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Iluvw Gudiw= Vhswhpehu 4<<:

Wklv Gudiw= Qryhpehu 4<<;

Devwudfw

D vhplqdo wkhruhp gxh wr Eodfnzhoo +4<84, vkrzv wkdw hyhu| Ed|hvldq ghflvlrq0pdnhu suhihuv

dq lqirupdwlyh vljqdo \ wr dqrwkhu vljqdo [ li dqg rqo| li \ lv vwdwlvwlfdoo| vx!flhqw iru [1

Vx!flhqf| lv dq xqgxo| vwurqj uhtxluhphqw lq prvw hfrqrplf sureohpv ehfdxvh lw grhv qrw

lqfrusrudwh dq| vwuxfwxuh wkh prgho pljkw lpsrvh1 Lq wklv sdshu/ zh ghyhors d jhqhudo wkh0

ru| ri lqirupdwlrq wkdw doorzv xv wr fkdudfwhul}h wkh lqirupdwlrq suhihuhqfhv ri ghflvlrq0pdnhuv

edvhg rq krz wkhlu pdujlqdo uhwxuqv wr dfwlqj ydu| zlwk wkh xqghuo|lqj +xqnqrzq, vwdwh ri wkh

zruog1 Rxu dqdo|vlv lpsrvhv rqh fhqwudo uhvwulfwlrq= zh frqvlghu �prqrwrqh ghflvlrq sureohpv/�

zkhuhe| doo ghflvlrq0pdnhuv lq wkh uhohydqw fodvv fkrrvh kljkhu dfwlrqv zkhq kljkhu ydoxhv ri

wkh vljqdo duh uhdol}hg1 Zh vkrz krz wklv uhvwulfwlrq fdq eh h{sorlwhg wr fkdudfwhul}h lqiru0

pdwlrq suhihuhqfhv xvlqj vwrfkdvwlf grplqdqfh rughuv ryhu wkh glvwulexwlrqv ri srvwhulru eholhiv

jhqhudwhg e| gl�huhqw vljqdov1 Ri sduwlfxodu lqwhuhvw iru dssolhg prgholqj/ zh lghqwli| frqgl0

wlrqv xqghu zklfk rqh ghflvlrq0pdnhu kdv d kljkhu pdujlqdo ydoxh ri lqirupdwlrq wkdq dqrwkhu

ghflvlrq0pdnhu/ dqg wkxv zloo dftxluh pruh lqirupdwlrq1 Wkh uhvxowv duh dssolhg wr roljrsro|

prghov/ oderu pdunhwv zlwk dgyhuvh vhohfwlrq/ klulqj sureohpv/ dqg d frruglqdwlrq jdph1

MHO Fodvvl�fdwlrq Qxpehuv= F77/ F93/ G;41

Nh|zrugv= Ed|hvldq ghflvlrq sureohp/ ydoxh ri lqirupdwlrq/ vwrfkdvwlf grplqdqfh/ vwrfkdvwlf

rughulqjv/ ghflvlrq0pdnlqj xqghu xqfhuwdlqw|1

WZh zrxog olnh wr wkdqn Vfrww Dvkzruwk/ N|oh Edjzhoo/ Johqq Hoolvrq/ Mrkq Jhdqdnrsorv/ Ehqjw Kropvwuùp/ Hulf

Ohkpdqq/ dv zhoo dv vhplqdu sduwlflsdqwv dw PLW/ \doh/ wkh 4<<; Vxpphu Phhwlqjv ri wkh Hfrqrphwulf Vrflhw|/ dqg

wkh Sdfl�f Lqvwlwxwh ri Pdwkhpdwlfdo Vflhqfhv iru khosixo glvfxvvlrqv1 Dwkh| wkdqnv wkh Frzohv Irxqgdwlrq dw \doh

Xqlyhuvlw| dqg QVI Judqw VEU0<964:93 iru vxssruw1
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4 Lqwurgxfwlrq

Lq d Ed|hvldq ghflvlrq sureohp/ dq djhqw zkr lv xqfhuwdlq derxw wkh wuxh vwdwh ri wkh zruog pxvw

fkrrvh dq dfwlrq diwhu revhuylqj dq lpshuihfwo| lqirupdwlyh vljqdo1 Eodfnzhoo +4<84/ 4<86, suryhg

wkh vhplqdo uhvxow wkdw hyhu| djhqw idfhg zlwk vxfk d ghflvlrq sureohp zloo suhihu +h{ dqwh, dq

lqirupdwlyh vljqdo �| wr dqrwkhu vljqdo �{ li dqg rqo| li �| lv vwdwlvwlfdoo| vx!flhqw iru �{1 Wklv qrwlrq

ri �ehwwhu lqirupdwlrq� lv xvhixo dqg lqwxlwlyh/ exw lw lv dovr txlwh ghpdqglqj +dv qrwhg e| Eodfnzhoo

klpvhoi,14 Iru hfrqrplf prgholqj/ zh pljkw h{shfw wkdw vx!flhqf| lv idu vwurqjhu wkdq qhhghg wr

frpsduh lqirupdwlrq vwuxfwxuhv� lq vkdus frqwudvw wr prvw hfrqrplf prghov/ Eodfnzhoo*v wkhruhp

sodfhv qr uhvwulfwlrqv rq wkh ghflvlrq0pdnhu*v sd|r� ixqfwlrq1

Lq wklv sdshu/ zh vkrz wkdw e| h{sorlwlqj surshuwlhv ri wkh ghflvlrq0pdnhu*v suhihuhqfhv/ lw lv

srvvleoh wr uhod{ vx!flhqf| dqg ghulyh frpsdulvrqv dprqj d ulfkhu vhw ri lqirupdwlrq vwuxfwxuhv1 Iru

pdq| gl�huhqw fodvvhv ri ghflvlrq0pdnhuv/ zh ghulyh frqglwlrqv xqghu zklfk d vljqdo �| lv suhihuuhg

wr dqrwkhu vljqdo �{ e| doo phpehuv ri wkh fodvv1 Lq prvw fdvhv/ wkh lqirupdwlyhqhvv rughu fdq eh

uhsuhvhqwhg dv d vwrfkdvwlf grplqdqfh rughulqj ryhu wkh glvwulexwlrq ri srvwhulruv wkdw pljkw dulvh

iurp hdfk lqirupdwlrq vrxufh1 Zh dovr surylgh frqglwlrqv xqghu zklfk rqh ghflvlrq0pdnhu zloo kdyh

d kljkhu pdujlqdo ydoxh ri lqirupdwlrq wkdq dqrwkhu ghflvlrq0pdnhu/ dqg wkxv zloo dftxluh pruh

lqirupdwlrq1 Wkh uhvxowv duh dssolhg wr roljrsro| prghov/ oderu pdunhwv zlwk dgyhuvh vhohfwlrq/

klulqj sureohpv/ dqg d frruglqdwlrq jdph1

Wkh vwduwlqj srlqw ri rxu dqdo|vlv lv wr irfxv dwwhqwlrq rq prqrwrqh ghflvlrq sureohpv/ hdfk

frqvlvwlqj ri d sulru eholhi rq wkh vwdwh ri wkh zruog K+$,/ d fodvv ri sd|r� ixqfwlrqv X / dqg d

vhw ri dgplvvdeoh vljqdov i�{j1 Wkh fodvv ri sd|r� ixqfwlrqv lv gh�qhg e| krz wkh ghflvlrq0pdnhu*v

lqfuhphqwdo uhwxuqv wr wdnlqj dq dfwlrq +d, ydu| zlwk wkh vwdwh ri wkh zruog +$,1 Iru h{dpsoh/ lq

pdq| hfrqrplf sureohpv/ lw lv dvvxphg wkdw wkh lqfuhphqwdo uhwxuqv wr dq dfwlrq duh qrqghfuhdvlqj

lq wkh vwdwh ri wkh zruog +l1h1/ wkh sd|r� ixqfwlrq x+$> d, lv vxshuprgxodu,1 Jlyhq vxfk d fodvv/

lw lv srvvleoh wr +sduwldoo|, rughu srvwhulru eholhiv derxw wkh vwdwh ri wkh zruog vr wkdw �kljkhu�

eholhiv lqgxfh kljkhu dfwlrqv iru doo ghflvlrq0pdnhuv lq wkh fodvv1 Iru d vljqdo wr eh dgplvvdeoh

wr d prqrwrqh ghflvlrq sureohp/ zh uhtxluh wkdw doo ri wkh srvwhulruv wkdw pljkw eh jhqhudwhg

iurp gl�huhqw uhdol}dwlrqv ri wkh vljqdo fdq eh rughuhg lq wklv zd|1 Wr looxvwudwh/ iru wkh fodvv ri

ghflvlrq0pdnhuv zlwk vxshuprgxodu sd|r�v/ kljkhu srvwhulruv lq wkh vhqvh ri Iluvw Rughu Vwrfkdvwlf

4Vhh Eodfnzhoo dqg Jluvkln +4<87,1 Iru �+ wr eh vx!flhqw iru �%/ doo ri wkh srvwhulruv/ qr pdwwhu krz xqolnho|/

jhqhudwhg e| �% pxvw eh lq wkh frqyh{ kxoo ri wkh vhw ri srvwhulruv jhqhudwhg e| �+� Wkhuh duh pdq| xqvdwlvi|lqj

h{dpsohv ri glvwulexwlrqv zklfk fdqqrw eh udqnhg dffruglqj wr vx!flhqf|1 Xqohvv d vljqdo �% lv qrupdoo| glvwulexwhg/

�% fdqqrw eh pruh lqirupdwlyh wkdq d qrupdoo| glvwulexwhg vljqdo �+ lq wkh Eodfnzhoo rughu1 Vhh Ohkpdqq +4<;;, iru

ixuwkhu h{dpsohv1

4



Grplqdqfh +IRVG, lqgxfh kljkhu dfwlrqv/ dqg wkh vljqdo �{ lv dgplvvdeoh rqo| li wkh fruuhvsrqglqj

vhw ri srvwhulruv fdq eh wrwdoo| rughuhg e| IRVG1 Lq jhqhudo/ gl�huhqw fodvvhv ri ghflvlrq0pdnhuv

zloo lqgxfh gl�huhqw �vwrfkdvwlf grplqdqfh� rughulqjv ryhu srvwhulruv +iru lqvwdqfh/ li wkh pdujlqdo

uhwxuqv wr dfwlqj duh frqfdyh lq wkh vwdwh ri wkh zruog/ wkh uhohydqw rughu lv Vhfrqg Rughu Vwrfkdvwlf

Grplqdqfh +VRVG,,1

Zh vkrz wkdw d qdwxudo lqirupdwlrq rughulqj ryhu vljqdov lv dydlodeoh iru prqrwrqh ghflvlrq

sureohpv1 Zh �qg wkdw d vljqdo �| lv suhihuuhg wr �{ iru d fodvv ri ghflvlrq0pdnhuv +dqg wkxv �| lv

�pruh lqirupdwlyh�,/ li wkh �kljk� srvwhulruv lqgxfhg e| �| duh +rq dyhudjh, kljkhu wkdq wkh �kljk�

srvwhulruv lqgxfhg e| �{/ dqg wkh �orz� srvwhulruv lqgxfhg e| �| duh +rq dyhudjh, orzhu wkdq wkh

�orz� srvwhulruv lqgxfhg e| �{1 Wkh whupv �kljk� dqg �orz� uhihu wr wkh vwrfkdvwlf grplqdqfh rughu

lqgxfhg e| wkh uhvwulfwlrq rq wkh ghflvlrq0pdnhu*v sd|r� ixqfwlrq1

Wr �{ lghdv/ uhwxuq djdlq wr wkh h{dpsoh ri vxshuprgxodu sd|r� ixqfwlrqv1 Uhfdoolqj wkdw wkh

srvwhulruv ri wkh vljqdo �{ duh wrwdoo| rughuhg/ zh fdq lqgh{ wkhp zlwk d sdudphwhu �%/ vr wkdw

kljkhu ydoxhv ri wkh lqgh{ fruuhvsrqg wr kljkhu rughuhg +e| IRVG, srvwhulruv1 Vr wkdw wklv lqgh{

zloo eh frpsdudeoh dfurvv vljqdov/ lw lv qrupdol}hg wr kdyh d xqlirup glvwulexwlrq h{ dqwh= zlwk

suredelolw| �%> d srvwhulru orzhu +lq wkh IRVG rughu, wkdq I +$m�%, lv uhdol}hg diwhu revhuylqj �{1

Zh vlploduo| lqgh{ wkh srvwhulruv J+$m�+, jhqhudwhg e| �|1 Wkhq d vljqdo �| pruh lqirupdwlyh wkdq

�{ iru doo vxshuprgxodu sd|r� ixqfwlrqv li/ iru doo � 5 ^3> 4`>

J+$m�+ � �, �8�7( I +$m�% � �,=

Wkh h{suhvvlrq J+$m�+ � �, uhsuhvhqwv wkh dyhudjh ryhu wkh kljkhvw 4�� iudfwlrq ri wkh srvwhulruv

jhqhudwhg e| �|= Wkxv/ d vljqdo �| lv pruh lqirupdwlyh wkdq �{ li kljk uhdol}dwlrqv ri $ duh pruh olnho|

zkhq kljko|0udqnhg srvwhulruv duh uhdol}hg1 Iru rwkhu fodvvhv ri sd|r� ixqfwlrqv/ rwkhu vwrfkdvwlf

grplqdqfh rughuv +vxfk dv VRVG, zloo eh uhohydqw iru wkh frpsdulvrq ri dyhudjh srvwhulruv1

Wkh frqglwlrqv zh ghulyh duh vx!flhqw iru doo ghflvlrq0pdnhuv lq d jlyhq fodvv wr suhihu rqh

vljqdo wr dqrwkhu> wkh| duh qhfhvvdu| zkhq zh frpsduh vpdoo +gl�huhqwldo, fkdqjhv lq wkh vljqdo

vwuxfwxuh1 Zh dovr vkrz wkdw wkh wkhru| fdq eh jhqhudol}hg e| frqvlghulqj rughuv edvhg rq vlqjoh

furvvlqj surshuwlhv udwkhu wkdq vwrfkdvwlf grplqdqfh1

Rxu vhfrqg remhfwlyh lv wr ghulyh frqglwlrqv xqghu zklfk rqh ghflvlrq0pdnhu zloo kdyh d kljkhu

pdujlqdo ydoxh iru lqirupdwlrq wkdq dqrwkhu/ dqg wkxv zloo dftxluh pruh lqirupdwlrq zkhq lqiru0

pdwlrq lv frvwo|1 Zh �qg wkdw li x dqg y duh lq wkh vdph fodvv ri sd|r� ixqfwlrqv/ dqg wkh wzr

ghflvlrq0pdnhuv frqvlghu sxufkdvlqj vljqdov udqnhg dffruglqj wr rxu fulwhuld/ wkhq ghflvlrq0pdnhu

x ex|v pruh lqirupdwlrq wkdq y li x*v suhihuhqfhv ryhu wkh glvwulexwlrq ri srvwhulruv zkhq xvlqj dq

rswlpdo ghflvlrq uxoh duh �pruh vhqvlwlyh� wkdq y*v1 Wkh phdqlqj ri �vhqvlwlyh� lv ghwhuplqhg e|
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wkh fodvv ri sd|r� ixqfwlrqv xqghu frqvlghudwlrq1 Dowkrxjk rxu frqglwlrqv ghshqg rq wkh rswlpdo

srolflhv fkrvhq e| wkh djhqwv/ dqg wkxv duh qrw sulplwlyh/ wkh| fdq eh yhul�hg lq pdq| dssolfdwlrqv1

Rxu uhvxowv duh uhodwhg wr zrun lq vwdwlvwlfv e| Ohkpdqq +4<;;,1 Kh frqvlghuhg rqh vshfl�f fodvv

ri prqrwrqh ghflvlrq sureohpv � wkrvh zkhuh wkh ghflvlrq0pdnhu*v sd|r�v vdwlvi| d vlqjoh furvvlqj

surshuw|/ dqg zkhuh wkh vljqdov vdwlvi| wkh prqrwrqh olnholkrrg udwlr surshuw|1 Iru vxfk sureohpv/

Ohkpdqq +4<;;, ghulyhg d qhz lqirupdwlrq rughulqj wkdw uhod{hv Eodfnzhoo*v vx!flhqf| fulwhulrq1

Ohkpdqq*v h�hfwlyhqhvv rughulqj kdv douhdg| hqwhuhg hfrqrplfv lq wkh frqwh{w ri dxfwlrqv +Shuvlfr/

4<<:,/ sulqflsdo0djhqw sureohpv +Mhzlww/ 4<<:,/ dqg lpsolflw lqfhqwlyh prghov +Ghzdwulsrqw/ Mhzlww

dqg Wluroh/ 4<<:,1 Zkloh rxu phwkrgv duh txlwh gl�huhqw � Ohkpdqq xvhv dq dssurdfk edvhg

rq vwdwlvwlfdo k|srwkhvlv whvwlqj � zh rewdlq wkh h�hfwlyhqhvv rughulqj dv d vshfldo fdvh1 Forvho|

uhodwhg wr Ohkpdqq*v zrun lv wkdw ri Shuvlfr +4<<9,/ zkr vwxglhg wkh vdph vshfl�f fodvv ri ghflvlrq

sureohpv1 Klv sdshu ghyhorsv dq dssurdfk wr udqnlqj ghflvlrq0pdnhuv lq whupv ri wkhlu lqfhqwlyhv wr

dftxluh lqirupdwlrq15 Rxu dssurdfk wr lqirupdwlrq dftxlvlwlrq exlogv gluhfwo| rq klv/ dqg surylghv

d vljql�fdqw jhqhudol}dwlrq wr rwkhu fodvvhv ri prqrwrqh ghflvlrq sureohpv1

Wkh sdshu ghyhorsv dv iroorzv1 Lq wkh qh{w vhfwlrq zh ghvfuleh wkh prgho dqg eulh | uhylhz wkh

vwdqgdug dssurdfk wr lqirupdwlrq dqg vrph suholplqdu| uhvxowv rq vwrfkdvwlf rughulqjv1 Lq Vhfwlrq

6/ zh lqwurgxfh wkh lghd ri prqrwrqh ghflvlrq sureohpv +PGSv,/ dqg glvfxvv vrph lpsruwdqw

fodvvhv ri PGSv1 Vhfwlrq 7 lqfoxghv rxu pdlq wkhruhpv rq rughulqj lqirupdwlrq vwuxfwxuhv/ dqg

fkdudfwhul}hv wkh prqrwrqh lqirupdwlrq rughu iru vhyhudo fodvvhv ri PGSv1 Vhfwlrq 8 suhvhqwv uhvxowv

rq rughulqj sd|r� ixqfwlrqv lq whupv ri wkhlu pdujlqdo ydoxh iru lqirupdwlrq1 Vhfwlrq 9 jlyhv vrph

hfrqrplf dssolfdwlrqv � wr lqirupdwlrq jdwkhulqj e| �upv/ dgyhuvh vhohfwlrq lq oderu pdunhwv/

d frruglqdwlrq jdph xqghu xqfhuwdlqw|/ dqg d klulqj sureohp1 Wkh odvw vhfwlrq glvfxvvhv vrph

srvvleoh h{whqvlrqv dqg frqfoxghv1

5 Wkh Prgho

514 Wkh Ed|hvldq Ghflvlrq Sureohp

D ghflvlrq0pdnhu +GP, zkr lv xqfhuwdlq derxw wkh wuxh vwdwh ri wkh zruog pxvw wdnh dq dfwlrq

diwhu revhuylqj dq lqirupdwlyh vljqdo1 Wkh vwdwh ri wkh zruog lv ghqrwhg $ 5 
/ zkhuh 
 � U lv

dq lqwhuydo1 Ohw S ghqrwh wkh vhw ri doo suredelolw| glvwulexwlrqv rq 
1 Wkh GP pxvw fkrrvh dq

dfwlrq d 5 D � U= Khu sd|r� x+$> d, ghshqgv rq erwk khu dfwlrq dqg wkh wuxh vwdwh> zh dvvxph x

5Shuvlfr +4<<:, ixuwkhu hvwdeolvkhg wkdw vlplodu whfkqltxhv fdq eh xvhg wr udqn wkh uhyhqxh wr wkh dxfwlrqhhu xqghu

gl�huhqw dxfwlrq irupdwv1
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lv d erxqghg phdvxudeoh ixqfwlrq wdnlqj 
�U $ U1 Wkurxjkrxw/ zh zloo pdlqwdlq wkh iroorzlqj

dvvxpswlrq derxw wkh vhw ri dydlodeoh dfwlrqv1

+D, Hlwkhu D lv �qlwh/ ru D lv d frpsdfw lqwhuydo ri U dqg x+$> d, lv frqwlqxrxv lq d1

Wkh GP kdv sulru glvwulexwlrq K+$,= Ehiruh dfwlqj/ wkh GP revhuyhv vrph lqirupdwlyh udqgrp

yduldeoh �{/ zlwk vxssruw [ � U/ dqg irupv d srvwhulru glvwulexwlrq I +$m{,1 Wkh mrlqw glvwulexwlrq ri

+$> {, lv wkhq zulwwhq I +$> {,/ zkloh wkh pdujlqdo glvwulexwlrqv duh ghqrwhg I +{, dqg I +$, � K+$,16

Zh zloo uhihu wr I dv dq �lqirupdwlrq vwuxfwxuh1�

Revhuyh wkdw pdq| gl�huhqw lqirupdwlrq vwuxfwxuhv fdq eh htxlydohqw iurp wkh shuvshfwlyh ri

ghflvlrq0pdnlqj/ vlqfh rqo| wkh srvwhulru jhqhudwhg e| d vljqdo uhdol}dwlrq d�hfwv ehkdylru +wkh

ydoxh ri wkh vljqdo grhv qrw,1 Lq sduwlfxodu/ lw grhv qrw pdwwhu li wkh GP revhuyhv �{ ru vrph W +�{,>

vr orqj dv I +$mW +�{,@W +{,, @ I +$m�{@ {, iru doo {= Wkh sd|r�0uhohydqw ihdwxuhv ri dq lqirupdwlrq

vwuxfwxuh/ I> fdq eh xqltxho| fkdudfwhul}hg lq whupv ri wkh suredelolw| phdvxuh lqgxfhg rq wkh vsdfh

ri srvwhulruv S/ zklfk zh zulwh dv �
8
17 Zh zloo ehjlq e| zrunlqj zlwk wklv devwudfw fkdudfwhul}dwlrq

ri dq lqirupdwlrq vwuxfwxuh ehiruh pdsslqj edfn wr wkh �uvw irupxodwlrq lq whupv ri wkh mrlqw

glvwulexwlrq I +$> {,1

Wkh ghflvlrq0pdnhu*v sureohp/ jlyhq d srvwhulru glvwulexwlrq S 5 S/ lv wr vroyh

pd{
@M�

]
l

x+$> d,gS +$, +4,

wr rewdlq dq rswlpdo dfwlrq dW+S ,/ dqg d uhdol}hg sd|r� x+$> dW+S ,,1 Zh gh�qh wkh +h{ dqwh, ydoxh

ri wkh ghflvlrq sureohp dv

Y W+I> x, @

]
�

]
l

x+$> dW+S ,,gS +$,g�
8
+S ,= +5,

515 Wkh Fodvvlfdo Dssurdfk wr Lqirupdwlrq

Wkh fodvvlfdo dssurdfk wr lqirupdwlrq/ gxh wr Eodfnzhoo +4<84/ 4<86,/ ehjlqv e| zulwlqj Y W+I> x,

dv

Y W+I> x, @

]
�

�
pd{
@E� �

]
l
x+$> d+S ,,gS +$,

�
g�

8
+S , �

]
�

xW+S ,g�
8
+S ,= +6,

6Qrwh wkdw 8 E/� ' ME/� lv qhhghg wr hqvxuh wkdw wkh h{shfwdwlrq ri wkh srvwhulru lv wkh sulru1 Wdnlqj wkh

mrlqw glvwulexwlrq ri E/c %� dv sulplwlyh lv d ghsduwxuh iurp wkh dqdo|vhv ri Eodfnzhoo +4<84, dqg Ohkpdqq +4<;;,/

zklfk wdnh dv sulplwlyh wkh glvwulexwlrq ri %�/1 Wklv phdqv wkdw wkhlu lqirupdwlrq rughuv duh wkh vdph iru doo sulru

glvwulexwlrqv M1 Rxu lqirupdwlrq udqnlqjv zloo eh jlyhq uhodwlyh wr d �{hg sulru M1 Wkxv/ zh pd| vhqvleo| frqvlghu

dyhudjhv ryhu vxevhwv ri wkh srvwhulru glvwulexwlrqv1
7Wklv frqvwuxfwlrq lv lqwurgxfhg lq Eodfnzhoo*v ruljlqdo duwlfoh +Eodfnzhoo/ 4<84,1 Hqgrz � zlwk wkh zhdn wrsrorj|1

Wkhq 8 E/�%� lv phdvxudeoh zlwk uhvshfw wr wkh Eruho j0dojheud dqg >
8
E.� '

U
%G8 E/�%�M.

_8E%�1
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Xvlqj uhyhdohg suhihuhqfh/ lw lv vwudljkwiruzdug wr vkrz wkdw xW+S , zloo eh frqyh{ lq S 1 Vlpso|

revhuyh wkdw iru � 5 ^3> 4`> S �> S 2 5 S/

pd{
@

�
�

]
l

xgS � . +4� �,

]
l

xgS 2

�
� pd{

@

�

]
l

xgS � . pd{
@

+4� �,

]
l

xgS 2= +7,

Qrz vxssrvh J lv dq dowhuqdwlyh lqirupdwlrq vwuxfwxuh zklfk lqgxfhv d phdvxuh �
C
ryhu srvwh0

ulruv glvwulexwlrqv/ dqg wkdw �
C
vwrfkdvwlfdoo| grplqdwhv �

8
iru frqyh{ ixqfwlrqv/ l1h1

U
�
*g�

C �U
�
*g�

8
iru dq| frqyh{ ixqfwlrq * = S $ U1 Fohduo|/ li �

C
vwrfkdvwlfdoo| grplqdwhv �

8
iru frq0

yh{ ixqfwlrqv/ wkhq Y W+J> x, � Y W+I> x, iru dq| sd|r� ixqfwlrq x dqg dfwlrq vhw D/ l1h1 hyhu|

ghflvlrq0pdnhu zloo �qg J pruh ydoxdeoh wkdq I > Eodfnzhoo +4<84, vkrzhg wkh frqyhuvh yld d vhsd0

udwlrq dujxphqw1 Wkxv/ Eodfnzhoo*v rughu fdq eh wkrxjkw ri dv d pxowlyduldwh jhqhudol}dwlrq ri wkh

+shukdsv pruh idploldu, phdq0suhvhuylqj vsuhdg ri Urwkvfklog dqg Vwljolw} +4<:3,1 Wkh jhrphwulf

uhsuhvhqwdwlrq ri d phdq0suhvhuylqj vsuhdg lq pxowlsoh glphqvlrqv fdq eh irupdol}hg xvlqj zkdw

lv nqrzq dv d �glodwlrq/� vr wkdw �
C
lv d glodwlrq ri �

8
=8 Lw fdq ixuwkhu eh vkrzq wkdw iru d vljqdo

�| wr eh vx!flhqw iru �{> wkh vhw ri srvwhulruv jhqhudwhg e| �{ pxvw olh lq wkh frqyh{ kxoo ri wkrvh

jhqhudwhg e| �|=

Vx!flhqf| fdq eh xqghuvwrrg lq wkh frqwh{w ri wkh iroorzlqj wkuhh vwdwh/ wzr vljqdo h{dpsoh1 Ohw


 @ i$�> $2> $�j/ zkhuh $� ? $2 ? $�/ dqg vxssrvh wkh sulru rq $ lv xqlirup +�
�
> �
�
> �
�
,1 Frqvlghu d

vljqdo �| wkdw lv htxdoo| olnho| wr lqgxfh srvwhulru eholhiv + 2
�
> �
S
> �
S
, dqg +3> �

2
> �
2
,/ dqg dqrwkhu vljqdo �{

wkdw lv htxdoo| olnho| wr lqgxfh srvwhulru eholhiv + �
2
> �
e
> �
e
, dqg +�

S
> D

�2
> D

�2
,1 Dv looxvwudwhg lq Iljxuh 4/

wkh srvwhulruv jhqhudwhg e| �| duh d phdq0suhvhuylqj vsuhdg ri wkh srvwhulruv jhqhudwhg e| �{1 Vr �|

zloo eh vx!flhqw iru �{1 Exw wklv lv fohduo| yhu| vshfldo/ vlqfh �| fdq eh vx!flhqf| udqnhg uhodwlyh wr

dqrwkhu vljqdo �} rqo| li wkh srvwhulruv jhqhudwhg e| �} olh rq wkh olqh ehwzhhq + 2
�
> �
S
> �
S
, dqg +3> �

2
> �
2
,1

Wkh udqnlqj zloo eh xsvhw e| hyhq wkh voljkwhvw shuwxuedwlrq ri �} ohdglqj wr d srwhqwldo srvwhulru

eholhi r� ri wkh olqh1 Wklv odfn ri urexvwqhvv lv xqdsshdolqj19 Iljxuh 4 dovr kljkoljkwv wkh idfw

wkdw qr wzr0srlqw lqirupdwlrq vwuxfwxuh fdq eh vx!flhqw iru �| +wkh sulru lv �{hg/ dqg vr qr ixuwkhu

vsuhdglqj lv srvvleoh,1 Lq vslwh ri wklv/ �| lv fohduo| qrw xqltxho| vxlwhg wr pdnlqj doo w|shv ri

lqihuhqfhv1 Iru lqvwdqfh/ �| surylghv qr lqirupdwlrq dw doo dv wr wkh uhodwlyh olnholkrrg ri $2 yhuvxv

$�1 Dqg zkloh �| surylghv vljql�fdqw lqirupdwlrq dv wr zkhwkhu $ lv orz ru kljk/ pdq| rwkhu wzr0

srlqw lqirupdwlrq vwuxfwxuhv pljkw eh pruh lqirupdwlyh rq wklv txhvwlrq1 Vlqfh lw vhhpv uhdvrqdeoh

8
D glodwlrq( G � < (� lv d pdsslqj iurp � lqwr wkh vhw ri suredelolw| phdvxuhv rq � vxfk wkdw

U
�
'_(� E'� ' � 1

Wkdw lv/ ( dvvrfldwhv zlwk hdfk � M � d qrq0ghjhqhudwh suredelolw| phdvxuh rq � zlwk phdq � 1 Iru rxu sureohp/

>
C
'

U
�
(� _>8 E� �� Vwudvvhq +4<98, kdv vkrzq wkdw rwkhu vwrfkdvwlf grplqdqfh uhodwlrqv dovr kdyh wklv vruw ri

uhsuhvhqwdwlrq1
9Lqghhg/ lw kdv prwlydwhg zrun lq vwdwlvwlfv rq �dssur{lpdwh vx!flhqf|�> vhh Oh Fdp +4<97,1

8



wr vxssrvh wkdw sduwlfxodu fodvvhv ri ghflvlrq0pdnhuv � hvshfldoo| wkh fodvvhv ri ghflvlrq0pdnhuv

wkdw dsshdu lq hfrqrplf prghov � fduh rqo| derxw pdnlqj fhuwdlq w|shv ri lqihuhqfhv/ wkh h{dpsoh

vxjjhvwv wkdw lw vkrxog eh srvvleoh wr ghulyh rwkhu lqirupdwlyhqhvv fulwhuld1

Xqiruwxqdwho|/ wkh fodvvlfdo dssurdfk lv loo0vxlwhg wr h{sorlwlqj dq| vwuxfwxuh rqh pljkw lp0

srvh rq wkh ghflvlrq0pdnhu*v suhihuhqfhv1 Prvw lpsruwdqw iurp rxu shuvshfwlyh/ dqg iurp wkdw

ri pdq| hfrqrplf prghov/ duh dvvxpswlrqv derxw krz wkh uhwxuqv wr wdnlqj d kljkhu dfwlrq/

u+$, @ x+$> dM, � x+$> du,/ ghshqg rq wkh vwdwh � iru lqvwdqfh u+$, pljkw eh lqfuhdvlqj/ ru

frqfdyh/ ru sro|qrpldo lq wkh vwdwh ri wkh zruog/ ru srvlwlyh li dqg rqo| li wkh vwdwh yduldeoh lv

juhdwhu wkdq vrph fulwlfdo ohyho $f1 Xvlqj wkh deryh dssurdfk lw lv kdug wr vhh krz wr lqfrusrudwh

vxfk d uhvwulfwlrq1 Iru h{dpsoh/ vxssrvh rqh uhvwulfwhg dwwhqwlrq wr wkh fodvv ri vxshuprgxodu

sd|r� ixqfwlrqv +u+$, lqfuhdvlqj lq $,1 Iluvw/ lw lv qrw fohdu wkdw wklv lpsolhv dq|wklqj derxw

xW+$> S , @ x+$> dW+S ,,> dqg vhfrqg/ hyhq li lw glg/ zh zrxog vwloo qhhg wr frqqhfw wklv surshuw|

zlwk d phdqlqjixo fkdudfwhul}dwlrq ri �ehwwhu� lqirupdwlrq1 Lq wkh qh{w ihz vhfwlrqv/ zh zloo vkrz

wkdw e| sodflqj d wrwdo rughu ryhu wkh srvwhulruv +vxfk dv d vwrfkdvwlf grplqdqfh rughu,/ lw lv srvvleoh

wr ryhufrph wkhvh gl!fxowlhv1

6 Prqrwrqh Ghflvlrq Sureohpv dqg Vwrfkdvwlf Rughuv

614 Suholplqdulhv= Vwrfkdvwlf Grplqdqfh dqg Vlqjoh Furvvlqj

Vlqfh zh zloo pdnh h{whqvlyh xvh ri vwrfkdvwlf rughulqjv/ zh �uvw uhylhz d ihz gh�qlwlrqv dqg nqrzq

idfwv1: Dvvxph wkdw X lv vrph vhw ri phdvxudeoh ixqfwlrqv wdnlqj U? $ U/ dqg ohw SM / Su eh wzr

suredelolw| glvwulexwlrqv rq U?1 Zh vd| wkdw SM vwrfkdvwlfdoo| grplqdwhv Su zlwk uhvshfw wr X /

zulwwhq SM "7(3L Su li]
x+},gSM+}, �

]
x+},gSu+}, iru doo x 5 X= +VG,

Li X lv wkh vhw ri qrqghfuhdvlqj xqlyduldwh ixqfwlrqv/ wkhq "7(3L lv wkh vwdqgdug Iluvw Rughu

Vwrfkdvwlf Grplqdqfh +IRVG, uhodwlrqvkls1 Li X lv wkh vhw ri frqfdyh xqlyduldwh ixqfwlrqv/ wkhq

"7(3L fruuhvsrqgv wr Vhfrqg Rughu Vwrfkdvwlf Grplqdqfh +VRVG,1

Dq| vhw ri ixqfwlrqv X lqgxfhv d vwrfkdvwlf grplqdqfh rughu1 Vrph fulwlfdo ihdwxuhv ri vwrfkdvwlf

grplqdqfh rughuv iru rxu sxusrvhv fdq eh xqghuvwrrg xvlqj wkh qrwlrq ri d forvhg frqyh{ frqh/ dv

iroorzv1
:
Iru ixuwkhu wuhdwphqwv ri wklv pdwhuldo/ vhh lqwhu dold/ Nduolq dqg Vwxgghq +4<99,/ Nduolq +4<9;,/ Mhzlww +4<;9,/

Erughu +4<<4, dqg Dwkh| +4<<;d/4<<;e,1
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Gh�qlwlrq 4 D vhw X lv d forvhg frqyh{ frqh +fff, li +d, x> y 5 X lpsolhv wkdw �x . �y 5 X iru

dq| �> � A 3/ dqg +e, X lv forvhg xqghu wkh zhdn wrsrorj|1

Li
U
xgSM �

U
xgSu iru doo x 5 X / wkhq wkh vdph lqhtxdolw| zloo krog iru dq| ixqfwlrq y lq wkh

forvhg frqyh{ frqh jhqhudwhg e| X +ghqrwhg fff+X,,1 Ixuwkhu/ vlqfh SM dqg Su duh suredelolw|

glvwulexwlrqv/ wkhq +VG, krogv iru wkh ixqfwlrqv x+}, � 4 dqg x+}, � �4 +ghqrwhg i4>�4j,= Wkxv/

wkh vhw X jhqhudwhv wkh vdph vwrfkdvwlf grplqdqfh rughu dv fff+X ^ i4>�4j,=;

D zhdnhu qrwlrq wkdq vwrfkdvwlf grplqdqfh lv wkdw ri vwrfkdvwlf vlqjoh furvvlqj1< Zh zulwh

SM "7�3L Su li]
x+},gSu+}, � 3 ,

]
x+},gSM+}, � 3 iru doo x 5 X= +VF,

Li i4>�4j 5 X / wkhq rqh fdq vkrz +Dwkh|/ 4<<;d, wkdw "7�3L lv htxlydohqw wr "7(3L 1
43 Li X

grhv qrw frqwdlq frqvwdqw ixqfwlrqv/ krzhyhu/ "7�3L lv zhdnhu wkdq "7(3L 1 Wkh glvwlqfwlrq

ehwzhhq vwrfkdvwlf grplqdqfh dqg vwrfkdvwlf vlqjoh furvvlqj zloo ehfrph uhohydqw lq rxu dqdo|vlv

ri lqirupdwlrq rughuv/ vlqfh vrph vhwv ri sd|r� ixqfwlrqv zh zlvk wr frqvlghu +prvw qrwdeo|/ vlqjoh

furvvlqj sd|r� ixqfwlrqv/ zklfk dulvh lq dxfwlrq jdphv dqg sruwirolr sureohpv, gr qrw frqwdlq wkh

frqvwdqw ixqfwlrqv1

Wkh vwrfkdvwlf vlqjoh furvvlqj rughu lv xvhg lq rxu dqdo|vlv ehfdxvh lw lpsolhv d frpsdudwlyh

vwdwlfv suhglfwlrq derxw prqrwrqlflw| ri wkh rswlpdo srolf|144

Ohppd 4 Ohw X� eh vrph vhw ri ixqfwlrqv wdnlqj 
 $ U1 Vxssrvh wkdw x+$> d, = 
�U $ U dqg

wkdw iru doo dM A du/ x+$> dM, � x+$> du, 5 X�1 Ohw dW+S , @ dujpd{@M�
U
l
x+$> d,gS +$,1 Wkhq

SM "7�3L� S
u lpsolhv wkdw wkhuh h{lvwv d vhohfwlrq adW+S , iurp dW+S , vxfk wkdw adW+SM, � adW+Su,1

;Lq idfw/ mxvw wklv lqvljkw doorzv xv wr fkdudfwhul}h vwrfkdvwlf grplqdqfh rughulqjv/ vlqfh zh fdq dovr frqvlghu d

wkh rughu lqgxfhg e| d pxfk vpdoohu vhw .L +iru wkh fdvh ri qrqghfuhdvlqj ixqfwlrqv/ d vhw ri lqglfdwru ixqfwlrqv,/

orrvho| uhihuuhg wr dv h{wuhph srlqwv/ vr orqj dv L ' SSSE.L �t�c3���1 Vhh Erughu +4<<4, ru Dwkh| +4<<;d, iru pruh

glvfxvvlrq1
<Ydulrxv gh�qlwlrqv ri vlqjoh furvvlqj surshuwlhv +xvlqj gl�huhqw frpelqdwlrqv ri zhdn dqg vwulfw lqhtxdolwlhv, kdyh

ehhq sursrvhg e| gl�huhqw dxwkruv lq hfrqrplfv +Plojurp dqg Vkdqqrq/ 4<<7> Vkdqqrq/ 4<<8, dqg vwdwlvwlfv +Nduolq/

4<9;,1 Wkh gh�qlwlrq lq +VF, lv qrw wkh prvw qdwxudo yduldwlrq iru frpsdudwlyh vwdwlfv wkhruhpv1 Krzhyhu/ dv lw

lqyroyhv rqo| zhdn lqhtxdolwlhv/ +VF, lv hvshfldoo| dssursuldwh iru zrunlqj zlwk forvhg frqyh{ frqhv dqg vwrfkdvwlf

rughuv1
43Wklv uhvxow klqjhv rq wkh dvvxpswlrq wkdw �M dqg �u duh suredelolw| glvwulexwlrqv1
44Wr vlpsoli| wkh qrwdwlrq dqg wkh vwdwhphqw ri wkh uhvxow zh frqvlghu rqo| vx!flhqf| khuh/ exw zlwk plqru

txdol�fdwlrqv/ wkh vlqjoh furvvlqj frqglwlrq lv lq idfw qhfhvvdu| iru frpsdudwlyh vwdwlfv dv zhoo1 Vhh Plojurp dqg

Vkdqqrq +4<<7, dqg Vkdqqrq +4<<8,1

:



Surri1 Gh�qh d ixqfwlrq y+�> d, = i3> 4j �U $ U/ zlwk y+4> d, @
U
l
x+$> d,gSM+$, dqg y+3> d, @U

l
x+$> d,gSu+$,1 Wkhq y+�> d, lv elyduldwh zhdn vlqjoh furvvlqj lq +�> d, dqg e| Vkdqqrq +4<<8,/

wkhuh h{lvwv d vhohfwlrq iurp dW+�, @ dujpd{@M� y+�> d, wkdw lv qrqghfuhdvlqj1 �

615 Prqrwrqh Ghflvlrq Sureohpv

Rxu dssurdfk lv wr uhvwulfw dwwhqwlrq wr sduwlfxodu fodvvhv ri ghflvlrq sureohpv1 Hdfk fodvv zloo eh

fkdudfwhul}hg e| d uhvwulfwlrq rq wkh GP*v sd|r� ixqfwlrq dqg d fruuhvsrqglqj uhvwulfwlrq rq wkh

vhw ri dgplvvdeoh lqirupdwlrq vwuxfwxuhv1

Gh�qlwlrq 5 Wkh sdlu +X2/I, frqvwlwxwhv d fodvv ri prqrwrqh ghflvlrq sureohpv li wkhuh h{lvwv d

sulru K+$, dqg vrph vhw X� ri erxqghg phdvxudeoh ixqfwlrqv wdnlqj 
 lqwr U/ vxfk wkdw=

+PGS0X, Iru doo x 5 X2/ li dM > du 5 U dqg dM � du/ wkhq x+$> dM, � x+$> du, 5 X�= Dqg

pruhryhu/ li x = 
�U $ U lv vrph erxqghg phdvxudeoh ixqfwlrq zlwk lqfuhphqwdo uhwxuqv lq

X�> wkhq x 5 X21

+PGS0I, Iru doo I 5 I/ I +$, � K+$,> dqg ixuwkhu li {M > {u 5vxssruw+I , dqg {M � {u/ wkhq

I +$m{M, "7�3L� I +$m{u,1 Dqg pruhryhu/ li I lv dq lqirupdwlrq vwuxfwxuh zlwk sulru K+$,

dqg srvwhulruv frpsohwho| rughuhg lq { e| "7�3L�
> wkhq I 5 I1

Li +X2>I, vdwlvi| wklv gh�qlwlrq/ zh uhihu wr wkhp dv dq PGS sdlu1 Wkh �uvw frqglwlrq/ +PGS0

X,/ lpsolhv wkdw hyhu| GP xqghu frqvlghudwlrq kdv lqfuhphqwdo uhwxuqv wr dfwlqj wkdw uho| rq wkh

vwdwh lq vrph suh0vshfl�hg zd| +iru h{dpsoh/ wkh| pljkw eh qrqghfuhdvlqj ru frqfdyh,> wkh vhfrqg/

+PGS0I,/ lpsolhv wkdw iru hyhu| dgplvvdeoh lqirupdwlrq vwuxfwxuh/ wkh lqgxfhg srvwhulru eholhiv

duh frpsohwho| rughuhg lq wkh vhqvh ri vwrfkdvwlf vlqjoh furvvlqj1

Zkdw gr wkhvh uhvwulfwlrqv ex| xvB Ohw +X2>I, eh dq PGS sdlu1 E| +PGS0X, dqg Ohppd 4/

hdfk GP x 5 X2 kdv dq rswlpdo srolf| dW+S , wkdw lv prqrwrqh lq S zkhq srvwhulruv duh rughuhg

e| "L�37� 1 Dqg +PGS0I, lpsolhv wkdw li I 5 I / wkhq hyhu| srvwhulru dvvrfldwhg zlwk I fdq

eh rughuhg lq wklv zd| dqg lqgh{hg e| {1 Wkxv/ hdfk GP x 5 X2 wdnhv kljkhu dfwlrqv zkhq vkh

uhfhlyhv kljkhu uhdol}dwlrqv ri wkh vljqdo1

Lq wklv zd|/ wkh PGS uhvwulfwlrqv lpsrvh dq ruglqdo vwuxfwxuh/ vr wkdw rqh fdq khxulvwlfdoo|

wklqn ri wkh srvwhulruv jhqhudwhg e| �{ jrlqj iurp orz wr kljk dorqj d vlqjoh glphqvlrq1 Krzhyhu/

wkh jrdo lq wklv sdshu lv wr frpsduh gl�huhqw lqirupdwlrq vwuxfwxuhv1 Zkloh +PGS0I, lpsolhv

wkdw wkh srvwhulruv iru d jlyhq vljqdo fdq eh wrwdoo| rughuhg/ lw surylghv qr jxlgdqfh dv wr krz wr

frpsduh wkh srvwhulruv dulvlqj iurp gl�huhqw vljqdov1 Wkxv/ zh lqwurgxfh d fduglqdo lqgh{ iru wkh

;



srvwhulruv jhqhudwhg e| hdfk vljqdo/ � 5 ^3> 4`/ vr wkdw zh pd| �pdwfk� iru frpsdulvrq srvwhulruv

iurp gl�huhqw vljqdov1 Wklv lv dffrpsolvkhg xvlqj d vwulfwo| lqfuhdvlqj ixqfwlrq W8 = [ $ ^3> 4`/ vr

wkdw W8 +{, @ �=

Iru dq lpsruwdqw vhw ri fdvhv/ zh zloo vkrz wkdw lw lv dssursuldwh wr pdwfk srvwhulruv dffruglqj

wr wkhlu shufhqwloh lq wkh h{ dqwh vljqdo glvwulexwlrq1 Irupdoo|/ iru dq lqirupdwlrq vwuxfwxuh I +$> {,

zlwk pdujlqdo glvwulexwlrq I +{,/ zh ohw W8 +{, @ I +{,= Xvlqj wklv lqgh{/ zh fdq ohw �I +$>�, @

I +$>I3�+�,, rq 
 � ^3> 4`/45 vr wkdw �I +$m�, lv wkh ��0shufhqwloh srvwhulru1� Wkh suredelolw| ri

revhuylqj d srvwhulru ehorz �I +$m�, lq wkh "L�37� rughu lv jlyhq e| �> vr wkdw �I +�, lv wkh xqlirup

glvwulexwlrq rq ^3> 4`1 Dv looxvwudwhg lq Iljxuh 5/ zh fdq xvh vxfk dq lqgh{ wr frpsduh wkh uhdol}dwlrqv

ri wzr vljqdov/ �{ dqg �|> dffruglqj wkhlu �0shufhqwloh1

Xvlqj wklv frqvwuxfwlrq/ zh fdq uhsuhvhqw d ghflvlrq0pdnhu*v srolf| ixqfwlrq d = ^3> 4` $ D lq

whupv ri wkh dfwlrq lw suhvfulehv iru dq �0lqgh{hg srvwhulru1 Srolf| ixqfwlrqv d+�, fdq wkhq eh

dqdo|}hg zlwkrxw uhihuhqfh wr d sduwlfxodu lqirupdwlrq vwuxfwxuh1 Xvlqj wklv uhsuhvhqwdwlrq/ iru dq|

suredelolw| glvwulexwlrq �I rq 
� ^3> 4`> zh gh�qh wkh h{ dqwh h{shfwhg ydoxh iurp xvlqj wkh srolf|

d e|

Y + �I> x> d, @

]
dfc�o

]
l

x+$> d+�,,g �I +$>�,= +8,

Dq lpsruwdqw frqvhtxhqfh ri +PGS0X, iroorzv= iru dq| qrqghfuhdvlqj d+�,/

x+$> d+�M,,� x+$> d+�u,, 5 X� iru �
M A �u= +9,

Wklv lq wxuq lpsolhv wkdw x+$> d+�,, ylhzhg dv d ixqfwlrq ri +$>�, fdq eh h{whqghg wr eh lq X2=

Lq zrugv/ zkhqhyhu wkh GP xvhv d prqrwrqh srolf|/ wkh lqfuhphqwdo uhwxuqv wr kdylqj d kljkhu

�0lqgh{hg srvwhulru uhwdlq wkh surshuwlhv zh dvvxphg iru wkh lqfuhphqwdo uhwxuqv ri wkh sulplwlyh

sd|r� ixqfwlrq/ dqg wkxv x+$> d+�,, lqkhulwv wkh surshuwlhv vshfl�hg e| X2=

Wkh glvfxvvlrq ri wklv vxevhfwlrq fdq eh irupdoo| vxppdul}hg dv iroorzv1

Wkhruhp 5 Vxssrvh +X2>I, duh dq PGS sdlu dqg wkdw +D, krogv1 Frqvlghu dq| +x> I , 5 +X2/

I,1 Wkhq iru dq| W8 = [ $ ^3> 4` frqwlqxrxv dqg vwulfwo| lqfuhdvlqj/ �I +$>�, � I +$> W3�
8

+�,, 5 I=

Ixuwkhu/ wkhuh h{lvwv vrph qrqghfuhdvlqj d8 = ^3> 4` $ D vxfk wkdw=

45Zh fdq/ zlwkrxw orvv ri jhqhudolw|/ wdnh 8E%� wr eh frqwlqxrxv dqg vwulfwo| lqfuhdvlqj1 Ohkpdqq +4<;;/ s1 85:,

surylghg d frqvwuxfwlrq zklfk vkrzv wkdw rqh fdq dozd|v wdnh 8 E%� wr eh frqwlqxrxv1 Li 8 E%� lv frqvwdqw ryhu vrph

lqwhuydo d%fc%�o/ qrwlfh wkdw wkh GP zrxog h{shulhqfh qr sd|r� orvv iurp revhuylqj %
W

' % rq % 	 %f/ %
W

' %f rq

d%fc %�o dqg %
W

' %3 E%� 3 %f�1 Dqg 8
WE%W� zloo eh vwulfwo| lqfuhdvlqj +rqh qhhgv d pruh lqyroyhg frqvwuxfwlrq li c

lv qrw frpsdfw,1 Wkhq 8E%� G c < dfc�o lv d elmhfwlrq +8 lv frqwlqxrxv dqg vwulfwo| prqrwrqh,/ vr �8 lv zhoo gh�qhg1

<



+l, Iru doo � 5 ^3> 4`> d8 +�, 5 dujpd{@M�
U
l
x+$> d,g �I +$m�,1

+ll, Y + �I> x> d8 +�,, @ Y W+I> x,=

+lll, Iru dq| �M A �u/ x+$> d8 +�M,,� x+$> d8 +�u,, 5 X�1

+ly, Wkhuh h{lvwv x8 = 
�U $ U/ x8 5 X2/ zlwk x8 +$>�, @ x+$> d8 +�,,1

Surri1 +l, Ehfdxvh D lv frpsdfw/ iru doo S 5 S/
U
l
x+$> d,gS +$, dwwdlqv d pd{lpxp rq D1

Iru dq| �M � �u/ prqrwrqlflw| ri W dqg +PGS0I, lpsolhv wkdw �I +$m�M, "7�3L� �I +$m�u,1

Vr iurp Ohppd 4/ wkhuh zloo h{lvw d qrqghfuhdvlqj vhohfwlrq iurp wkh vhw ri rswlpl}huv/ ghqrwhg

d8 +�,1 +ll, E| +l,/
U
l
x+$> d8 +�,,g �I +$m�, @ pd{@M�

U
l
x+$> d,gI +$mW3�

8
+�,,= Wkh uhvxow wkhq

iroorzv lpphgldwho| iurp wkh gh�qlwlrqv ri wkh glvwulexwlrqv1 +lll, Ohw dM @ d8 +�M,/ du @ d8 +�u,

dqg qrwh wkdw dM � du1 Exw wkhq x+$> d8 +�M,, � x+$> d8 +�u,, @ x+$> dM, � x+$> du, 5 X� e|

+PGS0X,1 +ly, Wkh ixqfwlrq x8 +$>�, fdq eh gh�qhg wr htxdo x+$> d8 +�,, iru � 5 ^3> 4`> wr htxdo

x+$> d8 +3,, iru � ? 3/ dqg wr htxdo x+$> d8 +4,, iru � A 41 Lw iroorzv iurp +PGS0X, wkdw x8 5 X21

�

616 H{dpsohv

Rxu iudphzrun fryhuv pdq| sureohpv ri hfrqrplf lqwhuhvw1 Lq wklv vhfwlrq/ zh glvfxvv irxu frpprq

fodvvhv ri sureohpv dqg wkhq vkrz eulh | krz wkh wkhru| fdq eh dssolhg wr rwkhu fdvhv1

H{dpsoh 41 Vxshuprgxodu +Lqfuhphqwdo uhwxuqv lqfuhdvlqj lq $,1 Vxssrvh X� lv wkh vhw ri

qrqghfuhdvlqj ixqfwlrqv1 Wkhq X2 lv wkh vhw ri ixqfwlrqv x+$> d, wkdw duh vxshuprgxodu lq +$> d,1

Lq zrugv/ wkh lqfuhphqwdo uhwxuq wr d kljkhu dfwlrq lv qrqghfuhdvlqj lq wkh vwdwh ri wkh zruog1

Qxphurxv hfrqrplf dssolfdwlrqv wdnh wklv irup +vhh Plojurp dqg Urehuwv +4<<3,,> iru h{dpsoh/ d

pljkw uhsuhvhqw wkh ohyho ri lqyhvwphqw iru d �up/ zkhuh wkh pdujlqdo uhwxuqv duh lqgh{hg e| $1

Vlqfh X� frqwdlqv frqvwdqw ixqfwlrqv/ zh kdyh SM "7�3L� S
u li dqg rqo| li SM lv kljkhu wkdq Su

dffruglqj wr IRVG/ ghqrwhg SM "8�7( Su1 Vr +PGS0I, lpsolhv wkdw li I 5 I> wkh lqgxfhg

srvwhulruv pxvw eh udqnhg e| IRVG/ zklfk uhtxluhv wkdw I +$m{, lv ghfuhdvlqj lq {= d kljkhu vljqdo

fruuhvsrqgv wr d kljkhu suredelolw| wkdw wkh vwdwh ri wkh zruog lv kljk1 Iljxuh 6 looxvwudwhv wkh

IRVG rughulqj ryhu srvwhulruv iru d 60vwdwh h{dpsoh1

H{dpsoh 51 Frqfdyh uhwxuqv +Lqfuhphqwdo uhwxuqv frqfdyh lq $,1 Vxssrvh X� lv wkh vhw ri frqfdyh

ixqfwlrqv1 Wkhq X2 lv wkh vhw ri ixqfwlrqv x+$> d, wkdw kdyh frqfdyh lqfuhphqwdo uhwxuqv1 Vxfk d
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sd|r� ixqfwlrq fdq dulvh qdwxudoo| lq elqdu| ghflvlrq sureohpv +d 5 i3> 4j, zkhuh wkh GP pxvw

ghflgh zkhwkhu ru qrw wr xqghuwdnh vrph ulvn| yhqwxuh zlwk frqfdyh sd|r� u+$, +lq Vhfwlrq 8 zh

suhvhqw d klulqj sureohp ri wklv w|sh,1 Pruh jhqhudoo|/ li x 5 X2/ wkhq wkh GP ehfrphv vwurqjo|

pruh ulvn dyhuvh dv vkh udlvhv khu dfwlrq146 Iru wklv fdvh SM "7�3L� S
u li dqg rqo| li SM grplqdwhv

Su dffruglqj wr VRVG +SM "7�7( Su,= wkh GP wdnhv d kljkhu dfwlrq zkhq wkh srvwhulru derxw $

lv �ohvv ulvn|1� Vr li I 5 I/ wkhq I +$m{M, "7�7( I +$m{u,1 Wklv uhtxluhv wkdw H^$m{` lv frqvwdqw

lq { dqg iru dq| $>
U
/

3"
I +�$m{,g�$ lv qrqlqfuhdvlqj lq {1 Dowhuqdwlyho|/ iru dq| {u ? {M / I +$m{u,

fdq eh dwwdlqhg iurp I +$m{M, e| d vhtxhqfh ri phdq0suhvhuylqj vsuhdgv +Urwkvfklog dqg Vwljolw}/

4<:3,1

H{dpsoh 61 ZVF+$f, +Lqfuhphqwdo uhwxuqv zhdn vlqjoh furvvlqj dw $f,1 Vxssrvh X� lv wkh vhw ri

ixqfwlrqv u+$, vxfk wkdw u+$, � 3 iru $ ? $f dqg u+$, � 3 iru $ A $f/ l1h1 wkh ixqfwlrqv wkdw furvv

}hur iurp ehorz dw $f1 Zh vd| vxfk d ixqfwlrq vdwlv�hv ZVF+$f,1 Sd|r� ixqfwlrqv lq wklv fodvv

dulvh lq wkh frqwh{w ri lqyhvwphqw xqghu xqfhuwdlqw| sureohpv/ zkhuh $ pljkw uhsuhvhqw wkh uhwxuq

rq d ulvn| dvvhw/ $f lv wkh uhwxuq rq d ulvn0iuhh dvvhw/ d lv wkh sruwirolr zhljkw rq wkh ulvn| dvvhw/

dqg lqyhvwru sd|r�v duh jlyhq e| y+d$ . +4 � d,$f,1 Lq wklv fdvh/ li SM > Su kdyh ghqvlwlhv sM > su

zlwk uhvshfw wr Ohehvjxh phdvxuh/ wkhq SM "7�3L� S
u li dqg rqo| li sM+$,� RME/f�

RuE/f�
su+$, vdwlv�hv

ZVF+$f, lq $ +Dwkh|/ 4<<;e,1 Wkxv li I 5 I/ wklv uhgxfhv wr sE/�%M�
sE/�%u�

� +�, sE/f�%M�
sE/f �%u�

dv $ ? +A,$f1

D kljk vljqdo phdqv wkdw lw lv pruh olnho| wkdw wkh wuxh vwdwh $ lv juhdwhu wkdq $f= Vlqfh wkh fodvv ri

ZVF+$f, ixqfwlrqv grhv qrw frqwdlq frqvwdqw ixqfwlrqv/ d vwurqjhu frqglwlrq lv uhtxluhg wr rughu

srvwhulruv e| vwrfkdvwlf grplqdqfh1 Iru frqyhqlhqfh/ gh�qh wkh vhw ri ixqfwlrqv ZVF+$f, dv wkh

vhw ri ixqfwlrqv u+$, vdwlvi|lqj ZVF+$f, dqg u+$f, @ 31 Zh kdyh SM "7(3L� Su li dqg rqo| li

sM+$,�su+$, lv ZVF+$f,1 Lq sduwlfxodu/ wkh ghqvlwlhv pxvw furvv dw $f> d uhvwulfwlrq qrw lpsrvhg

e| "7�3L� =

H{dpsoh 71 Zhdn Vlqjoh Furvvlqj +Lqfuhphqwdo uhwxuqv vlqjoh furvvlqj lq $,1 Vxssrvh X� lv wkh

vhw ri ixqfwlrqv u+$, wkdw furvv }hur iurp ehorz dw vrph srlqw $f1 Lq rwkhu zrugv/ X� lv wkh xqlrq

ri doo wkh ZVF+$f, vhwv1 Sd|r� ixqfwlrqv x+$> d, zlwk lqfuhphqwdo uhwxuqv wkdw duh vlqjoh furvvlqj

dovr dulvh wkurxjkrxw hfrqrplfv � iru lqvwdqfh lq elgglqj dqg sulflqj sureohpv147 Iru wkh fodvv

ri vlqjoh furvvlqj ixqfwlrqv/ zh kdyh SM "7�3`7� Su li dqg rqo| li SM "7�3`7�E/f� S
u iru doo

$f/ zklfk lpsolhv wkdw +zkhuh wkh ghqvlwlhv h{lvw, sM+$,@su+$, lv qrqghfuhdvlqj lq $1 Wklv rughu

46
Uhfdoo wkdw o

ME/� lv vwurqjo| pruh ulvn dyhuvh wkdq o
uE/� li wkhuh lv vrph b D f vxfk wkdw o

ME/� 3 bo
uE/� lv

frqfdyh1 Vhh Urvv +4<;4, ru Mhzlww +4<;9,1
47Vhh Plojurp dqg Vkdqqrq +4<<7, iru dq h{whqvlyh glvfxvvlrq ri wkh vlqjoh furvvlqj surshuw|/ dqg Dwkh| +4<<;e,

iru dssolfdwlrqv lq vwrfkdvwlf sureohpv1

44



kdv uhfhlyhg d juhdw ghdo ri dwwhqwlrq lq hfrqrplfv dqg vwdwlvwlfv/ dqg lw lv nqrzq dv wkh Prqrwrqh

Olnholkrrg Udwlr +POU, rughu +SM "�u- Su,1 Wkhq li I 5 I/ I +$m{, pxvw eh rughuhg e| POU/

dqg li d ghqvlw| h{lvwv/ i+$m{M,@i+$m{u, lv qrqghfuhdvlqj lq $148

Qrwh wkdw wkh fodvv ri sd|r� ixqfwlrqv zlwk vlqjoh furvvlqj lqfuhphqwdo uhwxuqv lqfoxghv wkh fodvv

ri vxshuprgxodu sd|r� ixqfwlrqv dqg wkh fodvv ri sd|r� ixqfwlrqv zlwk lqfuhphqwdo uhwxuqv wkdw

duh ZVF+$f,1 Exw h{sdqglqj wkh vhw ri sd|r� ixqfwlrqv frphv dw d frvw � zh kdyh wr olplw wkh vhw

ri lqirupdwlrq vwuxfwxuhv wkdw zh fdq dwwhpsw wr frpsduh1 Iru lqvwdqfh/ uhtxlulqj wkh srvwhulruv wr

eh rughuhg e| POU lv vljql�fdqwo| vwurqjhu wkdq uhtxlulqj wkh srvwhulruv wr eh rughuhg e| IRVG149

Wklv lv looxvwudwhg lq Iljxuh 61

Pruh jhqhudoo|/ rxu wkhru| dssolhv li X� lv vrph duelwudu| forvhg frqyh{ frqh ri ixqfwlrqv/ vxfk

dv olqhdu ixqfwlrqv ru txdgudwlf ixqfwlrqv ru ixqfwlrqv zlwk srvlwlyh q|� ghulydwlyhv1 Iru dq| vxfk

fdvh/ wkhuh lv d ulfk wkhru| ri vwrfkdvwlf grplqdqfh wkdw doorzv rqh wr fkdudfwhul}h wkh uhodwlrq

"7(3L�
/ dqg khqfh wkh uhohydqw uhvwulfwlrq rq srvwhulru eholhiv/ lq whupv ri wkh �h{wuhph srlqwv�

ri wkh frqh X�=
4: Zh ohdyh wklv sxuvxlw wr wkh uhdghu1

7 Rughulqj Lqirupdwlrq Vwuxfwxuhv

Wklv vhfwlrq frqwdlqv rxu pdlq uhvxowv rq rughulqj lqirupdwlrq vwuxfwxuhv1 Zh ehjlq e| lghqwli|lqj

d vx!flhqw frqglwlrq iru doo GPv zlwk sd|r�v x 5 X2 wr suhihu dq lqirupdwlrq vwuxfwxuh J 5 I

wr dqrwkhu lqirupdwlrq vwuxfwxuh I 5 I1 Zh fdoo wklv frqglwlrq wkh �prqrwrqh lqirupdwlrq rughu�

+PLR, iru +X2>I,> lw fdq eh fkdudfwhul}hg xvlqj wkh vwrfkdvwlf grplqdqfh rughu lqgxfhg e| X�=

Zh vkrz wkdw +PLR, lv qrw mxvw vx!flhqw/ exw dovr qhfhvvdu|/ iru vpdoo +gl�huhqwldo, fkdqjhv lq

wkh lqirupdwlrq vwuxfwxuh zkhq X� lv d forvhg frqyh{ frqh wkdw frqwdlqv wkh frqvwdqw ixqfwlrqv1

Vhfwlrq 715 surylghv d jhqhudo dqdo|vlv ri lqirupdwlyhqhvv iru fodvvhv ri PGSv edvhg rq vwrfkdvwlf

48Dwkh| +4<<;e, dovr vkrzv wkdw wkh vhw ri orj0vxshuprgxodu sd|r� ixqfwlrqv +zkhuh � lv srvlwlyh dqg

�E/c @M�*�E/c @u� lv qrqghfuhdvlqj lq /, lqgxfh wkh vdph vwrfkdvwlf vlqjoh furvvlqj rughu/ 77�3L4 c ghvslwh wkh

idfw wkdw wkh vhw ri orj0vxshuprgxodu ixqfwlrqv lv vpdoohu wkdq wkh vhw ri sd|r� ixqfwlrqv zlwk lqfuhphqwdo uhwxuqv

wkdw duh vlqjoh furvvlqj1 Krzhyhu/ wkh vhw ri orj0vxshuprgxodu sd|r�v grhv qrw vdwlvi| +PGS0X,/ dqg wkxv rxu dqdo|0

vlv ehorz grhv qrw dsso| gluhfwo| wr wklv fodvv ri sd|r�v1 Wr vhh dq h{dpsoh zkhuh orj0vxshuprgxodu sd|r�v dulvh/

vxssrvh wkdw wkh dfwlrq @ lv sulfh/ �upv pd{lpl}h E@3 S�(E@c /�/ dqg kljkhu vwdwhv ri wkh zruog fruuhvsrqg wr pruh

lqhodvwlf ghpdqg1
49Lq sduwlfxodu/ dvvxplqj 8 lv lqgh{hg e| wkh POU lv htxlydohqw wr dvvxplqj wkh 8 E/�%� lv rughuhg e| IRVG iru

doo sulru glvwulexwlrqv ME/� +Plojurp/ 4<;4,1
4:Wkdw lv/ zh fkhfn +VG, iru vrph vhw ri ixqfwlrqv .L vxfk wkdw SSSE.L � t�c3��� ' L� Vhh Nduolq dqg Vwxgghq/

4<99> Erughu/ 4<<4> Mhzlww/ 4<;9> Dwkh| 4<<;d1
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vlqjoh furvvlqj1 Uhfdoo iurp Vhfwlrq 614 wkdw zkhq X� grhv qrw frqwdlq wkh frqvwdqw ixqfwlrqv/

"7�3L�
lv zhdnhu wkdq "7(3L� 1 Wkxv/ wkh rughulqj edvhg rq vwrfkdvwlf vlqjoh furvvlqj fdq eh

xvhg wr frpsduh d juhdwhu ydulhw| ri lqirupdwlrq vwuxfwxuhv zkhq X� grhv qrw frqwdlq frqvwdqw

ixqfwlrqv1 Zh ghulyh Ohkpdqq*v +4<;;, h�hfwlyhqhvv rughu dv d fruroodu|/ dqg uhodwh rxu zrun wr

klv1 H{dpsohv duh surylghg1

714 Prqrwrqh Lqirupdwlrq Rughuv Xvlqj Vwrfkdvwlf Grplqdqfh

Zh ehjlq e| vwdwlqj d vx!flhqw frqglwlrq iru J wr eh pruh lqirupdwlyh wkdq I wr d jlyhq fodvv ri

ghflvlrq0pdnhuv1

Wkhruhp 6 Ohw +X2>I, eh dqg PGS sdlu dqg vxssrvh +D, krogv1 Frqvlghu dq| I>J 5 I 1 Wkhq

Y W+J>x, � Y W+I> x, iru doo x 5 X2 li iru doo � 5 +3> 4,

J+$mJ+|, � �, "7(3L� I +$mI +{, � �,= +PLR,

Li wkh dvvxpswlrqv ri Wkhruhp 6 krog dqg +PLR, rewdlqv/ zh zulwh J "�U�3L� I / l1h1 J lv

juhdwhu wkdq I lq wkh prqrwrqh lqirupdwlrq rughu lqgxfhg e| sd|r� ixqfwlrqv zlwk lqfuhphqwdo

uhwxuqv lq X�1 Wkh frqglwlrq +PLR, lv hdv| wr lqwhusuhw1 Lw vd|v wkdw wkh kljk srvwhulruv lqgxfhg

e| J +zkhuh �kljk� phdqv J+�|, � �, duh rq dyhudjh kljkhu +dffruglqj wr vwrfkdvwlf grplqdqfh,

wkdq wkh fruuhvsrqglqj kljk srvwhulruv lqgxfhg e| I 14; Wklv frqglwlrq lv dovr htxlydohqw wr vd|lqj

wkdw wkh orz srvwhulruv lqgxfhg e| J duh orzhu= revhuyh wkdw

�I +$mI +{, � �, . +4��,I +$mI +{, A �, @ K+$,> +:,

zkhuh K+$, lv wkh sulru1 Vr dq htxlydohqw h{suhvvlrq wr +PLR, lv wkdw iru doo � 5 ^3> 4`/

I +$mI +|, � �, "7(3L� J+$mJ+{, � �,= +;,

Qrwlfh wkdw lq wklv frqglwlrq/ vljqdov duh lpsolflwo| lqgh{hg e| wkhlu h{ dqwh shufhqwloh1 Wklv

prwlydwhv xv wr xvh wkh lqgh{ �% @ I +{,> dv ghvfulehg lq Vhfwlrq 615 dqg looxvwudwhg lq Iljxuh 51

Wkxv/ wkurxjkrxw wklv vxevhfwlrq/ zh ohw �I +$>�, @ I +$>I3�+�,, dqg ohw �J+$>�, @ J+$>J3�+�,,=

4;Dqdorjrxv wr Eodfnzhoo/ rqh fdq lqwhusuhw +PLR, dv vd|lqj wkdw wkh C srvwhulruv duh �pruh vsuhdg rxw� wkdq wkh

8 srvwhulruv1 Wr vhh wklv/ qrwh wkdw +PLR, lv htxlydohqw wr vd|lqj wkdw iru doo k M dfc�o/

]
k

f

CE/�CE+� ' �k�_�k A7(3L4

]
k

f

8 E/�8 E%� ' �k�_�k

zklfk fdq eh lqwhusuhwhg lq d pdqqhu vlplodu wr wkh vhfrqg rughu vwrfkdvwlf grplqdqfh frqglwlrq iru frpsdulqj wzr

glvwulexwlrqv/ 8M dqg 8u/ rq dfc�o/ zklfk uhtxluhv wkdw
U
5

f
8
ME�5�_�5 $1

U
5

f
8
uE�5�_�5 zlwk htxdolw| zkhq 5 ' ��
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Surri ri Wkhruhp 61 Zh vkrz wkdw +PLR, dfwxdoo| lpsolhv d vwurqjhu uhvxow/ qdpho| wkdw

xqghu +PLR,/ iru dq| x 5 X2/ Y + �J>x> d, � Y + �I > x> d, iru dq| d+�, qrqghfuhdvlqj1 Wklv zloo lpso|

wkdw J lv pruh lqirupdwlyh wkdq I xqghu wkh frqglwlrqv ri Wkhruhp 61 Wr vhh wklv/ revhuyh wkdw

d8 +�, 5 dujpd{@
U
l
x+$> d,gI +$mI +{,@�, lv qrqghfuhdvlqj/ dqg wkxv e| uhyhdohg suhihuhqfh

Y W+J>x, � Y + �J>x> d8 , � Y + �I > x> d8 , � Y W+I> x,=

Vxssrvh wkdw D @ id�> ===> d?j lv �qlwh/ zlwk d�n� A d�1 Gh�qh

u�+$, � x+$> d�n�,� x+$> d�,=

Frqvlghu vrph duelwudu| prqrwrqh lqfuhdvlqj srolf| d = ^3> 4` $ D1 Zh fdq �qg �f @ 3 � �� �

=== � �?3� � �? @ 4 vxfk wkdw d+�, @ d� rq ^��3�> ��`1 Wkhq zh kdyh

Y + �I> x> d, �

]
l

]
dfc�o

x+$> d+�,,g �I +$>�,

@

]
l

?[
�'�

x+$> d�,
k
�I +��m$,� �I +��3�m$,

l
g �I +$,

@ H^x+$> d�,` .

]
l

+
?3�[
�'�

^x+$> d�n�,� x+$> d�,`
k
4� �I +��m$,

l,
g �I +$,

@ H^x+$> d�,` .
?3�[
�'�

+4� ��,

]
l

u�+$,g �I +$m��% � ��,

� H^x+$> d�,` .
?3�[
�'�

+4� ��,

]
l

u�+$,g �J+$m��+ � ��, @ Y + �J>x> d,=

Wkh htxdolwlhv iroorz e| dojheudlf pdqlsxodwlrq dqg Ed|hv* uxoh1 Wkh lqhtxdolw| iroorzv gluhfwo|

iurp +PLR, vlqfh/ e| +PGS0X,/ zh nqrz wkdw iru hdfk l/ u�+$, 5 X�1 Wkh fdvh ri D frpsdfw

iroorzv yld d olplwlqj dujxphqw dqg lv ghihuuhg xqwlo wkh qh{w vhfwlrq1 �

Wkh lghd lq wkh surri lv yhu| vlpsoh1 Vwduwlqj iurp dfwlrq d�> hyhu| qhz lqfuhphqw wr wkh fkrlfh

ri dfwlrq hqwdlov d qhz +lqwhulp, jdpeoh rq $> ghvfulehg e| u�+$, � x+$> d�n�, � x+$> d�, 5 X�=

Irupdoo|/ sd|r�v iru d jlyhq dfwlrq fdq eh zulwwhq dv wkh vxp ryhu wkhvh lqfuhphqwdo jdpeohv=

x+$> d�, @ x+$> d�, .
�3�[
�'�

u�+$,= +<,

Mxpslqj xs wr d kljkhu dfwlrq +vd|/ iurp d� wr d�n�, dw vrph srvwhulru lqgh{hg e| I +{, @ �� phdqv

wdnlqj rq wkh jdpeoh iru doo kljkhu0udqnhg srvwhulruv dv zhoo/ vlqfh wkh GP xvhv d prqrwrqh srolf|1
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Wkh h�hfw rq h{ dqwh sd|r�v lv wkhq jlyhq e| H^u�+$,mI +�{, � ��`1 Suhihuhqfhv ryhu wkh jdpeohv

u�+$, duh ghvfulehg e| "7(3L� > dqg +PLR, uhtxluhv wkdw hyhu| vxfk jdpeoh lv pruh idyrudeoh xqghu

J wkdq xqghu I 1 Dv wklv dujxphqw dssolhv zkhq wkh GP xvhv wkh rswlpdo srolf| iru vljqdo �{/ wkhuh

lv qr srvvleoh zd| iru d ghflvlrq0pdnhu lq wkh fodvv wr gr ehwwhu/ iurp dq h{ dqwh vwdqgsrlqw/ xvlqj

I lqvwhdg ri J1

Lq wkh surri/ zh vkrzhg wkdw +PLR, lpsolhv Y + �J> x> d, � Y + �I > x> d, iru dq| x 5 X2 dqg d+�,

qrqghfuhdvlqj1 Vlqfh +PLR, kdv vxfk srzhuixo frqvhtxhqfhv/ lw pljkw vhhp wr eh �wrr vwurqj� dv dq

lqirupdwlyhqhvv rughu1 Dw d plqlpxp/ lw vhhpv uhdvrqdeoh wr frpsduh Y + �J>x> d8 , � Y + �I > x> d8 ,

rqo| iru srolflhv d8 zklfk duh rswlpdo iru lqirupdwlrq vwuxfwxuh I 1 Krzhyhu/ iru lpsruwdqw fodvvhv

ri prqrwrqh ghflvlrq sureohpv/ zh vkrz wkdw uhvwulfwlqj wkh srolf| ixqfwlrq lq wklv zd| grhv qrw

shuplw d zhdnhqlqj ri +PLR,1

Wr vhh zk| wklv pljkw eh wuxh/ frqvlghu wkh vlpsohvw fdvh ri D @ i3> 4j dqg vrph x 5 X21 Wkh

rswlpdo srolf| iru x +ghqrwhg d8c�, hqwdlov mxpslqj iurp d @ 3 wr d @ 4 dw d srvwhulru lqgh{hg e|

I +�{, @ �8c�1 Qrz frqvlghu xwlolw| ixqfwlrqv ri wkh irup z+$> d, @ x+$> d, . dN/ zkhuh N 9@ 3 lv

dq duelwudu| frqvwdqw1 Wkhuh lv qr sduwlfxodu uhdvrq iru wkh srolf| ri mxpslqj wr d @ 4 dw �8c� wr

eh rswlpdo iru z xqghu I > krzhyhu/ d GP zlwk sd|r� z zkr grhv xvh d8c� +vxerswlpdoo|,/ zloo

suhihu J wr I li dqg rqo| li wkh GP zlwk sd|r� x grhv dv zhoo=

Y + �J>x> d8c�,� Y + �I > x> d8c�,� ^Y + �J>z> d8c�,� Y + �I >z> d8c�,` +43,

@ +4� �,

]
l

NgJ+$mJ+�|, � �,� +4��,

]
l

NgI +$mI +�{, � �, @ 3= +44,

Vlploduo|/ d GPzlwk sd|r� xzkr xvhv d8c� +vxerswlpdoo|, suhihuvJ wr I li dqg rqo| li Y + �J>z> d8c�,�

Y + �I >z> d8c�,14< Wr h{whqg wklv lghd/ vxssrvh wkdw iru hyhu| N/ zg @ x . dN 5 X21 Wkhq e|

ydu|lqj N/ zh srwhqwldoo| fdq uhfryhu dq| srolf| ri wkh irup d @ 3 iru I +�{, ? �/ d @ 4 iru

I +�{, � � dv wkh rswlpdo srolf| ri vrph zg 1 Dqg wkxv iru doo sd|r� ixqfwlrqv izg 5 X2j wr suhihu

J wr I xvlqj wkhlu rswlpdo uhvsrqvh wr I / lw zloo eh qhfhvvdu| wkdw Y + �J>x> d, � Y + �I> x> d, iru doo

prqrwrqh srolflhv d+�,1

Wklv khxulvwlf dujxphqw fdq eh pdgh h{dfw xqghu wkh iroorzlqj frqglwlrq=

+X �0F, X� @ fff+X� ^ i4>�4j,=

4<Qrwh wkdw wklv dujxphqw wxuqv fulwlfdoo| rq rxu ghflvlrq +lpsolflw lq +�U�,, wr frpsduh C wr 8 xvlqj +�{hg,

srolf| ixqfwlrqv wkdw ghshqg rq d srvwhulru*v udqn lq wkh h{ dqwh glvwulexwlrq/ k+ ' CE+�1 Kdg zh xvhg srolf|

ixqfwlrqv @ G dfc�o< � edvhg rq vrph rwkhu lqgh{ +qrw wkh pdujlqdo,/ wkh srolf| ri lqfuhdvlqj wkh dfwlrq dw k+ ' k

iru lqirupdwlrq vwuxfwxuh C zrxog qr orqjhu fruuhvsrqg wr fkrrvlqj d kljkhu dfwlrq zkhq CE�+� D k� dqg +44, zrxog

idlo1
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Wkdw lv/ X� lv d forvhg frqyh{ frqh/ dqg lw frqwdlqv wkh frqvwdqw ixqfwlrqv1 Xqghu wklv frqglwlrq/

u 5 X� lpsolhv wkdw u . N 5 X� iru dq| N1 Wkxv � fuxfldoo| iru rxu sxusrvhv � li x 5 X2> wkhq

x. dN 5 X21

Wkh iroorzlqj wkhruhp hvwdeolvkhv wkdw/ zkhq +X�0F , krogv/ wkhq iru vpdoo +gl�huhqwldo, fkdqjhv

lq wkh lqirupdwlrq vwuxfwxuh/ +PLR, lv erwk qhfhvvdu| dqg vx!flhqw iru d udqnlqj ri lqirupdwlrq

vwuxfwxuhv1

Wkhruhp 7 Ohw +X2>I, eh dq PGS sdlu vxfk wkdw +X�0F, dqg +D, krogv1 Ohw I w+$> {, eh vprrwko|

sdudphwul}hg e| �/ zlwk I w 5 I iru doo �1 Wkhq _

_w
Y W+I w> x, � 3 iru doo x 5 X2/ li dqg rqo| li

I wn_w "�U�3L�
I w1

Surri1 Vx!flhqf| iroorzv iurp deryh1 Zh suryh d vwurqjhu uhvxow/ wkdw +PLR, lv qhfhvvdu| iru

Y + �J>x> d8 , � Y + �I > x> d8 ,/ zkhuh d8 lv wkh rswlpdo srolf| iru lqirupdwlrq vwuxfwxuh I 1 Zh surfhhg

e| dvvxplqj wkdw +PLR, idlov dqg frqvwuxfwlqj d frqwudglfwlrq1 Vxssrvh J 
�U�3L� I 1 Wkhq

wkhuh lv vrph ��/ dqg �u 5 X� vxfk wkdw]
l

�u+$,gJ+$mJ+�|, � ��, A

]
l

�u+$,gI +$mI +�{, � ��,= +45,

Ohw D @ i3> 4j= Wkhq frpsxwh N
7k � H^�u+$,mI +�{, @ ��`> dqg gh�qh

�x+$> d, @ d +�u+$,�N
7k, =

E| +X�0F ,/ vlqfh �u 5 X�/ wkhq �x 5 X21 Dq rswlpdo srolf| iru wklv GP lv wr vhw d8 +�, @ 4 li � A ��

dqg }hur rwkhuzlvh1 Wkhq Y + �J>x> d8 , � Y + �I > x> d8 ,> li dqg rqo| li]
dfc�o

]
l

�x+$> d8 +�,,gJ+$>J3�+�,, �

]
dfc�o

]
l

�x+$> d8 +�,,gI +$>I3�+�,, +46,

+,

]
l

^�u+$,�N7k`gJ+$mJ+�|, � ��, �

]
l

^�u+$,�N7k`gI +$mI +�{, � ��, +47,

Exw/ wkh h{shfwhg ydoxh ri d frqvwdqw ixqfwlrq lv vlpso| wkdw frqvwdqw1 Vr +46, dqg +47, frqwudglfw

+45,1

Iru wkh fdvh ri vpdoo fkdqjhv/ frqvlghu I w > d vprrwko| sdudphwhul}hg idplo|/ dqg ohw dw+�,

eh wkh rswlpdo srolf|1 Wkhq/ e| wkh hqyhorsh wkhruhp/ _

_w
Y +I w> x> dw,

��
w'7w

@ Y

Yw
Y +I w > x> d

7w,
���
w'7w

=

Wkhq dsso| wkh deryh dujxphqw wr frpsduh I
7wn_w dqg I

7w dw wkh srolf| d
7w= �

Lw lv dovr srvvleoh wr ylhz wkh qhfhvvlw| uhvxow wkurxjk wkh ohqv ri vwdwlvwlfdo k|srwkhvlv whvwlqj1

Frqvlghu whvwlqj wkh qxoo k|srwkhvlv Kf = u+$, � 3 djdlqvw wkh dowhuqdwlyh K� = u+$, ? 3> iru vrph

49



u+$, 5 X�1 Krzhyhu/ zh lpsrvh d frqvwudlqw rq wkh ghflvlrq0pdnhu= wkh whvw kdv dq dyhudjh vl}h ri

4 � �1 Wkdw lv/ wkh h{ dqwh suredelolw| +ryhu doo srvvleoh vljqdov, ri dffhswlqj wkh qxoo k|srwkhvlv

lv 4��1 D ghflvlrq0pdnhu idflqj wklv sureohp zrxog wkhq vroyh=

pd{
@E%�Mtfc��

]
c

]
l
d+{,u+$,gI +$> {,

v1w1

]
c

d+{,gI +{, @ 4��

Dvvxplqj wkh frqglwlrqv ri Wkhruhp 7 dsso|/ dq rswlpdo srolf| iru wklv whvwlqj sureohp zloo vhw

d+{, @ 4 li dqg rqo| li I +�{, � �1 Wkh h{ dqwh h{shfwhg sd|r� zloo eh +4� �, �H^u+$,mI +�{, � �`>

zklfk/ e| +PLR,/ lv odujhu wkdq wkh sd|r� iurp vroylqj wkh lqihuhqfh sureohp dvvrfldwhg zlwk J/

+4 � �, � H^u+$,mJ+�|, � �`= Wkxv/ +PLR, fdq eh lqwhusuhwhg dv uhtxlulqj wkdw ehwwhu lqirupdwlrq

doorzv +rq dyhudjh, ehwwhu lqihuhqfh derxw wkh uhwxuqv wr wdnlqj d kljkhu dfwlrq153

71414 H{dpsohv

Zh qrz uhylvlw wzr ri rxu h{dpsohv iurp deryh1

H{dpsoh 41 Vxshuprgxodu +Lqfuhphqwdo uhwxuqv lqfuhdvlqj lq $,1 Vlqfh X� lv wkh vhw ri qrq0

ghfuhdvlqj ixqfwlrqv/ wkh uhodwlrq "7(3L� fruuhvsrqgv wr IRVG1 Wkxv J lv kljkhu wkdq I lq wkh

vxshuprgxodu prqrwrqh lqirupdwlrq rughu +PLR0VSP, li dqg rqo| li iru doo � 5 +3> 4,/ �J+$m��+ � �,

"8�7(
�I +$m��% � �,1 Wkdw lv/ kljk vljqdov iurp J ohdg rq dyhudjh wr kljkhu srvwhulru eholhiv wkdq

kljk vljqdov iurp I 1 Uhfdoo iurp deryh wkdw li I>J 5 I/ wkhq �I +$m�,/ �J+$m�, duh lqfuhdvlqj lq

wkh vhqvh ri IRVG dv � lqfuhdvhv1 Vr d kljkhu vljqdo lv �jrrg qhzv� derxw wkh vwdwh ri wkh zruog1

Li J "�U�3L� I wkhq kljk vljqdov duh +rq dyhudjh, �ehwwhu qhzv� xqghu J wkdq xqghu I 1 Vlqfh

kljk vljqdov ohdg wr kljk dfwlrqv/ rqh fdq wklqn lqwxlwlyho| derxw J eulqjlqj derxw d ehwwhu pdwfk

ehwzhhq dfwlrqv dqg wkh wuxh vwdwh ri wkh zruog1

Lw lv lqwhuhvwlqj wr uhodwh +PLR0VSP, wr vx!flhqf|1 Wr gr wklv/ zh uhwxuq wr rxu hduolhu wkuhh0

vwdwh/ wzr0vljqdo h{dpsoh1 Uhfdoo wkh GP kdv xqlirup sulru ryhu wkh wkuhh vwdwhv $� ? $2 ? $�1 Dv

looxvwudwhg lq Iljxuh 7/ ohw �| eh d vljqdo wkdw sxw htxdo olnholkrrg rq srvwhulruv + 2
�
> �
S
> �
S
, dqg +3> �

2
> �
2
,1

Qrwh wkdw �| lv dgplvvdeoh iru vxshuprgxodu PGSv vlqfh +3> �
2
> �
2
, "8�7( + 2

�
> �
S
> �
S
,1 Frqvlghu dq

lqirupdwlrq vwuxfwxuh �} wkdw sxwv htxdo olnholkrrg rq srvwhulruv + 2
�
> �
�
> 3, dqg +3> �

�
> 2
�
,1 Fohduo| �}

lv dovr dgplvvdeoh iru vxshuprgxodu PGSv1 Ixuwkhu/ iurp wkh glvfxvvlrq lq Vhfwlrq 616/ �| dqg �}

53Wr vhh zk| wklv dowhuqdwlyh dssurdfk lv hvvhqwldoo| htxlydohqw wr rxu qhfhvvlw| surri/ ohw 7b eh wkh Odjudqjh

pxowlsolhu rq wkh frqvwudlqhg rswlpl}dwlrq sureohp iru 7o/ 7k +gh�qhg dv lq wkh surri,1 Wkhq 7� lq wkh surri htxdov

@E7oE/� n 7b�1
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fdqqrw eh frpsduhg e| Eodfnzhoo*v vx!flhqf| fulwhuld1 Krzhyhu/ doo vxshuprgxodu ghflvlrq0pdnhuv

suhihu �} wr �|/ l1h1 �} "�U�37�� �|1 Wkh uhdvrq lv vlpsoh= �}*v srvwhulruv duh pruh vsuhdg rxw

dffruglqj wr IRVG1 Zkhq wkh GP vhhv d orz vljqdo uhdol}dwlrq iurp �}/ khu eholhiv derxw wkh vwdwh

duh wuxo| shvvlplvwlf/ zkloh wkh frqyhuvh krogv iru kljk vljqdo uhdol}dwlrqv1

Iljxuh 8 looxvwudwhv wklv vkliw lq d gl�huhqw zd|1 Iru hdfk vljqdo/ zh odeho wkh orzhu +e| IRVG,

srvwhulru O/ dqg wkh kljkhu srvwhulru K 1 Zh vhh wkdw vljqdov wkdw duh kljkhu dffruglqj wr +PLR0

VSP, sodfh pruh suredelolw| zhljkw rq +$2> O,/ dqg +$�> K,1 Lq idfw/ xvlqj lghdv iurp elyduldwh

vwrfkdvwlf grplqdqfh/ lw lv srvvleoh wr vkrz wkdw +PLR0VSP, fdq lq jhqhudo eh fkdudfwhul}hg wklv

zd|1 Uhvxowv iurp Ph|hu +4<<4, fdq eh xvhg wr vkrz wkdw J "�U�37�� I li dqg rqo| li J lv

rewdlqhg iurp I xvlqj d �pdujlqdo0suhvhuylqj vsuhdg� ri wkh irup looxvwudwhg lq Iljxuh 6154

Dv d ixuwkhu frpsdulvrq/ frqvlghu wkh vljqdo vwuxfwxuh �{ wkdw sxwv htxdo olnholkrrg rq srvwhulruv

+ 2
�
> 3> �

�
, dqg +3> 2

�
> �
�
,1 Lw iroorzv hdvlo| wkdw �{ lv dgplvvdeoh iru vxshuprgxodu ghflvlrq sureohpv dqg

wkdw �|> �} "�U�37�� �{1 \hw qr wzr0srlqw lqirupdwlrq vwuxfwxuh lv vx!flhqw iru �{1 Pruhryhu/ li zh

shuwxue �{ vr wkdw lw jhqhudwhv srvwhulruv +2
�
� %> % . �> �

�
� �, dqg +%> 2

�
� %� �> �

�
. �, zlwk htxdo

suredelolw| +zkhuh % A 3> � A 3/ dqg % . 5� ? �

�
,/ wkhq zh vwloo kdyh �| "�U�37�� �{> hyhq wkrxjk

wkh wzr vljqdov duh qrw Eodfnzhoo frpsdudeoh +looxvwudwhg lq Iljxuh 7,1 Vr wkhuh lv d vhqvh lq zklfk

rxu lqirupdwlrq rughu lv urexvw1

Rxu h{dpsohv kljkoljkw wkh idfw wkdw zkhq wkhuh duh wkuhh ru pruh vwdwhv ri wkh zruog/ wkhuh lv d

vljql�fdqw uhvwulfwlrq lq Eodfnzhoo*v uhtxluhphqw wkdw wkh srvwhulruv ri wkh �edg� vljqdo pxvw olh lq

wkh frqyh{ kxoo ri wkh �jrrg� vljqdo srvwhulruv1 Li wkhuh duh rqo| wzr vwdwhv ri wkh zruog/ m
m @ 5 +wkh

vwdwh ri wkh zruog lv d �glfkrwrp|�,/ wkhq wklv uhvwulfwlrq lv qr orqjhu vhyhuh/ vlqfh doo srvwhulruv

fdq eh vxppdul}hg lq d vlqjoh glphqvlrq1 Lw fdq eh vkrzq wkdw rq glfkrwrplhv +PLR0VSP, lv

htxlydohqw wr vx!flhqf|1

H{dpsoh 51 Frqfdyh +Lqfuhphqwdo uhwxuqv frqfdyh lq $,1 Zkhq X� lv wkh vhw ri frqfdyh ixqfwlrqv/

wkh uhodwlrq "7(3L� fruuhvsrqgv wr VRVG1 Uhfdoo iurp deryh wkdw +PGS0I, lpsolhv wkdw �I +$m�,

ehfrphv �ohvv ulvn|� +e| VRVG, dv � lqfuhdvhv1 Vr J "�U�3�T I li/ iru dq| �/ �J+$m��+ � �,

"7�7(
�I +$m��% � �,= kljk vljqdov ohdg rq dyhudjh wr ohvv ulvn| srvwhulruv xqghu J wkdq xqghu

I= Vlqfh kljk vljqdov ohdg wr kljk dfwlrqv dqg kljk dfwlrqv ohdg wr lqwhulp suhihuhqfhv wkdw duh

pruh ulvn0dyhuvh/ rqh fdq vhh lpphgldwho| wkdw kdylqj d ehwwhu pdwfk ehwzhhq kljk vljqdov dqg

orz ulvn zloo eh ydoxdeoh wr wkh GP1 Zh jlyh dq h{dpsoh lq Vhfwlrq 9 zkhuh vxfk suhihuhqfhv dulvh1

Lqwhuhvwlqjo| +PLR0FY, lpsolhv vx!flhqf| zkhq wkhuh duh rqo| wzr ru wkuhh srvvleoh vwdwhv ri wkh

54Vhh dovr Ohy| dqg Sdurxvk +4<:7, dqg Vkdnhg dqg Vkdqwlnxpdu +4<<:, iru pruh glvfxvvlrq ri wkh vwrfkdvwlf

grplqdqfh rughu dvvrfldwhg zlwk vxshuprgxodu ixqfwlrqv1
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zruog1

Mxvw dv zh frxog �qg dq PGS sdlu +X2>I, fruuhvsrqglqj wr dq| vhw ri lqfuhphqwdo uhwxuq

ixqfwlrqv X� wkdw irupv d forvhg frqyh{ frqh/ zh fdq ghvfuleh wkh uhohydqw prqrwrqh lqirupdwlrq

rughu frqglwlrq1 Rqfh djdlq/ "�U�3L� vd|v wkdw li wkh dyhudjh srvwhulruv xqghu J vwrfkdvwlfdoo|

grplqdwh wkh dyhudjh srvwhulruv xqghu I +zlwk uhvshfw wr ixqfwlrqv lq X�,/ wkhq J lv pruh lqiru0

pdwlyh wkdq I iru wkh fodvv ri sureohpv lq +X2>I,1 Dqg zh nqrz wkdw dq| vwrfkdvwlf grplqdqfh

uhodwlrqvkls lqgxfhg e| d forvhg frqyh{ frqh fdq eh ghvfulehg lq whupv ri wkh h{wuhph srlqwv ri

wkh frqh155

715 Prqrwrqh Lqirupdwlrq Rughuv Xvlqj Vwrfkdvwlf Vlqjoh Furvvlqj

Lq wkh suhylrxv vhfwlrq zh lqgh{hg srvwhulruv e| wkhlu h{ dqwh shufhqwloh dqg wkhq frpsduhg lqiru0

pdwlrq vwuxfwxuhv/ �qglqj wkdw lqirupdwlyhqhvv udqnlqjv frxog eh ghulyhg xvlqj idploldu qrwlrqv ri

vwrfkdvwlf grplqdqfh1 Iru wklv dssurdfk wr eh �wljkw/� zh uhtxluhg X� wr frqwdlq wkh srvlwlyh dqg

qhjdwlyh frqvwdqw ixqfwlrqv1 Zkhq X� grhv qrw frqwdlq wkh frqvwdqwv/ exw grhv frqwdlq vrph rwkhu

ixqfwlrq au dqg lwv dgglwlyh lqyhuvh �au/ zh fdq h{whqg rxu uhvxowv xvlqj vwrfkdvwlf vlqjoh furvvlqj lq

sodfh ri vwrfkdvwlf grplqdqfh1

Zh lqwurgxfh dq dgglwlrqdo sdlu ri uhvwulfwlrqv +mrlqwo| ghqrwhg +U,, lq rughu iru +X2>I, wr eh

dgplvvdeoh=

+U0X, X� lv d forvhg frqyh{ frqh/ dqg wkhuh vrph au+$, � 3 vxfk wkdw au>�au 5 X�1

+U0I, Iru dq au vdwlvi|lqj +U0X,/ iru doo I 5 I zlwk dvvrfldwhg vljqdo �{> wkhuh h{lvwv e A 3 vxfk

wkdw H^au+$,m{` � e iru doo { lq vxssruw+�{,1

Li X� frqwdlqv wkh frqvwdqw ixqfwlrqv/ wkhq +U, krogv zlwk au+$, @ 41 Li X� lv wkh fodvv ri ZVF+$f,

ixqfwlrqv/ wkhq +U, krogv zlwk au @ 4t/E/f� +wkdw lv/ au lv dq lqglfdwru ixqfwlrq iru d �vpdoo� lqwhuydo

frqwdlqlqj $f,1

Zh ehjlq zlwk d Ohppd wkdw jhqhudol}hv d nh| vwhs lq wkh surri ri vx!flhqf| deryh1

Ohppd 8 Ohw X2 vdwlvi| +PGS0X, dqg dvvxph +D, krogv1 Frqvlghu wzr lqirupdwlrq vwuxfwxuhv

I dqg J> zkhuh I +$, @ J+$,> dqg frqwlqxrxv vwulfwo| lqfuhdvlqj ixqfwlrqv W8 = [ $ ^3> 4`>

55Lw lv lqwhuhvwlqj wr revhuyh lq sdvvlqj wkdw li wkh GP*v pdujlqdo uhwxuqv duh erwk qrqghfuhdvlqj dqg frqfdyh/ zh

fdq frqfdwhqdwh rxu frqglwlrqv � dv lv riwhq grqh iru vwudljkwiruzdug suhihuhqfhv ryhu jdpeohv1 Iru h{dpsoh/ vxfk

d GP zrxog eh ehwwhu r� diwhu d vhtxhqfh ri wzr fkdqjhv wr �8 E/��k% D k�= rqh wkdw pdnhv kljkhu vwdwhv pruh olnho|

+dffruglqj wr IRVG, dqg rqh wkdw uhgxfhv ulvn +dffruglqj wr VRVG,1
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WC = \ $ ^3> 4`= Gh�qh p+$>�, @ J+$> WC3�+�,,�I +$> W3�
8

+�,,= Wkhq]
l

]
dfc�o

x+$> d+�,,gp+$> �, � 3 +48,

iru doo x 5 X2 dqg doo d = ^3> 4` $ D qrqghfuhdvlqj/ li dqg rqo| li iru doo u 5 X� dqg doo � 5 +3> 4,>]
l

u+$,g/p+$> �, � 3= +49,

Dq lpsruwdqw wklqj wr qrwh lv wkdw p+�> �, lv qrw qhfhvvdulo| d suredelolw| glvwulexwlrq rq $>

fkhfnlqj +49, zkhq u+$, � 4 hqwdlov fkhfnlqj wkdw Su+WC+�|, � �, � Su+W8 +�{, � �,= Wkxv/ rxu

fkrlfh ri lqgh{ lq wkh odvw vxevhfwlrq fdq eh lpphgldwho| xqghuvwrrg= li i4>�4j 5 X�> +49, krogv

iru doo u 5 X� rqo| li Su+WC+�|, � �, @ Su+W8 +�{, � �,> zklfk lv dozd|v wuxh zkhq W8 +{, @ I +{,

dqg WC+|, @ J+|,1

Zkhq au>�au 5 X�/ wkhq +49, uhtxluhv wkdw]
l

aug/p+$>�, @ 31 +4:,

Wklv prwlydwhv rxu qhz fkrlfh ri lqgh{lqj ixqfwlrqv/ W8 / WC=

W8 +{, @

U
l
au+$,g/I +$> {,U
l
au+$,gI +$,

@ I +{,
H^aum�{ � {`

H^au`
= +4;,

Wklv fkrlfh ri W8 > WC jxdudqwhhv wkdw +4:, zloo krog/ phdqlqj wkdw lw uhpdlqv rqo| wr lghqwli| d

frqglwlrq xqghu zklfk +49, zloo krog iru doo u 5 X�/ u 9@ au1 Li au @ 4/ wkhq W8 +{, @ I +{, dv deryh1

Li X� lv wkh fodvv ri ZVF+$f, ixqfwlrqv/ wkhq W8 +{, @ I +{m$f,1 Lq jhqhudo/ +U0I, lpsolhv wkdw

W8 = [ $ ^3> 4` lv vwulfwo| lqfuhdvlqj156

Wkhruhp 9 Ohw +X2>I, eh dq PGS sdlu/ vxssrvh +D, dqg +U, krog1 Ohw I>J 5 I1 Wkhq

Y W+J>x, � Y W+I> x, iru doo x 5 X2 li iru doo � 5 +3> 4,>

J+$mWC+�|, � �, "7�3L� I +$mW8 +�{, � �, +PLR�,

zkhuh W8 dqg WC duh gh�qhg e| +4;,1

+PLR �, jhqhudol}hv +PLR, e| uhtxlulqj wkdw wkh dyhudjh srvwhulruv eh rughuhg xvlqj vwrfkdv0

wlf vlqjoh furvvlqj udwkhu wkdq wkh +vwurqjhu, vwrfkdvwlf grplqdqfh rughu1 Wr lqwhusuhw wklv/ wkh

vwrfkdvwlf vlqjoh furvvlqj uhtxluhphqw fdq eh uhvwdwhg dv iroorzv= iru hdfk �> dqg iru doo u 5 X�>

H^u+$,mWC+�|, � �` � 3 @, H^u+$,mW8 +�{, � �` � 31 +4<,

56Dqg frqwlqxlw| fdq eh hqvxuhg +zlwkrxw fkdqjlqj wkh lqirupdwlrq frqwhqw, xvlqj Ohkpdqq*v +4<;;, frqvwuxfwlrq1
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Wklv frqwudvwv zlwk vwrfkdvwlf grplqdqfh/ zklfk uhtxluhv H^u+$,mWC+�|, � �` � H^u+$,mW8 +�{, � �`=

Li X� frqwdlqv wkh frqvwdqw ixqfwlrqv/ wkhq vwrfkdvwlf grplqdqfh dqg vwrfkdvwlf vlqjoh furvvlqj

frlqflgh1 Iru wklv uhdvrq/ zh pdlqwdlq wkh qrwdwlrq J "�U�3L� I hyhq zkhq dsso|lqj +PLR �,1

Wr dsso| Wkhruhp 9/ lw lv xvhixo wr kdyh dq dowhuqdwlyh frqglwlrq iru +PLR �, wkdw uhtxluhv

fkhfnlqj rqo| d vlqjoh lqhtxdolw|= iru doo � 5 +3> 4, dqg u 5 X�/

H^u+$,mWC+�|, � �` �Su+WC+�|, � �, � H^u+$,mW8 +�{, � �` �Su+W8 +�{, � �,= +PLR��,

Wkh surri ri Wkhruhp 9 surfhhgv e| �uvw hvwdeolvklqj wkh htxlydohqfh ri +PLR �, dqg +PLR ��,/ dqg

wkhq dsso|lqj Ohppd 8 wr vkrz wkdw wkh uhvxow lv lpsolhg e| +PLR ��,1

Surri1 Lw fdq eh vkrzq57 wkdw zkhq X� lv d forvhg frqyh{ frqh/ wkhq iru hdfk �> +4<, krogv li dqg

rqo| li wkhuh h{lvwv d �+�, � 3 vxfk wkdw

H^u+$,mWC+�|, � �`� �+�,H^u+$,mW8 +�{, � �` � 3= +53,

iru doo u 5 X�1 +�+�, fdq eh lqwhusuhwhg dv wkh Odjudqjh pxowlsolhu lq wkh sureohp ri plqlpl}lqj

H^u+$,mWC+�|, � �` vxemhfw wr wkh frqvwudlqw wkdw H^u+$,mW8 +�{, � �` � 3/ dqg wkh ohiw0kdqg vlgh

ri +53, lv wkh plqlpl}hg ydoxh ri wkh remhfwlyh,1 Exw/ fkhfnlqj +53, iru au dqg �au> erwk lq X� e|

+U0X ,/ lpsolhv wkdw �+�, @ H^au+$,mWC+�|, � �`@H^au+$,mW8 +�{, � �`= Exw/ wkh odwwhu udwlr lv lq wxuq

htxdo wr Su+WC+�|, � �,@Su+W8 +�{, � �, +vlpso| vxevwlwxwh lq iurp wkh gh�qlwlrqv ri W8 dqg WC lq

+4;,,1 Vr/ +53, lv htxlydohqw wr +PLR ��,1 Wr frpsohwh wkh surri/ ohw �I +$>�, @ I +$> W3�

8
+�,, dqg

olnhzlvh iru J= E| Ohppd 8/ +PLR ��, lv htxlydohqw wr wkh iroorzlqj= iru doo x 5 X2 dqg doo prqrwrqh

ghflvlrq srolflhv d = ^3> 4` $ D> Y + �J>x> d+�,, � Y + �I> x> d+�,,1 Vr iru doo x 5 X2> li d
8 lv dq rswlpdo

+prqrwrqh, srolf| iru x xqghu I> Y W+J> x, � Y + �J>x> d8 , � Y W+I> x,1 �

Zh qrz vkrz wkdw +PLR �, lv wljkw iru d odujhu fodvv ri ghflvlrq sureohpv wkdq wkdw lghqwl�hg lq

Wkhruhp 7 deryh1

Wkhruhp : Ohw +X2>I, eh dq PGS sdlu dqg vxssrvh +D, dqg +U, krog1 Ohw I w+$> {, eh vprrwko|

sdudphwul}hg e| �/ zlwk I w 5 I iru doo �1 Wkhq _

_w
Y +I w > x, � 3 iru doo x 5 X2/ li dqg rqo| li

I wn_w "�U�3L� I
w1

Surri1 Dv lq Wkhruhp 7/ zh suryh d vwurqjhu uhvxow/ wkdw +PLR, lv qhfhvvdu| iru Y + �J>x> d8 , �

Y + �I > x> d8 ,/ zkhuh d8 lv wkh rswlpdo srolf| iru lqirupdwlrq vwuxfwxuh I 1 Vxssrvh J 
�U�3L� I 1

57Vhh Mhzlww +4<;9,/ Jroolhu dqg Nlpedoo +4<<8,/ ru Dwkh| +4<<;d, iru dowhuqdwlyh surriv1
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Xvlqj wkh uhsuhvhqwdwlrq +PLR ��,/ wklv lpsolhv wkdw wkhuh lv vrph ��/ dqg �u 5 X� vxfk wkdw]
l

�u+$,gJ+$> W3�
C

+��,, A

]
l

�u+$,gI +$> W3�
8

+��,,= +54,

Ohw D @ i3> 4j= Wkhq gh�qh

N
7k @ H^u+$,mW8 +�{, @ ��`@H^au+$,mW8 +�{, @ ��`=

Wkh ghqrplqdwru lv qrq0qhjdwlyh e| +U0I,1 Wkhq gh�qh

�x+$> d, @ d +�u+$,�N
7kau+$,, =

E| +U0X ,/ �x 5 X21 E| +PGS0I,/ H^�u+$, �N
7kau+$,mW8 +�{, @ �` lv vlqjoh furvvlqj lq �> vr wkdw dq

rswlpdo srolf| iru wklv GP lv wr vhw d8 +�, @ 4 li � A �� dqg }hur rwkhuzlvh1 Wkhq Y + �J>x> d8 , �

Y +I> x> d8 ,> li dqg rqo| li]
dfc�o

]
l

�x+$> d8 +�,,gJ+$> W3�
C

+�,, �

]
dfc�o

]
l

�x+$> d8 +�,,gI +$> W3�
8

+�,, +55,

+,

]
l

^�u+$,�N7kau+$,`gJ+$> W3�
C

+��,, �

]
l

^�u+$,�N7kau+$,`gI +$> W3�
8

+��,, +56,

Exw/ zh kdyh gh�qhg W8 dqg WC vr wkdw
U
l
au+$,g/J+$> W3�

C
+�,, @

U
l
au+$,g/I +$> W3�

8
+�,, iru doo

�= Vr +56, frqwudglfwv +54,1 Dv lq Wkhruhp 7/ qhfhvvlw| iru wkh fdvh ri d vprrwko| sdudphwhul}hg

glvwulexwlrq iroorzv iurp dq dssolfdwlrq ri wkh Hqyhorsh Wkhruhp1 �

Li +X2>I, duh dq PGS sdlu fruuhvsrqglqj wr X�/ dqg I>J 5 I/ wkh srvwhulruv lqgxfhg e| hdfk

lqirupdwlrq vwuxfwxuh duh qrw uhtxluhg e| +PGS 0I, wr eh wrwdoo| rughuhg e| vwrfkdvwlf grplqdqfh

xqohvv X� frqwdlqv wkh frqvwdqw ixqfwlrqv1 Li/ krzhyhu/ wkh| gr kdsshq wr eh rughuhg e| vwrfkdvwlf

grplqdqfh/ zh fdq vkrz wkdw +PLR, dqg +PLR �, duh htxlydohqw1

+PGS0VG, Iru doo I 5 I / li {M > {u 5vxssruw+I , dqg {M � {u/ wkhq I +$m{M, "7(3L�

I +$m{u,1

Sursrvlwlrq ; Ohw +X2>I, eh dq PGS sdlu dqg vxssrvh +D,/ +U,/ dqg +PGS0VG, krog1 Ohw

I>J 5 I1 Wkhq +PLR�, lv htxlydohqw wr +PLR,1

Surri1 Qrwh wkdw
U
augI +$m{, dqg �

U
augI +$m{, duh erwk lqfuhdvlqj lq {/ vr lw pxvw eh wkh fdvh

wkdw
U
augI +$m{, @

U
augI +$, lv frqvwdqw lq {1 Dqg olnhzlvh iru J1 Vlpsoli|lqj wkh h{suhvvlrqv
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iurp +4;,/ W8 +{, @ I +{,/ WC+{, @ J+{,1 Lw iroorzv lpphgldwho| wkdw +PLR ��, +zklfk zh nqrz lv

htxlydohqw wr +PLR �,, lv htxlydohqw wr +PLR,1 �

Wkh uhvxow rewdlqv ehfdxvh zkhq srvwhulruv duh rughuhg e| vwrfkdvwlf grplqdqfh dqg +U0X,

krogv/ H^aum{` pxvw eh frqvwdqw lq {= Lw iroorzv wkdw W8 +{, uhgxfhv lpphgldwho| wr I +{,/ rxu hduolhu

lqgh{1 Lq frqwudvw/ zkhq wkh srvwhulruv duh rughuhg e| "7�3L� > H^aum{` fdq ydu| zlwk {1

71514 H{dpsohv

Zh qrz lqwhusuhw wkh prqrwrqh lqirupdwlrq rughuv fruuhvsrqglqj wr H{dpsohv 6 dqg 7 iurp deryh1

Lq wkh surfhvv zh uhodwh rxu lqirupdwlrq rughuv wr Ohkpdqq*v h!flhqf| fulwhuld1

H{dpsoh 61 ZVF+$f, +Lqfuhphqwdo uhwxuqv zhdn vlqjoh furvvlqj dw $f,1 Uhfdoo wkdw li u lv

ZVF+$f,/ wkhq u+$, � +�,3 dv $ ? +A,31 Vr au @ 4t/E/f�/ dqg W8 +{, @ I +{m$f, xvlqj Ed|hv*

Uxoh1 Wkhq +PLR�, uhgxfhv wr

Su+J+�|m$f,A� m$, ? Su+I +�{m$f,A� m$, iru $ ? $f

Su+J+�|m$f,A� m$, A Su+I +�{m$f,A� m$, iru $ A $f

Dowhuqdwlyho|/ I +I3�+�m$f,m$, �J+J3�+�m$f,m$, lv ZVF+$f,1 Uhfdoo wkdw wkh GP lv hvvhqwldoo|

lqwhuhvwhg lq nqrzlqj zkhwkhu $ lv deryh ru ehorz $f � dqg +PGS0I, hqvxuhv wkdw kljk vljqdov duh

�jrrg qhzv� derxw $ ehlqj deryh $f1 Wkh lqirupdwlrq frqglwlrq lpsolhv wkdw li wkh wuxh vwdwh ri wkh

zruog $ A $f/ wkhq wkh suredelolw| ri uhfhlylqj �jrrg qhzv� xqghu J +gh�qhg dv �| A J3�+�m$f,, lv

kljkhu wkdq xqghu I 1 Li zh lpsrvh wkh dgglwlrqdo dvvxpswlrq +PGS0VG,/ lw iroorzv wkdw iru doo �{/

�|/ i+$fm{, @ j+$fm|, @ k+$f, +wkh sulru,1 Wkhq/ frqglwlrqv +PLR, dqg +PLR�, duh htxlydohqw/ dqg

zh fdq vlpso| fkhfn wkdw j+$mJ+�|,A�,� i+$mI +�{,A�, lv ZVF+$f, iru doo �= Wkdw lv/ frqglwlrqdo

rq d kljk srvwhulruv/ orz vwdwhv duh ohvv olnho| dqg kljk vwdwhv duh pruh olnho| xqghu J dv rssrvhg

wr I / zkloh qhlwkhu vljqdo lv lqirupdwlyh derxw wkh vwdwh $f=

Wkh prqrwrqh lqirupdwlrq rughu iru ZVF+$f, fdq dovr eh lqwhusuhwhg lq whupv ri k|srwkhvlv

whvwlqj1 Frqvlghu whvwlqj wkh qxoo k|srwkhvlv Kf = $ @ $f djdlqvw wkh dowhuqdwlyh K� = $ ? $f1

Krzhyhu/ wkh whvw lv frqvwudlqhg wr kdyh d vl}h ri 4 � �= frqglwlrqdo rq Kf> wkh suredelolw| ri

uhmhfwlqj wkh qxoo lv 4 � �= Wkxv/ zh uhmhfw zkhq I +{m$f, A �> dqg olnhzlvh iru J1 Vlqfh PLR0

ZVF+$f, lv htxlydohqw wr uhtxlulqj wkdw I +I3�+�m$f,m$, � J+J3�+�m$f,m$, li $ � +�,$f/ zh

kdyh wkh iroorzlqj lqwhusuhwdwlrq1 Wkh suredelolw| ri uhmhfwlqj wkh qxoo zkhq wkh dowhuqdwlyh lv wuxh

+$ � $f, lv juhdwhu iru J wkdq I > dqg wkh suredelolw| ri uhmhfwlqj wkh qxoo zkhq wkh dowhuqdwlyh
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lv idovh +$ A $f, lv vpdoohu iru J wkdq I 1 Wkxv/ wkh k|srwkhvlv whvw xvlqj J lv xqlirupo| pruh

srzhuixo iru d jlyhq vl}h1 Wklv lv h{dfwo| wkh lqwhusuhwdwlrq jlyhq e| Ohkpdqq +4<;;, lq klv dqdo|vlv/

zklfk zloo eh glvfxvvhg lq pruh ghwdlo ehorz1

Wr vhh d yhu| vlpsoh h{dpsoh zkhuh wklv rughu fdq eh dssolhg/ uhwxuq wr wkh sruwirolr doorfdwlrq

sureohp glvfxvvhg lq Vhfwlrq 616/ zkhuh sd|r�v duh jlyhq e| x+$> d, @ y+d$ . +4� d,$f,1 Iru wklv

sureohp/ I lv pruh lqirupdwlyh wkdq J li lw surylghv d pruh srzhuixo lqihuhqfh derxw zkhwkhu ru

qrw lqyhvwphqw lq wkh ulvn| dvvhw lv zruwkzkloh1

H{dpsoh 71 Vlqjoh Furvvlqj +Lqfuhphqwdo uhwxuqv vlqjoh furvvlqj lq $,1 Wkh prqrwrqh lqirupd0

wlrq rughu iru wkh fdvh ri vlqjoh furvvlqj sd|r� ixqfwlrqv dqg vljqdo glvwulexwlrqv zlwk prqrwrqh

olnholkrrg kdv ehhq ghulyhg e| Ohkpdqq +4<;;,1 Kh vkrzhg wkdw J lv pruh lqirupdwlyh wkdq I iru

wklv fodvv ri sureohpv +J "u I , li iru doo { 5 [ / J3�+I +{m$,m$, lv qrqghfuhdvlqj lq $158 Mhzlww

+4<<:, kdv jlyhq ixuwkhu htxlydohqw fkdudfwhul}dwlrqv1 Zh qrz vkrz wkdw Ohkpdqq*v rughu fdq eh

rewdlqhg dv d vshfldo fdvh ri rxu uhvxow1

Uhfdoo wkdw zh qrwhg deryh wkdw wkh vhw ri doo ixqfwlrqv wkdw furvv }hur rqfh iurp ehorz dw

vrph $f zdv wkh xqlrq ri doo wkh ZVF+$f, vhwv1 E| txdqwli|lqj ryhu doo furvvlqj srlqwv $f/ zh fdq

uhfryhu wkh lqirupdwlrq suhihuhqfhv ri GPv zlwk vlqjh furvvlqj sd|r� ixqfwlrqv1

Wkhruhp < Wkh iroorzlqj duh htxlydohqw= +l, J "u I > +ll, J "�U�3`7�E/f� I iru doo $f 5 
>

+lll, J "�U�37�� I iru doo sulru glvwulexwlrqv K+$,1

Surri1 Iluvw qrwh iurp deryh wkdw li I +$m{, lv lqfuhdvlqj lq "7�3`7�E/f� iru doo $f dv { lqfuhdvhv/

wkhq I +$m{, lv rughuhg e| POU11 Dqg vlploduo|/ li I +$m{, lv lqfuhdvlqj e| IRVG dv { lqfuhdvhv iru

doo sulruv K / wkhq I lv rughuhg e| POU11 Zh �uvw vkrz wkdw +l, dqg +ll, duh htxlydohqw1 Vxssrvh

J "�U�3`7�E/f� I 1 Wklv phdqv wkdw I +I3�+�m$f,m$, � J+J3�+�m$f,m$, lv ZVF+$f,1 Iru

ZVF+$f, wr krog iru hyhu| $f/ wkh h{suhvvlrq pxvw eh lqfuhdvlqj lq $1 Ohwwlqj { @ I3�+�m$f,/

dqg wdnlqj J3�+�m$, ri hdfk whup/ zh kdyh J3�+I +{m$,m$,�J3�+I +{m$f,m$f, lv ZVF+$f,1 Wklv

zloo krog iru hyhu| $f li dqg rqo| li J3�+I +{m$,m$, lv lqfuhdvlqj lq $/ zklfk lv h{dfwo| Ohkpdqq*v

frqglwlrq1 Qrz frqvlghu wkh htxlydohqfh ri +ll, dqg +lll,1 Vxssrvh J "�U�37�� I 1 Wkhq xvlqj

wkh gh�qlwlrq ri IRVG/ zh kdyh I +$mI +{, � �, � J+$mJ+|, � �,1 Dsso|lqj Ed|hv* Uxoh/

wklv lv htxlydohqw wr I +I3�+�,m�$ � $, � J+J3�+�,m�$ � $,,1 Ohwwlqj { @ I3�+�, dqg wdnlqj

58Ohkpdqq +4<;;, dovr frqvlghuhg qhfhvvlw|/ dowkrxjk klv wkhruhp irupdoo| dqvzhuv d voljkwo| gl�huhqw txhvwlrq1

Kh �qgv wkdw wkh h!flhqf| rughu lv qhfhvvdu| dqg vx!flhqw iru rqh vljqdo wr uhwxuq kljkhu sd|r�v wkdq dqrwkhu lq

hyhu| srvvleoh vwdwh +lqvwhdg ri rq dyhudjh/ jlyhq wkh sulru,1Wkh glvfxvvlrq iroorzlqj H{dpsoh 6 deryh surylghv dq

rxwolqh ri Ohkpdqq*v dssurdfk1
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J3�+�m�$ � $, ri erwk vlghv/ zh vhh wklv lv htxlydohqw wr J3�+I +{m�$ � $,m�$ � $, � J3�+I +{,,1

Wklv lv lpsolhg e| J "u I / dqg txdqwli|lqj ryhu doo wzr0srlqw sulruv/ lw lpsolhv "u1 �

Wr vhh krz Ohkpdqq*v rughu fdq ghsduw iurp wkh vxshuprgxodu prqrwrqh lqirupdwlrq rughu

lq sudfwlfh/ uhwxuq wr Iljxuh 71 Lq wkdw h{dpsoh/ uhfdoo wkdw �} "�U�37�� �| "�U�37�� �{1 Xvlqj

Ohkpdqq*v rughu/ �} "u �|/ exw �{ grhv qrw vdwlvi| POU/ vr Ohkpdqq*v rughu grhv qrw dsso| wr lw1

Ri frxuvh/ qrqh ri wkh wkuhh duh rughuhg e| vx!flhqf|1

Wkh dqdo|vlv fdq eh h{whqghg wr rwkhu sd|r� fodvvhv1 Iru lqvwdqfh/ lw iroorzv iurp uhvxowv lq

Dwkh| +4<<;e, wkdw zkhq X2 lv wkh vhw ri orj0vxshuprgxodu ixqfwlrqv wkh dssursuldwh lqirupdwlrq

rughu lv djdlq "u1 Ru lq dqrwkhu h{dpsoh/ frqvlghu wkh vhw ri sd|r�v zlwk lqfuhphqwdo uhwxuqv wkdw

srvlwlyh rqo| lq vrph lqwhuphgldwh udqjh ehwzhhq $f dqg $�

f
/ zkhuh $f ? $�

f
1 Wklv fdvh zrunv rxw

vlploduo| wr vlqjoh furvvlqj dw d srlqw1

8 Rughulqj Sd|r� Ixqfwlrqv

Zh qrz surylgh frqglwlrqv xqghu zklfk rqh ghflvlrq0pdnhu kdv d kljkhu lqfuhphqwdo uhwxuq wr lp0

surylqj khu lqirupdwlrq wkdq dqrwkhu ghflvlrq0pdnhu1 Shuvlfr +4<<:, kdv lqyhvwljdwhg wklv txhvwlrq

iru wkh fdvh ri vlqjoh furvvlqj sd|r� ixqfwlrqv dqg kdv vkrzq wkdw li Y

Yk
x+$> d8 +�,,� Y

Yk
y+$> d8 +�,,

lv vlqjoh0furvvlqj lq $/ wkh �uvw ghflvlrq0pdnhu +x, ehqh�wv pruh iurp d vpdoo lqfuhdvh lq lqiru0

pdwlrq wkdq wkh vhfrqg +y,/ dffruglqj wr Ohkpdqq*v lqirupdwlrq rughu iru vlqjoh furvvlqj sd|r�

ixqfwlrqv1 Zh jhqhudol}h wklv uhvxow1 Wr gr wklv/ zh �uvw olplw rxu dwwhqwlrq wr pdujlqdo fkdqjhv

lq wkh lqirupdwlrq vwuxfwxuh1 Li wzr vljqdo glvwulexwlrqv duh olqnhg e| d vprrwko| sdudphwhul}hg

idplo| ri glvwulexwlrqv zklfk lv lqirupdwlrq0udqnhg doo dorqj wkh zd| iurp I wr J> zh fdq wkhq

frpsduh wkh lqfuhphqwdo uhwxuq wr lqfuhdvlqj wkh vljqdo vwuhqjwk iurp I wr J=

Zh qhhg d vpdoo dprxqw ri qrwdwlrq= ohw � eh d frqyh{ vxevhw ri U> dqg vxssrvh iI w+$> {, = � 5

�j lv d idplo| ri lqirupdwlrq vwuxfwxuhv vprrwko| sdudphwul}hg e| �1 Ohw dwc�+�, eh d qrqghfuhdvlqj

vhohfwlrq iurp
U
l
x+$> d,g �I w+$m�,/ dqg ohw xw+$>�, @ x+$> dwc�+�,,1

Wkhruhp 43 Vxssrvh +X2>I, lv dq PGS sdlu dqg wkdw wkh idplo| iI w+$> {, = � 5 �j lv vprrwko|

sdudphwul}hg rq �/ zlwk I w 5 I iru doo �1 Ohw x> y eh erxqghg phdvxudeoh sd|r� ixqfwlrqv1 Li/ iru

vrph �> xw+$>�,� yw+$>�, 5 X2/ wkhq
Y

Yw
Y +I w> x, � Y

Yw
Y +I w > y, dw �1

Surri1 E| wkh hqyhorsh wkhruhp/ zh kdyh

C

C�
Y +I w > x, @

]
l

]
dfc�o

x+$> dwc�+�,,g

�
C

C�
�I w+$> �,

�
= +57,
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Vr ohwwlqj z+$> �, @ x+$> dwc�+�,,� y+$> dwc�+�,, dqg p+$>�, @ Y
Yw

�I w+$> �,> zh kdyh

C

C�
Y +x>I w,�

C

C�
Y +y>I w, @

]
l

]
dfc�o

z+$> �,g/p+$>�,= +58,

Wkh dvvxpswlrq wkdw �I w lv lqfuhdvlqj lq "�U�3L�
dv � lqfuhdvhv lpsolhv wkdw iru dq| u+$, 5 X�/

�� 5 +3> 4, ]
l

u+$,g/p+$> �, � 3= +59,

Ohppd 8 wkhq lpsolhv wkdw +58, hydoxdwhg dw � lv qrqqhjdwlyh1 �

Wkhruhp 43 vd|v wkdw li xw � yw lv lq X2/ l1h1 li xw lv �pruh X2�/ wkdq yw/ wkhq wkh ghflvlrq0

pdnhu zlwk sd|r� ixqfwlrq x kdv d kljkhu pdujlqdo ydoxh iru lqirupdwlrq wkdq wkh GP zlwk sd|r�

ixqfwlrq y= Wkh wkhruhp grhv qrw uhtxluh wkdw x> y 5 X2> ru wkdw wkh pdujlqdo ydoxh ri lqirupdwlrq

lv qrqqhjdwlyh iru hdfk djhqw/ dowkrxjk lw lv vrphzkdw kdug wr lpdjlqh dsso|lqj wkh Wkhruhp zkhq

wklv lv qrw wkh fdvh +vlqfh srolflhv pljkw qrw eh prqrwrqh,1

Li x lv pruh vhqvlwlyh wr lqirupdwlrq wkdq y lq uhvsrqvh wr hyhu| vljqdo lq wkh idplo|/ zh fdq

frpsduh fkdqjhv lq lqirupdwlrq wkdw duh qrw pdujlqdo1 Iurp wklv/ zh fdq ghulyh frpsdudwlyh vwdwlfv

rq wkh dprxqw ri dprxqw ri lqirupdwlrq dftxluhg1

Wkhruhp 44 Vxssrvh wkh frqglwlrqv ri Wkhruhp 43 duh vdwlv�hg/ dqg wkdw x8
w

+$>�,�y8
w

+$>�, 5

X2 iru hyhu| � 5 �> zkhuh � lv d forvhg lqwhuydo1 Ohw F = � $ U eh wkh frvw ri lqirupdwlrq> dqg

ohw �W+x, @ dujpd{wMX Y +�>x,�F+�,= Wkhq �W+x, � �W+y, +lq wkh vwurqj vhw rughu,1

Surri1 Ohw Y +�M > �, @ Y +x>I w,> dqg Y +�u> �, @ Y +y>I w,= Dsso|lqj Wkhruhp 43/ Y +�> �, lv

vxshuprgxodu lq +�> �,> vr Y +�> �,�F+�, lv vxshuprgxodu lq +�> �,= E| Wrsnlv* +4<:;, Prqrwrqlflw|

Wkhruhp/ �W+�, lv qrqghfuhdvlqj lq wkh vwurqj vhw rughu1 �

D ihz zrugv duh lq rughu derxw wkh uhvxowv ri wklv vhfwlrq1 D pdlq gudzedfn wr Wkhruhpv 43

dqg 44 lv wkdw wkh frqglwlrqv rq x dqg y duh qrw sulplwlyh/ vlqfh wkh| ghshqg rq wkh surshuwlhv ri

wkh remhfwlyh ixqfwlrq hydoxdwhg dw lwv rswlpxp1 Lq jhqhudo/ yhuli|lqj wkh qhfhvvdu| frqglwlrq pd|

uhtxluh nqrzlqj vrphwklqj derxw wkh vkdsh ri wkh rswlpl}hu/ ru derxw wkh fxuydwxuh ri wkh sd|r�

ixqfwlrqv1 Wr wdnh dq dssduhqwo| vlpsoh h{dpsoh/ vxssrvh x+$> d, @ y+$> d, . j+d,> zkhuh y lv

vxshuprgxodu1 Rqh fdq yhuli| wkdw vx!flhqw frqglwlrqv iru x wr dftxluh pruh lqirupdwlrq wkdq y/

zkhuh lqirupdwlrq lv udqnhg e| wkh vxshuprgxodu lqirupdwlrq rughu/ duh wkdw d8 +�>x, � d8 +�> y,>

wkdw d8
k
+�> x, � d8

k
+�> y,> dqg y/@@ � 3> +l1h1 pdujlqdo uhwxuqv duh vxshuprgxodu,1 Wkh �uvw
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frqglwlrq zloo krog li j+d, lv lqfuhdvlqj/59 dqg wkh odvw lv +uhdvrqdeo|, wudqvsduhqw/ exw hyhq li j lv

olqhdu/ wkh vhfrqg frqglwlrq uhtxluhv vljql�fdqw dvvxpswlrqv rq wkh fxuydwxuh ri y= Zkdw frqfoxvlrq

vkrxog zh gudz iurp wklvB Zkloh zh wklqn wkdw wkhvh uhvxowv krog surplvh iru dssolhg prgholqj/ lw

pd| eh qhfhvvdu| wr sodfh d idlu dprxqw ri vwuxfwxuh rq wkh prgho wr pdnh wkhp rshudwlrqdo1

Rq wkh rwkhu kdqg/ wkh h{lvwlqj olwhudwxuh +sulru wr Shuvlfr +4<<:,, surylghv plqlpdo jxlgdqfh lq

wklv duhd1 Iru h{dpsoh/ dq lqfuhdvh lq wkh Eodfnzhoo lqirupdwlrq rughu lqfuhdvhv wkh h{ dqwh h{shfwhg

ydoxh ri dq| ixqfwlrq zklfk lv frqyh{ lq wkh srvwhulru eholhiv1 Wkxv/ djhqw x zloo ex| pruh Eodfnzhoo0

rughuhg lqirupdwlrq wkdq y li dqg rqo| li xW+S ,� yW+S , @
U
l
^x+$> dWc�+S ,,� y+$> dWc�+S ,,` gS +$,

lv frqyh{ lq wkh srvwhulru S +$,=Zkloh frqyh{lw| ri xW+S , dqg yW+S , iroorzv dv d vlpsoh frqvhtxhqfh

ri rswlpdolw|/ frqyh{lw| ri wkh gl�huhqfh lv qrw dw doo wudqvsduhqw1 Fkhfnlqj wkh frqglwlrq zrxog

doprvw fhuwdlqo| lqyroyh qrq0sulplwlyh dvvxpswlrqv vlplodu wr wkh rqhv ghvfulehg lq wklv vhfwlrq1

9 Dssolfdwlrqv

Zh qrz suhvhqw vhyhudo dssolfdwlrqv ri wkh uhvxowv ghyhorshg deryh1 Wkh �uvw wzr dssolfdwlrqv duh

vwdqgdug ghflvlrq sureohpv> wkh wklug h{dplqhv dgyhuvh vhohfwlrq lq d oderu pdunhw htxloleulxp/

zkloh wkh irxuwk vwxglhv d frruglqdwlrq jdph1 Wkh h{dpsohv ghprqvwudwh erwk vwuhqjwkv dqg

zhdnqhvvhv ri wkh dssurdfk1 Lq sduwlfxodu/ zkloh frpsdulvrqv ri lqirupdwlrq vwuxfwxuhv pd| eh

rewdlqhg lpphgldwho| lq d eurdg udqjh ri fdvhv/ frpsdudwlyh vwdwlfv rq lqirupdwlrq dftxlvlwlrq

riwhq uhtxluh dgglwlrqdo dvvxpswlrqv1

914 Dssolfdwlrq= Frvw Xqfhuwdlqw| iru Surgxfhuv

D jurzlqj olwhudwxuh lq Lqgxvwuldo Rujdql}dwlrq frqvlghuv wkh ydoxh ri lqirupdwlrq wr �upv lq

roljrsro| prghov +vhh iru lqvwdqfh Plupdq/ Vdpxhovrq/ dqg Vfkohh +4<<7, dqg uhihuhqfhv wkhuhlq,1

Wkh phwkrgv rxwolqhg deryh doorz iru vrph qhz uhvxowv lq wklv jhqhudo fodvv ri sureohpv1

Frqvlghu wkh sureohp idfhg e| d surgxfhu zkr pxvw fkrrvh txdqwlw|/ t> wr pd{lpl}h vrph re0

mhfwlyh1 Zh zloo frpsduh wkh lpsruwdqfh ri lqirupdwlrq wr �upv xqghu gl�huhqw pdunhw vwuxfwxuhv1

Krzhyhu/ zh zloo uhvwulfw dwwhqwlrq wr fryhuw lqirupdwlrq jdwkhulqj/ zkhuhe| zh krog wkh vwudwhjlhv

ri rwkhu djhqwv �{hg zkhq zh dqdo|}h wkh h�hfwv ri jdwkhulqj lqirupdwlrq1

Zulwh wkh �up*v jurvv vxusoxv dv d jhqhudo ixqfwlrq/ U+t>�,> zkhuh � sdudphwhul}hv wkh pdunhw

vwuxfwxuh1 Lq sduwlfxodu/ zh zloo frqvlghu � 5 iP>G> Vj> uhsuhvhqwlqj prqrsro|/ gxrsro|/ dqg wkh

vrfldo sodqqhu*v wrwdo vxusoxv1 Wkh �up idfhv xqfhuwdlqw| derxw lwv frvw= wkh wrwdo frvw ri surgxflqj

59Wr vhh wklv/ ohw �E/c @c �� ' �E/c @� zkhq � ' fc dqg �E/c @� n }E@� zkhq � ' �� Wkhq � lv vxshuprgxodu lq E@c ��

iru hyhu| /c vr @
WEkc �� zloo eh lqfuhdvlqj lq Ekc ��� Wkdw lv/ @WEk(�� D @

WEk( �� iru hyhu| k�
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t lv jlyhq e| F+t>$,= Wkxv/ wkh �up*v sur�wv duh jlyhq e| �+t> $>�, @ U+t>�, � F+t>$,= Zh

frqvlghu d vprrwko| sdudphwhul}hg idplo| ri lqirupdwlrq vwuxfwxuhv/ iI w+$> �, = � 5 �j> zkhuh

I w+�, @ � iru hdfk � dqg doo � 5 ^3> 4`= H{shfwhg sur�wv jlyhq dq �0shufhqwloh srvwhulru duh

ghqrwhg �+t> �>�, @ U+t>�,�H^F+t> $,m�`= Dvvxph wkdw hdfk ri wkhvh ixqfwlrqv lv gl�huhqwldeoh lq

t1 Xqghu dssursuldwh dvvxpswlrqv/ wkh rswlpdo fkrlfh ri txdqwlw| lv wkhq ghwhuplqhg e|PU+t>�, @
Y
Y^
U+t>�, @ Y

Y^
H^F+t> $,m�` @ H^PF+t> $,m�`=

Vxssrvh wkdw � lqgh{hv I w+$>�, dffruglqj wr +PLR0VSP,/ dqg wkdw � lqgh{hv I w+$m�, dffrug0

lqj wr IRVG iru doo �1 Zh �uvw dsso| rxu dqdo|vlv iurp deryh wr fkdudfwhul}h lqfuhdvlqj lqirupdwlrq

iru wklv sureohp1 Li zh dvvxph wkdw PF+t>$, lv ghfuhdvlqj lq $/ wkhq �+t> $>�, lv vxshuprgxodu lq

+t> $,= Vlqfh +PGS0I, lv vdwlv�hg/ wkh rswlpdo fkrlfh/ tq+�> �,> zloo eh qrqghfuhdvlqj lq �1 Ehwwhu

lqirupdwlrq +dffruglqj wr +PLR0VSP,, ohdgv wr kljkhu h{ dqwh h{shfwhg sd|r�v1

Zh qrz wxuq wr frqvlghu krz wkh pdujlqdo ydoxh ri lqirupdwlrq fkdqjhv xqghu gl�huhqw pdunhw

frqglwlrqv1 Zh ehjlq zlwk wkh iroorzlqj uhvxow1

Sursrvlwlrq 45 Frqvlghu wkh prgho ghvfulehg deryh/ zkhuh iru hdfk �> �w lqgh{hv I w+$m�w, df0

fruglqj wr IRVG1 Dvvxph wkdw wkh vprrwko| sdudphwhul}hg idplo| iI w+$>�,j lv rughuhg e| PLR0

VSP1 Lq dgglwlrq/ dvvxph wkdw PF+t>$, lv ghfuhdvlqj lq $/ lqfuhdvlqj lq t> dqg vxeprgxodu lq

+$> t,1 Ilqdoo|/ dvvxph wkdw tM+�, A tu+�, dqg tM �+�, A tu�+�,= Wkhq wkh pdujlqdo ydoxh ri � lv

kljkhu iru �up �M wkdq �up �u=

Surri1 E| Wkhruhp 43/ lw vx!fhv wr vkrz wkdw �^+t
M+�,> $>�M,tM�+�,��^+t

u+�,> $>�u,tu�+�, lv

qrqghfuhdvlqj lq $= Li tM �+�, A tu�+�,> wkhq rxu uhvxow rewdlqv li �^+t
M+�,> $>�M,��^+t

u+�,> $>�u,

lv qrqghfuhdvlqj lq $ +vlqfh hdfk whup lv vhsdudwho| qrqghfuhdvlqj,1 Uhfdoo wkdw �^+t
q+�,> $>�, @

PU+tq+�,>�,�PF+tq+�,> $, iru hdfk �up1 Vlqfh wkh �uvw whup grhv qrw ydu| zlwk $> zh fdq frq0

vlghu zkhwkhu PF+tu+�,> $,�PF+tM+�,> $, lv qrqghfuhdvlqj lq $> zklfk iroorzv vlqfh PF+t> $,

lv vxeprgxodu1 �

Wr lqwhusuhw wkh frqglwlrqv rq wkh frvw ixqfwlrq/ qrwh wkdw wkh| duh vdwlv�hg li F+t> $, @ t2@$=

Wr lqwhusuhw wkh frqglwlrqv rq wkh txdqwlwlhv fkrvhq/ zklfk ri frxuvh duh qrw sulplwlyh frqglwlrqv/

lw lv xvhixo wr frqvlghu vrph h{dpsohv1 Iluvw frqvlghu frpsdulqj d prqrsrolvw*v sureohp zlwk wkdw

ri wkh vrfldo sodqqhu1 Ohw U+t>�� , @ S +t, � t dqg U+t>�7, @
U
^

f
S +w,gw=

Dv xvxdo/ lw iroorzv gluhfwo| wkdw t7+�, A t� +�,> wkdw lv/ wkh prqrsrolvw xqghusurylghv txdqwlw|1

Qrz frqvlghu wkh whupv t7 �+�, dqg t� �+�,= Wkh lpsolflw ixqfwlrq wkhruhp |lhogv

tq�+�, @
Y
Yk

H^PF+tq+�,> $,m�`
Y
Y^
PU+tq+�,>�,� Y

Y^
H^PF+tq+�,> $,m�`

=
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Wkxv/ t7�+�, A t� �+�, li PF+t> $, lv vxeprgxodu lq +t> $,> li PF+t> $, lv frqyh{ lq t/ dqg li

S �+t7+�,, A 5S �+t� +�,, . t�+�,S ��+t�+�,,= Li S lv olqhdu ru frqyh{/ d vx!flhqw frqglwlrq iru wkh

odwwhu lqhtxdolw| lv wkh frpprqo| dvvxphg uhtxluhphqw wkdw wkh pdujlqdo uhyhqxh fxuyh lv vwhhshu

wkdq wkh ghpdqg fxuyh1

Zh fdq dovr frpsduh wkh ydoxh ri lqirupdwlrq iru d prqrsrolvw dqg d gxrsrolvw1 Zh vxssrvh wkdw

erwk gxrsrolvwv kdyh wkh vdph lqlwldo vljqdo vwuxfwxuh dv wkh prqrsrolvw/ exw rqo| rqh gxrsrolvw1

kdv wkh rssruwxqlw| wr +fryhuwo|, sxufkdvh dgglwlrqdo lqirupdwlrq +lw lv dovr srvvleoh wr vwxg| wkh

lqirupdwlrq dftxlvlwlrq jdph/ exw zh zloo qrw frqvlghu wkdw fdvh khuh,1 Zlwk wkhvh v|pphwu|

dvvxpswlrqv/ wkh uhvxow t� +�, A t(+�, rewdlqv vr orqj dv pdujlqdo uhyhqxh lv grzqzdug vorslqj1

Ixuwkhu/ t� �+�, A t(�+�, li pdujlqdo frvw lv vxeprgxodu/ dqg li

5S �+t� +�,, . t�+�,S ��+t� +�,, A 5S �+5t(+�,, . t(+�,S ��+5t(+�,,=

Wklv frqglwlrq lv vdwlv�hg iru wkh frqvwdqw hodvwlflw| ghpdqg fxuyh1

Vxppdul}lqj/ zh vhh wkdw xqghu vhyhudo uhdvrqdeoh frqglwlrqv/ wkh vrfldo sodqqhu kdv d odujhu lq0

fhqwlyh wr dftxluh lqirupdwlrq wkdq wkh prqrsrolvw/ exw wkh prqrsrolvw pd| kdyh d odujhu lqfhqwlyh

wr dftxluh lqirupdwlrq wkdq wkh gxrsrolvw1

915 Dssolfdwlrq= Vfuhhqlqj iru d �Wdujhw� Kluh

Dq hqwuhsuhqhxu ru pdqdjhu qhhgv wr kluh d zrunhu ru vxefrqwudfwru wr shuirup d yhu| vshfl�f

wdvn1 Vkh lqwhuylhzv dq lqwhuhvwhg sduw|/ zkr dsshduv wr kdyh urxjko| wkh uljkw fkdudfwhulvwlfv1

Wkh pdqdjhu qrz kdv wr pdnh d vlqjoh wdnh0lw0ru0ohdyh lw prqhwdu| r�hu edvhg rq lqirupdwlrq

johdqhg iurp wkh lqwhuylhz1 Zkdw vruw ri vljqdo iurp wkh lqwhuylhz zloo fdxvh wkh pdqdjhu wr pdnh

d odujh r�huB Dqg zkdw zrxog lw phdq iru wkh vfuhhqlqj surfhvv wr eh pruh h�hfwlyhB

Wr prgho vxfk d vlwxdwlrq/ zh dvvxph wkdw wkhuh lv vrph rswlpdo wdvn rxwfrph $W1 Klulqj

wkh djhqw zrxog uhvxow lq rxwfrph $/ dqg d sd|r� ri u+$,/ zklfk dfklhyhv d pd{lpxp dw $W> dqg

ghfuhdvhv dv $ pryhv dzd| lq erwk gluhfwlrqv1 Vr u+$, lv frqfdyh +exw qrw qhfhvvdulo| v|pphwulf�

lw*v qrw mxvw wkh glvwdqfh iurp shuihfwlrq wkdw pdwwhuv/ exw wkh gluhfwlrq,1 D zdjh r�hu d zloo eh

dffhswhg zlwk suredelolw| s+d,/ zklfk lv lqfuhdvlqj1 Wkh pdqdjhu kdv d vljqdo { derxw $ +dulvlqj

iurp dq lqirupdwlrq vwuxfwxuh I +$> {,,/ dqg fkrrvhv d wr pd{lpl}h s+d,H^u+$,�dm{`= Zh fdq zulwh

wkh sd|r� ixqfwlrq x+$> d, dv x+$> d, @ s+d,^u+$, � d`= Lq rughu iru vljqdov wr eh rughuhg lq vxfk

d zd| wkdw wkh pdqdjhu zloo r�hu pruh prqh| iroorzlqj d �jrrg� vljqdo/ uhjdugohvv ri wkh h{dfw

vkdsh ri s dqg u/ lw pxvw eh wkh fdvh wkdw { rughuv wkh srvwhulruv e| VRVG +vhh H{dpsoh 5 lq

Vhfwlrq 616 iru lqwhusuhwdwlrqv,1 Li wkh srwhqwldo vljqdov iurp wkh lqwhuylhz vdwlvi| wklv frqglwlrq/

d8 +{, zloo eh prqrwrqh uhjdugohvv ri wkh h{dfw vkdsh ri s dqg u1
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Qrz iru wkh txhvwlrq ri zkdw frqvwlwxwhv ehwwhu lqirupdwlrq1 Dsso|lqj +PLR0FY,/ J zloo eh d

pruh lqirupdwlyh lqwhuylhz wkdw I li ;� 5 ^3> 4`>

J+$mJ+{, A �, �7�7( I +$mI +{, A �,=

Wkh lqwxlwlrq lv vlpsoh= diwhu wkh lqwhuylhz wkh h{shfwhg rxwfrph li wkh djhqw lv kluhg lv dozd|v $W/

exw wkhuh lv vrph uhvlgxdo xqfhuwdlqw|1 Wkh pdqdjhu grhv qrw olnh wklv uhvlgxdo ulvn�lq sduwlfxodu/

wkh ohvv ulvn vkh eholhyhv wkhuh lv/ wkh pruh djjuhvvlyho| vkh zloo sxuvxh wkh fdqglgdwh1 D pruh

lqirupdwlyh vfuhhqlqj surfhvv lv rqh zkhuh kljk vljqdov +zklfk duh pruh olnho| wr ohdg wr kluhv,

lpso| ohvv uhvlgxdo ulvn1

916 Dssolfdwlrq= Dgyhuvh Vhohfwlrq dqg Oderu Pdunhwv

Rxu qh{w h{dpsoh vxjjhvwv krz rxu lqirupdwlrq rughuv fdq eh dssolhg wr dgyhuvh vhohfwlrq pdu0

nhwv1 Frqvlghu wkh iroorzlqj vw|ol}hg vlwxdwlrq1 Zrunhuv olyh iru wzr shulrgv dqg vshqg wkh �uvw

shulrg wudlqlqj +lq vfkrro,1 Hdfk zrunhu*v surgxfwlylw| lv xqnqrzq zlwk sulru K+$,/ dqg vfkrrolqj

jhqhudwhv d qrlv| vljqdo �{ derxw xqghuo|lqj delolw|1 Vxssrvh wkdw wkh mrlqw glvwulexwlrq ri +$> {, lv

I +$> {,1 Wklv vljqdo lv revhuyhg e| wkh vfkrro/ exw qrw e| wkh jhqhudo oderu pdunhw1 Lqvwhdg/ rqo|

wkh wrs 4�� iudfwlrq ri wkh fodvv �judgxdwhv/� zkloh wkh uhvw gr qrw � wkh oderu pdunhw revhuyhv

rqo| li d jlyhq zrunhu judgxdwhg1 Hdfk �up kdv surgxfwlrq ixqfwlrq M+$,/ lqfuhdvlqj lq $/ dqg wkh

oderu pdunhw lv frpshwlwlyh vr wkdw zrunhuv uhfhlyh d zdjh H^M+$,m<`/ zkhuh < lv wkh lqirupdwlrq

dydlodeoh wr wkh pdunhw derxw surgxfwlylw|1

Wkh pdunhw zdjh iru judgxdwhv zloo eh H^M+$,mI +�{, � �`/ dqg iru qrq0judgxdwhv H^M+$,mI +�{, ?

�`1 Qrz vxssrvh wkdw wkh vfkrrolqj surfhvv ehfrphv pruh lqirupdwlyh derxw wkh zrunhu*v delolw|/

lq wkh vhqvh wkdw I lqfuhdvhv wr J lq wkh vxshuprgxodu prqrwrqh lqirupdwlrq rughu +PLR0VSP,1

Lw iroorzv lpphgldwho| wkdw wkh zdjh iru judgxdwhv zloo lqfuhdvh vlqfh

H^M+$,mJ+�|, � �` � H^M+$,mI +�{, � �`/

zkloh wkh zdjh ghfuhdvhv iru wkrvh zkr gr qrw judgxdwh1 Wkh srlqw lv wkdw wkh oderu pdunhw

lqwhusuhwv d idloxuh wr judgxdwh dv edg qhzv derxw delolw|/ dqg dv zruvh qhzv zkhq wkh vfkrrolqj

surfhvv lv pruh uhyhdolqj1 Qrwh wkdw wkh dyhudjh zdjh +dqg dyhudjh surgxfwlrq, iru wkh zkroh

hfrqrp| lv frqvwdqw dw H^M+$,`/ exw lqhtxdolw| lqfuhdvhv zlwk lqirupdwlrq1

Wr h{whqg wklv/ vxssrvh qrz wkdw d iudfwlrq 4�� ri zrunhuv/ � ? � fdq eh kluhg lqwr mrev wkdw

duh �vnloo0vhqvlwlyh� � wkdw lv/ kdyh surgxfwlrq ixqfwlrq V+$,/ zlwk V �+$, A M �+$, iru doo $1 Dqg

vxssrvh wkdw H^V+$,` @ H^M+$,` vr wkdw �rq dyhudjh� surgxfwlylw| lv wkh vdph dw wkh wzr mrev1

63



Dvvxplqj wkdw hdfk zrunhu jhwv khu h{shfwhg pdujlqdo surgxfw dv d zdjh/ wkh htxloleulxp lq wklv

wzr0mre oderu pdunhw kdv d iudfwlrq � ri zrunhuv/ doo ri zkrp judgxdwhg/ jrlqj wr �vnloo0vhqvlwlyh�

mrev dw d zdjh H^V+$,mI +�{, � �`/ wkh uhpdlqlqj judgxdwhv wdnlqj ohvv vnloo0vhqvlwlyh mrev dw d orzhu

zdjh +wkh| duh udwlrqhg,/ dqg qrq0judgxdwhv uhfhlylqj H^M+$,mI +�{, ? �` dv ehiruh1

Frqvlghu dq lqfuhdvh lq wkh lqirupdwlrq jhqhudwhg e| vfkrro vfuhhqlqj lq wkh vhqvh ri +PLR0

VSP,1 Wklv zloo lqfuhdvh wkh zdjh iru judgxdwhv dqg ghfuhdvh wkh zdjh iru qrq0judgxdwhv1 Exw lw

zloo dovr lqfuhdvh wkh wrwdo surgxfwlrq ri wkh hfrqrp| e| ohdglqj wr ehwwhu pdwfklqj ehwzhhq kljk0

vnloo zrunhuv dqg vnloo0vhqvlwlyh mrev1 Pruhryhu/ dv wkh iudfwlrq ri vnloo0vhqvlwlyh mrev/ �/ lqfuhdvhv

wrzdug �/ wkh vrfldo uhwxuqv wr ehwwhu vfuhhqlqj e| wkh vfkrrov lqfuhdvh +dvvxplqj wkh sodqqhu fduhv

rqo| derxw jurvv surgxfwlrq dqg qrw lqhtxdolw|,1 Vlploduo|/ li V+$> �, lv vxshuprgxodu lq � / wkhq

wkh vrfldo uhwxuqv wr ehwwhu vfuhhqlqj zloo eh lqfuhdvlqj lq � 1

917 Dssolfdwlrq= Frruglqdwlrq Xqghu Xqfhuwdlqw|

Wklv vhfwlrq frqvlghuv d jdph zkhuh erwk sod|huv fdq fkrrvh wr dftxluh lqirupdwlrq1 Wkh jdph

lqyroyhv wzr sod|huv zlwk v|pphwulf sd|r�v x+$> d�> d�, zkhuh d� lv sod|hu l*v dfwlrq1 Sod|hu l uhfhlyhv

vljqdo ���/ zlwk mrlqw glvwulexwlrq I w�+$>��,/ zkhuh I w�+��, @ �� dqg �� uh hfwv vljqdo txdolw|1

Dvvxph wkh ���*v duh lqghshqghqw frqglwlrqdo rq $= Zh ohw x+$> d�> d2, @ d�^$ . �d2 .N`� �

2
�d2

�
/

dqg uhvwulfw � A � A 31 Lq wklv vxshuprgxodu jdph/ sod|huv pdnh xqrevhuyhg fkrlfhv ri vljqdo

txdolw| +��> �2, dqg wkhq fkrrvh wkhlu vwudwhjlhv +d�> d2,1 Zh orrn iru v|pphwulf Qdvk htxloleuld1

Frqglwlrqdo rq wkh lqirupdwlrq vwuxfwxuh/ Sod|hu 4 pd{lpl}hv]
l

�
d�^$ . �H^d2m$> �` .N`�

4

5
�d2

�

�
gI w�+$m��,

wr �qg dq rswlpdo dfwlrq d�+��, @ �

�
^H^$m��> �` . �H^d2m��> �` .N` = Lq wkh xqltxh +hvvhqwldoo|,

v|pphwulf htxloleulxp/ d�+{, @
�

�3�
^H^$m��> ��` .N` =

Wkh �uvw txhvwlrq wr dvn lv zkhq wkh rswlpdo srolf| zloo eh prqrwrqh lq ��1 Fohduo| uhtxlulqj

wkdw wkh srvwhulruv duh rughuhg e| IRVG lv vx!flhqw> dfwxdoo| doo wkdw lv qhhghg lv wkdw wkh srvwhulruv

eh rughuhg dffruglqj wr wkhlu �uvw prphqwv1 Vlqfh dq| wzr glvwulexwlrqv fdq eh udqnhg dffruglqj

wr wkhlu phdqv/ dvvxplqj +PGS 0I, lv vlpso| qrwdwlrqdo1 Wkh olqhdulw| ri sd|r�v dulvhv vlqfh

zkhq m sod|v khu htxloleulxp vwudwhj|/ H^d� m$` @
�

�3�
^$ . N`/ dqg vr x�+d�> $, @ d �

�3�
^$ . N`1

Wkxv pdujlqdo uhwxuqv duh ri wkh irup x@+$, @ f. g$/ zkhuh g A 3= Wkh vhw ri pdujlqdo uhwxuqv

vdwlvi|lqj wkhvh uhvwulfwlrqv irupv d frqyh{ frqh/ zlwk fruuhvsrqglqj +PGS, dqg +PLR, frqglwlrqv1

Wkh frqglwlrq iru prqrwrqlflw| ri wkh srolf| lv wkdw H^$m��` eh lqfuhdvlqj lq ��1 Wkh frqglwlrq
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xqghu zklfk J lv pruh lqirupdwlyh wkdq I iru doo ghflvlrq0pdnhuv zlwk olqhdu pdujlqdo uhwxuqv fdq

eh ghulyhg lpphgldwho| iurp Wkhruhp 6= ;� 5 ^3> 4`/

H^$mI +{, ? �` � H^$mJ+|, ? �`= +PLR0OLQ,

Wklv lv wkh olqhdu prqrwrqh lqirupdwlrq rughu1

Zh qrz frqvlghu wkh lqirupdwlrq dftxlvlwlrq fkrlfh1 Dvvxph wkdw �� lqgh{hv I� dffruglqj wr

+PLR0OLQ ,1 H{shfwhg sd|r�v wr sod|hu l duh �+��> ��, @ H^x+$> d�+��,> d�+��,,m��> �2`> vr wkh v|p0

phwulf htxloleulxp pxvw dovr vdwlvi| ��+��> ��,�F �+��, @ 3> wkh �uvw rughu frqglwlrq iru lqirupdwlrq

dftxlvlwlrq1 Zh duh dovr lqwhuhvwhg lq krz fkdqjhv lq wkh sdudphwhuv dowhu wkh dprxqw ri lqirupdwlrq

jdwkhuhg lq htxloleulxp1 Vwudljkwiruzdug dojheud |lhogv

xw�+$>��, @
�

+� � �,2
^H^$m��> ��` .N`

�
+$ .N,�

4

5
+H^$m��> ��` .N,

�
>

C

C��

xw�+$>��, @
�

+� � �,2
^$ �H ^$m��> ��``

C

C��

H^$m��> ��`=

Frpsdudwlyh vwdwlfv iroorz lpphgldwho| iurp dq dssolfdwlrq ri Wkhruhp 431 D fkdqjh lq N/ wkh

nqrzq pdujlqdo ehqh�w wr dfwlqj/ kdv qr h�hfw rq wkh dprxqw ri lqirupdwlrq jdwkhuhg1 Dq lqfuhdvh

lq wkh txdgudwlf frvw ri dfwlrq/ � / ghfuhdvhv wkh dprxqw ri lqirupdwlrq jdwkhuhg= Dqg dv lv lqwxlwlyh/

dq lqfuhdvh lq �/ wkh uhwxuqv wr frruglqdwlrq/ lqfuhdvhv lqirupdwlrq jdwkhulqj1 Vlploduo|/ djhqw*v

dfwlrqv duh lqfuhdvlqj � dqg N dqg ghfuhdvlqj lq �= Hqgrjhql}lqj wkh lqirupdwlrq vwuxfwxuh lq wklv

jdph uhlqirufhv nqrzq frpsohphqwdulwlhv1

: Frqfoxvlrq

Lq wklv sdshu/ zh kdyh rewdlqhg d qhz vhw ri uhvxowv iru wkh vwdqgdug Ed|hvldq ghflvlrq sureohp1

Zh kdyh surylghg d jhqhudo dqdo|vlv ri zkhq rqh vljqdo lv pruh ydoxdeoh wkdq dqrwkhu vljqdo wr d

jlyhq fodvv ri ghflvlrq0pdnhuv/ dqg dovr surylghg frqglwlrqv xqghu zklfk ghflvlrq0pdnhuv zlwklq d

jlyhq fodvv zloo gl�hu v|vwhpdwlfdoo| lq wkhlu pdujlqdo ydoxh iru lqirupdwlrq1 Zh kdyh dssolhg wklv

jhqhudo iudphzrun wr vhyhudo sd|r� fodvvhv ri sduwlfxodu hfrqrplf uhohydqfh/ dqg ghvfulehg wkhlu

fruuhvsrqglqj prqrwrqh lqirupdwlrq rughuv1 Dv zh kdyh dwwhpswhg wr srlqw rxw lq wkh suhylrxv

vhfwlrq/ wkh uhvxowv fdq eh dssolhg wr d ydulhw| ri hfrqrplf vhwwlqjv/ doorzlqj fkdudfwhul}dwlrqv ri

zkdw vruw ri lqirupdwlrq lv ydoxdeoh lq d jlyhq hqylurqphqw/ dqg zklfk vruwv ri djhqwv fduh prvw

derxw dftxlulqj lw1
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Dq h{wuhpho| lqwhuhvwlqj/ exw srwhqwldoo| gl!fxow h{whqvlrq ri wklv uhvhdufk/ lv wr dqdo|}h wkh

ydoxh ri lqirupdwlrq lq vwudwhjlf vhwwlqjv1 Lq vxfk d vhwwlqj/ lqirupdwlrq pd| kdyh erwk d gluhfw

dqg d vwudwhjlf ydoxh1 Lq vwdqgdug lqfhqwlyh sureohpv/ lqirupdwlrq kdv rqo| vwudwhjlf ydoxh/ zkloh

lq Shuvlfr*v +4<<:, vwxg| ri dxfwlrqv/ lqirupdwlrq lv dftxluhg vhfuhwo| vr wkhuh lv rqo| d gluhfw ydoxh1

Lq wkh lqgxvwuldo rujdql}dwlrq olwhudwxuh glvfxvvhg lq Vhfwlrq 914/ uhvxowv frpelqlqj erwk gluhfw dqg

vwudwhjlf ehqh�wv duh rewdlqhg/ exw wkh| w|slfdoo| uho| rq uhvwulfwlyh ixqfwlrqdo irup dvvxpswlrqv1

Wkh h{dpsohv iurp wklv olwhudwxuh vxjjhvw wkdw xqdpeljxrxv uhvxowv derxw wkh ydoxh ri lqirupdwlrq

pd| qrw eh dydlodeoh lq pdq| vhwwlqjv1 Lw uhpdlqv wr eh vhhq zkhwkhu jhqhudo fkdudfwhul}dwlrq

uhvxowv fdq eh rewdlqhg lq jdph0wkhruhwlf prghov1

; Dsshqgl{

Surri ri Ohppd 81 Dvvxph �uvw wkdw D lv �qlwh/ D @ id�> ===> d?j zlwk d�n� A d�1 Wkhq iru dq|

prqrwrqh qrqghfuhdvlqj d+�,/ wkhuh h{lvw �f @ 3 � �� � === � �?3� � �? @ 4 vxfk wkdw d+�, @ d�

rq ^��3�> ��`1 Wkhq]
l

]
dfc�o

x+$> d+�,,gp+$>�, @

]
l

?[
�'�

x+$> d�, ^p+��m$,�p+��3�m$,` gp+$,

@

]
l

+
x+$> d?,p+4m$,� x+$> d�,p+3m$,

�
S

?3�

�'�
^x+$> d�n�,� x+$> d�,`p+��m$,

,
gp+$,

@ �

]
l

+
?3�[
�'�

^x+$> d�n�,� x+$> d�,`p+��m$,

,
gp+$,

@ �
?3�[
�'�

]
l

u�+$,gp/+$>��,

iru vrph u�+$,/111/u?3�+$, zlwk u�+$, 5 X�1 Wkh wklug htxdolw| xvhv wkh idfw wkdw p+4m$,/ p+3m$,

duh }hur d1h1 zlwk uhvshfw wr p+$,1 Wkh odvw vwhs iroorzv iurp +PGS0X,1 Wkhq fohduo| +49, lpsolhv

+48,1 Pruhryhu/ vxssrvh +49, idlov iru vrph a� 5 +3> 4,/ au 5 X�1 Wkhq gh�qh ax+$> d, @ dau+$,1 Dqg ohw

ad+�, @ d� rq ^3> a�, dqg ad+�, @ d? rq ^a�> 4`1 E| +PGS0X,/ ax 5 X2/ dqg ad lv fohduo| qrqghfuhdvlqj1

Vxevwlwxwlqj lqwr wkh ghulydwlrq deryh/]
l

]
dfc�o

ax+$> ad+�,,gp+$>�, @ �+d? � d�,

]
l

au+$,g/p+$> a�, ? 3=

Vr +48, pxvw lpso| +49,1

Qrz vxssrvh D lv frpsdfw1 Zh nqrz iurp deryh wkdw +49, lv htxlydohqw wr +48, kroglqj iru doo

d+�, vwhs ixqfwlrqv1 Zh vkrz wkdw +48, krogv iru doo qrqghfuhdvlqj ixqfwlrqv d+�, li dqg rqo| li lw

66



krogv iru doo vwhs ixqfwlrqv1 Ohw d+�, eh vrph qrqghfuhdvlqj ixqfwlrq/ dqg ohw d�+�,> d2+�,> === eh d

vhtxhqfh ri vwhs ixqfwlrqv frqyhujlqj wr d+�,1 Wkhq vlqfh x lv frqwlqxrxv lq d> wkhq x+$> d&+�,, zloo

eh frqyhujlqj wr x+$> d+�,,1 Dqg vlqfh x+$> d, lv erxqghg/ zh fdq dsso| wkh Ohehvjxh Frqyhujhqfh

Wkhruhp wr vkrz ]
lfdfc�o

x+$> d&+�,,gp+$>�, �$

]
lfdfc�o

x+$> d+�,,gp+$> �,=

Wkhq fohduo|/ +48, zloo krog iru doo d qrqghfuhdvlqj li dqg rqo| li lw krogv iru doo vwhs ixqfwlrqv1 �

Uhihuhqfhv

^4` Dwkh|/ Vxvdq +4<<;d,= �Fkdudfwhul}lqj Surshuwlhv ri Vwrfkdvwlf Remhfwlyh Ixqfwlrqv/� PLW

Zrunlqj Sdshu <904U1

^5` Dwkh|/ Vxvdq +4<<;e,= �Frpsdudwlyh Vwdwlfv xqghu Xqfhuwdlqw|= Vlqjoh Furvvlqj Surshuwlhv

dqg Orj0Vxshuprgxodulw|/� PLW Zrunlqj Sdshu <:044U1

^6` Eodfnzhoo/ Gdylg +4<84,= �Frpsdulvrqv ri H{shulphqwv/� Surfhhglqjv ri wkh Vhfrqg Ehunh0

oh| V|psrvlxp rq Pdwkhpdwlfdo Vwdwlvwlfv/ <6�4351

^7` Eodfnzhoo/ Gdylg +4<86,= �Htxlydohqw Frpsdulvrqv ri H{shulphqwv/� Dqqdov ri Pdwkhpdw0

lfdo Vwdwlvwlfv/ 57/ 598�5:51

^8` Eodfnzhoo/ Gdylg dqg P1 Jluvkln +4<87,= Wkhru| ri Jdphv dqg Vwdwlvwlfdo Ghflvlrqv1

Mrkq Zloh| ) Vrqv1

^9` Erughu/ Nlp +4<<4,= �Ixqfwlrqdo Dqdo|wlf Wrrov iru H{shfwhg Xwlolw| Wkhru|/� lq Srvlwlyh

Rshudwruv/ Ulhv} Vsdfhv/ dqg Hfrqrplfv/ hg1 F1G1 Dolsudqwlv/ N1 Erughu dqg Z1 Ox{hpexuj1

Vsulqjhu Yhuodj1

^:` Ghzdwulsrqw/ P1/ L1 Mhzlww/ dqg M1 Wluroh +4<<:,= �Wkh Hfrqrplfv ri Fduhhu Frqfhuqv=

Wkhru| dqg dq Dssolfdwlrq wr Plvvlrq Vhwwlqj/� Plphr/ Xqlyhuvlw| ri Eulvwro1

^;` Jroolhu/ F1 dqg P1 Nlpedoo +4<<8,= �Wrzdug d V|vwhpdwlf Dssurdfk wr wkh Hfrqrplf

H�hfwv ri Xqfhuwdlqw| L= Frpsdulqj Ulvnv/� Plphr/ Xqlyhuvlw| ri Wrxorxvh1

^<` Mhzlww/ Ldq +4<;9,= �D Qrwh rq Frpsdudwlyh Vwdwlfv dqg Vwrfkdvwlf Grplqdqfh/� Mrxuqdo

ri Pdwkhpdwlfdo Hfrqrplfv/ 48/ 57<�5871
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^43` Mhzlww/ Ldq +4<<:,= �Lqirupdwlrq dqg Sulqflsdo Djhqw Sureohpv/� plphr/ Xqlyhuvlw| ri

Eulvwro1

^44` Nduolq/ Vdpxho +4<9;,= Wrwdo Srvlwlylw|= Yroxph L1 Vwdqirug Xqlyhuvlw| Suhvv1

^45` Nduolq/ Vdpxho dqg Zlooldp Vwxgghq +4<99,= Wfkhe|fkh� V|vwhpv zlwk Dssolfdwlrqv lq

Dqdo|vlv dqg Vwdwlvwlfv1 Qhz \run= Lqwhuvflhqfh1

^46` Oh Fdp/ Oxf +4<97,= �Vx!flhqf| dqg Dssur{lpdwh Vx!flhqf|/� Dqqdov ri Pdwkhpdwlfdo

Vwdwlvwlfv/ 68/

^47` Ohkpdqq/ H1O1 +4<;;,= �Frpsdulqj Orfdwlrq H{shulphqwv/� Dqqdov ri Vwdwlvwlfv/ 49 +5,=

85408661

^48` Ohy|/ Kdlp dqg Mdfre Sdurxvk/ �Wrzdug Pxowlyduldwh H!flhqf| Fulwhuld/� Mrxuqdo ri

Hfrqrplf Wkhru| : +5, Ihe1/ ss1 45<0751

^49` Ph|hu/ Pdujduhw +4<<3,= �Lqwhughshqghqfh ri Pxowlyduldwh Glvwulexwlrqv= Vwrfkdvwlf Grp0

lqdqfh Wkhruhpv dqg dq Dssolfdwlrq wr wkh Phdvxuhphqw ri H{ Srvw Lqhtxdolw| xqghu Xqfhu0

wdlqw|/� Qx!hog Froohjh Glvfxvvlrq Sdshu/ qr1 7<1

^4:` Plojurp/ Sdxo +4<;4,= �Jrrg Qhzv dqg Edg Qhzv= Uhsuhvhqwdwlrq Wkhruhpv dqg Dssolfd0

wlrqv/� Ehoo Mrxuqdo ri Hfrqrplfv/ 45/ 6;3�6<41

^4;` Plojurp/ Sdxo dqg Mrkq Urehuwv +4<<3,= �Udwlrqdol}delolw|/ Ohduqlqj/ dqg Htxloleulxp

lq Jdphv zlwk Vwudwhjlf Frpsohphqwdulwlhv/� Hfrqrphwulfd/ 8;/ 4588�45::1

^4<` Plojurp/ Sdxo dqg Fkulvwlqd Vkdqqrq +4<<7,= �Prqrwrqh Frpsdudwlyh Vwdwlfv/� Hfrqr0

phwulfd/ 95/ 48:�4;31

^53` Plupdq/ O1/ O1 Vdpxhovrq/ dqg H1 Vfkohh +4<<7,= �Vwudwhjlf Pdqlsxodwlrq ri Lqirupdwlrq

lq Gxrsrolhv1� Mrxuqdo ri Hfrqrplf Wkhru|/ 69/ 69706;71

^54` Shuvlfr/ Qlfrod +4<<9,= �Lqirupdwlrq Dftxlvlwlrq lq D!oldwhg Ghflvlrq Sureohpv/� plphr/

XFOD1

^55` Shuvlfr/ Qlfrod +4<<:,= �Lqirupdwlrq Dftxlvlwlrq lq Dxfwlrqv/� plphr/ XFOD1

^56` Urvv/ Vwhskhq +4<;4,= �Vrph Vwurqjhu Phdvxuhv ri Ulvn Dyhuvlrq lq wkh Vpdoo dqg wkh Odujh

zlwk Dssolfdwlrqv/� Hfrqrphwulfd 7< +6,/ ss1 95406;1
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^57` Urwkvfklog/ Plfkdho/ dqg Mrvhsk Vwljolw} +4<:3,= �Lqfuhdvlqj Ulvn= L1 D Gh�qlwlrq/�

Mrxuqdo ri Hfrqrplf Wkhru| 5 +6,/ ss1 5580761

^58` Vkdnhg/ Prvkh dqg Jhrujh Vkdqwlnxpdu +4<<:,= �Vxshuprgxodu Vwrfkdvwlf Rughu dqg

Srvlwlyh Ghshqghqfh ri Udqgrp Yduldeohv/� Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 94/ ;9�4341

^59` Vkdqqrq/ Fkulv +4<<8,/ �Zhdn dqg Vwurqj Prqrwrqh Frpsdudwlyh Vwdwlfv/� Hfrqrplf Wkh0

ru| 8 +5,/ Pdufk/ ss1 53<05:1

^5:` Vwudvvhq/ Y1 +4<98,= �Wkh H{lvwhqfh ri Suredelolw| Phdvxuhv zlwk Jlyhq Pdujlqdov/� Dqqdov

ri Pdwkhpdwlfdo Vwdwlvwlfv/ 69/ 756�76<1

^5;` Wrsnlv/ Grqdog +4<:;,= �Plqlpl}lqj d Vxeprgxodu Ixqfwlrq rq d Odwwlfh/� Rshudwlrqv

Uhvhdufk/ 59/ 638�6541
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