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Dq dqdorjxh ri Ylfnuh|*v +4<94, pxowl0xqlw dxfwlrq lv surylghg zkhq
elgghuv kdyh lqwhughshqghqw ydoxhv1 Wkh dqdorjxh lv vwudwhjlfdoo| htxlyd0
ohqw wr d froohfwlrq ri wzr0elgghu vlqjoh0xqlw vhfrqg0sulfh dxfwlrqv dqg lw
srvvhvvhv dq h{0srvw h!flhqw htxloleulxp1 Dv dq dssolfdwlrq ri wklv uhvxow/
lw lv vkrzq wkdw wkh IFF dxfwlrq srvvhvvhv dq h!flhqw htxloleulxp lq wkh
fdvh ri krprjhqhrxv jrrgv1 Frqglwlrqv duh surylghg xqghu zklfk wkh qhz
dxfwlrq +dqg dovr wkh IFF dxfwlrq, uhyhqxh0grplqdwhv doo h{0srvw htxloleuld
ri h{0srvw h!flhqw lqglylgxdoo| udwlrqdo phfkdqlvpv1

� Zh zlvk wr wkdqn Oduu| Dxvxeho iru yhu| khosixo glvfxvvlrqv1 Erwk dxwkruv judwhixoo|
dfnqrzohgjh �qdqfldo vxssruw iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq +VEU0<:3<6<5, dqg wkh
XV0Lvudho Elqdwlrqdo Vflhqfh Irxqgdwlrq +judqw& <803335624,1



41 Lqwurgxfwlrq

Rxu lqwhuhvw olhv lq h{whqglqj Ylfnuh|*v +4<94, h{0srvw h!flhqw pxowl0xqlw dxfwlrq
wr hqylurqphqwv zlwk lqwhughshqghqw ydoxhv14 Lq dgglwlrq/ zh lqyhvwljdwh wkh
uhyhqxh surshuwlhv ri wklv qhz dxfwlrq dqg surylgh frqlgwlrqv xqghu zklfk lw lv
uhyhqxh0grplqdqw +lq d vhqvh wr eh h{sodlqhg ehorz,1 Dv d e|0surgxfw ri rxu
dqdo|vlv zh hvwdeolvk wkh h{0srvw h!flhqf| ri wkh uhfhqwo| ghvljqhg IFF dxfwlrq
dv zhoo dv lwv uhyhqxh0grplqdqfh xqghu wkh vdph frqglwlrqv dqg lq wkh vdph vhqvh1

Zkhq elgghuv kdyh sulydwh ydoxhv dqg grzqzdug0vorslqj ghpdqg/ Ylfnuh|*v
+4<94, fhoheudwhg dxfwlrq uhqghuv lw d grplqdqw vwudwhj| iru hdfk elgghu wr uhsruw
klv wuxh ydoxh iru hdfk xqlw1 Pruhryhu/ wkh rxwfrph ri Ylfnuh|*v dxfwlrq lv wkhq
jxdudqwhhg wr eh h{0srvw h!flhqw1 Zkhq elgghuv* ydoxhv duh lqwhughshqghqw/ elg0
ghuv pd| kdyh sulydwh lqirupdwlrq wkdw d�hfwv rwkhuv* ydoxhv1 Dv d uhvxow/ elgghuv
duh qrw rqo| ljqrudqw ri rwkhuv* ydoxhv/ wkh| duh dovr ljqrudqw ri wkhlu rzq ydo0
xhv1 Frqvhtxhqwo|/ wkh vwudwhj| �elg |rxu ydoxh� lv qr orqjhu ihdvleoh/ ohw dorqh
grplqdqw1 Lq dgglwlrq/ vwudljkwiruzdug h{dpsohv ghprqvwudwh wkdw hyhq lq htxl0
oleulxp Ylfnuh|*v dxfwlrq fdq idlo wr |lhog dq h{0srvw h!flhqw rxwfrph1 Wkxv/ wkh
lqwurgxfwlrq ri lqwhughshqghqflhv lq ydoxhv fdoov iru d prgl�fdwlrq ri Ylfnuh|*v
dxfwlrq li h{0srvw h!flhqf| lv wr eh dfklhyhg1

Wkh lqwhughshqghqw0ydoxh dxfwlrq zh suhvhqw grhv surgxfh h{0srvw h!flhqw
rxwfrphv dqg lv edvhg xsrq dq lpsruwdqw uhvxow gxh wr Pdvnlq +4<<5,1 Kh vkrzv
wkdw hyhq zlwk lqwhughshqghqw ydoxhv/ d vlqjoh0xqlw Ylfnuh| dxfwlrq ehwzhhq wzr
elgghuv |lhogv dq h{0srvw h!flhqw doorfdwlrq1 Wr h{sorlw wklv uhvxow lq wkh pxowl0
xqlw vhwwlqj/ rxu dxfwlrq/ lq h�hfw/ frqvlvwv ri �qlwho| pdq| vlqjoh0xqlw dxfwlrqv
ehwzhhq sdluv ri elgghuv frqwlqjhqw xsrq wkh lqfuhphqwdo xqlwv wkdw duh dw vwdnh
iru hdfk ri wkhp1 Wkh pdlq gl�huhqfh lq rxu dxfwlrq iurp Ylfnuh|*v lv wkdw elg0
ghuv hqjdjh lq wzr urxqgv ri elgglqj dqg vxeplw pxowlsoh elgv iru hdfk xqlw lq
wkh vhfrqg urxqg1 Qrqhwkhohvv/ lq wkh fdvh ri sulydwh ydoxhv rxu dxfwlrq h�hf0
wlyho| uhgxfhv wr Ylfnuh|*v +4<94, dqg wkh htxloleulxp zh glvsod| uhgxfhv wr wkh
grplqdqw elg0|rxu0ydoxh vwudwhjlhv1

Dv lq vwdqgdug dxfwlrqv/ wkh uxohv ri rxu dxfwlrq duh lqghshqghqw ri wkh ghwdlov
ri wkh hqylurqphqw1 Lq sduwlfxodu/ wkh uxohv gr qrw ghshqg lq dq| zd| rq wkh
ixqfwlrqdo irupv ri wkh elgghuv* xwlolwlhv ru xsrq wkh mrlqw glvwulexwlrq ri wkhlu
sulydwh lqirupdwlrq1 Wklv lv lq frqwudvw/ iru h{dpsoh/ wr wkh gluhfw uhyhodwlrq
phfkdqlvp dssurdfk1 Pruhryhu/ wkh htxloleulxp zh glvsod| uhtxluhv qr pruh

4E| lqwhughshqghqw ydoxhv/ zh uhihu wr vlwxdwlrqv lq zklfk wkhuh pd| eh d frpprq ydoxh
frpsrqhqw wr wkh elgghuv* ydoxdwlrqv ri wkh dxfwlrqhg jrrgv1
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vrsklvwlfdwlrq iurp wkh elgghuv wkdq wkh| zrxog qhhg wr sod| zhoo lq d vlqjoh0xqlw
Ylfnuh| dxfwlrq djdlqvw d vlqjoh rwkhu elgghu1

Zh dovr hvwdeolvk d vhqvh lq zklfk rxu dxfwlrq lv uhyhqxh0grplqdqw1 Fdoo d
sxuh vwudwhj| Ed|hvldq Qdvk htxloleulxp dq h{0srvw htxloleulxp li iru hyhu| yhfwru
ri sod|hu w|shv wkh mrlqw dfwlrq vshfl�hg e| wkh Ed|hvldq htxloleulxp vwudwhj| lv
d Qdvk htxloleulxp hyhq diwhu wkh w|shv duh uhyhdohg15 Xqghu fhuwdlq frqglwlrqv/
dq| h{0srvw htxloleulxp ri dq h{0srvw h!flhqw dqg h{0srvw lqglylgxdoo| udwlrqdo
vhoolqj phfkdqlvp |lhogv zhdno| ohvv uhyhqxh h{0srvw wkdq wkh h{0srvw htxloleulxp
ri wkh h{0srvw h!flhqw dqg h{0srvw lqglylgxdoo| udwlrqdo dxfwlrq zh suhvhqw1 Wklv
uhyhqxh uhvxow lv forvho| uhodwhg wr d vlplodu uhvxow gxh wr Nulvkqd dqg Shuu| +4<<;,1

Ilqdoo|/ zh frqvlghu wkh IFF*v vshfwudo dxfwlrq1 Zkloh wkh dxfwlrq hpsor|hg
e| wkh IFF lv frqvlghuhg wr kdyh shuiruphg zhoo/ erwk lq whupv ri uhyhqxh dqg
h!flhqf|/ wklv ylhz kdv odujho| ehhq edvhg xsrq lqwxlwlrq johdqhg iurp vlqjoh0
xqlw dxfwlrqv1 Wkh wkhruhwlfdo surshuwlhv ri wkh vljql�fdqwo| pruh frpsoh{ IFF
pxowl0xqlw dxfwlrq duh vlpso| qrw nqrzq1 Krzhyhu/ zh vkrz wkdw wkh h{0srvw
h!flhqw htxloleulxp ri rxu jhqhudol}hg Ylfnuh| dxfwlrq irupv wkh edvlv ri dq h{0
srvw h!flhqw htxloleulxp ri wkh IFF dxfwlrq dqg wkdw/ dv d e|0surgxfw/ wkh IFF
dxfwlrq lv h{0srvw h!flhqw dqg uhyhqxh0grplqdqw xqghu wkh vdph frqglwlrqv dqg
lq wkh vdph vhqvh dv deryh1 Zh vwuhvv wkdw rqh ri wkhvh frqlgwlrqv lv wkdw wkh
xqlwv iru vdoh duh krprjhqhrxv dqg qrqfrpsohphqwdu|1

4141 Rwkhu Uhodwhg Zrun

Gdvjxswd dqg Pdvnlq +4<<<, surylgh d vhoolqj phfkdqlvp wkdw dfklhyhv h{0srvw
h!flhqf| zkhq wkhuh duh d �qlwh qxpehu ri srvvleo| khwhurjhqhrxv jrrgv1 Exw
hyhq zkhq wkh jrrgv duh krprjhqhrxv dqg ghpdqg lv grzqzdug0vorslqj Gdvjxswd
dqg Pdvnlq*v phfkdqlvp uhpdlqv vljql�fdqwo| pruh frpsoh{ wkdq wkh dxfwlrq
zh r�hu khuh1 Wkhlu vhoolqj phfkdqvlp uhtxluhv wkh djhqwv wr vxeplw ydoxdwlrq
fruuhvsrqghqfhv +lq h�hfw/ d frqwlqxxp ri srwhqwldo suhihuhqfh sur�ohv,1 Wkh
ghvljqhu lv wkhq uhtxluhg wr fdofxodwh wkh hqwluh vhw ri �{hg srlqwv ri wkhlu surgxfw1
Zkhq wkhuh duh pxowlsoh �{hg srlqwv/ d srvvlelolw| hyhq lq wkhlu htxloleulxp/ wkh
djhqwv pxvw vlpxowdqhrxvo| dqqrxqfh wkh �fruuhfw� rqh wr wkh dxfwlrqhhu16 Wr

5Dq h{0srvw htxloleulxp kdv wkh ghvludeoh sudfwlfdo ihdwxuh wkdw qr elgghu/ vxevhtxhqw wr wkh
dxfwlrq/ uhjuhwv klv htxloleulxp elgv1 Wklv uhpdlqv vr hyhq diwhu �qglqj rxw wkh zlqqlqj elgv ri
wkh rwkhu elgghuv1 +Vxfk lqirupdwlrq lv qrw dozd|v sxeolf gxulqj dq dxfwlrq/ zkloh lw lv w|slfdoo|
pdgh vr diwhuzdug1,

6Hyhq wkrxjk/ dv lq dq| rwkhu frruglqdwlrq jdph/ vlpxowdqhrxvo| dqqrxqflqj dq| rwkhu �{hg
srlqw lv dovr dq htxloleulxp lq wkh vxejdph1
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hqxvuh wkdw wkh djhqwv fdq lqghhg lghqwli| wkh �fruuhfw� �{hg srlqw/ Gdvjxswd dqg
Pdvnlq pxvw lpsrvh dgglwlrqdo uhvwulfwlrqv rq wkh djhqwv* ydoxdwlrq ixqfwlrqv1 Qr
vxfk uhvwulfwlrqv duh uhtxluhg zkhq rxu dxfwlrq lv hpsor|hg1

Shuu| dqg Uhq|*v +4<<:/ 4<<<, zrun rq wkh olqndjh sulqflsoh lq pxowl0xqlw dxf0
wlrqv surylghv dq htxloleulxp dqdo|vlv ri wkh wzr0elgghu wzr0xqlw Ylfnuh| dxfwlrq
zlwk lqwhughshqghqw ydoxhv1 Wkhlu dqo|vlv lv gudzq xsrq khuh wr ghprqvwudwh wkdw
hyhq wkrxjk Ylfnuh|*v +4<94, dxfwlrq zdv ghvljqhg zlwk sulydwh ydoxhv lq plqg/
lw frqwlqxhv wr |lhog dq h{0srvw h!flhqw rxwfrph zkhq wkhuh duh wzr elgghuv dqg
dq| qxpehu ri xqlwv hyhq zkhq wkh elgghuv* ydoxhv duh lqwhughshqghqw17

Dxvxeho +4<<:, frqvwuxfwv dq dvfhqglqj dxfwlrq iru wkh pdq|0elgghu pxowl0
xqlw vhwwlqj1 Zkloh Dxvxeho*v dvfhqglqj dxfwlrq srvvhvvhv dq h{0srvw h!flhqw
htxloleulxp lq wkh fdvh ri sulydwh ydoxhv/ zkhq ydoxhv duh lqwhughshqghqw h{0srvw
h!flhqf| fdqqqrw eh jxdudqwhhg xqohvv wkh wkh elgghuv duh h{0dqwh v|pphwulf/
wkhlu vljqdov duh d!oldwhg dqg wkh| kdyh  dw ghpdqg vfkhgxohv xs wr d �{hg fdsdf0
lw|1 Rxu dxfwlrq uhtxluhv qrqh ri wkhvh uhvwulfwlrqv1 Dxvxeho +4<<:, dovr surylghv
d gluhfw uhyhodwlrq phfkdqlvp lpsohphqwlqj dq h{0srvw h!flhqw doorfdwlrq lq wkh
pdq|0elgghu pxowl0xqlw vhwwlqj zlwk grzqzdug0vorslqj ghpdqg1

Mhklho dqg Progrydqx +4<<;, vwxg| h{0srvw h!flhqw lpsohphqwdwlrq lq hfr0
qrplf hqylurqphqwv lq zklfk wkh djhqwv* vljqdov fdq eh pxowl0glphqvlrqdo1 Wkh|
vkrz wkdw zkhq wkh vljqdov duh ri glphqvlrq wzr ru deryh/ xqohvv wkh djhqwv*
vljqdo pdujlqdo udwhv ri vxevwlwxwlrqv frlqflgh/ h{0srvw h!flhqw lpsohphqwdwlrq
lv w|slfdoo| qrw srvvleoh1 Dq hduo| lqvljkw lqwr wkh gl!fxowlhv srvhg e| pxowl0
glphqvlrqdo vljqdov fdq eh irxqg lq Pdvnlq +4<<5,1 Mhklho dqg Progrydqx dovr
surylgh vrph srvlwlyh uhvxowv zkhq vljqdov duh ri glphqvlrq rqh18

Zkloh rxu dvvxpswlrq wkdw wkh elgghuv* vljqdov duh rqh0glphqvlrqdo pd| eh
uhdvrqdeoh lq wkh suhvhqw fdvh ri krprjhqhrxv jrrgv/ lw lv ohvv vr rwkhuzlvh1 Frq0
vhtxhqwo|/ dq lpsruwdqw rshq sureohp lv wkh ghvljq ri dq dxfwlrq wkdw |lhogv
lqfhqwlyh h!flhqw rxwfrphv +l1h1 h!flhqw vxemhfw wr lqfhqwlyh frqvwudlqwv, lq
wkh suhvhqfh ri pxowl0glphqvlrqdo vljqdov1 Rq wkh rwkhu kdqg/ Gdvjxswd dqg
Pdvnlq +4<<<, vkrz wkdw xqghu fhuwdlq frqglwlrqv/ rewdlqlqj lqfhqwlyh h!flhqf|
zlwk pxowl0glphqvlrqdo vljqdov fdq eh uhgxfhg wr wkh sureohp ri rewdlqlqj h{0

7Zkloh wkh elgghuv* vwudwhjlhv duh qr orqjhu grplqdqw/ wkh| gr frqvwlwxwh dq h{0srvw htxlole0
ulxp dqg uhgxfh wr wkh grplqdqw elg0|rxu0ydoxh vwudwhjlhv zkhq ydoxhv kdsshq wr eh sulydwh1

8Wkhlu srvlwlyh uhvxowv duh ghulyhg xqghu wkh dvvxpswlrq wkdw xwlolwlhv duh olqhdu lq vljqdov dqg
wkdw hlwkhu wkhuh duh h�hfwlyho| wzr dowhuqdwlyhv ru d frqwlqxxp1 Lq wkh odwwhu fdvh dgglwlrqdo
dvvxpswlrqv duh lpsrvhg1 Iru h{dpsoh/ lw lv dvvxphg wkdw wkh dowhuqdwlyhv duh olqhduo| rughuhg
vr wkdw hyhu| djhqw*v pdujlqdo xwlolw| zlwk uhvshfw wr klv rzq vljqdo lv d vwulfwo| lqfuhdvlqj
ixqfwlrq ri wkh dowhuqdwlyhv1
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srvw h!flhqf| zlwk rqh0glphqvlrqdo vljqdov1 Xqghu vxfk frqglwlrqv/ rxu dxfwlrq
zloo |lhog lqfhqwlyh0h!flhqw rxwfrphv hyhq wkrxjk wkh elgghuv* vljqdov duh pxowl0
glphqvlrqdo1

51 Suholplqdulhv

Wkhuh duh g xqlwv ri dq lghqwlfdo jrrg wr eh glvwulexwhg dprqj � elgghuv1 Hdfk
elgghu � sulydwho| uhfhlyhv d rqh0glphqvlrqdo vljqdo/ %� 5 dfc �o1 Wkh hqwluh yhfwru
ri vljqdov ghwhuplqhv wkh elgghuv* pdujlqdo ydoxhv1 Vr/ li wkh yhfwru ri vljqdov lv
% ' E%�c ���c %��c wkhq elgghu �*v pdujlqdo ydoxh iru d &|� xqlw lv ghqrwhg e|6�&E%��
Frqvhtxhqwo|/ elgghuv gr qrw nqrz wkhlu rzq pdujlqdo ydoxhv1 Zh vkdoo pdlqwdlq
wkh iroorzlqj dvvxpswlrqv wkurxjkrxw1 Iru doo �c � ' �c 2c ���c �c &c , ' �c 2c ���cg
dqg doo % 5 dfc �o� c

D14 6�&E%� � 6�&n�E%�

D15 6�&E%� lv zhdno| lqfuhdvlqj lq %�

D16 Iru � 9' �c li 6�&E%� : 6�,E%� wkhq wkh lqhtxdolw| uhpdlqv vwulfw zkhq %� ulvhv
ru %� idoov dqg doo rwkhu frpsrqhqwv ri % uhpdlq xqfkdqjhg1

Wkh odvw ri wkhvh lv d zhdn vlqjoh0furvvlqj frqglwlrq1 Iru h{dpsoh/ lw lv vdwlv�hg
zkhqhyhu rqh*v rzq vljqdo d�hfw rqh*v pdujlqdo ydoxhv dw ohdvw dv pxfk dv lw d�hfwv
rwkhuv* pdujlqdo ydoxhv19

Dq h{0srvw htxloleulxp ri d Ed|hvldq jdph lv d mrlqw vwudwhj| +l1h1 iru hdfk
sod|hu/ d pdsslqj iurp klv w|shv wr dfwlrqv, zlwk wkh surshuw| wkdw iru hdfk yhfwru
ri w|shv/ wkh mrlqw dfwlrq vshfl�hg e| wkh vwudwhjlhv frqvwlwxwhv d Qdvk htxloleulxp
ri wkh jdph lq zklfk wkdw yhfwru ri w|shv lv frpprq nqrzohgjh1 Qrwh wkdw dq
h{0srvw htxloleulxp/ zkloh qrw qhfhvvdulo| grplqdqw/ uhpdlqv d Ed|hvldq0Qdvk
htxloleulxp iru dq| sulru glvwulexwlrq ryhu w|shv1 Ehfdxvh ri wklv/ dqg ehfdxvh
zh vkdoo irfxv rq h{0srvw htxloleuld/ wkhuh zloo eh qr qhhg wr h{solflwo| vshfli| wkh
sulru glvwulexwlrq ryhu wkh elgghuv* vljqdov lq wkh vhtxho1

9Dv Pdvnlq +4<<5, qrwhv/ wkh vlqjoh0furvvlqj surshuw| lv qhfhvvdu|1 Iru h{dpsoh/ li wkhuh
duh wzr elgghuv dqg rqh xqlw/ dqg 4*v ydoxdwlrq lv {4 . 5{5 zkloh 5*v lv 5{4 . {5> dqg wkh
vljqdov duh l1l1g1 wkhq lw lv lpsrvvleoh wr lpsohphqw dq h{0srvw h!flhqw rxwfrph1 Wkh lqwxlwlrq
lv vwudljkwiruzdug1 H!flhqf| uhtxluhv jlylqj wkh jrrg wr wkh elgghu zlwk wkh orzhvw vljqdo1
Frqvhtxhqwo|/ zkhq rqh*v vljqdo lqfuhdvhv wkh jrrg ehfrphv pruh ydoxdeoh wr klp |hw kh lv ohvv
olnho| wr uhfhlyh lw1 Wklv lv qrw lqfhqwlyh frpsdwleoh1
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61 Wkuhh Looxvwudwlyh Fdvhv

Lpsruwdqw ihdwxuhv ri wkh jhqhudo fdvh fdq eh rewdlqhg e| d fduhixo h{dplqdwlrq
ri wkh fdvhv lqyroylqj wzr elgghuv dqg rqh xqlw +5{4,/ wzr elgghuv dqg wzr xqlwv
+5{5,/ dqg wkuhh elgghuv dqg rqh xqlw +6{4,1 Zh vkdoo pdlqwdlq dvvxpswlrqv D140
D16 dqg lq dgglwlrq vwuhqjwkhq D16 iru wkh sxusrvhv ri looxvwudwlqj wkhvh fdvhv e|
dvvxplqj wkdw iru hyhu| % 5 dfc �o� / hyhu| glvwlqfw sdlu ri elgghuv � dqg �c dqg
hyhu| &c , ' �c ���cgc wkhuh lv d xqltxh vroxwlrq/ kc wr=

6�&Ekc %3�� ' 6�,Ekc %3�� +614,

Fdoo wklv vwuhqjwkhqhg yhuvlrq ri D16/ D16n

Zh ehjlq zlwk wkh fdvh lq zklfk wkhuh duh � ' 2 elgghuv dqg g ' � xqlw ri
wkh jrrg1

6141 Wkh 5{4 Fdvh +Pdvnlq 4<<5,

Zlwk mxvw rqh xqlw dqg wzr elgghuv/ zh fdq vlpsoli| wkh qrwdwlrq vrphzkdw1 Ohw
% ghqrwh elgghu 4*v vljqdo dqg + ghqrwh 5*v1 Erwk duh hohphqwv ri dfc �o� Jlyhq wkh
yhfwru ri vljqdov E%c +�c ghqrwh elgghu �*v +pdujlqdo, ydoxh iru wkh jrrg e|6�E%c +��
Zlwk wklv qrwdwlrq/ +614, vd|v wkdw iru hyhu| sdlu ri vljqdov E%c +� 5 dfc �o2c wkhuh
duh xqltxh qxpehuv/ k dqg q vxfk wkdw

6�E%c k� ' 62E%c k�c dqg +615,

6�Eqc +� ' 62Eqc +��

Jlyhq %c dqg +c wkh vroxwlrqv k dqg q kdyh wkh iroorzlqj vljql�fdqfh1 H{0
srvw h!flhqf| uhtxluhv elgghu 4 wr rewdlq wkh jrrg zkhq 6�E%c +� : 62E%c +��
Dvvxpswlrq D16n wrjhwkhu zlwk +615, lpso| wkdw wklv zloo eh wkh fdvh li dqg rqo|
li % : q dqg + 	 k� Frqvhtxhqwo|/ +vhh Iljxuh 614 iru k, zh kdyh

6�E%c +� : 62E%c +� / 6�E%c k� � 6�E%c +� : 62E%c +� � 62Eqc +�� +616,

^Iljxuh 614 khuh`

Vr/ li zh zhuh wr frqgxfw d Ylfnuh| dxfwlrq dqg elgghu 4 zhuh wr elg K�E%� '
6�E%c k� dqg elgghu 5 zhuh wr elg K2E+� ' 62Eqc +�c wkh rxwfrph zrxog eh h!flhqw1
Pruhryhu/ wkhvh elgv zrxog eh lq htxloleulxp hyhq li wkh elgghuv nqhz wkh yhfwru
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ri vljqdov1 Lqghhg/ zkhq 6�E%c +� : 62E%c +�c elgghu 4 uhfhlyhv wkh remhfw/ zruwk
6�E%c +� wr klp h{0srvw dqg kh pxvw sd| 62Eqc +�c ohdylqj klp zlwk srvlwlyh
vxusoxv1 Djhqw 5 uhfhlyhv d sd|r� ri }hur h{0srvw dqg zrxog kdyh wr udlvh khu
elg deryh 6�E%c k� wr rewdlq wkh remhfw1 Ehfdxvh wklv zrxog uhtxluh khu wr sd|
6�E%c k�c dq dprxqw vwulfwo| deryh khu h{0srvw ydoxh ri wkh remhfw/ 62E%c +�c vkh
fdq gr qr ehwwhu wkdq rewdlq d }hur sd|r�1 Edvhg xsrq wklv lw lv vwudljkwiruzdug
wr ghprqvwudwh wkh iroorzlqj1

Sursrvlwlrq 6141 Vxssrvh wkdw iru hyhu| % dqg + 5 dfc �oc elgghu rqh vxeplwv wkh
elg K�E%� ' 6�E%c k� dqg elgghu wzr vxeplwv wkh elg K2E+� ' 62Eqc +�c zkhuh k
dqg q vdwlvi| +615,1: Wkhq wkh rxwfrph ri wkh Ylfnuh| dxfwlrq lv h{0srvw h!flhqw
dqg wkh elg ixqfwlrqv EK�E��c K2E��� frqvwlwxwh dq h{0srvw htxloleulxp1

Lq htxloleulxp/ hdfk elgghu elgv klv ydoxh iru wkh jrrg frqglwlrqdo rq wkh rwkhu
elgghu*v vljqdo ehlqj wkdw zklfk zrxog uhqghu klp lqgl�huhqw ehwzhhq zlqqlqj
dqg orvlqj1 Zkhq wkh wzr elgghuv duh v|pphwulf/ wklv uhgxfhv wr wkh htxloleulxp
ghulyhg lq Plojurp dqg Zhehu +4<;4,1

Lq frqfoxvlrq wkhq/ d vwdqgdug Ylfnuh| dxfwlrq vhuyhv wr |lhog dq h{0srvw
h!flhqw rxwfrph lq wklv fdvh1 Zh qrz glvfxvv wkh fdvh ri � ' 2 elgghuv dqg
g ' 2 xqlwv wr vkrz wkdw wkh vdph frqfoxvlrq dssolhv1; Dv zh vkdoo vhh/ wklv
lv vr ehfdxvh zlwk wzr0elgghuv Ylfnuh|*v pxowl0xqlw dxfwlrq ghfrpsrvhv lqwr d
froohfwlrq ri vlqjoh0xqlw vhfrqg0sulfh dxfwlrqv1

6151 Wkh 5{5 Fdvh +Shuu| dqg Uhq| 4<<:,

Uhwxuqlqj wr rxu ruljlqdo qrwdwlrq iru wkh pdujlqdo ydoxhv/ +614, vd|v wkdw iru
hyhu| sdlu ri vljqdov E%c +� 5 dfc �o2 wkhuh duh xqltxh qxpehuv kc qc �c B 5 dfc �o
vxfk wkdw

6��E%c k� ' 622E%c k� +617,

622Eqc +� ' 6��Eqc +�

dqg

6�2E%c �� ' 62�E%c �� +618,

62�EBc +� ' 6�2EBc +�

:Khqfh/ � dqg � duh ixqfwlrqv ri { dqg |> uhvshfwlyho|1
;D vlplodu dqdo|vlv ri wklv 5{5 fdvh lv frqwdlqhg lq Shuu| dqg Uhq| +4<<:,/ zkloh d zrunhg

h{dpsoh fdq eh irxqg lq Shuu| dqg Uhq| +4<<<,1

:



Ehiruh surfhhglqj/ uhfdoo wkdw lq wkh suhvhqw txdvl0olqhdu xwlolw| frqwh{w/ h!0
flhqf| dprxqwv wr wrwdo vxusoxv pd{lpl}dwlrq1 Lq wkh rqh0xqlw vhwwlqj/ h!flhqf|
fohduo| uhtxluhv jlylqj wkh xqlw wr wkh elgghu zkr ydoxhv lw prvw1 Sxw gl�huhqwo|/
lw lv h!flhqw wr dvvljq wkh xqlw wr elgghu 4 zkhq wkh rssruwxqlw| frvw ri grlqj vr/
qdpho| elgghu 5*v ydoxh/ lv qr pruh wkdq elgghu 4*v ydoxh1 Wklv rssruwxqlw| frvw
shuvshfwlyh +lq whupv ri iruhjrqh wrwdo vxusoxv, lv prvw khosixo lq xqghuvwdqglqj
wkh 5{5 fdvh1

Zkhq wzr xqlwv duh dydlodeoh/ wkh rssruwxqlw| frvw ri dvvljqlqj elgghu 4 dw
ohdvw rqh xqlw lv elgghu 5*v pdujlqdo ydoxh iru d vhfrqg xqlw1 Frqyhuvho|/ wkh
rssruwxqlw| frvw ri dvvljqlqj elgghu 5 d vhfrqg xqlw lv elgghu 4*v pdujlqdo ydoxh
iru d �uvw xqlw1 Khqfh/ h!flhqf| uhtxluhv elgghu 4 wr uhfhlyh dw ohdvw rqh xqlw
zkhq 6��E%c +� : 622E%c +�� Vr/ rqh zd| wr ghwhuplqh zkhwkhu elgghu 4 rxjkw wr
uhfhlyh dw ohdvw rqh xqlw lv wr frqvlghu wkh �fwlwlrxv vhwwlqj lq zklfk wkhuh lv exw
d vlqjoh xqlw dydlodeoh dqg elgghu 4*v ydoxh iru lw lv 6��E%c +� dqg elgghu 5*v ydoxh
iru lw lv 622E%c +��

Vlploduo|/ wkh rssruwxqlw| frvw ri dvvljqlqj elgghu 4 d vhfrqg xqlw lv elgghu
5*v pdujlqdo ydoxh iru d �uvw xqlw/ dqg ylfh yhuvd1 Wkhuhiruh zh fdq ghwhuplqh
zkhwkhu elgghu 4 rxjkw wr uhfhlyh erwk xqlwv e| frqvlghulqj wkh �fwlwlrxv vhwwlqj
lq zklfk d vlqjoh xqlw lv dydlodeoh dqg elgghu 4*v ydoxh iru lw lv6�2E%c +� dqg elgghu
5*v lv 62�E%c +��

Lw lv d uhpdundeoh idfw wkdw Ylfnuh|*v +4<94, pxowl0xqlw dxfwlrq hvvhqwldoo|
uhgxfhv/ lq wklv 5{5 fdvh/ wr wzr vlqjoh0xqlw Ylfnuh| dxfwlrqv/ hdfk fruuhvsrqglqj
wr rqh ri wkh wzr �fwlwlrxv vhwwlqjv deryh1 Wkh uhdvrq iru wklv lv wkdw lq d 5{5
Ylfnuh| dxfwlrq/ d elgghu pxvw sd| wkh rwkhu elgghu*v orzhu elg iru d �uvw xqlw
dqg pxvw sd| wkh rwkhu elgghu*v kljkhu elg iru d vhfrqg xqlw1<

Lqghhg/ frqvlghu frqgxfwlqj d Ylfnuh| dxfwlrq1 Wkh orjlf ri wkh wzr �fwlwlrxv
vlqjoh0xqlw vhwwlqjv vxjjhvwv wkdw elgghu 4*v elg rq d �uvw xqlw/ K��E%�c dqg elgghu
5*v elg rq d vhfrqg xqlw/ K22E+�c duh jlyhq e| wkh fruuhvsrqglqj vlqjoh0xqlw elgv
zkhq wkh vlqjoh0xqlw ydoxh ixqfwlrqv duh 6��E�� dqg 622E��� Wkdw lv/

K��E%� ' 6��E%c k� dqg K22E+� ' 622Eqc +�c

zkhuh k dqg q vdwlvi| +617,1 Vlploduo|/ elgghu 4*v elg rq d vhfrqg xqlw/ K�2E%�c
dqg elgghu 5*v elg rq d �uvw xqlw/ K2�E+�c duh jlyhq e|

K�2E%� ' 6�2E%c �� dqg K2�E+� ' 62�EBc +�

<Lq wklv 5{5 vhwwlqj Ylfnuh|*v +4<94, dxfwlrq lv dv iroorzv1 Hdfk elgghu vxeplwv elgv rq hdfk
xqlw1 Wkh kljkhvw wzr ri wkh irxu elgv duh ghhphg zlqqlqj1 D zlqqlqj elgghu sd|v wkh vxp
wrwdo ri wkh rwkhu elgghu*v orvlqj elgv1

;



zkhuh � dqg B vdwlvi| +618,1 Iljxuh 615 vkrzv elgghu 4*v elgv1

^Iljxuh 615 khuh`

Wr vhh wkdw wkhvh elg ixqfwlrqv frqvwlwxwh dq h{0srvw htxloleulxp dqg ohdg wr
dq h{0srvw h!flhqw doorfdwlrq/ uhfdoo iurp wkh 5{4 dqdo|vlv wkdw

6��E%c +� : 622E%c +� / K��E%� � 6��E%c +� : 622E%c +� � K22E+�c

dqg

6�2E%c +� : 62�E%c +� / K�2E%� � 6�2E%c +� : 62�E%c +� � K2�E+��

Pruhryhu/ qrwh wkdw K��E%� � K�2E%� dqg K2�E+� � K22E+��
43 Frqvhtxhqwo|/ li

vd|/ 6��E%c +� : 622E%c +� dqg 6�2E%c +� : 62�E%c +�c wkhq K��E%� : K22E+� dqg
K�2E%� : K2�E+�c vr wkdw elgghu 4 zloo rewdlq erwk xqlwv lq wkh dxfwlrq/ zklfk lv
h{0srvw h!flhqw1 Pruhryhu/ ehfdxvh elgghu 4 pxvw sd| K22E+� iru d �uvw xqlw dqg
K2�E+� iru d vhfrqg/ kh hduqv srvlwlyh vxusoxv rq erwk xqlwv h{0srvw dqg vr fdqqrw
lpsuryh klv h{0srvw sd|r�1 Vlploduo|/ elgghu 5 fdqqrw lqfuhdvh khu h{0srvw sd|r�
vlqfh dftxlulqj d �uvw xqlw zrxog frvw K�2E%�c zklfk lv deryh khu h{0srvw pdujlqdo
ydoxh iru d �uvw xqlw/ dqg dftxlulqj d vhfrqg xqlw zrxog frvw dq dgglwlrqdo K��E%�c
zklfk lv deryh khu h{0srvw pdujlqdo ydoxh iru d vhfrqg xqlw1

Wkxv/ rqfh djdlq/ d Ylfnuh| dxfwlrq vx!fhv wr |lhog dq h{0srvw h!flhqw rxw0
frph1 Lqghhg/ lw lv vwudljkwiruzdug wr h{whqg wkh deryh dqdo|vlv wr vkrz wkdw
Ylfnuh|*v +4<94, pxowl0xqlw dxfwlrq lv h{0srvw h!flhqw zkhq wkhuh duh wzr elgghuv
dqg dq| qxpehu ri xqlwv1 Pruhryhu/ lq wkh wzr0elgghu vhwwlqj Ylfnuh|*v dxfwlrq
qdwxudoo| ghfrpsrvhv +dv deryh, lqwr d froohfwlrq ri wzr0elgghu vlqjoh0xqlw vhfrqg0
sulfh dxfwlrqv1 Wklv revhuydwlrq zloo suryh xvhixo lq wkh vhtxho1 Exw lpsruwdqw
qhz frqvlghudwlrqv dulvh zkhq wkhuh duh wkuhh ru pruh elgghuv1 Lqghhg/ zlwk mxvw
wkuhh elgghuv dqg d vlqjoh xqlw Ylfnuh|*v dxfwlrq lv qr orqjhu jxdudqwhhg wr |lhog
h{0srvw h!flhqf|/ dv wkh iroorzlqj h{dpsoh gxh wr Gdvjxswd dqg Pdvnlq +4<<<,
ghprqvwudwhv1

6161 Wkh 6{4 Fdvh

Lqwurgxfh d wklug elgghu zlwk vljqdo 5 5 dfc �oc dqg ghqrwh elgghu �*v pdujlqdo
ydoxh iru wkh vlqjoh xqlw e| 6�E%c +c 5�� Vxssrvh wkdw

6�E%c +c 5� ' �%n + n 25

43Wklv lv hylghqw iurp Iljxuh 615 iru elgghu 4*v elgv dqg iroorzv lq jhqhudo iurp D14 dqg wkh
idfw wkdw � � � dqg � � �=

<



62E%c +c 5� ' 2%n �+ n 5

6�E%c +c 5� ' �5�

Qrwh wkdw zkhq % ' + ' �*2c lw lv h!flhqw wr jlyh wkh xqlw wr elgghu 4 zkhq
5 : �*2 dqg wr elgghu 5 zkhq 5 	 �*21 Exw wklv fdqqrw eh dfklhyhg e| d Ylfnuh|
dxfwlrq vlqfh wkh elgv ri elgghuv 4 dqg 5 duh lqghshqghqw ri 6*v vljqdo1

Rqh zd| wr ryhufrph wklv gl!fxow| lv wr jlyh wkh elgghuv dq rssruwxqlw| wr
frqglwlrq wkhlu elgv rq rqh dqrwkhu*v vljqdov1 Wkh dxfwlrq zh vkdoo suhvhqw grhv vr
e| lqwurgxflqj wzr urxqgv ri elgglqj zkhuh vhfrqg urxqg elgv fdq eh frqglwlrqhg
rq wkrvh pdgh lq wkh �uvw urxqg144

71 Wkh Pdlq Uhvxow= Dq H{0Srvw H!flhqw Dxfwlrq

Dv zh kdyh vhhq/ Pdvnlq +4<<5, kdv vkrzq wkdw Ylfnuh|*v vhfrqg0sulfh dxfwlrq lv
h!flhqw lq wkh wzr0elgghu vlqjoh0xqlw fdvh/ dqg rxu uhvxow iurp Vhfwlrq 615 vkrzv
wkdw Ylfnuh|*v pxowl0xqlw dxfwlrq lv h!flhqw zkhq wkhuh duh wzr elgghuv dqg dq|
qxpehu ri xqlwv1 Zkloh wkh dxfwlrq ehorz fdq kdqgoh dq| qxpehu ri elgghuv/ lq
oljkw ri wkh deryh uhvxowv lw lv prvw xvhixo zkhq wkhuh duh wkuhh ru pruh1

Zh qrz ghvfuleh rxu dxfwlrq dqg glvsod| dq h{0srvw htxloleulxp wkdw lv h{0
srvw h!flhqw1 Dq lpsruwdqw ihdwxuh ri wkh dxfwlrq lv wkdw lw lqfrusrudwhv wzr
urxqgv ri elgglqj1 Krzhyhu/ wkh rqo| uroh ri wkh �uvw0urxqg elgv lv wr surylgh wkh
elgghuv zlwk lqirupdwlrq derxw rqh dqrwkhuv* vljqdov1 Wkxv/ iru vlpsolflw| rqo|/
zh vkdoo dvn wkh elgghuv wr uhsruw wkhlu vljqdov lq wkh �uvw urxqg1 Rxu dqdo|vlv
h{whqgv lpphgldwho| wr wkh fdvh lq zklfk wkh elgghuv vxeplw elgv/ qrw vljqdov/ lq
wkh �uvw urxqg1 +Vhh Uhpdun 4 ehorz1,

Diwhu hdfk elgghu uhfhlyhv klv sulydwh vljqdo/ wkh dxfwlrq surfhhgv lq wzr
urxqgv1 Lq wkh �uvw urxqg hdfk elgghu � vxeplwv d uhsruw/ o�c ri klv vljqdo wr
wkh dxfwlrqhhu1 Wkh yhfwru ri uhsruwhg vljqdov lv wkhq uhyhdohg1 Lq wkh vhfrqg
urxqg/ hdfk elgghu � vxeplwv d froohfwlrq ri elgv iK�,�&j zkhuh � uxqv wkurxjk doo
rwkhu elgghuv/ dqg , dqg & uxq wkurxjk doo xqlwv �c 2c ���c g/ zkhuh , n & � g n ��
Wkh vhfrqg0urxqg elg K�,�& fdq eh lqwhusuhwhg dv wkh elg wkdw elgghu � zrxog vxeplw
lq d wzr0elgghu/ vlqjoh0xqlw vhfrqg0sulfh dxfwlrq zkhq d &|� xqlw lv dw vwdnh iru
klp/ dqg dq ,|� xqlw lv dw vwdnh iru klv frpshwlwru rq wkh xqlw/ elgghu ��

Zkloh wkh �uvw0urxqg uhsruwv zloo d�hfw wkh vhfrqg0urxqg elgv/ rqo| wkh vhfrqg0
urxqg elgv duh hpsor|hg e| wkh dxfwlrqhhu wr ghwhuplqh wkh doorfdwlrq dqg sd|0
phqwv1 Vxssrvh wkhq wkdw wkh froohfwlrq ri vhfrqg0urxqg elgv lv iK�,�&j�c�c&c,� Wkh

44Vhfwlrq 716 ehorz ghprqvwudwhv krz rxu dxfwlrq kdqgohv wkh suhvhqw wkuhh0elgghu h{dpsoh1
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dxfwlrqhhu doorfdwhv wkh g xqlwv rqh dw d wlph dv iroorzv1 D elgghu � txdol�hv wr
uhfhlyh d &|� xqlw li iru doo elgghuv � 9' � zkr vr idu kdyh ehhq doorfdwhg ihzhu wkdq
, 5 i�c ���cgj xqlwv/

K�,�& � K�&�, � +714,

Li pruh wkdq rqh elgghu txdol�hv wr uhfhlyh d sduwlfxodu xqlw/ lw lv doorfdwhg wr rqh
ri wkhp dw udqgrp145 Li qr elgghu txdol�hv/ wkhq wkh xqlw lv doorfdwhg wr rqh ri
wkh � elgghuv dw udqgrp146

Diwhu wkh doorfdwlrq surfhvv lv frpsohwhg/ sd|phqwv duh pdgh dv iroorzv1 Li
elgghu � lv doorfdwhg }hur xqlwv kh sd|v qrwklqj/ zkloh li kh lv doorfdwhg & : f xqlwv
kh sd|v R�� n ��� n R�&c zkhuh R�& ghqrwhv wkh g � & n �vw0odujhvw qxpehu dprqj
wkh vhw ri vhfrqg0urxqg elgv iK�&�,j� �'�c ,'�c���cg�47

Qrwh wkdw wklv dxfwlrq fdq eh lpsohphqwhg zlwkrxw nqrzohgjh ri wkh sod|huv*
vwudwhjlhv/ vljqdov ru pdujlqdo ydoxh ixqfwlrqv1

7141 Wkh Htxloleulxp Elgv

Zh qrz lqwurgxfh wkh elgv wkdw zloo eh vxeplwwhg e| wkh elgghuv lq htxloleulxp148

Dv zh kdyh phqwlrqhg/ elgghu �*v htxloleulxp elg/ K�,�&c lv wkdw zklfk kh zrxog
vxeplw lq d wzr0elgghu/ vlqjoh0xqlw vhfrqg0sulfh dxfwlrq zkhq d &|� xqlw lv dw
vwdnh iru klp/ dqg dq ,|� xqlw lv dw vwdnh iru klv frpshwlwru rq wkh xqlw/ elgghu ��
Wkhvh duh gh�qhg ehorz1

Iru hyhu| �c � ' �c 2c ���c �c hyhu| &c , ' �c 2c ���cg dqg hyhu| yhfwru ri vljqdov
% 5 dfc �o� c suhflvho| rqh ri wkh iroorzlqj pxvw krog/ zkhuh E%�c %3�� ghqrwhv wkh
yhfwru ri vljqdov wkdw uhvxowv zkhq %� lq % lv uhsodfhg e| %�c vr wkdw %� dsshduv
wzlfh49=

+l, 6�&E%�c %3�� 	 6�,E%�c %3��
+ll, 6�&E%�c %3�� : 6�,E%�c %3��
+lll, 6�&E%�c %3�� ' 6�,E%�c %3���

45Dq| wlh0euhdnlqj uxoh zloo gr1
46Iru h{dpsoh/ vxssrvh wkhuh duh wkuhh elgghuv dqg rqh xqlw1 Wkh qrwdwlrq emoln fdq wkhq eh

vlpsol�hg wr eml = Li e
5
4 A e45 dqg e65 A e56 dqg e46 A e64> wkhq qr elgghu zrxog txdoli| wr uhfhlyh wkh

xqlw1 Dv zh vkrz/ wklv fdqqrw rffxu lq wkh htxloleulxp zh glvsod|1
47Uhshdwhg elgv frxqw1 Iru h{dpsoh/ li wkh vhw ri elgv lv i5> 5> 5> 4> 4> 3j> wkhq wkh vhfrqg dqg

wklug kljkhvw elgv duh erwk 5> zkloh wkh �iwk kljkhvw elg lv 4=
48Wkh vwudwhjlhv ehorz dsshdu pruh frpsoh{ wkdq wkrvh lq wkh h{dpsohv ri Vhfwlrq 6 deryh1

Wklv lv gxh wr rxu xvh qrz ri wkh pruh shuplvvlyh D16 yhuvxv rxu hduolhu xvh ri D16.= Qrqhwkhohvv/
wkh hvvhqfh ri wkh vwudwhjlhv uhpdlqv wkh vdph dqg wkh| uhgxfh wr wkrvh lq Vhfwlrq 6 xqghu D16.=

49Iru h{dpsoh/ zkhq wkhuh duh wkuhh elgghuv/ +{4> {�5, @ +{4> {4> {6,=
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Dffruglqjo|/ gh�qh4:

	K�,�&E%3�� '

;A?
A=

�?uk 6�&Ekc %3��c v1w1 6�&Ekc %3�� 	 6�,Ekc %3��c
t�Tk 6�&Ekc %3��c v1w1 6�&Ekc %3�� : 6�,Ekc %3��c
6�&E%�c %3��c

li +l, krogv
li +ll, krogv
li +lll, krogv

+715,
Dv lq Vhfwlrq 6/ 	K�,�&E%3�� ' 6�&Ek

Wc %3�� lv wkh elg wkdw elgghu � zrxog vxeplw
lq d vhfrqg0sulfh dxfwlrq djdlqvw elgghu � iru d vlqjoh xqlw zkhq elgghu � ydoxhv
wkh xqlw dffruglqj wr 6�&E��c elgghu � ydoxhv wkh xqlw dffruglqj wr 6�,E��c dqg %3�

lv wkh yhfwru ri vljqdov ri doo elgghuv exw ��
Dv d pdwwhu ri qrwdwlrq/ ohw %3�� ghqrwh wkh yhfwru uhvxowlqj iurp wkh uhprydo

ri frpsrqhqwv � dqg � iurp wkh yhfwru %�

7151 H!flhqf|

Wkhruhp 7141 Frqvlghu wkh dxfwlrq jlyhq deryh1 Xqghu D140D16 wkh iroorzlqj
lv dq h{0srvw htxloleulxp1 Jlyhq wkh yhfwru ri vljqdov/ %c elgghu � uhsruwv %� lq
urxqg rqh1 Lq urxqg wzr/ li wkh yhfwru ri �uvw0urxqg uhsruwv lv oc wkhq elgghu �
vxeplwv wkh froohfwlrq ri elgv i	K�,�&E%�c o3���j�c&c,1 Pruhryhu/ wklv |lhogv dq h{0srvw
h!flhqw doorfdwlrq1

Uhpdun 41 Wkh lqfhqwlyh wr uhyhdo rqh*v vljqdo lq wkh �uvw urxqg lv zhdn1 Lqghhg/
lq htxloleulxp d elgghu*v sd|r� lv lqghshqghqw ri klv �uvw0urxqg uhsruw uhjdugohvv
ri wkh rwkhuv* uhsruwv1 Lq dgglwlrq/ lq sudfwlfh lw zrxog eh pruh qdwxudo iru wkh
elgghuv wr vxeplw elgv/ qrw vljqdov/ lq wkh �uvw urxqg1 Zh qrz wdnh fduh ri erwk
frqfhuqv1 Lq dgglwlrq wr D140D16/ dvvxph wkdw iru doo � dqg &c 6�&Ef� ' f/ dqg
wkdw 6�&E%�c fc ���c f� lv vwulfwo| lqfuhdvlqj lq %�� Ohw 63�

�& ghqrwh lwv lqyhuvh1 Dovr
dvvxph iru hdfk � wkdw %� ' f rffxuv zlwk suredelolw| }hur1 Fkdqjh wkh �uvw urxqg
ri wkh dxfwlrq vr wkdw hdfk elgghu � vxeplwv g elgv/ q��c ���c q�g� Li vrph elgghu
vxeplwv g elgv ri }hur/ wkh dxfwlrq hqgv zlwk wkh xqlwv dvvljqhg dffruglqj wr
Ylfnuh|*v +4<94, dxfwlrq1 Rwkhuzlvh/ wkh dxfwlrqhhu uhyhdov hyhu| elgghu �*v �uvw0
xqlw elg q��1

4; Vhfrqg0urxqg elgv duh vxeplwwhg dv lq wkh ruljlqdo dxfwlrq zlwk wkh

4:Qrwh wkdw lw zrxog qrw eh htxlydohqw zkhq vd| +l, krogv/ wr gh�qh aemo
ln
+{
�m, dv

plq� pln+�> {�m,> v1w1 pln+�> {�m, � pmo+�> {�m, vlqfh htxdolw| fdq rffxu dw pxowlsoh ydo0
xhv ri �= Wr uhqghu wkh frqglwlrq htxlydohqw/ rqh zrxog wkhq kdyh wr frqvlghu wkh odujhvw ydoxh
ri � |lhoglqj htxdolw|1

4;Uhyhdolqj wkh elgv rq dq| rwkhu xqlw zrxog zrun mxvw dv zhoo1
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surylvr wkdw K�,�& � q�& iru doo �c &c �c ,� Dq htxloleulxp ri wklv dxfwlrq lv iru elgghu
� zlwk vljqdo %� wr vhw hdfk �uvw0urxqg elg q�& ' 6�&E%�c fc ���f�� Lq wkh vhfrqg
urxqg/ hdfk elgghu � lqihuv elgghu �*v vljqdo dffruglqj wr o� ' 63�

�� Eq��� jlyhq wkh
uhyhdohg elgv q�� +zklfk qhhgq*w eh lq htxloleulxp,/ dqg elgghu � wkhq vxeplwv
wkh froohfwlrq ri elgv dv jlyhq lq Wkhruhp 7141 Wklv lv fohduo| dq h{0srvw h!flhqw
h{0srvw htxloleulxp vlqfh zh kdyh rqo| uhsodfhg wkh gluhfw uhyhodwlrq ri wkh vljqdov
e| dq htxloleulxp uhyhodwlrq ri wkhp wkurxjk wkh �uvw0urxqg elgv1 Krzhyhu/ wklv
htxloleulxp surylghv vrphzkdw vwrqjhu lqfhqwlyhv lq wkh �uvw urxqg1 Lqghhg/ zhuh
wkh dxfwlrq wr hqg lq wkh �uvw urxqg/ d srvvlelolw| lq htxloleulxp +doehlw rqh zlwk
suredelolw| }hur,/ rqh pljkw uhjuhw elgglqj ehorz 6�&E%�c fc ���c f� rq vrph xqlw
& vlqfh rqh pljkw hqg xs orvlqj wkh xqlw zkhq zlqqlqj lw zrxog kdyh surylghg
srvlwlyh vxusoxv1 Rq wkh rwkhu kdqg/ elgglqj deryh 6�&E%�c fc ���c f� lq wkh �uvw
urxqg uxqv wkh ulvn wkdw rqh zloo eh frqvwudlqhg wr elg kljkhu wkdq lv rswlpdo lq
wkh vhfrqg urxqg1

7161 Wkh Dxfwlrq lq Dfwlrq= D zrunhg h{dpsoh

Zkhq wkhuh duh wkuhh elgghuv dqg rqh xqlw/ Gdvjxswd dqg Pdvnlq*v +4<<;, h{dp0
soh ri Vhfwlrq 616 ghprqvwudwhv wkdw Ylfnuh|*v dxfwlrq fdq idlo wr |lhog dq h{0srvw
h!flhqw doorfdwlrq1 Lw lv wkhuhiruh lqvwuxfwlyh wr vhh krz wkh dxfwlrq zh kdyh gh0
�qhg deryh zrunv lq wkh wkuhh0elgghu rqh0xqlw fdvh lq jhqhudo/ dqg lq Gdvjxswd
dqg Pdvnlq*v h{dpsoh lq sduwlfxodu1 Vxssrvh wkhq wkdw wkh elgghuv* yhfwru ri
vljqdov lv E%c +c 5�� Wkh htxloleulxp lv dv iroorzv=
Hdfk elgghu uhsruwv klv wuxh vljqdo lq wkh �uvw urxqg1 Li wkh uhsruwhg +shukdsv
xqwuxwkixo, vljqdov duh E%�c +�c 5��c wkhq lq wkh vhfrqg urxqg4<

� 4 vxeplwv wkh sdlu ri elgv 	K2�E%c 5
�� dqg 	K��E%c +

��

� 5 vxeplwv wkh sdlu ri elgv 	K�2E+c 5
�� dqg 	K�2E+c %

��

� 6 vxeplwv wkh sdlu ri elgv 	K��E5c +
�� dqg 	K2�E5c %

��

Wkh dxfwlrqhhu wkhq doorfdwhv wkh xqlw wr d �zlqqhu1� Iru h{dpsoh/ elgghu 4 lv
ghhphg wkh zlqqhu li

	K2�E%c 5
�� : 	K�2E+c 5

�� dqg 	K��E%c +
�� : 	K��E5c +

���

4<Ehfdxvh wkhuh lv rqo| rqh xqlw/ wkh qrwdwlrq em4l4 lv vlpsol�hg wr eml = Wkxv/ e
m
l lv lqwhusuhwhg

dv elgghu l*v elg djdlqvw elgghu m=
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Elgghu 4 zrxog wkhq uhfhlyh wkh xqlw dqg pdnh wkh sd|phqw

4@ i	K�2E+c 5��c	K��E5c +��j�

Lq sduwlfxodu/ zkhq wkh pdujlqdo ydoxhv iru wkh wkuhh elgghuv duh wkrvh iurp Gdv0
jxswd dqg Pdvnlq*v h{dpsoh lq Vhfwlrq 616/ qdpho|

6�E%c +c 5� ' �%n + n 25

62E%c +c 5� ' 2%n �+ n 5

6�E%c +c 5� ' �5c

wkh htxloleulxp vhfrqg0urxqg elgv duh=

Elgghu 4 � 	K2�E%( 5
�� '

.

2
%n

D

2
5�

	K��E%( +
�� ' b%n �+�

Elgghu 5 � 	K�2E+( 5
�� ' 4@ E.+ � 5�c �+ n 5��

	K�2E+(%
�� '

b

2
+ n �%�

Elgghu 6 � 	K��E5( +
�� ' K2�E5(%

�� ' �5�

Frqvhtxhqwo|/ zkhq % ' + ' �*2 dqg wkh htxloleulxp lv iroorzhg/ elgghu 4
zlqv wkh dxfwlrq zkhq 5 lv voljkwo| deryh 425 dqg sd|v voljkwo| pruh wkdq �c zkloh
elgghu 5 zlqv wkh dxfwlrq zkhq 5 lv voljkwo| ehorz 425 dqg sd|v voljkwo| ohvv wkdq
��53

Zh qrz dsso| Wkhruhp 714 wr wkh IFF dxfwlrq1

53Wkh uhdghu pljkw kdyh qrwlfhg wkdw elgghu 5*v elg djdlqvw elgghu 4/ e45> lv qrw prqrwrqh lq
elgghu 6*v vljqdo1 Wkh lqwxlwlrq iru wklv lv uhodwhg wr wkh zlqqhu*v fxuvh1 Dv 6*v vljqdo lqfuhdvhv/
elgghu 4*v ydoxh lqfuhdvhv idvwhu wkdq 5*v1 Frqvhtxhqwo|/ zlqqlqj djdlqvw elgghu 4/ zkhq 6*v
vljqdo lv kljk/ lpsolhv wkdw 4*v vljqdo lv orzhu wkdq zrxog eh lpsolhg zkhq zlqqlqj djdlqvw
elgghu 4 zkhq 6*v vljqdo lv orz1 Wkxv/ zkloh 5*v ydoxh ulvhv zlwk 6*v vljqdo fhwulv sdulexv/ 5*v
ydoxh idoov dv 6*v vljqdo ulvhv frqglwlrqdo rq rxwelgglqj elgghu 41 Vr/ dv 6*v vljqdo ulvhv 5*v elg
djdlqvw 4 idoov1 Exw elgghu 5 fdq eh rqo| vr shvvlplvlwf derxw 4*v vljqdo1 Zkhq 6*v vljqdo lv kljk
hqrxjk vr wkdw 5 fdq rxwelg 4 rqo| zkhq 4*v vljqdo lv }hur/ 5*v elg zloo wkhuhdiwhu lqfuhdvh zlwk
zlwk 6*v vljqdo dv wkh qhjdwlyh lqihuhqfh h�hfw iurp 4*v vljqdo lv qr orqjhu suhvhqw1 Ri frxuvh/
zkhq 6*v vljqdo uhdfkhv wklv srlqw dqg kljkhu/ elgghu 4 lv vxuh wr rxwelg elgghu 5 lq htxloleulxp1
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81 Wkh IFF Dxfwlrq

Lq wkh suhvhqw vhfwlrq zh vkdoo xvh wkh uhvxowv deryh wr hvwdeolvk wkdw lq rxu hqyl0
urqphqw/ wkh uhfhqwo| ghvljqhg IFF vshfwudo dxfwlrq srvhvvhv dq h{0srvw h!flhqw
htxloleulxp1 Irupdoo|/ wkh dxfwlrq zh frqvlghu lv d vlpsol�fdwlrq ri wkh dfwxdo
IFF dxfwlrq1 Lq sduwlfxodu/ zh gr qrw lqvlvw rq plqlpxp elg lqfuhphqwv/ qru gr
zh lqfrusrdudwh dfwlylw| uxohv1 Zkloh wkhvh ihdwxuhv ri wkh IFF dxfwlrq duh khos0
ixo lq sudfwlfh/ wkh| duh xqqhfhvvdu| iurp d wkhruhwlfdo shuvshfwlyh1 Qrqhwkhohvv/
wkh htxloleulxp zh glvsod| iru wkh vlpsol�hg IFF dxfwlrq ehorz lv/ iru dq| 0 : fc
dq 0 0htxloleulxp zkhq hlwkhu rqh ru erwk ri wkh deryh uxohv duh dgghg/ vr orqj
dv wkh plqlpxp elg lqfuhphqw lv vpdoo hqrxjk uhodwlyh wr 01 Zkloh wkh jrrgv
duh shuihfw vxevwlwxwhv/ iru elgglqj sxusrvhv wkh| duh glvwlqjxlvkhg e| qdph1 Wkh
qdphv duh vlpso| jrrg �/ jrrg 2/ 111/ jrrg g�

Wkh +vlpsol�hg, IFF dxfwlrq lv dv iroorzv1 Diwhu hdfk elgghu uhfhlyhv klv
sulydwh vljqdo/ wkh dxfwlrq surfhhgv lq urxqgv1 Lq hyhu| urxqg hdfk elgghu pd|
vxeplw d elg rq dq| qxpehu ri jrrgv1 Elgghuv fdq vxeplw zkdwhyhu elgv wkh|
zdqw/ exw wkhlu elg rq d jrrg lv ljqruhg li wkhlu suhylrxv urxqg elg rq lw zdv
kljkhu1 Wkxv/ lq h�hfw/ elgv fdqqrw ghfuhdvh1 Krzhyhu/ elgghuv fdq zlwkgudz
wkhlu elgv1 Exw li wkh| gr vr wkh| pxvw sd| wkh gl�huhqfh ehwzhhq wkhlu elg dqg
wkh uhvxowlqj vdoh sulfh ri wkh jrrg1 Doo elgv duh pdgh sxeolf diwhu hdfk urxqg1
Wlhv lq kljk elgv vxeplwwhg lq gl�huhqw urxqgv duh eurnhq lq idyru ri wkh prvw
uhfhqw kljk elgghu/ zkloh wlhv lq kljk elgv pdgh lq wkh vdph urxqg duh eurnhq dw
udqgrp dw wkh hqg ri wkdw urxqg1 Frqvhtxhqwo| diwhu hdfk urxqg wkhuh lv dw prvw
rqh kljk elgghu rq hdfk jrrg1 Wkh dxfwlrq wkhq surfhhgv wr wkh qh{w urxqg1 Wkh
dxfwlrq hqgv diwhu wkh �uvw urxqg lq zklfk wkh kljk elgghu dqg kljk elg rq hdfk
jrrg grhv qrw fkdqjh1 Wkh kljk elgghuv wkhq sd| wkhlu elgv rq wkh xqlwv wkh|
kdyh zrq1

Wkurxjkrxw wklv vhfwlrq zh dvvxph wkdw 6�&E%� � 6 : f iru hyhu| �c & dqg %�

8141 Wkh Htxloleulxp

Wkh htxloleulxp zh vkdoo frqvwuxfw iru wkh IFF dxfwlrq lv edvhg xsrq wkh htxl0
oleulxp surylghg lq Vhfwlrq 7141 Lq sduwlfxodu/ dorqj wkh htxloleulxp sdwk/ hdfk
elgghu elgv klv jhqhudol}hg Ylfnuh| sulfhv1 Dffruglqjo|/ ohw R�&E%3�� ghqrwh wkh
g � & n �vw0kljkhvw qxpehu dprqj i	K�&�, E%3��jc zkhuh hdfk 	K�&�, E%3�� lv gh�qhg e|
+715,1 Vr gh�qhg/ R�&E%3�� lv wkh sulfh wkdw elgghu � pxvw sd| iru d &wk xqlw ri wkh
jrrg lq wkh htxloleulxp ri Vhfwlrq 714/ zkhq wkh rwkhuv* vljqdov duh %3�� Zh duh
qrz uhdg| wr ghvfuleh wkh IFF dxfwlrq htxloleulxp1
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Lq wkh �uvw urxqg wkh vljqdov duh uhyhdohg e| vxeplwwlqj elgv ehorz 6 lq d
prqrwrqlf zd|1 Vshfl�fdoo|/ li elgghu �*v vljqdo lv %� kh elgv 6 � %� rq vrph vlqjoh
jrrg154 Wkhvh elgv fdq wkhq eh lqyhuwhg wr |lhog wkh urxqg 4 yhfwru ri uhyhdohg
vljqdov %�1 Lq dq| urxqg o n � � 2/ gh�qh wkh fxuuhqw dvvljqphqw +ri jrrgv wr
elgghuv, dv rqh wkdw lv h!flhqw jlyhq wkh urxqg o yhfwru ri uhyhdohg vljqdov/ %o

+douhdg| gh�qhg iru o ' � dqg gh�qhg ehorz iru o : ���55 Ohw }�� 	 }�2 	 ��� 	 }�?�

ghqrwh wkh jrrgv fxuuhqwo| dvvljqhg wr elgghu �� Wkxv/ ?� ghqrwhv wkh qxpehu ri
jrrgv fxuuhqwo| dvvljqhg wr elgghu ��

Zh zlvk wr hpskdvl}lh wkdw dffruglqj wr rxu gh�qlwlrq/ wkh jrrgv fxuuhqwo|
dvvljqhg wr elgghu � qhhg ehdu qr uhodwlrq wr wkrvh jrrgv rq zklfk elgghu � lv
wkh kljk elgghu156 Zh xujh wkh uhdghu wr nhhs wklv lq plqg zkhq gljhvwlqj wkh
htxloleulxp vwudwhjlhv ehorz1

Wkh urxqg o yhfwru ri uhyhdohg vljqdov/ %oc lv ghwhuplqhg lqgxfwlyho| dv iroorzv=
Iru hyhu| elgghu � zkr lq wkh suhylrxv urxqg elgpruh rq vrph jrrg wkdq glfwdwhg
e| wkh htxloleulxp/57 uhsodfh wkh �wk frpsrqhqw ri %o3� e| �*v kljkhvw srvvleoh
vljqdo/ �� Wklv wkhq |lhogv wkh yhfwru %o�58

Wkh htxloleulxp lv gh�qhg lqgxfwlyho|1 Frqvlghu urxqg o n � � 2� Iru hyhu| �
dqg hyhu| & ' �c ���c ?� G

L1 Li lq doo suhylrxv urxqgv diwhu urxqg 4 dqg iru hdfk jrrg/ qr elgghu elg
pruh rq dq| jrrg wkdq glfwdwhg e| wkh htxloleulxp +vr %o ' %��c wkhq
+l, elgghu � elgv R�&E%o3�� rq jrrg }�&/ dqg
+ll, li R�&E%o3�� � K�&�, E%

o
3�� iru vrph elgghu � 9' � zkr lv fxuuhqwo| dvvljqhg , � �

jrrgv/ wkhq � elgv R�&E%o3�� rq jrrg }�&c xqohvv wklv lv qr kljkhu wkdq wkh suhylrxv0
urxqg kljk elg rq jrrg }�&�

LL1 Rwkhuzlvh/ ohw RW ghqrwh wkh orzhvw frpshwlwlyh sulfh +l1h1 wkh g n �vw0
kljkhvw pdujlqdo ydoxh dprqj wkh elgghuv, jlyhq %oc dqg ohw R� ghqrwh wkh g �
?� n �vw0kljkhvw pdujlqdo ydoxh dprqj doo elgghuv exw �/ jlyhq %o�
+lll, Li K zdv wkh suhylrxv0urxqg kljk elg rq jrrg }�& +vhw K ' R� li wkhuh zhuh qr
suhylrxv0urxqg elgv rq jrrg }�&�/ wkhq elgghu � elgv 4�?EKc RW� rq jrrg }�&�

54Gl�huhqw elgghuv fdq fkrrvh gl�huhqw jrrgv/ exw qhhg qrw1
55Zkhq wkhuh lv pruh wkdq rqh jrrg dqg ehfdxvh wkh jrrgv duh shuihfw vxevwlwxwhv/ wkhuh

duh pdq| h!flhqw dvvljqphqwv ri jrrgv +qrz glvwlqjxlvkhg e| qdph, wr elgghuv1 Wkh fxuuhqw
dvvljqphqw vhohfwv rqh ri wkhvh dqg/ ehlqj sduw ri wkh htxloleulxp/ wklv vhohfwlrq lv frpprq
nqrzohgjh dprqj wkh elgghuv1

56Dowkrxjk lq htxloleulxp/ elgghuv zloo xowlpdwho| zlq wkh jrrgv dvvljqhg wr wkhp1
57Wklv lqfoxghv d elgghu phuho| vxeplwwlqj d elg rq d jrrg zkhq dffruglqj wr wkh htxloleulxp

wkh elgghu lv wr uhiudlq iurp elgglqj rq wkdw jrrg1
58Ri frxuvh/ li {l lv douhdg| htxdo wr 4 qr fkdqjh uhvxowv1
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+ly, Li 6�,E%
o� ' R� iru vrph elgghu � 9' � fxuuhqwo| dvvljqhg , � � jrrgv/59 wkhq

elgghu � elgv R� rq hdfk jrrg dvvljqhg wr elgghu � kdylqj d vwulfwo| orzhu suhylrxv0
urxqg kljk elg1
+y, Li elgghu � lv d kljk elgghu rq d jrrg/ vd| &/ qrw fxuuhqwo| dvvljqhg wr klp/
dqg wkh vhfrqg0kljkhvw elg rq lw lv dw ohdvw RW/ wkhq elgghu � zlwkgudzv klv elg rq
jrrg &1

Wklv frpsohwhv wkh ghvfulswlrq ri wkh htxloleulxp vwudwhjlhv1 Wkh lghd ehklqg
wkhp lv dv iroorzv1 Dorqj wkh htxloleulxp sdwk/ wkh vljqdov duh uhyhdohg lq wkh �uvw
urxqg ri elgglqj1 Wklv uhqghuv wkh h!flhqw doorfdwlrqv frpprq nqrzohgjh dprqj
wkh elgghuv dqg lq htxloleulxp wkh| frruglqdwh rq d vlqjoh h!flhqw doorfdwlrq1 Lq
wkh vhfrqg urxqg wkh elgghuv elg wkhlu jhqhudol}hg Ylfnuh| sulfhv rq wkh jrrgv
+h!flhqwo|, dvvljqhg wr wkhp/ zkloh rwkhu elgghuv pdwfk wkhvh elgv wr hqvxuh wkdw
wkhvh sulfhv duh plqlpdo1 Wkh wlhv duh eurnhq dw udqgrp1 Lq wkh wklug urxqg rqo|
wkh h!flhqw elgghuv djdlq vxeplw wkhlu suhylrxv urxqg elgv1 Vr li doo wlhv zhuh
suhylrxvo| eurnhq lq wkhlu idyru/ qr qhz kljk elgghuv uhvxow dqg wkh dxfwlrq hqgv1
Rwkhuzlvh lq wkh qh{w urxqg wkh h!flhqw elgghuv rqfh djdlq sodfh wkh vdph elgv1
Ehfdxvh qrz qr qhz kljk elgghuv zloo uhvxow/ wkh dxfwlrq hqgv1 Wklv uhvxowv lq dq
h{0srvw h!flhqw doorfdwlrq zlwk wkh zlqqhuv sd|lqj wkh vdph jhqhudol}hg Ylfnuh|
sulfhv dv gh�qhg lq Vhfwlrq 71 Wkxv wkh rxwfrph dqg uhyhqxh lq wklv htxloleulxp
ri wkh IFF dxfwlrq lv wkh vdph dv wkdw lq wkh wzr0urxqg dxfwlrq suhvhqwhg lq
Vhfwlrq 71

R� ri wkh htxloleuxp sdwk wkh frpshwlwlrq ehfrphv pruh vhyhuh +dqg vhyhuh
hqrxjk wr uhqghu wkh htxloleulxp sdwk rswlpdo iru hdfk elgghu,1 Wkh vhyhulw|
ri wkh frpshwlwlrq lv h{suhvvhg lq wzr zd|v1 Iluvw/ d elgghu zkr elgv deryh
klv htxloleulxp elg lv dvvxphg wr kdyh wkh kljkhvw srvvleoh vljqdo +dqg vr wkh
kljkhvw srvvleoh ydoxhv jlyhq wkh vljqdov ri wkh rwkhuv,15: Frqvhtxhqwo|/ qrw rqo|
lv wklv elgghu qrz suhvxphg wr kdyh d kljkhu zloolqjqhvv wr sd|/ doo rwkhu elgghuv*
zloolqjqhvv wr sd| lqfuhdvhv dv zhoo1 Vhfrqg/ lq rughu wr zlq d jrrg/ doo elgghuv
pxvw qrz sd| dw ohdvw lwv rssruwxqlw| frvw15; Ehfdxvh erwk ri wkhvh h�hfwv lqfuhdvh
wkh sulfh d elgghu pxvw sd| iru d jrrg deryh lwv htxloleulxp sulfh R�&E%3��c qr
elgghu fdq jdlq e| ghyldwlqj iurp wkh htxloleulxp sdwk1 Ilqdoo|/ ehfdxvh wkh
dvvljqphqw ri jrrgv wr elgghuv lv dozd|v h!flhqw +zlwk uhvshfw wr wkh fxuuhqw

59E| wkh gh�qlwlrq ri sl> vrph vxfk m dqg o pxvw h{lvw1
5:Ohvv vhyhuh dgmxvwphqwv lq wkh elgghuv* eholhiv duh dovr frqvlvwhqw zlwk wklv htxloleulxp1 Wkh

suhvhqw vshfl�fdwlrq phuho| nhhsv wklqjv vlpsoh1
5; l1h1 Wkh kljkhvw pdujlqdo ydoxh iru wkdw xqlw dprqj wkh rwkhu elgghuv jlyhq wkh fxuuhqw

yhfwru ri uhyhdohg vljqdov1

4:



urxqg*v yhfwru ri uhyhdohg vljqdov, dqg lq hdfk urxqg elgghuv duh h{shfwhg wr elg
xs wr wkh frpshwlwlyh sulfh rq hdfk jrrg dvvljqhg wr wkhp/ lw lv rswlpdo iru wkrvh
qrw dvvljqhg jrrgv zkr duh kljk elgghuv rq wkhp deryh wkh frpshwlwlyh sulfh wr
zlwkgudz wkhlu elgv rq wkrvh xqlwv zkhq wkh frpshwlwlyh sulfh lv uhdfkhg/ exw qr
vrrqhu1 Zh vxppdul}h wklv glvfxvvlrq lq wkh iroorzlqj uhvxow1 Wkh vwudljkwiruzdug
surri lv ohiw wr wkh uhdghu1

Wkhruhp 8141 Wkh IFF dxfwlrq vwudwhjlhv ghvfulehg deryh frqvwlwxwh d vhtxhq0
wldoo| udwlrqdo Qdvk htxloleulxp dqg uhvxow lq dq h{0srvw h!flhqw doorfdwlrq15<

Uhpdun 51 Ghvslwh wkh idfw wkdw wkh jrrgv duh lghqwlfdo/ lq htxloleulxp wkhlu vdoh
sulfhv w|slfdoo| zloo qrw eh1 Rqfh elgghuv kdyh elg wkhlu Ylfnuh| sulfhv/ srwhqwldo
frpshwlwruv kdyh qr lqfhqwlyh wr elg rq xqlwv zkrvh sulfhv duh orz1 Wkh| uhfrjql}h
wkdw wkh fxuuhqw zlqqhu lv zloolqj wr elg xs wr wkh frpshwlwlyh sulfh iru hdfk
xqlw1 Pruhryhu/ ehfdxvh wklv lv frpprq nqrzohgjh/ lw zrxog eh vxerswlpdo iru wkh
fxuuhqw zlqqhu wr idlo wr gr vr1 Frqvhtxhqwo|/ wkh IFF dxfwlrq qhhg qrw surgxfh
xqlirup0sulfh dxfwlrq rxwfrphv lq wkh krprjhqhrxv0jrrgv fdvh dv lv vrphwlphv
dujxhg1

Uhpdun 61 Wkh vwudwhjlhv zh kdyh surylghg duh pruh qdwxudo zkhq lw lv h!flhqw
iru hdfk elgghu wr uhfhlyh d vljql�fdqw qxpehu ri jrrgv1 Wkh| fdq eh ohvv qdwxudo
zkhq lw lv h!flhqw iru vrph elgghuv wr uhfhlyh qr jrrgv1 Vxfk elgghuv pljkw kdyh
�qrwklqj wr orvh� e| elgglqj rq orz0sulfhg jrrgv xs wr wkhlu ydoxh iru d �uvw xqlw1
Ri frxuvh/ elgghuv gr qrw hpsor| vxfk vwudwhjlhv lq rxu htxloleulxp/ dqg vr zkhq
wkhvh vwudwhjlhv duh qdwxudo rxu htxloleulxp pljkw qrw eh163

Uhpdun 71 Rqh pljkw zrqghu derxw wkh sxusrvh ri lqwurgxflqj wkh dxfwlrq ri
Vhfwlrq 7 zkhq wkh IFF dxfwlrq lv fdsdeoh ri surgxflqj h{0srvw h!flhqw rxwfrphv1
Iluvw/ lw vkrxog eh qrwhg wkdw lw zdv wkh dqdo|vlv ri wkh Vhfwlrq 7 dxfwlrq wkdw ohg wr
wkh glvfryhu| ri wkh IFF*v h!flhqw htxloleulxp1 Vhfrqg/ dqg shukdsv pruh wr wkh
srlqw/ dv qrwhg lq Uhpdun 6/ wkh h!flhqw htxloleulxp ri wkh IFF dxfwlrq qhhgq*w
dozd|v eh uhdvrqdeoh1 Rq wkh rwkhu kdqg/ wkh h!flhqw htxloleulxp glvsod|hg lq
Vhfwlrq 714 lv dozd|v uhdvrqdeoh1 Pruhryhu/ hyhq zkhq wkh h!flhqw htxloleulxp ri
Vhfwlrq 714 lv xqltxh lq xqgrplqdwhg vwudwhjlhv +h1j1 lq wkh sulydwh ydoxhv fdvh,/
wkhuh duh lqh!flhqw xqgrplqdwhg htxloleuld ri wkh IFF dxfwlrq1 Lq wklv vhqvh/ wkh

5<E| vhtxhqwldoo| udwlrqdo/ zh phdq wkdw wkhuh h{lvw eholhiv wkdw uhqghu wkh vwudwhj|0eholhi
sdlu vhtxhqwldoo| udwlrqdo1 Pruhryhu/ ehfdxvh wkh vwudwhjlhv duh lq Qdvk htxloleulxp/ wkh eholhiv
fdq eh fkrvhq wr frqirup wr Ed|hv* uxoh dorqj wkh htxloleulxp sdwk1

63Zh wkdqn Oduu| Dxvxeho iru surpswlqj xv wr lqfoxgh wklv glvfxvvlrq1
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IFF dxfwlrq pljkw zhoo eh ohvv olnho| wr ohdg wr h!flhqf| lq sudfwlfh wkdq wkh
dxfwlrq surylghg lq Vhfwlrq 71

91 Uhyhqxh

Dowkrxjk rxu sulpdu| frqfhuq lv h!flhqf|/ zh qrz frqvlghu wkh uhyhqxh jhqhudwhg
e| wkh dxfwlrq suhvhqwhg lq Vhfwlrq 7 deryh164 Dw ydulrxv srlqwv ehorz/ zh zloo
qhhg wr vwuhqjwkhq dvvxpswlrqv D15 dqg D16 dv iroorzv= Iru hyhu| �c &

D15� 6�&E%� lv frqwlqxrxvo| gl�huhqwldeoh dqg zhdno| lqfuhdvlqj lq %�

D16� Iru � 9' �c li 6�&E%� � 6�,E%� wkhq wkh lqhtxdolw| lv vwulfw zkhq %� ulvhv ru %�
idoov dqg doo rwkhu frpsrqhqwv ri % uhpdlq xqfkdqjhg1

D +gluhfw, vhoolqj phfkdqlvp lv d sdlu E^c S�c zkhuh ^E%� ' E^�E%�c ���c ^�E%��
dqg SE%� ' ES�E%�c ���c S� E%�� iru hyhu| yhfwru ri elgghu vljqdov % 5 dfc �o� 1 Hdfk
^�E%� lv d yhfwru ri suredeolwlhv/ zlwk ^�&E%� ghqrwlqj wkh suredelolw| wkdw elgghu
� uhfhlyhv dw ohdvw & xqlwv ri wkh jrrg li wkh yhfwru ri uhsruwhg vljqdov lv %� Hdfk
S�E%� lv wkh sd|phqw wkdw elgghu � pxvw pdnh jlyhq wkh uhsruw %� Zh vkdoo uhihu wr
^ dv wkh suredelolw| dvvljqphqw ixqfwlrq1 D vhoolqj phfkdqlvp lv h{0srvw lqfhqwlyh
frpsdwleoh li wuxwk0whoolqj lv dq h{0srvw htxloleulxp/65 dqg lw lv h{0srvw lqglylgxdoo|
udwlrqdo li wuxwk0whoolqj lpsolhv wkdw hyhu| elgghu*v h{0srvw xwlolw| lv qrq qhjdwlyh1

Wkh uhvxow wr iroorz lv dq h{0srvw uhyhqxh0htxlydohqfh wkhruhp1 Wkh hvvhqwldov
ri wkh surri iroorz P|huvrq +4<;4, txlwh gluhfwo|166

Wkhruhp 9141 Vxssrvh wkdw D14/ D15� dqg D16 krog1 Frqvlghu dq| wzr h{0srvw
lqfhqwlyh0frpsdwleoh dqg h{0srvw lqglylgxdoo| udwlrqdo vhoolqj phfkdqlvpv zlwk
wkh vdph suredelolw| dvvljqphqw ixqfwlrqv1 Li zkhqhyhu d elgghu uhfhlyhv wkh
orzhvw srvvleoh vljqdo kh lv/ h{0srvw/ lqgl�huhqw ehwzhhq wkh wzr phfkdqlvpv/

64Nulvkqd dqg Shuu| +4<<;, surylghv d jhqhudo dqdo|vlv ri uhyhqxh0pd{lpl}dwlrq vxemhfw wr
h!flhqf| zkhq wkh elgghuv* vljqdov duh lqghshqghqw1 Wkh suhvhqw dqdo|vlv iroorzv vlplodu olqhv1
Krzhyhu/ zh duh deoh wr gurs wkh lqghshqghqfh dvvxpswlrq ehfdxvh ri rxu irfxv rq h{0srvw
uhyhqxh dqg h{0srvw htxloleuld1

65Dv zlwk Ed|hvldq htxloleulxp/ wkhuh lv d uhyhodwlrq sulqflsoh iru h{�srvw htxloleulxp1 Frq0
vhtxhqwo|/ lw lv zlwkrxw orvv wkdw zh uhvwulfw dwwhqwlrq wr gluhfw vhoolqj phfkdqlvpv1

66D vpdoo whfkqlfdo fdyhdw krzhyhu lv wkdw xqolnh P|huvrq*v +4<;4, wuhdwphqw/ wkh elgghuv*
xwlolwlhv khuh duh qrw olqhdu lq wkhlu vljqdov1 Frqvhtxhqwo|/ d elgghu*v lqgluhfw xwlolw| qhhg qrw eh
d frqyh{ ixqfwlrq ri klv vljqdo1 Lw lv/ krzhyhu/ Olsvfklw} lq klv vljqdo dqg wklv lv hqrxjk wr sxvk
wkh surri wkurxjk1
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wkhq wkh wzr phfkdqlvpv |lhog wkh vhoohu wkh vdph h{0srvw uhyhqxh> zkloh li kh
vwulfwo| suhihuv rqh phfkdqlvp ryhu wkh rwkhu/ wkh rqh |lhogv wkh vhoohu vwulfwo| ohvv
h{0srvw uhyhqxh wkdq grhv wkh rwkhu1

Ehfdxvh xqghu D16� wkh fulwhulrq ri h{0srvw h!flhqf| doprvw hyhu|zkhuh ghwhu0
plqhv wkh suredelolw| dvvljqphqw ixqfwlrq/ wkh deryh h{0srvw uhyhqxh0htxlydohqfh
wkhruhp lpphgldwho| |lhogv wkh iroorzlqj fruroodu|1

Fruroodu| 9151 Xqghu D14/ D15� dqg D16�/ wkh h{0srvw h!flhqw dxfwlrq ri Vhfwlrq
7 |lhogv pd{lpdo h{0srvw uhyhqxh dprqj h{0srvw lqfhqwlyh0frpsdwleoh h{0srvw lq0
glylgxdoo| udwlrqdo dqg h{0srvw h!flhqw vhoolqj phfkdqlvpv vr orqj dv hdfk elgghu
uhfhlyhv }hur h{0srvw xwlolw| zkhq klv vljqdo lv }hur1

Wklv ohdgv wr wkh iroorzlqj frqvwudlqhg rswlpdo uhyhqxh uhvxow1

Wkhruhp 9161 Vxssrvh wkdw D14/ D15� dqg D16� krog1 Dovr/ vxssrvh wkdw iru
doo glvwlqfw sdluv ri elgghuv �c � dqg doo qxpehuv ri xqlwv &c ,c 6�&Efc fc %3��� '
6�,Efc fc %3��� iru doo %3��� Wkhq wkh Vhfwlrq 714 htxloleulxp ri wkh dxfwlrq ri
Vhfwlrq 7 udlvhv dw ohdvw dv pxfk h{0srvw uhyhqxh dv lv udlvhg lq dq| h{0srvw h!flhqw
h{0srvw lqglylgxdoo| udwlrqdo h{0srvw htxloleulxp ri dq| rwkhu vhoolqj phfkdqlvp1

Uhpdun 81 Wkh dgglwlrqdo frqglwlrq rq pdujlqdo ydoxhv lv vdwlv�hg lq erwk ri
wkh iroorzlqj sduwlfxodu lqvwdqfhv zlwk wkh vhfrqg ehlqj pruh jhqhudo wkdq wkh
�uvw=
+l, Wkhuh duh wzr elgghuv dqg 6�&Efc f� ' f iru � ' �c 2 dqg doo &�
+ll, Wkhuh duh � elgghuv dqg 6�&Efc fc %3��� ' f iru doo � 9' �c doo & dqg doo %3���

Uhpdun 91 Ehfdxvh wkh htxloleulxp ri wkh IFF dxfwlrq surylghg lq wkh suhylrxv
vhfwlrq |lhogv wkh vdph uhyhqxh dv wkh dxfwlrq ri Vhfwlrq 7/ wkh IFF dxfwlrq lv
uhyhqxh grplqdqw lq wkh vdph vhqvh dqg xqghu wkh vdph frqglwlrqv dv wkh dxfwlrq
ri Vhfwlrq 71

Wkh iroorzlqj h{dpsoh vkrzv wkdw zkhq wkh frqglwlrqv ri Wkhruhp 916 idlo/
vrph elgghu pljkw uhfhlyh srvlwlyh xwlowl| zkhq klv vljqdo lv }hur dqg vr wkh Vhfwlrq
714 htxloleulxp qhhg qrw jhqhudwh pd{lpdo h{0srvw uhyhqxh1

H{dpsoh 9171 Wkhuh duh wzr elgghuv/ 4 dqg 5/ zlwk vljqdov % dqg + uhvshfwlyho|/
erwk lq dfc �oc dqg d vlqjoh xqlw1 Elgghu 4*v ydoxh lv 6�E%c +� ' 2 n �% n + dqg
5*v lv 62E%c +� ' 2% n 2+� Ehfdxvh wkhuh duh mxvw wzr elgghuv/ dffruglqj wr wkh
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htxloleulxp ri Vhfwlrq 714 wkh elgv vxeplwwhg lq wkh vhfrqg urxqg duh lqghshqghqw
ri wkh �uvw0urxqg dqqrxqfhphqwv1 Elgghu 4 elgv 	K�E%� ' �n�%c dqg elgghu 5 elgv
	K2E+� ' 2+1 Frqvhtxhqwo|/ wkh rxwfrph lv h{0srvw h!flhqw vlqfh elgghu 4 dozd|v
zlqv wkh dxfwlrq dqg wkh vhoohu*v h{0srvw uhyhqxh lv 2+� Exw qrwh wkdw hyhq zkhq
% ' f elgghu 4 zlqv wkh xqlw dqg sd|v vwulfwo| ohvv wkdq klv ydoxh iru lw/ wkhuhe|
hduqlqj vwulfwo| srvlwlyh xwlolw|1 Wr vhh wkdw wkh vhoohu fdq wkhq hduq hyhq pruh h{0
srvw uhyhqxh/ qrwh wkdw li elgghu 5 lqvwhdg elgv �K2E+� ' �n+c wkh vwudwhjlhv uhpdlq
lq h{0srvw htxloleulxp dqg wkh rxwfrph uhpdlqv h{0srvw h!flhqw1 Frqvhtxhqwo|/
wkh vhoohu hduqv vwulfwo| pruh h{0srvw uhyhqxh zkhqhyhu + 	 ��

Wkh h{dpsoh hylghqwo| lqglfdwhv wkdw wkh htxloleulxp vwudwhjlhv surylghg lq
Vhfwlrq 714 deryh duh qrw xqltxh1 Wklv lv uhodwhg wr wkh zhoo nqrzq lvvxh ri
qrq xqltxhqhvv ri htxloleulxp lq Ylfnuh|*v dxfwlrq lq wkh sulydwh ydoxhv fdvh1 Ri
frxuvh/ lq wkdw vhwwlqj hdfk elgghu kdv d xqltxh xqgrplqdwhg vwudwhj| dqg vr
wkh pxowlsolflw| sureohp lv uhqghuhg prrw wkurxjk d vlpsoh grplqdqfh dujxphqw1
Exw zkhq ydoxhv duh lqwhughshqghqw elgghuv gr qrw nqrz wkhlu rzq ydoxhv dqg
vr grplqdqfh dujxphqwv orvh pxfk ri wkhlu srzhu1 Vr/ lq frqwudvw wr wkh sulydwh
ydoxhv vhwwlqj/ pxowlsoh htxloleuld lq xqgrplqdwhg vwudwhjlhv fdqqrw lq jhqhudo eh
uxohg rxw khuh1 Rq wkh rwkhu kdqg/ wkh sduwlfxodu vwudwhjlhv glvsod|hg lq Vhfwlrq
714 gr srvvhvv vrph qrwhzruwk| ihdwxuhv1 Wkh| duh dozd|v xqgrplqdwhg zkloh
vwudwhjlhv wkdw |lhog wkh vhoohu pruh uhyhqxh qhhg qrw eh167 Frqvhtxhqwo|/ wkh
vwudwhjlhv surylghg lq Vhfwlrq 714 uhgxfh wr Ylfnuh|*v elg0|rxu0ydoxh vwudwhjlhv lq
wkh sulydwh ydoxhv fdvh zkloh wkrvh |lhoglqj pruh uhyhqxh qhhg qrw1 Exw shukdsv
wkhlu prvw lpsruwdqw ihdwxuh lv wkdw wkh| uhpdlq h{0srvw ehvw uhsolhv uhjdugohvv
ri zklfk h{0srvw h!flhqw h{0srvw htxloleulxp vwudwhjlhv wkh rwkhu elgghuv xvh1 Iru
lqvwdqfh/ lq wkh deryh h{dpsoh elgghu 4*v vwudwhj|/ 	K�E%�c uhpdlqv dq h{0srvw
ehvw0uhso| dqg wkh rxwfrph uhpdlqv h{0srvw h!flhqw qr pdwwhu zklfk ri wkh wzr
htxloleulxp vwudwhjlhv elgghu 5 fkrrvhv wr hpsor|1 Frqvhtxhqwo|/ wkh vwudwhjlhv
surylghg lq Vhfwlrq 714 duh irfdo lq d qdwxudo vhqvh1

67Wr vhh wkh odwwhu/ rqh qhhg rqo| frqvlghu d sulydwh ydoxh vhwwlqj zlwk wzr elgghuv dqg rqh
xqlw1 Wkh xqlw lv zruwk 4 . { wr elgghu 4 zkhq klv vljqdo lv {> dqg lw lv dozd|v zruwk }hur wr
elgghu 51 Wkh xqltxh xqgrplqdwhg htxloleulxp kdv erwk elgghuv elgglqj wkhlu ydoxh vr wkdw wkh
vhoohu hduqv qr uhyhqxh1 D pruh idyrudeoh htxloleulxp iru wkh vhoohu kdv elgghu 5 elgglqj mxvw
ehorz xqlw| +d grplqdwhg vwudwhj|, dqg elgghu 4 djdlq elgglqj klv ydoxh1
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:1 Surriv

Wkh iroorzlqj ohppd lv fhqwudo wr surylqj Wkhruhp 7141 Lw vkrzv wkdw wkh elg
ixqfwlrqv sursrvhg deryh lq +715, fdq eh hpsor|hg wr doorfdwh wkh xqlwv h!flhqwo|/
lq h�hfw/ e| frqgxfwlqj d froohfwlrq ri vlqjoh0xqlw vhfrqg0sulfh dxfwlrqv ehwzhhq
sdluv ri elgghuv1 Wkh surri lv frqwdlqhg lq wkh dsshqgl{1

Ohppd :141 Wkh ixqfwlrqv/ 	K�,�&E��c gh�qhg lq +715, vdwlvi| wkh iroorzlqj frqglwlrq=

Li 	K�,�&E%3�� � 	K�&�, E%3��c wkhq 	K�,�&E%3�� � 6�&E%� � 6�,E%� � 	K�&�, E%3���

Surri ri Wkhruhp 7141 Vxssrvh wkdw wkh wuxh yhfwru ri vljqdov lv %c dqg wkdw
hdfk elgghu ehkdyhv dv lq wkh vwdwhphqw ri wkh wkhruhp1 Zh �uvw vkrz wkdw wkh
doorfdwlrq lv h{0srvw h!flhqw1

Ehfdxvh wkh dxfwlrq uxohv dozd|v uhvxow lq wkh doorfdwlrq ri doo g xqlwv/ h!0
flhqf| zloo rewdlq vr orqj dv zkhq elgghu � lv doorfdwhg d &wk xqlw6�&E%� lv juhdwhu
wkdq ru htxdo wr doo exw shukdsv g � & ri wkh rwkhuv* pdujlqdo ydoxhv1 Qrz/ lq
htxloleulxp hdfk elgghu uhsruwv klv wuxh vljqdo lq wkh �uvw urxqg1 Khqfh/ wkh htxl0
oleulxp vhfrqg0urxqg elgv duh i	K�,�&E%3��j�c�c&c,� Wkhuhiruh/ li elgghu � lv doorfdwhg d
&|� xqlw/ wkhq dffruglqj wr wkh dxfwlrq uxohv

	K�,�&E%3�� � 	K�&�, E%3�� +:14,

iru doo elgghuv � 9' � zkr duh doorfdwhg ihzhu wkdq , xqlwv1 Frqvhtxhqwo|/ +:14,
krogv iru doo exw srvvleo| g � & hohphqwv ri iE�c ,�j� �'�c,'�c���cg � Ohppd :14 wkhq
lpsolhv wkdw

	K�,�&E%3�� � 6�&E%� � 6�,E%� � 	K�&�, E%3�� +:15,

iru doo exw srvvleo|g�& hohphqwv ri iE�c ,�j� �'�c,'�c���cg � Exw wklv phdqv wkdw6�&E%�
lv juhdwhu wkdq ru htxdo wr doo exw shukdsv g � & pdujlqdo ydoxhv ri wkh rwkhu
elgghuv/ dv ghvluhg1 Vr/ li wkh sursrvhg vwudwhjlhv duh iroorzhg/ wkh doorfdwlrq zloo
eh h{0srvw h!flhqw1 Zh qrz ghprqvwudwh wkdw wkh sursrvhg vwudwhjlhv frqvwlwxwh
dq h{0srvw htxloleulxp1

Ohw 	R�& ghqrwh wkh g�&n�r| odujhvw elg lq wkh vhw i	K�&�, E%3��j� �'�c ,'�c���cg � Li wkh
rwkhuv hpsor| wkh sursrvhg vwudwhjlhv/ wkhq zlqqlqj d &|� xqlw uhtxluhv elgghu �
wr sd| dq dgglwlrqdo 	R�&c dq dprxqw wkdw lv lqghshqghqw ri klv vwudwhj|1 Zh*g olnh
wr vkrz wkdw lq wkh sursrvhg htxloleulxp/ 6�&E%� � 	R�& iru hyhu| &|� xqlw zrq
e| elgghu �c dqg 6�&E%� � 	R�& iru hyhu| &|� xqlw qrw zrq e| elgghu �� Wklv ehlqj
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vr/ elgghu � fdq gr qr ehwwhu/ h{0srvw/ wkdq wr iroorz klv sursrvhg htxloleulxp
vwudwhj|1 Wkh sursrvhg vwudwhjlhv zrxog wkhq frqvwlwxwh dq h{0srvw htxloleulxp1

Ehfdxvh wkh iruphu lqhtxdolw| iroorzv lpphgldwho| iurp +:15,/ lw uhpdlqv rqo|
wr vkrz wkdw 6�&E%� � 	R�& li elgghu � grhv qrw uhfhlyh d &|� xqlw1 Qrz/ li � grhv
qrw uhfhlyh d &wk xqlw/ dw ohdvw g�&n� xqlwv duh doorfdwhg wr rwkhu elgghuv/ dqg
vr dffruglqj wr wkh dxfwlrq uxohv/

	K�&�, E%3�� � 	K�,�&E%3�� +:16,

iru hyhu| elgghu � 9' � zkr uhfhlyhv dw ohdvw , xqlwv1 Frqvhtxhqwo|/ +:16, krogv iru
dw ohdvw g � & n � hohphqwv ri iE�c ,�j� �'�c,'�c���cg� Ohppd :14 wkhq lpsolhv wkdw

	K�&�, E%3�� � 6�,E%� � 6�&E%� � 	K�,�&E%3��

iru dw ohdvw g�&n� hohphqwv ri iE�c ,�j� �'�c,'�c���cg � Exw wklv phdqv wkdw 6�&E%� lv
ohvv wkdq ru htxdo wr dw ohdvw g � &n� phpehuv ri i	K�&�, E%3��j� �'�c ,'�c���cgc l1h1 wkdw
6�&E%� � 	R�&E%��

Surri ri Wkhruhp 9141 Il{ dq h{0srvw lqfhqwlyh0frpsdwleoh vhoolqj phfkd0
qlvp E^c S�1 Jlyhq d yhfwru ri uhsruwhg vljqdov/ %c uhfdoo wkdw ^��E%� ghqrwhv wkh
suredelolw| wkdw elgghu � uhfhlyhv dw ohdvw � xqlwv dqg S�E%� ghqrwhv �*v sd|phqw1

Gh�qh
L�E%� ' ^�E%� �6�E%�� S�E%�c +:17,

zkhuh ^�E%� ' E^��E%�c ���c ^�gE%�� dqg 6�E%� ' E6��E%�c ���c6�gE%��� Vr gh�qhg/
L�E%� lv elgghu �*v h{0srvw xwlolw| lq htxloleulxp zkhq wkh yhfwru ri vljqdov lv %�

Ehfdxvh wuxwk0whoolqj lv dq h{0srvw htxloleulxp/ wkh iroorzlqj h{0srvw lqfhqwlyh0
frpsdwlelolw| frqvwudlqw pxvw eh vdwlv�hg iru hyhu| %3� 5 dfc �o�3� G

L�E%� � ^�Eo�c %3�� �6�E%�� S�Eo�c %3�� +:18,

iru hyhu| o� 5 dfc �o1 D vwudljkwiruzdug dgdswdwlrq ri vwdqgdug dujxphqwv +vhh
h1j1 P|huvrq +4<;4,,/ +:18, dqg wkh frqwlqxlw| +e| D15�, ri wkh ghulydwlyh ri hdfk
6�&E%� lpso| wkdw +l, L�E%�c %3�� lv Olsvfklw} lq %� rq dfc �o dqg +ll, zkhqhyhu
YL�E%�c %3��*Y%� h{lvwv/

YL�E%�c %3��

Y%�
' ^�E%�c %3�� �(�6�E%�c %3��c +:19,

zkhuh(�6�E%�c %3�� ghqrwhv wkhg0yhfwru zkrvh �wk frpsrqhqw lv Y6��E%�c %3��*Y%��
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Ehlqj Olsvfklw} lq %�/ L�E�c %3�� fdq eh uhfryhuhg iurp lwv ghulydwlyh iru hdfk
�{hg %3�1 Dqg ehfdxvh Olsvfklw} ixqfwlrqv duh gl�huhqwldeoh doprvw hyhu|zkhuh
zh pd| xvh +:19, wr frqfoxgh wkdw

L�E%�c %3�� ' L�Efc %3�� n
] %�

f

^�Erc %3�� �(�6�Erc %3��_r +:1:,

iru hyhu| % ' E%�c %3��� Frpelqlqj +:17, dqg +:1:, wkh vhoohu*v h{0srvw uhyhqxh fdq
eh zulwwhq dv
[
�

S�E%� '
[
�c�

^��E%�6��E%��
[
�

] %�

f

^�Erc %3�� �(�6�Erc %3��_r�
[
�

L�Efc %3���

+:1;,
Wkxv wkh vhoohu*v h{0srvw uhyhqxh ghshqgv rqo| xsrq wkh suredelolw| dvvljqphqw

ixqfwlrq ^ dqg wkh xwlolw| ri hdfk elgghu zkhq klv vljqdo lv dv orz dv srvvleoh/ dqg
lw lv vwulfwo| ghfuhdvlqj lq wkh odwwhu1

Surri ri Wkhruhp 9161 Li d vhoolqj phfkdqlvp*v wuxwk0whoolqj +zlwkrxw orvv
e| wkh uhyhodwlrq sulqflsoh, h{0srvw htxloleulxp lv h{0srvw h!flhqw/ wkhq iru hyhu|
yhfwru ri vljqdov %c lwv suredelolw| dvvljqphqw ixqfwlrq i^��E%�j�� pxvw vroyh

4@ 
[
�c�

^��E%�6��E%� +:1<,

vxemhfw wr
S

�c� ^��E%� � g dqg f � ^��E%� � � iru doo �c �� Pruhryhu iru hyhu| %3�/
D14 dqg D16� lpso| wkdw ^��E�c %3�� lv/ iru doo exw shukdsv rqh %� 5 dfc �oc xqltxho|
ghwhuplqhg/ wdnlqj rq wkh ydoxh f ru �� Frqvhtxhqwo|/ wkh ydoxhv ri wkh �uvw wzr
whupv lq +:1;, duh xqltxh dprqj h{0srvw h!flhqw h{0srvw lqfhqwlyh0frpsdwleoh
vhoolqj phfkdqlvpv1 Ehfdxvh h{0srvw lqglylgxdo udwlrqdolw| uhtxluhv L�Efc %3�� � f
iru hyhu| � dqg hyhu| %3�c lw vx!fhv wr vkrz wkdw lq wkh Vhfwlrq 714 h{0srvw h!flhqw
h{0srvw htxloleulxp ri wkh dxfwlrq ri Vhfwlrq 7 hdfk elgghu rewdlqv }hur h{0srvw
xwlolw| zkhqhyhu klv vljqdo lv }hur +l1h1 L�Efc %3�� ' f iru hyhu| %3��1

Vr/ vxssrvh wkdw %� ' f dqg wkdw wkh rwkhuv* vljqdov duh %3�� Li elgghu �
zlqv d &wk xqlw lq htxloleulxp/ wkhq dffruglqj wr wkh surri ri Wkhruhp 714 kh
sd|v qr pruh wkdq klv ydoxh/ 6�&Efc %3��c iru wkdw xqlw1 Pruhryhu/ dffruglqj
wr wkh dxfwlrq uxohv kh pxvw sd| 	K�&�, E%3�� ' 6�,Ekc %3�� iru lw iru vrph � dqg
,c dqg vrph k 5 dfc �o� Exw ehfdxvh 6�,Efc fc %3��� ' 6�&Efc fc %3���c wkh vlqjoh
furvvlqj surshuw| D16� lpsolhv wkdw 6�,Efc %3�� � 6�&Efc %3�� dqg vr 	K�&�, E%3�� '
6�,Ekc %3�� � 6�,Efc %3�� � 6�&Efc %3��� Exw wklv phdqv wkdw elgghu � sd|v h{dfwo|
6�&Efc %3�� iru wkh xqlw dqg khqfh rewdlqv h{dfwo| }hur +h{0srvw, vxusoxv rq hyhu|
xqlw zrq1
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Dsshqgl{

Surri ri Ohppd :141 Lw vx!fhv wr vkrz wkdw/
+l, 6�&E%� : 6�,E%� lpsolhv 	K

�,
�&E%3�� � 6�&E%� : 6�,E%� � 	K�&�, E%3��c dqg

+ll, 6�&E%� ' 6�,E%� lpsolhv wkdw erwk 6�&E%� dqg 6�,E%� olh ehwzhhq 	K
�,
�&E%3�� dqg

	K�&�, E%3���
Wkh surriv ri +l, dqg +ll, duh frqvlghuhg vhsdudwho|/ hdfk frqvlvwlqj ri d qxpehu

ri fdvhv1
Surri ri +l,1 Vxssrvh wkdw

6�&E%� : 6�,E%�� E@���

Wkhuh duh 6 fdvhv wr frqvlghu1
Fdvh L1 6�&E%�c %3�� 	 6�,E%�c %3��� Lq wklv fdvh/

	K�,�&E%3�� ' �?u
k

6�&Ekc %3�� v1w1 6�&Ekc %3�� 	 6�,Ekc %3��

� 6�&E%�

ehfdxvh6�&Ekc %3�� 	 6�,Ekc %3��c +d14, dqg D16 lpso| wkdw k : %�� Wkhprqrwrqlf0
lw| ri 6�&E�c %3�� wkhq |lhogv 6�&Ekc %3�� � 6�&E%��
Fdvh LL1 6�&E%�c %3�� : 6�,E%�c %3��� Lq wklv fdvh/

	K�,�&E%3�� ' t�T
k

6�&Ekc %3�� v1w1 6�&Ekc %3�� : 6�,Ekc %3��

� 6�&E%�c vlqfh e| +d14, k ' %� lv ihdvleoh1

Fdvh LLL1 6�&E%�c %3�� ' 6�,E%�c %3��� Lq wklv fdvh/

	K�,�&E%3�� ' 6�&E%�c %3�� ' 6�,E%�c %3���

Frqvhtxhqwo|/ D16 dqg +d14, lpso| wkdw %� : %�c vr wkdw wkh prqrwrqlflw| ri6�&E��
|lhogv 	K�,�&E%3�� � 6�&E%��

Wkxv zh kdyh vkrzq wkdw +d14, lpsolhv 	K�,�&E%3�� � 6�&E%�� D vlplodu dujxphqw
hvwdeolvkhv wkdw 6�,E%� � 	K�&�, E%3���

Surri ri +ll,1 Vxssrvh wkdw

6�&E%� ' 6�,E%� dqg %� � %� E@�2�

Wkhq e| D16/ 6�&E%�c %3�� � 6�,E%�c %3��� Khqfh wkhuh duh mxvw wzr fdvhv wr frq0
vlghu1
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Fdvh L1 6�&E%�c %3�� 	 6�,E%�c %3��� Lq wklv fdvh/

	K�,�&E%3�� ' �?u
k

6�&Ekc %3�� v1w1 6�&Ekc %3�� 	 6�,Ekc %3��

� 6�&E%�

ehfdxvh 6�&Ekc %3�� 	 6�,Ekc %3��/ +d15, dqg D16 lpso| wkdw k : %�� Frqvh0
txhqwo|/ e| prqrwrqlflw|/ 6�&Ekc %3�� � 6�&E%��
Fdvh LL1 6�&E%�c %3�� ' 6�,E%�c %3��� Lq wklv fdvh/ prqrwrqlflw| dqg E@�2� |lhog

	K�,�&E%3�� ' 6�&E%�c %3�� � 6�&E%��

Wkxv zh kdyh vkrzq wkdw +d15, lpsolhv 	K�,�&E%3�� � 6�&E%�� D vlplodu dujxphqw
hvwdeolvkhv wkdw 6�,E%� � 	K�&�, E%3��c frpsohwlqj wkh surri1
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Uhihuhqfhv

Dxvxeho/ O1 +4<<:,= �Dq H!flhqw Dvfhqglqj0Elg Dxfwlrq iru Pxowlsoh Remhfwv/�
plphr/ Xqlyhuvlw| ri Pdu|odqg1

Fodunh/ H1 +4<:4,= �Pxowlsduw Sulflqj ri Sxeolf Jrrgv/� Sxeolf Fkrlfh/ 44/ 4:0661

Gdvjxswd/ S1/ dqg H1 Pdvnlq +4<<<,= �H!flhqw Dxfwlrqv/� iruwkfrplqj/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv11

Juryhv/ W1 +4<:6,= �Lqfhqwlyhv lq Whdpv/� Hfrqrphwulfd/ 74/ 94:09641

Jxo/ I1 dqg H1 Vwdffkhwwl +4<<9,= �Zdoudvldq Htxloleulxp Zlwkrxw Frpsohphq0
wdulwlhv/� plphr/ Sulqfhwrq Xqlyhuvlw|1

Mhklho/ S1 dqg E1 Progrydqx +4<<;,= �H!flhqw Ghvljq zlwk Lqwhughshqghqw Ydox0
dwlrqv/� plphr/ Xqlyhuvlw| ri Pdqkhlp1

Nulvkqd1 Y dqg Prww| Shuu| +4<<;,= �H!flhqw Phfkdqlvp Ghvljq/� zrunlqj
sdshu/ Fhqwhu Iru Udwlrqdolw| dqg Lqwhudfwlyh Ghflvlrq Wkhru|/ Wkh Kheuhz Xql0
yhuvlw| ri Mhuxvdohp1

Shuu|/ P1 dqg S1 M1 Uhq| +4<<:,= �Rq wkh Idloxuh ri wkh Olqndjh Sulqflsoh lq Pxowl0
Xqlw Dxfwlrqv/� zrunlqj sdshu/ Fhqwhu Iru Udwlrqdolw| dqg Lqwhudfwlyh Ghflvlrq
Wkhru|/ Wkh Kheuhz Xqlyhuvlw| ri Mhuxvdohp1

Shuu|/ P1 dqg S1 M1 Uhq| +4<<<,= �Rq wkh Idloxuh ri wkh Olqndjh Sulqflsoh lq
Pxowl0Xqlw Dxfwlrqv/� iruwkfrplqj/ Hfrqrphwulfd1

Pdvnlq/ H1 +4<<5,= �Dxfwlrqv dqg Sulydwl}dwlrq/� lq Sulydwl}dwlrq +hg1 e| K1
Vlhehuw,/ Lqvwlwxw i u Zhowzhuwvfkdiw dq ghu Xqlyhuvlwçw Nlho1

Plojurp/ S1 U1 dqg U1 M1 Zhehu +4<;4,= �D Wkhru| ri Dxfwlrqv dqg Frpshwlwlyh
Elgglqj/� Hfrqrphwulfd/ 83/ 43;<044551

P|huvrq/ U1 E1 +4<;4,= �Rswlpdo Phfkdqlvp Ghvljq

Ylfnuh|/ Z1 +4<94,= �Frxqwhuvshfxodwlrq/ Dxfwlrqv/ dqg Frpshwlwlyh Vhdohg Whq0
ghuv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <6/ 9:809;<1
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