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Devwudfw

Zh sursrvh d xqlyhuvdo suhglfwlrq vfkhph wkdw fdoleudwhv frxqwdeo|
pdq| klvwru|0edvhg dqg iruhfdvw0edvhg fkhfnlqj uxohv1

�Vdqgurql dqg Vprurglqvn| wkdqn wkh �qdqfldo vxssruw iurp wkh QVI Judqw VEU
<:636;8/ EVI Judqw <:03344624 dqg wkh Ehujpdqq Phpruldo Uhvhdufk Judqw

|Ghsduwphqw ri Pdqdjhuldo Hfrqrplfv dqg Ghflvlrq Vflhqfhv/ Nhoorjj Vfkrro ri Pdq0
djhphqw/ Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq LO 9353;1 +vdqgurqlCqzx1hgx,

}Gdylgvrq Idfxow| ri Lqgxvwuldo Hqjlqhhulqj dqg Pdqdjhphqw/ Whfkqlrq Kdlid 65333
Lvudho1 +udqqClh1whfkqlrq1df1lo,/ dqg Ghsduwphqw ri Pdqdjhuldo Hfrqrplfv dqg Ghflvlrq
Vflhqfhv/ Nhoorjj Vfkrro ri Pdqdjhphqw/ Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq LO 9353;1

{Ghsduwphqw ri Pdqdjhuldo Hfrqrplfv dqg Ghflvlrq Vflhqfhv/ Nhoorjj Vfkrro ri Pdq0
djhphqw/ Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq LO 9353;1 +u0yrkudCqzx1hgx,
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�D jrrg Fkulvwldq pxvw ehzduh ri pdwkhpdwlfldqv dqg wkrvh vrrwkvd|huv zkr pdnh

suhglfwlrqv e| xqkro| phwkrgv/ hvshfldoo| zkhq wkhlu suhglfwlrqv frph wuxh/ ohvw wkh|

hqvqduh wkh vrxo wkurxjk dvvrfldwlrq zlwk ghprqv1� Vw1 Dxjxvwlqh/ Gh jhqhvlv dg olwwhudq/

Errn LL1

4 Lqwurgxfwlrq
Lq hdfk shulrg/ rqh ri �qlwho| pdq| srvvleoh vwdwhv zloo rffxu1 Wr vlpsoli|
pdwwhuv/ dvvxph mxvw wzr srvvleoh vwdwhv/ @ dqg K1 Zh pxvw suhglfw wkh
suredelolw| wkdw vwdwh @ zloo eh uhdol}hg qh{w shulrg1 Zh pxvw gr vr zlwkrxw
dq| sulru nqrzohgjh derxw wkh xqghuo|lqj surfhvv ghwhuplqlqj wkh vwdwhv
lq hdfk shulrg1 Wkxv/ wkh iruhfdvwv pxvw eh edvhg rq �sxuh hpslulflvp/�
l1h1/ wkh| pd| ghshqg rq sdvw rxwfrphv/ exw qrw rq dq| sulru xqghuvwdqglqj
ri wkh gdwd1 Jlyhq vx!flhqwo| pdq| revhuydwlrqv/ krz dffxudwh fdq rxu
iruhfdvwv ehB

Zh duh qrw lqwhuhvwhg lq wkh dffxudf| ri wkh iruhfdvwv zlwk uhvshfw wr d
sduwlfxodu uhdol}dwlrq ri wkh vwdwhv ehfdxvh zh gr qrw nqrz zklfk vhtxhqfh
ri vwdwhv zloo eh uhdol}hg1 Vr/ zh vhhn jxdudqwhhv rq wkh dffxudf| ri wkh iruh0
fdvwlqj phwkrg iru hyhu| srvvleoh lq�qlwh vwulqj ri gdwd rq i@c Kj"1 Krzhyhu/
lw lv e| qr phdqv reylrxv zkdw jxdudqwhhv fdq eh r�huhg1 Vr/ zh �uvw iru0
pdol}h gl�huhqw qrwlrqv xqghu zklfk wkh iruhfdvwv pd| +ru pd| qrw, frpso|
zlwk wkh gdwd1

Ohw d klvwru|0edvhg fkhfnlqj uxoh eh dq duelwudu| ixqfwlrq ri �qlwh klvwr0
ulhv wr ifc �j1 Jlyhq d klvwru|0edvhg fkhfnlqj uxoh/ dqg d iruhfdvwlqj vfkhph/
ohw d iruhfdvw0edvhg fkhfnlqj uxoh eh d ixqfwlrq htxdo wr rqh li wkh klvwru|0
edvhg fkhfnlqj uxoh lv rqh dqg wkh iruhfdvw ri @ lv R dqg htxdo wr }hur rwk0
huzlvh1 Klvwru|0edvhg fkhfnlqj uxohv dqg iruhfdvw0edvhg fkhfnlqj uxohv duh
vdlg wr eh dfwlyh +ru lqdfwlyh, li wkh| dvvxph wkh ydoxh rqh +ru }hur,1 Wkh
fkhfnlqj uxohv ghwhuplqh wkh vxevhtxhqfhv lq zklfk wkh wlph dyhudjh iruh0
fdvwv zloo eh frpsduhg zlwk wkh hpslulfdo iuhtxhqflhv1 Iru h{dpsoh/ wkh
klvwru|0edvhg fkhfnlqj uxoh wkdw lv dfwlyh lq wkh rgg shulrgv fdq eh xvhg wr
frpsduh hpslulfdo iuhtxhqflhv dqg wlph dyhudjh iruhfdvwv lq wkh rgg shulrgv1
Wkh iruhfdvw0edvhg fkhfnlqj uxohv dvvrfldwhg zlwk wklv klvwru|0edvhg fkhfn0
lqj uxoh frpsduhv hpslulfdo iuhtxhqflhv zkhq wkh iruhfdvw ri @ lv R lq rgg
shulrgv1 Iru h{dpsoh/ dvvxph wkdw wkh iruhfdvw ri @ lv f�2 zkhq @ rffxuv dqg
f�H zkhq K rffxuv1 Wkh gdwd dozd|v dowhuqdwhv @@ dqg KK +wkh �uvw vwdwh lv @,1
Vr/ wkh wlph dyhudjh iruhfdvw ri @ +f�D, lv htxdo wr wkh hpslulfdo iuhtxhqf|
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ri @ lq wkh hqwluh vhtxhqfh/ exw/ lq wkh shulrgv zkhuh @ zdv iruhfdvwhg zlwk
suredelolw| f�H/ wkh hpslulfdo iuhtxhqf| ri @ lv f�D1 Lq wkh rgg shulrgv/ wkh
wlph dyhudjh iruhfdvw ri @ lv htxdo wr wkh hpslulfdo iuhtxhqf| ri @ +f�D,/ exw/
@ qhyhu rffxuuhg diwhu d iruhfdvw ri f�H +iru @, zdv dqqrxqfhg lq dq rgg
shulrg1

Wkh fdoleudwlrq vfruh ri d fkhfnlqj uxoh +klvwru| ru iruhfdvw edvhg, lv wkh
gl�huhqfh ehwzhhq wkh iuhtxhqf| ri @ dqg wkh wlph dyhudjh ri wkh iruhfdvwv
ri @ lq wkh shulrgv wkdw wkh fkhfnlqj uxoh zdv dfwlyh1 D iruhfdvwlqj vfkhph
fdoleudwhv d fkhfnlqj uxoh li/ jlyhq dq| gdwd/ wkh fdoleudwlrq vfruh lv hyhqwxdoo|
}hur1

Jlyhq wklv vhwxs wkuhh txhvwlrqv duh qdwxudo1 Zkdw nlqgv ri fkhfnlqj
uxohv fdq eh fdoleudwhgB Zkdw vhwv ri fkhfnlqj uxohv fdq eh fdoleudwhg vl0
pxowdqhrxvo|B Zkdw duh wkh frqvhtxhqfhv ri ehlqj deoh wr fdoleudwh pdq|
fkhfnlqj uxohvB

Irvwhu dqg Yrkud +<;, ghprqvwudwh wkh h{lvwhqfh ri d iruhfdvwlqj vfkhph
wkdw fdoleudwhv wkh iruhfdvw0edvhg fkhfnlqj uxohv dvvrfldwhg zlwk wkh dozd|v
dfwlyh klvwru|0edvhg fkhfnlqj uxoh1 Wkdw lv/wkh| vkrz wkdw wkhuh lv d iruh0
fdvwlqj vfkhph zlwk wkh surshuw| wkdw/ jlyhq dq| gdwd/ wkh iuhtxhqf| ri @/
lq wkh shulrgv zklfk @ zdv iruhfdvwhg zlwk suredelolw| R/ lv dovr R1

Ohkuhu +<;, vkrzv wkdw wkhuh h{lvwv d iruhfdvwlqj vfkhph zklfk vlpxowd0
qhrxvo| fdoleudwhv frxqwdeo| pdq| klvwru|0edvhg fkhfnlqj uxohv1 Krzhyhu/
Ohkuhu*v +<;, iruhfdvwlqj vfkhph grhv qrw fdoleudwh wkh dvvrfldwhg iruhfdvw0
edvhg fkhfnlqj uxohv1 Vr/ wkh wlph dyhudjh iruhfdvw ri @ dqg wkh dyhudjh
iuhtxhqflhv ri @ pd| ehfrph forvh lq wkh hqwluh vhtxhqfh/ lq wkh rgg shulrgv/
lq wkh hyhq shulrgv/ diwhu @/ K/ ru @K kdv rffxuuhg/ hwf1 Krzhyhu/ wkh dyhudjh
iuhtxhqf| ri @ pd| eh vxevwdqwldoo| gl�huhqw iurp R lq wkh vxevhtxhqfh lq
zklfk @ zdv iruhfdvwhg zlwk suredelolw| R1

Rxu pdlq uhvxow lv wkh h{lvwhqfh ri d iruhfdvwlqj vfkhph zklfk vlpxowd0
qhrxvo| fdoleudwhv frxqwdeo| pdq| klvwru|0edvhg fkhfnlqj uxohv dqg doo wkh
dvvrfldwhg iruhfdvw0edvhg fkhfnlqj uxohv1

Fdq vwurqjhu uhvxowv eh rewdlqhgB Qrwh wkdw wr fdoleudwh d fkhfnlqj uxoh
phdqv wkdw/ dw vrph srlqw lq wkh ixwxuh/ li zh orrn edfnzdugv/ zh zloo vhh
wkdw wkh wlph dyhudjh ri wkh iruhfdvwv duh forvh wr wkh hpslulfdo iuhtxhqflhv1
Wklv grhv qrw jxdudqwhh wkdw iurp wklv srlqw rqzdugv wkh iruhfdvwv zloo eh
doprvw fruuhfw1 Lq idfw/ zh vkrz wkdw wkhuh lv qr iruhfdvwlqj vfkhph wkdw
fdq jxdudqwhh wklv1 Zh dovr vkrz wkdw qr iruhfdvwlqj vfkhph fdq fdoleudwh
doo fkhfnlqj uxohv vlpxowdqhrxvo|1 Lq wklv vhqvh/ fdoleudwlqj frxqwdeo| pdq|
klvwru|0edvhg fkhfnlqj uxohv dqg doo wkh dvvrfldwhg iruhfdvw0edvhg fkhfnlqj
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uxohv lv/ shukdsv/ wkh olplw ri zkdw fdq eh dfklhyhg e| sxuh hpslulflvp14

414 Lpsolfdwlrqv ri wkh Pdlq Uhvxow

41414 Whvwlqj Nqrzohgjh

Vxssrvh wkdw zh pxvw glvwlqjxlvk ehwzhhq iruhfdvwhuv zkr kdyh vrph sulru
nqrzohgjh ri wkh vwrfkdvwlf surfhvv iurp wkrvh zkr nqrz qdxjkw exw wkh
gdwd lwvhoi1 Li wkh iruhfdvwhuv fdq rqo| pdnh ghwhuplqlvwlf suhglfwlrqv/ wkh
k|srwkhvlv wkdw wkh| nqrz wkh vwrfkdvwlf surfhvv fdq eh uhmhfwhg li d uhdol}hg
vwdwh frqwudglfwv wkh iruhfdvw1

Wkh wdvn ri ghvljqlqj d whvw wkdw gl�huhqwldwhv wkh nqrzohgjh ri iruhfdvw0
huv lv pruh gl!fxow li suredelolvwlf iruhfdvwv duh shuplwwhg1 Li zh dvvxph wkdw
wkh vwdwhv duh dozd|v jhqhudwhg xqghu lghqwlfdo frqglwlrqv dqg wkh iruhfdvwhuv
pxvw uhshdw �rqfh dqg iru doo� iruhfdvwv/ zh fdq vwloo uhmhfw wkh k|srwkhvlv
wkdw d iruhfdvwhu nqrzv wkh uhohydqw suredelolwlhv li wkh hpslulfdo iuhtxhqflhv
frqwudglfw wkhp1 Li zh fdqqrw dvvxph wkdw wkh vwdwhv duh dozd|v jhqhudwhg
xqghu lghqwlfdo frqglwlrqv wkhq zh pljkw frqvlghu frpsdulqj hpslulfdo iuh0
txhqflhv zlwk wkh iruhfdvwv lq wkh shulrgv wkdw wkh iruhfdvwv zhuh vlplodu +zh
fdq uhdvrqdeo| dvvxph wkdw/ dffruglqj wr wkh iruhfdvwhu/ lq wkhvh shulrgv wkh
frqglwlrqv duh urxjko| lghqwlfdo,1 Zh fdq shuirup d pruh hoderudwh whvw>
frpsduh wkh wlph dyhudjh ri wkh iruhfdvwv ri @ dqg wkh hpslulfdo iuhtxhqflhv
ri @ lq wkh shulrgv zkhuh @ zdv iruhfdvwhg zlwk suredelolw| R/ lq wkh hyhq sh0
ulrgv zkhuh @ zdv iruhfdvwhg zlwk suredelolw| Rc zkhq wkh odvw irxu rxwfrphv
zhuh lghqwlfdo dqg @ zdv iruhfdvwhg zlwk suredelolw| R/ hwf1

Rxu pdlq uhvxow lpsolhv wkdw zh zloo qrw eh deoh wr gl�huhqwldwh iruhfdvwhuv
zkr nqrz wkh vwrfkdvwlf surfhvv iurp wkrvh zkrvh nqrzohgjh zdv rewdlqhg
e| sxuh hpslulflvp ehfdxvh wkh| zloo erwk eh deoh wr gulyh wkh fdoleudwlrq
vfruhv wr }hur1

41415 Vhwwlqj Vwdqgdugv

Lq dq| jrrg prgho ri kxpdq ehkdylru/ lw lv srvlwhg wkdw eholhiv zloo eh uhylvhg
zkhq wkh dvvxpswlrqv derxw wkh vwrfkdvwlf surfhvv duh frqwudglfwhg e| wkh

4D jhqhudol}dwlrq ri rxu pdlq uhvxow fdq eh ghprqvwudwhg1 Jlyhq dq duelwudu| sured0
elolw| phdvxuh � rq wkh vsdfh ri wkh klvwru|0edvhg fkhfnlqj uxohv/ wkhuh h{lvwv d iruhfdvwlqj
vfkhph zklfk vlpxowdqhrxvo| fdoleudwhv d ixoo �0phdvxuh vhw ri klvwru|0edvhg fkhfnlqj uxohv
dqg doo wkh iruhfdvw0edvhg fkhfnlqj uxohv dvvrfldwhg zlwk wkhp1
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gdwd1 Wkh gl!fxow| lv wr gh�qh wkh dssursuldwh vhqvh lq zklfk wkh eholhiv
dqg wkh revhuyhg gdwd vkrxog hyhqwxdoo| frpso|1 Rqh gh�qlwlrq/ udwlrqdo
h{shfwdwlrqv/ lv grplqdqw lq hfrqrplfv1 Lw dvvxphv wkdw djhqwv* eholhiv duh
lghqwlfdo wr wkh wuxwk1 Dq dowhuqdwlyh/ gxh wr Nxu} +<7,/ uhtxluhv wkdw h{0
shfwhg dqg uhdol}hg hpslulfdo iuhtxhqflhv duh dv|pswrwlfdoo| htxdo1 Dqrwkhu
dowhuqdwlyh lv wkh whpsrudu| htxloleulxp olwhudwxuh +vhh Judqgprqw +;5,,1
Lw dvvxphv wkdw djhqwv* eholhiv duh vxfk wkdw wkhuh h{lvwv qr duelwudjh lq
wkh hfrqrp|1 Wkh frqfoxvlrqv rewdlqhg lq wkhvh gl�huhqw wkhrulhv duh dovr
txlwh gl�huhqw1 Wkhuhiruh/ wkh vhqvh lq zklfk wkh eholhiv uhodwhv wr wkh gdwd
pdwwhuv1 Wkh frqvlvwhqf| ehwzhhq wlph dyhudjh iruhfdvwv dqg hpslulfdo iuh0
txhqflhv ri frxqwdeo| pdq| klvwru|0edvhg fkhfnlqj uxohv dqg wkh dvvrfldwhg
iruhfdvw0edvhg fkhfnlqj uxohv ghprqvwudwhg lq wklv sdshu fdq eh lqwhusuhwhg
dv d plqlpdo surshuw| wkdw wkh djhqwv* iruhfdvwv vkrxog vdwlvi| lq wkh orqj
uxq ehfdxvh lw fdq eh rewdlqhg zlwkrxw sulru nqrzohgjh ri wkh vwrfkdvwlf
surfhvv1

41416 Fdoleudwlrq dqg Phujlqj

Lq fodvvlfdo vwdwlvwlfdo lqihuhqfh/ lw lv xvxdo wr ghprqvwudwh wkh h{lvwhqfh ri
d iruhfdvwlqj vfkhph zklfk/ doprvw vxuho|/ phujhv zlwk wkh wuxh vwrfkdvwlf
surfhvv 0 surylghg wkdw wkh wuxh vwrfkdvwlf surfhvv lv lq vrph fodvv1 Wkh
dssurdfk lq wklv sdshu lv gl�huhqw ehfdxvh zh gr qrw pdnh dvvxpswlrqv derxw
wkh vwrfkdvwlf surfhvv1 Lw lv/ wkhuhiruh/ lqwhuhvwlqj wr vhh wkh surshuwlhv ri rxu
iruhfdvwlqj vfkhph xqghu vrph ri wkh xvxdo vwuxfwxudo dvvxpswlrqv lpsrvhg
rq wkh vwrfkdvwlf surfhvv1 Dvvxph/ iru h{dpsoh/ wkdw wkh wuxh suredelolw|
ri @ lv f�D lq doo shulrgv1 Dq djhqw zkr dgrswv d iruhfdvwlqj vfkhph wkdw
fdoleudwhv wkh iruhfdvw0edvhg fkhfnlqj uxohv dvvrfldwhg zlwk wkh dozd|v dfwlyh
fkhfnlqj uxoh +dv lq Irvwhu dqg Yrkud +<;,, pxvw hyhqwxdoo| suhglfw wkdw
wkh suredelolw| ri @ lv forvh wr f�D/ rwkhuzlvh wkh fdoleudwlrq vfruh ri wkh
iruhfdvw0edvhg fkhfnlqj uxohv iru suhglfwlrqv vxevwdqwldoo| gl�huhqw iurp f�D
zloo qrw hyhqwxdoo| eh forvh wr }hur +vlqfh wkrvh suhglfwlrqv zloo qrw pdwfk
wkh dfwxdo iuhtxhqf| ri @,1 Krzhyhu/ frqvlghu wkh iruhfdvwv lq Ohkuhu*v +<;,
iruhfdvwlqj vfkhph +zklfk fdoleudwhv frxqwdeo| pdq| fkhfnlqj uxohv/ exw qrw
wkh dvvrfldwhg iruhfdvw0edvhg fkhfnlqj uxohv,1 Wkhuh lv qr uhdvrq zk| wkh
iruhfdvwv +dv rssrvhg wr wkhlu dyhudjh, vkrxog ehfrph forvh wr wkh wuxwk
+f�D, dqg/ lq idfw/ wklv pd| qhyhu kdsshq1

Dvvxph wkdw wkh gdwd lv d vhtxhqfh vxfk wkdw @ dozd|v iroorzv K dqg/ frq0
yhuvho|/ K dozd|v iroorzv @1 Lq wklv fdvh/ wkh iruhfdvwv lq Ohkuhu*v +<;, vfkhph
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lq wkh rgg shulrgv dqg lq wkh hyhq shulrgv zloo hyhqwxdoo| ehfrph forvh wr
wkh wuxwk/ rwkhuzlvh wkh fdoleudwlrq vfruh iru wkh wzr fkhfnlqj uxohv dfwlyh lq
wkrvh uhvshfwlyh shulrgv zloo qrw hyhqwxdoo| eh forvh wr }hur1 Krzhyhu/ wkh
iruhfdvwv lq Irvwhu dqg Yrkud*v +<;, vfkhph qhhg qrw ehfrph forvh wr wkh
wuxh suredelolwlhv1

Qrz vxssrvh wkdw wkh wuxh vwrfkdvwlf surfhvv lv d wlph0lqghshqghqwPdunry0
ldq surfhvv ri ohqjwk rqh1 Wkhq/ qhlwkhu wkh iruhfdvwv lq Irvwhu dqg Yrkud*v
+<;, vfkhph qru wkh rqhv lq Ohkuhu*v +<;, vfkhph qhhg hyhqwxdoo| eh forvh
wr wkh wuxh suredelolwlhv1 Wkhuhiruh/ wkh iruhfdvwv jhqhudwhg e| wkhvh wzr
vfkhphv pd| eh v|vwhpdwlfdoo| lqfruuhfw hyhq li wkh xqghuo|lqj vwrfkdvwlf
surfhvv lv txlwh vlpsoh1

Qrz vxssrvh wkdw wkh iruhfdvwlqj vfkhph fdoleudwhv wkh iruhfdvw0edvhg
fkhfnlqj uxohv dvvrfldwhg zlwk wkh fkhfnlqj uxoh zklfk lv dfwlyh zkhq wkh
fxuuhqw rxwfrph lv @ dqg wkh fkhfnlqj uxoh zklfk lv dfwlyh zkhq wkh fxu0
uhqw rxwfrph lv K1 Wkhq/ li wkh wuxh vwrfkdvwlf surfhvv lv d wlph0lqghshqghqw
Pdunryldq surfhvv ri ohqjwk rqh wkh djhqwv* iruhfdvwv zloo hyhqwxdoo| eh forvh
wr wkh wuxh suredelolwlhv +rwkhuzlvh wkh suhglfwlrqv zloo qrw pdwfk wkh hp0
slulfdo iuhtxhqflhv diwhu @ ru diwhu K lv uhdol}hg,1

Li wkh iruhfdvwlqj vfkhph rqo| fdoleudwhv �qlwho| pdq| klvwru|0edvhg fkhfn0
lqj uxohv dqg wkh dvvrfldwhg iruhfdvw0edvhg fkhfnlqj uxohv/ wkhq wkh iruhfdvwv
pd| qrw hyhqwxdoo| eh forvh wr wkh wuxh suredelolwlhv hyhq li wkh vwrfkdvwlf
surfhvv lv uhodwlyho| vlpsoh +vxfk dv d wlph0lqghshqghqw Pdunryldq surfhvv ri
vx!flhqwo| odujh ohqjwk ru dq hwhuqdo uhshwlwlrq ri wkh vdph �qlwh vhtxhqfh,1
Krzhyhu/ wkh iruhfdvwlqj vfkhph sursrvhg lq wklv sdshu fdoleudwhv frxqwdeo|
pdq| klvwru|0edvhg fkhfnlqj uxohv dqg wkh dvvrfldwhg iruhfdvw0edvhg fkhfn0
lqj uxohv1 Khqfh/ lq wkh fdvh ri d wlph0lqghshqghqw Pdunryldq surfhvv ri
duelwudu| +dqg xqnqrzq, �qlwh ohqjwk ru lq wkh fdvh ri dq hwhuqdoo| uhshdwlqj
�qlwh vhtxhqfh/ wkh iruhfdvwv zloo hyhqwxdoo| ehfrph forvh wr wkh wuxwk1

41417 Ohduqlqj Fruuhodwhg Htxloleulxp

Zh qrz wxuq wr wkh txhvwlrq ri ohduqlqj lq hfrqrplfv dqg jdph wkhru|1 Wkh
fhqwudo sureohp lq wkhvh ohduqlqj prghov lv wkdw wkh uhohydqw yduldeohv wr eh
hvwlpdwhg duh d�hfwhg e| wkh ohduqlqj surfhvv lwvhoi1 Djhqwv duh frqvwdqwo| uh0
ylvlqj wkhlu eholhiv dqg/ wkhuhiruh/ wkh uhodwlrqvkls ehwzhhq h{rjhqrxv vwdwhv
ri qdwxuh dqg wkh sd|r�0uhohydqw yduldeohv pd| qrw eh vwdwlrqdu|1 Khqfh/
vrph ri wkh fodvvlfdo vwdwlvwlfdo lqihuhqfh whfkqltxhv duh qrw dssolfdeoh1 D
srvvleoh vroxwlrq wr wklv sureohp lv wr dsshdo wr wkh Eodfnzhoo0Gxelqv wkhr0
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uhp +4<95, zklfk vkrzv wkdw/ dv orqj dv wkh djhqw dvvljqv srvlwlyh suredelo0
lw| wr wkh wuxh glvwulexwlrq/ djhqwv* srvwhulru eholhiv zloo hyhqwxdoo| ehfrph
lghqwlfdo wr wkh wuxwk 0 qr dvvxpswlrqv rq wkh qdwxuh ri wkh wuxh vwrfkdvwlf
surfhvv duh dvvxphg1 Wkh sureohp zlwk wklv dssurdfk lv wkdw lw lv qrw srvvl0
eoh wr dvvljq srvlwlyh suredelolw| wr doo glvwulexwlrqv1 Pruhryhu/ dq djhqw zkr
rswlpl}hv dffruglqj wr klv eholhiv pd| jhqhudwh ehkdylru wkdw uhfhlyhg }hur
suredelolw| e| klv rzq sulru1 Jlyhq d idplo| x ri vwrfkdvwlf surfhvvhv/ wkhuh
pd| h{lvw d eholhi vxfk wkdw hyhqwxdoo| wkh srvwhulru eholhiv zloo eh doprvw
fruuhfw xqghu dq| vwrfkdvwlf surfhvv lq wklv idplo|1 Krzhyhu/ wklv eholhi/ dqg
wkh ehkdylru lw jhqhudwhv/ pd| qrw ehorqj wr x1 Vr/ iru h{dpsoh/ li x rqo|
frqwdlqv Pdunryldq glvwulexwlrqv/ wklv eholhi pd| qrw eh Pdunryldq1 Lq idfw/
Qdfkedu +<:, vkrzv wkdw/ li x vdwlv�hv fhuwdlq surshuwlhv/ wkhq �suhglfwlrq�
dqg �rswlpl}dwlrq� fdqqrw frh{lvw ehfdxvh dq| eholhi zloo hlwkhu jhqhudwh eh0
kdylru zklfk grhv qrw ehorqj wr x ru zloo qrw jxdudqwhh wkdw wkh srvwhulru
eholhiv ehfrph doprvw fruuhfw xqghu dq| vwrfkdvwlf surfhvv lq x1

Zh ghprqvwudwh wkdw wkh frq lfw ehwzhhq suhglfwlrq dqg rswlpl}dwlrq
grhv qrw h{lvw li e| suhglfwlrq zh phdq wkdw wkh fdoleudwlrq vfruhv ri frxqw0
deo| pdq| klvwru|0edvhg fkhfnlqj uxohv dqg wkh dvvrfldwhg iruhfdvw0edvhg
fkhfnlqj uxohv ehfrph forvh wr }hur1 Doo sod|huv fdq lqglylgxdoo| fkrrvh wr
kdyh fdoleudwhg iruhfdvwv1 Wkhq/ qr pdwwhu zkdw lv wkh lqgxfhg ehkdylru/ doo
sod|huv* iruhfdvwv zloo eh fdoleudwhg1 Pruhryhu/ Vdqgurql dqg Vprurglqvn|
+<;, vkrz/ edvhg rq d uhvxow e| Irvwhu dqg Yrkud +<:,/ wkdw li doo sod|huv*
iruhfdvwv duh fdoleudwhg wkhq wkh wlph0dyhudjh ri sod| +lq doo vxevhtxhqfhv lq
zklfk wkh fkhfnlqj uxohv duh dfwlyh, pxvw frqyhujh wr wkh vhw ri fruuhodwhg
htxloleuld1 Wkhuhiruh/ dq revhuyhu ri wkh sod| +zkr xvhv wkh fkhfnlqj uxohv
ri wkh sod|huv, zloo qrw eh deoh wr uhmhfw wkh k|srwkhvlv wkdw wkh sod|huv duh
sod|lqj d fruuhodwhg htxloleulxp1 Wklv uhvxow qhhg qrw krog li wkh sod|huv fdo0
leudwh wkh klvwru|0edvhg fkhfnlqj uxohv dqg qrw wkh dvvrfldwhg iruhfdvw0edvhg
fkhfnlqj uxohv1

415 Uhodwhg Olwhudwxuh

Wkh lghd wkdw fdoleudwlrq lv d ghvludeoh surshuw| ri suredelolvwlf iruhfdvwv lv
gxh wr Gdzlg +;5,1 Kh vkrzv wkdw wkh srvwhulru eholhiv ri d frkhuhqw Ed|hvldq
zloo ehfrph fdoleudwhg zlwk suredelolw| rqh xqghu wkh Ed|hvldq iruhfdvwhuv
rzq sulru1 Vxevhtxhqwo| Rdnhv +;8, vkrzhg wkdw qr ghwhuplqlvwlf iruhfdvwlqj
vfkhph frxog eh jxdudqwhhg wr fdoleudwh wkh iruhfdvw0edvhg fkhfnlqj uxoh dv0
vrfldwhg zlwk wkh dozd|v dfwlyh fkhfnlqj uxoh1 Wkh h{lvwhqfh ri d udqgrpl}hg
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iruhfdvwlqj vfkhph wkdw fdoleudwhv wkh iruhfdvw0edvhg fkhfnlqj uxoh dvvrfldwhg
zlwk wkh dozd|v dfwlyh fkhfnlqj uxoh zdv hvwdeolvkhg e| Irvwhu dqg Yrkud +<;,1
Wklv uhvxow zdv �uvw jhqhudol}hg e| Ixghqehuj dqg Ohylqh +<:, zkr vkrz wkh
h{lvwhqfh ri iruhfdvwlqj vfkhphv wkdw fdoleudwhv fhuwdlq fodvvhv ri fkhfnlqj
uxohv1 Irvwhu dqg Yrkud*v +<;, uhvxow dovr lqvsluhg dowhuqdwlyh surriv ri wkh
vdph uhvxow e| Ixghqehuj dqg Ohylqh +<8, dqg Kduw dqg Pdv0Frooho +<9,
zklfk xvh wkh plqlpd{ wkhruhp dqg wkh Eodfnzhoo dssurdfkdelolw| wkhruhp1
Wkhvh surriv duh frqfhswxdoo| vlpsohu dqg lqvsluhg wkh surri lq wklv sdshu1

Yduldwlrqv dqg vwuhqjwkhqlqjv ri Gdzlg*v +;5, ruljlqdo qrwlrq ri fdoleud0
wlrq zhuh lqwurgxfhg dqg h{soruhg e| Ndodl/ Ohkuhu dqg Vprurglqvn| +<8,
zkr lqwurgxfhg wkh odqjxdjh ri fkhfnlqj uxohv dqg ghprqvwudwhg d frqqhf0
wlrq ehwzhhq fdoleudwlrq dqg phujlqj1

Wkh h{lvwhqfh ri d iruhfdvwlqj vfkhph wkdw vlpxowdqhrxvo| fdoleudwhv frxqw0
deoh pdq| klvwru|0edvhg fkhfnlqj uxohv zdv �uvw hvwdeolvkhg e| Ohkuhu +<;,1
Klv uhvxow lv edvhg rq d jhqhudol}dwlrq ri wkh Eodfnzhoo dssurdfkdelolw| wkh0
ruhp1 Wkh pdlq uhvxow ri wklv sdshu xvhv klv uhvxow dv zhoo dv wkh plqlpd{
wkhruhp1

5 Gh�qlwlrqv dqg Uhvxow
Ohw � eh wkh vhw ri qdwxudo qxpehuv1 Ohw �n eh � ^ ifj � Ghqrwh e| 7 �
i�c ���c ?j wkh vwdwh vsdfh dqg 7f eh wkh vhw frqwdlqlqj rqo| wkh qxoo klvwru|1
Ohw 7|c | 5 � ^ i4j c eh wkh |�Fduwhvldq surgxfw ri 7/ dqg ohw 77 � ^"|'f7|

eh wkh vhw ri doo �qlwh klvwrulhv1 Jlyhq dq| lq�qlwh klvwru| r 5 7"c zh ghqrwh
e| r| wkh ||� frruglqdwh ri r dqg e| r| ' Er�c r2c � � � c r|� 5 7| wkh suh�{ ri
ohqjwk | ri r1 Fdoo dq| lq�qlwh klvwru| r 5 7" d sdwk1 Lq rxu prgho/ dw
wkh hqg ri hdfk vwdjh | 5 � d iruhfdvwhu pdnhv klv suhglfwlrq uhjduglqj wkh
suredelolw| glvwulexwlrq iru wkh vwdjh dqg dqg d uhdol}dwlrq ri 7 lv revhuyhg1

Gh�qlwlrq 4 Ohw {E7� eh wkh vsdfh ri suredelolw| glvwulexwlrqv ryhu 71 D
sxuh iruhfdvwlqj vfkhph lv d ixqfwlrq s G 77 $ {E7�1

Jlyhq dq| �qlwh klvwru| r| 5 7|/ d sxuh iruhfdvwlqj vfkhph jlyhv wkh sure0
delolwlhv sEr|� ' Es�Er

|�c ����c s?Er
|�� ri wkh vwdwhv qh{w shulrg/ zkhuh s�Er

|�c
� 5 7c lv wkh iruhfdvw wkdw vwdwh � zloo rffxu qh{w shulrg1 E| Nroprjrury*v
H{whqvlrq Wkhruhp +vhh Vkul|dhy +4<;7,, dq| sxuh iruhfdvwlqj vfkhph s gh0
whuplqhv d xqltxh suredelolw| phdvxuh s W rq wkh vsdfh ri lq�qlwh klvwrulhv
7"1 Ghqrwh e| l wkh vsdfh ri doo sxuh iruhfdvwlqj vfkhphv1
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Ohw E{E7�� 7�f eh 7f1 Jlyhq | 5 �c ohw E{E7�� 7�| eh wkh vhw ri |0
klvwrulhv ri iruhfdvwv dqg vwdwhv1 Vr/ %| 5 E{E7�� 7�| c %| ' E%�c ���c %|�c
lv d |�klvwru| zkhuh hdfk hohphqw %� lv wkh vwdwh uhdol}hg dw shulrg � dqg
wkh iruhfdvw pdgh dw shulrg � � �1 Ohw M � ^"|'f E{E7�� 7�| eh wkh vhw ri
�qlwh klvwrulhv ri iruhfdvwv dqg vwdwhv1 Ohw {E{E7�� eh wkh vhw ri suredelolw|
glvwulexwlrqv ryhu {E7�1

Gh�qlwlrq 5 D pl{hg iruhfdvwlqj vfkhph lv d ixqfwlrq l G M $ {E{E7��1

Jlyhq dq| �qlwh klvwru| ri vwdwhv dqg iruhfdvwv/ d pl{hg iruhfdvwlqj vfkhph
dvvljqv suredelolwlhv wr suredelolw| glvwulexwlrqv ryhu wkh vwdwh wr eh uhdol}hg
lq wkh qh{w shulrg1 Dw klvwru| %| 5 E{E7�� 7�| c wkh iruhfdvwhu udqgrpl}hv
dffruglqj wr lE%|� dqg dqqrxqfhv wkh uhdol}hg iruhfdvw dw shulrg |1 E| Nro0
prjrury*v H{whqvlrq Wkhruhp/ dq| pl{hg iruhfdvwlqj vfkhph l ghwhuplqhv
d xqltxh suredelolw| phdvxuh lW rq wkh vsdfh ri doo sxuh iruhfdvwlqj vfkhphv
l1

Gh�qlwlrq 6 D klvwru|0edvhg fkhfnlqj uxoh lv d ixqfwlrq � G 77 $ ifc �j1
Jlyhq r 5 7"c li �Er|� ' � wkhq zh vd| wkdw � lv dfwlyh dw shulrg |1

Dqdorjrxvo|/ li �Er|� ' f wkhq zh vd| wkdw � lv lqdfwlyh dw shulrg |1 Iru
h{dpsoh/ d klvwru|0edvhg fkhfnlqj uxoh frxog eh dozd|v dfwlyh/ dfwlyh lq rgg
shulrgv/ dfwlyh lq shulrg | zkhqhyhu whup | ri wkh elqdu| h{sdqvlrq ri Z lv 41
Wkh iuhtxhqflhv ri wkh vwdwhv zloo eh frpsduhg zlwk wkh suhglfwlrqv lq zklfk
wkh klvwru|0edvhg fkhfnlqj uxoh zdv dfwlyh1

Gh�qlwlrq 7 Jlyhq d vxevhw ( � {E7� dqg d sxuh iruhfdvwlqj vfkhph sc
ohw �( G 77 $ ifc �j eh d ixqfwlrq gh�qhg e| �(Er|� ' � li s+v|� 5 G
dqg �(

| Er� ' f rwkhuzlvh1 Jlyhq d fkhfnlqj uxoh �/ d vxevhw ( � {E7�
dqg d sxuh iruhfdvwlqj vfkhph sc wkh iruhfdvw0edvhg fkhfnlqj uxoh/ �(/ lv wkh
ixqfwlrq �( � ��(1

Vr/ d iruhfdvw0edvhg fkhfnlqj uxoh lv d ixqfwlrq ��( zklfk lv dfwlyh +l1h1/
htxdo wr rqh, li dqg rqo| li wkh klvwru|0edvhg fkhfnlqj uxoh lv dfwlyh dqg wkh
iruhfdvw ehorqjv wr (1 Iru h{dpsoh/ d iruhfdvw0edvhg fkhfnlqj uxoh frxog eh
dfwlyh zkhq wkh iruhfdvw iru vwdwh � lv juhdwhu wkdq f�D/ dfwlyh lq wkh rgg
shulrgv lq zklfk wkh iruhfdvw iru vwdwh ? lv ehwzhhq f�� dqg f�e/ dfwlyh zkhq
wkh odvw irxu vwdwhv zhuh lghqwlfdo dqg wkh iruhfdvw iru dq| vwdwh lv vpdoohu
wkdq 2*?c hwf1 Fohduo|/ wkh klvwru|0edvhg fkhfnlqj uxoh � lv lghqwlfdo wr wkh
iruhfdvw0edvhg fkhfnlqj uxoh �{E7�1
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Gh�qlwlrq 8 Jlyhq d fkhfnlqj uxoh �(/ dqg d sxuh iruhfdvwlqj vfkhph s /
wkh fdoleudwlrq vfruh rq r 5 7"/ dw wlph A / lv wkh ?�glphqvlrqdo yhfwru

4A E�
(c sc r� �

SA3�
|'f �(Er|� EUEr|n��� sEr|��SA3�

|'f �(Er|�
c

zkhuh UEr|n�� lv wkh xqlw yhfwru lq ?? zlwk � lq wkh r|�|n�0frruglqdwh dqg }hur
hovhzkhuh1

Vr/ 4A lv wkh gl�huhqfh ehwzhhq wkh yhfwru ri hpslulfdo iuhtxhqflhv dqg
wkh dyhudjh iruhfdvwv/ lq wkh vhtxhqfh ri fkhfnlqj wlphv zkhq wkh iruhfdvw
zdv lq (1

Gh�qlwlrq 9 D sxuh iruhfdvwlqj vfkhph/ s / fdoleudwhv d iruhfdvw0edvhg fkhfn0
lqj uxoh �( rq r 5 7" li

S"
|'f�

(
f Er

|� lv �qlwh ru li

*�4
A<"

4A E�
(c sc r� ' 7fc

zkhuh 7f lv wkh ?0glphqvlrqdo yhfwru Efc � � � c f�c dqg wkh htxdolw| lv frruglqdwh0
zlvh1

Vr/ d sxuh iruhfdvwlqj vfkhph fdoleudwhv d iruhfdvw0edvhg fkhfnlqj uxoh rq
d sdwk li wkh fdoleudwlrq vfruhv frqyhujh wr }hur rq wklv sdwk +zkhqhyhu wkh
iruhfdvw0edvhg fkhfnlqj uxoh lv dfwlyh lq�qlwho| riwhq rq wklv sdwk,1

Gh�qlwlrq : D sxuh iruhfdvwlqj vfkhph/ s / fdoleudwhv d iruhfdvw0edvhg fkhfn0
lqj uxoh �( li s fdoleudwhv �( rq hyhu| sdwk r 5 7"�

Vr/ d sxuh iruhfdvwlqj vfkhph fdoleudwhv d iruhfdvw edvhg fkhfnlqj uxoh
li lw eulqjv wkh fdoleudwlrq vfruh wr }hur qr pdwwhu zkdw lq�qlwh vhtxhqfh ri
vwdwhv kdv ehhq uhdol}hg1

H{dpsoh 4 Ohw 7 ' i@c Kj1 Wkhuh lv qr sxuh iruhfdvwlqj vfkhph vxfk wkdw
wkh wlph dyhudjh ri lwv iruhfdvwv zloo pdwfk wkh hpslulfdo iuhtxhqflhv lq doo
vxevhtxhqfhv wkdw @ zdv iruhfdvwhg zlwk suredelolw| R 5 dfc �o +vhh Rdnhv
+;8,,1

Frqvlghu dq duelwudu| sxuh iruhfdvwlqj vfkhph1 Dvvxph wkdw vwdwh @ rf0
fxuv li dqg rqo| li wkh iruhfdvw ri @ zdv ohvv wkdq f�D1 Fohduo|/ lq wkh shulrgv
wkdw @ zdv iruhfdvwhg zlwk suredelolw| ohvv wkdq f�D/ wkh hpslulfdo iuhtxhqf|
ri @ lv juhdwhu wkdq f�D1

43



Gh�qlwlrq ; Dpl{hg iruhfdvwlqj vfkhph/ l/ fdoleudwhv d iruhfdvw0edvhg fkhfn0
lqj uxoh �( rq r 5 7" li lW0doprvw hyhu| sxuh iruhfdvwlqj vfkhph s fdoleudwhv
�( rq r1

Wkdw lv/ d pl{hg iruhfdvwlqj vfkhph fdoleudwhv d iruhfdvw0edvhg fkhfnlqj
uxoh rq d sdwk li/ wkh fdoleudwlrq vfruhv ri doprvw hyhu| sxuh iruhfdvwlqj
vfkhph frqyhujh wr }hur rq wklv sdwk +zkhqhyhu wkh iruhfdvw0edvhg fkhfnlqj
uxoh lv dfwlyh lq�qlwho| riwhq rq wklv sdwk,1 Wkh doprvw hyhu|zkhuh vwdwhphqw
lq wkh gh�qlwlrq uhihuv wr wkh idfw wkdw wkh iruhfdvwv duh fkrvhq dffruglqj
wr d suredelolw| glvwulexwlrq ghwhuplqhg e| wkh pl{hg iruhfdvwlqj vfkhph1
Rxu pdlq uhvxow lpsolhv wkdw d pl{hg iruhfdvwlqj vfkhph lv lppxqh wr wkh
sureohpv suhvhqwhg e| h{dpsoh 4 deryh1

Gh�qlwlrq < Dpl{hg iruhfdvwlqj vfkhph/ l/ fdoleudwhv d iruhfdvw0edvhg fkhfn0
lqj uxoh �( li l fdoleudwhv �( rq hyhu| sdwk r 5 7"�

Vr/ d pl{hg iruhfdvwlqj vfkhph fdoleudwhv d iruhfdvw edvhg fkhfnlqj uxoh
li wkh fdoleudwlrq vfruhv ri doprvw hyhu| sxuh iruhfdvwlqj vfkhph frqyhujh wr
}hur iru doo vhtxhqfhv ri vwdwhv1 Zh qrz vkrz wkh pdlq uhvxow ri wklv sdshu1

Sursrvlwlrq 4 OhwG ' i(�c (2c � � �j eh dq duelwudu| frxqwdeoh froohfwlrq ri
vxevhwv ri {E7�1 Ohw F ' i��c �2c � � �j eh dq duelwudu| frxqwdeoh froohfwlrq ri
klvwru|0edvhg fkhfnlqj uxohv15 Wkhq/ wkhuh h{lvwv d pl{hg iruhfdvwlqj vfkhph
wkdw vlpxowdqhrxvo| fdoleudwhv doo iruhfdvw0edvhg fkhfnlqj uxohv �(&

� c �� 5 F/
(& 5 G1

Surri 0 Vhh vhfwlrq 61

Lw iroorzv lpphgldwho| iurp sursrvlwlrq � wkdw wkhuh h{lvwv d pl{hg iruh0
fdvwlqj vfkhph wkdw vlpxowdqhrxvo| fdoleudwhv doo klvwru|0edvhg fkhfnlqj uxohv
lq F1 Vlpso| frqvlghu wkh wulyldo sduwlwlrq G ' i{E7�j � Ohkuhu +<:, vkrzv
wkdw wkhuh h{lvwv d sxuh iruhfdvwlqj vfkhph wkdw fdoleudwhv frxqwdeoh klvwru|0
edvhg fkhfnlqj uxohv1 Wklv grhv qrw iroorz lpphgldwho| iurp sursrvlwlrq �
+dowkrxjk d vhsdudwh surri ri Ohkuhu*v +<:, uhvxow/ edvhg rq sursrvlwlrq �/
fdq eh rewdlqhg,1 H{dpsoh � vkrzv wkdw wkh jhqhudo uhvxow lq sursrvlwlrq �
fdqqrw eh rewdlqhg e| sxuh d iruhfdvwlqj vfkhph1

5Fohduo|/ wkh froohfwlrqv ri vxevhwv ri �+V, dqg2ru wkh froohfwlrq ri klvwru|0edvhg fkhfn0
lqj uxohv pd| dovr eh �qlwh1
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Irvwhu dqg Yrkud*v +<;, pdlq uhvxow lv wkh vshfldo fdvh ri sursrvlwlrq
� zkhuh F frqwdlqv rqo| wkh dozd|v dfwlyh fkhfnlqj uxoh dqg G lv d �qlwh
sduwlwlrq ri {E7�1 Irvwhu dqg Yrkud +<;, duh lqwhuhvwhg lq fkhfnlqj uxohv
zklfk duh dfwlydwhg rq vhtxhqfhv ri srvlwlyh ghqvlw|/ zkhuhdv zh orrn dw
fkhfnlqj uxohv zklfk duh dfwlydwhg lq�qlwho| riwhq/ hyhq li wklv rffxuv zlwk
ghqvlw| }hur1 Pruhryhu/ Irvwhu dqg Yrkud +<;, vkrz wkdw wkh fdoleudwlrq
vfruh lv hyhqwxdoo| vpdoo 0 surylghg wkdw wkh duhd fryhuhg e| hdfk hohphqw
ri wkh sduwlwlrq ri {E7� lv dovr vpdoo1 Zh vkrz wkdw wkh fdoleudwlrq vfruhv
frqyhujh wr }hur1

H{dpsoh 5 Wkhuh lv qr pl{hg iruhfdvwlqj vfkhph zlwk wkh surshuw| wkdw/
jlyhq dq| ghwhuplqlvwlf surfhvv/ doprvw hyhu| sxuh iruhfdvwlqj vfkhphv zloo
phujh zlwk wkh surfhvv1

Dvvxph wkdw wkhuh duh wzr vwdwhv � dqg 21 Frqvlghu dq duelwudu| pl{hg
iruhfdvwlqj vfkhph l1 Frqvlghu wkh lq�qlwh klvwru| wkdw lv � li dqg rqo| li wkh
mrlqw suredelolw| ri doo iruhfdvwv dvvljqlqj suredelolw| juhdwhu wkdq f�D wr � lv
vpdoohu wkdq f�D1 Fohduo|/ rq wklv sduwlfxodu lq�qlwh klvwru|/ wkh vhw ri sxuh
iruhfdvwlqj vfkhphv zklfk hyhqwxdoo| iruhfdvwv fruuhfwo| wkh qh{w vwdwh kdv
}hur lW�phdvxuh1

Wkh vdph h{dpsoh ghprqvwudwhv wkhuh lv qr pl{hg iruhfdvwlqj vfkhph
wkdw vlpxowdqhrxvo| fdoleudwhv doo fkhfnlqj uxohv1 Frqvlghu doo klvwru|0edvhg
fkhfnlqj uxohv1 Rqh ri wkhp zloo eh dfwlyh lq wkh shulrgv lq zklfk wkh mrlqw
suredelolw| ri doo iruhfdvwv dvvljqlqj suredelolw| juhdwhu wkdq f�D wr � lv
vpdoohu wkdq f�D +dqg � rffxuuhg lq wkh qh{w shulrg,1 Rq wklv sdwk/ wkh
vhw ri sxuh iruhfdvwlqj vfkhphv zklfk fdoleudwhv wklv fkhfnlqj uxoh kdv }hur
lW�phdvxuh1 Krzhyhu/ sursrvlwlrq � fdq eh voljkwo| jhqhudol}hg1 Ohw b eh dq
duelwudu| suredelolw| phdvxuh rq wkh vsdfh P ri doo klvwru|0edvhg fkhfnlqj
uxohv1 Ohw G ' i(�c (2c � � �j eh dq duelwudu| frxqwdeoh froohfwlrq ri vxevhwv
ri {E7�1 Wkhq/ zh fdq vkrz wkdw wkhuh h{lvwv d ixoo b0phdvxuh X � P ri
fkhfnlqj uxohv +b+X, @ �, dqg d pl{hg iruhfdvwlqj vfkhph wkdw fdoleudwhv doo
fkhfnlqj uxohv �(&

c � 5 X/ (& 5 G1

6 Surri ri Pdlq Uhvxow

Wr suryh rxu pdlq uhvxow zh xvh d plqru jhqhudol}dwlrq ri sursrvlwlrq � ri
Ohkuhu +<:,/ zklfk lwvhoi jhqhudol}hv Eodfnzhoo*v +89, fhoheudwhg Dssurdfkd0
elolw| Wkhruhp1
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Ohw kc l eh wkh lqqhu surgxfw lq ??c k@c Kl '
?S
�'�

@�K�c @ 5 ??c K 5 ??� Ohw

n�n eh wkh qrup lq ??c n@n '
sk@c @lc @ 5 ??�

Ohppd D4 Ohw EfcEc D� eh d phdvxuh vsdfh1 Ohw iA|j"|'f eh d vhtxhqfh
ri udqgrp yduldeohv wdnlqj ydoxhv lq �n dqg ohw i}|j"|'f dqg i4|j"|'f eh vh0
txhqfhv ri udqgrp yduldeohv wdnlqj ydoxhv lq ??1 Ohw i0|j"|'� eh d vhtxhqfh
ri qrq0qhjdwlyh qxpehuv vxfk wkdw

"S
|'�

0| 	 41 Dvvxph=

41 A| lv qrq0ghfuhdvlqj/ | 5 � > A| � A|3� 9 �> dqg Af ' f>

51 }| 5 d��c �o?>

61 A| � A|3� ' f lpsolhv }| ' 7f>

71 4| '
A|3�4|3�n}|

A|
> zkhuh wkh udwlr lv wdnhq iru hdfk frruglqdwh ri ??�

81 .D

�G
4|3�
A|

c }|
H�

9� 0|c zkhuh .D lv wkh h{shfwdwlrq rshudwru dvvrfldwhg

zlwk D/ dqg i0|j"|'� lv d vhtxhqfh ri srvlwlyh qxpehuv vxfk wkdw

Wkhq/ D � @�e�c A| $ 4 lpsolhv wkdw 4| $ 7f1

Surri = Wkh fdvh ? ' � iroorzv iurp Sursrvlwlrq 4 ri Ohkuhu +<:,1 Zh
vkrz wkdw wkh fdvh ? � 2 fdq eh uhgxfhg wr wkh fdvh ? ' �1 Ohwf�i�c � � � c ?j
eh hqgrzhg zlwk wkh suredelolw| �DE�c �� ' DEu�

?
1 Iru dq| udqgrp yduldeoh

t rq f wdnlqj ydoxhv lq ??/ ohw �t eh d uhdo ydoxhg udqgrp yduldeoh rq
f � i�c � � � c ?j gh�qhg e| �t E%c �� � Et E%���/ zkhuh % 5 f dqg Et E%��� lv
wkh �|� frruglqdwh ri t E%�1

E| gh�qlwlrq/

.�DE�}|
�4|3�
A|

� '
�

?
.D

��
}|c

4|3�
A|

 �
', .�DE�}|

�4|3�
A|

� � 0|
?
�

Wkhuhiruh/ zh duh edfn wr wkh fdvh ? ' � uhsodflqj �}| zlwk }| dqg �4| zlwk 4|1
Khqfh/

�4| $ f �D � @�e� ', 4| $ 7f D � @�e�
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'�.�(�

Ohw U � F{G eh d frxqwdeoh froohfwlrq ri fkhfnlqj uxohv1 Ohw f eh U�
l1 Dq hohphqw ri f lv d fkhfnlqj uxoh S dqg d sxuh iruhfdvwlqj vfkhph s 1
Il{ dq| sdwk r 5 7"� Zh qrz gh�qh wkh iroorzlqj ixqfwlrqv=

41 Ohw A|ESc s� 5 � eh wkh qxpehu ri wlphv wkdw wkh fkhfnlqj uxoh S 5 U
zdv dfwlyh xqwlo shulrg |� �/ l1h1 A| ' A|E�

(c s� '
S|

�'��
(Esc r��1

51 Ohw }|ESc s� ' 7f li wkh fkhfnlqj uxoh S lv lqdfwlyh dw shulrg | � � dqg
}|ESc s� ' r| � sEr|3�� li wkh fkhfnlqj uxoh S lv dfwlyh dw shulrg | � �/
zkhuh sEr|3�� 5 {E7� lv wkh iruhfdvw dqqrxqfhg dw shulrg | � � dqg
r| 5 7 lv wkh vwdwh revhuyhg dw shulrg |1

61 Ohw 4|ESc s� 5 ?? eh wkh fdoleudwlrq vfruh ri fkhfnlqj uxoh S dw shulrg

|1 Wkdw lv 4| ' 4|E�
(c s� '

S|3�
�'f �

(Er��EUEr�n��3sEr���
S|3�

�'f�
(Er��

'
A|3�4|3�n}|

A|
�

Qrwlfh wkdw wkhvh gh�qlwlrqv pdwfk wkh �uvw irxu dvvxpswlrqv ri Ohppd
D41

Ohw i"|j"|'� eh d vhtxhqfh ri srvlwlyh qxpehuv vdwlvi|lqj ES� ri Ohppd
���1 Wkdw lv/

"[
|'�

"| 	 4�

Ohw b eh d suredelolw| glvwulexwlrq ryhu U vxfk wkdw bES� : f iru doo
S 5 U1 E| gh�qlwlrq/

S
SM,

bES� ' ��

Wr suryh Sursrvlwlrq � lw vx!fhv wr ghprqvwudwh wkh h{lvwhqfh ri d pl{hg
iruhfdvwlqj vfkhph l vxfk wkdw D ' b � lW vdwlv�hv wkh �iwk dvvxpswlrq ri
Ohppd D4/ l1h1/

.D

��
4|3�
A|

c }|

 �
9� "|�

Wkhuhiruh/ D � @�e�c A|ESc s� $ 4 lpsolhv wkdw 4|ESc s� $ 7f� E| gh�qlwlrq/
doo suredelolwlhv bES� duh vwulfwo| srvlwlyh1 Khqfh/ lW � @�e�c iru doo S 5 Uc
A|ESc s� $ 4 lpsolhv wkdw 4|ESc s� $ 7f1

Il{ 0 : f dqg ohw eh 'E0�/ eh d �qlwh vxevhw ri {E7� vxfk wkdw iru
hyhu| ^ 5 {E7� h{lvwv 	̂ 5 'E0� vr wkdw n^ � 	̂n 	 0I

?
1 Wkh h{lvwhqfh ri

vxfk d vxevhw iroorzv iurp wkh frpsdfwqhvv ri {E7�1 Frqvlghu wkh iroorzlqj
dx{loldu| }hur0vxp jdph=

47



41 Wkh vhw ri sxuh vwudwhjlhv iru sod|hu 4 lv 'E0�1

51 Wkh vhw ri sxuh vwudwhjlhv iru sod|hu 5 lv 71

61 Iru dq| sdlu E^c r� 5 E'E0�� 7� wkh sd|r� iurp sod|hu � wr sod|hu 2 lv
jlyhq e|

CE^c r� �
[
�(M,

bE�(� k5�(E^�c UEr�� ^l c

zkhuh 5�( G {E7� �$ ?? vdwlv�hv n5�(E^�n2 � ?/ iru doo �( 5 U1

Ohppd D5 Wkhuh h{lvwv d pl{hg vwudwhj| iru sod|hu 4 zklfk olplwv wkh
sd|r� wr sod|hu 5 wr qr pruh wkdq 01

Surri = Jlyhq d pl{hg vwudwhj| iru sod|hu 2c R 5 {E7�c R ' ER�c ����c R?�c
fkrrvh 	̂5 'E0� iru sod|hu � vr wkdw nR� 	̂n 9 0I

?
1 Wkhq/

[
rM7

RrCE	̂c r� '
[
rM7

R�

#[
SM,

bES� k 5ESc 	̂�c UEr�� 	̂l
$

'

[
SM,

bES�

#[
rM7

Rr k5ESc 	̂�c UEr�� 	̂l
$

'
[
SM,

bES�

# -
5ESc 	̂�c

[
rM7

Rr EUEr�� 	̂�

.$
'

[
SM,

bES� E k5ESc 	̂�c R� 	̂l� 9�
[
SM,

bES� En5ESc 	̂�n nR� 	̂n� 9�
[
SM,

bES�0 ' 0�

Khqfh/ iru dq| pl{hg vwudwhj| iru sod|hu 2 wkhuh h{lvwv d sxuh vwudwhj| iru
sod|hu � wkdw jlyhv sod|hu 2 d sd|r� vpdoohu wkdq 01 E| wkhPlqlpd{ Wkhruhp/
wkhuh h{lvwv d pl{hg vwudwhj| iru sod|hu � zklfk jxdudqwhhv wkdw wkh sd|r�
ri sod|hu 2 zloo qrw h{fhhg 0/ lqghshqghqwo| ri sod|hu 2*v dfwlrq1

'�.�(

Dq lpphgldwh frqvhtxhqfh ri Ohppd D5 lv wkdw iru dq| 0 : f dqg dq|
froohfwlrq ri ixqfwlrqv 5�( G {E7� �$ ?? vxfk wkdw n5�(E^�n2 � ?/ iru doo
�( 5 U/ wkhuh h{lvwv d phdvxuh > 5 {E{E7�� vxfk wkdw iru hyhu| � 5 7

.bf>k 5�(E^�c UE��� ^l 9� 01

zkhuh .bf> lv wkh h{shfwdwlrq rshudwru dvvrfldwhg zlwk b� >�
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Zh qrz ghvfuleh wkh pl{hg iruhfdvwlqj vfkhph l wkdw zloo vdwlvi| frqglwlrq
8 ri Ohppd D41 Dvvxph wkdw l kdv ehhq gh�qhg iru doo hohphqwv/ %|3� ri
E{E7�� 7�|3�1 Zh frqvwuxfw lE%|�/ iru dq duelwudu| %| 5 E{E7�� 7�|1

Dvvxph wkh fdoleudwlrq vfruh dw vwdjh | � �/ iru hdfk �( 5 U/ lv 4|3�1
Gh�qh wkh froohfwlrq ri ixqfwlrqv 5�( G {E7� �$ ?? dv iroorzv=

5�(E^� '

+
4|3�E�

(cs�

A|E�(cs�
li �(Er|3�c ^� ' �

7f rwkhuzlvh

E| Ohppd D5 wkhuh h{lvwv d phdvxuh > 5 {E{E7��/ zlwk d �qlwh vxssruw
'|/ vxfk wkdw iru dq| uhdol}dwlrq ri r|n� 5 7

.bf>k 5�(E^�c UEr|n��� ^l 9� 0|n�1

Ohw lE%|� ' >1 Revhuyh wkdw=

.D

��
4|3�
A|

c }|

 �
' .bf>

��
4|3�
A|

c }|

 �

'
[

tE�(c^�M,f'|�
bE�(�>E^�

�
4|3�
A|

c }|

 

'
[

tE�(c^�G�(Er|3�c^�'��
bE�(�>E^�

�
4|3�
A|

c }|

 

'
[

tE�(c^�G�(Er|3�c^�'��
bE�(�>E^� k5�(E^�c UEr|n��� ^l

'
[

tE�(c^�M,f'|�
bE�(�>E^� k5�(E^�c UEr|n��� ^l

' .b{>k 5�(E^�c UEr|n��� ^l 9� 0|n�1

Dqg vr dvvxpswlrq +D, ri ohppd �� lv vdwlv�hg1
Wkh surri ri wkh fdvh zkhuh b lv dq duelwudu| suredelolw| glvwulexwlrq ryhu

U lv lghqwlfdo wr wkh surri suhvhqwhg khuh1 Lw vx!fhv wr uhsodfh wkh vxppd0
wlrqv e| dssursuldwho| gh�qhg lqwhjudov1 Wkhuhiruh/ zh rplw wklv surri1
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Uhihuhqfhv
^4` Eodfnzhoo/ G1 +4<89, �D Yhfwru Ydoxhg Dqdorj ri wkh Plql0Pd{ Wkhr0

uhp/� Sdfl�f Mrxuqdo ri Pdwkhpdwlfv 9/ 4�;1

^5` Gdzlg/ D1S1 +4<;5, �Wkh Zhoo Fdoleudwhg Ed|hvldq/� Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ::/ 6:</ 938�9461

^6` Irvwhu/ G1S1 dqg U1Y1 Yrkud +4<<:, �Fdoleudwhg Ohduqlqj dqg Fruuhodwhg
Htxloleulxp/� Jdphv dqg Hfrqrplf Ehkdylru/ 54/ 730881

^7` Irvwhu/ G1S1 dqg U1Y1 Yrkud +4<<;, �Dv|pswrwlf Fdoleudwlrq/� Elr0
phwulnd/ ;805/ 6:<06<31

^8` Ixghqehuj/ G1 dqg G1 Ohylqh +4<<8, �Frqvlvwhqf| dqg Fdxwlrxv Ilfwl0
wlrxv Sod|/� Mrxuqdo ri Hfrqrplfv G|qdplfv dqg Frqwuro/ 4</ 4398043;<

^9` Ixghqehuj/ G1 dqg G1 Ohylqh +4<<8, �Dq Hdvlhu Zd| wr Fdoleudwh/�
plphr/ XFOD1

^:` Ixghqehuj/ G1 dqg G1 Ohylqh +4<<9, �Frqglwlrqdo Xqlyhuvdo Frqvlv0
whqf|/� plphr/ XFOD1

^;` Judqgprqw/ M1P1 +4<;5, �Whpsrudo Jhqhudo Htxloleulxp Wkhru|1� Lq=
Duurz/ N1M1/ Lqwuloljdwru/ P1G1 +hgv1, Kdqgerrn ri Pdwkhpdwlfdo Hfr0
qrplfv/ 5/ ;:<0<551 Dpvwhugdp= Qruwk0Kroodqg1

^<` Kduw/ V1 dqg D1 Pdv0Frohoo +4<<9, �D Vlpsoh Dgdswlyh Surfhgxuh Ohdg0
lqj wr Fruuhodwhg Htxloleulxp/� plphr/ Kheuhz Xqlyhuvlw|1

^43` Ndodl/ H1/ H1 Ohkuhu dqg U1 Vprurglqvn| +4<<8, �Fdoleudwhg Iruhfdvwlqj
dqg Phujlqj/� wr dsshdu lq Jdphv dqg Hfrqrplf Ehkdylru1

^44` Nxu}/ P1 +4<<7, �Rq Udwlrqdo Eholhi Htxloleuld/� Hfrqrplf Wkhru| 7/
;8<0;:91

^45` Ohkuhu/ H1 +4<<:, �Dq| Lqvshfwlrq Uxoh lv Pdqlsxodeoh/� Pdqxvfulsw/
Who0Dyly Xqlyhuvlw|1

^46` Rdnhv/ G1 +4<;8, �Vhoi Fdoleudwhg Sulruv Gr Qrw H{lvw/� Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;3/ 66<1
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^47` Vdqgurql/ D1 dqg U1 Vprurglqvn| +4<<;, �G|qdplf Irxqgdwlrqv ri
Htxloleulxp lq Jdphv 0 D Vhfrqg Orrn/� plphr/ Whfkqlrq1

^48` Vklu|dhy/ D1Q1 +4<;7,/ Suredelolw|/ Vsulqjhu0Yhuodj/ Qhz0\run1
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