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,Q WKH &HQWLSHGH JDPH� FRPPRQ NQRZOHGJH RI UDWLRQDOLW\ LPSOLHV WKH QRQ�

FRRSHUDWLYH EDFNZDUG LQGXFWLRQ RXWFRPH� :H FRQVLGHU D VOLJKW GHYLDWLRQ IURP

WKLV DVVXPSWLRQ� :KHQ D SOD\HU FRQWHPSODWHV WKH EHVW DFWLRQ DW D IXWXUH GHFLVLRQ

QRGH� VKH DVVLJQV VRPH VPDOO SUREDELOLW\ WR WKH HYHQW WKDW RWKHU SOD\HUV PD\ UHDFK

D GLmHUHQW FRQFOXVLRQ ZKHQ WKH\ FDUU\ RXW WKH VDPH DQDO\VLV� :H DVVXPH WKDW�

ZKHWKHU SOD\HUV GR RU GR QRW DFWXDOO\ HUU� WKHUH LV FRPPRQ FHUWDLQW\ DPRQJ WKHP

WKDW WKH\ PDLQWDLQ VXFK EHOLHIV� :H VKRZ KRZ WKLV LPSOLHV FRRSHUDWLRQ DPRQJ WKH

SOD\HUV XQWLO VHYHUDO VWHSV EHIRUH WKH HQG RI WKH JDPH� 2XU UHVXOWV GR QRW GHSHQG

RQ IRUZDUG LQGXFWLRQ RU UHSXWDWLRQ HmHFWV� DQG WKXV DOVR DSSO\ WR nQLWH KRUL]RQ

RYHUODSSLQJ JHQHUDWLRQV PRGHOV ZLWK nDW PRQH\�

M1H1O1 Qr1= &��� Ilhog= *DPH 7KHRU\�

e(LWDQ %HUJODVV 6FKRRO RI (FRQRPLFV� 7HO $YLY 8QLYHUVLW\� KHLIHW]#SRVW�WDX�DF�LO

\(LWDQ %HUJODVV 6FKRRO RI (FRQRPLFV� 7HO $YLY 8QLYHUVLW\� SDX]QHU#SRVW�WDX�DF�LO

�



� W?|hL_�U|�L?

7KH &HQWLSHGH JDPH �5RVHQWKDO ����� LV D VWULNLQJ H[DPSOH RI D VWUDWHJLF LQWHUDFWLRQ

LQ ZKLFK WKH JDPH WKHRUHWLF VROXWLRQ GLmHUV FRQVLGHUDEO\ IURP ZKDW RQH ZRXOG H[SHFW

KXPDQ VXEMHFWV WR GR� ,Q WKLV JDPH� FRQWLQXDO FRRSHUDWLRQ EHWZHHQ WZR SDUWLHV FDQ \LHOG

VXEVWDQWLDO JDLQV WR ERWK� ZKLOH WKH EDFNZDUG LQGXFWLRQ RXWFRPH SUHFOXGHV FRRSHUDWLRQ

DOWRJHWKHU��

<HW LQ PDQ\ UHDO OLIH LQWHUDFWLRQV ZLWK D VLPLODU VWUXFWXUH� FRRSHUDWLRQ VHHPV WR EH

HQVXHG D ORQJ ZKLOH EHIRUH LW EUHDNV GRZQ� 2QH H[DPSOH LV WKH XVH RI VWDWH�LVVXHG nDW

PRQH\� +DG WKHUH EHHQ D PHWHRULWH� ERXQG WR KLW DQG GHVWUR\ (DUWK DW WKH HQG RI WKH

QH[W PLOOHQQLXP� GROODUV ZRXOG EH ZRUWKOHVV RQH GD\ EHIRUH WKH GHVWUXFWLRQ� 5HDVRQLQJ

EDFNZDUGV� WKH\ ZRXOG EH ZRUWKOHVV RQH GD\ HDUOLHU� DQG VR IRUWK� +RZHYHU� LW LV KDUG

WR EHOLHYH WKDW GROODUV ZRXOG KDYH VWRSSHG VHUYLQJ LQ WUDGH WRGD\� 7KH EUHDNGRZQ RI

EDFNZDUG LQGXFWLRQ UHDVRQLQJ LV DOVR REVHUYHG LQ ODERUDWRU\ H[SHULPHQWV RI WKH &HQ�

WLSHGH JDPH �VHH� IRU H[DPSOH� 0F.HOYH\ DQG 3DOIUH\ �������� ,Q WKHVH H[SHULPHQWV� D

VLJQLnFDQW SURSRUWLRQ RI VXEMHFWV FRRSHUDWH IRU VHYHUDO URXQGV�

,Q WKLV SDSHU ZH H[DPLQH D SRVVLEOH GHYLDWLRQ IURP WKH ?UDWLRQDO� PRGHO� :H DVVXPH

WKDW ZKHQ D SOD\HU FRQWHPSODWHV WKH EHVW DFWLRQ DW VRPH IXWXUH GHFLVLRQ QRGH� VKH

DWWULEXWHV VRPH VPDOO EXW SRVLWLYH FKDQFH WR WKH SRVVLELOLW\ WKDW RWKHU SOD\HUV PD\ UHDFK

D GLmHUHQW FRQFOXVLRQ ZKHQ WKH\ FDUU\ RXW WKH VDPH DQDO\VLV� 0RUHRYHU� ZH DVVXPH

WKDW HDFK SOD\HU EHOLHYHV WKDW WKH RWKHU SOD\HUV EHDU LQ PLQG WKH VDPH FRQVLGHUDWLRQV�

WKDW WKH\ DOVR PDLQWDLQ VXFK EHOLHIV� DQG VR RQ� ,Q RWKHU ZRUGV� FRPPRQ NQRZOHGJH RI

UDWLRQDOLW\ LV UHOD[HG WR FRPPRQ FHUWDLQW\ WKDW ZLWK VRPH VPDOO SUREDELOLW\ �� WKH RWKHU

SOD\HUV PLJKW FRQFOXGH GLmHUHQWO\ ZKHQ WKH\ FRQWHPSODWH WKH EHVW DFWLRQ DW HDFK GHFLVLRQ

QRGH�

:KHQ DSSOLHG WR WKH &HQWLSHGH JDPH� WKH SUHGLFWLRQ RI WKLV PRGHO GLmHUV FRQVLG�

HUDEO\ IURP WKDW RI WKH �UDWLRQDO� PRGHO � WKH EDFNZDUG LQGXFWLRQ UHDVRQLQJ LQGXFHV

FRRSHUDWLRQ IRU D ORQJ ZKLOH� &RRSHUDWLRQ EUHDNV GRZQ RQO\ VHYHUDO VWHSV EHIRUH WKH HQG

�$XPDQQ ����� DQG ����� VKRZV WKDW FRPPRQ NQRZOHGJH RI UDWLRQDOLW\ LPSOLHV WKH EDFNZDUG LQ�

GXFWLRQ VROXWLRQ�
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RI WKH JDPH�

,PSRUWDQWO\� RXU UHVXOW GRHV QRW UHO\ RQ DQ\ ?IRUZDUG LQGXFWLRQ� RU ?UHSXWDWLRQ�

UHDVRQLQJ �.UHSV� 0LOJURP� 5REHUWV� DQG :LOVRQ ������� .UHSV ������ S� ������ LQ ZKLFK

D UDWLRQDO W\SH RI D SOD\HU PLPLFV KHU LUUDWLRQDO� FRRSHUDWLYH W\SH LQ RUGHU WR FRQYLQFH

KHU RSSRQHQW WKDW VKH ZLOO FRRSHUDWH LQ WKH IXWXUH� ,Q RXU PRGHO� LQ FRQWUDVW� WKH

DFWLRQ WKDW D SOD\HU WDNHV DW DQ HDUO\ VWDJH RI WKH JDPH GRHV QRW FRQYH\ DQ\ LQIRUPDWLRQ

DERXW WKH DFWLRQV VKH PLJKW WDNH ODWHU RQ� ,Q RWKHU ZRUGV� RXU PRGHO DGKHUHV VWULFWO\

WR EDFNZDUG LQGXFWLRQ ORJLF ^ WKH SOD\HUV PDLQWDLQ D FRPPRQ XQGHUVWDQGLQJ WKDW LI D

SOD\HU
V GHFLVLRQ QRGH LV HYHU UHDFKHG� VKH ZLOO DQDO\]H WKH UHVW RI WKH JDPH DV LI WKH

JDPH VWDUWV WKHUH� DQG ZRXOG QRW TXHVWLRQ ?ZK\� WKLV QRGH ZDV UHDFKHG�

7R JXDUDQWHH WKLV IHDWXUH� ZH IRFXV RQ DQ RYHUODSSLQJ JHQHUDWLRQV YHUVLRQ RI WKH

&HQWLSHGH JDPH� LQ ZKLFK GLmHUHQW SOD\HUV SOD\ LQ GLmHUHQW GHFLVLRQ QRGHV� (DFK SOD\HU

FDQ VHFXUH D SD\Rm RI � E\ H[LWLQJ� ,I VKH WDNHV WKH ULVN RI FRQWLQXLQJ� KHU SD\Rm LV � LI

WKH QH[W SOD\HU H[LWV DQG �G LI WKH QH[W SOD\HU FKRRVHV WR FRQWLQXH� :RUNLQJ ZLWK WKLV

YHUVLRQ RI WKH JDPH DVVXUHV WKDW DQ\ UHVXOW ZH REWDLQ FDQQRW UHO\ RQ IRUZDUG LQGXFWLRQ�

6LQFH HDFK SOD\HU DFWV RQO\ RQFH� QR RWKHU SOD\HU FDQ PDNH LQIHUHQFHV DERXW KHU W\SH

IURP WKH KLVWRU\ RI SOD\� WKXV� VKH KDV QR LQFHQWLYH WR LQoXHQFH RWKHUV
 EHOLHIV DERXW

KHU� 7KLV IHDWXUH nWV EHWWHU VRPH HFRQRPLF DSSOLFDWLRQV RI WKH &HQWLSHGH JDPH� )RU

H[DPSOH� LQ WKH nDW PRQH\ FDVH QR DJHQW H[SHFWV KHU GHFLVLRQ ZKHWKHU RU QRW WR DFFHSW

PRQH\ WR DmHFW WKH DWWLWXGH RI WKH UHVW RI WKH SRSXODWLRQ WRZDUGV PRQH\�

:H DOVR DQDO\]H WKH WZR�SOD\HU� DOWHUQDWLQJ PRYH YHUVLRQ RI WKH JDPH �DV LQ 5RVHQWKDO

������ 7R H[FOXGH WKH SRVVLELOLW\ RI IRUZDUG LQGXFWLRQ UHDVRQLQJ LQ WKLV VHWWLQJ� RQH KDV

WR DVVXPH WKDW WKH JDPH LV SOD\HG LQ LWV DJHQW IRUP� GLmHUHQW DJHQWV RI WKH VDPH SOD\HU

JHW WR SOD\ DW WKH GLmHUHQW GHFLVLRQ QRGHV RI WKH SOD\HU� $OO WKHVH DJHQWV HYHQWXDOO\

HQMR\ WKH VDPH SD\Rm ^ WKDW RI WKH SOD\HU WKH\ UHSUHVHQW� EXW WKH\ PDNH WKHLU GHFLVLRQV

VHSDUDWHO\� 7KLV YHUVLRQ RI WKH JDPH LV PRUH GLpFXOW WR DQDO\]H� EHFDXVH WKHUH DUH

QXPHURXV SRVVLEOH SD\RmV GHSHQGLQJ RQ WKH SDWK RI SOD\� +RZHYHU� QXPHULFDO DQDO\VLV

\LHOGV WKH VDPH TXDOLWDWLYH UHVXOWV DV WKH RYHUODSSLQJ JHQHUDWLRQV YHUVLRQ�

7R JHW DQ LQWXLWLYH XQGHUVWDQGLQJ RI ZK\ RXU PRGHO JLYHV GLmHUHQW SUHGLFWLRQV WKDQ

WKH XVXDO EDFNZDUG LQGXFWLRQ UHDVRQLQJ ZLWK IXOO UDWLRQDOLW\� FRQVLGHU WKH IROORZLQJ GH�

�



OLEHUDWLRQ RI SOD\HU � DW WKH EHJLQQLQJ RI D ORQJ &HQWLSHGH JDPH� ?7UXH� LI , ZHUH LQ WKH

VKRHV RI SOD\HU � ZKR SOD\V ULJKW DIWHU PH� DQG KDG , DVVXPHG LW LV FRPPRQO\ NQRZQ

WKDW HYHU\ERG\ UHDVRQV OLNH PH� , ZRXOG QRW FRRSHUDWH� 7KXV� LI SOD\HU � UHDVRQV LQ WKLV

ZD\� , VKRXOG H[LW ULJKW DZD\� +RZHYHU� LQ RUGHU WR GHFLGH ZKDW
V EHVW IRU �� , KDG WR

SXW P\VHOI LQ WKH VKRHV RI PDQ\ SOD\HUV DW FRQVHFXWLYH GHFLVLRQ QRGHV� DQG � ZLOO KDYH WR

IROORZ WKH VDPH SURFHGXUH� ,W LV WKHUHIRUH QRW WKDW XQOLNHO\ WKDW DW DW OHDVW VRPH RI WKHVH

GHFLVLRQ QRGHV� SOD\HU � ZRXOG UHDFK D FRQFOXVLRQ RSSRVLWH WR PLQH UHJDUGLQJ WKH EHVW

DFWLRQ � E\ PLVWDNH� EHFDXVH KHU ZD\ RI WKLQNLQJ LV GLmHUHQW� EHFDXVH KHU FRPSXWDWLRQDO

DELOLWLHV DUH OLPLWHG� RU IRU ZKDWHYHU RWKHU UHDVRQ� 6LQFH WKHUH DUH VR PDQ\ GHFLVLRQ

QRGHV ZKHUH WKLV PLJKW KDSSHQ� HYHQ WKRXJK ZLWK D VPDOO SUREDELOLW\ DW HDFK QRGH� WKH

RYHUDOO SUREDELOLW\ WKDW � ZLOO FRRSHUDWH DW WKH QH[W VWDJH PD\ QRW EH WKDW VPDOO� ,Q

VXFK D FDVH� WKH EHVW IRU PH PD\ EH WR FRRSHUDWH DV ZHOO��

?,Q IDFW� LI SOD\HU � PDLQWDLQV VLPLODU FRQVLGHUDWLRQV UHJDUGLQJ WKH ZD\ FRQVHFXWLYH

DJHQWV UHDVRQ� VKH PLJKW DOVR FRQFOXGH WKDW KHU EHVW DFWLRQ LV WR FRRSHUDWH� HYHQ LQ FDVH

VKH PDNHV QR PLVWDNHV� EXW H[DFWO\ OLNH PH GRHV QRW UXOH RXW WKH SRVVLELOLW\ RI PLVWDNHV�

7KXV� , VKRXOG LQ IDFW DVFULEH D UDWKHU KLJK SUREDELOLW\ WKDW � ZLOO FRRSHUDWH��

7KLV W\SH RI UHDVRQLQJ ZLOO FRQWLQXH WR EH YDOLG DV ORQJ DV WKH SOD\HUV DUH QRW WRR

FORVH WKH HQG RI WKH JDPH� VR WKDW WKHUH DUH VWLOO HQRXJK GHFLVLRQ QRGHV GRZQ WKH JDPH

WUHH LQ ZKLFK WKH\ PD\ GRXEW HDFK RWKHU
V FRQFOXVLRQV� &RQVHTXHQWO\� FRRSHUDWLRQ ODVWV

ZLWK D KLJK SUREDELOLW\ XQWLO D FHUWDLQ QXPEHU RI VWDJHV EHIRUH WKH HQG� 7KH VPDOOHU WKH

SUREDELOLW\ �� DVFULEHG WR WKH SRVVLEOH PLVPDWFK RI FRQFOXVLRQV� WKH HDUOLHU FRRSHUDWLRQ

HQGV� ,Q WKH OLPLW RI IXOO UDWLRQDOLW\� ZKHQ �  �� ZH REWDLQ WKH QR�FRRSHUDWLRQ EDFNZDUG

LQGXFWLRQ RXWFRPH�

2XU UHVXOW GHSHQGV FUXFLDOO\ RQ WKH IDFW WKDW LQ WKH &HQWLSHGH JDPH� D SOD\HU
V EHVW

DFWLRQ GHSHQGV RQ WKH DFWLRQ VKH EHOLHYHV WKH QH[W SOD\HU ZLOO FKRRVH� VKH FRRSHUDWHV

LI VKH LV VXpFLHQWO\ FRQnGHQW WKDW WKH QH[W SOD\HU ZLOO FRRSHUDWH� 7KLV LPSOLHV WKDW

D PLVWDNH LQ DQDO\]LQJ WKH QH[W SOD\HU
V DFWLRQ ZLOO FDXVH D SOD\HU WR FKDQJH KHU RZQ

DFWLRQ� 7KLV SURSHUW\ GRHV QRW KROG LQ JDPHV VXFK DV WKH UHSHDWHG 3ULVRQHUV 'LOHPPD�

+HUH� SOD\HUV KDYH GRPLQDQW VWUDWHJLHV DW HDFK VWDJH� 7KH RQH�VKRW SD\Rm RI GHIHFWLRQ

LV KLJKHU WKDQ WKDW RI FRRSHUDWLRQ� ZKHWKHU RU QRW WKH RWKHU SOD\HU FRRSHUDWHV DW WKH
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QH[W URXQG� 8QOHVV D SOD\HU EHOLHYHV WKDW KHU FKRLFH RI DFWLRQ ZLOO LQoXHQFH WKH QH[W

SOD\HU
V PRYH� KHU FRQFOXVLRQ FRQFHUQLQJ WKDW PRYH LV LUUHOHYDQW WR KHU FKRLFH� 7KXV�

LQ WKH nQLWHO\ UHSHDWHG SULVRQHUV
 GLOHPPD� WKH XVXDO EDFNZDUG LQGXFWLRQ RXWFRPH LV

UREXVW WR PLVWDNHV RI WKH W\SH ZH VWXG\��

,W LV LPSRUWDQW WR GLmHUHQWLDWH EHWZHHQ PLVWDNHV LQ UHDVRQLQJ� DV LQ RXU PRGHO� DQG

PLVWDNHV LQ DFWLQJ �WUHPEOLQJ KDQGV�� DV LQ 6HOWHQ ������� ,Q D ORQJ &HQWLSHGH JDPH�

PLVWDNHV LQ UHDVRQLQJ DFFXPXODWH� VLQFH D PLVWDNH LQ nJXULQJ RXW WKH EHVW DFWLRQ DW DQ\

RI WKH IROORZLQJ QRGHV LV HQRXJK WR FKDQJH WKH SOD\HU
V �SHUFHLYHG� EHVW DFWLRQ� +HQFH�

ZKHQ WKHUH DUH PDQ\ QRGHV WKH SUREDELOLW\ RI PLVMXGJLQJ WKH QH[W SOD\HU
V DFWLRQ LV ODUJH�

,Q FRQWUDVW� PLVWDNHV LQ DFWLQJ GR QRW DFFXPXODWH� DV FDQ EH HDVLO\ VKRZQ E\ LQGXFWLRQ

IURP WKH HQG RI WKH JDPH� LI WKH FRUUHFW DFWLRQ DW VRPH VWDJH LV WR H[LW� WKHUH LV RQO\

D VPDOO� n[HG FKDQFH WKDW WKH SOD\HU ZRXOG FRQWLQXH� DQG KHQFH WKH FRUUHFW DFWLRQ RQH

VWDJH HDUOLHU LV� DJDLQ� WR H[LW� 7KLV PHDQV WKDW WKH SUREDELOLW\ RI FRRSHUDWLRQ UHPDLQV

ERXQGHG E\ WKH SUREDELOLW\ RI D WUHPEOH� LQGHSHQGHQWO\ RI WKH OHQJWK RI WKH JDPH�

$ QXPEHU RI SDSHUV KDYH ORRNHG DW GLmHUHQW W\SHV RI UHOD[DWLRQV RI WKH FRPPRQ

NQRZOHGJH RI UDWLRQDOLW\ DVVXPSWLRQ WKDW FDQ H[SODLQ ODUJH GHYLDWLRQV IURP WKH EDFN�

ZDUG LQGXFWLRQ VROXWLRQ LQ WKH &HQWLSHGH JDPH� :KHQ 5RVHQWKDO ������ LQWURGXFHG WKH

&HQWLSHGH JDPH� KH VXJJHVWHG WKH IROORZLQJ SRVVLEOH GHYLDWLRQ IURP SHUIHFW UDWLRQDOLW\�

(DFK SOD\HU PLJKW JHW FRQIXVHG ZKHQ FRQWHPSODWLQJ WKH EHVW DFWLRQ LQ KHU RZQ GHFLVLRQ

QRGHV �EXW QRW DW WKH GHFLVLRQ QRGHV RI WKH RWKHU SOD\HU� DV LQ RXU PRGHO�� 7KH SURSHQ�

VLW\ WR HUU JURZV ZLWK WKH GHFUHDVH LQ WKH GLmHUHQFH EHWZHHQ WKH H[SHFWHG SD\RmV RI WKH

WZR SRVVLEOH DFWLRQV RI D SOD\HU� DQG WKLV SURSHQVLW\ LV FRPPRQ NQRZOHGJH� 5RVHQWKDO

VKRZHG� LQ DQ H[DPSOH� KRZ WKHVH DVVXPSWLRQV \LHOG FRRSHUDWLRQ XQWLO D IHZ VWHSV EHIRUH

WKH HQG RI WKH JDPH�

%HQ�3RUDWK ������ VKRZHG KRZ FRPPRQ FHUWDLQW\ RI UDWLRQDOLW\ �ZKHUH WKH HYHQW

WKDW D SOD\HU LV LUUDWLRQDO KDV SUREDELOLW\ � EXW QRQHWKHOHVV LV QRW HPSW\� LV FRPSDWLEOH

ZLWK FRRSHUDWLRQ WR VRPH H[WHQW� 7KLV UHOD[DWLRQ RI FRPPRQ NQRZOHGJH SHUPLWV DQ

�%\ D VLPLODU UHDVRQLQJ� FRRSHUDWLRQ ZRXOG QRW HPHUJH LQ RXU DJHQW�IRUP VHWWLQJ HYHQ LI D FRQ�

IXVHG SOD\HU LQ WKH UHSHDWHG 3ULVRQHUV 'LOHPPD ZRXOG SOD\ D KLVWRU\�GHSHQGHQW VWUDWHJ\ ZLWK ERXQGHG

PHPRU\ �H�J� WLW�IRU�WDW�� 7KLV FRQWUDVWV ZLWK WKH UHSXWDWLRQ PRGHO RI .UHSV HW DO� �������
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DVVLJQPHQW RI EHOLHIV DIWHU D ��SUREDELOLW\ HYHQW RFFXUV� DQG WKXV FDQ DFFRPPRGDWH

IRUZDUG LQGXFWLRQ UHDVRQLQJ� .UHSV ������ S����� DSSOLHV WKH UHSXWDWLRQ PRGHO RI .UHSV�

0LOJURP� 5REHUWV� DQG :LOVRQ ������ WR WKH FHQWLSHGH JDPH� +HUH� RQH SOD\HU KDV DQ

LUUDWLRQDO W\SH ZKR DOZD\V FRQWLQXHV� ,W LV VKRZQ WKDW FRRSHUDWLRQ HPHUJHV IRU D ORQJ

ZKLOH HYHQ ZKHQ WKH SUREDELOLW\ RI WKH LUUDWLRQDO W\SH LV VPDOO� $JDLQ� WKH UHVXOW UHOLHV RQ

IRUZDUG LQGXFWLRQ� WKH SOD\HU
V DFWLRQ DmHFWV WKH RSSRQHQW
V SRVWHULRU EHOLHI UHJDUGLQJ

KHU W\SH� 7KLV JLYHV WKH UDWLRQDO W\SH DQ LQFHQWLYH WR PLPLF WKH �FRRSHUDWLYH� EHKDYLRU RI

WKH LUUDWLRQDO W\SH� $XPDQQ ������ FRQVWUXFWV H[DPSOHV ZKHUH FRRSHUDWLRQ LV VXVWDLQHG

WR D FHUWDLQ H[WHQW ZLWK D KLJK H[ DQWH SUREDELOLW\� HYHQ WKRXJK WKH H[ DQWH SUREDELOLW\

RI LUUDWLRQDO W\SHV LV YHU\ VPDOO� DQG WKHUH D LV KLJK H[ DQWH SUREDELOLW\ WKDW HDFK SOD\HU

NQRZV WKDW WKH RWKHU LV UDWLRQDO� 2XU SDSHU GLmHUV IURP WKH DERYH PRGHOV LQ WKDW IRUZDUG

LQGXFWLRQ UHDVRQLQJ LV H[FOXGHG� ,Q WKH RYHUODSSLQJ JHQHUDWLRQV YHUVLRQ �6HFWLRQ ��� HDFK

SOD\HU DFWV RQO\ RQFH DQG WKXV GRHV QRW FDUH ZKDW IXWXUH SOD\HUV
 EHOLHYH DERXW KHU� ,Q

WKH DOWHUQDWLQJ PRYHV YHUVLRQ �6HFWLRQ ��� ZH DQDO\]H WKH JDPH LQ ?DJHQW IRUP�� +HUH�

WKH W\SHV RI GLmHUHQW DJHQWV RI WKH VDPH SOD\HU DUH LQGHSHQGHQW� VR WKDW WKH EHKDYLRU RI

RQH DJHQW GRHV QRW SURYLGH LQIRUPDWLRQ DERXW WKH EHKDYLRU RI D IXWXUH DJHQW� $QRWKHU

GLmHUHQFH LV WKDW SOD\HUV
 EHOLHIV LQ RXU PRGHO DUH QRW FKRVHQ DG KRF� EXW UDWKHU DUH

GHULYHG IURP WKH DVVXPSWLRQ WKDW ZKHQHYHU WZR SOD\HUV DQDO\]H WKH VDPH GHFLVLRQ QRGH�

WKH\ KDYH D VPDOO� NQRZQ SUREDELOLW\ RI PLVPDWFK�

7KH UHPDLQGHU RI WKLV SDSHU LV RUJDQL]HG DV IROORZV� ,Q VHFWLRQ � ZH SUHVHQW DQ H[SOLFLW

H[DPSOH WR LOOXVWUDWH WKH HVVHQFH RI WKH DUJXPHQW� 7KH IRUPDO PRGHO IRU WKH RYHUODSSLQJ

JHQHUDWLRQV YHUVLRQ RI WKH JDPH LV GHYHORSHG LQ VHFWLRQ �� 6HFWLRQ � GLVFXVVHV WKH WZR�

SOD\HU� DOWHUQDWLQJ PRYHV YHUVLRQ� 3URRIV DUH UHOHJDWHG WR WKH DSSHQGL[�

2 �? , @4T*i

&RQVLGHU WKH IROORZLQJ H[DPSOH RI DQ RYHUODSSLQJ JHQHUDWLRQV &HQWLSHGH JDPH� 7KHUH

DUH nYH SOD\HUV� H� G� F� E� D� $W KHU WXUQ� D SOD\HU FDQ VHFXUH D SD\Rm RI � E\ H[LWLQJ�

)RU DOO SOD\HUV EXW WKH ODVW� WKH SD\Rm IURP FRQWLQXLQJ GHSHQGV RQ WKH DFWLRQ RI WKH QH[W

SOD\HU� LW LV � LI WKH QH[W SOD\HU H[LWV DQG �� LI WKH QH[W SOD\HU FKRRVHV WR FRQWLQXH� 7KH
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ODVW SOD\HU� D� UHFHLYHV � E\ FRQWLQXLQJ�

7KH XVXDO EDFNZDUG�LQGXFWLRQ DUJXPHQW LPSOLHV WKDW DOO WKH SOD\HUV FKRRVH WR H[LW

LI WKHLU QRGH LV HYHU UHDFKHG� 1RZ VXSSRVH� LQVWHDG� WKDW HYHU\ SOD\HU WKLQNV WKDW

HDFK RI WKH RWKHU SOD\HUV PLJKW JHW FRQIXVHG ZLWK D VPDOO SUREDELOLW\� VD\ �  ����

LQGHSHQGHQWO\ DFURVV WKH GHFLVLRQ QRGHV VKH FRQVLGHUV LQ RUGHU WR FKRRVH KHU RSWLPDO

DFWLRQ� $ FRQIXVHG SOD\HU NQRZV YHU\ ZHOO KRZ WR DGG DQG PXOWLSO\ QXPEHUV� EXW

ZKHQHYHU VKH KDV WR FRPSDUH WZR SD\RmV [ DQG \ VXFK WKDW [ ! \� VKH FRQFOXGHV E\

PLVWDNH WKDW \ LV SUHIHUUHG WR [� 1DWXUDOO\� VXFK D FRQIXVHG SOD\HU WKLQNV WKDW KHU ZD\

RI FRPSDULQJ SD\RmV LV WKH ULJKW RQH� +HQFH� VKH DWWULEXWHV D SUREDELOLW\ RI �b � WR WKH

HYHQW WKDW DQ\ RWKHU SOD\HU ZKR FRQVLGHUV WKH VDPH SUREOHP ZRXOG WKLQN OLNH KHU� DQG D

SUREDELOLW\ RI � WR WKH HYHQW WKDW WKH RWKHU SOD\HU LV ?FRQIXVHG� �DFFRUGLQJ WR KHU YLHZ�

DQG FRPSDUHV SD\RmV LQ WKH REMHFWLYHO\ FRUUHFW ZD\�

7KHUH LV FRPPRQ FHUWDLQW\ DPRQJ WKH SOD\HUV WKDW WKH\ HQWHUWDLQ WKHVH VXVSLFLRQV�

L�H� WKDW HYHU\ RQH RI WKHP VXVSHFWV WKDW HDFK RI WKH RWKHUV PLJKW� LQGHSHQGHQWO\ DW

HDFK FRQVLGHUHG GHFLVLRQ QRGH � JHW ?FRQIXVHG� �DFFRUGLQJ WR KHU YLHZ� ZLWK SUREDELOLW\

�� )RU VLPSOLFLW\� LQ WKLV VHFWLRQ ZH DQDO\]H ZKDW KDSSHQV ZKHQ SOD\HUV GR QRW DFWXDOO\

PDNH PLVWDNHV �\HW HDFK EHOLHYHV WKDW WKH RWKHU SOD\HUV PLJKW JHW FRQIXVHG� DQG WKDW

WKH\ EHOLHYH WKDW VKH PLJKW JHW FRQIXVHG� DQG VR RQ��

+RZ GR WKH SOD\HUV SOD\ WKH JDPH" /HW XV DQDO\]H WKH JDPH EDFNZDUGV� :KDW GRHV

SOD\HU E WKLQN WKDW SOD\HU D ZLOO GR" 6KH EHOLHYHV WKDW ZLWK SUREDELOLW\ �  ��� SOD\HU

D ZLOO JHW FRQIXVHG� DVVHVV � DV JUHDWHU WKDQ �� DQG FRQWLQXH� 7KXV� LI E FRQWLQXHV� VKH

H[SHFWV DQ DYHUDJH SD\Rm RI

��� d � � ���d �  ���

7KLV LV OHVV WKDQ WKH � WKDW VKH JHWV E\ TXLWWLQJ� DQG WKHUHIRUH VKH TXLWV�

:KDW GRHV SOD\HU F WKLQN WKDW SOD\HU E ZLOO GR" 6KH WKLQNV WKDW E ZLOO TXLW� XQOHVV

HLWKHU �

�� E XQGHUVWDQGV FRUUHFWO\ WKDW D ZLOO TXLW� EXW JHWV FRQIXVHG DQG GHFLGHV WR FRQWLQXH

�SUREDELOLW\ ��� d ����� RU

�



�� E JHWV FRQIXVHG ZKHQ VKH SXWV KHUVHOI LQ WKH VKRHV RI SOD\HU D� FRQFOXGHV WKDW D

ZLOO TXLW� DQG JLYHQ WKDW PLVWDNH VKH �FRUUHFWO\� GHFLGHV WR FRQWLQXH �SUREDELOLW\

���d �����

7KXV� LI F FRQWLQXHV� KHU H[SHFWHG SD\Rm LV

���� d � � ���� d �  ���

7KLV LV VWLOO OHVV WKDQ WKH � WKDW VKH FDQ VHFXUH E\ TXLWWLQJ� DQG WKHUHIRUH VKH TXLWV�

:KDW GRHV SOD\HU G WKLQN WKDW F ZLOO GR" 6KH EHOLHYHV WKDW F TXLWV XQOHVV VKH JRW

FRQIXVHG H[DFWO\ RQFH ZKHQ VKH SXW KHUVHOI LQ WKH VKRHV RI D� E RU KHUVHOI �SUREDELOLW\

�d ���d����  ������� RU DOO WKH WLPH �SUREDELOLW\ ����  ������� ,Q WKH FRPSOHPHQWDU\

HYHQW WKDW VKH HLWKHU QHYHU JRW FRQIXVHG RU JRW FRQIXVHG WZR PXWXDOO\�FRPSHQVDWLQJ

WLPHV� VKH EHOLHYHV WKDW F FRQWLQXHV� 7KXV� LI G FRQWLQXHV� KHU H[SHFWHG SD\Rm LV

����� d � � �����d �  ����

ZKLFK LV EHWWHU WKDQ WKH � VKH JHWV E\ TXLWWLQJ� 7KHUHIRUH� VKH FRQWLQXHV�

)LQDOO\� DJHQW H LV DOPRVW FHUWDLQ WKDW G ZLOO FRQWLQXH� :K\" ,I G QHYHU JRW FRQIXVHG

LQ WKH VKRHV RI D� E DQG F� VKH ZRXOG FRQWLQXH� )RU WKH VDPH UHDVRQ� H EHOLHYHV WKDW G

ZRXOG DOVR FRQWLQXH LI G JRW FRQIXVHG WZLFH ZKHQ VKH UHDVRQHG DERXW D� E DQG F� %XW

ZKDW LI G JRW FRQIXVHG RQFH RU WKULFH" $OVR LQ WKLV FDVH G ZRXOG FRRSHUDWH �?E\ PLVWDNH��

DV PD\ HDVLO\ EH FDOFXODWHG� G ZRXOG WKHQ DVFULEH SUREDELOLW\ ����� WKDW F FRQWLQXHV�

+HQFH� G ZRXOG FRQWLQXH LI DQG RQO\ LI VKH GLG QRW JHW FRQIXVHG LQ KHU RZQ VKRHV� 7KXV�

H DVVLJQV D SUREDELOLW\ RI ��� WR WKH HYHQW WKDW G FRQWLQXHV� $V D UHVXOW� H ZLOO FRQWLQXH�

7KH DQDO\VLV RI WKH JDPH� IURP WKH SHUVSHFWLYH RI H� LV LOOXVWUDWHG LQ WKH QH[W nJXUH

�SUREDELOLWLHV RI PRYLQJ LQ HDFK GLUHFWLRQ DUH GHQRWHG E\ LWDOLFV��

 �  � �

 H  G  F E  D  � � �

 � � �

 � � ��

 � � ��

 � � ���

 � � �  � � ���

 � � �

�
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:H QRZ WXUQ WR D JHQHUDO DQDO\VLV RI &HQWLSHGH JDPHV LQ ZKLFK WKHUH LV FRPPRQ FHUWDLQW\

WKDW RWKHUV SOD\HUV PLJKW JHW FRQIXVHG� ,Q WKLV VHFWLRQ ZH DQDO\]H D FODVV RI &HQWLSHGH

JDPHV ZLWK PDQ\ SOD\HUV� ZKHUH HDFK SOD\HU JHWV WR SOD\ RQO\ RQFH� LI DQG ZKHQ KHU QRGH

LV UHDFKHG� $V PHQWLRQHG DERYH� WKLV FODVV RI JDPHV KDV VHYHUDO HFRQRPLF LQWHUSUHWDWLRQV�

DQG HQDEOHV XV WR DEVWUDFW IURP IRUZDUG LQGXFWLRQ FRQVLGHUDWLRQV VXFK DV UHSXWDWLRQ� :H

VKRZ KRZ WKLV FODVV RI JDPHV FDQ EH VROYHG DQDO\WLFDOO\� ,Q WKH QH[W VHFWLRQ� ZH VWXG\

WKH XVXDO FODVV RI &HQWLSHGH JDPHV ZKHUH WZR SOD\HUV DFW DOWHUQDWHO\� +HUH� WKH VWUXFWXUH

LV VRPHZKDW PRUH FRPSOLFDWHG� DQG DQDOLWLF WUDFWDELOLW\ LV ORVW� ,QVWHDG� ZH FRPSXWH

QXPHULFDO UHVXOWV IRU W\SLFDO H[DPSOHV�

��� A�i �L_i*

&RQVLGHU D JDPH ZLWK PDQ\ SOD\HUV� ZKHUH HDFK SOD\HU DW KHU WXUQ FDQ HLWKHU FRQWLQXH

RU TXLW� 7KH SOD\HU PD\ UHFHLYH RQH RI WKUHH SRVVLEOH SD\RmV� ,I VKH TXLWV� VKH UHFHLYHV D

SD\Rm RI �� ,I VKH FRQWLQXHV� KHU SD\Rm GHSHQGV RQ WKH QH[W SOD\HU
V DFWLRQ� LI KH TXLWV�

VKH UHFHLYHV �� LI KH FRQWLQXHV� KHU SD\Rm LV G ! �� 7KH ODVW SOD\HU JHWV � E\ TXLWWLQJ

DQG � E\ FRQWLQXLQJ�

7KLV PRGHO nWV D QXPEHU RI HFRQRPLF VFHQDULRV� &RQVLGHU� IRU H[DPSOH� WKH XVH RI nDW

PRQH\ LQ D ZRUOG ZKLFK LV FRPPRQO\ NQRZQ WR HQG DW VRPH JLYHQ IXWXUH GDWH� $JHQWV�

ZKR OLYH LQ RYHUODSSLQJ JHQHUDWLRQV� FDQ FKRRVH EHWZHHQ FRQVXPLQJ WKHLU RZQ HQGRZPHQW

�XWLOLW\ RI �� RU VHOOLQJ LW LQ H[FKDQJH IRU PRQH\� (DFK RI WKHP ZRXOG HQMR\ D KLJKHU

SD\Rm G LI WKH IROORZLQJ DJHQW DFFHSWHG WKH PRQH\ LQ H[FKDQJH IRU KLV RZQ HQGRZPHQW

�KHQFH Gb� UHSUHVHQWV WKH JDLQV IURP WUDGH�� %XW LI WKH IROORZLQJ DJHQW GHFOLQHV WR DFFHSW

PRQH\� WKH XWLOLW\ LV � �DV SDSHU PRQH\ KDV QR LQWULQVLF YDOXH�� ,I WKH ZRUOG LV NQRZQ

WR HQG DW D SDUWLFXODU GDWH� QR DJHQW ZRXOG DFFHSW PRQH\ DW WKH ODVW GDWH� +HQFH� WKH

DJHQW SOD\LQJ DW WKH RQH�EHIRUH�ODVW GDWH ZRXOG QRW JLYH KHU HQGRZPHQW LQ H[FKDQJH IRU

PRQH\� VLQFH WKLV PRQH\ ZLOO EH XVHOHVV� &RQWLQXLQJ WKLV EDFNZDUGV LQGXFWLRQ UHDVRQLQJ�

RQH FDQ VKRZ WKDW QR DJHQW ZRXOG HYHU DFFHSW nDW PRQH\� +RZHYHU� LI DJHQWV GLG DFFHSW

PRQH\ �DW OHDVW PRVW RI WKH ZD\ WR WKH HQG�� DOPRVW DOO RI WKHP ZRXOG EHQHnW IURP

�



WUDGH� 7KH DQDO\VLV EHORZ VKRZV KRZ VPDOO PXWXDO GRXEWV DPRQJ WKH DJHQWV UHJDUGLQJ

HDFK RWKHU
V PD[LPL]LQJ EHKDYLRU ZLOO LQGXFH WKHP WR XVH WKH PRQH\ IRU WUDGH IRU D ORQJ

ZKLOH�

7KH JDPH KDV P GHFLVLRQ QRGHV� :H HQXPHUDWH WKHP IURP WKH HQG RI WKH JDPH� 7KH

QDPH RI HDFK QRGH DOVR GHQRWHV WKH SOD\HU ZKR SOD\V WKHUH� +HQFH� SOD\HU � LV WKH ODVW

RQH WR SOD\� � LV WKH RQH�EHIRUH�ODVW� DQG VR RQ�

(DFK SOD\HU WKLQNV WKDW WKH QH[W SOD\HU PLJKW JHW FRQIXVHG ZKHQ FRQWHPSODWLQJ WKH

RSWLPDO FKRLFH DW HDFK RI WKH FRQVHFXWLYH GHFLVLRQ QRGHV� 7KXV� SOD\HU Q � � FRQVLGHUV

�Q W\SHV RI WKH RWKHU SOD\HU� FRUUHVSRQGLQJ WR ZKHWKHU RU QRW KH JHWV FRQIXVHG LQ HDFK

RI WKH GHFLVLRQ QRGHV GRZQ WKH JDPH WUHH� :H ZLOO FRGH WKHVH W\SHV E\ VHTXHQFHV RI Q

��V DQG ��V� ZKHUH � LQ WKH N�WK HQWU\ FRUUHVSRQGV WR FRQIXVLRQ DW QRGH N� $V H[SODLQHG

LQ WKH SUHYLRXV VHFWLRQ� ?FRQIXVLRQ� PHDQV D UHYHUVDO RI WKH XVXDO RUGHULQJ RQ QXPEHUV�

L�H�� FRQFOXGLQJ WKDW SD\Rm \ LV SUHIHUUHG WR SD\Rm [ ZKHQ [ ! \�

,Q RUGHU WR GHFLGH ZKDW HDFK W\SH ZRXOG GR DW HDFK RI WKH GHFLVLRQ QRGHV� ZH PXVW nUVW

VSHFLI\ WKH EHOLHIV RI HDFK W\SH DERXW WKH W\SHV RI WKH IROORZLQJ SOD\HU� :H DVVXPH WKDW

IRU VRPH n[HG SRVLWLYH � � �

G
� DQG LQGHSHQGHQWO\ DFURVV DOO GHFLVLRQ QRGHV� HYHU\ W\SH

DVVLJQV SUREDELOLW\ � b � WKDW WKH QH[W SOD\HU PDLQWDLQV WKH VDPH RUGHULQJ RQ QXPEHUV

DV VKH GRHV DW WKDW QRGH� DQG SUREDELOLW\ � WKDW KH PDLQWDLQV WKH UHYHUVH RUGHULQJ�

)RUPDOO\� LI WQ�� DQG WQ DUH W\SHV RI Q � � DQG Q� UHVSHFWLYHO\� DQG WKH nUVW Q GLJLWV

RI WQ�� GLmHU IURP WKH Q GLJLWV RI WQ DW H[DFWO\ C HQWULHV� WKHQ WQ�� DVVLJQV SUREDELOLW\

�
C�� b ��QbC WR WQ� ,W LV LPSRUWDQW WR HPSKDVL]H WKDW� FRQVHTXHQWO\� WKH W\SHV LQWHUSUHW

WKHLU QDPHV DV QHXWUDO WDJV� DQG GR QRW FRQFHLYH WKH ��V LQ WKHLU QDPHV DV GHQRWLQJ

QRGHV ZKHUH WKH\ DUH ?PLVWDNHQ�� 7KH\ MXGJH RWKHU W\SHV E\ WDNLQJ WKHLU RZQ W\SH DV

WKH SRLQW RI UHIHUHQFH� DQG FRQVLGHU W\SHV YHU\ GLmHUHQW IURP WKHPVHOYHV DV SHFXOLDU DQG

UDUH��

�$OWHUQDWLYHO\� ZH FRXOG KDYH DVVXPHG WKDW HDFK W\SH DOVR GRXEWV KLV RZQ MXGJHPHQW LQ HYHU\ QRGH

N� DQG DVVXPHV WKDW ERWK VKH DQG WKH FRQVHFXWLYH SOD\HU PLJKW JHW FRQIXVHG LQ N� LQGHSHQGHQWO\� HDFK

ZLWK SUREDELOLW\ p� ,Q VXFK D FDVH� WKH SOD\HU DVVLJQV SUREDELOLW\ �p��b p� WKDW KH DQG WKH FRQVHFXWLYH

SOD\HU UHDFK RSSRVLWH FRQFOXVLRQV ZKHQ FRQWHPSODWLQJ WKH DFWLRQ LQ QRGH N� 7KXV� WKH DQDO\VLV KHUH

PD\ EH PDLQWDLQHG ZLWK �  �p��b p��

�



,Q WKH UHVXOWLQJ W\SH VSDFH WKHUH LV� LQGHHG� FRPPRQ FHUWDLQW\ WKDW HDFK RI WKH SOD\HUV

VXVSHFWV WKDW WKH FRQVHFXWLYH SOD\HU PD\ EH FRQIXVHG �UHODWLYH WR WKH SOD\HU
V RZQ SRLQW

RI YLHZ� ZLWK SUREDELOLW\ �� LQGHSHQGHQWO\ LQ HYHU\ QRGH� 7KLV IROORZV VLPSO\ IURP WKH

IDFW WKDW DOO WKH W\SHV PDLQWDLQ WKHVH VXVSLFLRQV� DQG HYHU\ W\SH DVVLJQV SUREDELOLW\ � WR

WKH VHW RI W\SHV RI WKH FRQVHFXWLYH SOD\HU�

7KLV W\SH VSDFH DGPLWV WZR GLmHUHQW LQWHUSUHWDWLRQV� $FFRUGLQJ WR WKH LQWHUSUHWDWLRQ

WKDW ZH HPSKDVL]H LQ WKLV SDSHU� WKH W\SH VSDFH LV D K\SRWKHWLFDO FRQVWUXFW LQ WKH PLQGV

RI WKH SOD\HUV� ZKLOH WKH SOD\HUV WKHPVHOYHV GR QRW JHW FRQIXVHG� ,Q RWKHU ZRUGV� WKH

DFWXDO EHOLHI RI HDFK SOD\HU FRLQFLGHV ZLWK WKDW RI WKH W\SH ��� � � � � ZKLFK LV QHYHU

FRQIXVHG� DQG LW LV WKH SOD\HUV
 PXWXDO VXVSLFLRQV �ZKLFK GR QRW PDWHULDOL]H LQ SUDFWLFH�

WKDW GULYH WKHP WR FRRSHUDWLRQ� $Q DOWHUQDWLYH LQWHUSUHWDWLRQ LV WKDW SOD\HUV DFWXDOO\ GR

PDNH PLVWDNHV� H[ DQWH HDFK RI WKH W\SHV PD\ EH UHDOL]HG� ZLWK WKH SUREDELOLW\ DVVLJQHG

E\ WKH QRQ�FRQIXVHG W\SH ��� � � � �� ,Q WKLV FDVH� WKH EHOLHIV RI WKDW W\SH UHSUHVHQW WKH

RPQLVFLHQW PRGHOHU
V SRLQW RI YLHZ�

1RWH WKDW LQ HLWKHU FDVH ^ ZKHWKHU RU QRW VRPH W\SHV FDQ EH PDWHULDOL]HG LQ UHDOLW\

LQ WKH H\HV RI WKH PRGHOHU ^ WKH DQDO\VLV RI WKH JDPH LV WKH VDPH� VLQFH HYHU\ W\SH

DVVLJQV SRVLWLYH SUREDELOLWLHV WR DOO WKH RWKHU W\SHV RI WKH IROORZLQJ SOD\HU� ZH PXVW nQG

RXW ZKDW HDFK W\SH ZRXOG GR DW HDFK GHFLVLRQ QRGH� LQ RUGHU WR FRQFOXGH ZKDW VRPH

W\SH �DQG SDUWLFXODUO\ WKH W\SH ��� � � � �� ZRXOG GR DW SUHYLRXV GHFLVLRQ QRGHV�

��2 5L*��?} |�i �L_i*

+RZ GR WKH W\SHV GHFLGH ZKDW WR GR" 7KH\ FKRRVH WKH DFWLRQ ZKLFK PD[LPL]HV WKHLU

H[SHFWHG SD\Rm JLYHQ WKHLU EHOLHIV� XQOHVV WKH\ DUH FRQIXVHG DW WKHLU RZQ GHFLVLRQ QRGH�

LQ ZKLFK FDVH WKH\ FKRRVH WKH RSSRVLWH DFWLRQ� 7KXV� LQ WKH FDVH WKDW Q�� LV QRW FRQIXVHG

DW KHU GHFLVLRQ QRGH� VKH ZLOO FKRRVH WR FRRSHUDWH LI VKH EHOLHYHV WKDW WKH SUREDELOLW\

WKDW Q ZLOO UHVSRQG E\ FRRSHUDWLRQ H[FHHGV �

G
� WKLV ZLOO \LHOG KHU DQ DYHUDJH SD\Rm ODUJHU

WKDQ �� WKH SD\Rm WKDW VKH FDQ JXDUDQWHH E\ TXLWWLQJ LPPHGLDWHO\ �WKH RQO\ H[FHSWLRQ

LV DW WKH ODVW QRGH RI WKH JDPH WUHH� ZKHUH WKH DERYH FDOFXODWLRQ LV QRW UHOHYDQW � WKHUH

SOD\HU � VLPSO\ PD[LPL]HV KHU SD\Rm�� ,Q WKH FDVH WKDW Q � � LV FRQIXVHG� VKH ZLOO RI

FRXUVH FKRRVH WKH RSSRVLWH DFWLRQ WR WKH RQH LPSOLHG E\ WKH DERYH UXOH�

��



A�iLhi4 ���� 7KHUH LV DQ LQWHJHU Q  Q�G� ��� VXFK WKDW WKH W\SHV ��� � � � � RI DOO

SOD\HUV IURP Q RQ �WRZDUGV WKH EHJLQQLQJ RI WKH JDPH� FRRSHUDWH� DQG WKH W\SHV ��� � � � �

RI WKH ODVW Qb � SOD\HUV TXLW� Q�G� �� GHFUHDVHV LQ ERWK G DQG �� :KHQ JRLQJ EDFNZDUGV

IURP WKH ODVW QRGH WR WKH nUVW� WKH SUREDELOLW\ WKDW ��� � � � � DVFULEHV WR FRRSHUDWLRQ IURP

WKH FRQVHFXWLYH SOD\HU�

�� 6WDUWV ZLWK � DW QRGH �� DQG LQFUHDVHV PRQRWRQLFDOO\ XQWLO QRGH Q� ZKLFK LV WKH nUVW

ZKHUH LW VXUSDVVHV �

G
�

�� -XPSV WR �b �� IURP ZKLFK LW GHFUHDVHV PRQRWRQLFDOO\ XQWLO QRGH �Q� ZKLFK LV WKH

nUVW QRGH ZKHUH LW GHFUHDVHV EHORZ �b
�

G
�

�� 7KH VHTXHQFH RI SUREDELOLWLHV LQ �� UHSHDWV LWVHOI HYHU\ Q QRGHV� DV ORQJ DV WKHUH DUH

QRGHV LQ WKH JDPH�

7KH IROORZLQJ JUDSK GHSLFWV WKLV UHVXOW IRU WKH SDUDPHWHUV RI WKH H[DPSOH LQ WKH

SUHYLRXV VHFWLRQ �G  �� �  ���� �

�

���

���

���

���

�

�����������������������

JH QH UDWLRQV IURP WKH HQG
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7KH LQWXLWLRQ LV DV IROORZV� ,Q WKH H\HV RI WKH W\SH �� RI SOD\HU �� SOD\HU � �WKDW SOD\V

DW WKH ODVW QRGH� FRRSHUDWHV RQO\ LI VKH LV FRQIXVHG ^ ZKLFK KDV D SUREDELOLW\ RI �� ,Q WKH

H\HV RI WKH W\SH ��� RI SOD\HU �� SOD\HU � FRRSHUDWHV LI KH JRW FRQIXVHG HLWKHU DW WKH ODVW

QRGH DQG QRW DW KLV RZQ� RU YLFH YHUVD ^ DOWRJHWKHU ZLWK SUREDELOLW\ ����b���� 6LPLODUO\�

DW WKH IHZ SUHFHGLQJ QRGHV� WKH W\SH ��� � � � � RI D SOD\HU EHOLHYHV WKDW WKH FRQVHFXWLYH

SOD\HU FRRSHUDWHV LI KH JRW FRQIXVHG DQ RGG QXPEHU RI WLPHV DW WKHVH QRGHV� $V WKH

�)RU IXUWKHU HODERUDWLRQ VHH WKH H[DPSOH LQ WKH SUHYLRXV VHFWLRQ�

��



GLVWDQFH IURP WKH HQG LQFUHDVHV� WKH SUREDELOLW\ RI JHWWLQJ FRQIXVHG DQ RGG QXPEHU RI

WLPHV LQFUHDVHV WRZDUGV KDOI� 'HQRWH E\ Q WKH VWDJH LQ ZKLFK LW VXUSDVVHV �

G
� $W WKDW

VWDJH� WKH ��� � � � � W\SH ZRXOG FRRSHUDWH� VLQFH WKH SUREDELOLW\ WKDW WKH QH[W SOD\HU

FRQWLQXHV LV VXpFLHQWO\ KLJK WR FRPSHQVDWH IRU WKH ORVV RI � LQ FDVH WKH QH[W SOD\HU H[LWV�

+RZHYHU� LW LV QRW RQO\ WKH ��� � � � � W\SH ZKR FRRSHUDWHV� HYHU\ W\SH ZKR JRW FRQIXVHG

DQ HYHQ QXPEHU RI WLPHV FRRSHUDWHV� VLQFH WKH SUREDELOLW\ KH DVVLJQV WR FRRSHUDWLRQ DW

WKH QH[W VWDJH FRLQFLGHV ZLWK WKH RQH DVVLJQHG E\ WKH ��� � � � � W\SH� 7KLV PHDQV WKDW DOO

WKH W\SHV RI SOD\HU Q� � DVVLJQ D KLJK HQRXJK SUREDELOLW\ WR FRRSHUDWRU W\SHV RI SOD\HU

Q� DQG KHQFH FRRSHUDWH� SURYLGHG WKDW WKH\ GRQ
W JHW FRQIXVHG DW QRGH Q � � LWVHOI� $W

WKDW QRGH� WKHUHIRUH� WKH SUREDELOLW\ RI FRRSHUDWLRQ �LQ WKH H\HV RI W\SH ��� � � �� RI SOD\HU

Q� �� MXPSV WR �b ��

,Q QRGH Q � � IURP WKH HQG� WKH SOD\HU FRRSHUDWHV XQOHVV KH JRW FRQIXVHG HLWKHU

LQ QRGH Q � � EXW QRW LQ KLV RZQ� RU YLFH YHUVD� 7KH SUREDELOLW\ RI TXLWWLQJ LV WKXV

���� b ��� 6LPLODUO\� LQ WKH IHZ SUHFHGLQJ QRGHV WKH DJHQW TXLWV LI KH JRW FRQIXVHG DQ

RGG QXPEHU RI WLPHV LQ WKH QRGHV VWDUWLQJ IURP Q� �� *RLQJ EDFNZDUGV� LQ QRGH Q� Q

WKLV SUREDELOLW\ H[FHHGV �

G
IRU WKH nUVW WLPH DIWHU Q � �� ,Q WKH H\HV RI WKH W\SHV WKDW

TXLW LQ QRGHV Q � � WR Q� Q� ZKR HVWLPDWH WKH SUREDELOLWLHV UHYHUVHO\ �WKH\ WKLQN WKDW

W\SHV VLPLODU WR WKHPVHOYHV DUH FRPPRQ��� Q� Q LV WKH nUVW WLPH WKDW WKH SUREDELOLW\ RI

FRRSHUDWLQJ H[FHHGV �

G
� 7KXV� DW VWDJH Q � Q � � HDFK FRQIXVHG W\SH VD\V WR KHUVHOI� ?,

NQRZ WKDW LW
V JRRG WR TXLW� +RZHYHU� DW Q � Q WKHUH DUH DOUHDG\ HQRXJK GXPPLHV ZKR

PLVWDNHQO\ WKLQN WKDW WKH EHVW RSWLRQ LV WR FRRSHUDWH� 7KHUHIRUH� , VKRXOG FRRSHUDWH DV

ZHOO��

$V D UHVXOW� LQ QRGH Q � Q � � IURP WKH HQG WKHVH W\SHV DJDLQ MRLQ WKH RWKHUV LQ

FRRSHUDWLQJ� XQOHVV WKH\ JHW FRQIXVHG LQ WKDW YHU\ QRGH� +HQFH� WKH SUREDELOLW\ RI

FRRSHUDWLRQ LQ Q� Q� � �LQ WKH H\HV RI W\SH ��� � � � � RI SOD\HU Q� Q � �� MXPSV DJDLQ

WR �b �� DQG WKH F\FOH GHVFULEHG LQ WKH SUHYLRXV SDUDJUDSK UHSHDWV LWVHOI�

��
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&RQVLGHU QRZ WKH XVXDO FODVV RI &HQWLSHGH JDPHV ZLWK WZR SOD\HUV� L DQG M� ZKR DOWHUQDWH

LQ PRYHV DORQJ P FRQVHFXWLYH GHFLVLRQ QRGHV� $W HDFK QRGH� WKH SOD\HU �VD\ L� FKRRVHV

ZKHWKHU WR TXLW RU WR FRQWLQXH� ,I VKH TXLWV� WKH JDPH HQGV DQG VKH UHFHLYHV VRPH SD\Rm�

VD\ [� �� ,I VKH FRQWLQXHV� KHU SD\Rm GHSHQGV RQ M
V FKRLFH� LI M TXLWV� L JHWV [� EXW LI M

FRRSHUDWHV DQG WKHQ L TXLWV� L JHWV [� G� ZKHUH WKH LQFUHPHQW G ! � LV D SDUDPHWHU RI

WKH JDPH� ,I WKH SOD\HU LQ WKH ODVW GHFLVLRQ QRGH FRRSHUDWHV� WKH SD\RmV WR WKH SOD\HUV

DUH DV LI WKH RWKHU SOD\HU KDG WR SOD\ DJDLQ DQG GHFLGHG WR TXLW�

 [  
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 \ � G ��

 N ��  N ��  N
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(DFK SOD\HU WKLQNV WKDW WKH RWKHU PLJKW JHW FRQIXVHG ZKHQ FRQWHPSODWLQJ WKH RSWLPDO

FKRLFH DW HDFK RI KHU GHFLVLRQ QRGHV� 7KXV� HDFK SOD\HU FRQVLGHUV �P W\SHV RI WKH RWKHU

SOD\HU� FRUUHVSRQGLQJ WR ZKHWKHU RU QRW KH JHWV FRQIXVHG LQ HDFK RI WKH GHFLVLRQ QRGHV

RI WKH JDPH WUHH�� :H ZLOO FRGH WKHVH W\SHV E\ VHTXHQFHV RI P ��V DQG ��V� ZKHUH � LQ

WKH N�WK HQWU\ FRUUHVSRQGV WR FRQIXVLRQ DW QRGH N IURP WKH HQG� $V H[SODLQHG LQ WKH

SUHYLRXV VHFWLRQ� ?FRQIXVLRQ� PHDQV D UHYHUVDO RI WKH XVXDO RUGHULQJ RQ QXPEHUV� L�H�

FRQFOXGLQJ WKDW SD\Rm \ LV SUHIHUUHG WR SD\Rm [ ZKHQ [ ! \�

7KH EHOLHIV RI HDFK W\SH DERXW WKH W\SHV RI WKH RWKHU SOD\HU DUH GHWHUPLQHG DV LQ WKH

RYHUODSSLQJ JHQHUDWLRQV FDVH� :H DVVXPH WKDW IRU VRPH SRVLWLYH � � �

G
� DQG LQGHSHQ�

GHQWO\ DFURVV DOO GHFLVLRQ QRGHV� HYHU\ W\SH DVVLJQV SUREDELOLW\ � b � WR WKH HYHQW WKDW

WKH RWKHU SOD\HU PDLQWDLQV WKH VDPH RUGHULQJ RQ QXPEHUV DV VKH GRHV LQ WKDW QRGH� DQG

SUREDELOLW\ � WKDW KH PDLQWDLQV WKH UHYHUVH RUGHULQJ� )RUPDOO\� LI WL DQG WM DUH W\SHV

�,Q IDFW� WKH nUVW SOD\HU PD\ FRQVLGHU RQO\ �Pb� W\SHV RI WKH VHFRQG SOD\HU� FRUUHVSRQGLQJ WR WKH

Pb � QRGHV WKDW IROORZ WKH nUVW QRGH� DQG VLPLODUO\ WKH VHFRQG SOD\HU PD\ FRQVLGHU RQO\ �Pb� W\SHV

RI WKH nUVW SOD\HU� FRUUHVSRQGLQJ WR WKH Pb � QRGHV WKDW IROORZ WKH VHFRQG QRGH� LQ ZKLFK KH FKRRVHV

IRU WKH nUVW WLPH� 7KLV VXEWOHW\ LV RI QR FRQVHTXHQFH IRU WKH VHTXHO�
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�VHTXHQFHV RI P ��V DQG ��V� RI L DQG M� UHVSHFWLYHO\� ZKLFK GLmHU IURP HDFK RWKHU LQ C RI

WKH P HQWULHV� WKHQ HDFK W\SH DVVLJQV SUREDELOLW\ �C�� b ��PbC WR WKH RWKHU�

7KH DFWLRQV RI HDFK W\SH LQ HDFK QRGH DUH GHWHUPLQHG E\ EDFNZDUG LQGXFWLRQ� 7KH

SOD\HU LQ QRGH � �WKH ODVW QRGH� PD[LPL]HV KHU SD\Rm DQG TXLWV LI KHU W\SH VWDUWV ZLWK ��

EXW LI KHU W\SH VWDUWV ZLWK � VKH WDNHV WKH RSSRVLWH DFWLRQ DQG FRRSHUDWHV� ,QGXFWLYHO\�

WKH SOD\HU DW QRGH N IURP WKH HQG WDNHV WKH DFWLRQ WKDW PD[LPL]HV KHU H[SHFWHG SD\Rm

JLYHQ KHU EHOLHIV LI WKH N�WK GLJLW LI KHU W\SH LV �� EXW LI WKLV GLJLW LV � VKH WDNHV WKH

RSSRVLWH DFWLRQ�

%HFDXVH LQ WKLV JDPH D SOD\HU
V SD\Rm IURP FRRSHUDWLRQ KDV PDQ\ SRVVLELOLWLHV� GH�

SHQGLQJ RQ WKH H[WHQW RI FRRSHUDWLRQ� WKH DQDO\WLF WUDFWDELOLW\ RI WKH RYHUODSSLQJ JHQ�

HUDWLRQV FDVH LV ORVW� +HQFH� ZH FDQ RQO\ REWDLQ QXPHULFDO UHVXOWV� 7KH IROORZLQJ JUDSK

GHSLFWV WKHVH UHVXOWV IRU WKH SDUDPHWHUV G  �� �  ��� DV LQ WKH H[DPSOH LQ VHFWLRQ ��

�
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4XDOLWDWLYHO\� WKH PDLQ IHDWXUH RI WKH UHVXOWV RI WKH RYHUODSSLQJ JHQHUDWLRQ PRGHO DUH

PDLQWDLQHG� H[FHSW IRU WKH ODVW WKUHH URXQGV� WKH SOD\HUV FRRSHUDWH ZLWK KLJK SUREDELOLW\�

7KH F\FOHV GHVFULEHG DERYH DSSHDU� EXW ZLWK GHFUHDVLQJ OHQJWK DQG DPSOLWXGH WKH IXUWKHU

WKH SOD\HUV DUH IURP WKH HQG RI WKH JDPH� 7KH UHDVRQ IRU WKLV GLmHUHQFH LV WKDW D W\SH
V

DFWLRQ GRHV QRW GHSHQG RQO\ RQ WKH SDULW\ RI WKH QXPEHU RI PLVWDNHV KH KDV PDGH�

7\SHV ZLWK WKH VDPH SDULW\ PD\ GLVDJUHH DERXW WKH H[WHQW RI IXWXUH FRRSHUDWLRQ� DQG

KHQFH DERXW WKHLU H[SHFWHG SD\Rm� 7KXV� LW LV QRW QHFHVVDULO\ WUXH WKDW WKH\ DOO VZLWFK

VLPXOWDQHRXVO\ WR FRRSHUDWLRQ H[DFWO\ DW WKH VDPH QRGH�

��



� �hLLut

7R SURYH WKHRUHP ��� ZH nUVW QHHG VRPH GHnQLWLRQV� &RQVLGHU WKH IROORZLQJ WZR FRP�

SOHPHQWDU\ VXEVHWV RI WKH VHW RI W\SHV 7M RI SOD\HU M�

(
C�P
M  IWKH W\SHV RI M ZKLFK DUH FRQIXVHG DQ HYHQ QXPEHU RI WLPHV LQ QRGHV C� � � � �PJ

2
C�P
M  IWKH W\SHV RI M ZKLFK DUH FRQIXVHG DQ RGG QXPEHU RI WLPHV LQ QRGHV C� � � � �PJ

7KH IROORZLQJ WZR OHPPDWD ZLOO EH XVHIXO IRU WKH VHTXHO�

wi44@ ���� )RU L  M � �� DOO WKH W\SHV LQ (
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L DVVLJQ WKH VDPH SUREDELOLW\ WR (
C�P
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DOO WKH W\SHV LQ 2
C�P
L DVVLJQ WKH VDPH SUREDELOLW\ WR 2

C�P
M � DQG WKHVH WZR SUREDELOLWLHV DUH

WKH VDPH�

�hLLu� )RU HYHU\ W\SH WL � 7L� GHQRWH E\ 3WL
WKH SHUPXWDWLRQ RI 7M� WKDW IRU HDFK WM � 7M

RmVHWV ��V WR ��V DQG ��V WR ��V LQ DOO WKH HQWULHV RI WM EHWZHHQ � DQG M LQ ZKLFK WL LV

FRQIXVHG �KDV � HQWULHV�� :KHQ WL � (
C�P
L � WKH QXPEHU RI WKHVH HQWULHV EHWZHHQ C DQG P

LV HYHQ� VR 3WL PDSV (
C�P
M WR LWVHOI DQG 2

C�P
M WR LWVHOI� 'HQRWH QRZ E\ �L WKH W\SH ��� � � � �

RI SOD\HU L� DQG LGHQWLI\ WKH W\SHV ZLWK WKHLU EHOLHIV� 7KHQ E\ GHnQLWLRQ WL  �L p3WL � DQG

LQ SDUWLFXODU
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DV UHTXLUHG� �

,Q ZKDW IROORZV� ?WKH DFWLRQ RI W\SH WM �RI SOD\HU M� LQ QRGH P� PHDQV WKH DFWLRQ RI

SOD\HU P ZKRVH W\SH LV WKH P�LQLWLDO VHJPHQW RI WM�
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�� 2WKHUZLVH� DOO WKH W\SHV RI L LQ (
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L WDNH WKH VDPH DFWLRQ LQ QRGH P��� DQG DOO
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WDNH WKH RSSRVLWH DFWLRQ LQ WKDW QRGH�

�hLLu� ,Q FDVH ��� DOO WKH W\SHV RI L DVVLJQ SUREDELOLW\ PRUH WKDQ �

G
WKDW M FRRSHUDWHV
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C�P
M FRRSHUDWH� WKHQ E\ OHPPD $�� DOO WKH
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SUREDELOLW\ S ! �

G
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7KXV� DOO WKH W\SHV RI L ZKR DUH QRW FRQIXVHG LQ QRGH P�� IURP WKH HQG FRRSHUDWH�

DQG DOO WKRVH ZKR DUH FRQIXVHG WKHUH TXLW�

,Q FDVH ��� GHQRWH E\ &PM WKH VHW RI W\SHV RI M WKDW FRRSHUDWH LQ QRGH P IURP WKH

HQG ^ (C�P

M RU 2C�P

M � %\ OHPPD $��� WKH W\SHV RI L LQ RQH RI WKH VHWV (C�P

L �2
C�P

L DVVLJQ

WR &P
M D SUREDELOLW\ VPDOOHU WKDQ �

G
� DQG WKH W\SHV RI L LQ WKH RWKHU VHW DVVLJQ WR &P

M D

SUREDELOLW\ ELJJHU WKDQ � b �

G
� 'HQRWH WKH IRUPHU VHW E\ 4PL DQG WKH ODWWHU E\ &P

L �

7R PD[LPL]H H[SHFWHG XWLOLW\� WKH W\SHV RI &P
L ZKR DUH QRW FRQIXVHG LQ QRGH P� �

FRRSHUDWH WKHUH� DQG WKH W\SHV RI &P
L ZKR DUH FRQIXVHG LQ QRGH P�� TXLW� ,Q FRQWUDVW�

WKH W\SHV RI 4P
L ZKR DUH QRW FRQIXVHG LQ QRGH P � � TXLW WKHUH� DQG WKH W\SHV RI &P

L

ZKR DUH FRQIXVHG LQ QRGH P� � FRRSHUDWH� 6R DOWRJHWKHU� WKH W\SHV RI L ZKR FRRSHUDWH

LQ QRGH P � � FRQVWLWXWH RQH RI WKH VHWV (
C�P��

L
� 2

C�P��

L � DQG WKH W\SHV ZKR TXLW WKHUH

FRQVWLWXWH WKH RWKHU VHW� �

�hLLu Lu A�iLhi4 ���� $V XVXDO� ZH ODEHO WKH QRGHV IURP WKH HQG EDFNZDUGV� ,Q

QRGH � �WKH ODVW�� RQO\ WKH W\SHV ZKR DUH FRQIXVHG WKHUH FRRSHUDWH� 7KHLU SUREDELOLW\ LV

�� 7DNLQJ C  P  �� ZH DUH LQ FDVH �� RI OHPPD $��� ZLWK S  � b � ! � b �

G
� ZKLFK
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LPSOLHV WKDW ZLWK C  �� P  � WKH SUHPLVH RI OHPPD $�� LV IXOnOOHG� :H FDQ WKXV

LWHUDWLYHO\ DSSO\ OHPPD $�� ZLWK C  � DQG LQFUHDVLQJ P� XQWLO ZH KLW FDVH ��� 7KLV

LQGHHG KDSSHQV� EHFDXVH WKH SUREDELOLW\ S RI JHWWLQJ FRQIXVHG DQ HYHQ QXPEHU RI WLPHV

GHFUHDVHV DQG WHQGV WR KDOI� /HW Q EH WKH PLQLPDO P IRU ZKLFK S � �b �

G
� (YLGHQWO\� WKH

VPDOOHU WKH � DQG WKH VPDOOHU G� WKH ODUJHU LV Q� :LWK C  � DQG P  Q LQ WKH SUHPLVH

RI OHPPD $��� ZH DUH LQ FDVH ���

7KH OHPPD QRZ LPSOLHV WKDW WKH SUHPLVH RI WKH OHPPD KROGV IRU C  P  Q�� ZLWK

S  � b �� .HHSLQJ C  Q � �� DQG WDNLQJ P  Q� �� ZH DUH EDFN WR FDVH ��� $JDLQ ZH

FDQ LWHUDWLYHO\ DSSO\ OHPPD $�� ZLWK C  Q � � DQG LQFUHDVLQJ P� XQWLO ZH KLW FDVH ���

7KLV WDNHV H[DFWO\ Q QRGHV DV DERYH� )RU C  Q� � DQG P  �Q ZH DUH LQ FDVH ���

7KH SURFHGXUH LQ WKH SUHYLRXV SDUDJUDSK FDQ EH QRZ UHSHDWHG DJDLQ DQG DJDLQ� ZLWK

C DQG P LQFUHDVHG E\ DQRWKHU Q LQ HDFK URXQG� XQWLO ZH UHDFK WKH EHJLQQLQJ RI WKH JDPH

WUHH� LQ WKH PLGGOH RU DW WKH HQG RI RQH RI WKH URXQGV� �
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>�@ $XPDQQ� 5�-� ����� ,UUDWLRQDOLW\ LQ *DPH 7KHRU\� LQ 'DVJXSWD HW DO� �HGV��� (FR�

QRPLF $QDO\VLV RI 0DUNHWV DQG *DPHV� (VVD\V LQ +RQRU RI )UDQN +DKQ� 0,7 3UHVV�

&DPEULGJH�

>�@ $XPDQQ� 5�-� ������� ?%DFNZDUG ,QGXFWLRQ DQG &RPPRQ .QRZOHGJH RI 5DWLRQDOLW\�

*DPHV DQG (FRQRPLF %HKDYLRU �������

>�@ $XPDQQ� 5�-� ����� ?2Q WKH &HQWLSHGH *DPH�� *DPHV DQG (FRQRPLF %HKDYLRU
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3HUIHFW�,QIRUPDWLRQ *DPHV�� 5HYLHZ RI (FRQRPLF 6WXGLHV ���������
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