly cross-calibrated if they follow the path of forecasts I;;). Fix such a history
for each w € Q, and for each finite history hr, let Q(hr) C Q denote the realizations
associated with hr in this way.

Having fixed the history hp for each realization, let [, (t) denote the forecast [(t)

29



of Lemma [3| given w. To each history hp for which Q(h7) is nonempty, associate the

pure strategy p"7” defined by

P () = I, ift>T and h; agrees with w € Q(hr) (45)
I(3) otherwise,

where, for t < T, w; denotes the t-coordinate of the realization in hp (recall that
hr represents the realization of w together with the realized forecasts). As long as
n>1- %, each [(t) in Lemma (3| occurs with probability greater than %, and is
therefore unique. Moreover, by construction, I, (t) depends only on the past history at
time ¢, not on the future realization of w. Therefore, the strategy pT is well-defined.
Since the false experts are strictly cross-calibrated at w € Q(hz) if they follow the
forecasts I, (;) following hr, p"T is calibrated at w.

We have shown that €2 is a subset of the realizations for which one of the countable
collections of pure strategies p"7 is calibrated. Since, by Proposition 3| each pure
strategy is calibrated on a category one set of realizations, the set €2 is itself a category
one set, and the proof of the theorem is complete. m

We conclude by showing that allowing false experts to announce precise predictions
rather than limiting them to choosing an interval leads to joint manipulability. This
result follows from the observation that a single real number can be used to encode
each distribution P. Thus whenever a single expert has a randomized strategy that can
manipulate a test, he can encode each realization of this mixed strategy within his first
prediction, allowing all other false experts to perfectly correlate their randomization
by following the distribution corresponding to this first prediction. Correlating in this

way guarantees that all false experts simultaneously manipulate the test.

Proposition 4 Consider a cross-calibration test where the experts report real-valued
predictions (the test classifies these predictions according to the intervals to which they

belong). There exists a strategy profile such that the false experts can manipulate the
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test jointly as long as no true expert is present.

Proof. A single false expert can manipulate the calibration test according to Lehrer
(2001). Hence there is a mixed strategy p € A(A()) for the false expert, such that for
every w, the realized pure forecasting strategy P € A(Q) almost surely (with respect
to u) passes the calibration test on w. Consider such a mixed strategy u for a single
potential expert. Order the finite histories w; of possible realizations, for example
according to (), 0, 1,00, 01,10, 11,000,001, . ... Each distribution P over 2 is defined by
a sequence of real numbers r1,79,...,7%,..., which denote for each finite history the
probability that a 1 occurs in the following period. A mixed strategy is a distribution
over A(2), which induces a distribution over these sequences of real numbers.

We define a mapping ¢ : [0,1]* — [0,1] and show that it is measurable and
one-to-one. Consider (r1,7a,...,7x,...) € [0,1]>. Let r;, = (r},r2,...) be such that
rt € {0,1,...,9} is the ith digit in the decimal expansion of rj (let 1 be represented
by 0.999...). Define g(r1,72,...,7%,...) = (¢', 9%, ...) to be the real number with ex-
pansion (g!,¢?,...) satisfying ¢> = ri,¢* = r? ..., and in general, gPe)" = ry where
pr. denotes the kth prime number and (pg)™ is its nth power. When [ is not a prime
power, set g' = 0.

The mapping g is one-to-one since two different sequences are always mapped to
numbers that differ in some coordinate. The measurability of g follows from the obser-
vation that for every coordinate, a measurable set of reals is mapped to a measurable
set of reals. Note that the function g is in fact continuous except for the sets of se-
quences that have a coordinate where the expansion is not unique (this exceptional set
is countable).

Now consider the realization of the single expert’s manipulative strategy p, and
let the strategies of multiple experts be determined as follows: One of the experts
randomizes according to u, giving rise to a realization P. Before the first period,
this expert predicts the real number g(ri,ro,...,7k,...), where r1,7r9,..., 7k, ... is the
sequence of probabilities corresponding to P. All other experts make the prediction

0.5 before the first period, and after that follow the pure strategy P as defined by
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g(ri,re,..., Tk, ...) (when a deviation occurs and the first expert does not choose a

number in the range of g all experts play some arbitrary strategy). Since g is one-to-

one and measurable, these strategies are well-defined. All experts will make identical

predictions after the first period, and hence they are cross-calibrated if and only if one

of them is calibrated in the single expert test. The result follows by the choice of . =
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