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Abstract

We study an infinitely repeated principal-agent model with adverse selection and rene-
gotiation. The model is suitable for studying procurement, labor market relationships, and
monopoly pricing, which is our main interpretation. A monopolist faces a consumer who has
private information regarding his preferences for quality. The monopolist can offer long-term
contracts, promising to deliver a certain quality in each future period. The terms of the
contract must be honored unless both parties agree to renegotiate.

The monopolist chooses to gradually screen consumers who have high taste. During the
screening process, these consumers balance the desire to immediately start consuming the
high-quality good against the wish to pool themselves with consumers who have low taste
and purchasing the high-quality good at a lower cost later. The model predicts an expected
wedge between the marginal benefit for each kind of consumer and the marginal cost for
the monopolist. As the parties renegotiate, this wedge gradually decreases and eventually
disappears. We show that a version of the Coase conjecture holds for the monopoly model even
in the case of a nondurable good. The possibility of renegotiation decreases the monopolist’s
ability to extract rents from consumers. This effect becomes more severe when the time
periods shrink and, as a result, the allocation converges to an efficient allocation.
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1 Introduction

Long-term relationships under adverse selection are pervasive in economics. In these
relationships, the party holding the bargaining power (the principal) wishes to know the
private information held by the other party (the agent). For example, consider a company
that offers career plans for its employees. The employee is typically better informed about
how costly exerting effort is for him or how productive he is. The company wants to know
who the most skillful employees are in order to assign the most important tasks to them.
As a second example, consider a government that hires the same military contractor for
many years. The government is interested in how advanced is the technology of its military
contractor in order to request more advanced products from more efficient suppliers. To
give a third and final example, consider a consumer who signs a long-term contract for an
internet service. The internet provider wishes to know how important a quick connection
is to the consumer in order to offer faster connections to consumers who value them more.

Unfortunately for the principal, information is not free. When a company learns that an
employee is more productive, a higher effort may be demanded from the employee. When
the government learns that the contractor is more efficient, less lucrative terms of trade
may be offered in the next negotiation. And when the internet provider becomes aware
that the consumer demand is inelastic, she may increase the price. As a result, the outcome
in these relationships balances the desire of the principal to learn important information
with the reluctance of the agent to reveal it.

In seminal papers, Freixas, Guesnerie, and Tirole (1985) and Laffont and Tirole (1988)
developed models to study these types of relationships under the assumption that the
parties cannot contract in the current period upon actions in future periods. In the internet
provider example, this may be interpreted as a restriction wherein the firm cannot offer
contracts with a duration longer than one month. In these cases, when the internet provider
learns that the consumer has a high willingness to pay, she immediately changes the terms
of trade. Therefore, these models give rise to the ratchet effect, that is, once the principal
learns some information, she uses her bargaining power to extract future rents from the
agent. The ratchet effect severely limits the amount of information that can be transmitted
in a relationship. Hence, there is very little separation of types of agents.

The ratchet effect can be avoided if the parties write long-term contracts, which is

natural in many situations. Under commitment, the optimal long-term contract entails



two important features (Baron and Besanko (1985)). First, some agents immediately reveal
their private information. Second, the principal offers inefficient allocations to some agents
as a device to extract rents from others. In the internet provider example, this corresponds
to the very familiar idea of second-degree price discrimination: the provider offers plans
with lower than efficient speed for consumers with low willingness to pay in order to charge
more from consumers with high willingness to pay when purchasing a plan with a faster
connection.

In many important situations, the parties involved in a relationship cannot commit in
the current period to not renegotiating the terms of trade later (when it becomes obvious
how to exploit mutually beneficial opportunities). In the internet provider example, as soon
as the taste of the consumer is learned, the internet provider has an incentive to renegotiate
with consumers with low willingness to pay, offering them an opportunity to upgrade their
plan for another with a faster speed. Therefore, the optimal contract under commitment
is not robust to the possibility of renegotiation.

Motivated by this observation, we incorporate renegotiation into a dynamic principal-
agent model with adverse selection, considering the price-discrimination example as our
main interpretation. We assume that a monopolist faces a consumer who has private
information about his marginal willingness to pay for a specific quality ¢ € [0,1] of a
certain good. The consumer’s marginal valuation can be low (henceforth low type) or high
(henceforth high type) and is persistent. The monopolist can offer long-term contracts,
promising to deliver a particular quality in each future period. The terms of the contract
must be honored unless both parties agree to renegotiate.

We show that allowing for renegotiation leads to a set of novel predictions about the
equilibrium paths of prices and qualities. The monopolist begins with a screening phase
during which she offers two kinds of contracts in each period: a pooling contract and a
revealing contract. Low-type consumers choose only the pooling contract, while high-type
consumers randomize between both contracts. In the pooling contract, the current period’s
quality is set below the efficient quality to the low type to extract higher rents from the
high type. In the revealing contract, the efficient quality to the high type is offered in every
future period.

The later the high-type consumer migrates from the pooling to the revealing contract,
the higher the discount he receives once he eventually buys the revealing contract. The high-

type consumer balances the desire to start consuming the high-quality good immediately



against the discount he would receive from pooling with the low-type consumer for an
additional period.

The expected discounted quality provided to the low-type consumer starts below the
efficient level for his type and increases over time. A high-type consumer who pools with
the low type in a certain period also expects a higher discounted quality in the future. In
this sense, the model predicts an expected wedge between the marginal benefit for each
type of consumer and the marginal cost for the monopolist. As the parties renegotiate,
this wedge gradually decreases and eventually disappears. Consequently, we show that the
conjecture of long-run efficiency posited by Battaglini (2007) is true in our model.

The distortion of the quality consumed by the low type in a particular period is pro-
portional to the probability that a high type chooses the revealing contract in that period.
Using this result, we obtain a lower bound on the amount of information rent of the high
type. This lower bound increases as the time periods shrink and implies that the monopo-
list’s ability to extract rents from the high type by offering an inefficient allocation to the
low type is severely reduced as time periods become short. In response, the monopolist
chooses to offer menus inducing to fast separation of types. Accordingly, we show that a
version of the Coase conjecture holds for the monopoly model even in the case of a non-
durable good. The possibility of renegotiation decreases the monopolist’s ability to extract
rents from consumers. This effect becomes more severe as the parties become more patient
and, as a result, the allocation converges to an efficient allocation.

Finally, we explore some implications of our model for a given discount factor. We show
that, as the initial prior on the consumer being a high type increases towards 1, the number
of periods it takes the monopolist to screen the high type completely increases without
bound. Concurrently, the information rent obtained by the high type shrinks to zero. As
a result, the non-commitment costs that are due to renegotiation are non-monotonic on
the monopolist’s prior: they are arbitrarily small when the monopolist is very optimistic

or very pessimistic about the consumer’s type.

2 Literature Review

This paper belongs to the literature on dynamic adverse selection and renegotiation.
Laffont and Tirole (1990) is the closest paper to ours. They also study a dynamic price-

discrimination model with two types of consumer under long-term contracts and renegoti-



ation. The main difference between their paper and ours is that they analyze a two-period
model, while we analyze an infinitely repeated game. In their two-period model, the surplus
of the relationship is bounded away from efficiency for any weight of the second period with
respect to the first. Hence, our main result does not hold in their model. Battaglini (2007)
extends the two-period model to the case in which tastes are stochastic. Battaglini (2005)
studies a similar model with infinite periods and stochastic valuations under commitment.
For some parameter configurations (which exclude persistent types), he shows that the
optimal commitment contract is robust to the possibility of renegotiation.

Hart and Tirole (1988) study a finite horizon monopoly model with two types of buyers
under the assumption that quantities are in {0, 1}, so the monopolist either sells the good
in a certain period or does not. The assumption that we have a continuum of qualities
in our model allows us to capture the idea that it is efficient to offer a different quality
to different types of consumers (more generally, different actions are efficient for different
types of agents). Accordingly, many arguments present in our analysis are a consequence
of the desire of the monopolist to improve efficiency by separating types. Furthermore, the
models present very different dynamics. In Hart and Tirole’s model, all types consume the
same quality in the long-run, while in our model the monopolist sequentially separates the
consumers, selling a strictly higher quality to the high type in the long-run.

This paper is also related to the large literature on durable goods monopolists and the
Coase conjecture. For seminal papers see Stokey (1981), Bulow (1982), Fudenberg, Levine
and Tirole (1985) and Gul, Sonnenschein and Wilson (1986). For a comprehensive survey
of the literature see Ausubel, Cramton and Deneckere (2000). These papers differ from

ours since they focus on durable-goods monopolists.

3 The Model

We study a dynamic principal-agent model with adverse selection and the possibility
of renegotiation. We use the benchmark model of Mussa and Rosen (1978), recently ex-
plored by Battaglini (2005), to study long-term contracting. The model can have other
interpretations, such as procurement or agency in the labor market. For concreteness, we
interpret the model as the relationship between a monopolist and a consumer.

A monopolist (she) and a consumer (he) meet at ¢ = 0, 1, ... In each period, the monop-

olist produces a quality ¢ € [0, 1] of a non-durable good. Producing quality ¢ costs ¢(q).



We assume that c is a strictly increasing, strictly convex C? function with ¢(0) = 0 and
mingeo1) ¢’ (¢q) > 0.

A consumer has a type § € © = {0,060y} which identifies his taste for the good. A
low type (type 6;) is identified by L and has value 6.q for a quality ¢ of the nondurable
good. A high type (type 0p) is identified by H and has value 0yq for a quality ¢ of the
nondurable good (0 < 0, < 6p). We write z; € [-X, X] (where X is a large positive real
number) for the net transfer made from the consumer to the monopolist in period ¢. The

monopolist’s realized profit is given by:

(1=06)) 6" e —c(q)],
=0

and the type i € {L, H} consumer’s realized rent is given by:

(1=20) 0" [0igr — 4], (1)
t=0

where 0 € (0,1) is the common discount factor. Both players are risk-neutral expected
utility maximizers.

We assume that the optimal quality to the low type is interior:

0 < ¢ =argmaxfrq— c(q)
q

< ¢y = argmaxfyq — c(q).
q

A feasible contract in period t, v,, specifies a transfer from the consumer to the mo-
nopolist, x;, and a promise from the monopolist to the consumer for each future period

{¢},5, €[0,1] . Thus, the set of feasible contracts in period ¢ is

A2 { (w1 A0t z) o€ [FXOX] () € 0,07

The assumption of quasilinear utilities with respect to money implies that changing the
timing of payments has no impact on the marginal rate of substitution between quality
and money for each consumer. Hence, changing the amount that the consumer owes to
the monopolist in future periods relocates the set of allocations that are preferred to the
original allocation by the same monetary amount for both types of consumer. This implies

that this modification has no impact on renegotiation incentives. Therefore, we assume



that all transfers are made in the current period.!

The set of menus available in period t, M, is the set of closed subsets? of A4;. In
the first period, the monopolist offers to the consumer a menu my € M. The consumer
chooses an element from mg U {(}} . If the consumer chooses () then the consumer makes
no payment to the monopolist, nothing is produced, and period 0 ends. If the consumer
chooses 1, = (mo, {QT}QO) € my, he pays xy to the monopolist, consumes ¢y, the period
ends and he starts the next period endowed with the promises {¢;}, -, -

Consider a period t > 0 in which the consumer starts with a Igromise {¢-},~;- The
monopolist offers a renegotiation menu m;. The consumer either chooses one contra_ct from
the menu, or rejects them all and remains with the promise {¢} -,. If the consumer
chooses to remain with the the promises {¢, },-, , he consumes ¢; in the current period and

starts the next period with the promises {¢,} If the consumer chooses a contract

T>t41"
(a:i, {qi}@) from the menu m;, he makes a transfer r! € R to the monopolist, consumes
¢; and the period ends. Then the next period starts with the promises {¢-}. -, 41-

A history of length ¢, h', contains: i) all the offered menus in the p}evious peri-
ods {mo,...,my_1}; ii) the contracts selected by the consumer in the previous periods
{wo, e @thl} . We write H* for the set histories of length ¢. Write H = U,>qH" for the set
of all histories.

A pure strategy for the monopolist o™ specifies a menu function for each period ¢,
oM . H' — M,. A pure strategy is o™ = U;>ooM and with abuse of notation a mixed
strategy o is a mixture over pure strategies.

A pure strategy for the type i € {L, H} consumer specifies a menu selection function
for every t, ot : H' x M;— M,; U {0}, with the restriction that for all h! x m; we have
ol (ht x my) € myU{D} . A pure strategy for type i € {L, H} is 0 = Uy>oot and with abuse

of notation a mixed strategy o' is a mixture over pure strategies.?

'The set of allocations would be essentially the same (same distribution over quali-
ties and discounted transfers) if the set of feasible promises A; were replaced with

{({xT}m , {qT}m) Har}o, €[-X,X]® €R, {g:},-, €0, 1]°°}. We use A; for simplicity of nota-
tion.

2Take the metric d on A, such that for o' = (:v}, {qi}th) and ¥? = (:cf, {qE}TZt) ,

d (wl,zpz) = ’m% — xf‘ SED D L ‘qtl — qﬂ Consider the topology induced by this metric and let
B (A;) be the Borel sigma-field. We consider the Hausdorff metric topology on the collection of closed sets
of B(A;) and we write B (M) for the Borel sigma-field. For every ¢, (A;,d) is compact. Hence, for every

t, M; is also compact (see Aliprantis and Border (2005), Theorem 3.85).
3We endow products of measurable space with the product sigma-algebra. A behavior strategy



We write P, for the probability measure over histories in H which is generated by the

strategy profile o.

4 Renegotiation Refinement: Optimal Contracting with
Imperfect Commitment

We will study strategy profiles (OM ol ot ) which constitute a Bayesian Nash equilib-

rium (BNE) and satisfy an optimal-contracting-with-imperfect-commitment renegotiation
refinement. For every Bayesian Nash equilibrium satisfying our refinement there is an
outcome equivalent perfect Bayesian equilibrium.

Our refinement captures the idea that in each period the monopolist can offer a rene-
gotiation proposal that induces the consumer to choose a continuation equilibrium which
maximizes the monopolist’s profit. This refinement is consistent with the monopolist having
the bargaining power and, in this sense, being able to propose the way that the relationship
should proceed. In addition, this refinement captures our view that under renegotiation
there is no reason to treat asymmetrically different periods of the relationship. These
requirements are standard in the literature which studies adverse selection under renegoti-
ation (Hart and Tirole (1988), Laffont and Tirole (1990) and Battaglini (2007)).

Bester and Strausz (2001) provide a refinement with a recursive formulation capturing
the concept presented in the paragraph above. For the class of finitely repeated games
considered in Bester and Strausz (2001), the renegotiation requirement imposes that, in
the last period, a continuation play that maximizes the expected payoff of the principal
(monopolist in our model) is selected. This generates the set of credible payoffs for the
last period. In the penultimate period, we select a continuation play which maximizes the
expected payoff of the principal, imposing that continuation payoffs in the last period are
credible. By applying this procedure finitely many times, we obtain the set of allocations
satisfying the refinement. A notable result obtained by the authors is that there is always a

payoff equivalent equilibrium in which the principal offers menus with the same cardinality

for the monopolist is a sequence of probability kernels o/ from (H'™',B(H'™!)) into (M, B(M,)).
A behavior strategy for the type ¢ € {L,H} consumer is a sequence of probability kernels o} from
(H=' x My, B(H'™' x M,)) into (A, B(A;)) with the restriction that of ((h'~',m;)) € my for all
(ht_l,mt) (where w.l.o.g. we assume that the monopolist offers the status quo contract). Since ac-
tion spaces are compact (hence Polish) the Kolmogorov Extension Theorem (Aliprantis and Border (2005),
Corollary 15.27) guarantees that mixed strategies can be well defined in the infinite product sigma-algebra.



as the type space of the agent.

Here we extend the authors’ solution concept to infinitely repeated games. Hence, as
suggested by Bester and Strausz (2001), we use a fixed-point to define the set of continuation
payoffs. Moreover, mimicking their argument, one can show that it is without loss to assume
that the monopolist offers menus with two contracts. Therefore, assume that |M;| = 2 for
the remaining of this paper.

Consider the state variables (p,{¢,}) € [0,1] x [0,1]>, where p represents the belief
held by the monopolist that the consumer is a high type, and {¢.} is the set of promises
at the beginning of the period. Interpret V¥ (p, {¢.}) € R as the value for the monopolist
and ®(p, {¢q,}) C R? as the set of possible continuation payoffs for the consumer, given the
state variables. We will impose that, for each state (p, {¢,}), the monopolist maximizes her
profit by choosing an optimal continuation equilibrium. We call values (VM , <I>) satisfying

the conditions explained above profit maximizing:

Definition 1 (VM , (ID) are profit maximizing values if:

I) For all (p,{q-}) € [0,1] x [0,1]> the program below achieves a maximum

M(p,{gr}) = {Zu (af @) [(1=0) [27 = (/)] + 0V (o, {aI})] } »

J
m,ar, aH,<vL vH =1

where m = ((z',{¢'}), (%, {q?})) is a menu, a; = (al,a?) € A({0,1}) with o} € [0,1]
being the probability that type i € {L, H} chooses contract j from menu m, vf 1S a promised
future expected rent to be delivered to consumer i if he chooses contract j, and (ai, aﬂ) =
pal; + (1 — p)al, is the probability that contract (x7,{¢l}) is accepted.

The maximization (2) is subject to the following constraints:

Incentive compatibility:
(1—0) [0:g" — 2¥] + 6vF > (1 - 6) [0sg — 2] + ov] if af >0, (3)
forie{L,H} and for all k,j.

Rationality to the high type:

max [(1 —9) {Gqu - xk} + 51}];{} > Z (1-6)0"0mgr. (4)

72>0

Rationality to the low type:



max [(1 ) [equ - xk] v M] >3 (1-6)6 0L, (5)

>0
Promise keeping:
jo S .
(vaH) €o (p7, {QT}T>O) for all j. (6)
Bayes rule:
j al . . .
P = (IM) if 1 (%,cﬁ,) > 0. )

II) (vp,vy) € ®(p,{q:}) if and only if there exists a (Borel-measurable) probability
distribution B over the argmaz of (2) such that:

v; = /ml?x [(1 —0) {quk - xk} + 51)21-“} ag
fori=L,H.

We can interpret condition (2) as the requirement that, for each state, we select a
continuation equilibrium that maximizes the monopolist’s expected profit. For that, we
select a menu m with 2 contracts, a randomization for each ¢ € {L, H} consumer over
each contract a; € A ({0,1}), and a credible promised future expected rent, v/, delivered
for consumer ¢ if he chooses contract j. The maximization program is restricted by four
constraints.

First, we have incentive compatibility: (3). If the type i consumer chooses contract
J € {1,2}, his expected rent can be divided into two elements: the current period’s rent
(1 —0) (A:¢ — 27) and his future expected rent jv¥. The constraint (3) requires that if type
1 consumer chooses contract j with positive probability then the expected rent from this
choice must be weakly greater than the expected rent from choosing contract j’ # j.

Second, we have the rationality constraint to the high type (4), and the one to the
low type (5). These constraints require that the rent of type ¢ consumer from accepting to
renegotiate has to be weakly greater than the rent obtained from refusing to renegotiate
and consuming his outside option (see the right side of (4) and (5)).

Third, we have the promise keeping constraint (6). The set ®(p, {q,}) C R? can be
interpreted as the set of all possible continuation rents for each type of consumer when a

period starts with promises (p, {¢,}). Thus, if contract j gives rise to a next period state



(p’,{q’}), the constraint (6) insists that the continuation rent promised to each type of
consumer in the next period, when contract j is chosen, is credible: (v ,v},) € ® (p7, {¢Z}).
Fourth, we have Bayes’ rule (7). This constraint assures that the updated belief upon
the acceptance of contract j is calculated from Bayes’ rule whenever possible.
Part IT of Definition 1 defines the set of credible promises when the state is (p, {¢,}) :
®(p,{¢-})- A continuation rent for each type of consumer (vy, vy) belongs to this set if and
only if there exists a (mixed) solution to (2) subject to (3)-(7) which delivers these rents

for the consumers.

Definition 2 A profit mazimizing renegotiation equilibrium is a strategy profile (O'M * ol ol *)

such that:

a) o* = (UM*, ok, UH*) s a Bayesian Nash equilibrium;

b) There exists profit maximizing values (VM ,<I>) such that the continuation play s
consistent with (VM , <I>) . That 1s, we require that a.s.[P,«] every history ht is associated
with a belief py € [0,1] of the consumer being a high type satisfying Bayes’ rule. We also
require that a.s.[Py+] each menu m; offered by the monopolist at ht, the randomization of

the consumer over its elements, and the respective continuation rents for the consumer solve

(2) subject to (3)-(7).

Definition 2 states that a profit-maximizing continuation equilibrium is a Bayesian Nash
equilibrium for which the play is consistent with some fixed-point (VM , CID). That is, we use
Bayes’ rule to calculate the belief p, that the consumer is a high type for every history h! on
the equilibrium path. If {¢,} are the current periods’ promises in h' the state is (p;, {¢-})-
We insist that, for the each menu offered with positive probability by the monopolist at k',
the randomization over its elements, and the respective continuation rent for each type of
consumer solve (2) subject to (3)-(7) when the state is (p;, {¢-}). In Proposition 7 (in the

appendix) we show that there exists an equilibrium.

5 Equilibrium
5.1 Commitment Allocation

We start our analysis by reviewing the optimal allocation under commitment. It is well

known that the optimal allocation under commitment is the repetition of the optimal static

10



allocation in each period (Baron and Besanko, 1984). We can use the revelation principle
and write (a:zc, q¢ ) for the optimal contract designed for type ¢ € {L, H} consumer. The

monopolist’s maximization problem can be written as:

Maxf (e ,¢Y (o po)) Po [T — ¢ (am)] + (1 = po) [or — e (qr)]

s.t.
CHLq%— l‘g ZCO . IRy,
GHQH_xHZQHqL_va ICH
0<qf <gf<1 M

where the first constraint assures that it is rational to the low type to participate, the
second precludes the high type from announcing being a low type and the third guarantees
monotonicity and feasibility. Notice that the rent of the high type will be given by Afq; =
(O —0r)qr. Fori € {L,H} we define 7; (¢) = 0;q — ¢(q). Thus, the problem above can

be rewritten as:

max, c .c Po [ﬂ'H (qg) — AHC]g] + (1 - pO)TrL (qg) :

qar, 9

If the virtual valuation of the low type [HL — Al (12‘;0)] is greater than the marginal
cost at 0, ¢/(0), then the optimal quality offered to the low type ¢¢ satisfies ¢ (qg) =
[9 L — Al (%)} . Otherwise, the monopolist offers ¢g; = 0. Hence, the monopolist distorts
the low type’s quality in order to extract a higher rent from the high type. The quality

offered to the high type is efficient: ¢§ = ¢.

5.2 Efficient Allocations

The commitment allocation does not satisfy the renegotiation requirement because it
leads to total separation of types in the first period and to a persistent distortion of the
quality offered to the low type. Hence, the monopolist has an incentive to renegotiate the
contract accepted by the low type in the second period.

What kind of allocations does not leave scope for renegotiation? Obvious candidates
are incentive-compatible and individually-rational separating allocations which provide the
efficient quality for each type of consumer from the first period on. We start our analysis
by deriving the most profitable allocation in this class. As a by-product, we obtain a lower
bound on the monopolist’s profit.

Consider the initial period, which starts with the promise* {0} . The monopolist can

4For g € [0,1] we write g for {g,g,...}.

11



offer a menu with a contract designed exclusively to the low type: <<%> ,{q”i}) and

another designed exclusively to the high type: ((95_(1;{ ) - (%) ,{q%}) . The contract
designed for each type of consumer offers the efficient quality in each period. The low type’s
payment is set such that his rationality constraint binds. The high type’s payment is set
such that he is indifferent between his contract and the low type’s contract. It is easy to
check that a menu with these two contracts satisfies the constraints (3)-(7) when the state

is (p,{0}).5 This menu yields a profit for the monopolist equal to:

plrm (qg) — Abgr) + (1 —p)mr (1) - (8)
In this case, the information rent of the high type is given by Afqj, which is strictly higher
than the commitment information rent. Can the monopolist extract more rents from the
high type? How does the set of equilibria outcomes compare with the outcome described

above? These questions are investigated in the sequel.

5.3 Screening Dynamics

Assume that at some history A! on the equilibrium path the monopolists posts a menu
m; = (@/)tl, @bf) and that each type of consumer randomizes over its elements according to
the strategy profile o*. We can use Bayes’ rule to calculate the belief pi, ; that the consumer
is a high type conditional on the contract ! being accepted. In this sense, we say that
contract 1! is associated with the belief pi 41
We start by studying the belief evolution on the equilibrium path. A simple belief evo-
lution is the following: either the belief decreases, in which case the monopolist becomes
more pessimistic about the consumer, or the belief jumps to one, in which case the monop-
olist learns that the consumer is a high type. We refer to this belief evolution as sequential

separating dynamics. Formally:

Definition 3 An equilibrium presents sequential separating dynamics if, for any history
associated with an interior belief, the monopolist offers a menu containing only pooling
contracts, i.e., contracts associated with lower beliefs, and revealing contracts, i.e., contracts

associated with belief 1.

Definition 3 describes simple equilibrium dynamics. In each history associated with an

interior belief the monopolist offers a menu with a pooling contract, i.e., a contract accepted

5Tt is straightforward to verify that (0, Afq;) = inf ® (0, {0}).
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by the low type with probability one, which leads to a lower belief, and a revealing contract,
i.e., a contract accepted exclusively by the high type.

In Proposition 1.1, we show that every equilibrium presents sequential separating dy-
namics. This result simplifies the equilibrium characterization significantly and is central
to all the analysis that follows. This result is somewhat reminiscent of the cream-skimming
property present in many bargaining games (see Fudenberg and Tirole, 1991, chapter 10).
According to the cream-skimming property, a monopolist who sells a durable good trades
earlier with higher-value consumers. In bargaining environments, this behavior is an im-
mediate consequence of a single-crossing condition: a consumer who values a good more
prefers buying it earlier and paying a higher price for it. This is because in these bargaining
models the way that the monopolist updates her belief conditional on the consumer buying
a good is irrelevant since this choice ends the game. In our model, when a consumer pur-
chases a contract he takes into consideration the effect of this decision on the belief of the
monopolist since it may affect the next period’s terms of trade. This additional strategic
effect adds complexity to the analysis.

We define a simple equilibrium as an equilibrium in which the monopolist does not
make promises for future periods in pooling contracts and promises {qj;} in all revealing
contracts. We say that two equilibria are outcome equivalent if each type of consumer faces
the same distribution over sequence of qualities and discounted payments. Proposition 1.2
shows that for every equilibrium there exists an outcome-equivalent simple equilibrium.
Finally, Proposition 1.3 shows that in all simple equilibria the price paid for the revealing
contract is decreasing from period 1 on.

Below we provide a sketch of the proof. Details are in the appendix. The reader less
interested in technical details may skip this sketch and proceed to Section 5.5. There we

provide intuition for this result.

Proposition 1

1.1 Fvery equilibrium presents sequential separating dynamics.

1.2 For every equilibrium, there exists an outcome equivalent simple equilibrium.

1.8 In aoll simple equilibria the price paid for the revealing contract is decreasing from

pertod 1 on.
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5.4 Sketch of the Proof of Proposition 1

We call the problem of maximizing (2) subject to (3),(4),(5),(6) and (7) the monopo-

list’s problem.

5.4.1 Proposition 1.1: A Simple Case

The argument establishing that all equilibria present sequential separating dynamics
is by contradiction. We show that if a putative equilibrium does not present this property
then we can find a history on the equilibrium path inducing to continuation play which does
not solve the monopolist’s problem. This violates our renegotiation refinement specified in
Definition 2.

Due to the absence of commitment, very little structure is imposed, a priori, on the
continuation values (V, ®). To circumvent this difficulty, we use the idea of reachable his-

tory distributions. Take a history h' associated with a state (ps, {¢,;}). Foreachi =1,..., L,

consider a tuple {mi, (ab,a%y), (vi' vy consisting of menu m‘, randomizations for

)j:1,2

each type of consumer (a’,a%;), and promises (v%’i, vﬁ) which satisfy the constraints

j=1,2"
(3)-(7), given the state (ps, {¢-}) (but are not necessarily optimal). Consider a randomiza-

tion of the monopolist over the tuples {ml, (at, aly), (v], vﬁ’)jfl 2} . This generates a
=122

reachable distribution {F}** };V;lover histories {h%*! }jv:lq of length ¢ + 1 from history® Al

Since for ever i the tuple {mi, (a%,aly), (v%’i, vﬁ}i)jzl 2} is feasible the equilibrium requires

that

Nty

M (ht) > Z F;HVM <h§+1) :
j=1

where V (h?) denotes the expected profit of the monopolist at ¢ = 0, conditional on the

information that history A" is reached in period v.

Nt+k+1

Proceeding analogously at each history h?k , we generate a reachable distribution {F ikl }zzl

over histories of length ¢ + &k + 1, {h?’““}i\g’““. The equilibrium requires that

Nt+k:+1

VM ht Z th+k+1‘—/M hi+k+1 )
(h) z (ertr)

6Since each menu has two contracts we have N;,; = 2L. This will not play a role and will be omitted
for simplicity.
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Hence, if we find s > 0 and a distribution over histories of length ¢ + s that is reachable

from h' under a putative equilibrium such that

Nits
M (ht) < i FirsyM (ht+)
Z=1
then we reach a contradiction.

We say that a continuation play is viable if it is generated by a reachable distribution
over histories. A continuation play is consistent with an equilibrium only if it yields for the
monopolist a higher expected profit than the one obtained in any viable continuation play.

We use these ideas to show that all equilibria present sequential separating dynamics.
First, it can be easily shown that the monopolist never offers a menu with one contract
associated with an interior belief, and another associated with the belief zero”, that is,
the monopolist screens the high type not the low type. Therefore, we must show that in
any history h' on the equilibrium path (associated with an interior belief, p; € (0,1)) the
monopolist never offers a menu with one contract associated with a higher but interior belief,
and another one associated with a lower belief. Here, we prove that the monopolist has a
profitable deviation from such a menu under a special case with four main simplifications:

i) The monopolist starts the current period with no promises, and the monopolist makes
no promises in contracts associated with interior beliefs.

ii) In period ¢ + 2 the belief belongs to [0, p;] U{1} with probability 1 under the putative
equilibrium.

iii) The monopolist plays a pure strategy.

iv) The quality in each pooling contract is different from the efficient quality to the high
type.

In section 7 we prove Proposition 1 without these restrictions.

Assume that in period ¢ the monopolist offers a menu with two contracts (w%,w?).
Contract 1, v, = (0rq},{q},0,0,...}), is associated with the belief p;,; < p; and contract
2, ;7 = (0r.¢%,{¢?0,...,}), is associated with the belief p?,;, € (p;,1). Requirement iv)
above implies ¢? # ¢};. Assume that the probability that contract i € {1,2} is chosen is
pi > 0. The monopolist’s expected profit at the beginning of period ¢ is:

"This strategy is strictly dominated by a strategy in which both types of consumers are screened with
probability 1 in the current period.
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pe [(1=8)mr () + V™M ()] (9)
+uf (1= 0) 7 (g7) + 6V (p7y)]

where 77, (q) = 0rg—c(q), V™ (p) = VM ({0}, p) , and we used the fact that the low type’s
rationality constraint binds.®

According to ii, in period t+1, conditional on the contract ¢t2 being accepted in period ¢,
the monopolist offers 2 contracts: a pooling contract (9 Lq? 1 { q 1, 0,0, }) associated with
the belief p7,, < p, and a revealing contract (:vf 1 {q’}l}) The probability that the pooling
(revealing) contract is chosen is given by p?.; (resp. (1 — p?.;)). Thus, the monopolist’s

expected profit under the putative equilibrium at the beginning of period ¢ is given by:

pt [ =0)mr (a) + 0V (piia)] (10)

2 [0 =0) 7w (g2 ) + VM (p?
o[- arm oy o[ M U NR e )

By construction, the high type is randomizing in period ¢. This implies that the high

type’s rent from accepting contract ), is equal to:
vy = (1= 8)A0q; +6 [0mqyy — (1 —6) x7,4] - (11)
Notice that the belief p7,; can be written as a convex combination of p; and 1 :
P =B xpi+(1—B) x 1. (12)

We will use (12) above to propose a deviation in which the set of reached beliefs in ¢ + 1 is

{pt1+1apt7 1} :
Proposed deviation: The monopolist randomizes in period t.

a) With probability v the monopolist offers a menu with the contract ¢; = (6’ L1 {qtl 1,0,

associated with a belief p},; and the revealing contract ¢;" = (0pqy — 32, {q}}). Con-

tract ¢% (@bf) is chosen with probability p (pnp%“) (resp. (1 - (ptvp%-i-l))), where

p(p,p)2 <11:§,>

8This is established in Lemma 1 for the case in which the period starts with no promises. Lemma 7
establishes that it is always true along the screening process (even if a history starting with non-trivial
promises is reached).
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Belief evolution m the putative equilibrium play
————— Belief evolution m the deviating play

Figure 1

is the probability of acceptance of a pooling contract associated with belief p’ < p in a
period starting with belief p, conditional on the other contract being revealing.

b) With complimentary probability (1 — ), the monopolist offers a menu containing
only the contract ¥? = (042, {¢?,0, ..., }) in period t. Both types choose this contract with
probability 1.

We take v such that the final probability that contract 1; is accepted is the same as
the putative equilibrium play’s probability:

i (pespi1) = - (13)

The belief dynamics under the original and the deviating play are illustrated in Figure 1.

Under the proposed deviation, the monopolist mimics the putative equilibrium play
strategy conditional on the contract 17 being accepted: she offers the pooling contract
(QthQH, {qt2+1, 0,..., }) associated with a belief p?,,; < p, and the revealing contract (ZL‘?+1, {q}‘q}) .

Hence, her expected profit under the proposed deviation is:
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[ p(pespi) [(L—=8)mr (af) + V™M (pyyq)] } (14)
+ (1= p (o, pi4a)) [mm (afy) — vmd]

2 1— 2 M (2
oo R )

First, notice that by construction we have yu (pmptlﬂ) = ;. Furthermore, using the

martingale property of beliefs, it is straightforward to verify that (1 —~)p (Pt,Perz) =

pi g, Hence, in order to compare (10) and (14), it is sufficient to compare their strings

leading to revealing contracts. We claim that the distribution over strings leading to re-

vealing contracts in (14) yields a strictly higher profit for the monopolist. For that it is

enough to show that:

Tr (q5) — VHy (15)
> (1-0)mL (qf) +0[(1— 5)xt2+1 —c(qy)] -

Using (11) and the fact that 71, (¢) = 0.q — ¢(q) it follows that (15) is equivalent to:

(1 —98)mu (q7) (16)
> (1-96)mp (qf) +(1-9) Aeqf
= TH (qt2)7

which holds because ¢? # ¢j; = argmax, 7y (¢). Therefore, under the conditions i)-iv),
plays which violate sequential separating dynamics lead to inefficiently slow separation.

Optimal renegotiation implies that these plays cannot be part of an equilibrium.

5.4.2 Proposition 1.2

Next, we comment on the proof of 1.2 of Proposition 1. When the high type is being
screened in the current period, the monopolist does not like promising a higher information
rent for the next period because this implies charging less for a revealing contract. Moreover,
she does not like being constrained to delivering a minimum information rent to the high
type. Therefore, we can always find an optimal menu in which the monopolist sets {¢,} -, =
{0} in pooling contracts.’ )

9There always exists an optimal menu in which the promises {¢r},~, are strictly positive, but close to
zero, so that the additional constraint can be ignored. B
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Consider a history h' on the equilibrium path associated with the state (p, {¢,}), with
pe € (0,1) and {q,} # 0. Write m; = (¥, ;) for a menu which is offered by the monopolist
at h' and assume (w.lLo.g.) that the low type chooses the contract 1, = (2, {q}},5,.1)
with positive probability, and that this contract leads to the belief p;, ;. If the ratiorzality
constraint of the low type holds with equality then:

—(1=8)a;+(1=06)0pq + v =(1-8)> 6 "0Lqr, (17)

where vy 141 € @, (ptlH, {qi}TZtH) is the rent promised to the low type in period ¢ + 1.
Because the contract 1] satisfies the rationality of the high type:

—(1 =8z + (1= 06)0uq! + 0vmea = (1-08)> 5 0pnq,, (18)

where vy 441 € P (plyg, {qi}TZtH) is the rent promised to the high type'’ in period t + 1.

Hence, using (17) and (18) we must have:

(1-8) A0q! +6 or (ph1 {0} o) = v (Phen {0t} o) (19)
> (1-06)) 67 'Abg..

Therefore (19) delivers a lower bound on the information rent of the high type

(1—20)> 6" "Abg,

which is minimized if {¢,} -, = {0} . Hence, the monopolist is weakly better-off by setting

{QT}TZt = {0} :

Notice that the argument above explains the first statement in 1.2, that there exists

T>t

an outcome-equivalent equilibrium in which all pooling contracts involve no promises for
future periods. Next, we turn to the second statement in 1.2, that is, there exists an
outcome equivalent equilibrium in which the monopolist offers {q};} in revealing contracts.
A standard single-crossing argument implies that the low type strictly prefers the pooling
contract to the revealing one. Therefore, it is optimal for the monopolist to offer the

efficient quality to the high type in each period.

0Tn fact we need the stronger condition that (vp ty1,vm11) € P (p%+1, {¢t} ) . The weaker re-

T>t+1
striction in the text is enough to illustrate our argument.
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5.4.3 Proposition 1.3

The proof of the claim made in 1.3 that the price paid for the revealing contracts
is strictly decreasing from period 1 on is by contradiction. Consider an equilibrium in
which the monopolist makes no promises in pooling contracts and consider a history h'
(t > 1) on the equilibrium path with a belief p; € (0,1). Let m; be the menu offered by
the monopolist'! at hf, with the revealing contract ¢;* = (zf, {q};}) , and with a pooling
contract leading to the belief p;y1 € (0,1). Suppose that following the acceptance of the
pooling contract the monopolist offers a revealing contract ¢ﬁ1 = (:pﬁl, {qj‘q}) in the next
period such that zf < mfﬂ, that is, prices are not strictly decreasing. This implies that
the information rent of the high type in period ¢, v, is weakly grater than his information

rent in period t + 1, Vg 441 :

vy = Oy —(1—9) mtR (20)
> Opqy— (1—6) 2y = vigsr

This can be used to show that the monopolist can profitably deviate by "speeding-up"
separation in period t — 1. That is, she can offer a pooling contract which induces the
belief p;11 < p;. By doing so, she increases the surplus of the relationship by screening
a larger measure of consumers'? in the current period and from (20) she offers a lower
information rent to the high type. Therefore, this deviation yields a strictly higher profit
for the monopolist.

|

5.5 Discussion of Proposition 1

In 1.1 of Proposition 1 we showed that the high type is sequentially screened. The
main challenge lies in showing that the monopolist never offers two contracts, one associated
with a lower belief, and another associated with a higher but interior belief. The efficient
quality to the low type, ¢7, being different from the efficient quality to the high type, ¢};,
is key for our argument. Suppose that the monopolist starts period ¢ with belief p, € (0, 1)

and offers a menu with contracts 1 and 2. Contract 1 is associated with a strictly lower

HFor simplicity we assume here that the monopolist plays a pure strategy.
12This intuition emphasizes the economic driving forces. The formal argument (a corollary of Lemma 6)
is slightly more involving.
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belief p},, < p;, while contract 2 is associated with a strictly higher, but interior belief
Py € (pr,1). In the proof, we show that the monopolist could profitably deviate by
screening the high type in period t with positive probability, so that a contract leading
to a higher but interior belief is not offered. The main insight is establishing that plays
involving sequential separating dynamics (hence not reaching higher, but interior beliefs)
lead to earlier separation and preserve the same rent for each type of consumer. Hence, since
the monopolist’s profit is equal to the difference between the surplus of the relationship
and the rent of the consumer, the renegotiation requirement implies that there exists a
profitable deviation inducing sequential separation.

1.2 of Proposition 1 established that for every equilibrium there exists another outcome-
equivalent equilibrium in which all pooling contracts involve no promises for future periods
(i.e. the monopolist promises {0}), and all revealing contracts involve promising the effi-
cient quality to the high type, ¢j;, for every future period. We restrict attention to equilibria
with these properties for the remaining of this paper.

1.3 of Proposition 1 shows that the monopolist repeatedly offers price cuts for the
revealing contract, while the price per quality remains constant in the pooling contract
(so the rationality of the low type holds with equality). Hence, the model predicts that
the later the high-type consumer migrates from the pooling to the revealing contract, the
higher the discount he receives once he eventually buys the revealing contract. The high-
type consumer balances the desire to start consuming the high-quality good immediately
against the discount he would receive from pooling with the low-type consumer for an

additional period before purchasing the revealing contract.

5.6 Quality Dynamics

We use our finding that the price in revealing contracts decreases over time to obtain
predictions about quality dynamics. Because the high type is always indifferent between
the pooling and the revealing contract, the statement that prices are strictly decreasing is
equivalent to expected discounted qualities being strictly increasing in pooling contracts,

or

By |(1-0) > 6" 'Abg, |01,k | > B [(1—6)> 6" 'Abg, | 0p,ht |, (21)
T>t+1 >t
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where we write £ [Z | Y] for the conditional expectation of any (measurable) r.v. Z given

Y, according to the probability measure induced by the strategy profile o.

Proposition 2 For every t > 1 the expected discounted quality of type 0, E. [(1 —0)>,5:07a: |0, ht} ,
is a submartingale. Moreover, if h' is a history associated with an interior belief then:

B, |(1=0) Y 0" g | 0,0 > E,

T>t+1

(1=06)) 67 "q. | 6, 1"

T>t

If there exists a subsequent history hi™' associated with an interior belief reached with
positive probability, then the strict inequality is also true for 6 = 0y. Finally, if the history
ht puts probability 1 on type 0, then the monopolist offers the efficient quality in each future

period.

Proof. For the low type the inequality (21) implies the result for any history h' associ-
ated with an interior belief. For histories starting with a belief p, € {0, 1}, the renegotiation
refinement implies that the efficient quality is provided in each future period. Therefore, it

is sufficient to prove the inequality above to the high type.

It can be shown that the monopolist promises the minimum continuation rent to the high
type for each belief'® in order to charge more for revealing contracts. Hence, the realized
continuation information rent of the high type from period ¢ on is a.s.[P,«] equal to a
constant'!, which we label vy ;. Consider a history h’ reaching with positive probability
in the next period a history h'™! associated with a belief p;,; € (0,1). The history h’
induces to a distribution of continuation qualities to the high type, with support given
by Q C[0,1]*. Consider the partition of Q indicating the period in which the high type

accepts a revealing contract. We write
XL} €} =gy < T>5}.

Hence'® Q = Uy, Q. Thus:

13For each ¢ > 1 the continuation rent of the high type is vy = min @y (pt, {0}) .
14 This technical observation is also true in the sequel, but is omited for brevity.
151t can be shown that P, (Q\ Us>:Q°) = 0.
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E,. !(1 —6) S, | 0n, hf]

T>t
= Por (Q'|0m,h") aiy (22)

|: (1 - 5) Zt§7<s 67’77&%'

s t
—|—ZPU* (Q | eHah ) E; +5s—tq;{ | QH,ht,{QT}TZt S QS '

s>t

Next, notice that if {¢, },., € Q° (s > t) there exists a sequence of continuation qualities

to the low type {¢, 1} -, such that:

= (1) Y 5 A+ (- 0)Y 0 g,

t<1<s T>8
where we used the fact that the continuation realized information rent of the high type
from period ¢ on is v .

Hence (22) is equivalent to:

Py (9" 01, hY) gy

+ZP0'* (QSIHHah’t)E;

s>t

{ (1=0) > tcres &g+ (1-9) D orss ) ]
+ (1 - 5) Z‘rzs 5t (QT'—I - QT,L> ’ HHv hta {QT}th € Q’

= Y Py (Q°|0u,h') Es (”AHg)+(1-5)Z§T*t(qg_qw)|9H,ht,{qT}TZter .
s=t

T>S

Similarly, we can write

E*

o

(1=06) > &g | 9H,ht]

T>t+1
= P (Q"|0n, 1) qf

[e.e]
+3 P (Q° | 0u, 1) Ey

s>t

Since vg 41 > vgy and (1=68) 3 o 6 7 (g — arp) > (1=06) 35,07 (a5 — 4r.2)
(because ¢, 1, € [0, q;]) we have

v = * S
(o) + (1= 0) Y07 @y = 4ri2) | 01 B {ar ) € Q

I |

T>5

> B

E; !(1 — (5) Z 5T_t_1q7— | QH,ht

>t4+1

(1=0) > &g | QH,ht] :

>t4+1
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which proves the Proposition. m

Propositions 1 and 2 predict the pattern of qualities and prices. The monopolist repeat-
edly offers price cuts for high-quality goods, while the price per quality remains constant in
the pooling contract. The expected discounted quality provided to the low-type consumer
starts below the efficient level for his type and increases over time. A high-type consumer
who pools with the low type in a certain period also expects a higher discounted quality
in the future. In this sense, the model predicts an expected wedge between the marginal
benefit for each type of consumer and the marginal cost for the monopolist. As the par-
ties renegotiate, this wedge gradually decreases and eventually disappears. In Section 5.8,
Proposition 3 establishes that there exists an upper bound on the number of periods taken
by the monopolist to screen the high type. Hence, the relationship becomes efficient in finite
time. But how inefficient is the equilibrium allocation? In order to answer this question

we must understand how the monopolist chooses the quality in pooling contracts.

5.7 Pooling Contract Quality

During the screening process, while the current period’s belief p; is interior, the mo-
nopolist offers two contracts, one associated with a lower belief p;; € [0,p;) and another
associated with the belief one. The monopolist always promises the lowest credible informa-
tion rent to the high type (for a given belief), since otherwise the monopolist could charge
more for revealing contracts. With some abuse of notation, we write Vi (p) for this rent
(for a belief p) and we write V (p) for VM (p,{0}) . Therefore, the monopolist’s problem

can be written as:

ax { p(p,p) [(1=0) e () + 6V (p)] } (23)
pe) | + (1= p(p.p)) [ (qfy) — (1= 0) Abgr, — 0V (B)] J~

In (23) the monopolist chooses the future belief in the pooling contract p € [0, p] and the
current period’s quality g7, € [0,1]. We used Bayes’ rule to calculate the probability that
the contract associated with belief p is reached by a menu presenting sequential separating

dynamics when the initial prior is p :
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Offering ¢, yields 71, (qr) 2 01qr, — c(qz) if the pooling contract is accepted and leads
to the information rent to the high type Afq; when the revealing contract is accepted.

Hence, renegotiation implies the following optimality condition with respect to ¢y, :

S
S

AO=0 ifq,>0
NG <0 ifqy=0.

™

(24)

S =
ST}

!
L
!
Ty,

—
)
=
~

|

—

bS]

From (24) we can immediately see that the quality in the pooling contract should be
distorted downwards: ¢;, < g7 . This distortion is an increasing function of Af (%) , where
p — p is the measure of high types screened in the period. To develop further intuition,
assume that the monopolist offers a menu that screens all high-type consumers in one
period. In this case, the current period’s quality should be set at the same level as in
the dynamic problem with commitment. However, since the monopolist can renegotiate,
in every future period she would offer the efficient quality to the low type. Thus, the
rent of the high type would be given by Afq¢¢ (1 — §) + §AOq: (where we write ¢¢ for the
commitment quality). This information rent is very close to Afg; when the discount factor
is high, which suggests that the monopolist cannot extract large rents from the high type

when the parties are patient. This conjecture is investigated next.

5.8 Renegotiation Implies Efficiency

In this section we prove that when the discount factor is high the high type’s infor-
mation rent is close to Afg;. Moreover, it is also shown that, as the time periods shrink,
the equilibrium allocation converges to the most profitable individually-rational, incentive-
compatible, and efficient allocation. These two results are corollaries of Proposition 3
(proof in the appendix), which shows that the number of periods taken by the monopolist
to screen the high type has an upper bound that is independent of the discount factor.

Proposition 3 For every p € (0,1) there exists T (p) € N such that if the initial prior
po belongs to (0,p) then, for any § € (0,1), the high type is screened with probability 1 in
at most T (p) periods.

This result shows that the renegotiation forces lead to efficiency in finite time, inde-
pendent of patience. We obtain a version of the Coase Conjecture for a nondurable-goods

monopolist as a Corollary of this result.
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Corollary 1: A Version of the Coase Conjecture for a Nondurable Goods
Monopoly The surplus of the game converges to the efficient surplus as the time periods
shrink. Formally, for every € > 0 there exists a &' € (0,1) such that if § > &' then

Eq5) <e

(1-9) S ] 91‘] —q;
=0

fori=1L H.

To develop an intuition about the driving forces of the model, in Section 5.9 we prove

two weaker results that imply Corollary 1. Section 5.10 discusses these results.

5.9 Coasian Forces

In Proposition 4 we prove that, as the time periods shrink, the amount of information
rent obtained by the high type converges to Afq;. For the remainder of this section, we
associate an equilibrium ¢* (9) to each discount factor 6 and, for simplicity of notation, we

assume that the monopolist plays a pure strategy.!®

Proposition 4 As the time periods shrink the information rent obtained by the high
type converges to AOqi. Formally, for every € > 0 there exists &' € (0,1) such that if
§ > &' then the high type receives an information rent at least as large as Alq; — & in any

equilibrium.

Proof. Since the high type is always indifferent between revealing his type and imitating

the low type, we can write his rent as

o0

v = (1-6)8'Adg] ), (25)
t=0

where {qf *(5)}
>0
the (decreasing) sequence of beliefs associated with the pooling contracts and, for simplicity

is the continuation consumption of the low type. Write {p?*(é)} for
£>0

of notation, ignore the dependence on ¢* (§) in the rest of this proof.

16Since no assumption is imposed on the selection o* (§) the following asymptotic results hold for all
equilibria.
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Let € > 0. Take ( = 555 > 0. Notice that from (24), a necessary condition for ¢; < ¢ —¢

is

(g~ ¢) < (A“) AG

1—pt
where Ap; 11 = p; — pey1. Since we have sequential separating dynamics, {p;} is decreasing:
7 (g7, — ¢) (1 — po)
A > . 2
pn > (=D (20)

Writing 1 for an indicator function, from (25) and (26) we have the following lower

bound on rent of the high type

(1—6)5A0

WE

1{Apt+1<7r’(qz—C)(l—po)Ae} X ((JZ - C) ] .

¢ 1{Apt+1z7r'(qz—4)(1—po)A9} x 0

Il
o

Since there exists a maximum number of periods M (¢) such that Ap, 1 > (A8) ™ 7, (¢ — ¢) (1 —po)
we obtain the following lower bound on the high type’s rent:
M(e) =
oAl <QL 2A0) '
Thus there exists ¢’ such that if § > §' we have 6"OA0 (g5 — 55;) > Afg} — & which

proves the Proposition. m

Next, we use Proposition 4 to ask how fast separation occurs in equilibrium. Consider
the random variable 7' (¢0* (¢)) indicating the last period (possibly infinite) such that the
high type pools with the low type. Accordingly, 570" ) measures the (discounted) time in
which both types are separated. In Proposition 5 below we show that when the discount
factor is high screening occurs very early with high probability so the probability that
570D s close to 1 is very high.

Proposition 5 The expected total time in which the high type pools with the low type

converges to zero as the time periods shrink. Formally, for every & € (0,1) there exists

8 € (0,1) such that if 6 > & then P, [6T(”*(5)) > ¢ QH] > €.

Proof. Take £ € (0,1). Assume that the high type still pools with the low type with
probability o > (1 — £) at T (0* (8)) such that 67" ) < (51) . We obtain the following
upper bound to the surplus obtained from the high type:
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§10nqw — c(qm) — Vi (po)]

+0-0|(F55) Ondi - e+ (755 Cuais — e ain) - Vi )]

Since 7, (¢} ) is an upper bound to the surplus obtained from the low type, we have the

following upper bound on the monopolist’s surplus:

§10mqy — c(qg) — Vi (po)] @)
P+ -9 [(55) Ong; —cap) (Tﬁ) quH—c<q;;>>—vH<po>}
+ (L =po)mr(qr)-

Now, assume that Vi (pg) > Afq} — €. Inserting this in (27) we obtain the following

upper bound to the monopolist’s surplus:

po (Oray — c(qp) — Abqr) + (1 —po) m (q1.) (28)
o fa=¢? Oudy —clay) \ _
” K 2 ) (o iy ) ] '

_ 2 * _cla* _ * _clg*
Thus, take ¢’ such that if § > ¢’ then Vi (pg) > Afq} —&’ with e’ = ((1 &)[(0nas;—e(air)) = (O i (qL))]> :

4

Replacing € with &’ in (28) we conclude that the monopolist’s profit is strictly less than:

po (Ouqr — c(qy) — Abqr) + (1 —po) 71 (q7.) - (29)

But in 5.2 we showed that (29) is a lower bound to the monopolist’s profit (see (8)). This
proves the result for all § > ¢'. =

According to Proposition 5, any equilibrium exhibits almost no delay in separation for
high discount factors. From Proposition 4, the information rent of the high type is very
close to the rent that he would obtain if the monopolist were to screen all high types in
the first period. If there were a real delay in separation, then the high type would pool
with the low type and would consume a quality no greater than 6q; for a long horizon.
Conditional on the consumer being a high type, the surplus falls short of the efficient one
by at least qug’ (0 —  (s))ds > 0 in each period that there is pooling. Since the rent
of the high type is close to Afqj, the bulk of this loss in surplus is subtracted from the

monopolist’s profit. This argument can be used to show that screening the high type in the
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first period would be a profitable deviation for the monopolist. Below we use Propositions

4 and 5 to prove Corollary 1.

Proof of Corollary 1 A direct inspection of the proof of Proposition 4 shows that the
average quality consumed by the low type must be close to the efficient quality for high
discount factors. Proposition 5 shows that there is almost no delay in separating to the
high type. Since after the high type separates he consumer ¢j; in each period the Claim
follows. l

5.10 Discussion

Section 5.2 derived a lower bound for the monopolist’s profit (8). The payments in
that lower bound were derived from the following constraints: a) each type consumes the
efficient quality in each period; b) the rationality constraint of the low type holds with
equality; c) the high type is indifferent between his contract and the low-type’s one. From
Propositions 4 and 5 and Corollary 1 we conclude that, as the time periods shrink, the
monopolist’s expected profit, the expected payment, and the expected quality of each type
converge to the values attained in that menu. Therefore, the possibility of renegotiation
severely decreases the monopolist’s profits.

We have shown that the allocation is approximately efficient when the discount factor
is high. This shows a fundamental difference between our model and the two-period model
of Laffont and Tirole (1990). Assume that the weight of the first period is f in their model,
while the weight of the second is (1— /). When £ is close to 1 the model is essentially static
and, hence, the monopolist obtains a profit close to the commitment one. Similarly, the
same conclusion is obtained when [ is close to zero. Although less drastic, the monopolist
always has a significant degree of commitment for intermediate values of [ since at least
one of the two periods has a weight of at least (%) . This enables the monopolist to limit
the information rents of the high type and precludes efficiency in two-period models. The
degree of monopolist’s commitment is (1 — J) in our infinite horizon model. As ¢ increases
to 1 this measure converges to zero and efficiency is approximately restored.

It is interesting to use the findings above to compare the behavior in our model with the
model of Hart and Tirole (1988), in which the monopolist sells qualities in {0,1}. Under
this unitary supply assumption, the authors show that the equilibrium outcome is the

same whether trade-opportunities are durable (selling) or subject to renegotiation (rental).
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Intuitively, when ¢; € {0,1} the monopolist has only one device to screen the high type:
the time. Hence, the well understood Coasian forces drive down the monopolist’s profit
when the time periods shrink. When ¢; € [0, 1], as in our model, the monopolist has two
instruments to screen the high type: time and quality. Wang (1998) showed that when
trade opportunities are durable (as in Hart and Tirole) these two instruments lead to the
commitment profit. As shown here, the possibility of renegotiation drastically limits this
rent extraction.

The result that as the time periods shrink the equilibrium allocation becomes (approx-
imately) efficient can be interpreted as a version of the Coase Conjecture for a nondurable
goods monopoly. One difference between our result and the original version of the Coase
conjecture is that, in our model, the monopolist still makes more profits from consumers
with higher valuation. Therefore, the lack of commitment reduces the monopolist’s market

power only to the extent necessary to bring back efficiency.

5.11 Renegotiation and Initial Prior

Next, we consider a given discount factor and ask how the non-commitment costs
that are due to renegotiation depend on the initial prior. In Proposition 6 (proof in the
appendix) we show that this cost is not monotonic on the initial prior. In fact, for very
high and very low priors the cost is negligible, being more significant for intermediate types.
Write IT (pg) for the commitment profit and V™ (pg) for the profit in the equilibrium with

renegotiation.

Proposition 6 For every € > 0 there exists n > 0 such that if py € [0,17] U [1 —n,1]
then |II* (po) — VM (po)| <.

Renegotiation is thus more costly if the prior lies in an intermediate range. For small
priors, renegotiating does not involve large costs since the likelihood of finding a high type
is very low. For large priors, the monopolists can credibly offer a small quality pattern to
the low type. This enables her to extract large rents from the high type and screen him
with high probability in the first period. Corollary 2 follows from the proof of Proposition
6.

Corollary 2 For every T € N there exists py € (0,1) such that if the initial prior is
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larger than po then it takes at least T periods for the monopolist to screen the high type
completely.

According to Corollary 2, as the prior increases, the number of periods the monopolist
takes to screen the high type increases without bound. When it takes many periods to
screen the consumer, we observe a sharp difference between the price paid for the revealing
contract in the beginning of the relationship with the one paid after many periods of pooling
with the low type. The price of the revealing contract starts very high, close to 0y¢j};, and
gradually decreases to a value belonging to [0 q5; — A0q}, 0yqs; — dAOg; ] in the last period

of the screening process. Therefore, the model predicts large discounts.

6 Concluding Remarks

We study a dynamic principal-agent model with adverse selection and the possibility of
renegotiation. We consider a dynamic-monopoly-pricing model as our main interpretation.
We characterize the dynamics of the screening process and the evolution of quality and
prices. We show that, as the time periods shrink, the outcome of the game converges
to the most profitable among all individually-rational, incentive-compatible, and efficient
allocations.

We consider simple payoff functions. This is done for simplicity and tractability. Our
main results, Propositions 1,4 and 5 (and Corollary 1) extend naturally to more general
quasilinear utility functions satisfying a standard single-crossing condition.

The solution of the model for an arbitrarily long finite horizon again yields outcomes
presenting sequential separating dynamics. Analogues of Propositions 4 and 5 also hold.
That is, if the discount factor ¢ is close to one and the horizon is sufficiently long then
the information rent of the high type is close to Aflgj, and the outcome is approximately
efficient.

An extension is the case in which the consumer has arbitrarily many (or a continuum
of) types. How much rent can the monopolist extract from each type? How efficient are

the equilibrium outcomes? These interesting questions are left for future research.
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7 Appendix A

For expositional convenience, we divide the analysis into 2 parts. Appendix A we
prove Proposition 1.1 for the case in which Condition 1 below holds, that is, the graph
(p, ® (p,{q-})) is closed. This rules out cases in which set of feasible tuples for each (p, {¢,})

({m,ar,any, (vi, vg)j:l> satisfying (3)-(7)) is not upper-semicontinuous. In Appendix B,
we complete the proof of Proposition 1 for the general case.

Condition 1:The graph (p, ® (p,{q:})) is closed.

Preliminaries

Given the state variables, we call the problem of maximizing (2) subject to (3),(4),(5),(6)
and (7) the monopolist’s problem. A tuple ¢ = <m, ar,aqy, (v%, v}‘{)jzl is called a solution
to the monopolist’s problem if it solves (2) subject to (3),(4),(5),(6) and (7).

We say that a tuple ¢ is feasible when the state is (p, {¢, }) if is it satisfies (3),(4),(5),(6)
and (7).

We write ® (p, {g,}) for the set of continuation rents net of the outside option of the
low type Z (1 —10)0"0Lq,. Formally:

@ (. {a-) 2 @ 0 {a)) ~ {D2 (01— 9) 7 0uar}

We write ®; (p, {¢,}) for the set of continuation values for consumer ¢ when the state is

(p, {ar}) -

For (vp,vy) € ® (p, {q.}) the difference vy — vy, is the information rent of the high type.

7.1 Proposition 1
7.1.1 Lemma 1

Lemma 1 Assume that the state is (p,{0}) for some p € (0,1). Then any solution to the mo-
nopolist’s problem and any solution to (2) subject to (3),(5),(6) and (7) achieve the same value,
that is, the rationality constraint of the high type can be ignored. Furthermore, in any solution to

the monopolist’s problem the constraint (5) binds.

Proof. The first result follows because the rationality of the high type is implied by the
rationality of the low type when {g,} = {0} . For the second claim, assume towards a contradiction

that ¢ solves the monopolist’s problem but

max [(1 —9) [Gqu - xk] + 51}?] =e>0.

Then consider ¢’ differing from ¢ only in that payments in each contract are increased by (ﬁ) .
]

This new tuple is feasible and provides a higher profit for the monopolist, a contradiction.
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7.1.2 Lemma 2

For A, B C R™ we write A < B if b € B implies that there exists a € A such that a < b.
Lemma 2 For any p € (0,1) and for all {g.} € [0,1]° we have ® (p, {g-}) > @ (p,{0}).

Proof. Consider (vz,vy) € ® (p, {0}) and (v}, v};) € ® (p, {g,}) . Since & (p, {0}) = ® (p, {0})
from Lemma 1 vz, = 0. From (5) we must have v} > 0.

Thus, it is enough to show that for each (v}, v};) € ® (p, {g-}) there exists (v}, v/;) € ® (p, {0})
such that v}, < v/;. This result is established by contradiction. If not, there is a tuple ¢ solving
the monopolist’s problem when the state is (p, {¢,}) yielding (v}, v%;) € @ (p, {g-}) with v > v}
for all (v7,v};) € ® (p,{0}). But then there exists a tuple ¢” solving the monopolist’s problem
when the state is (p, {0}) yielding a strictly higher information rent (v}, — v}) to the high type
which dominates any feasible tuple which gives an information rent (v}, — v}) to the high type
when the state is (p,{0}). Therefore offering a tuple ¢” differing from ¢” in that the transfers
are discounted by > 6"01q; is feasible when the state is (p, {q-}) and it is a profitable deviation

for the monopolist. m

7.1.3 Lemma 3

Lemma 3 Let ¢ be a solution to the monopolist’s problem when the state is (p,{q:}) with
> 0"qr < qj. Assume that the offered menu in ¢ is m = (w1,¢2) and the contract ' is
associated with a belief p' € (0,1) and to continuation rents (vp1,vg1) € @ (p, {qi}) Then

VH1 —vL1 < E(STAQQZ.

Proof. First if > 07¢r € [q},q};] then the monopolist can offer a menu with contracts

0 (1-96 670rqr ~2 0 (1-¢6 6TO0Hqr
(¢ V ) ({QL} ( LI 1_)62 = >> and @ = ({qH} < H 5~ 1_)62 14 )) Con-
tract ¢ (¢2) offers the efficient quality to the low (high) type consumer in each future period and

its payments are set such that the rationality constraint of the consumer holds with equality. Fur-
thermore, it is easy to see that the strategy in which the low (high) type consumer chooses contract
121 (1}2) is incentive-compatible. Hence, this menu is optimal for the monopolist. Furthermore, it
is easy to see that any other optimal menu induces the same outcome.

Next, consider the case in which ) d7¢, € [0, ¢} ). Write vy (wl) — VLo (¢1) for the infor-
mation rent of the high type. Clearly if vy o (1/11) — L0 (¢1) > Afqj then the monopolist could
profitably deviate by offering the cheapest individually-rational, incentive-compatible, and effi-
cient menu. Hence, assume vp o (1/11) — VLo (zpl) < Adqj . In this case, the monopolist can replace
contract 1! with two contracts: a contract associated with belief 0 and another associated with

belief 1. The contract associated with belief 0 offers promises {q, ¢}, ], ...} and sets transfers to
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satisfy the rationality of the low type with equality, where § is set to keep the information rent of
the high type at vi (1,[)1) — L0 (1/)1) :

(1—6)A0G+ 5A0q} = vio (V') —vrp (¥1).

The revealing contract offers promises {q};} and set transfers to make the high type indifferent
between both contracts. By construction, the rent of each type of consumer is the same under the
deviating menu and under the original contract, but the surplus is greater under the deviating

menu, which establishes a contradiction and proves the Lemma. m

7.1.4 Lemma 4

Here we prove certain properties of the set of continuation rents.

Lemma 4 The set of continuation rents ® satisfies the following properties:
i) For each state (p,{qr}), the set ® (p,{q-}) is convex;
i1) For any sequence of beliefs {p, },—, with p, > 0 and p, — 0 we have Abq; € im @y (py,, {0});
iii) The set V (vly) = {p: min @y (p,{0}) < vy} is closed. Furthermore if vl < AfOq: then
vy € @ (inf V (vy),{0}).

Proof. i) Follows from II in Definition 2.

ii) A standard argument shows that the average quality of the low type converges to g7 as
p — 0. Thus for any sequence (p,) | 0 if v}, € ®x (p,,{0}) we must have limsup v}, > Abg;.
If the inequality is strict one can find n such that the monopolist has a profitable deviation by
offering the cheapest efficient and incentive-compatible separating menu.

iii) Follows from ii) and the assumption that the graph of (p,® (p,{0})) is closed imposed
by Condition 1. =

7.1.5 Lemma 5

Lemma 5 Consider a state (po, {qg}) and the event that the contract v is accepted with positive
probability. 1 involves the current period’s quality q, the next period’s state (p, {qT}T>0) and
transfers yielding a rent o to the low type. Consider the event that the alternative contract 1’ is
accepted. 1" involves the current period’s quality q, is associated with the state (p,{0}) and also
yields the rent o to the low type. The acceptance of the contract ' yields a weakly higher profit to
the monopolist. Furthermore, if there is no solution to the monopolist’s problem when the state
is (p, {0}) leading to an equivalent distribution over next-period outcomes as some solution to the
monopolist’s problem when the state is (p, {qT}T>0) , then the acceptance of i)' vyields a strictly
higher profit than the acceptance of 1.
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Proof. With some abuse of notation, write h' for the event that contract ¢ is accepted.
Write G for the distributions over menus m/ resulting from the monopolist randomization at h'

in the subsequent period. The profit of the monopolist is given by:
/ VM (B, ') dG(m).

Let V7, (h') be the realized expected rent of the low type. We have V;, (k') = [V, (h',m’) dG(m/).
Thus 0 = [ [V (k',m') — Vi, (R*)] dG(m/), which implies:

VM (B!, m) dG(m/)

q
[ 0 + (9 1) — i 0] . 0

That is, the expected profit of the monopolist is the same if a random payment which ensures
that the rent of the low type is V7, (hl) is transferred from the monopolists to the consumer after
every menu.

Next, consider the contract ¢’. Write h! for the event associated with the contract 1)’ being
accepted in the previous period. From Lemma 1, the rationality of the high type is implied by the
rationality of the low type one if {¢;} ., = {0} . Thus consider the event that menu m' is offered
at h'. For that menu, there exists another menu m” differing from m’ in that the transfers are
set to satisfy the rationality of the low type with equality at hl. Write G for the correspondent
distribution and notice that the profit of the monopolist under this strategy satisfy:

/‘_/M (ﬁl,m"> dé(m")
_ / (VM (WL, m) + [Vg (BY,m') — Vi, (hY)]] dG(m),

which shows that the monopolist is weakly better-off. The second statement follows from a

standard revealed preference argument and I7) in Definition 1. m

7.1.6 Lemma 6

Lemma 6 Assume that the history ht is associated with state (pt, {qT}72t>, with ) <, (1 —6) g <
q; and py € (0,1). Consider a solution to the monopolist’s problem at h' in which she of-

fers a contract ¢, = <x%, {qi}TZtH) associated with a belief p%H and to a promise v}{,tﬂ €

Oy (p%_H, {qi}rth)' Then, for all p < p%H and vy € @ (p,{0}), we have U}Ltﬂ < vg.

Proof. Assume towards a contradiction that there exists p < pt1+1 and vy € @y (p,{0}) with

~1 ~2 L
v}ﬁ 41 = vg. We will show that there exists 2 other contracts (7/’75 , wt) and a randomization of
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each type of consumer such that the contract j € {1,2} is accepted with probability ﬂ{ and is
associated with the belief ;ﬁzﬂ, the feasibility constraints ((3),(4),(5),(6) and (7)) are satisfied,
each type of consumer receives the same rent and the monopolist receives a strictly higher profit.
This contradicts the assumption that the monopolist’s problem is being solved.

Step 0. Profit under the putative equilibrium play

We write hi“ for the history associated with the acceptance of the contract @btl under the
putative equilibrium play. Let qt1 be the current period’s quality in that contract and without loss
assume!” g} < q7.-

We write vi,t—i-l (U}LHI) for the continuation rent of the low (high) type consumer at 2},

Step 1 Deuviating strategy.

From Lemma 3 we have v}{,t 1 v}ﬁt 41 < Afg;. From ii) and iii) in Lemma 4 there exists
Pis1 € (0,p;44) such that vy, ) € ©p (Ppyq,{0}) -

The deviation will contain a pooling and a revealing contract.

—v} 1-8)q}
Pooling contract: <W, {qt, 0}) .

ol *
Revealing contract: <1)H’1tig+qH, {q%}) .

The pooling (revealing) contract is accepted with probability p (pf, 1, i1q) (resp. (1 — g (pfy1.5i41)))
and leads to the history 2{™ (resp. hY™*). We must show:

p (D1 i) v (ﬁzﬁl) + (1= 1 (Phe Piyr)) v (ﬁtfl*) > VM (1) - (31)
Step 2 Writing expected realized rents as martingales
Consider the history h’i“. Notice that we make no pure strategy assumption, thus we will
have to consider the possibility that the monopolist randomizes over menus and the expected
realized rent of each type of consumer varies according to this randomization. A fact which will
be key to our proof is that expected realized rents are martingales.
Following the acceptance of h'i“, the monopolist is indifferent among all menus which she

18 Also, the expected rent of the consumer before this randomization is an element

chooses.
of R2. From Lemma 4, the set ® is convex and from Condition 1 ® is closed, hence we can
apply Caratheodory’s Theorem to write any vector of expected rents as a convex combination

of 3 of its extreme points. Thus assume (w.l.o.g.) that the monopolist randomizes among

"From the argument which will be presented in this Lemma it will be clear how to construct a profitable
deviation for the case in which g; > ¢7 . In this case the monopolist could replace that contract with a pair
of contracts in which the pooling contract offers a current period quality ¢} . This would be less attractive
for the high type consumer. In order to maintain his information rent the monopolist can associate the
pooling contract with a lower belief. This deviation increases her profit even more.

18Formally all the menus yield the same expected profit (a.s.). We omit this observation in the remaining
of this paper.
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{mtl+171, mtl+172, mt1+1’3} with probabilities {ytlJrLl, 7%+172, Yit13 }. We write VM (h’iﬂ, mbl’j)
(resp. Vr, (hi“, m,}ﬂ’j) Vi (h’i“, m%+17j>) for the monopolist (resp. low-type and high type) ex-
pected realized profit (resp. rent) conditional on the menu mg+1,j being offered. Let!? (f}:,tﬂ,la f}z,t+1,27 f}:}tﬂ’?’)
(respectively (E Hi+1,15 SHa+1,2 SHt +173)) represent the innovation on the expected realized rent of

the low type (respectively high type) when the menu m; 1, 18 proposed. Formally, for i € {L, H}
and j € {1,2,3} we define

iy 2 Vi (B mp ) = Vi (R

Since expected expected realized rents are martingales:

3
0=> Y161y (32)
j=1

Step 3 Summing martingales to realized payoffs without changing their (ex-ante) expected
value.
Using (32), the (LHS) of (31) is equal to:

3
Z’Ytl+1,j {M (p%+17]5%+1) vM (htiH) + (1 —H (ptl—i-l)ﬁ%—i-l)) [VM (hﬁﬂ*) + f}z,t+1,j - f}f,t—&-l,j} } .
j=1

(33)
While the (RHS) of (31) is equal to:
3 —
Z’Y%Jrl,j [vM (h§+17mt1+1,j) + &,tﬂ,j] : (34)
j=1

The innovation ¢ i,t +1,j 1s a transfer from the consumer to the monopolist which is added upon
the introduction of contract mt1 +1,;- Its goal is to keep the rent of the low type constant along the
play. Although this may change the feasibility of the allocation, for example, it may violate the
indifference of the monopolist among the three menus, it does not change the monopolist ez-ante
expected profit. This suffices to show the existence of a profitable deviation. Claim 1 below is
straightforward:

Claim 1 If §£,H_17]~ is transferred from the consumer to the monopolist when the menu m%ﬂ,j

is offered, then the expected realized rent of the low type remains constant:
Vi (htlﬂa m%+1,j) - glL,t—f—l,j =VL (hiﬂ) . (35)

The goal of transferring §1L7t 41 _fllﬁf,t +1,; from the consumer to the monopolist in the deviating

play associated with histories in which the monopolist holds the belief 1 is to keep the high

191t is easy to show that in the continuation play the high type consumer is always indifferent between
the two contracts offered by the monopolist.
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type’s rent the same under the putative equilibrium play and under a revealing history in the
deviating play (after transferring £1L7t +1,; to the monopolist). Notice that, by construction, we
have Vi (hgﬂ*) &1y — €Ly = Ve <ht1+1= mt1+1,j> — &1441,5- Hence,

Claim 2 Assume that upon the introduction of mtlﬂ,j the high type transfers £1L7t+17j —5}{7t+17j
to the monopolist at fzﬁ“* and he transfers fi,tﬂ,j to the monopolist at at ht1+1. Then the high
type’s rent is equal in these two scenarios.

Step 4 Dividing the putative equilibrium play into 4 possible cases

The continuation play under the original strategy profile after the offer of m% 41,7 can be divided
into 4 different cases. Case 1 (2,3,4) will be analyzed in Step 4.1 (4.2, 4.3 and 4.4).

Step 4.1 Play leading to a contract associated with a belief in (P 1,pt,1) and to another
associated with the belief 1.

Suppose that menu m; 41,; consists of 2 contracts, one associated with the belief i 421 €
(Prs1,ppe1) (history h;f) and another associated with the belief 1 (history h;?*) Thus we

have:

7 M 1,1 1

VM (BT myy ) + €Ly

1 1 M (142 1
= 1 (Pr1sPisajn) [V (hﬁ ) +§L,t+l,j}
1 1 o M 2 1
+ (1 — U (pt+17pt+2,j,1)) {V (hﬁ *) + §L,t+1,j} : (36)
Now, consider the play under the deviating strategy. Conditional on the history ﬁiﬂ, the

monopolist offers only one contract ({¢},0},05q;) and have both types of consumers choosing
that contract with probability 1 (history B;JEQ) Conditional on the history ﬁﬁ“*, the monopolist

does not propose any renegotiation (history iLi-H*). This yields the following lower bound to the

monopolist’s profit:

(b Phen) VY (R52) 4+ (= b)) [V (BE) + €hny = Ehiaeny] - 37)
We will proceed to show that (37) is strictly greater than (36).
Notice that since pt1+2’j’1 € (ﬁtlﬂ,ptlﬂ) there exists A € (0, 1) such that:

(1 —H (Pt1+17pt1+2,j,1)) =(1-2) (1 — M (ptl—i-l,ﬁtl—l-l)) : (38)
Subtracting (36) from (37) we have:
i (Phirs ) VT (REE2) 40 (1= g (phir ) [V (REF) + €L — Ehrar]
—H (p%+1vpt1+2,j,1> [VM <h§t2> + flL,tJrl,J}

— ~t 1 1 1
o VM (R) + €L 1y — Eisy
+ (1 — K (pt+17pt+2,j,1>)

- (VM (hﬁ%) + ﬁ:,tﬂ,j)
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Consider the last line of (39), i.e., the term multiplied by (1 — (pt1+1,p,}+27j71)>. From Claim
2 the rent of the high type is the same under both strings (the one in the deviating play and the
one in the putative equilibrium play) which yield this term. However, under the deviating play the
high type consumes the efficient quality ¢j; from period ¢ on. Thus, this term is strictly positive.
We have proved:

Fact 1: The last term under square brackets in (39) is strictly positive.

For future reference, denote (4 ; (1) the term inside the brackets in the last line of (39)
and let p (Ct+1,j (1) = 7%+1,j (1 — (p%—i-l?p%—i-Q,j,l)) represent the probability that this term is
reached (where (7) identifies Step 4.i).

Therefore, we are left with showing that

~ — EEAR)) ~ 7 Tt+1x%
p (Pl ) VM (REER) + 0 (1= g (oo Bh0)) [P (RE) + €y — €]
— 2 ‘
> [ (p%+1vp%+2,j,1) [VM (hﬁ ) + é‘1L,t+1u}

Notice that, by construction we are comparing 2 elements with the same measure:

(40)

1% (Pt1+1aﬁt1+1) + A (1 — M (Pt1+1,ﬁt1+1)) =K (pl}+17pz}+2,j,1)

and with the same measure of high types:

1 (g Bret) X Prog + A (L= w0 (Ph1s Pry)) X 1= 11 (Do D1 ja) X Prya-

In the next period, the monopolist randomizes over 3 menus and we can add innovations and
proceed similarly. Next we move to Step 4.2.

Step 4.2 Play leading to 2 contracts, both associated with beliefs in (]5%+1, 1).

In this case, we assume that the menu m} 41,7 Is associated with 2 contracts, one leading to the
belief p%+27j71 € (ﬁ%H, 1) and another leading to the belief p%+27j72 € (ﬁtlH, 1). The contracts are
accepted with probabilities 1 41,5,1 and ul 41,51 respectively. Write hzjf for the history associated
with a contract k € {1,2}. The monopolist’s profit is:

1 o7 M 2 1 1 7 M 2 1
Hi4151 [V <h§t ) +fL,t+1,j] + Hig152 [V (h;; ) +§L,t+1,j} : (41)
As in Step 4.1, consider the play under the deviating strategy. Conditional on the history
iﬁi“, the monopolist offers only one contract (61.¢7,{q},0}), which is chosen by both types of
consumer with probability 1. Conditional on the history htlﬂ, the monopolist does not propose

any renegotiation. This yields the same continuation as in (37).
Subtracting (41) from (37):

i (P, D) VY (BE2) + (U= (s i) [P (BE) + €Ly = ey | (42)
_M%—i—l,j,l [VM (h§t2*> + flL,t+1,j} - M%+1,j,2 [VM (hﬁ%) + fi,tﬂ,j] .
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There exists (9, ) € (0,1)% such that (42) is equal to:

O (piy1s Pra) VM (B?f)
+v (1= p (plirs Prsa)) [VM iﬂ“* * glL’Hl’j - f}{’tﬂ’j}
i [V (W) e
(1=9) u (ppy1, Pra) VM <E§t2)
+ | +(1—=v) (1= pn(pt1.Piy1)) [VM (ﬁtl“*) * glL’tH’j - g}{’tﬂ’j} ,
it [P (B5) + € i

where measures are preserved:

dp (Pt1+1713t1+1) +rv(1—p (p%—i-laﬁ%—i-l)) = M%+1,j,1
(1-9)p (pt1+1715t1+1) +(1-v) (1 —H (p%+laﬁ%+1)) = Mt1+1,j,2

and so are high type’s measures:

O (pii1Biyr) X Brys +v (1= p(piig.piy)) x1 = N%+1,j,1 X p%+2,j,1
(L=9) pu (phyysPrr) X Prs + (L—=v) (L= p(piy1, Pia)) X1 = piv1jo X Pirajo

Thus, we can divide the putative equilibrium continuation play and the deviating continuation
play into 2 separate continuation plays and proceed analogously in the next period.

Step 4.3 Play leading to 2 contracts, one associated with the belief p%+2,j,1 in [0,Pp,4] and
another associated with the belief 1.

Under the putative equilibrium play the monopolist offers a pooling contract and a revealing

contract. The pooling contract @DtlHJ»J = <£L’%+17j’1, {qtlﬂyj’l} ) leads to the belief p%+2,j,1 €

T>t+1

t+2

[(),13% 11, 18 accepted with probability s <p% H,p% 1o and is associated with the history hj71 .

7j71
The revealing contract leads to the belief 1, is accepted with probability (1 —u (p% 11 pg 4, j71>>

. Hence, the monopolist’s profit is

and is associated with the history h;ﬁQ*

Jz (P%+1»Pt1+2,j,1) [VM (h?f) +§i,t+1,y} + (1 — W (p%+17p%+2,j,1)) [VM (h§+12*) + fL,t,j} . (43)

Now, consider the play under the deviating strategy. Conditional on the history ﬁtﬁl, the

monopolist offers a menu with a pooling contract and a revealing contract. The pooling contract

1211 =3 Lo leads to the state { pl., o
41,50 = \ P 0 \ g f o Pi2j o \G+ring o,

jg +1,5,1 are set to satisfy the rationality of the low type consumer with equality. It is associated

) and its transfers

with the history IN"LEJEQ The revealing contract promises the lowest rent to the high type subject
to incentive compatibility. It leads to the history B;JEQ* Conditional on the history ﬁﬁ“*, the
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monopolist does not propose any renegotiation (history fzﬁ“*). Using the fact that if 0 < p’ < p” <
p" then p (p”,p")u(@",p") = n(®",p’), we have the following lower bound to the monopolist’s
profit:

M (742
p (pt1+17p%+2,j71) v <h§+1 )
~ ~ (7 T t+2%
+u (p%+17p%+1) (1 —H <Pi}+1apt1+2,j,1>> vM (hﬁ ) : (44)
+ (1= 1 (Pty1:Prs1)) (VM (hﬁﬂ*) + €L i1 — 5}{,t+171>

Next, consider the strings leading to the value VM (h;tQ) +¢£ }47,5 +1,; and to the value VM <ﬁ§'§2> .
From construction, both strings lead to the same quality pattern and from Claim 2 the rent of

the low type is equal in both strings. Hence, trivially we have:
VA (R = [P (532) + €havas] ()

Using the observation above and the fact that the high type is indifferent between the revealing
and the pooling contract?® at hi“ and at Bi“:

Vi (h52) = Vi (L52) (46)
= V¥ <hﬁ2> +EL a1y
Using (46), it is straightforward to check that:
v (E?;?*) > v (hﬁ%) + &Lt (47)
Using an argument analogous to the one in Step 4.1 (see Fact 1) we have:

M <il§+1*) + 5},,t+1,j - 5}{,t+1,j >yM (h§ﬁ2*> + fi’tﬂ’j. (48)

Hence subtracting (43) from (44) we have:

i (Pl Pl ) [TV (R52) = (71 (h52) + €hiny)]
7 T t+2x%
v ()

VM (W) 4 ehy) | o (49)

+ fi,t—i—l,j - f}{,t—i—l,j

- (VM (hﬁ%) + §1L,t+1,j>

20By construction the minimal rent to the high type consumer, min ® g (p%-‘r?,j,l’ {ati1 a1}

1 (s Bhn) (1= 0 (Phnophioga)) | (

VM fzﬁ“*
+ (1 K (p%ﬂaﬁ%ﬂ))

\

is
72t+2) ’

offered in the deviating contract. If a higher rent is offered under the putative equilibrium the argument to
be presented becomes even stronger. Hence here and hereafter we assume the monopolist offers minimal

rents under the original play.
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Thus from (45), (47) and (48) we have:

Fact 2: The expression (49) is strictly positive.

For future reference, denote (; . (3) for (49) and let u (C;yq;(3)) = '71}+1,j represent the
probability that the strings leading to these values are reached.

Step 4.4 Play leading to 2 contracts, one associated with the belief p%+2’j,1 € [0,p¢,4) and
another associated with the belief ptl+2,j72 € (Pry1,1)

In this case, the monopolist offers the menu m%ﬂ,j = (¢%+17j717w%+1,j,2) , Where w;l’j’i =

. 1 1 .
<x%+1,j,ia {qtl—&-l,j,i}7>t+1> fori € {1,2}. The contract ¢, ;1 (Y141,,2) leads to the belief pj, 5 ;, €

[0, B4 1] (vesp. piio o € (Piy1, 1)), is accepted with probability iy, (resp. iy ;o) and is as-
sociated with the history h?f (resp. h?gZ). The monopolist’s profit is:

N%Jrl,j,l [VM (h§ﬁ2*> + &,tﬂ,j] + M%+1,j,2 [VM (h§§2*> + flL,tH,j] . (50)

Now, consider the play under the deviating strategy. Conditional on the history ﬁﬁ“, the
monopolist randomizes:

With probability a € (0,1), the monopolist offers a menu with a pooling contract and a
revealing contract. The pooling contract specifies a current period quality g;41,j1, leads to the

state (pt+17j71, {q17j7T}T>t+2) in the next period, its transfers are set such that the rent of the low

type is zero, and it is associated with the history Eﬁ2 . The revealing contract specifies a quality
q7 for the every future period and its transfers are set to make the high type indifferent between
both contracts. It is associated with the history E;ﬁz*

With probability (1 — a) € (0, 1) the monopolist offers only one pooling contract ({g7,0},61.q7)
which is associated with the history B§'§2
The probability « is chosen such that the belief pt1 491 1s reached with the same probability

as under the putative equilibrium play:

ap (Pt1+1»15t1+1) K (ﬁtl+1apt+1,j,1) = /‘%Jrl,j,l'

No renegotiation is proposed at history hﬁ“*. Hence the monopolist’s profit is:

ap (Pii1, Dis1) [N (Pi1pre1g) VM (E§t2> + (1= (Phyrs per1ga)) VY (;thz*)]

+(1—a) p (pyi1s i) VY (BEJEQ)
+ (1= 1 (Phe1, i) [VM (ﬁiﬂ*) + &L i1y — 5}{,t+l,j}
Using an argument analogous to the one in (45), we conclude that
v (RE2) -

_ 2t > 0. (51)

- (VM (h?f) + gi,ﬂrl,j)
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Fact 3: The term under brackets in (51) is weakly positive.
For future reference denote ¢, ; (4) for the term inside brackets in (51) and let p (¢4, (4)) =
7t1+17jau (ptlﬂ,ﬁtlﬂ) W (]3,51+1,pt+17j71) represent the probability that this term is accepted.

Hence we need to compare:

(1= ) i (P, Diga) VY (ngz)
+ (1= p (phi1,Bis1)) [VM (BiJrl*) + &Ly — 5}{,1&—1—173} (52)
+tap (P%H?ﬁ%ﬂ) (1 —H (]5%+1,Pt+1,j,1)) vM (ﬁﬁzﬂ
and
ﬂz}+1,j72 [VM (h?f*) + f}l,tJrl,j] : (53)
Notice that by construction the total measure and the high type’s measure in the strings

leading to (52) and (53) are the same. Notice also that in (52) there are values correspondent to

separation in two different periods. The term VM (ﬁé*f*) corresponds to a string in which the

high type separates in period ¢+ 2, while the term [‘_/M (ﬁ'ﬁl*) + §i7t+17j — f}ﬂﬂﬂ-} corresponds
to a string in which there is separation in period ¢+ 1. One can repeat the same procedure letting
the term:

1_:“(Pt1+1a]5%+1) [‘M 741
- _ vV <h+*)+§l -—fl }
( (1= p (plir: Plar)) + (i Biea) ' L S

ol (p%JrlvﬁtlJrl) 4 _r (taom
" 5 = 1— 1 By, pis1,1)) V <h. ) ,
((1 — K (pt1+17pt1+1)) + ap (ptlﬂ,ptlﬂ) ( H ( t+15 Pt+1,5 1)) i

which happens with probability (1 — (p%+1715%+1)) + ap (pt1+1,p5t1+1) , represent the earlier sepa-

ration term. Then we can repeat the algorithm in the next period.

Step 5 Desired Inequality

In Step 4 we used a stopping time to compare the profit reached under the putative equilibrium
play and the one under the deviating play. Each time a belief in [0, ]3% +1] U{1} was reached under
the putative equilibrium the stopping time truncated both the putative equilibrium play and the
deviating play. The difference in profits obtained by this truncation was called (;;4 ; (i) (under
Step 4.1) and we called p (<t+1,j (1)) the probability of such event.

For each T' > t 4+ 2, we can use the algorithm defined in Step 4 to construct a stopping time
according to which the stochastic process defined by the putative equilibrium play and the one
defined by the deviating play are truncated in the first time the belief reaches [0, Pt +1] U{1} under
the putative equilibrium play or in period 7' if the belief does not reach [O, Pt +1] U {1} before
period T.

For every s > t+ 1 and i € {1,2,3} write A’ for the set of events in which the truncation

occurs in period s under step i. Write w € A% for a typical element, write ¢, for its value (the
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difference in the profit obtained under the deviating play and under the putative equilibrium play)
and write p (¢,,) for the probability according to which this event is reached. The argument in
Step 4 implies that:

i) For all s > ¢+ 1 and for all w € Al U A2 we have ¢, > 0.

ii) For all s >+ 1 and for all w € A% we have ¢, > 0.

Write Qr for the set of putative equilibrium histories according to which the belief does not
reach [O, ;5% +1] U {1} before period T under the putative equilibrium. Write hg € Qr for a typical
history in this set. The algorithm defined in Step 4 links to each history k. a history 715 associated
with the belief p} 1 under the deviating play and also to a set of histories under the deviating play

- T
{hfj‘} L where z indicates the period in which the high type is screened.?! For each hl € Qr,
Z=t+

for each z < s — 1 write {7 , 7 (vesp. &%, 7) for the sum of innovations in the low type (resp.
high type) consumer’s rent in periods t € {z,...,T — 1} (set {7 7.0 = 0). Write P (rL) for the
probability of history hl being reached under the stopping time under the putative equilibrium
play. For h € {715, Bﬁfl*, - BZ*} write Pgt (h) for the probability that history h is reached under
the stopping time under the deviating play.

Hence, we must show that there exists T' > t 4+ 2 such that:

Z Z”L':1,3,4 ZwGAg K (Cw) Cw

s=t+1,...,T—1
Pl (hZ) v (h3j> + Y P (hw) [VM (hw> &y > 0.
+ Z nT t+1<2<T
w €S ht (TN [ M (3T w
_PU* (hw) [V (hw) +§L,t+1,T]
(54)

Step 6 Final Step

Take an upper bound A > 0 to the sum of continuation payoffs of the monopolist and the
high type.

Claim 3 There exists ¢ > 0 and T such that if T > T' then VM <l~szl*> + &7 i1 —
hirir > vM (hf) + &7 1y + € for all w € Qr.

Proof By construction the rent of the high type is the same under both strings above. However

he consumes ¢} < q7 in period ¢t under the putative equilibrium play and ¢j; under the history

hE* under the deviating play. This improves the surplus by at least (1 — 0) /. qng 'y (s)ds > 0.
(1=5) ["H x', (s)ds , , (1=5) ["H x', (s)ds

Taking € = <(IL2H) and T" such that 67 ! < <(M the Claim follows.

[ |

Claim 4 For every T > t and every w € Qr we have VM (ﬁi) > VM (hl) —|—§‘£7t+17T—25T_tA.

2Tt is (w.lo.g.) to assume that for each 2z € {t,...,T — 1} there is a history according to which the
high type consumer is screened in period z since we can always choose a history arbitrarily and associate
probability zero to it.
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Proof The rent of the low type is the same under both plays by construction. Also, the
qualities in BZ are weakly more efficient for the low type. Since the the sum of continuation
payoffs is bounded by A the Claim follows. H

Claim 5 below is straightforward.

Claim 5 For every s > t + 1 and every w € Qr we have VM (ﬁj*) + &l s —Elsr 2
VM (L) + €7 i1 — 207 1A,

" " — 1 pt ~ ’
Thus take T" such that 67 < [(1 u(ptij{ptﬂ))a] . Let T'= max {T ,T"} .

The analysis is divided into two cases.

t 7 A* ~
Case 1+ Y,cq, P2 (W17) = (1= 1 (phir, )
First notice that (54) is at least:

P (RE) [ (T) = (VM (hT) + €2 1)
Z +P (ﬁfjl*) [VM (ﬁﬁj‘) HE e T S (VM (thJ> + gcz,tﬂ,tf)
hfeQT + Z Pczrlt (BZ*) [VM (ﬁé*) + EL]:Z,T - (};z,:ﬁ - (VM (hZ;) + 5L]i,t-ﬁ-l,T
t+1<2<T

, (59)

From Claim 3

wt (7t+1%\ [ M [(Ft+1x w w M (T w
Z Py (hw ) [V (hw ) + gL,t—l—l,T COSHH1T (V (hw> + gL,t—H,T)}
thGQT

2 (1 —H (p%+1a13%+1)) €

From Claims 4 and 5:

P (R2) [P (RE) = (7 (b2) + €5 1)
2|+ > P (hw) v (hw> & S (VM (h5> + ff,m,:ﬁﬂ

_ 1 ~1
Hence (55) is at least |:(1 u(pt;ii’pt+1))€:| <0

t (57 ~
Case 2 Ycq, P (A7) < (1= (pherPhr) -
In this case let ¥ = Zi:1,3 ZweAiH w1 (¢,,) ¢, > 0 and notice that it is at most

DY D) k)

s=t+1,...,T—1%=13,4weAl
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Take T > T such that 5Tv_t < [%] From Claims 4 and 5

2|y p (i) [ (ﬁz*)%szz,f—ézg,f (VM () + € )]

Hence (55) is at least (g) > 0, which proves the Lemma. m

7.1.7 Lemma 7

Lemma 7 Consider a history h' associated with the state (pg,{g-}) such that Y (1 —68)d67q, <
q; and p; € (0,1). The rationality constraint of the low type holds with equalzty i any menu

posted at h' which solves the monopolist’s problem.

Proof. Assume that the monopolist offers a menu m = (1/11,1/}2) such that the rationality
constraint of the low type holds with a slack n > 0. Consider the pooling contract 1! associated
with the belief?? p € (0,1) and let ¥’ be the contract differing from ! in that it does not contain
promises for future periods and its transfers are set such that the low type’s rent is decreased
by some small £ > 0. From Lemma ii) and iii) in Lemma 4 we can find a belief p’ € (0, p] such
that the monopolist can credibly promise an information rent to the high type which is larger by
€ > 0. Hence, following the steps in Lemma 6, one can show the monopolist achieves a strictly
higher profit from replacing the acceptance of contract ¢! with a mixture over ¢’ and a revealing

contract. m

7.1.8 Lemma 8

Lemma 8 Consider a history h' associated with the state (pg,{g-}) such that Y. (1 —68)67q, <
q;. Then there is sequential separating dynamics in any menu posted at h* which solves the mo-

nopolist’s problem.

Proof. The proof is by contradiction. There are 2 cases.

Case 1: Suppose that at history h' the state is (pt, {g-}) , with p; € (0,1) and Y -, (1 = 9) 6" lgr <

q7,, and the monopolist offers a menu with 2 contracts (d)tl, 11}%) P = (3:@, {q’T}) for i = 1,2. Con-
tract ’(/Jtl is associated with the belief p}H < p¢ while w? is associated with the belief pfﬂ € (p,1).

Case 2: Suppose that at history h' the state is (ps, {¢-}) , with p, € (0,1) and 3 5, (1 — ) 6" tq, <

q7, and the monopolist offers a menu with 2 contracts (¢}, zﬂf) , with zﬂi = (m@, {qﬁ}) fori=1,2,

and both contracts are associated with the belief p;.

22If the menu has a pooling contract associated to belief 0 the proof is straightforward.
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Step. 1 Case 1

For i = 1,2 let u! represent the probability that the contract 1/12 is accepted and write hf“
for the history led by this event.

There are 2 possibilities:

Possibility 1: Y o, (1 —8)0" g, > (1 —6) A0q} + § (min @ (pt, {0}))

Possibility 2: ZT>;(1 —68)8"q; < (1 —6)Abg; + 6 (min @y (pt, {0})).

Deviating Strategy: “We construct a proposed deviation in which the monopolist randomizes.

With probability a € (0,1) the monopolist offers a menu with 2 contracts: (fﬁ: , 1215 ) .

~1 ~ . ~1 ~ _ ~ .
Contract v, : Let ¢} = min {qtl,qz}. The contract ¢, = <0thl — > 07 tar, {q,},O}) is a

pooling contract and is associated with the minimum?? Pt 41 € (0,p¢) such that
vie = (1= 6) AOG; + 60m 141,

where vy ; is the rent that the high type obtains from the contract w%.

Notice that from Lemma 2 p;,; < pp,;.

Contract &f : This is a revealing contract in which transfers are set to make the high type
indifferent between both contracts.

We take o such that:
ap (ptvp%+1) = M%?

that is, if p} = Pr 1 then contract 1} and contract 1}2 are accepted with the same probability.

Write ﬁﬁ“ for the history led by the contract {bi and Rt for the history led by the contract
o

With probability (1 —«) € (0, 1) the monopolist offers a menu with 2 contracts: ({pi , {pf ) if
we have Possibility 1 and only one contract if we have Possibility 2.

Possibility 1:

Under Possibility 1 let p7,; be the minimum belief p such that 041 € ®p (p, {0}) and

Z (1-0)6"""Abq, = (1 — ) AOq} + 00p 441,

T>t

with g 441 € ®p (p, {0}) . Notice that by assumption (Possibility 1) p7,; € [0, p;). In this case the,
monopolist offers a menu with 2 contracts: (fbtz, QZJ?R> . The contract {pf = (QQE - ZTZt 67 Abg;, {aq7, 0})

is a pooling contract leading to the belief ]5% 1, while the contract zﬁ is a revealing contract with
transfers set to make the high type indifferent between both contracts. Write l~z§+1 for the history
led by the contract 121,52 and A'T1** for the history led by contract {bf 2

Possibility 2:

23Remember that we are assuming that the graph of (p,® (p,{0})) is closed.
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~2
Under Possibility 2 the monopolist offers only one contract ¢, = (9 LAL = D vt 5" tqr, {qz, 0})
- ~2
and the belief is not updated. Write htz+1 for the history led by the acceptance of the contract v, .

Next, we must compare the profit under the putative play involving sequential separating
dynamics and under the deviating play presented above. Under the putative equilibrium play,

the profit of the monopolist is:
VM (BT 4 2 0M (R (56)
Under the deviating play, the profit of the monopolist?* is:
o1 (pr, i) VY (RET) + (1= g (k) V1 (R (57)
(=) [ (e Ea) VM (RE) + (1= g (prs ) V7 (R

There are 2 possible subcases

Subcase 1 p}.; < pj;.

~1 1
In this case, take A = < plpeiiss) ) <u(pt’pt+1) — 1) , notice that A € (0,1) and write the

1—p(peptyr) ) \ w(pesbii,)
difference between (56) and (57) as the sum of two terms:

o (pe,breqg) VY <Bt1+1> +aX (1= p(p,pryq)) VY <Bt+1*) (58)
S ()

and
(1= ) [ (s B200) VY (BE) + (1= g (oo 40)) V1 (1)
ta(1=X) (1= p(pnpl,)) VM (;Lt+1*> ) (59)
—p2VM ( hgﬂ)

It is straightforward to check that (as in Step 4 in Lemma 6) the measure of terms from the
deviating play and from the original play in (58) and (59) are the same and so are the high type
measures. One can then use an analogous procedure as in Step 4 in Lemma 6 to show that the
sum of (58) and (59) is strictly positive.

Subcase 2 13%“ = p§+1.

Proceeding analogously as in Subcase 1, we write the difference between (56) and (57) as the

sum of two terms:

[ () V2 () = 0 ()]

24Tf we have Possibility 2 then we can write ﬁfﬂ = p; and p (pt,;ﬁfﬂ) = 1. h**1** can be chosen
arbitrarily.
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and
(1= ) | (s 20) VM (R57) + (1= g o1, 53)) VM (REFL))]
o (1= 2) (1= g ooy ) VY (RFH)
—pVM (hy)

An argument similar to the one in Step 4 in Lemma 6 establishes a profitable deviation.

Step. 2 Case 2

If the promises are {0} or if > <, (1 —6) 6" *Afg, < min @y (ps, {0}) the result is straight-
forward since for every solution to the monopolist’s problem when the state is (pg,{q-}) there
exists a solution to the monopolist’s problem when the state is {0} which differs from the first
only in that current period’s transfers are decreased by Y. .. (1 —6)6" ‘g, in each contract.
It is straightforward to show that the belief has to change in_any such solution. Hence suppose
that > -, (1—9) 6" 'Afg; > min @y (pr, {0}) . Take pri1 < py such that vy 1 € P (pey1, {0})

where vy 41 satisfies:

(1= 0) AOg}, + v = (1—6) 67 'Abgs.

T>t

~1
Construct a deviation in which the monopolist offers two contracts: a pooling contract ¢, =
<0qu > o (1=0)6""01g-,{q;, 0}) leading to a belief p;11 and a revealing contract in which
the transfers are set to make the high type indifferent between both contracts. The argument in

Lemma 6 implies that the deviating play leads to a strictly higher profit for the monopolist. =

7.1.9 Lemma 9

Lemma 9 Assume that a period starts with the state (p,{q-}) such that Y _(1—6)6"qr < qj.
Then, for every solution to the monopolist’s problem, there is an outcome equivalent solution to
the monopolist’s problem in which she offers a menu with sequential separating dynamics and she

does not make promises for future periods in pooling contracts.

Proof. In Lemma 8 it was established that any solution to the monopolist’s problem when

the state is (pt, {QT}th) involves sequential separating dynamics. Assume that the monopolist

offers a menu with contracts (1/;,51, w?) , Where w% = (xm, {qi}T> t) is a pooling contract associated
with the belief py;11 € [0, p;), while @b? is a revealing contract. The rent that the low type obtains
from vy is:

vl =1 —0)0rg1 — (1 —9) xeq + 6vpeq11,

while the rent of the high type is

vl = (1—0)0rqi1 — (1= 0) x4+ (1 —0) ABqy1 + dvp it
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From Lemma 7

VL 41,1 = Z (1—8)6" ¢ Vorq. ;.
T>t+1

Whereas from Lemma 6 the information rent of the high type is minimal and from Lemma 2

this rent is associated with?® the promises {0} . Hence

(0,vH41,1 — VL t+1,1) € P (Dr+1,{0}) .

Thus, the monopolist can replace the contract 1[1% with

~1 —
vy =|2a—0 >, 070060 {01, 0} |
T>t+1

~1 . - .
and have both consumers choose the contract 1, with the same probability as contract 1/)%, which

is feasible and payoff equivalent for all players. This proves the Lemma. m

7.1.10 Lemma 10

Lemma 10 Assume that a period starts with the state (p,{qr}) such that ) _(1—10)07¢qr < qj.
Assume that m is a menu solving the monopolist’s problem at (p,{q;}) and let ¥ be a pooling

contract in this menu. Assume that 1} is associated with the belief p € (0,1) and to the promises

{G:}. Then Y (1 —-10)0"G- < qj.

Proof. First notice that from Lemma 8 the monopolist offers a menu with sequential sepa-

. . . ~ ~ ~R ~R . . ~ .
rating dynamics. Hence we can write m = (1/1, 0 ) where ¢ is a revealing contract and p < 1 is

the belief associated with .

Assume towards a contradiction that ) _(1—9) "¢ > g} .

Notice that from Lemma 2 we have & (5,{G;}) > ® (p,{0}) . Hence there is a menu m* offered
at (p,{q-}) such that the monopolist extracts a weakly higher rent from the high type by offering
a pooling contract which is associated with belief p < 1 and to promises {0} and yields the same
rent to the low type. We proceed to show that this deviation is profitable if > (1 —6)6"¢- > ¢j .
From the second statement in Lemma 5, it suffices to show that any solution to the monopolist’s
problem when the state is (p, {¢-}) and any solution to the monopolist’s problem when the state
is (p, {0}) lead to different continuation future consumption distributions.

Case 1 (1-19) Zéﬁ‘;} € (q7,4q5]). In this case, any optimal menu at (p,{¢,}) is outcome
equivalent to the cheapest individually-rational and incentive compatible menu. When promises
are {0} the monopolist never offers an efficient menu, since she could profitably deviate by de-

creasing the current period’s quality in the contract designed to the low type.

25Not necessarily only to.
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Case 2 (1—9) Z(Vf} € (q3;,1]. When promises are {0} we know from Lemma 9 that the
monopolist offers a contract in which the high type consumes gj; in each future period. When
(1-19) Z(ST@T € (q3;,1] it is straightforward to verify that conditionally on offering a contract
in which the high type consumes gj; in each future period the monopolist would choose the most
efficient individually-rational and incentive-compatible contract. Using the same argument as in

Case 1 the Lemma follows. m

7.1.11 Proof of Proposition 1

Proposition 1

1.1 Every equilibrium presents sequential separating dynamics.

1.2 For every equilibrium there exists an outcome equivalent simple equilibrium.

1.8 In all simple equilibria the price paid for the revealing contract is decreasing from period
1 on.

Proof. The proof of 1.1 follows from Lemmas 8 and 10, while the proof of 1.2 follows from
Lemmas 8, 9 and 10. Below we prove 1.3.

1.8 In all simple equilibria the price paid for the revealing contract is decreasing from period
1 on.

The proof is by contradiction. If not then we can find two periods on the equilibrium path, ¢
and t+ 1 (¢t > 1), (with respective beliefs p; > p;11 > 0 and respective continuation rents to the
high type vg ¢ and vy 441) such that the rent of the high type is weakly greater in ¢ than in ¢t 41 :
VH¢t > UH4+1. First notice that from Lemma 6 we have vy, = min @y (ps, {0}) for s = ¢, ¢ + 1.
Hence, Lemma 6 implies that the monopolist has a profitably deviation, which establishes a

contradiction and proves the proposition. m

7.2 Proposition 3
7.2.1 Lemma 11

Lemma 11 There exists p§ € (0,1) such that, for any 6 € (0,1), if po € (0,p5) then the high

type is screened in one period in any equilibrium.
Proof. Step 0. The function R (p,0).
First, for each belief py consider the function:
o0

R(po,6) = inf 1= 6)67AOG (prsprie) |
(po, ) {pm’_._};)( ) 67 AOg (prypri1)
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subject to {po, p1, ...} being decreasing and ¢ (p,, pr4+1) satisfying:

(¢ (pryprs1)) = A0 (%) if ¢ (pr,pr41) >0
7, (0) < A0 (P52 ) i g (s, pria) = 0.

Notice that R (po,d) € [0, Afq;], hence it is well defined.
Step 1 Considering small beliefs.

Take p(, such that
p/
7w (0) = AG (1 —0176)

(60)

and assume that pg < <[)2°> = p§. Thus from (60) ¢ (po,p1) > 0.

Standard arguments can be applied to show that R (pg, §) is Lipschitz with constant?® K (1 — §)
A20(1-p3) "
infg ¢’ (q)

(a.e.). We can write R (po,d) = R(0,8) + [5 R’ (s,0) ds, with R’ (s,0) € [0, K1 (1 —8)] (a.e.).
Step 2 The result to be established.

Fix a discount factor § and consider the problem which gives an upper bound to the monop-

where K1 = > 0. Hence, it is absolutely continuous, increasing and differentiable

olist’s profit:

VM (po,8) = max Al(po,p1,0)
p1€[0,po)

(1= 0) (1~ )72, (a (oo, 1)) + 01 (a3
= max + (%) [T H (q?{) — (1 =10)Abq (po,p1) — 6R (p1,0)]
P 4 [0~ (3] 10— 8) e (0 o, pn)) 3 [ ) — R (01,0

Writing VM (pg, p1,d) for the maximum profit obtained by the monopolist if the next period’s

belief in the pooling contract is p; when the discount factor is d, we have:

A(pOap176> > VM (p07p1a5)7 lfpl >0
A(p07p156) = VM (pO)plaé)a lfpl =0

Hence, if we show that there exists p§ € (0, 1) such that for every 6 € (0,1) if po € (0, pj;) then

0 =arg max A (po,p1,9),
p1€[0,p0)

it follows that 0 = arg max,,, ¢[o,p) VM (pg,p1,6), concluding that the high type will be screened

in one period.

26The constant K is such that applying the Implicit Function Theorem into the f.o.c. w.r.t. quality we
obtain ‘g—g} < Kj.
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For that it is enough to show that if p € (0, pj) then

aA (pO)pla 6)

ann <0 (a.e.).

Let p; be a point of differentiability of R. Differentiating A (po,p1,9) with respect to p; we
obtain:

OA (po, p1,9)
Op1
(1-0) [(122) =), (a o, 1)) — (B2 ) Ag] 20
— —opoR’ (p1,9)
_ ( 1—po ) [ (7w (q7;) — (1 = 6) Abq (po,p1) — 6 R (p1,9)] ]
(1=m*) | =[(1 = 6) 7L (q(po,p1)) + 6 [mr (¢5;) — R (p1,0)]]

We work towards showing that (61) is negative.

(61)

Step 3 Showing that (61) is negative.
Step 3.1 The term |dpoR’ (p1,9)] .
From Step 1 we have [0poR’ (p1,9)| < (1 — ) poK;.

_ aq(po,
Step 3.2 The term ‘(1 —90) Ki BY) 7, (a (po, p1)) — (pﬁo_ﬁ) AG} 7‘1%211)1) .
Notice that from (60) this term is 0.

Step 3.3 The term

B < 1—po ) [ [mh (q7;) — (1= 6) Abg (po,p1) — OR (p1,6)] ]
1—pm?/) | — Q=)7L (apo.p1)) +d[mu (af) — R(p1,9)]] |

Noticing that <[1 ;(3 ) >1—po and that 77, (¢ (po,p1)) < 71 (g} ) the term above is no more
1
than

*

qp
[1%M1®[/*wh@ﬁkAﬂq@a®qﬂl
q

L

Next, take py < p(l) such that

Ablq (po, 0) —qr| < (

aH ap
i} Hohy (s)ds . [ (s)ds
(1 —po) (qLQ) — pol1 > (qL4 :

Step 3.4 For pgy € (0,py) and ¢ € (0,1) we have % <0 (a.e).

and
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Using Steps 3.1 and 3.3 notice that

q}{ /
AA (po,p1,0) g T (s)ds
LT —(1— T—pi) [ 2= 7 | K
o1 < —(1-=6) | (1-pp) 5 oK1
Il (s)ds
< —(1-9) Joi! <0

This completes the proof since p;; does not depend on . m

7.2.2 Lemma 12

Lemma 12 Let § € (0,1) and p € (0,1). There exists T such that, for all 6 > §, and for all

initial priors po € (0,p), the high type is screened in at most T periods in any equilibrium.

Proof. Step 0. We assume that, for all ¢ <7 there exists p}. € (0, 1) such that if p € (0,p},)
then the high type is screened in at most T periods. By the Lemma 11, this is true for T' = 1.

In Step 1 We show that there exists p7.,; > pp such that if p € (O,p}ﬂ) then the high type
is screened in at most 1"+ 1 periods.

In Step 2 We show that lim p%. = 1.

Step 1 Without loss we assume that the monopolist plays a pure strategy?’. We write
q(pt, pr+1) for the quality supplied in the pooling contract in period t if the belief is ps in period
s.

Assume that there is py € (pj. +¢) such that after 2 periods the belief is still above p7. :

pp+e€2=po>p1>p2 2 pr
The monopolist’s profit is given by:

1 (po,p2) [(1 = 6) 71 (g (po, p1)) + 6 (1 = 8) w1 (q (p1, p2)) + 6V (p2)]
+4 (Po, p1) (1 — g (p1,p2)) [(1 = 0) mr (¢ (o, p1)) + 6 [ (qfr) — (1 — &) Abq (p1,p2) — 0V (p2)]]
+ (1= p(po,p2)) [ma (afr) — (1 — 8) ABq (po, p1) — 6 (1 — 8) Abq (p1,p2) — 6* Vi (p2)] -

We wish to show that for € small this is less than:

1t (po,p2) [(1 = &) 7 (q (po,p2)) + VM (po)]
+ (1= p (po, p2)) [mar (qfr) — (1= 6) Abg (po, p2) — 6°Var (p2)] ,

so that the monopolist can profitably deviate by speeding-up the screening process.

2TThere always exists an equilibrium in which the monopolist plays a pure strategy which leads to
screening in the maximum number of periods.
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Step 1.1 First Inequality
First, notice that since the monopolist can always screen the high type in one period we have
VM (p)>mp(qh)+p qqu 7'y (s) ds. Hence,
(1= 8) 7 (q (po, p2)) + 6V (p2) (62)
—[@=8) 7L (g (po,p1)) + 6 (1 = 8) 7L (q(p1,p2)) + 2V (p2)]

> (1—=0)[rL (q(po,p2)) — 7 (g (Po, p1))]

*

qy
+(1-9) 5pT/ 7y (8) ds.
q

*
L

Take g1 € (O, (%))such that if p. +e1 > po > p1 > p2 > p} then:

oD% [ Wy () ds)
g .

7L (q (po,p2)) — 7L (q (o, p1)) < (

Hence, (62) is at least:

2

(18 (519;} fqu T (8) ds) '

Step 1.2 Second Inequality

Next consider the term:

7 (qf;) — (1 —6) Abq (po, p2) — 0V (p2)
— [7m () — (1= 6) Abq (po, p1) — 6 (1 — &) Abq (p1,p2) — 6°Vir (p2)]
= (1 - 6) [Aeq (p07p1) - Aeq (p0>p2)]
=0 (1 —=6) [V (p2) — Abg (p1,p2)] -

Notice that Vi (p2) < Abq; and ¢ (po,p1) > ¢ (po,p2), hence the term above is more than

— (1 - 8)[Abg; — A8q (p1,p2)] -

8q(ﬁ91ﬁ1)

0p1 <

Next, notice that there exists K such that if p}, +e1 > po > p1 > p} then ’

K1 |po — p1]- Thus the expression above is more than — (1 — §) Kjée1.
Step 1.3 Third Inequality

Finally, consider the term

7 (qf) — (1= 8) A0q (po, p2) — 6° Vi (p2)
—[(1 =0) 7L (q(po,p1)) + 6 [mm (qr) — (1 — &) Abq (p1,p2) — 6V (p2)]] -
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Since 7y (¢3;) > mr(q7) > 71 (q(po,p1)), it is straightforward to show that there exists
g9 € (O, (172PT>) such that if pT. +e2 > po > p1 > p2 > pr then the above term is weakly

positive.

Step 1.4 The result

Take ¢ = min{e1,e2} and assume that p}. +¢ > po > p1 > p2 > p} then the proposed
deviation increases the profit by at least:

op% qu}iH 7y (s)ds

2

1 (po, p2) (1 —6)

— (1= p(po,p2)) (1 —9) Kie.

Next, notice that u(pg,p2) > (1 — ppr+) and (1 — p (po,p2)) < ( < ) . Thus, a lower bound

1—pT* —&
on the advantage of the deviation is:

Sy 301 g ()
(63)

(1_5) (1_pT*)< 2
~ () e

Finally, take ¢* < min{e1,e2} such that the expression inside the brackets above is at least:

Sp% fq*;l hy (s)ds
(1 -pp) [ —L > 0.

Thus if p} +€* > pg > p1 > p2 > pj and § > d we have a contradiction, which proves this step.

Step 2 Showing that limpp = 1.

For the second step, let p}. be the supremum of all beliefs such that the high type is screened in
at most T periods (for all § > ). Clearly {p%} is increasing and hence convergent. Assume that
{ph} — p* < 1. By the argument in Step 1 we can find ¢ > 0 such that if p € (p* — €, p* + ¢) then
the belief decreases by at least 2e¢, which contradicts the assumption that p* < 1 and concludes

the proof. m

7.2.3 Lemma 13

Lemma 13 For any p € (0,1), there exists a discount factor 6 € (0,1) such that if § € (0,5)
and the initial prior pg € (0,p) then the belief drops to 0 in at most 2 periods in any equilibrium.

Proof. From Lemma 11, we know that once the belief drops to (0, p;;) then the belief drops
to 0 in the next period. Hence, it suffices to show that if the the monopolist offers a menu in
which the pooling contract is associated with a belief p; > pjj then the monopolist can profitably

deviate by screening the consumer in one period.
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A menu in which the pooling contract is associated with a belief p; yields to the monopolist:

1 (po,p1) [(1 = 8) 7 (g (po. p1)) + VM (p1)]
+ (1 = (po,p1)) 7 (¢rr) — (1 —0) Abq (po, p1) — 6V (p1)]

which is no more than
(1 =po) [(1 = 0) 7 (q (po,p1)) + 071 (q7)] (64)

+ (1 = p(po,p1)) [mr (q5) — (1 —6) Abg (po, p1) — Vi (p1)]
+(Po — (1 — p(po,p1))) [(1 = 8) 1 (q7) + 67 (q)] -

Next, notice that the profit from screening the high type in one period is at least
po [(1 = 0) [ (a7) — AOq (po,p1)] + 0 [mm (q5;) — Aqz]] (65)
+ (1 =po) [(1 = 6) 7L (¢ (po, p1)) + 07 (q1)] -
The difference between (65) and (64) is bounded below by:
(1=10) [(po— (L= p(po.p1))) [ (qf;) — Abq (po,p1) — i (q7)]] (66)
—0mp (qf) -

Next, notice that if pg € (p§,p) and p1 € (p§,po) then (po — (1 — p(po,p1))) is equal to

() (1=po) > () (1-p).
Thus, if 6 = 0 then (66) is at least:

(8 ) an [ s

*
L

Hence, by continuity, there exists 6 € (0,1) such that if § € (0,6) and po € (0,p) then (66) is

at least: .
1 o 9u
(2) (1_p8>(1—p)/q* 7y (s)ds > 0,

which completes the Lemma. m

7.2.4 Proof of Proposition 3

Proposition 3 For every p € (0,1) there exists T (p) € N such that if the initial prior po
belongs to (0,p) then the high type is screened with probability 1 in at most T (p) periods in any
equilibrium.

Proof. Consider the prior p € (0,1). From Lemma 13, there exists 6 € (0,1) such that if
0 € (0, (_5) and pg € (0,p) then the belief drops do 0 in at most 2 periods. From Lemma 12 there
exists 77 € N such that if py € (0,p) and § € (%(_5, 1) then the belief drops down to 0 in at most
T’ periods. Taking T'=T" 4 1 concludes the proof. m
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7.3 Proposition 6

Proposition 6 For every € > 0 there exists n > 0 such that if py € [0,n] U [l —n,1] then
ITT* (po) — VM (po)| < e.

Proof. Step 0. Lower Beliefs

The claim that there exists ' > 0 such that if py € [0,7'] then |[II* (pg) — VM (po)| <
follows directly from the fact that if p € (0,p§) then the high type is screened in one period (see

Lemma 11). Furthermore, it is straightforward to show that in the renegotiation solution®®

as
well as in the commitment solution the low type average quality ), (1 —0)d7¢; converges to
q;, as the initial belief converges to 0. This establishes this result. -

Step 1 Upper limit.

For the second result, suppose that for every T' > 0 there exists pr € (0,1) such that for
p > pr we have Vi (p,{0}) < 5T*1A0qz.

This is clear for T' = 1.

We claim that there exists pry1 € (0,1) such that p > pry; implies Vi (p, {0}) < 5TA0qz.

Step 1.1 There exists a belief p € (pr, 1) such that Vi (p,{0}) < 5TA9qz+(6T71A9q22*5TA942)

i any equilibrium.

Suppose not. We will show that for some p € (pr, 1) the monopolist has a profitable deviation.

T—1 * _ T *
If the rent of the high type is at most 5TA0qz + (6 AGqL2 d AeqL) an upper bound on the

monopolist’s profit is:

s . . ST=1A0q* —6T Aog*
p [ﬂ'H () — 6T AbOg; — ( L qL)}

67
+(1=p)7r (gz) o0

Next, consider a menu with a contract leading to a belief pr and containing the current period

quality 0. It yields at least:

(T2 [ i) — " a0z (68)

Next, notice that if p = 1 then (68) is strictly greater than (67). The existence of p € (0,1)
follows from a continuity argument.

Step 1.2 There exists a belief pry1 € (p,1) such that if p' € (pry1,1) then Vi ({0},p)) <
6TA0qz in any equilibrium.

Suppose not. Consider any belief p € (p, 1) . If the rent of the high type is at most (5TA0qz,

an upper bound on the monopolist’s profit is:

plra (¢f) — 0" Abg; ]
+ (1 fr]@) 71 (q7) - (69)

28Gee Lemma 4.
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Next, consider a menu with a contract leading to a belief p, and containing current period

quality 0. It yields at least:

—p STIAOg: — 0T Ay
<p1—§ ) lm (qi) — 9 [5TA9€/E + ( qL2 AL )” ,

§T=1A0qx —5T AOg*
qu qL)] <

which is greater than wg (¢};) — 5TA9qz at p = 1 since § [5TA0qz + (
5TA9qz. The argument follows by continuity.

Step 1.3 Final Step.

For the final step, notice that there exists n? € (0,1) such that if py € [1 —772,1] then
IT* (po) = pomu (q};) - Take T” such that 5T,_1A¢9qz < (%) . If p > py» then a lower bound to the

monopolist’s profit is:
1) vt - )
1—pp ) LHHNH 21"

Hence, by continuity, we can find n® € (0,772) such that if pg € [1 —n3, 1] then II* (pg) —

VM (pg) < e. Taking 7 = min {771, 773} completes the proof. =

7.4 Proposition 7

Proposition 7 There exists an equilibrium.

Proof. In this proof, we must show the existence of (VM , <I>) and of a Bayesian Nash equi-
librium consistent with (VM ,(I)) . The second task is straightforward, so we focus on the first
here.

In Proposition 1, it was established that if there are profit-maximizing values (VM , <I>) consis-
tent with an equilibrium then there exists an outcome equivalent play presenting sequential sep-
arating dynamics in which the monopolist does not make promises for future periods. Remember
that Proposition 1 is a statement about equilibrium, while we are looking for a characterization
of values (VM , <I>) here. Nonetheless, slightly modifying arguments leading to the Proposition 1’s
findings one can prove the following facts:

Fact 4:

Construct a fixed-point (VM, <I>) for states (p, {g,}) € C!, with

¢t 2 {(p,{¢-}) €10, x [0,1]* : p € (0,1) = {g-} = {0}}.

That is, restrict the promises to {¢,} = {0} in all pooling contracts and impose that the monop-
olist cannot make promises for future periods in pooling contracts and that every menu presents
sequential separating dynamics. Next, consider a state (p,{0}) with p € (0,1) and any solu-

tion ¢ of the monopolist’s problem at (p,{0}) in which she is not restricted to offering menus
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with sequential separation dynamics, but she is still restricted to making no promises in pooling
contracts. Then ¢ presents sequential separating dynamics.?

Fact 5:

Construct values (V, ®) for the case in which {¢,} are such that Y- _(1—6) "¢, € [¢},q}]
by imposing that the monopolist is restricted to offering efficient menus. Next, construct a fixed

point (VM ®) for states (p, {g-}) € C%, with

c? 2 {(p, {¢:}) €10,1] x [0,1]® : pe (0,1) = > (1-6)67¢, € [O,q?f]}

by imposing that in pooling contracts the promises can be set either to {0} or to {¢,} such that
>, (1—=08)0"q- € [q],q};] - There always exists a solution of the unrestricted problem in which
the monopolist always makes no promises in pooling contracts®’ when the state is (p, {q,}) such
that > (1 —19)d7¢, € [0,q}) and the monopolist offers efficient menus when the state is (p, {¢-})
and 32 (1—0)d7gr € [a7, a5

Using Facts 4 and 5, one can construct a fixed-point for the case in which promises {¢,} are
restricted to satisfy Y (1 —9)d7¢- € [0,q}].

Next, consider the case in which3! > (1 —6)d87¢, € (¢}, 1]. Notice that if (1 —0)>.67¢, €
(g3, 1] efficiency implies that the monopolist would like to "buy back" a different quality from
each consumer. The monopolist would like to buy back (1 —6)) 6" (¢- — ¢};) from the high
type and (1 —6) > 07 (¢- — ¢} ) from he low type. Consider a menu implementing this allocation
in which the rationality constraint of each type of consumer binds with equality: i) high type’s
contract (—0p > 0" (¢- — q};) . {aj;}); ii) low type’s contract (=01 > 07 (¢- — q7),{a}}). If the
high type chooses the contract designed for him, he obtains a rent of (1 —0)68g > 0" ¢-, hence
his rationality constraint binds with equality. It is also straightforward to see that choosing the
contract designed to the low type would make him strictly worse off. If the low type chooses the
contract designed for him, he obtains a rent of (1 — 0) 61, > 6" ¢,. Hence, his rationality constraint
binds with equality. On the other hand, from choosing the contract designed to the high type he

obtains a rent of

(1=6)0.> g+ (1—6) A0 67 (¢r — gir)
> (1-06)0L) g

Thus, the low type could profitably deviate by imitating the high type. In order to make

this contract incentive-compatible, the monopolist would have to compensate the low type by

29The steps in Lemma 8 can be easily adapted to prove this Fact.
30The argument mimicks the one in Lemma 9.
3UIf ¢ = 1 the proof will be done at this step.
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paying him an information rent of A8 67 (¢- — ¢};), which is decreasing in the quality of the
high type. Hence, if the monopolist could commit to a quality for each future period she would
set a quality ¢ > g; to the high type in order to extract a higher rent from the low type. Using
this observation, it is easy to use analogues to Facts 4 and 5 to construct a fixed-point for the
case in which (1 —9)>67¢, € [¢},1]. For that, one can show that when the state is (p, {¢-})
such that (1 —0)) 6"¢- € (qj;, 1] in each period, the monopolist offers (w.l.o.g.) a menu with
a pooling contract containing a current period quality in [g7;,0] and a promise {1}. In the first
period in which the low type is totally screened, the monopolist offers to renegotiate to {qj;}.

Therefore, the argument above (details below) show how to construct a fixed-point for the
case in which:

i) If (p,{qr}) is such that p € (0,1) and {q,} satisfies (1 —0)> 6"q, € [0,q7] then the
monopolist never makes a promise {¢,} such that (1 —6) > 6"¢, € (¢}, 1] in pooling contracts.

ii) If (p,{¢-}) is such that p € (0,1) and {g.} satisfies (1 —0)> 6"¢- € (qj,1] then the
monopolist never makes a promise {¢-} such that (1 —6)> "¢, € [0,¢]) in pooling contracts.

Next, applying an argument analogous to the one developed in Lemma 5 and in Lemma 10
one can show that this is a fixed-point when the program is not restricted in any state.

Since the cases in which (1 —4) Y 67¢, € [0,¢}) and (1 —8)>_ "¢ € (¢}, 1] are analogous®?,
we present the first case here.

Step 1 Construction of (VM,®) for {¢,;} = {0}.

In Step 1.1 We construct values (VlM , @1) imposing separation in one period.

Step 1.1 Construction of (VIM,<I>1): separation in one period.

In this Step we assume that the monopolist screens the high type in one period. Hence, her
problem is:

Vi (p) £ max Iy (p,0,9) (70)
G€(0,1]

C mex { (1=p)[(L=0)mL (§) + o7 (q7)] }
gelo1) | plmm (q) — (1 —0) AOG — 6Abg7] |-

Notice that (70) defines a function ¢; (p) = arg max, I'; (p,0, §) . Hence, we write @ ; (p) for

the information rent of the high type if separation occurs in one period:
1 (p) £ {(1—8)Abqs (p) + 5A0q}} .

In Step 1.2 We show how to use (VnM, @n) to construct (V]‘frl, CI>n+1) .

n

First, for all n we set ®p,, (0) = [Abg}, Af] and Pp (1) = 0.

32The difference being in the promises the monopolist makes in pooling contracts (minimal in the first
and maximal in the second) and whom the monopolist screens: the low type in the first and the high type
in the second.
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The function VM, (p) is defined by:

M A ~ o~
— Fn s Py
Vo (p) P (p. D, Q)
e { p(p,p) [(1—8)mr (q) + 8V, ()] }
peloplgeoa] | (I —p(p, D) [mm (¢f;) — (1 = 0) AOG — dvp,n ()] |

where we set v, () = min®p, (p) >* because unnecessary rents to the high type do not solve
the monopolist’s problem.

Next we define @, (p) by:

_ V41 (P) 1 VHpt1 (p) = (1 = 0) AOG + vp,pn (D)
o190} (7. solve V4, ) }

Notice that using an argument similar to the one in Lemma 11, there exists pj € (0,1) such
that for all p € [0, pj] the high type is screened in one period. Hence, we have (Vrfw (»), Pun (p)) =
(VM (p),®m,1 (p)) for all n € N and all p € [0,p}]. In general, we can find (see Lemma 12) a
sequence of beliefs {p}.}3_ such that (V;M (p), ®un (p)) = (VM (p),@ur (p)) for all n > T and
p € [0,pk]. Thus, we define for all p € [0, 1]

(VY (p), @ (p) = lim (V' (9), 110 (1)) - (71)

Finally, we define for all p € [0, 1], VM (p, {0}) £ VM (p, {0}) and ® (p, {0}) £ {(0,vy) : vy € Py (p)}.
Step.2 The Construction of (VM ®) for {q;} # {0}.
We separate the state space (p,{¢-}) into 3 subspaces. In Step 2.1.we consider the case in
which (1 —0)> 07¢r € [0,¢}). In Step 2.2 the case in which (1 —0)>07¢, € [q],q};] and in
Step 2.3 we analyze the case in which (1 —0)Y07¢; € (¢}, 1]
Step 2.1 (1—-10)>.67¢- €[0,q}).
In Step 1 we analyzed de case in which {¢;} = {0} . Consider {g;} such that {g;} # {0} . One
can use an argument similar to the one in Lemma 9 to show that it is without loss to assume that
the monopolist offers a menu in which there is sequential separation dynamics and the monopolist

never makes promises for future periods (setting {¢,} = {0}). Hence, we define for all p € (0,1)

VM (p,{¢-})
5 ax { 1 (p, ) [(1 = 8) 7p () + 6VM (5) — (1 —6) X 6701.q:] }
pefoplael] | (L= p(p,p) [ra (af) — (1= 6) AOG — dvg (p) — (1 —6) 32 0701qy]
st (1—08)A0G+ dvg () > (1—6)> 6" Abgy,

331t is straightforward to verify that ® g, (p) is compact for every n that and for every p. Also, it is
straightforward to verify that vy, (p) is lower-semicontinuous so that the monopolist’s problem is upper-
semicontinuous.
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where vy (p) = min @y (p) .

Furthermore, we define:
: =(1—=96)A0q+ dvg (p)+ (1 —6)>.0"0rq-
@i (p{ar}) 2o VHTOH =10 ,
i (0 & o (5.4) solve VY (p, {g-))

and @ (p, {g-}) = {(1 = 6) > 07¢r,vm) s vg € P (p, {g:})} -
We set3?

B (1=6)>6"01gr,vm) :
®(0,{¢-}) = { vy € [Afg; + (1 - 9) szqf,in (1-6)>60Lq,] }

_ (v, (1~ )5 6 0na,) :
2o = {0 B e o]

Step 2.2 (1-6)>_67qr € [q7, a5

In this case, consider the separating menu containing the contract ({q}},> 070 (¢5 —¢r))
designed exclusively to the low type and the contract ({q};},>_ 070w (¢5; — ¢r)) designed exclu-
sively to the high type It is straightforward to show that: i) the rationality of each type of
consumer binds with equality; ii) each type of consumer weakly prefers his contract. Hence, this
menu is optimal. Furthermore, in any optimal menu there should be separation in one period.

Hence, for every p € (0,1) we set:

VM (p,{g:})

+(1=p)[rr(g}) — (1—0)Y670Lg]

and

® (p,{¢-})

_ ((1 —5)> 5004 (1-6)Y (579Hq7> .
For p € {0,1} we set ® (p,{¢-}) as in Step 2.2.
Step 2.3 (1—-10)> 07¢r € (q},qj}])- The profit values for this case can be generated using
an algorithm analogous to the one used for Steps 1.1-2.1, with the difference that the monopolist

makes maximal promises ({¢-} = 1) in pooling contracts and she screens the low type. We omit
it for brevity. m

341n order to generate the values ((1 —6)>.6705q,, (1 —8)>.670Lq, + Af) when the state is (0, {q,})
the monopolist offers a contract associated to the current period’s consumption 1, to future period’s
promises {1}, the belief is updated to 0 and the monopolist extracts all the continuation rent from each
type in each future period.

In order to generate the values ((1—0)>.0"0mq,, (1 —0)>.6"0mq,) when the state is (1,{g,}) the
monopolist offers a contract associated to the current period’s consumption 0, to future period’s promises
{0}, the belief is updated to 1 and the monopolist extracts all the continuation rent from each type in
each future period.
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8 Appendix B

Here we prove for the case in which the graph (p, ® (p, {g-})) is not closed. This requirement
was advantageous because it established that when the graph (p, ® (p,{q,})) is closed the problem
is well behaved and we used those properties for our existence proof.?

When the graph (p, ® (p,{¢-})) is not closed iii) in Lemma 4 does not hold. Hence Lemma 8
(and the argument in Lemma 6 indirectly) cannot be used because the deviation in these Lemmas
required that we find (for certain high-type rent vy ) a belief p’ in which vy € ® (p/,{0}). This is
not possible if the graph (p, ® (p,{0})) is not closed. However, that constitutes a difficulty only if
the current period’s promises {g,} are large, in the sense that large promises imply a large value
for Z (1 —98)0"Afg,. That is, the argument in Lemma 8 could be used to obtain a profitable
deviation when the promises are {0} . Hence, consider the first period ¢ in which we do not have
sequential separating dynamics in a putative equilibrium. Notice that since {¢;} # 0 we have
t > 0. Hence at t — 1 there is sequential separating dynamics. Hence at ¢ — 1 the monopolist
foresees this difficulty at ¢, which incentivizes her to offer promises {0} to period ¢. Also since
from Lemma 2 larger promises {¢.} lead to (weakly) larger information rents, the monopolist
is also motivated to deviate by promising {0} at ¢. Therefore we conclude that period ¢ is not
reached. This argument is formalized in Lemma 14 below, where we prove that the claim 1.1 of
Proposition 1 holds (where we use indirectly Lemma 8). The claim 1.2 of Proposition 1 will follow
from Lemma 9 and the claim 1.3 of Proposition 1 will follow from the proof of Proposition 1.1

which is given in Appendix A.

Lemma 14 In every history under the equilibrium path the monopolist offers a menu m present-

ing sequential separating dynamics.

Proof. Suppose towards a contradiction that the claim is not true. Then there exists an
equilibrium in which the monopolist does not offer a menu involving sequential separating dy-
namics. Let ¢t € N indicate the shortest period in which this happens and consider a history h! in
which the monopolist offers a menu not presenting sequential separating dynamics. Notice that
by assumption the monopolist is offering menus with sequential separating dynamics in all peri-
ods s € {0,....,t — 1} . Let H' = {h*,h' = h*,s > 0} be the set of predecessor of h’ (disregarding
h%) and notice that in each h* € H! all menus should present sequential separating dynamics,
otherwise the minimality of the period ¢ would be contradicted.

For each h® € H! let (p(h®),{qr (h®)}) be the state at h® and let h" € H! be such that
{g- (h*)} # 0 and if h* < A" then {g. (h*)} = 0. Writing h"~! for the predecessor of h" we let
m (h’”*l) be the menu offered at A"~! such that if the pooling contract is accepted the play reaches
history A". Let (337{117 {¢r-1,9, }) be the pooling contract in m (hr_l).

35In fact, the only requirement used to establish Lemma 6-10 was that the graph of ® (p, {0}) is closed.
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Consider the replacement of the menu m (h’”_l) with a menu containing a revealing con-
tract and a pooling contract (01g,—1,{¢r—1,0}), which induces the belief p (h") . From Lemma 2
®(p(h"),{qr (N")}) > ® (p(h*),{0}), then without loss assume that the monopolist offers the
same revealing contract. From Lemma 5 the deviating menu leads to a weakly higher profit.
Hence we work towards showing that the monopolist has a deviation at A"~!. Since for all h"
such that h! = h™ = h" the monopolist offers a menu with sequential separating dynamics we
can proceed analogously and construct an alternative play in which the monopolist never makes
promises to future periods in pooling contracts in all periods?® s < ¢. Hence assume without
loss that there exists an equilibrium in which the monopolist offers a menu in which there is no
sequential separating dynamics at h°. One can then follow the same steps as in Lemma 8 and

obtain a contradiction. m
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