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Abstract

A type structure is non-redundant if no two types of a player represent the same hierarchy of
belief over the given set of basic uncertainties, and it is redundant otherwise. Under a mild as-
sumption (which is both necessary and sufficient), we show that any redundant structure can
be identified with a non-redundant structure with an extended space of basic uncertainties.
The belief hierarchies induced by the latter non-redundant structure, when “marginalized”
onto the partial space of basic uncertainties, coincide with the hierarchies induced by the
former structure. We argue that the analyst must make use of a non-redundant structure
unless he believes that he misspecified the players’ space of basic uncertainties, and redun-
dant structures can provide different equilibrium predictions only in so far as they reflect the

idea that there are hidden uncertainties entertained by players but unspecified by the analyst.
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1 Introduction

Players’ beliefs and higher order beliefs are often important in an interactive strategic sit-
uation. Harsanyi (1967-68) proposes that a probabilistic type structure implicitly describes
players’ belief hierarchies over a set of payoff-relevant parameters, which enables extending
the concept of strategic equilibrium to games with incomplete information.

Harsanyi’s idea is formulated by Mertens and Zamir (1985)!. Under certain topological
assumptions, they show that any coherent hierarchy of belief can be modelled as a type
in a non-redundant universal type structure—where non-redundancy roughly says that two
different types of each player should specify different hierarchies of beliefs over the given set
of parameters.

There is a class of type structures (including one non-redundant structure) that could
be used to model a given set of coherent hierarchies of belief. Researchers have observed
(see Battigalli and Siniscalchi (2003), Ely and Peski (2006), and Dekel et al.(2006)) that two
different type structures within this class may yield different equilibrium predictions. Let
us first look at the following example which simplifies the leading example in Ely and Peski
(2006).

Consider the following game?, where Alice chooses rows {U, D}, Bob chooses columns

{L, R}, and Nature chooses matrices {s1, $2}:

s1| L | R ss| L | R
U|11]00 U|00]|1,1
D |00 1,1 D|1,11]0,0

Figure 1: Coordination Under Uncertainty

Write S = {s1, s5}. First consider the type structure A = (S;7 T% A%, \°): for each

!See also Brandenburger and Dekel (1993), Heifetz (1993), and Mertens et al. (1994).
2T am grateful to an anonymous referee for providing the succinct description and discussion of the example.



player i, take the type set 7% = {t'} as a singleton and A" : 7" — A(S x T) with
i (i i i (i i —iy 1
N () (s, 8,7 = N(t") (59, ', )25

That is, type t' of player i assigns equal probability to (si,t",¢7%) and (so,t',t7"). Any
Bayesian equilibrium associated with this type structure yields each player an expected payoft
of 1. Next consider the structure ® = (S;U?, U ¢*, ¢"): for each player i, take U’ = {u’,v'}

and ¢' : U* — A(S x U) with
¢i(ui)(317uia u_i) = ¢i(ui)(52’ ui’ U_i) -5

Qbi(Ui)(ShUi,U_i) = qﬁi(vi)(Sg,Ui,u_i) = %

In this case, there exists a Bayesian equilibrium, namely (o, %), with ¢%(u?) = U, 0%(v?) =
D, o®(u’) = R, and o°(v*) = L. Under this equilibrium, the two players each have an expected
payoff of 1.

In both structures, each player has exactly the same hierarchies of belief about the matrix
nature chooses. For example, Alice knows (believes with probability 1) that each matrix is
chosen with probability %, she knows that Bob knows this, and she knows that Bob knows
that she knows this, and so on ad infinitum. Yet, there is a prediction in the second model
that is not a prediction in the first.

This seems peculiar. Players reason within a particular language and this language cap-
tures their hierarchies of belief. We—the analysts—use a type structure as a model of this
language—i.e. as a model of the hierarchies. We then go on to make a prediction based on
this model. Yet, the prediction we provide depends on the model we choose.

In the example above, A satisfies the non-redundancy condition, while ® does not since
the two types of each player have the same belief hierarchies. Technically, the new prediction

associated with ® arises from a particular correlation between redundant types and payoff-



relevant parameters: for instance, “type” u® of Alice will know s; is chosen by Nature were

she to know that Bob’s true “type” is v°.

However, this technical explanation in terms of
correlation doesn’t resolve the conceptual question. Alice’s single hierarchy summarizes all
the information that Alice has about Nature’s move and Bob’s beliefs about it. How, then,
can Alice distinguish the two “types” of Bob if she cannot describe their difference using her
own language? In effect, Alice cannot even distinguish her own two types.

This observation suggests that the new prediction associated with the redundant structure
® utilizes more information than the players themselves actually have and hence we should
restrict attention to a non-redundant type structure to conduct Bayesian equilibrium analysis.
However, in conjunction with the Bayesian equilibrium given above, the redundant type
structure ® reflects an interesting belief held by Alice: type u® of Alice assigns probability %
to (i) Nature choosing s; and Bob playing R and (ii) Nature choosing s and Bob playing L.
The Bayesian equilibrium framework, following the natural problem-solution paradigm, first
formulates the “game situation” by modelling the interactive beliefs over the set of payoft-
relevant parameters via a type structure, and then solves the game by imposing the solution
concept. But if we restrict attention to the non-redundant type structure in the problem-
formulating stage, as in the example above, we necessarily preclude “correlated beliefs” in
the problem-solving stage.

This seems puzzling: redundant type structures are conceptually problematic but Bayesian
framework based on non-redundant structures excludes certain interesting strategic situa-
tions. One solution to this problem is to account for the redundancy and hence for the pre-
dictions based on it. Since the redundancy results from the formulation of players’ language
in the Bayesian framework, it should be understood independently of solution concepts.?
This paper argues that the redundancy reflects some basic uncertainties entertained by play-
ers but unspecified by the analyst, and hence a redundant type structure corresponds to the

non-redundant structure with an extended space of basic uncertainties.

3See also section 4 for the discussion of related papers.



Let us consider the motivating example again. Suppose the payoff-relevant parameters
s; and s indicate next week’s gasoline price: high/low. This price can be nailed down if
information from both the demand side and the supply side are known, but signals from one
side alone are insufficient. If Alice and Bob learn signals only from the supply side, say they
both work for a monopolistic oil company, then A is a reasonable type structure to model
this situation. However, if Alice sees a private signal from the demand side and Bob receives
a private signal from the supply side, then ®, instead of A, is a reasonable type structure to
apply to this situation.

If the analyst knows only the payoff structures, and he is unaware of (or unable to spec-
ify) some other variables reasoned about by players but he is aware of his unawareness (or
misspecification), then a redundant type structure is a “safe” modelling choice: players “rea-
son” within a redundant structure as if they reason about some parameters unknown to the
analyst. In other words, the analyst should not make use of a redundant structure unless he
believes that he misspecified the players’ space of basic uncertainties.

This observation might be relevant in practice. It is perhaps sufficient for an auction
designer to specify only the payoff structures for an anonymous online bidding game, but
other variables that are hard to specify or easy to neglect could be strategically important in
an auction house: for example, whether a bidder shows up in a dress with particular colors
may impact the auction results.

This paper presents and proves the following results. With one mild assumption (which
is both necessary and sufficient), Theorem 1 shows that any redundant type structure can
be identified with some non-redundant structure with an expanded set of underlying uncer-
tainties; the hierarchies generated by the latter, when “marginalized” onto the partial space
of underlying uncertainties, coincide with the hierarchies generated by the former. Theorem
2 further shows that the two structures in Theorem 1 yield the same Bayesian equilibrium
predictions. So the predictions based on a redundant structure are indeed interesting in that

they reflect the equilibria on a full parameter space.



The Bayesian equilibrium framework, as a normative theory, states that a player’s ac-
tion choice should be derived from the game situation. Seen from some descriptive models,
what eventually matters for a player’s decision besides his uncertainties about payoff struc-
tures is his belief about the opponents’ action choices, even though the player may arrive at
such a belief after a long way of thinking. This suggest that, technically, a set of variables
parameterizing both actions and payoffs is rich enough to capture all strategically relevant
uncertainties for Bayesian equilibrium analysis. This intuition is confirmed by Theorem 3.

The rest of the paper is organized as follows. In section 2, we set up the framework,
prove several basic properties and present the main theorems; in section 3, we provide proofs
for the theorems we offer, and in section 4 we review the related literature and situate the

current work in a discussion. Proofs not central to the paper are relegated to the appendix.

2 Type Structures and Incomplete Information

2.1 Preliminaries

We carry out the analysis in a purely measure-theoretic setup: all spaces and all functions
involved are required to be measurable. Measurability is the basic requirement of a prob-
abilistic type structure, which allows us to see the essence of the results by avoiding the
interference of topological properties. The topological assumptions are important in the lit-
erature for (i) proving that any coherent hierarchies can be modeled by types and (ii) proving
the existence of Bayesian equilibria. However, neither of these concerns is central to the cur-
rent paper: we take type structures as given and compare equilibria on different structures.
More importantly, any topological property imposed on a redundant type structure which
we know little about results in some loss of generality.*

Heifetz and Samet (1998) studied the topology-free formalism. Let (X, ¥) be a measurable

4For example, the universal type space based on a Polish parameter space is Polish (Brandenburger and
Dekel (1993)), but a redundant type space can have different topology.



space with a o-field ¥. Let A(X) denote the measurable space of all countably additive
probability measures on X with the o-field ¥ generated by all sets of the form fP(E) =
{p € A(X) : p(F) > p} where E € ¥ and 0 < p < 1. We also write X(X) as the o-field
of X for any given measurable space X when the context is clear. For z € X, we denote
by 0, € A(X) the evaluation at z : for any E € X(X), 0,(F) = 1if x € E. We consider
any product of measurable spaces with the product o-field and any subspace of a measurable
space with the relative o-field.

For a given measure y € A(X) and a measurable map f : X — Y, let uf~! be the image
measure of ;1 under f. That is, uf~' € A(Y) with uf~1(A) = u(f~1(A)) for any measurable
subset Aof V. If f1 : X7 — Yj and fo : Xy — Y5, then (f1, fo) isthemap f: X1 x Xy — Vi xY;
with f(z1,22) = (f(21), f(22)), 1 € X3 and 22 € Xo.

A measurable space (X, X)) is separative if for every pair of distinct points in X there is a
measurable set containing one and not the other. In this case, we call ¥ a separative o-field.

The concept of separativity does not appear in the economics literature before but turns
out to be crucial in this paper. Instead of imposing this property on all measurable spaces,
I invoke it only when necessary to examine its implications. Here are some useful facts for

further reference.

Lemma 1 (1) (A(X),XA) is separative (even though X may not be).
(2) (X, X) is separative if and only if 6, # d, for any distinct points x and y.
(8) Any product of separative measurable spaces is separative.
(4) If f: (X, 2(X)) — (Y, X(Y)) is a measurable injective map and (Y,X(Y)) is separa-

tive, then (X,3(X)) is separative.

Proof. (1) Consider two distinct probability measures py, po € A(X). Since py # 14, there
exists £ € ¥ and 0 < p < 1 such that py(E) > p > py(E). This implies that p, € 57(F)

and py, & PP(E). Thus py, and py, can be separated by the measurable set G7(FE) € Xa.

®Separativity is rather a weak property. The following observation related to topological spaces is helpful:
any Borel space induced by a topology satisfying the 77 separation axiom (e.g. Royden (1988)), including
the Hausdorff topology, is separative.



(A(X),XA) is separative. (2) If (X, ) is separative, then for any distinct points x and y
there exists £ € ¥ such that v € F and y ¢ E. Thus ¢,(E£) = 1 and §,(E) = 0. 6, # 0,,.
Conversely, if §,, # J,, then there exists £ € ¥ such that ¢,(£) = 1 and §,(£) = 0, and hence
r € F and y ¢ E. That is, (X,Y) is separative. (3) follows from the definition of product
o-field. (4) Consider two distinct points x and 2’ in X. f(z) # f(2') since f is injective. By
the separativity of (Y, %(Y)), there exists measurable subset £ C Y such that f(z) € E and
f(z') ¢ E. f~1(F) is a measurable subset of X containing x and not a’. Therefore, (X, (X))

is separative. m

2.2 Type Structures

Let I ={1,2,...,n} be a finite set of n individuals.

Definition 1 An X -based type structure is a collection (X, (T;)ier, (m;)icr), or (X, T, m) for
short, such that

(1) X and T;, for i € I, are measurable spaces.

(2) For each i € I, m; is a measurable function m; : T; — A(X x T).

(3) For each i € I and t; € T;, the marginal of m;(t;) on T; is dy,.

A type structure (X, T, m) is separative if T; is separative for each i € I.

Separative type structures impose separativity restrictions on the type spaces T;’s but
not on the parameter space X. From Lemma 1, §;, # dy for any distinct player i types ¢,
and ¢ if and only if T; is separative. In a sense, if §;, = dy for some ¢; # t; then player i
cannot distinguish ¢; and ¢;. Thus separativity characterizes the notion that “a player knows
his own type.”® Without separativity, condition (3) above only indicates a weaker notion of
“self-conscious.” This paper treats separative type structures as a strict subclass of all type

structures and studies their implications.

T am grateful to a referee for his/her question that led to the investigation of the role of separativity.
Again, “knowledge” is treated as “belief with probability 1”7 here.



One special form of type structures (S x C,U, ¢) is particularly interesting. S is inter-
preted as a partial description of the full parameter space S x C' and we will refer to it as a
partial parameter space. Let (S x C, (Uy)icr, (6;)icr) and (S x C', (Ul)icr, (¢:)icr) be two type
structures. We define maps from one type structure to the other that preserve the structure

of beliefs over the common partial parameter space S.

Definition 2 Let 7; : U; — U] be a measurable function for eachi. The map T = (71, ,Tp)

from U to U’ is an S-based type morphism if for each i € I and u; € U,

marngU/qs;(Ti(ui)) = (maTngU¢i (ul))(ld57 7_)_1’

where (idg, T) is the natural map from S x U to S x U'." 7 is an S-based type isomorphism

if T 1s in addition an isomorphism.

The following diagram illustrates the definition. If both C' and C" are singleton sets, i.e.,
S is identified with the full parameter space, then an S-based type morphism is the standard
concept of type morphism defined via the commutative diagram (e.g. Heifetz and Samet

(1998)). In the general case, we consider the marginals of ¢; and ¢..

U Oi > A(S x C x TIjer Uj)

T idg Ty

> A(S x C' x [1jer UD)

Figure 2: S-based type morphism.

An X-based type structure (X, T*, m*) is universal, if for every X-based type structure

(X, T,m), there is a unique X -based morphism from 7" to T*.

"(ids,T) is a well-defined jointly measurable function by the following result, which is an easy adaptation
of Aliprantis and Border (1999, Lemma 4.48): Let (X1,3(X1)), (X2, X(X2)), (Y1,%(Y1)) and (Y3, X(Y2)) be
measurable spaces, and let f1 : X1 — Y; and f5 : Xo — Y5 be measurable. Then the induced map f = (f1, f2)
from (X1x X9, 3(X1) @ X(X3)) to (Y1 x Y, 3X(Y7) ® X(Y3)) is jointly measurable.



2.3 Belief Hierarchies

Given a measurable space X, the space of X-based belief hierarchies is defined inductively.
The space of the first order beliefs for player i is H}(X) = A(X). For each k > 1, denote
H*(X) = Hie;HF(X). The space of k + 1th order beliefs for player 4 is HF " (X) = A(X x
[}, H'(X)). Hence, the space of X-based belief hierarchies is H;(X) = II3°, HF(X). H;(X)
with the product o-field is separative (Lemma 1 (1) and (3)).

For an (S x C)-based type structure ® = (S x C, U, ¢), we are interested in two different
belief hierarchies, the (S x C')-based hierarchy—the full hierarchy based on the full parameter
space S X C—and the S-based hierarchy—the partial hierarchy based on the partial parameter
space S.

Full Hierarchy. In the “full hierarchy” map h = (E)iel, 7LZ : U; — H;(S x C) associates a
hierarchy of belief over S x C' with each type of player ¢. The first order belief map for player
i, hl - U — HY(S x ©), is given by

E(Uz) = ¢,;(u;) (Projg.c)

where projg, o is the projection operator from S x C' x U to S x C. Thus for any u; € U;

and any measurable set £ C S x C,
hi(u)(B) = ¢; () (B x U).

Let us write 2% = (h¥);e; for k > 1. Define map p* : S x C x U — S x C x I H'(S x C)
with 7%((s,c,u)) = (s, ¢, h*(w), ..., h*(u)). That is, for cach “state of the world” (s,c,u) €
S x C x U, p* specifies the “state of nature” (s,c) and the beliefs up to order k for type
profile u. Inductively, define the k+ 1th order belief map for player 7, ﬁ?“ :U; — HF(Sx O),

as

R () = o (uy) (7)1, (1)



(1) is well defined since p*’s are measurable (this, together with the measurability of ?Li,
is shown in Lemma 5 in the appendix). Finally, define h; = (b}, h2,---).

Partial Hierarchy. The “partial hierarchy” map h; : U; — H;(S), which generates the
hierarchies of belief over the partial parameter space S, is defined similarly by replacing

HF(S x C) with HF(S) and projg, with projg in the definition above:

The first order belief map for player i, h! : U; — H}(S), is given by

hi (u;) = ¢;(u;)(projs) .

Define function p* : S x C' x U — S x IF_H'(S) with p*((s,c,u)) = (s, h'(u), ..., ¥ (u)).

Inductively,

hi ™ (ui) = ¢ (ua) (%) (2)

Finally h; = (h}, h?,---). Intuitively, the S-based hierarchies are obtained by “marginalizing”
the (S x C')-based hierarchies onto the partial space S.
The following result says that an S-based type morphism preserves S-based hierarchies.

Its proof can be found in the appendix.

Proposition 1 Suppose ® = (S x C,U, ¢) and ® = (S x C",U’,¢') are two type structures
with S-based belief hierarchy maps h and h', respectively, and 7 : U — U’ is an S-based type

morphism, then h} o1, = h; for each i € I.

By this result, ® and ®’ will have the same set of S-based belief hierarchies if there is an

S-based type isomophism between them.

2.4 Redundant and Non-Redundant Structures

For a type structure (X,T,m), let o(h;) be the smallest o-field of subsets of T; for which
the X-based hierarchy map El is measurable. The next definition formalizes the notion of

non-redundancy.

10



Definition 3 A type structure (X, T, m) is non-redundant if for each i € I, o(h;) is a sepa-

rative o-field. A type structure is redundant if it is not non-redundant.

The following result links the formal definition with our familiar intuition: non-redundancy

means no two types of a player have the same belief hierarchies over the full parameter space.

Proposition 2 (1) (X,T,m) is non-redundant if and only if h; : T, — H;(X) is injective.
(2) A non-redundant type structure is separative. (3) An X-based universal type structure

(X, T*,m*) is separative.

Proof. o(h;) consists exactly of sets (h;)"'(E) for any measurable set F in H;(X) (e.g.

Billingsley (1995, Theorem 20.1)). Thus o(h;) is separative if and only if for any distinct
points #; and ¢, in T} there exists a measurable subset E in H;(X) such that ¢; € (h;)"*(E)
and ¢, ¢ (h;)"*(E). That is, o(h;) is separative if and only if h; is injective. (1) then follows

from Definition 3. If (X, 7T, m) is non-redundant, then the o-field on 7; is finer than o(h;).
0(7”) is separative by Definition 3 and hence T; is separative, as required by (2). In a
universal structure, 7 is identified with a subspace of H;(X) and thus a universal structure

is separative by (1). =

Remark. Definition 3 and (1) in Proposition 2 are similar to, but different from, those in
Mertens and Zamir (1985, Definition 2.4 and Proposition 2.5) for topological belief spaces.
The definitions of non-redundancy are similar in that they have the same intuitive moti-
vation, i.e. the injectivity of the hierarchy maps. The definitions differ in that Mertens
and Zamir’s (1985) treatment imposes stronger requirements: speaking in the context of
topology-free product type structures, Mertens and Zamir also require X to be separative in
a non-redundant structure. So the converse of their Proposition 2.5 which links the formal
definition and the motivation doesn’t hold. =

We are now ready to introduce the central concept in this paper.

11



Definition 4 Fiz an S-based type structure A = (S, T, \). & = (S x C,U, ¢) is called an
expansion of A via C' if ® is non-redundant and there is an S-based type isomorphism T :

T — U.

In conjunction with Proposition 1, this definition implies that if ® is an expansion of A
via C, then the S-based hierarchies induced by ® are identified with the S-based hierarchies
induced by A through 7.

It follows from the definition that separativity is necessary for a type structure to have

an expansion.
Lemma 2 If A has an expansion, then A is separative.

Proof. If ® is an expansion of A, then there is a measurable isomorphism 7; : T, — Us.
Since ® is non-redundant, U; is separative by Proposition 2(2), and hence T; is separative
(separativity is preserved by the measurable isomorphism 7;'—Lemma 1 (4)). m

It turns out that separativity is also sufficient for a type structure to have an expansion.

Theorem 1 For any S-based separative type structure A = (S, T, \), there is a set C' such
that ® = (S x C, U, ¢) is an expansion of A via C.

By this theorem, any S-based type structure A that is redundant in terms of S-based
hierarchies can be interpreted as a non-redundant type structure based on an enlarged set
of parameters S x C'. This solves the conceptual difficulties of redundant structures: they
capture certain “hidden variables” involved in reasoning by the players.

In later proofs of the main results, I construct type structures by deriving new probabil-
ity measures from probability measures on some semirings of measurable rectangles via the
Caratheodory Extension Procedure. The following lemma is applied to verify the measura-
bility of functions whose ranges are probability measures. Heifetz and Samet (1998, Lemma

4.5) have a result for fields.

12



Lemma 3 Let (X, Y) be a measurable space and S be a semiring that generates ¥ : o(S) = X.
Let Sa be the o-field on A(X) generated by sets of the form 5P(E) = {u € A(X) : u(E) > p}
for E€S and 0 <p<1. Then ¥ A = Sa.

Proof. Sp C XA by definition. To prove the other direction, consider £ ={F € ¥ : gP(F) €
Sa,0 < p <1} ¥a C Sa will follow if ¥ C £. Notice that S C £ and S is a m-system. It
suffices to show £ is a A-system, as ¥ = ¢(S) C £ by Dynkin’s -\ theorem (e.g. Billingsley
(1995, Theorem 3.2)).

(1) X € L is obvious.

(2) Suppose E € L. Then 5P(E) € Sa for each 0 < p < 1.

{w:p(E)>1—=p}=|J{n: p(E) >1—p+1/n} € Sa.

Therefore §7(E°) = {p : p(E°) = p} = {p: p(E) < 1—p} = AX)—{p: p(E) > 1-p} € Sa.
We have E° € L.

(3) Consider a finite sequence {E,}" ; of pairwise disjoint sets in £ . By countable

additivity,
B En) = {n: Y u(En) > 1},
n=1 n=1
The latter can be written as
m—1
U {p: (B = g} 00 {p: p(Bp1) = g3 0 p(B) > 7= aa)
n=1

q1,..gm—1 are rationals

(3)
(3) is a countable union of finite intersections of measurable sets, and hence is measurable.
Thus 57(J, E,) € Sa. We then have |J!" | E,, € L.

(4) Consider a pairwise disjoint sequence {E,,} in £. By countable additivity and (3),

(U Ba) ={n: ) w(Ba) 2oy = () UL Y nl(B.) = p—1/k} € Sa.

k=1m=1 n=1

13



Therefore | J)~, E, € L.

It follows immediately from (1), (2) and (4) that £ is a A-system. The results then follows
from Dynkin’s 7-A theorem. =
Proof of Theorem 1. Set C' =T and U; = T;. For each t; € T;, define on the semiring
S =%(S) x X(T) x X(T) a set function as follows: ¢;(t;)(Ax E X F) = X\(t;)(Ax (ENF))
for a measurable rectangle A x E' x F' € S. For each t; € T;, ¢;(t;) defines a countably
additive probability measure on the semiring S. To verify the countable additivity, consider

a pairwise disjoint sequence {4, X FE, x F,} in S such that
DAanann:AxExFeS.
n=1
Then {A, x (E,NF,)} is a pairwise disjoint sequence in (S x T') and
Ax(ENF)= GA” x (E, N F,).
n=1

Therefore, by definition and countable additivity of \;(¢;),

O(t)AX ExF) = MNt)Ax (ENF))

S M) (A X (BN F)

= i(bi(ti)(An x B, x F,).

It is straightforward to check other conditions for ¢,(¢;) to be a probability measure on S. By
the Caratheodory Extension Theorem (e.g. Aliprantis and Border (1999, Theorems 9.22)),
¢,;(t;) extends uniquely to a probability measure on (S x T x T'), which is still written as
¢,;(t;) with some abuse of notations.

Let us verify that ® = (S X T, (T})icr, (¢, )icr) defines a type structure. To avoid confusing

“Ty in the role of the parameter space with “T’j in the role of the space of types, write

14



O = (S x C,(T)icr, (¢;)icr) with C; = T; and denote ¢; : T; — C; as the identity.

(i) ¢; : T; — A(S x C x T) is measurable with respect to the natural o-fields.

Since X(S x C x T') is generated by the semiring S = X(5) x 3(C) x X(T'), by Lemma
3 we only need to check the following: For any measurable rectangle A x ' x F' € S and
0<p<1,

¢; '({p: n(Ax E X F)>p}) (4)

is measurable in 7.

Rewrite (4) as {t; : ¢,(t;)(A x E x F') > p}. Hence by the definition of ¢,, (4) is precisely
the set {t; : \j(t;)(AX (ENF)) > p}, which is a measurable subset of T; by the measurability
of \;.

(ii) The marginal of ¢,(¢;) on T; is 6.

For any t; € T; in the type structure A, we have margTi/\i(ti) = 0y,. That is, for any
measurable subset F C T; with t; € E, A\;(t;)(S x T_; x E) = 1. Thus by definition of ¢,,

d(t)(SxCxT_; x E)=X(t;)(SxT_; x E)=1.

That is, for any ¢; € T; in the type structure ®, marg;. ¢;(t;) = &;, as required.

This proves that & = (S x C, (T})ier, (¢;)icr) is a type structure. It is still necessary to
verify that ® is an expansion of A.

(a) ® is non-redundant. It suffices to show h; : T; — H;(S x () is injective by Proposition
2. Consider two distinct types ¢; and ¢;. By the separativity of T; (and hence C;), we can find
a measurable set K C C; such that ¢;(¢;) € K and ¢;(t}) ¢ K (recall that ¢; : T; — C; is the

identity). Therefore,

L) (S % Cy x K) = ¢;(t:)(S x Ci x K xT) = N(t:)(S x Ty x K)=1.  (5)
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The last equality of (5) follows from the fact that the marginal of \;(¢;) on T; is d;, and

t; = ¢i(t;) € K . On the other hand,
REENS x C_y x K) = ¢,(t)(S x C_i x K x T) = M(t))(S x T_; x K) = 0.

Therefore, E is injective as required.
(b) The type isomorphism. Consider 7; as the identity mapping on T;. We want to show 7
is a type morphism between A = (S, (T3)icr, (A)ier) and & = (S x C, (T)ier, (é5)icr). Namely,

margg, 7 (¢; o ;) (t:) = \i(t:) (ids, 7). (6)

By definition, (¢; o 7;)(t;)(E x C x F) = ¢,;(t;)(E x C x F) = \(t;)(Ex F) for any

measurable rectangle E x C' x F with E € X(S) and F' € X(T). Notice that fixing C,
¢;(t;)(C x ) defines a measure on (S x T) and it agrees with X;(¢;)(-) on the semiring
Y(S) x X(T). Therefore, by Billingsley (1995, Theorem 10.3), ¢,(t;)(B x C) = A(¢;)(B) for
any measurable subset B € 3(S x T'). This proves (6).

Thus ® constructed above is an expansion of A. m

3 Games of Incomplete Information

Consider a game G = (5; (A;)ier; (9i)icr) wWith a measurable parameter space S, measurable

strategy space A = [[._; A;, and bounded jointly measurable payoff functions g; : Sx A — R.

iel
Append to the game a type structure A = (S,T,\). Write G[A] for the Bayesian game
associated with G' and A.

Let (B,)ier be a tuple of (behavioral) strategies 3, : T; x 3(A;) — [0, 1] such that (1) for
every t; € Ty, B,(t;,+) : B(A;) — [0,1] is a probability measure and (2) for every E € X(A;),

t; — B;(-, E) is measurable. (5,);cr is a Bayesian equilibrium of G[A] if for any ¢ € I and any

EL} € Ai,
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/M/g“” 115,(5 day) dr /M,/wau [T 5 daj) dxits).

Jel jel \{i}

In the expression above, [ - [, gi(s,a) [1;c; 8;(t;, daj)dNi(t;) is player i’s expected payoff
from G[A] when players play according to (8;)ier- [, 9i(s, @) [1,¢; B;(t;, da;) is the shorthand

for

/Al .. [/An gi(s,a)B,(t1, day)] - - - B, (tn, day) .

These notations are justified by a Fubini-type theorem (Proposition 3).

Let G = (S; (Ai)ier; (9i)ier) be a game with parameter space S and let ® be an expansion
of A via C. Let G = (S x C; (Ay)icr; (i)icr) be such that g;(s,c,a) = gi(s,a) for all (s,a) €
S x A. Then write G[®] for the game G[®] and call G[®] an expanded game.

We have the following results about equilibria. This theorem says that any equilibrium as-
sociated with a redundant type structure can be obtained from its non-redundant expansions,
and vice versa. In conjunction with Theorem 1, this result says that the set of predictions ob-
tained from a redundant structure is indeed interesting in that it reflects the set of equilibria

based on a full parameter space.

Theorem 2 Let & = (S x C,U, ¢) be an expansion of A = (S, T, \) via C, and 7 : T — U 1is
the associated S-based type isomorphism. For any Bayesian equilibrium (if it exists) (5, )icr
of G[A], the strategy profile (v,)ics, defined via v,(-,-) = B;(t; (), ") for each i, is a Bayesian

equilibrium of the expanded game G[®]. Conversely, for any Bayesian equilibrium (if it exists)

(7,)ier of G[®], the strategy profile (53,)icr, defined via B;(-,-) = v;(1:(+),+) for each i, is a

Bayesian equilibrium of G[A]

Proof. For a Bayesian equilibrium (3,);e; of G[A], let us write

fi(s,t) ::/gZ s,a Hﬂ (tj,da;).

jel
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and

fo (s, t) ::/Agz-(s,’di,a_i) H B,(t;, day).

JeN{i}
fi(s,t) is player i’s payoff when the payoff-relevant state is s, the type profile is ¢, and players
follow the equilibrium strategy profile (8,)icr. f(s,t) is player i’s payoff eveluated at (s, 1)
when player ¢ plays a; and other players follow the given equilibrium strategies.
Consider the strategy profile (7;)ic; on G[®] defined by 7,(-,-) = 3,(r; (), ) for each i,

we have

a0 0 Tl da) = [ .0 [18,7; ).y = (oo (s, 7) s.t) (0
A jer A jer
That is, (f; o (ids, 7)) (s, u') is i’s payoff eveluated at (s, ') when players follow (7, )ser-
Similarly, [, 7;((s,¢), @i, a—) T e oy 75 (), dag) = (fio(ids, 7)) (s, u'). (fio(ids, ) ~1) (s, u')
is player i’s payoff when i takes a; and other players follow the proposed strategies. With
some abuse of notation, let us treat fla o (idg,7)"! and f; o (idg, 7)™ as the functions on
S x C' x U because C consists of payoff-irrelevant parameters.
Note that (7;):er is a Bayesian equilibrium of G[®] if and only if for any i € I, u; € Uj,
and a; € A;,
[ metdsn etz | g lids ) do ) 0
SxCxU

SxCxU

By Definition 4, for any u; € Uy, marge,.;;¢;(u;) = X\i(7;  (u;))(idg, 7)1, That is, for any
u; € U, and any O € 3(S x U),

¢:(u:) (O x C) = Xi(; (u;)) (ids, 7)~*(O).
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Therefore, for F; = f; or Za ‘

/ Fyo (idg,7) " do;(u;) = / Fio (idg, 7) " dX\i(m;  (uy)) (idg, 7). (9)
SxCxU SxU

By the change of variables theorem (Billingsley (1995, Theorem 16.13)), the right hand

side of (9) can be rewritten as
/ F (" (u)) (10)
SxT

Therefore, (8) is equivalent to

fidi(yH(ui)) > fidXi(r;7 (us))
SxT SxT

On the other hand, (53,);cs is a Bayesian equilibrium of G[A] if and only if for any i € I,
t; € ﬂ, and ZL\,L € Az’;

fidNi(t;) > / FodN(t). (11)

SXT SXT

The theorem follows immediately by comparing (11) and (10). =

In Theorem 1 and Theorem 2, the set of “hidden variables” C' can be very large and
could depend on the type structure being considered. The next result says that it is possible
to construct a single C' that depends only on the size of the game from which the Bayesian

equilibrium outcomes of any S-based type structures can be obtained. In particular, this set

can be taken as the action set: C' = A.

Theorem 3 Let (53,):cr be a Bayesian equilibrium of G[A] for the type structure A = (S, (T})icr, (Ai)icr)-
Then there is an (S x A)-based non-redundant type structure ® = (S x A, (U,)icr, (¢;)icr) with
a Bayesian equilibrium (v,)icr of G[®] and an S-based surjective type morphism v : T — U

such that ~,(T;(t;),-) = B;(t;,*) for eachi € I and t; € T;.

To prove the result, we need the following generalized version of Fubini’s theorem, whose

proof is in the appendix.
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Proposition 3 Let f: S x A} X Ay x Ty x Ty — R™ be a jointly measurable function. For
i=1,2, let k;i(t;,da) : T; x X(A;) — [0, 1] be a stochastic kernel, and m; : T; — A(S x T) be
measurable.
(1) F(s,t) fAl fA2 S, a1, g, 1, to)Ka(te, das) Kk1(t1, day) is jointly measurable on S x T.
(2) There exists a unique map P; : T; — A(S x T x A) such that for any E € ¥(S x T)
and F; € X(4;), i € {1,2},

R(tz)(E X Fl X Fg) = / /‘il(tll,F1>/€2(tl2,F2) dﬂ'z(tl)
E

(8) P, :T; — A(S x T x A) is measurable.

(4) Jssrl fA1 fA2 8, a, t)ka(ty, daz) ki (ty, dar)ldmi(ts) = [, 4op f(5,a,1)dP;(t:).

Lemma 4 Given a type structure M = (X, T,m), then M' = (X, T',m’) defined as follows
18 a type structure,

(1) T! C T; with the relative o-field: 3(T)) ={T! N E : E € ¥(T;)}.

(2) For each i € I and t; € T}, m;(t;) has a support in X x T" and for each measurable
set G C X xT, mi(t;)(X x T")NG) =m;(t;)(G).

We call M" a sub-structure of M.

Proof. It is easy to show that the product o-field on X x 7" when 7} inherits a o-field from
T; is the relative o-field {(X x T") NG : G € ¥(X x T)} that X x T" inherits from X x T

Therefore,
{ti - mi(t) (X x T') N G) = p} = Tin {ti : mi(t:)(G) = p} € 5(T7).

This shows that m! is a well defined measurable function. It is straightforward to verify that
M’ satisfies other conditions in Definition 1. m
Proof of Theorem 3. The idea of proof is as follows. First construct an (S x A)-based type

structure U = (S x A, V, 1) by augmenting A “via the given equilibrium (/3,);c7.” (Step 1 and
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Step 2). ¥ is mapped onto a sub-structure ® = (S x A, U, ¢) in the (S x A)-based universal
type structure (S x A, U*, ¢*). ® is a type structure satisfying the required conditions. (Step
3 and Step 4).

Step 1: For a given type structure A = (S, (T;)icr, (\i)icr), denote by S the semiring of
measurable rectangles X(5) x [];c; £(A;) x E(T'). Define a type structure ¥ = (S x A, V)
as follows. For each i € I, let V; = T; and v,(t;) be the unique probability measure such that

for any measurable rectangles E x F x G = E x[[..;F; xGin S

Bilt)(E x F x G) = /E a5 dxe). (12)

The existence and measurability of v, is guaranteed by Proposition 3. Furthermore, by

taking £ =S, F = A, G; =T for j # i in (12), for any ¢; € T,

Therefore, marg;. v, (t;) = margy \i(t;) = 0y, Thus, ¥ = (S x A, V,9) is a well-defined type
structure.

Step 2: Define for each player i € I in the Bayesian game G[¥] a strategy p, : T; x 2(A;) —
[0,1] by

pi(ti,) = marg Vi) (13)

Therefore, by taking £ =S, G =T and F; = A; for j # i in (12),

pi(tiu ) = 52‘@;7 ) d)\i(ti) = ﬁi(t’h ) (14)

SxT

Step 3: Given ¥ = (S x A, T, 1), we define an (S x A)-based non-redundant type structure
® = (S x A U, ¢) as follows. According to the construction of Heifetz and Samet (1998), ¥
is mapped into an (S x A)-based universal type structure (S x A, U*, ¢*) under the unique

(S x A)-based type morphism 7*. Let U; = 71(T;) C U;* with the relative o-field, and for any
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iel,u; € Uf and G € B(S x Ax U*), let
¢i(ui) (S x AxU)NG) = ¢; (u:)(G).

Then (S x A,U, ¢) is a well-defined non-redundant type structure by Lemma 4.

Step 4: Define a strategy for each player i in the game G[®], v, : U; X (A4;) — [0, 1], by

Yi(us, ) = mang (1), (15)

%

v;(+,+) is a well defined behavioral strategy for player i. We will show that (v,):cs is a
Bayesian equilibrium for G[®].

By Definition 2 (take C' as a singleton and replace S with S x A),
¢; 0 Ti(t;) = V;(t;) (idsxa, 7)1 (16)

By the definition of (idgx.a,7"), marg, ;(t;)(idsxa, 7*)~" = marg, ¢;(t;). This equal-

ity together with (16) implies

marg ¢; o Ti(t;) = marg 1, (t;),

J J

and hence, v;(75(t;),") = p;(t;,-) by the definitions of v, (15) and p; (13). Therefore,
v;(T5(t;),-) = B;(t;,+) by (14). Thus, by the change of variables theorem, for any E €
(S x A x U) and F € [, S(4;),

/(sz*) (®) ; HB /H’VJ j) do; o Ti(t;) (17)
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Therefore,

/SXA)X / '), a) H%‘(u;’daj)] dg; o 7 (t:)

_ /XA)XT/ 5,a) llﬁj (¢, day)] disy () (18)
_ /SXT//QZS " 115 (t). day)] 115 day)] dhi(t,) (19)
_ /S i /A gi(s,a)nﬂj(t;,daj)] dxi(t:) (20)

(18) is by (17) and Fubini’s theorem; (19) is by (12).

Similarly,

/SXAXU/A@((S,GI),@,CLi)H’Yj(U;,daj)d@oﬁ(ti)—/SXT[/Agl(S aay) [ 8 daj)ldi(t:)

e
(21)

Since (f3;);er is a Bayesian equilibrium G[A], we have

/ng[Agi(S’a)Hﬁj(thdaj)] dAi(t;) Z/SXT[/Agz(S aaz) [[ B;(t) daj)ldi(t:)

Jjel jeI \{i}

This together with (20) and (21) shows that (v,)jer is a Bayesian equilibrium of G[®]. =

4 Discussion

Without requiring the specification of type spaces, Battigalli and Siniscalchi (2003) provide
a unified framework for the analysis of both dynamic and static games with incomplete infor-
mation, with actions being treated as basic uncertainties. This framework is consistent with
the Bayesian equilibrium framework: with compatible restrictions on the first order beliefs,
the Bayesian equilibrium outcomes in all type structures, including redundant structures,

are exactly those predicted in their framework. They discuss the strategic relevance of re-

23



dundancy (in subsection 4.2 and section 6), but leave open the conceptual interpretation of
redundant type structures.

There are two other important papers that explore the strategic relevance of redundancy
in more detail.

Ely and Peski (2006) show how, given a type structure, to distill all information that is
relevant to the set of interim rationalizable outcomes. It turns out that this information is
summarized by the hierarchies over the statements about a type’s beliefs over underlying
uncertainties conditional on opponents’ types. But to interpret this hierarchy, they need to
explicitly refer to players’ action choices. Furthermore, they also observe that their notion of
hierarchies cannot determine all Bayesian equilibrium outcomes.

Dekel et al. (2006) propose a new solution concept of “interim correlated rationaliz-
ability” that is invariant over the class of type structures modeling the same sets of belief
hierarchies. In their definition, each player’s strategy is measurable with respect to his own
type; however, the player may believe that his opponents’ action choices are not measurable
with respect to their types; that is, he may conjecture correlations between opponents’ ac-
tions and the underlying payoff parameters even though the given type structure may say
that the opponents cannot tell apart the payoff parameters. This solution concept uses more
information than what is modeled in the given type structure. To account for the outcomes
predicted by this solution, Dekel et al. use an epistemic model in which actions are explicitly
modelled as basic uncertainties.

A comparison between the two papers may be helpful to understand how each work deals
with the correlations between types and payoff parameters embedded in a type structure.
Both papers are solution-concept dependent. Ely and Peski (2006) adopt the concept of in-
terim independent rationalizability, but the correlations are captured by the extended notion
of hierarchy. In contrast, Dekel et al. (2006) adopt the standard notion of Mertens-Zamir
belief hierarchy, but the correlation is embedded in their new solution concept “interim cor-

related rationalizability.”

24



In response, Liu (2005) argues that a type structure is simply the analyst’s model of
the game situation, and hence the correlation embedded in the redundant type structures
should be understood independently of solution concepts. Liu (2005) shows how to con-
struct a redundant type structure from a non-redundant type structure with the same set of
belief hierarchies through a system of transition probabilities which is interpreted as a state-
dependent correlating mechanism. This provides a tractable way to analyze properties of the
unfamiliar redundant structures within the well-known non-redundant structure. However,
the characterization serves only as an analytic tool; the important conceptual issues are not
addressed.

This paper provides one way to resolve the conceptual difficulties. The so-called re-
dundancy is not redundant in that it reflects a full parameter space larger than the payoff
parameters specified by the analyst. The analyst should always make use of non-redundant

structures unless he believes that he has misspecified the parameter space.

A

A.1 Measurability of Hierarchy Maps in Section 2.3

Lemma 5 If both f; : X — A(X) and g : X — Y are measurable, then the function
fo: X — A(Y), defined by fo(x)(E) = fi(z)(g (E)) for each x € X and measurable set

E CY, is measurable.

Proof. We only need to show for F' = {u € A(Y) : w(F) > p} with0 < p <1 and E a
measurable subset of Y, f; *(F) = {x € X : fi(z)(¢"(F)) > p} is a measurable subset of X.
Since g~ }(F) C X is measurable, G = {v € AX : v(¢7'(E)) > p} C AX is measurable, and
hence f, (F) = {x € X : fi(z) € G} = f;*(G), which is measurable by the measurability
of fi. m
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From Lemma 5, E} is measurable (with ¢, in the role of f; and projsx¢ in the role of g).

Inductively, we can show that h, h, p* and p* are measurable.

A.2 Proof of Proposition 1

Proof. By Definition 2,

margg. v ¢; © 7i(u;) = (margg, ¢, (u;))(ids, 7). (22)

margg, ;o 7;(u;) = (margg, ;¢;(u;))(ids, 7)~'. Therefore for any u; € Uj,

¢; o Ti(u;)(projg) ' = ¢;(us) (projg) . (23)

From (23) and the definition of the first order belief map, k' o 7; = h}. Suppose h!! o 7; = hl
for each i € I and 1 <[ < k. Consider measurable sets £y C S and F; C H!(S) for 1 <[ < k.
Then

(W)7HE) = (W o)™ (Ey) = 7 (W)~ (Bn)).

Recall that p* = (projg, h' o projy, ..., h* o projy), then (p*) [\, i) = Eo x C x
N/, (AY~Y(E;) and similarly, (p*) " (TT,_, Ei) = Eo x C x Nr_y(h")"'(E;). Therefore,

k k
i ori(u)™) [ E) = ¢ omi(uw)(Eox Cx (W) (E))

1=0 =1

— margs, g, o mi(u)(Bo x (YA)NE)  (24)
And similarly,

k k
6:(us) (") ([T B0 = (margs,di(w:)) (o x [(h') ™ (E). (25)

1=0 =1
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Note that by (22), (24) and (25),

Since sets of the form [[,_, i generates the the o-field on S x [[r_, H'(S), we have

;0 Ti(ug) (p™) 7 = ¢y (u) (p*) 7N

Thus, ¥ or; =hF. =

A.3 Proof of Proposition 3

Lemma 6 Suppose m: © — A(X) is measurable with respect to the corresponding o-fields.
Then [ f(x)dm(0) : © — R is measurable for any non-negative real-valued measurable func-

tion f with domain X.

Proof. For a fixed measurable set £ C X, 0 — 7(0)(F) is a real-valued measurable function

since

{0:7(0)(E) >r} =7 {u: u(E) =7}

is a measurable subset of © by the measurability of 7. For a simple function g = > | b, 15,

on X, [g(x)dr(0) =Y b,m(0)(E,) is a measurable function on ©. Since f is a pointwise

limit of an increasing sequence {gx} of simple functions, [ f(z)dn(0) = limy [ gx(x)dr(0)
for each § € © by the monotone convergence theorem, and therefore § — [ f(z)dn(f) is

measurable. =

Proof of Proposition 3. (1) It suffices to show (s,t) = [, [, 1g(s,a,t)ra(t2, das)

k1(t1,day) is jointly measurable for every measurable subset E C S x A x T. The stated
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result will then follow from passing to the limit of an increasing sequence of non-negative
simple functions. First consider E = E' x E? x E? where E' € X(S), E? € X(A;) and

E3 € 3(T'). We then have

/ 1E1XE2><E3(S,a,t)fig(tg,dag)/i1<t1,da1) = 1E1<S)/€2(t2,E22)/€1(t1,E12)1E3(t>.
A

Consider F™ = {(s,t) : 1p1(8)ka(ta, E3)k1(t1, E3)1gs(t) > r}. FF =0 forr > 1; FT =S x T

forr < 0;for0<r<1,
F' = E" x ({t : ko(ty, B3Ry (t1, Ey) > 1} N E?);
Notice that

{t:kalte, B)ma (1, E3) > vy = | {ti: ma(ts, By) > g} x {ta : ka(ta, E3) > r/q}
g>0is rational
is measurable in 7'. Therefore F" is measurable in S x T' (s,t) — [, [, 1g(s,a,t) ka(t2, das)
k1(t1,day) is jointly measurable for measurable rectangles F = E' x E? x E*. To show the
result hold for any measurable £ in S x A x T, consider £ ={F € 3(Sx AxXT): (s,t) —
J41E(s, a,t) Ka(te, dag) k1(t1, day) is jointly measurable }. We have shown that the 7-system
Y(S) x (A1) x X(As) x X(T) of measurable rectangles belongs to £ . It will follow from
Dynkin’s 7-A theorem that (S x A x T) = L if £ is a A-system. Let us verify that £ is
a A-system. First, it is straightforward to check that S x A x T € £ and that if £ € £
then E° € L . Secondly, consider a pairwise disjoint sequence {F"} in £. We have, by the

monotone convergence theorem,

/1U$L°1Fn(3,a7t) 52(t2,da2)/€1(t1,da1)22/ Lpn(s, a,t) ka(ta, dag)ri(ty, day).
A “~Ja

From the right hand side, we see that the left hand side is jointly measurable in (s, a,t). Thus

28



U.Z, F" € L . Therefore L is a A-system.

We only sketch the proof for (2) and (4) since they are not very different from the familiar
form of Fubini’s theorem, see for example, Billingsley (1995, Theorem 18.3 and Exercise
18.20).

(2) For each t; € T;, we show P;(t;)(E x Fy X I3) = [, ko(th, F2)k1(th, Fr) dmi(t;) is a
countably additive probability measure on the semiring S = X(S x T') x ¥(A) of measurable
rectangles. Suppose {E,, X F,,} is a pairwise disjoint sequence in S and | J,- | E" X F]' X F =
E x Fy x F, € § . It is immediate that | J -, E" = E and |J,_, F]" = F;, i = 1,2. Therefore,

forany w e SxT and a € A,

lexmxm((w,a1,a2)) Z Lgnxrrxrp (W, a1, a2)) Z Lgn(W)1gn(a1)1pp (az)

n=1

Integrating with respect to ro(t5, -), then with respect to x1(t}, ), and finally with respect to

m;(t;), we have

/mg(tQ,Fg)/-@l(tl,Fl ) dm(t;) Z/ ko (th, Fi ey (), FI) dmy(ty),
E n

showing the countable additivity of P,(t;). By the Caratheodory Extension Theorem, P,(t;),
for each t; € T;, extends uniquely to a measure P;(t;) on X(S x T x A).

(3) By Lemma 3, we only need to show that t; — P;(t;)(E x F; x F») is measurable. This
measurability follows from Lemma 6.

(4) The proof is straightforward: check the result first for indicator functions, and then

for simple functions and finally for non-negative real functions. =
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