
Ghflvlrq Pdnlqj xqghu H{wuhph Xqfhuwdlqw|

Plfkdho Vfkzdu}�

Kduydug Xqlyhuvlw|
Ghsduwphqw ri Hfrqrplfv

Pd| 4<<<

Devwudfw

Wkh fxuuhqw sdshu ghulyhv uhvwulfwlrqv rq dq djhqw*v ehkdylru iurp lq0
yduldqfh sulqflsohv/ lq sduwlfxodu/ iurp wkh uhtxluhphqw wkdw dq djhqw*v
fkrlfhv eh lqghshqghqw ri wkh xqlwv ri phdvxuhphqw1 Lw lv vkrzq wkdw lq0
yduldqfh sulqflsohv duh vx!flhqw iru dssur{lpdwlqj dq djhqw*v ehkdylru lq
hqylurqphqwv zkhuh olwwoh lqirupdwlrq lv dydlodeoh1 Vwurqj uhvwulfwlrqv rq
dgplvvleoh vkdsh ri wdlov ri wkh srvwhulru glvwulexwlrq ri dq xqnqrzq ydul0
deoh duh ghulyhg1 Iru wkh fdvh ri lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg
gudzv/ forvhg irup vroxwlrq iru wkh idplo| ri wdlov ri srvwhulru glvwulexwlrq
lv rewdlqhg1 Lw lv vkrzq wkdw hyhq li dq djhqw dvvxphv wkdw wkh yduldeoh
lq txhvwlrq lv gudzq iurp d �qlwh sdudphwulf idplo| ri glvwulexwlrqv zlwk
h{srqhqwldo0olnh wdlov/ wkh srvwhulru glvwulexwlrq rewdlqhg e| lqwhjudwlqj rxw
wkh xqnqrzq sdudphwhuv kdv yhu| idw wdlov1 Pdq| uhvxowv rewdlqhg lq wklv
sdshu gr qrw uho| rq h{shfwhg xwlolw| d{lrpv dqg wkxv frxog eh frpelqhg
zlwk hlwkhu h{shfwhg ru qrq0h{shfwhg xwlolw| wkhrulhv1 Ghflvlrq sureohpv
dulvlqj lq wkh duhdv udqjlqj iurp lqgxvwuldo U)G sodqqlqj wr ulvn pdqdjh0
phqw surylgh prwlydwlrq dqg srwhqwldo dssolfdwlrqv iru wkh wkhru| ghyhorshg
khuhlq1
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41 Lqwurgxfwlrq

Wkh fxuuhqw sdshu lqyhvwljdwhv ghflvlrq pdnlqj lq hqylurqphqwv ri h{wuhph xqfhu0
wdlqw|1 Zh xvh lqyduldqfh sulqflsohv wr ghulyh uhvwulfwlrqv rq dq djhqw*v ehkdylru1
Dffruglqj wr lqyduldqfh sulqflsohv/ dq djhqw wuhdwv wkh xqlwv ri phdvxuhphqw dv
dq xqlqirupdwlyh odeho1 Iru lqvwdqfh/ d eurnhu fdq shuirup fdofxodwlrqv lq gro0
oduv ru lq fhqwv/ exw uhvxowlqj ghflvlrq wr ex| ru vhoo vkrxog qrw ghshqg rq wkh
fkrlfh ri wkh phdvxuhphqw vfdoh1 Wkh fodvv ri ghflvlrq sureohpv frqvlghuhg lq wkh
fxuuhqw zrun fdq eh looxvwudwhg e| wkh iroorzlqj h{dpsoh1 Lq 4<;9/ vflhqwlvwv dw
LEP ]xulfk uhvhdufk oderudwrulhv glvfryhuhg kljk whpshudwxuh vxshufrqgxfwruv1
D qxphulfdo phdvxuh ri d vxshufrqgxfwru shuirupdqfh lv wkh pd{lpxp fxuuhqw
wkdw lw fdq vxvwdlq1 Wkh hduolhvw kljk0whpshudwxuh vxshufrqgxfwruv gholyhu shu0
irupdqfh ehorz wkh wkuhvkrog ri sudfwlfdo xvdelolw|1 Ixuwkhupruh/ d qxpehu ri
surmhfwv duh frpsohphqwdu| wr wkh dgydqfhphqw lq kljk0whpshudwxuh vxshufrq0
gxfwru whfkqrorj| li wkh shuirupdqfh ri kljk0whpshudwxuh vxshufrqgxfwruv idoov lq
vrph udqjh1 Lq wkh lqwhuhvwv ri uhgxflqj wlph wr pdunhw/ vxfk surmhfwv pd| eh fdu0
ulhg rxw ehiruh vhplfrqgxfwru whfkqrorj| dfklhyhv wkh uhtxluhg shuirupdqfh ohyho1
Frqvhtxhqwo|/ sodqqlqj U)G dfwlylwlhv lq duhdv udqjlqj iurp dffhohudwru ghvljq
wr wkh ghyhorsphqw ri kljk0vshhg wudlqv uhtxluhv d iruhfdvw ri wkh shuirupdqfh
wkdw kljk whpshudwxuh vxshufrqgxfwruv zloo gholyhu lq wkh ixwxuh1 Lq wklv fdvh/ wkh
uhodwlyh olnholkrrg ri shuirupdqfh uhdol}dwlrqv h{fhhglqj vrph wkuhvkrog +l1h1/ wkh
wdlov ri wkh glvwulexwlrq, pd| eh ri sduwlfxodu lqwhuhvw1 Wkh xqfhuwdlqw| lq vxfk
flufxpvwdqfhv dsshduv h{wuhph1 Wkhuh duh qr vwdwlrqdu| wuhqgv/ qr gdwd srlqwv
forvh wr wkh uhohydqw ydoxhv ri d yduldeoh dqg qr wkhru| wr jxlgh wkh iruhfdvw1 Wklv
surylghv dq h{dpsoh ri dq hqylurqphqw dssur{lpdwlqj dq lqirupdwlrq ydfxxp1

Zh lqyhvwljdwh ghflvlrq pdnlqj lq hqylurqphqwv zkhuh olwwoh lqirupdwlrq lv
dydlodeoh1 Wkh lvvxhv frqvlghuhg khuh shuwdlq wr d eurdg udqjh ri sureohpv1 Iru
lqvwdqfh/ zh pdnh vwdwhphqwv derxw wkh vkdsh ri wdlov ri wkh glvwulexwlrq wkdw dq
djhqw dvvljqv wr d srvlwlyh udqgrp yduldeoh14 Wkh vkdsh ri wkh wdlov lv lpsruwdqw lq
d qxpehu ri frqwh{wv1 Iru h{dpsoh/ Zhlw}pdq +4<:<, dqg Prujdq dqg Pdqqlqj
+4<;8, vwxg| rswlpdo vhdufk> wkh ehvw vhdufk vwudwhj| fulwlfdoo| ghshqgv rq wkh
glvwulexwlrq ri h{wuhph ydoxhv15 Dovr/ wkh glvwulexwlrq ri rxwolhuv ri dvvhw uhwxuqv
kdv ehhq vwxglhg e| Pdqghoeurw +4<96,/ Idpd +4<98, dqg pruh uhfhqwo| e| Nhduqv

4Wkh wdlov ri wkh vl}h glvwulexwlrqv ri �upv/ flwlhv/ edqnuxswflhv dqg pdq| rwkhu duh ri lqwhuhvw
iru hfrqrplvwv1 Vhh iru lqvwdqfh ]lsi +4<83,/ Vwdqoh| hw do1 +4<<8,1

5Gdkdq dqg Phqghovrq +4<<;, vwxg| rswlpdo U)G surwrw|slqj vwudwhjlhv> wkhlu uhvxowv duh
vhqvlwlyh wr dvvxpswlrqv derxw wkh vkdsh ri wdlov ri wkh glvwulexwlrq1
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dqg Sdjdq +4<<:,1 D frpsuhkhqvlyh wkhruhwlfdo iudphzrun iru vwdwlvwlfdo vwxg|
ri wkh h{wuhph ydoxhv fdq eh irxqg lq Jxpeho +4<8;, dqg Jdodperv +4<:;,16

Wkh uhvxowv dqg wkh dssurdfk ri wklv sdshu duh yhu| gl�huhqw iurp wkh deryh0
phqwlrqhg olwhudwxuh1 H{wuhph ydoxh wkhru| lv edvhg rq fodvvlfdo vwdwlvwlfv1 Lq
frqwudvw/ rxu dujxphqwv kdyh d Ed|hvldq  dyru1

Zh ghulyh uhvwulfwlrqv rq dq djhqw*v ehkdylru iurp lqyduldqfh sulqflsohv1 Wklv
pdnhv rxu dssurdfk vlplodu wr wkh rqh xvhg iru ghulylqj qrq0lqirupdwlyh sulruv
lq Ed|hvldq vwdwlvwlfv17 Lqyduldqfh sulqflsohv uhtxluh wkdw dq djhqw*v dfwlrqv dqg
eholhiv eh lqghshqghqw ri wkh xqlwv ri phdvxuhphqw wkdw duh ehlqj xvhg> vxfk d
uhvwulfwlrq pd| eh lqwhusuhwhg dv d edvlf udwlrqdolw| uhtxluhphqw1 Wkh lqyduldqfh
uhvwulfwlrqv duh vwdwhg lq Vhfwlrq 51

Wkh lqyduldqfh dssurdfk zdv lqwurgxfhg lqwr vwdwlvwlfv e| Mh�uh|v +4<65,18

Wkh h{lvwlqj dssolfdwlrqv ri lqyduldqfh wr ghflvlrq vflhqfh duh lq wkh frqwh{w ri
h{shfwhg xwlolw| wkhru|1 Lq frqwudvw/ prvw ri wkh uhvxowv uhsruwhg lq Sduw L duh
rewdlqhg h{foxvlyho| iurp lqyduldqfh frqvlghudwlrqv dqg gr qrw uho| rq h{shfwhg
xwlolw| ru Vdydjh d{lrpv1 Frqvhtxhqwo|/ rxu uhvxowv fdq eh frpelqhg zlwk h{shfwhg
ru qrq0h{shfwhg xwlolw| wkhrulhv1 Wklv lv lpsruwdqw/ ehfdxvh lq wkh fdvhv zkhuh
fkrlfhv lqyroylqj uduh hyhqwv ru ghflvlrq sureohpv xqghu h{wuhph xqfhuwdlqw| duh
frqfhuqhg dssolfdelolw| ri h{shfwhg xwlolw| wkhru| lv ghedwdeoh19 Dw wkh vdph wlph/
wkh lqyduldqfh sulqflsoh lv sduwlfxoduo| uhohydqw zkhq lqirupdwlrq lv vfdufh1

Hyhq zkhq vxevwdqwldo gdwd uhohydqw iru hvwlpdwlqj d udqgrp yduldeoh lv dydlo0
deoh/ wkh gdwd pd| eh ri olplwhg ydoxh iru hvwlpdwlqj wkh wdlov ri wkh glvwulexwlrq1
Zkhqhyhu d ghflvlrq ghshqgv rq dq djhqw*v eholhiv derxw wkh ehkdylru ri wkh wdlov
ri wkh glvwulexwlrq/ zh zloo uhihu wr vxfk ghflvlrq sureohpv dv ghflvlrq pdnlqj
xqghu lqirupdwlrq vfduflw|1 Lq Vdydjh*v iudphzrun/ ghflvlrq pdnlqj xqghu lqiru0
pdwlrq vfduflw| lv fkdudfwhul}hg e| wkh wdlov ri wkh djhqw*v sulru1 Zh vkrz wkdw
lqyduldqfh uhvwulfwlrqv lpso| wkdw hyhq li vrph uhohydqw gdwd lv dydlodeoh wr dq
djhqw/ khu eholhiv derxw wkh wdlov ri wkh glvwulexwlrq +l1h1 lqirupdwlrq vfduflw|
uhjlrq, duh zhoo dssur{lpdwhg e| wkh Mh�uh|v* ljqrudqfh sulru1 Mh�uh|v +4<94,

6Hpeuhfkwv/ Noxsshoehuj dqg Plnrvfk +4<<:, lv dq xs wr gdwh prqrjudsk rq h{wuhph ydoxh
wkhru|1

7Vhh iru h{dpsoh/ Ehujhu +4<;8,1
8Pdq| odzv ri sk|vlfv fdq eh rewdlqhg irup lqyduldqfh srvwxodwhv lq duhdv udqjlqj iurp

hohfwurpdjqhwlvp wr uhodwlylw| wkhru|1 Lq hfrqrplfv/ lqyduldqfh lghdv zhuh xvhg wr ghhshq rxu
xqghuvwdqglqj ri edujdlqlqj +Qdvk +4<83,,1 Wkhuh duh qxphurxv dssolfdwlrqv ri lqyduldqfh lq
hfrqrphwulfv> vhh iru h{dpsoh Gdjhqdlv dqg Gxirxu +4<<4, dqg Vwhlq +4<8<,1

9Wkh ghyldwlrqv iurp h{shfwhg xwlolw| wkhru| duh dgguhvvhg iurp gl�huhqw dqjohv e| Hoovehuj
+4<94,/ Pdfklqd +4<;:,/ Wyhuvn|/ Vorylf dqg Ndkqhpdq +4<<3, dqg pdq| rwkhu1
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dqg wkh vxevhtxhqw dxwkruv lqwhusuhwhg wkh Mh�uh|v* ljqrudqfh sulru dv wkh sulru
ghvfulelqj dq djhqw*v eholhiv derxw d sdudphwhu lq wkh devhqfh ri dq| uhohydqw
lqirupdwlrq +l1h1/ eholhiv lq dq lqirupdwlrq ydfxxp,1

Vxppdu| ri Uhvxowv
Wklv sdshu frqvlvwv ri wzr lqghshqghqw sduwv lqyhvwljdwlqj ghflvlrq pdnlqj

xqghu lqirupdwlrq vfduflw| iurp gl�huhqw dqjohv1 Lq Sduw L xwlolw| pd{lpl}dwlrq
lv qrw dvvxphg1 Wkhuh/ zh ghvfuleh wkh uhvwulfwlrqv rq dq djhqw*v vwudwhj| dulvlqj
iurp lqyduldqfh sulqflsohv1 Lq frqwudvw/ Sduw LL frqvlghuv d Ed|hvldq xwlolw| pd{l0
pl}hu dqg fkdudfwhul}hv eholhiv frqvlvwhqw zlwk lqyduldqfh uhvwulfwlrqv +vhh Vhfwlrq
8,1

Zkloh wkh dssurdfkhv wdnhq lq Sduw L dqg Sduw LL duh yhu| gl�huhqw/ erwk
ohdg wr wkh vdph suhglfwlrqv derxw dq djhqw*v ehkdylru1 Wkh iroorzlqj h{dpsoh
kljkoljkwv vrph ri wkh prvw lpsruwdqw uhvxowv rewdlqhg lq wklv sdshu1 Frqvlghu d
ulvn0qhxwudo djhqw idflqj d ghflvlrq sureohp zlwk d sd|r� ixqfwlrq

RE%c k� '

� �m *?%� *?km li % 5 d@c Ko
f li % *5 d@c Ko

� +414,

Khuh k ghqrwhv wkh djhqw*v dfwlrq/ dqg % lv wkh uhdol}dwlrq ri d srvlwlyh udqgrp
yduldeoh f1 Lqwxlwlyho|/ wkh djhqw*v dfwlrq/ k/ fdq eh lqwhusuhwhg dv d �jxhvv� ru
wkh djhqw*v dvvhvvphqw ri wkh uhdol}dwlrq ri d udqgrp yduldeoh1 Reylrxvo|/ wkh
djhqw*v vwudwhj| lq vxfk ghflvlrq sureohp ghshqgv rq wkh eholhiv wkdw vkh kdv
derxw wkh frqglwlrqdo suredelolw| glvwulexwlrq ri f rq dq lqwhuydo d@c Ko1 Wkhruhp
714 vkrzv wkdw hyhq li dq djhqw kdv gdwd xvhixo iru hvwlpdwlqj fc dq djhqw*v dfwlrq
lq d ghflvlrq sureohp zlwk sd|r� ixqfwlrq jlyhq e| Htxdwlrq 414 lv dssur{lpdwhg
e|

s
@K li wkh lqwhuydo d@c Ko lv idu lq wkh wdlo uhjlrq1 Lw lv lqwhuhvwlqj wkdw lqyduldqfh

uhvwulfwlrqv dorqh duh vx!flhqw wr slq grzq wkh djhqw*v fkrlfhv lq vrph ghflvlrq
sureohpv1:

Lq wkh vhfrqg sduw ri wkh sdshu/ zh frpelqh h{shfwhg xwlolw| wkhru| dqg lq0
yduldqfh edvhg uhvwulfwlrqv rq dq djhqw*v ehkdylru1 Wklv doorzv xv wr lghqwli|
lqyduldqw eholhiv/ l1h1/ d vhw ri Ed|hvldq eholhiv iru zklfk lqyduldqfh d{lrpv duh vdw0
lv�hg/ zkhuh eholhiv duh gh�qhg dv d �qlwh0sdudphwulf idplo| ri ghqvlw| ixqfwlrqv
dqg d sulru glvwulexwlrq ri wkh sdudphwhu1

Xqghu wkh frqglwlrqv ri Wkhruhp 816/ wkh wdlov ri wkh srvwhulru glvwulexwlrq
duh dssur{lpdwhg e| S

%E*?%�g
zkhuh S dqg g duh frqvwdqwv/ zh uhihu wr wklv dv wkh

:Qrwh wkdw wkh sd|r� ixqfwlrq lq wklv h{dpsoh ehorqjv wr d qduurz fodvv ri lqyduldqw sd|r�
ixqfwlrqv/ wkhvh duh lqwurgxfhg lq Gh�qlwlrq 6191 Wkh uhvwulfwlrqv lpsolhg e| lqyduldqfh d{lrpv
duh wkh vwurqjhvw iru ghflvlrq sureohpv fkdudfwhul}hg e| lqyduldqw sd|r� ixqfwlrqv1
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Wdlo0glvwulexwlrq1;c< Wkdw lv wr vd|/ rxu �qglqjv vxjjhvw wkdw zlwklq rxu d{lrpdwlf
iudphzrun dq djhqw*v eholhiv derxw wkh glvwulexwlrq ri rxwolhuv duh dssur{lpdwhg
e| wkh Wdlo0glvwulexwlrq1 Qrwh wkh vlplodulw| ehwzhhq wkh Wdlo0glvwulexwlrq dqg wkh
Mh�uh|v* ^ljqrudqfh` sulru> erwk duh fkdudfwhul}hg e| yhu| idw wdlov1 Iurp Sursrvl0
wlrq E17/ lw iroorzv wkdw lq wkh h{dpsoh jlyhq hduolhu h{shfwhg xwlolw| pd{lpl}dwlrq
zlwk uhvshfw wr d Wdlo0glvwulexwhg srvwhulru zloo uhvxow lq wkh olplw lq vhohfwlrq ri
wkh vdph dfwlrq dv wkh dfwlrq ri dq djhqw zkr pd{lpl}hv xwlolw| zlwk uhvshfw wr
wkh Mh�uh|v* sulru1

Sduw L

51 Vhwxs

Wklv vhfwlrq surylghv dq lqwxlwlyh h{sodqdwlrq ri frqfhswv dqg dvvxpswlrqv zh
xvh1 +D pruh irupdo exw ohvv wudqvsduhqw h{srvlwlrq lv jlyhq lq wkh dsshqgl{1,

Zh zloo frqvlghu ghflvlrq sureohpv zkhuh wkh sd|r� ghshqgv rq wkh uhdol}dwlrq
ri d srvlwlyh udqgrp yduldeoh xqnqrzq dw wkh wlph zkhq wkh dfwlrq lv fkrvhq1 Vxfk
ghflvlrq sureohpv fdq eh ghvfulehg e| d txdguxsohw _ ' Efc RE%c k�c �c U� zkhuh

f lv d srvlwlyh udqgrp yduldeoh/
% lv wkh uhdol}dwlrq ri f/

;Qrwh wkdw lq d Ed|hvldq iudphzrun/ li d yduldeoh lv gudzq iurp d glvwulexwlrq wkdw ehorqjv
wr vrph idplo| ri suredelolw| ghqvlwlhv/ wkh suredelolw| glvwulexwlrq wkdw dq djhqw dvvljqv wr wklv
yduldeoh qhhg qrw ehorqj wr wkh idplo| ri ghqvlwlhv iurp zklfk wkh yduldeoh lv gudzq1 Lq idfw/
zh vkrz wkdw dq djhqw zkr kdv lqyduldqw eholhiv zloo duulyh wr d srvwhulru glvwulexwlrq ri wkh
udqgrp yduldeoh lq txhvwlrq wkdw kdv qr �qlwh prphqwv1 Wklv lv wuxh hyhq li wkh djhqw nqrzv
wkdw wkh yduldeoh lv gudzq iurp d suredelolw| ghqvlw| wkdw ehorqjv wr d idplo| ri ghqvlwlhv vxfk
wkdw doo prphqwv duh �qlwh iru hdfk ghqvlw| +wklv lv ehfdxvh/ wkh sdudphwhu ri wkh glvwulexwlrq lv
xqnqrzq wr wkh djhqw/ frqvhtxhqwo| diwhu lqwhjudwlqj ryhu glvwulexwlrqv zlwk wklq wdlov rqh pd|
rewdlq d glvwulexwlrq zlwk idw wdlov,1 Wklv srlqw lv hvvhqwldo iru hvwdeolvklqj dssolfdelolw| duhd
ri rxu uhvxowv dqg dssolfdelolw| duhd ri hpslulfdo vwxglhv ri h{wuhph ydoxhv phqwlrqhg hduolhu1
Zh lqyhvwljdwh dq djhqw*v eholhiv derxw wkh wdlov ri wkh glvwulexwlrqv dqg qrw wkh glvwulexwlrq
ri revhuyhg rxwfrphv/ frqvhtxhqwo|/ wkh suhvhqw wkhru| fdq qrw eh hlwkhu vxssruwhg ru uhixwhg
edvhg rq vwdwlvwlfdo dqdo|vlv ri rxwolhuv ri hfrqrplf yduldeohv1 Zh pdnh vwdwhphqwv derxw dq
djhqw*v eholhiv wkdw fdq eh whvwhg e| revhuylqj dq djhqw*v dfwlrqv wkdw duh uhyhdolqj ri khu eholhiv
derxw wkh uhodwlyh olnholkrrg ri h{wuhph ydoxhv1 Iru lqvwdqfh/ wkh sulflqj ri idu rxw ri wkh prqh|
rswlrqv frqwdlqv lqirupdwlrq derxw dq djhqw*v eholhiv uhodwlqj wdlov ri wkh glvwulexwlrq ri vwrfn
uhwxuqv1

<Wkh Mh�uh|v* ljqrudqfh sulru lv qrw d surshu glvwulexwlrq +l1h1 lw grhv qrw lqwhjudwh wr d
frqvwdqw,1 Lq frqwudvw/ wkh lqwhjudo ri wkh Wdlo0glvwulexwlrq frqyhujhv dv orqj dv n A 41
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R G -n �-n $ - lv d sd|r� ixqfwlrq/
� lv dq dfwlrq vsdfh/
k 5 � lv dq dfwlrq fkrvhq ehiruh wkh ydoxh ri f lv uhyhdohg/
U lv wkh lqirupdwlrq vhw frqwdlqlqj doo lqirupdwlrq uhohydqw iru hvwlpdwlqj wkh

xqnqrzq yduldeoh f1
Zh zloo frqvlghu ghflvlrq sureohpv zkhuh wkh lqirupdwlrq vhw frqvlvwv ri ydo0

xhv %�c %2c ���%� ri srvlwlyh uhdo ydoxhg yduldeohv f�c f2c ���c f� 1 Lq wklv fdvh wkh
lqirupdwlrq vhw fdq eh zulwwhq dv U ' Uf�f2���f�

%�%2���%�
1 Zh zloo dovr dvvxph wkdw dfwlrq

vsdfh � lv wkh vhw ri uhdo qxpehuv1
Dq djhqw*v vwudwhj| lq d ghflvlrq sureohp lv d phdvxuh rq wkh dfwlrq vsdfh/

dqg d sxuh vwudwhj| lv dq hohphqw ri wkh dfwlrq vsdfh1
Zh lpsrvh lqyduldqfh edvhg uhvwulfwlrqv rq dq djhqw*v vwudwhj|1 Ehorz lv wkh

vlpsol�hg yhuvlrq ri D{lrp 3/ lqwurgxfhg lq wkh dsshqgl{1

D31 Frqvlghu ghflvlrq sureohpv _ ' Efc RE%c k�c �c U ' Uf�f2���f�
%�%2���%�

� dqg
_� ' Efc R�E%c k�c �c U ' Uf�f2���f�

%�%2���%�
�/ dfwlrq k 5 -nn dqg R�E%c k� ' RE%c �Ek��/

zkhuh �Ek� lv dq lqyhuwleoh ixqfwlrq1 Li dq djhqw*v vwudwhj| lq wkh �uvw ghflvlrq
sureohp lv kW wkhq khu vwudwhj| lq wkh vhfrqg ghflvlrq sureohp lv jlyhq e| k � vxfk
wkdw �Ek�� ' kW1

D3 uhtxluhv wkdw wkh vwudwhj| lv lqyduldqw zlwk uhvshfw wr uhodeholqj ri dq
dfwlrq vsdfh1 Dq| h{shfwhg xwlolw| pd{lpl}hu dxwrpdwlfdoo| vdwlv�hv D31

Lq rughu wr irupxodwh ixuwkhu lqyduldqfh uhvwulfwlrqv rq dq djhqw*v ehkdylru
wkh frqfhswv ri glphqvlrqdo yhfwruv dqg ghflvlrq htxlydohqw yduldeohv qhhg wr eh
lqwurgxfhg1

Gh�qlwlrq 5141 Zh zloo vd| wkdw wzr yhfwruv Efcf�c ���cf�� dqg Etc t�c ���c t� �
duh ghflvlrq htxlydohqw li iru dq| sd|r� ixqfwlrq RE�c �� wkh djhqw fkrrvhv lghqwlfdo
vwudwhjlhv lq ghflvlrq sureohpv Efc RE%c k�c �c U ' Uf�f2���f�

%�%2���%�
�

dqg Etc RE%c k�c �c U ' Ut t����t�%�%2���%�
�1

Vlqfh htxlydohqfh lv gh�qhg lq whupv ri vwudwhjlhv ri dq djhqw/ yduldeohv fdq
rqo| eh htxlydohqw zlwk uhvshfw wr d sduwlfxodu djhqw1

Qrz ohw xv glvfxvv wkh qrwlrq ri d glphqvlrqdo yduldeoh1 D glphqvlrqdo yduldeoh
uhsuhvhqwv d txdqwlw| phdvxuhg dv d udwlr zlwk vrph duelwudulo| vhohfwhg uhihuhqfh
txdqwlw|1 Rqo| udwlrv ri glphqvlrqdo yduldeohv duh phdqlqjixo1 Iru lqvwdqfh/
ohqjwk/ sulfh hwf1 duh glphqvlrqdo yduldeohv/ ehfdxvh wkh| duh gh�qhg dv udwlrv
zlwk vrph duelwudu| xqlw ri phdvxuhphqw1

9



Zh fdq gh�qh d glphqvlrqdo yhfwru Efcf�c ���c f�� dv d yhfwru frqvlvwlqj ri
yduldeohv phdvxuhg lq wkh vdph xqlwv vxfk dv phwhuv/ grooduv/ nlorv hwf1 +d pruh
irupdo gh�qlwlrq ri glphqvlrqdo yhfwruv lv jlyhq lq wkh dsshqgl{,1

Ohw xv gh�qh glphqvlrqdolw| frpsdwleoh wudqvirupdwlrqv } dv d ixqfwlrq wkdw
ohdyhv udwlrv xqfkdqjhg zlwk uhvshfw wr fkdqjhv lq wkh xqlwv ri phdvxuhphqw/ l1h1/
iru dq| %�c %2c | : fc

}E%��*}E%2� ' }Eb%��*}Eb%2��

Lw lv vwudljkwiruzdug wkdw d ixqfwlrq }E%� ehorqjv wr wkh vhw ri glphqvlrqdolw|
frpsdwleoh wudqvirupdwlrqv C li dqg rqo| li }E%� lv jlyhq e| }E%� ' |%&1 Frq0
vhtxhqwo|/ zh dvvxph wkdw li

�$
f ' Efcf�c ���c f�� lv d glphqvlrqdo yhfwru/ wkhq�$

t ' Etc t�c ���c t��/ zkhuh
�$
t ' E|f&c ���c |f&

�� lv d glphqvlrqdo yhfwru iru dq|
| : f dqg & 5 -*ifj1 Zh ghqrwh wklv yhfwru

�$
t ' |E

�$
f �&1

Zh zrxog olnh wr lpsrvh dq lqyduldqfh d{lrp rq dq djhqw*v ehkdylru e| uhtxlu0
lqj wkdw dq djhqw*v eholhiv duh sxuho| gdwd gulyhq dqg wkh lqihuhqfh uxohv duh wkh
vdph uhjdugohvv li wkh yduldeoh lq txhvwlrq lv wkh ixwxuh vshhg ri d plfursurfhvvru
ru wkh wlph qhfhvvdu| iru shuiruplqj d ehqfkpdun frpsxwdwlrq1 Lq rwkhu zrugv/
zh dvvxph wkdw wkh qdph ri wkh xqlw ri phdvxuhphqw lv dq xqlqirupdwlyh odeho1
Pruh irupdoo|/ lqyduldqfh dvvxpswlrq fdq eh vwdwhg dv iroorzv1

D41 Surylghg
�$
f lv d glphqvlrqdo yhfwru dqg

�$
t ' |E

�$
f �&c | : f/ & 5 -

& 9' f/ wkhq
�$
t dqg

�$
f duh ghflvlrq htxlydohqw1

Wr looxvwudwh wkh lqwxlwlrq ehklqg wklv uhvwulfwlrq/ frqvlghu d ghflvlrq sureohp
zkhuh

�$
f frqwdlqv d wlph vhulhv ri h{fkdqjh udwh ehwzhhq fxuuhqflhv D dqg E1

Wkhq
�$
t ' E

�$
f �3� frqwdlqv h{fkdqjh udwhv ehwzhhq fxuuhqflhv E dqg D1 Dffrug0

lqj wr D4/
�$
t dqg

�$
f duh ghflvlrq htxlydohqw l1h1 wkh fxuuhqf| odehov duh qrw

lqirupdwlyh1 Uhvwulfwlrq D4 dovr h{suhvvhv wkh uhtxluhphqw wkdw dq djhqw*v vwudw0
hj| grhv qrw ghshqg rq wkh xqlw ri phdvxuhphqw1 +Lq rwkhu zrugv d eurnhu fdq
shuirup fdofxodwlrqv lq grooduv ru lq fhqwv/ exw uhvxowlqj ghflvlrq wr ex| ru vhoo
vkrxog qrw ghshqg rq wkh fkrlfh ri vfdoh ri phdvxuhphqw1,

61 Ghflvlrq Pdnlqj lq dq Lqirupdwlrq Ydfxxp

Li d sd|r� ixqfwlrq lv fkdudfwhul}hg e| fhuwdlq v|pphwu| surshuwlhv wkhq lqydul0
dqfh uhvwulfwlrqv vwdwhg lq wkh suhylrxv vhfwlrq lpso| vwurqj suhglfwlrqv derxw dq
djhqw*v ehkdylru1 Lq wklv vhfwlrq zh lghqwli| d fodvv ri ghflvlrq sureohpv zkhuh dq
djhqw*v ehkdylru lv ghwhuplqhg vroho| e| lqyduldqfh frqvlghudwlrqv1

:



Ohw xv frqvlghu d ghflvlrq sureohp _ ' Efc R0c@cKc �c U ' Uf�f2���f�
%�%2���%�

�/ zkhuh
f G l $ -�

nn dqg f� G l $ -�
nn dw hdfk � 5 i�c ����j/�$

f ' Efcf�c ���c f� � lv d glphqvlrqdo yhfwru/
� ' -�

nn/
dqg wkh sd|r� ixqfwlrq R0c@cK G -�

nn �-�
nn $ -� lv gh�qhg e|

R0c@cKE%c k� '

�
0ZE%c k� li % 5 d@c Ko
f li % *5 d@c Ko

1 +614,

Khuh 0c @c K duh srvlwlyh sdudphwhuv dqg ZE%c k� G -�
nn �-�

nn $ -�1
Zh zloo vwduw zlwk lqyhvwljdwlqj dq djhqw*v ehkdylru lq dq lqirupdwlrq ydfxxp/

zkhuh qr gdwd lv dydlodeoh1 Lq wklv fdvh zh zloo ghqrwh wkh lqirupdwlrq vhw e| U ' >1

Gh�qlwlrq 6141 Gh�qh d sd|r� uhohydqw udqjh dv wkh vhw ri ydoxhv ri f vxfk wkdw

dq djhqw*v dfwlrq lq xhqfhv wkh sd|r�1 + S lv lq wkh sd|r� uhohydqw udqjh li wkhuh
duh wzr dfwlrqv k� dqg k2 vxfk wkdw RES/k�� 9' RES/k2�1,

Wkh sd|r� lq ghflvlrq sureohp _ lv ghvfulehg e| Htxdwlrq 6141 Wkh sd|r�
uhohydqw udqjh lq ghflvlrq sureohp _ lv d@c Ko dqg wkh sd|r�v duh sursruwlrqdo wr
sdudphwhu 01

Zkhq wkh vwudwhj| ri dq djhqw lq ghflvlrq sureohp _ lv sxuh/ wkh dfwlrq wdnhq
e| dq djhqw lv ghqrwhg e| k ' sE@c Kc 0�1 Zh h{whqg sE@c Kc 0� wr -2

nn e| vhwwlqj
sE@c Kc 0� � sEKc @c 0�1

Ohw xv gh�qh dq dvvhvvphqw ixqfwlrq wkdw dssur{lpdwhv wkh vwudwhj| wkdw dq
djhqw zrxog fkrrvh li wkh sd|r�v lq doo vwdwhv ri wkh zruog zhuh pxowlsolhg e|
d vpdoo qxpehu1 Wr hpskdvl}h wkh frqqhfwlrq ehwzhhq wkh dvvhvvphqw ixqfwlrq
dqg wkh djhqw*v vwudwhj| zh dexvh qrwdwlrq e| ghqrwlqj wkh dvvhvvphqw ixqfwlrq
dv sE@c K�1 +Li dq djhqw zhuh ulvn qhxwudo h{shfwhg xwlolw| pd{lpl}hu/ wkdq wkh
dvvhvvphqw ixqfwlrq zrxog frlqflgh zlwk wkh djhqw*v vwudwhj|1,

Gh�qlwlrq 6151 Zh gh�qh wkh dvvhvvphqw ixqfwlrq e| vhwwlqj
sE@c K� ' *�40<f sE@c Kc 0� dw hdfk E@c K� 5 -2

nn1

Qrwh wkdw h{lvwhqfh ri dq dvvhvvphqw ixqfwlrq lv qrw jxdudqwhhg1 Dq reylrxv/
qhyhuwkhohvv lpsruwdqw surshuw| ri wkh dvvhvvphqw ixqfwlrq lv wkdw lw uhpdlqv
xqfkdqjhg zkhq wkh sd|r� ixqfwlrq ri wkh ghflvlrq sureohp lv pxowlsolhg e| d
frqvwdqw1

;



Frqvlghulqj d olplwlqj fdvh zkhuh sd|r�v frqyhujh wr }hur doorzv xv wr vhsdudwh
�eholhiv� iurp ulvn dqg xqfhuwdlqw| dyhuvlrq1 Wkh dvvhvvphqw ixqfwlrq fdq eh
ylhzhg dv d sduwldo fkdudfwhul}dwlrq ri dq djhqw*v �eholhiv�1

Ohw xv lqwurgxfh gh�qlwlrqv ri d ihz jhqhudo v|pphwu| surshuwlhv/ wkdw zh zloo
xvh lq ixuwkhu dqdo|vlv1

Gh�qlwlrq 6161 Zh zloo uhihu wr krprjhqhrxv ixqfwlrqv ri ghjuhh rqh dv f0
v|pphwulf +l1h1 d ixqfwlrq lv f0v|pphwulf li sE|@c |K� ' |sE@c K�,1 Iru & 5 -qifjd
ixqfwlrq lv &0v|pphwulf li sE@&c K&� ' EsE@c K��&1

Wr jdlq lqwxlwlyh xqghuvwdqglqj ri &0v|pphwu| frqvlghu wkh iroorzlqj h{dpsoh1
Li @ dqg K uhsuhvhqw wkh xsshu dqg orzhu erxqgv rq wkh vl}h ri d vtxduh dqg @2c
K2 duh wkh xsshu dqg orzhu erxqgv rq wkh duhd ri wkh vtxduh 50v|pphwu| lqvxuhv
wkdw wkh dvvhvvphqw ri wkh duhd lv frqvlvwhqw zlwk wkh dvvhvvphqw ri wkh vlgh ri
wkh vtxduh1 Dqdorjrxvo|/ li @ dqg K uhsuhvhqw glvwdqfhv iurp wkh flw| fhqwhu/ f0
v|pphwu| ri dq dvvhvvphqw ixqfwlrq lqvxuhv wkdw wkh dvvhvvphqw lv lqghshqghqw
iurp wkh xqlwv ri phdvxuhphqw1

Gh�qlwlrq 6171 D ixqfwlrq lv v|pphwulf li lw lv &0v|pphwulf iru ; & � f dqg iru
& ' ��1

Lw lv hdv| wr fkhfn wkdw d v|pphwulf ixqfwlrq lv &0v|pphwulf dovr iru doo qhjdwlyh
&1

Gh�qlwlrq 6181 D ixqfwlrq Z G -2
nn $ - lv f0lqyduldqw li iru vrph o G -nn $ -

wkh htxdwlrq

ZEb%c bk� ' oEb� � ZE%c k� +615,

krogv iru dq| bc %c k 5 -nn1

Gh�qlwlrq 6191 D ixqfwlrq ZE�c �� lv |0lqyduldqw li iru vrph o G -nn $ - wkh
htxdwlrq

ZEE%�|c Ek�|� ' oE|� � ZE%c k� +616,

krogv iru dq| %c k 5 -nn +khuh | 5 -qifj,1 D ixqfwlrq lv lqyduldqw li lw lv
|0lqyduldqw iru ;| 5 -�1

<



Gh�qlwlrq 61:1 D ghflvlrq sureohp _ ' Efc R0c@cKc �c U ' Uf�f2���f�
%�%2���%�

� lv |0lqyduldqw
li lwv sd|r� ixqfwlrq lv jlyhq e| Htxdwlrq 614 dqg wkh fruuhvsrqglqj ixqfwlrq
ZE%c k� lv |0lqyduldqw1

Sursrvlwlrq 61;1 Frqvlghu d |0lqyduldqw ghflvlrq sureohp
_ ' Efc R0c@cKc �c U ' >�1 Lw iroorzv iurp D3 dqg D4 wkdw/ li dq dvvhvvphqw ixqfwlrq
sE@c K� ri d ghflvlrq sureohp h{lvwv/ wkhq sE@c K� lv |0v|pphwulf1

Doo surriv duh lq wkh Dsshqgl{1

Sursrvlwlrq 61<1 Dv orqj dv wkhuh h{lvwv dq dvvhvvphqw ixqfwlrq ri dq lqyduldqw
ghflvlrq sureohp _ ' Efc R0c@cKc �c U ' >�c lw lv jlyhq e| sE@c K� '

s
@K1

Lw lv hdv| wr yhuli| wkdw d ixqfwlrq �m *?%� *?km lv dq h{dpsoh ri dq lqyduldqw
sd|r� ixqfwlrq1 D frpsohwh fkdudfwhul}dwlrq ri lqyduldqw sd|r� ixqfwlrqv lv jlyhq
lq Vfkzdu} +4<<;,1

Ohw xv glvfxvv wkh lqwxlwlrq ehklqg Sursrvlwlrq 61<1 Vxssrvh dq djhqw nqrzv
wkdw d yduldeoh lv glphqvlrqdo dqg/ dvlgh iurp wkdw/ vkh kdv qr lqirupdwlrq uhohydqw
iru hvwlpdwlqj wkh yduldeoh1 Lq wklv fdvh khu dfwlrqv lq ghflvlrq sureohpv zkhuh
sd|r� lv frqwlqjhqw rq gl�huhqw glphqvlrqdo yduldeohv duh wkh vdph/ l1h1/ lq wklv
fdvh wkh qdph ri d yduldeoh lv phuho| dq xqlqirupdwlyh odeho1 +H�hfwlyho|/ surylghg
wkdw dq djhqw kdv qhyhu khdug ri hlwkhu wxjulf ru gxjulf khu vwudwhj| iru vhohfwlqj
d jxhvv iurp dq lqwhuydo ^4/7` lv wkh vdph uhjdugohvv li vkh lv jxhvvlqj wkh ydoxh
ri d �wxjulf� ru wkh ohqjwk ri d �gxjulf�1, Wklv lpsrvhv d vhyhu uhvwulfwlrq rq dq
djhqw*v fkrlfhv1 Iru lqvwdqfh/ li dq djhqw lv dvnhg wr �jxhvv� h{fkdqjh udwh ehwzhhq
fxuuhqflhv D dqg E frqglwlrqdo rq wkh udwh ehlqj ehwzhhq @ dqg K/ d �jxhvv� ri
E@ n K�*2 lv qrw �uhdvrqdeoh� ehfdxvh/ li wklv ghflvlrq sureohp lv uhirupxodwhg lq
whupv ri h{fkdqjh udwh ehwzhhq E dqg D wkh udqjh ehfrphv �*K wr �*@ dqg wkh
�jxhvv� lq wkh pluuru ghflvlrq sureohp E�*Kn�*@�*2 lv qrw d uhflsurfdo ri wkh jxhvv
lq wkh ruljlqdo sureohp1 D uhpdundeoh surshuw| ri lqyduldqw ghflvlrq sureohpv lv
wkdw d vwudwhj| lq wkh �lpdjh jdph� pxvw eh uhflsurfdo ri wkh vwudwhj| lq wkh
ruljlqdo jdph1

Vxusulvlqjo|/ lq dq lqirupdwlrq ydfxxp wkh lqyduldqfh frqvlghudwlrq dorqj duh
vx!flhqw wr xqltxho| slq grqh wkh vwudwhj| ri dq djhqw lq vrph ghflvlrq sureohpv1
Zh vkrzhg wkdw li wkh sd|r� uhohydqw udqjh lq dq lqyduldqw ghflvlrq sureohp lv
jlyhq e| d@c Ko/ wkhq dq djhqw*v vwudwhj| lq vxfk d ghflvlrq sureohp lv dssur{lpdwhg
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e| wkh jhrphwulf phdq jlyhq e|43
s
@K1 Frpelqlqj wkh uhvxowv ri wklv vhfwlrq zlwk

h{shfwhg xwlolw| d{lrpv rqh fdq vkrz wkdw wkh sulru ri dq djhqw lq dq lqirupdwlrq
ydfxxp fruuhvsrqgv wr wkh Mh�uh|v* sulru44 �*%/ wkh surri lv jlyhq lq Vfkzdu}
+4<<;,1

71 Ghflvlrq Pdnlqj lq Hqylurqphqwv Zkhuh Lqirupdwlrq lv
Dydlodeoh exw Vfdufh

Xs wr wklv srlqw zh zhuh rqo| frqfhuqhg zlwk ghflvlrq pdnlqj lq dq lqirupd0
wlrq ydfxxp1 Zkloh qhfhvvlw| wr pdnh ghflvlrqv xqghu xqfhuwdlqw| lv frpprq
sodfh/ ghflvlrq pdnlqj lq dq lqirupdwlrq ydfxxp pd| dsshdu wr eh dq xquhdolvwlf
devwudfwlrq1 Qhyhuwkhohvv/ lw lv d xvhixo ehqfkpdun fdvh ehfdxvh lw surylghv dq
lqvljkw lqwr d zlgh udqjh ri vlwxdwlrq zkhuh dq djhqw*v sulru nqrzohgjh lv yhu|
olplwhg1 Wklv vhfwlrq hvwdeolvkhv wkdw ehkdylru ri dq djhqw lq hqylurqphqwv zlwk
�olwwoh lqirupdwlrq� lv dssur{lpdwhg e| dq djhqw*v ehkdylru lq dq lqirupdwlrq
ydfxxp1 Wkh deryh vwdwhphqw zloo eh pdgh suhflvh odwhu lq wkh sdshu1

Ohw xv frqvlghu d fodvv ri ghflvlrq sureohpv zkhuh wkh lqirupdwlrq derxw d
sd|r� uhohydqw yduldeoh lv dydlodeoh exw vfdufh1 Zh zloo vkrz wkdw lq wkh olplw
dv lqirupdwlrq ehfrphv lqfuhdvlqjo| vfdufh dq djhqw*v vwudwhj| dssurdfkhv khu
vwudwhj| lq dq lqirupdwlrq ydfxxp1 Ohw xv dqdo|}h dq lqyduldqw ghflvlrq sureohp
_ ' Efc R0c@cKc �c U�1 Xqolnh wkh fdvh ri dq lqirupdwlrq ydfxxp frqvlghuhg hduolhu/
zh qr orqjhu dvvxph wkdw wkh lqirupdwlrq vhw lq ghflvlrq sureohp _ lv hpsw|1
Wkh lqirupdwlrq vhw lq _/ ghqrwhg e| Uf����f�

%����%�
/ frqwdlqv uhdol}dwlrqv +%�%2���%� ,

ri yduldeohv f�c f2c ���c f� Ef� G l $ -nn� wkdw duh mrlqwo| glvwulexwhg zlwk f/
zkhuh

�$
f ' Efcf�c f2c ���c f�� lv d glphqvlrqdo yhfwru1 Ohw xv dvvxph wkdw wkh

gdwd lq wkh lqirupdwlrq vhw idoo lq wkh udqjh ^%4�?c %4@ `1 Lqirupdwlrq vfduflw|
lqfuhdvhv dv wkh sd|r� uhohydqw udqjh ehfrphv iduwkhu dzd| iurp wkh gdwd udqjh
^%4�?c %4@ `1

Li wkh lqirupdwlrq vhw lq _ zhuh hpsw| wkhq/ dffruglqj wr Sursrvlwlrq 61< wkh
dvvhvvphqw ixqfwlrq zrxog eh

s
@K1 Zh zloo vkrz wkdw lq ghflvlrq sureohp _

fkdudfwhul}hg e| d qrq hpsw| lqirupdwlrq vhw wkh dvvhvvphqw ixqfwlrq frqyhujhv
43Zh dvvxph wkdw dq djhqw vhohfwv d sxuh vwudwhj| lq lqyduldqw ghflvlrq sureohpv/ zklfk lv

qrupdoo| wkh fdvh iru dq h{shfwhg xwlolw| pd{lpl}hu1 Lq rughu wr eurdghq wkh frpsdwlelolw| ri
lqyduldqfh d{lrpv zlwk qrq h{shfwhg xwlolw| wkhrulhv d fdvh ri pl{hg vwudwhjlhv pd| eh frqvlghuhg
dv zhoo1 Vfkzdu} +4<<;, vkrzv wkdw doo uhvwulfwlrqv rq d sxuh vwudwhj| rewdlqhg lq wklv vhfwlrq
dovr dsso| wr wkh phgldq ri d pl{hg vwudwhj|1

44Glvwulexwlrq 4@{ zdv �uvw sursrvhg dv d sulru iru dq xqnqrzq sdudphwhu lq Mh�uh|v +4<64,1
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wr
s
@K dv wkh sd|r� uhohydqw udqjh ehfrphv iduwkhu dzd| iurp wkh gdwd udqjh

d%4�?c %4@ o1 Frqvhtxhqwo|/ qr pdwwhu krz pxfk gdwd lv dydlodeoh/ dq djhqw*v �eh0
olhiv� uhjduglqj wkh ydoxhv ri f yhu| idu iurp wkh gdwd udqjh fdq eh dssur{lpdwhg
e| eholhiv lq dq lqirupdwlrq ydfxxp/ zkhuh eholhiv duh pdqlihvwhg e| d vwudw0
hj| lq lqyduldqw ghflvlrq sureohpv1 Wklv fodlp lv pdgh irupdo e| wkh iroorzlqj
sursrvlwlrq1

Wkhruhp 7141 Frqvlghu dq lqyduldqw ghflvlrq sureohp
_ ' Efc R0c@cKc �c U ' Uf����f�

%����%�
�1 Ohw xv dvvxph wkdw dvvhvvphqw ixqfwlrq sE%����%� c @c K�

h{lvwv dqg frqwlqxrxv/ dqg wkh olplwv

)E%����%� c @c K� ' *�4
|<"

EsE%����%� c @|c K|�*|�c

�E%����%� c @c K� ' *�4
&<" |<"

EsE%����%� c E|@�
&c E|K�&���*&

|

h{lvw1 Wkhq �E%����%� c @c K� '
s
@K1

Fruroodu| 7151 Dvvxph wkh k|srwkhvhv ri wkh Wkhruhp 714 duh vdwlv�hg1

Li *�4&<3" *�4|<fE
sE%����%� cE|@�&cE|K�&�
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Wkh deryh vwdwhphqw h{whqgv wkh uhvxow ri Sursrvlwlrq 714 iru wkh fdvh zkhuh
sd|r� uhohydqw udqjh whqgv wr }hur1 D frpsdulvrq ri Sursrvlwlrq 61< wr Wkhruhp
714 dqg lwv fruroodu| vxjjhvwv wkdw hyhq zkhq vrph uhohydqw gdwd lv dydlodeoh wkh
eholhiv ri dq djhqw uhjduglqj uhodwlyh olnholkrrg ri rxwolhuv duh zhoo dssur{lpdwhg
e| eholhiv ri dq djhqw lq dq lqirupdwlrq ydfxxp1

Qrz ohw xv ghulyh wkh uhvwulfwlrqv rq d sulru suredelolw| glvwulexwlrq ri dq
djhqw wkdw ehkdyhv lq dffrugdqfh zlwk Wkhruhp 7141 Ohw xv frqvlghu dq dv0
vhvvphqw ixqfwlrq sE%����%� c @c K� xqghu frqglwlrqv ri Wkhruhp 7141 Ohw xv �{
E%����%��1 Dvvxph wkdw wkhuh h{lvwv d ixqfwlrq 4E%� vxfk wkdw wkh dvvhvvphqw ixqf0
wlrq sE@c K� ' sE%����%� c @c K� lv d pd{lpl}hu ri

U K

@
ZE%c k�4E%�_%/ zkhuh ZE%c k� lv

d ixqfwlrq ri wkh irup ZE%c k� ' �m *? %� *?km1

Sursrvlwlrq 7161 Dvvxph wkdw wkh ixqfwlrq %r4E%� lv prqrwrqlf zlwk uhvshfw wr
% iru vx!flhqwo| odujh % dqg r 5 d�� Bc �d�o�c �n Bo1 Wkhq iru dq| 0 : f zh kdyh
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Lq wkh Vdydjh*v iudphzrun/ Sursrvlwlrq 716 lv d vwdwhphqw uhjduglqj wkh vkdsh
ri wkh wdlov ri dq djhqw*v sulru suredelolw| glvwulexwlrq1 Surylghg wkh frqglwlrqv ri
wkh sursrvlwlrq deryh duh vdwlv�hg wkh ehvw srzhu ixqfwlrq hvwlpdwh ri wkh wdlov ri
wkh glvwulexwlrq lv �

%
1 Pruh irupdoo| �

%�n0
frqyhujhv wr }hur idvwhu wkdq 4E%� iru dq|

0 : f1 Wklv grhv qrw lpso| wkdw suredelolw| glvwulexwlrq ri d glphqvlrqdo yduldeoh
kdv wr eh lpsurshu/ iru lqvwdqfh �

%E*?%�2
lv �ehvw dssur{lpdwhg� e| �

%
> krzhyhu/U n"

S
�

%E*?%�2
_% 	 41 Lq wkh iroorzlqj vhfwlrq zh ghulyh dq djhqw*v Ed|hvldq eholhiv

frqvlvwhqw zlwk lqyduldqfh1 Zh zloo h{solflwo| rewdlq wkh suredelolw| glvwulexwlrq
fruuhvsrqglqj wr wkh wdlov ri wkh glvwulexwlrq dqg zh zloo vhh wkdw lw lv lqghhg
frqvlvwhqw zlwk Sursrvlwlrq 7161

Sduw LL

81 Frpsdulvrq zlwk Ed|hvldq Vwdwlvwlfv

Wkh uhvxowv ri wkh hduolhu vhfwlrqv duh ri yhu| jhqhudo qdwxuh ehfdxvh wkhlu ghulyd0
wlrq lv edvhg vroho| rq lqyduldqfh uhvwulfwlrqv rq dq djhqw*v ehkdylru1 Suhylrxv
vhfwlrqv gr qrw uho| rq wkh d{lrpv ri h{shfwhg xwlolw| pd{lpl}dwlrq ru h{lvwhqfh
ri d sulru suredelolw| glvwulexwlrq147 Zh glg qrw kdyh wr vshfli| d sduwlfxodu
xsgdwlqj surfhgxuh lq rughu wr rewdlq rxu uhvxowv1

Lq wklv vhfwlrq zh lghqwli| d fodvv ri Ed|hvldq eholhiv frqvlvwhqw zlwk lqyduldqfh
uhvwulfwlrq D4 lqwurgxfhg lq Vhfwlrq 51 Ohw xv frqvlghu d ghflvlrq sureohp _
vlplodu wr wkdw ri Sduw L1 Wklv ghflvlrq sureohp lv frqwlqjhqw rq d glphqvlrqdo
yhfwru Efcf�c ���cf� �1 Wkh ydoxhv %����%� ri yduldeohv f�c ���c f� duh frqwdlqhg lq
wkh djhqw*v lqirupdwlrq vhw/ dqg wkh uhdol}dwlrq ri udqgrp yduldeoh f lv xqnqrzq1

45Li �+{,
{%

grhv qrw dssurdfk }hur dv { jrhv wr lq�qlw| wkhq
U.4

�4 �+{,g{ @ 41 Krzhyhu/ wkh

vwdwhphqw wkdw �+{,
{%

$ 3 lv qrw hqwluho| vxshu xrxv ehfdxvh lq wklv sursrvlwlrq zh gr qrw uhtxluh
�+{, wr eh d surshu suredelolw| ghqvlw| l1h1 wkh frqglwlrqv ri wkh sursrvlwlrq gr qrw uhtxluh ru
lpso| wkdw

U.4

�4
�+{,g{ ? 41

46Lq Sursrvlwlrq 716 zh uhtxluhg wkdw wkh ixqfwlrq {v�+{, lv prqrwrqlf zlwk uhvshfw wr { iru
vx!flhqwo| odujh {/ srvvleo|/ wkh wkhruhp fdq eh suryhq zlwkrxw lpsrvlqj wklv uhtxluhphqw1

47Lq Sduw L/ zh glg qrw xvh Vdydjh d{lrpv +Vdydjh/4<87, ru h{shfwhg xwlolw| d{lrpv +yrq
Qhxpdqq dqg Prujhqvwhuq/ 4<77,1 Lq idfw/ lq wkh �uvw sduw ri wkh sdshu dq djhqw*v vwudwhj| zdv
qrw ylhzhg dv d vroxwlrq wr d pd{lpl}dwlrq sureohp1

46



Dvvxph wkdw wkh sd|r� lv htxdo wr RE%c k� li % 5 d@c Ko dqg }hur rwkhuzlvh/ k 5 -nn

lv dq dfwlrq ri dq djhqw1
Wkhq/ wkh vwudwhj| ri dq h{shfwhg xwlolw| pd{lpl}hu lv wkh vroxwlrq ri wkh

iroorzlqj pd{lpl}dwlrq sureohp=

4@ 

] K

@

8
d@cKo
f�f����f�

E%m%����%� �LERE%c k��_%�

Khuh LE�� uhsuhvhqwv dq djhqw*v xwlolw| iru prqh| dqg 8
d@cKo
f�f����f�

E%m%����%�� lv d
suredelolw| glvwulexwlrq ri f frqglwlrqdo rq % 5 d@c Ko1 Ohw xv dvvxph wkdw f dqg
f�c ���cf� duh lqghshqghqwo| gudzq iurp wkh vdph suredelolw| glvwulexwlrq/ l1h1/
wkhuh h{lvwv d suredelolw| ghqvlw| ixqfwlrq 4E��/

U"
f

4E%�_% ' � vxfk wkdw wkh mrlqw
glvwulexwlrq ri E%c %�c ���c %� � lv 4E%�4E%�����4E%� �1 Eholhiv ri d Ed|hvldq djhqw duh
fkdudfwhul}hg e| d idplo| ri ghqvlwlhv � ' i4E%( w�mw 5 Xj dqg d sulru ` Ew�1 Zh
zloo ghqrwh eholhiv e| � ' E�c ` Ew��1 Vxssrvh wkdw]

X

4E%( w�4E%�( w����4E%� ( w�` Ew�_w 	 4c

wkhq d vwdqgdug Ed|hvldq xsgdwlqj surfhgxuh fdq eh dssolhg1 Wkh uhvxowlqj srv0
whulru glvwulexwlrq lv sursruwlrqdo wr

8f�f����f� (�E%m%����%�� '
]
X

4E%( w�4E%�( w����4E%� ( w�` Ew�_w1 +814,

Gh�qlwlrq 8141 Zh zloo vd| wkdw eholhiv � ' Ei4E%( w�mw 5 Xjc` Ew�� duh htxly0
dohqw wr eholhiv �� ' Ei4�E%( ��m� 5 Kjc` �E��� li ; E%����%� , dqg ; @c K 5 -nn

vxevwlwxwlqj � dqg �� lqwr Ed|hv* uxoh |lhogv

8f�f����f� (�E%m%����%�� ' �8f�f����f� (��E%m%����%��c +815,

zkhuh � lv d frqvwdqw idfwru1

Lq rwkhu zrugv/ eholhiv duh htxlydohqw li wkh| fruuhvsrqg wr wkh vdph suredelolw|
glvwulexwlrq148

48Dv orqj dv d ghflvlrq pdnhu lv frqfhuqhg/ rqo| wkh suredelolw| glvwulexwlrq frqglwlrqdo rq
wkh sd|r� uhohydqw udqjh lv ri lqwhuhvw1 Wklv glvwulexwlrq lv jlyhq e|

I
^d>e`
[m[4===[Q >E+{m{4==={Q , @

I[m[4===[Q
+{m{4==={Q ,U e

d
I[m[4===[Q

+{m{4==={Q ,g{
+816,

Frqvhtxhqwo|/ pxowlso|lqj I[m[4===[Q
+{m{4> ==={Q , e| d frqvwdqw grhv qrw fkdqjh wkh djhqw*v

vwudwhj|1 Dovr qrwh wkdw vlqfh rqo| suredelolw| glvwulexwlrqv frqglwlrqdo rq dq lqwhuydo duh
uhohydqw khuh/ zh pljkw doorz I[m[4===[Q

+{m{4> ==={Q , wr uhsuhvhqw dq lq�qlwh phdvxuh1
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Qrz/ ohw xv frqvlghu wkh uhtxluhphqw rq dq djhqw*v eholhiv lpsolhg e| wkh lq0
yduldqfh sulqflsoh1 Ohw

�$
f ' Efcf�c ���c f�� eh d glphqvlrqdo yhfwru1 Wkhq/ wkh

lqyduldqfh uhvwulfwlrq D4 lpsolhv wkdw
�$
f lv ghflvlrq htxlydohqw49 wr�$

f � ' Ef �c f �
�c ���cf

�
�� ' E|f&c |f&

� c ���c |f
&
�� iru dq| | : f/ & 9' f1 Iru d Ed|hvldq

xwlolw| pd{lpl}hu wklv frqglwlrq lv vdwlv�hg zkhq eholhiv � fruuhvsrqglqj wr gl0
phqvlrqdo yhfwru Efcf�c ���c f�� duh htxlydohqw wr eholhiv �� fruuhvsrqglqj wr d
glphqvlrqdo yhfwru Ef �c f �

�c ���c f
�
��1 Qrwh wkdw

�$
f � lv d ixqfwlrq ri

�$
f 1 Frqvh0

txhqwo|/ zh fdq h{suhvv eholhiv �� lq whupv ri eholhiv � derxw
�$
f 1 Pruh irupdoo|/

zh fdq gh�qh dq dfwlrq ri jurxs C frqvlvwlqj ri wudqvirupdwlrqv % :$ |%& rq
eholhiv �1 Lw lv hdv| wr yhuli| wkdw wkh dssursuldwh wudqvirupdwlrq ri eholhiv fruuh0
vsrqglqj wr dq dfwlrq ri jurxs C lv jlyhq e| �� ' Ei4�E%( w�mw 5 Xjc` Ew��/ zkhuh
4�E%( w� ' �

&|�*&
%

�3&
& 4EE%

|
��*&( w�1 Qrz zh duh uhdg| wr gh�qh lqyduldqw eholhiv1

Gh�qlwlrq 8151 Eholhiv � ' Ei4E%( w�mw 5 Xjc` Ew�� duh lqyduldqw li ; | : f/ & 9'
f wkhvh eholhiv duh htxlydohqw wr � � ' Ei4�E%( w�mw 5 Xjc` Ew��c zkhuh 4�E%( w� '
�

&|�*&
%

�3&
& 4EE%

|
��*&( w�1

E| frqvwuxfwlrq/ lqyduldqw eholhiv duh wkh eholhiv wkdw vdwlvi| uhvwulfwlrq D41
Qrz ohw xv lghqwli| wkh vhw ri lqyduldqw eholhiv1 Ohw xv �{ d ixqfwlrq �E1c D�c

zkhuh 1 5 -/ D 5 T dqg T lv d phdvxuh vsdfh1 Wkhq zh fdq gh�qh d idplo|
ri suredelolw| glvwulexwlrqv zlwk ghqvlwlhv 4E%(>c jc D� ' �

%j
�E *?%3>

j
( D�1 Zh zloo

dvvxph wkdw
U n"

3"
1��E1c D�_1 	 S dqg �E1c D� 	 Sc zkhuh � 5 -n dqg S lv d frqvwdqw

lqghshqghqw ri D�

Wkhruhp 8161 Frqvlghu d vhw ri eholhiv �W ' E�Wc` W� zkhuh

�W ' i �

%j
�E
*? %� >

j
( D�mE> 5 -�c j 5 -�

nc D 5 T jc +817,

` WE>c jc D� ' A ED�*jr

dqg
U
T
A ED�_D 	 41 Wkhq wkh iroorzlqj lv wuxh=

+4, eholhiv �Wduh lqyduldqw
+5, wkh dv|pswrwlf ehkdylru ri 8f�f����f� (�WE%m%����%�� dv % $ 4 lv ghvfulehg e|
wkh irupxod SJ?r|

%E*?%��nr zkhuh� lv wkh qxpehu ri revhuydwlrqv dqg r lv wkh sdudphwhu
lq wkh h{suhvvlrq iru ` WE>c jc D�1

49Ghflvlrq htxlydohqfh lv gh�qhg lq Vhfwlrq 51 Li
�$
[ 3 dqg

�$
[ duh ghflvlrq htxlydohqw/ wkhq

dq djhqw*v ehkdylru lv wkh vdph lq ghflvlrq sureohpv g @ +[> s+=> =,> D> L[4[5===[Q
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+Htxlydohqwo| zh fdq vd|

8f�f����f� (�WE%m%����%� � ' SE%c %�c ���%��

%E*? %��nr
c

dqg *�4%<" SE%%����%�� ' SJ?r| : f/ zkhuh SJ?r| lv lqghshqghqw ri E%����%��1,
Sursrvlwlrq 816 hvwdeolvkhg wkdw eholhiv jlyhq e| Htxdwlrq 817 duh lqyduldqw1

Qrz ohw xv irupxodwh wkh uhjxodulw| frqglwlrqv qhfhvvdu| iru surylqj wkh frq0
yhuvh1 Iluvw qrwh wkdw rxu gh�qlwlrq ri eholhiv suhvxphv wkdw wkh idplo| ri ghqvlw|
ixqfwlrqv ghshqgv rq d �qlwh qxpehu ri sdudphwhuv1 Eholhiv fdq dowhuqdwlyho| eh
gh�qhg dv d phdvxuh rq d vhw ri ghqvlwlhv1 Wkh phdvxuh wkhruhwlf gh�qlwlrq ri
eholhiv lv pruh jhqhudo ehfdxvh lw grhv qrw uhtxluh wkdw wkh phdvxuh uhsuhvhqwlqj
eholhiv lv frqfhqwudwhg rq d idplo| ri ghqvlwlhv ghshqglqj rq d �qlwh qxpehu ri
sdudphwhuv14: Dovr qrwh wkdw wkhuh lv d xqltxh phdvxuh rq wkh vsdfh ri ghqvlw|
ixqfwlrqv fruuhvsrqglqj wr eholhiv1 Ohw 6 ghqrwh wkh phdvxuh rq wkh vhw ri ghq0
vlwlhv i4j fruuhvsrqglqj wr eholhiv1 Zh uhtxluh wkdw wkh phdvxuh rq wkh vhw ri
ghqvlwlhv lqgxfhg e| eholhiv lv zhoo ehkdyhg lq wkh vhqvh ri wkh gh�qlwlrq ehorz1
D f|olqghu vhw lv gh�qhg dv

P%�c���%&
@�cK�c���@&cK&

' i4m4E%�� 5 d@�c K�oc ���c 4E%&� 5 d@&c K&o�j� +818,

Ohw xv ghqrwh

8?E%����%?� '

]
t4�

4E%�����4E%?�_6� +819,

Gh�qlwlrq 8171 Eholhiv � duh zhoo ehkdyhg li fruuhvsrqglqj phdvxuh 6 rq vhw ri
ghqvlwlhv i4j kdv wkh iroorzlqj surshuwlhv= +4, Wkh j�dojheud ri phdvxudeoh vhwv
lv jhqhudwhg e| f|olqgulfdo vhwv +l1h1 vhwv P%�c���%&

@�cK�c���@&cK&
, dqg +5, 8&E%c ���%� � �&&-

iru �{hg %1

Wkhruhp 8181 Iru dq| zhoo ehkdyhg lqyduldqw eholhiv wkhuh h{lvw htxlydohqw eh0
olhiv wkdw duh fkdudfwhul}hg e| Htxdwlrq 81714;

4:Vhh Hdwrq +4<;6, iru d jhqhudo phdvxuh wkhruhwlf wuhdwphqw ri lqyduldqfh0uhodwhg lvvxhv1
4;Fxuuhqwo| L dp lq wkh surfhvv ri uhzlvlqj wkh surri ri wklv wkhruhp dqg pdnlqj lw frqvlvh1

Wkh vnhwfk ri wkh surri lv dydlodeoh iurp wkh dxwkru xsrq uhtxhvw1 Wkh fodlp ri wkh wkhruhp lv
hvwdeolvkhg e| dsso|lqj wkh uhvxowv iurp wkh fodvvlfdo sureohp ri prphqwv1
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91 Frqfoxglqj Uhpdunv

Wkh uhvxowv suhvhqwhg lq Vhfwlrq 8 fkdudfwhul}h wkh vhw ri lqyduldqw eholhiv1 Wkh
eholhiv rewdlqhg lq Sduw LL duh frqvlvwhqw zlwk wkh suhglfwlrqv derxw dq djhqw*v
ehkdylru rewdlqhg lq Sduw L14< Iru h{dpsoh/ Sursrvlwlrq E17 xvhv wkh eholhiv
lghqwl�hg lq Sduw LL ri wklv sdshu lq rughu wr vwxg| wkh lqyduldqw ghflvlrq sureohp
wkdw zdv frqvlghuhg lq Sduw L1 Dffruglqj wr Sursrvlwlrq E17 wkh olplw ri wkh
dvvhvvphqw ixqfwlrq lv

s
@K/ wkh vdph dv lw lv lq Sduw L1 Dovr/ wkh vkdsh ri wdlov ri

wkh srvwhulru glvwulexwlrq hvwdeolvkhg lq Wkhruhp 816 ri Sduw LL lv frqvlvwhqw zlwk
Sursrvlwlrq 716 ri Sduw L1

Qrwh wkdw dffruglqj wr Htxdwlrq 817/ wkh djhqw*v sulru lv jlyhq e|
` WE>c jc D� ' A ED�*jr> wklv sulru lv lpsurshu +dq lpsurshu sulru lv uhsuhvhqwhg e|
d ghqvlw| ixqfwlrq wkdw grhv qrw lqwhjudwh wr d frqvwdqw,1 Uhsuhvhqwlqj frpsohwh
ljqrudqfh e| dq lpsurshu sulru kdv erwk wkhruhwlfdo dqg lqwxlwlyh dsshdo1 Iru
lqvwdqfh/ rqh pd| dujxh wkdw lq wkh devhqfh ri dq| uhohydqw lqirupdwlrq dq djhqw
fdqqrw pdnh mxgjphqwv derxw wkh h{shfwhg ydoxh ri d yduldeoh1 Uhsuhvhqwlqj dq
djhqw*v eholhiv uhjduglqj d srvlwlyh sdudphwhu e| dq lpsurshu sulru hqvxuhv wkdw
dq djhqw grhv qrw dvvljq d srvlwlyh qxpehu wr wkh h{shfwhg ydoxh ri wkh sdudphwhu1
Qhyhuwkhohvv/ xsgdwlqj dq lpsurshu sulru jhqhudoo| uhvxowv lq d surshu srvwhulru
glvwulexwlrq> frqvhtxhqwo|/ lpsurshu sulruv fdq eh xvhg lq Ed|hvldq hfrqrphw0
ulfv153

Dovr/ rxu fkdudfwhul}dwlrq ri lqyduldqw eholhiv fdq eh uhodwhg wr wkh ghedwh
rq ohjlwlpdf| ri wkh frpprq sulru dvvxpswlrq1 +Wkh k|srwkhvlv wkdw djhqwv zkr
kdyh lghqwlfdo lqirupdwlrq vkrxog kdyh lghqwlfdo eholhiv zdv dgyrfdwhg e| Kduvdq|l
+4<9:,/ iru d uhfhqw shuvshfwlyh rq wkh ohjlwlpdf| ri frpprq sulru dvvxpswlrq vhh
Dxpdqq +4<<;, dqg Jxo +4<<;,1, Ri frxuvh/ li djhqwv zlwk lghqwlfdo lqirupdwlrq
zhuh wr pdnh lghqwlfdo lqihuhqfhv/ �qglqj wkh xqlyhuvdo lqihuhqfh uxoh zrxog eh d
ydolg dqg lpsruwdqw vflhqwl�f txhvwlrq1 Wkh sursrvhg fkdudfwhul}dwlrq ri lqydul0
dqfh eholhiv fdq eh ylhzhg dv dq dwwhpsw wr �qg wkh frpprq sulru ru d vhw ri
sulruv wkdw d udwlrqdo djhqw pd| xvh1 Wklv fkdudfwhul}dwlrq dovr vhhpv wr vxjjhvw

4<Dgglwlrqdo uhvxowv hvwdeolvklqj frqvlvwhqf| ri Sduw L dqg Sduw LL duh uhsruwhg lq Vfkzdu}
+4<<;,1 Ri frxuvh/ wkh �uhpdundeoh frlqflghqfh� ehwzhhq uhvxowv rewdlqhg lq wzr sduwv ri wkh
sdshu lv gxh wr wkh idfw wkdw lqyduldqfh uhvwulfwlrq zdv lpsrvhg lq erwk sduwv ri wkh sdshu1 Qhy0
huwkhohvv/ frqvlvwhqf| ehwzhhq uhvxowv ri Sduw L dqg Sduw LL lv qrw dxwrpdwlf ehfdxvh uhjxodulw|
frqglwlrqv lpsrvhg rq djhqw ehkdylru lq wkh wzr sduwv duh vxevwdqwldoo| gl�huhqw1

53Wkhuh duh qxphurxv wkhruhwlfdo dqg hpslulfdo vwxglhv dqg prqrjudskv xwlol}lqj lpsurshu
sulru iru hvwlpdwlrq sureohpv dqg rewdlqlqj surshu srvwhulruv e| xsgdwlqj lpsurshu sulruv> vhh
iru h{dpsoh Hulfnvrq +4<;<, dqg Md|qhv +4<<8,1

4:



wkdw wkhuh lv d uhodwlyho| uhvwulfwhg vhw ri sulruv htxdoo| vxlwdeoh iru xvh e| d ud0
wlrqdo djhqw1 Zlwklq wkh iudphzrun ri vrph xwlolw| wkhrulhv/ wkh ehkdylru ri dq
djhqw xqghu xqfhuwdlqw| lv fkdudfwhul}hg e| pxowlsoh sulruv +Jloerd dqg Vfkphl0
gohu +4<;<,,1 Lq wklv fdvh/ xqfhuwdlqw| dyhuvlrq fdq eh uhsuhvhqwhg e| dvvxplqj
wkdw dq djhqw pd{lpl}hv khu h{shfwhg xwlolw| xvlqj prvw shvvlplvwlf ri khu sulruv1
Srwhqwldoo|/ wkhuh lv d qdwxudo pdwfk ehwzhhq fkrlfh wkhrulhv lqyroylqj pxowlsoh
sulruv dqg rxu uhvxow wkdw lghqwl�hv d olplwhg vhw ri �uhdvrqdeoh� sulruv1
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Uhihuhqfhv

^4` Dxpdqq/ U1 +4<;;, �Frpprq Sulruv= D Uhso| wr Jxo/� Hfrqrphwulfd/ Yro1
99/ Qr1 7/ ss1 <5<06;1

^5` Ehujhu M1 R1 +4<;8, Vwdwlvwlfdo Ghflvlrq Wkhru| dqg Ed|hvldq Dqdo|vlv 5g
hglwlrq1

^6` Gdkdq/ H1 dqg K1 Phqghovrq +4<<;,/ �Rswlpdo Sdudooho dqg Vhtxhqwldo Sur0
wrw|slqj lq Surgxfw Ghvljq�/ Xqsxeolvkhg Pdqxvfulsw/ PLW1

^7` Gdjhqdlv/ P1 dqg M1 Gxirxu +4<<4, �Lqyduldqfh/ Qrqolqhdu Prghov/ dqg Dv0
|pswrwlf Whvwv� Hfrqrphwulfd/ Yro1 8</ Qr1 9/ ss1 4934049481

^8` Hdwrq/ P1 +4<;6, Pxowlyduldwh vwdwlvwlfv/ Zloh|1

^9` Hoovehuj/ G1 +4<94, �Ulvn/ Dpeljxlw|/ dqg wkh Vdydjh D{lrpv/� Wkh Txdu0
whuo| Mrxuqdo ri Hfrqrplfv/ Yro1 :8/ Qr1 7/ ss1 976099<1

^:` Hpeuhfkwv/ S1/ F1 Noxsshoehuj dqg W1 Plnrvfk +4<<:, Prghoolqj H{wuhpdo
Hyhqwv/ Vsulqjhu1

^;` Hulfnvrq/ W1 +4<;<, �Surshu Srvwhulruv iurp Lpsurshu Sulruv iru dq Xqlghqwl0
�hg Huuruv0lq0Yduldeohv Prgho/� Hfrqrphwulfd/ Yro1 8:/ Qr1 9/ ss1 45<<046491

^<` Idpd/ H1 I1 +4<98,/ �Wkh Ehkdylrxu ri Vwrfn Pdunhw Sulfhv/� Mrxuqdo ri
Exvlqhvv Yro1 6;/ ss1 6704381

^43` Jdodperv/ M1 +4<:;, Wkh Dv|pswrwlf Wkhru| ri H{wuhph rughu Vwdwlvwlfv1
Mrkq Zloh| dqg Vrqv1

^44` Jxo/ I1 +4<;;, �D Frpphqw rq Dxpdqq*v Ed|hvldq Ylhz/� Hfrqrphwulfd/
y99/ q7/ ss1 <5605:1

^45` Jxpeho/ H1 M1 +4<8;, Vwdwlvwlfv ri H{wuhphv1 Froxpeld Xqlyhuvlw| Suhvv1
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^46` Kduvdq|l/ M1 F1 +4<9:09;, �Jdphv zlwk Lqfrpsohwh Lqirupdwlrq Sod|hg e|
Ed|hvldq Sod|huv/� Pdqdjhphqw Vflhqfh/ 47/ ss1 48<04;6/ 6530667/ 7;908351

^47` Nhduqv/ S1 dqg D1 Sdjdq +4<<:, �Hvwlpdwlqj wkh Ghqvlw| Wdlo Lqgh{ iru Il0
qdqfldo Wlph Vhulhv/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ y:< q5/ ss1 4:40:81

^48` Qdvk/ M1 +4<83, �Wkh Edujdlqlqj Sureohp/� Hfrqrphwulfd/ Yro1 4;/ Qr1 51/
ss1 48804951

^49` Md|qhv/ H1 W1 +4<<8, Suredelolw| Wkhru| dv H{whqghg Orjlf/ Xqsxeolvkhg
Pdqxvfulsw/ Xqlyhuvlw| Ri Zdvklqjwrq1

^4:` Mh�uh|v/ K1 +4<65, �Rq wkh Wkhru| ri Huuruv dqg Ohdvw Vtxduhv�/ Surf1 Ur|1
Vrf1/ 46;/ ss17;0881

^4;` Mh�uh|v/ K1 +4<94,/ Wkhru| ri Suredelolw| +6ug hg1,1 R{irug/ XN1= Foduhgrq
Suhvv1

^4<` Pdfklqd/ P1 +4<;:, �Fkrlfh Xqghu Xqfhuwdlqw|= Sureohpv Vroyhg dqg Xq0
vroyhg/� Wkh Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ Yro1 4/ Qr1 4/ ss1 45404871

^53` Pdqghoeurw/ P1 +4<96, �Wkh yduldwlrq ri fhuwdlq vshfxodwlyh sulfhv/� M1 Exvl0
qhvv Yro1 69/ ss1 6<7074<1

^54` Vdydjh/ O1 M1 +4<87, Wkh irxqgdwlrqv ri Vwdwlvwlfv/ Zloh|/ Qhz \run1

^55` Vfkzdu}/ P1 +4<<;,Dqwlflsdwlqj Uduh Hyhqwv/ pdqxvfulsw +Sk1G1 Glvvhuwdwlrq
lq gudiw irup,/ Vwdqirug Xqlyhuvlw|1

^56` Vwdqoh|/ P1/ K1 U1/ hw do1 +4<<8, �]lsi Sorwv dqg wkh Vl}h Glvwulexwlrq ri
Ilupv/� Hfrqrplfv Ohwwhuv/ Yro1 7< Qr1 7/ ss1 78608:1

^57` Vwhlq/ F1 +4<8<, �Dq H{dpsoh ri zlgh glvfuhsdqf| ehwzhhq �gxfldo dqg frq0
�ghqfh lqwhuydo/� Dqq1 Pdwk1 Vwdwlvw1 63 ss1 ;::0;;31

^58` Wyhuvn|/ D1/ S1 Vorylf dqg G1 Ndkqhpdq +4<<3, �Wkh Fdxvhv ri Suhihuhqfh
Uhyhuvdo/� Wkh Dphulfdq Hfrqrplf Uhylhz/ Yro1 ;3/ Qr1 41/ ss1 537054:1
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^59` Zhlw}pdq/ P1/ O1 +4<:<, �Rswlpdo Vhdufk iru wkh Ehvw Dowhuqdwlyh/� Hfrqr0
phwulfd/ Yro1 7:/ Qr1 6/ ss197409871

^5:` ]hooqhu/ D1 +4<:4, Dq lqwurgxfwlrq wr Ed|hvldq Lqihuhqfh lq Hfrqrplfv/ Zl0
oh|1

^5;` ]lsi/ J1 +4<83, �D Qrwh rq Eudqg0Qdphv dqg Uhodwhg Hfrqrplf Skhqrp0
hqd/� Hfrqrphwulfd/ Yro1 4;/ Qr1 61 ss1 59305961
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D1 Irupdo Gh�qlwlrqv

Frqfhswv olnh yduldeoh/ ghflvlrq sureohp/ glphqvlrqdo yhfwru hwf1 zhuh gh�qhg zlwk
ydulrxv ghjuhh ri uljru lq wkh erg| ri wkh sdshu1 Wklv dsshqgl{ r�huv pruh irupdo
gh�qlwlrqv ri wkhvh frqfhswv1

Gh�qlwlrq D141 D yduldeoh lv d ixqfwlrq rq wkh vsdfh ri vwdwhv ri wkh zruog l wdnlqj
ydoxhv lq vrph vsdfh �cT G l $ �1

Gh�qlwlrq D151 D ghflvlrq sureohp lv fkdudfwhul}hg e| d sd|r� ixqfwlrq/ dq dfwlrq
vsdfh/ dq lqirupdwlrq vhw/ d sd|r� vsdfh dqg wkh vsdfh ri wkh vwdwhv ri wkh zruog l� Khuh
wkh sd|r� ixqfwlrq lv d ixqfwlrq iurp l�� lqwr wkh sd|r� vsdfh �/ Z G l�� $ �1
Wkh lqirupdwlrq vhw lv d vxevhw ri lc U � l1

Dq lqirupdwlrq ydfxxp lv v|perolfdoo| uhsuhvhqwhg e| dq hpsw| lqirupdwlrq vhw
l1h1 lq dq lqirupdwlrq ydfxxp dq| vwdwh ri wkh zruog lv srvvleoh1 Wkh lqirupdwlrq vhw
frqwdlqv doo vwdwhv ri wkh zruog wkdw duh nqrzq wr eh lpsrvvleoh1 � lv wkh dfwlrq vsdfh1
Erwk wkh vsdfh ri vwdwhv ri wkh zruog dqg wkh vsdfh ri sd|r�v duh wkh vdph iru doo ghflvlrq
sureohpv/ frqvhtxhqwo|/ zh fdq ghqrwh d ghflvlrq sureohp dv d wulsoh _ ' EZc�c U�1

Ohw . eh d rqh glphqvlrqdo yhfwru vsdfh1 Li e 5 .c e 9' fczh fdq gh�qh H dv d vhw
ri hohphqwv ri . kdylqj wkh irup |e zkhuh | 5 -n� Iru d �{hg e zh fdq frqvwuxfw dq
lvrprusklvp ri . dqg -�> wkhq wkh vsdfh H fruuhvsrqgv wr srvlwlyh vhpl d{lv1

Zh gh�qhg deryh d ghflvlrq sureohp zkhuh wkh sd|r� ghshqgv gluhfwo| rq wkh vwdwh
ri wkh zruog dqg wkh lqirupdwlrq vhw lv d vxevhw ri wkh vwdwhv ri wkh zruog1 Ohw xv gh�qh
d ghflvlrq sureohp zkhuh wkh sd|r� lv frqwlqjhqw rq wkh ydoxh ri d yduldeoh f G l $ H 1

Gh�qlwlrq D161 Wkh sd|r� lv frqwlqjhqw rq wkh ydoxh ri yduldeoh f li wkh sd|r� ri
d ghflvlrq sureohp lv jlyhq e| Z G l � � $ � dqg < R G H �� $ � vxfk wkdw iru
;k 5 � dqg / 5 l/ REfE/�c k� ' ZE/c k�1

Iru dq f�frqwlqjhqw sd|r� ixqfwlrq Z d yduldeoh f sduwlwlrqv wkh vsdfh l lqwr
htxlydohqfh fodvvhv zlwk uhvshfw wr wkh sd|r� ixqfwlrq1 Zh fdq ghvfuleh dqf�frqwlqjhqw
ghflvlrq sureohp e| d txdguxsohw _ ' Efc Rc �c U�1 Iru frqflvhqhvv zh uhihu wr erwk
sd|r� ixqfwlrq Z dqg �dq f0frqwlqjhqw sd|r� ixqfwlrq� R dv sd|r� ixqfwlrqv1

Vlploduo|/ zh fdq vd| wkdw dq lqirupdwlrq vhw lv frqwlqjhqw rq d yhfwru frqwdlq0
lqj wkh ydoxhv %�%2���%� ri yduldeohv Ef�f2���f��1 Dq lqirupdwlrq vhw ghqrwhg e|
Uf�f2���f�
%�%2���%�

� l lv jlyhq e|
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Uf�f2���f�
%�%2���%�

' i/ 5 lmf�E/� 9' %�Jof2E/� 9' %2���Jof�E/� 9' %�j
1

Gh�qlwlrq D171 Li d ghflvlrq sureohp lv frqwlqjhqw rq d yduldeoh f dqg wkh lqirupd0
wlrq vhw lv frqwlqjhqw rq wkh ydoxhv ri yduldeohv Ef�f2���f�� zh zloo vd| wkdw d ghflvlrq

sureohp lv frqwlqjhqw rq d yhfwru ri yduldeohv
�$
f ' Eff�f2���f��1 D ghflvlrq sure0

ohp frqwlqjhqw rq d yhfwru
�$
f lv ghqrwhg e| _ ' Efc Rc �c Uf�f2���f�

%�%2���%�
�1

Qrwh wkdw dq| ghflvlrq sureohp zkhuh sd|r� lv frqwlqjhqw rq d yduldeoh yhfwru
�$
f �

fdq eh uhsuhvhqwhg dv d ghflvlrq sureohp zkhuh sd|r� lv frqwlqjhqw rq d yhfwru
�$
f wkdw

wdnhv ydoxhv lq -�
n1 Wkxv/ zlwkrxw orvv ri jhqhudolw| zh fdq frqvlghu rqo| glphqvlrqdo

yduldeohv wdnlqj ydoxhv lq -�
n1

Gh�qlwlrq D181 D vwudwhj| lq d ghflvlrq sureohp _ ' EZc�c U� lv d phdvxuh >_ rq
� wdnlqj ydoxhv lq vsdfh H 1
Gh�qlwlrq D191 Dq djhqw lv d ixqfwlrq iurp wkh vsdfh ri ghflvlrq sureohpv ( lqwr
vwudwhjlhv rq ( l1h1 Iru ;_ 5 (c >_ ghqrwhv d vwudwhj|1

Lq wklv iudphzrun dq lqirupdwlrq vhw lv �h{whuqdo� wr dq djhqw l1h1 wkh lqirupdwlrq
vhw lv d sduw ri d ghflvlrq sureohp dqg qrw dq dwwulexwh ri dq djhqw1 Zkhq zh vd| wkdw
dq djhqw nqrzv fhuwdlq gdwd/ ru pdnhv ghflvlrqv lq wkh lqirupdwlrq ydfxxp zh uhihu wr
dq lqirupdwlrq vhw ri wkh ghflvlrq sureohp wkdw dq djhqw lv idflqj1

Gh�qlwlrq D1:1 D vwudwhj| lv sxuh li lw lv uhsuhvhqwhg e| d phdvxuh frqfhqwudwhg rq
rqh hohphqw ri �1

D{lrp 3= Frqvlghu wzr ghflvlrq sureohpv _ ' EZc�c U�/ _� ' EZ�c ��c U,/ vxfk
wkdw < d elmhfwlyh phdvxudeoh pds � G � $ �� dqg iru ; k ; / wkh iroorzlqj lv wuxh
ZE/c k� ' Z�E/c �Ek��1 Ghqrwh dq djhqwv vwudwhjlhv lq _ dqg _� dv phdvxuhv >_ dqg
>_� 1 Wkhq wkh vwudwhj| ri dq djhqw duh frqqhfwhg e| wkh iroorzlqj irupxod= iru dq|
phdvxudeoh vhw � � �/ dqg lwv lpdjh xqghu elmhfwlrq � � ' �E�� � �� zh kdyh
>_E�� ' >_�E�

��1
Wklv d{lrp vwdwhv wkdw iru hyhu| vwudwhj| lq _ wkhuh h{lvwv d vwudwhj| lq _� vxfk wkdw

sd|r�v iurp wkhvh vwudwhjlhv duh wkh vdph/ dqg ylfh yhuvd/ jlyhq dq djhqw*v vwudwhj| >_
lq _ khu vwudwhj| >_� lq _� lv vxfk wkdw wkh sd|r�v xqghu >_ dqg >

_�
duh wkh vdph lq

hyhu| vwdwh ri wkh zruog1

56



Gh�qlwlrq D1;1 Wzr yduldeohv yhfwruv duh ghflvlrq htxlydohqw li iru ; �/ ; R wkh
vwudwhjlhv lq Efc Rc �c Uf�f2���f�

%�%2���%�
� dqg Etc Rc �c Ut�t2���t�+�+2���+�

� duh wkh vdph1

Zkhq wzr yduldeohv duh htxlydohqw uhodwlyh wr U ' > zh zloo vd| wkdw wkhvh yduldeohv
duh htxlydohqw1 Qrwh wkdw yduldeohv yhfwruv htxlydohqw uhodwlyh wr rqh djhqw qhhg qrw eh
htxlydohqw uhodwlyh wr dqrwkhu djhqw1

Gh�qlwlrq= D ixqfwlrq } iurp H lqwr H lv glphqvlrqdolw| frpsdwleoh li iru ; e� dqg
e2 5 H dqg e2 9' f dqg iru ; | : fc | 5 -c wkh iroorzlqj lv wuxh

}E|e��

}E|e2�
'

}Ee��

}Ee2�
+D14,

Wkh vhw ri doo glphqvlrqdolw| frpsdwleoh ixqfwlrqv lv ghqrwhg J1 Dsso|lqj d gl0
phqvlrqdolw| frpsdwleoh wudqvirupdwlrq wr d yduldeoh yhfwru

�$
f zh rewdlq d yhfwru

}
�$
f � E}fc }f�}f2���}f��1

Gh�qlwlrq D1<1 D yhfwru ri yduldeohv Eff����f�� lv glphqvlrqdo li iru dq| ghflvlrq
sureohp Efc Rc�c Uf�f2���f�

%�%2���%�
� frqwlqjhqw rq d yhfwru Eff����f� � dqg iru ;}� 5 J dqg

}2 5 J ghflvlrq sureohp _� ' E}�fc Rc �c U}�f�}�f2���}�f�
%�%2���%�

� lv htxlydohqw wr d ghflvlrq
sureohp _�� ' E}2fc Rc �c U}2f�}2f2���}2f�

%�%2���%�
�154

Iurp Htxdwlrq D14/ lw lv vwudljkwiruzdug wr vkrz wkdw } 5 J li dqg rqo| li < & 5 -
e 5 .c e 9' f vxfk wkdw iru dq| f wkh iroorzlqj krogv }f ' Ef

e
�&1 Frqvhtxhqwo|/ wkh

iroorzlqj dvvxpswlrq lv hpehgghg lq wkh gh�qlwlrq ri d glphqvlrqdo yhfwru1
D41 D glphqvlrqdo yhfwru

�$
f lv ghflvlrq htxlydohqw wr

�$
t ' |E

�$
f �& iru ; | : fc ;

& 5 -qifj +zkhuh |E
�$
f �& ghqrwhv E|f&|f&

� ���|f
&
��,1

54Dffruglqj wr wklv gh�qlwlrq d glphqvlrqdo yhfwru yduldeoh lv d vxemhfwlyh fdwhjru|/
ehfdxvh ghflvlrq sureohpv duh htxlydohqw uhodwlyh wr d sduwlfxodu djhqw/ dqg wkhuh lv qr
jxdudqwhh wkdw txdqwlwlhv wkdw duh glphqvlrqdo lq d sk|vlfdo vhqvh/ vxfk dv sulfh/ ohqjwk/
h{fkdqjh udwh hwf1/ fruuhvsrqg wr glphqvlrqdo yduldeohv lq d vhqvh ri gh�qlwlrq sursrvhg
khuh1 Krzhyhu/ doo sk|vlfdo glphqvlrqdo txdqwlwlhv duh glphqvlrqdo lq wkh vhqvh ri rxu
gh�qlwlrq ri glphqvlrqdo yhfwruv li iru dq| wzr sk|vlfdo glphqvlrqdo txdqwlwlhv uhsuh0
vhqwhg e| yduldeohv dq djhqw*v vwudwhj| lv sxuho| gdwd gulyhq l1h1 wkh vwudwhj| lv fkrvhq
e| d �{hg irupxod edvhg rq wkh ydoxhv ri revhuydwlrqv frqwdlqhg lq wkh lqirupdwlrq vhw1
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E1 Surriv

Surri ri Sursrvlwlrq 61;1 Vlqfh
�$
f ' Ef� lv d glphqvlrqdo yhfwru wkhq iurp D4 iroorzv

wkdw f| dqgf | duh ghflvlrq htxlydohqw wrf 1 Ohw ZE�c �� eh d |0lqyduldqw sd|r� ixqfwlrq
+wkh frqqhfwlrq ehwzhhq ZE�c �� dqg R0c@cKE�c �� lv jlyhq e| Htxdwlrq 614,1 Frqvlghu wzr
ghflvlrq sureohpv _ ' Efc R0c@cKc �c U ' >� dqg _� ' Etc R0c@

|cK| c �c U ' >�/ zkhuh t '
f |1 Wkh sd|r� uhohydqw udqjh lq ghflvlrq sureohp _ lv d@c Ko/ wkh sd|r� uhohydqw udqjh
lq ghflvlrq sureohp _� lv d@|c K|o � Wkh ydoxhv ri dvvhvvphqw ixqfwlrq lq wkhvh ghflvlrq
sureohpv duh k� ' sE@c K� dqg k2 ' sE@|c K|� uhvshfwlyho|1 Li zh vxevwlwxwh + ' %| lqwr
wkh vhfrqg ghflvlrq sureohp wkh sd|r� ixqfwlrq uhpdlqv wkh vdph xs wr d pxowlsolfdwlrq
e| d frqvwdqw= ZE%|c k� ' }E|�ZE%c k�*|�1 Qrwh wkdw wkh dvvhvvphqw ixqfwlrq uhpdlqv
xqfkdqjhg zkhq wkh sd|r� ixqfwlrq lv pxowlsolhg e| d frqvwdqw1 Frqvhtxhqwo|/ dsso|lqj
D3 zh jhw k�*|

2 ' sE@c K� , sE@|c K|� ' sE@c K�|1 Wkh surri iru f0v|pphwulf sd|r�
ixqfwlrqv lv dqdorjrxv1�

Wkh iroorzlqj Fruroodu| iroorzv lpphgldwho| iurp Sursrvlwlrq 61;1

Fruroodu| E141 Surylghg wkh frqglwlrqv ri Sursrvlwlrq 61; duh vdwlv�hg wkh dvvhvv0
phqw ixqfwlrq ri dq lqyduldqw jdph reh|v wkh iroorzlqj frqglwlrqv=

4, sE|@c |K� ' |sE@c K� iru ;| 5 -�
nn

5,sE@&c K&� ' EsE@c K��& iru ;& 5 -��

Wkh surri ri Sursrvlwlrq 61< iroorzv lpphgldwho| iurp Fruroodu| E14 dqg wkh iro0
orzlqj ohppd1

Ohppd E151 Li d ixqfwlrq sE@c K� lv &0v|pphwulf iru hyhu| & � f dqg @ � K/ wkhq
sE@c K� ' @E�3k�Kk iru vrph k� Li d ixqfwlrq sE@c K� lv v|pphwulf/ wkhq sE@c K� '

s
@K1

Surri ri Ohppd=
Gh�qh

}E%c +� ' *?EsEe%c e+��1 +E14,

Iurp 30v|pphwu| iroorzv wkdw

}E%n kc + n k� ' }E%c +� n k +E15,

Lqghhg/ }E%n kc + n k,@oqEsEe%nkc e+nk,,@*?EsEe%c e+,,.k iru hyhu| k
Ohw k ' �+� Wkhq/
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}E%c +� ' }E%� +c f�� + ' �E%� +�� + zkhuh �E%� +� ' }E%� +c f�1 +E16,

Qrz ohw xv vkrz wkdw |0v|pphwu| lpsolhv

}E|%c |+� ' |}E%c +�1 +E17,

Lqghhg/ }E|%c |+�@*?EsEe%|c e+|�� ' *?EEsEe%c e+��|� ' |}E%c +�1
Frpelqlqj Htxdwlrqv E16 dqg E17 zh rewdlq

}E|%c |+� ' �EE%� +�|� n +| ' |E�E%� +� n +� ', �E|� ' | � SJ?r|@?|� +E18,

Vxevwlwxwlqj Htxdwlrq E18 lqwr Htxdwlrq E16 zh rewdlq }E%c +� ' % � & n +E�� &��
Vxevwlwxwlqj wkh uhvxow edfn lqwr Htxdwlrq E14 zh rewdlq

sE@c K� ' @E�3k�Kk iru @ 	 K1
Iurp wkh deryh htxdwlrq dqg sE@c K� ' sEKc @� zh rewdlq

sE@c K� ' E4�?i@c Kj�E�3k�E4@ i@c Kj�k�
Li sE�c �� vdwlv�hv +04,0v|pphwu| wkhq sE@c K� ' @E�3k�Kk ' sEK3�c @3��3� ' @kKE�3k�/
wkxv sE@c K� '

s
@K1�

Zh zloo xvh wkh uhvxow ri Ohppd E15 vhyhudo wlphv odwhu lq wkh sdshu551
Surri ri sursrvlwlrq 61<1 Iurp Fruroodu| E14 dqg wkh deryh ohppd iroorzv wkh fodlp

ri Sursrvlwlrq 61<1�

Surri ri Wkhruhp 7141 Ohw xv hpskdvl}h wkdw wkh olplw lq wkh gh�qlwlrq ri �E%����%� c @c K�
lv frqvlghuhg dv grxeoh olplw1 Krzhyhu/ lw iroorzv iurp rxu frqglwlrqv wkdw lw fdq eh
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