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Devwudfw

Fuhglwruv ri d glvwuhvvhg eruurzhu idfh d frruglqdwlrq sureohp1 Hyhq li
wkh ixqgdphqwdov duh vrxqg/ ihdu ri suhpdwxuh iruhforvxuh e| rwkhuv pd|
ohdg wr suh0hpswlyh dfwlrq/ xqghuplqlqj wkh surmhfw1 Uhfrjqlwlrq ri wklv
sureohp olhv ehklqg frusrudwh edqnuxswf| surylvlrqv dfurvv wkh zruog/ dqg
lw kdv ehhq lghqwl�hg dv d fxosulw lq lqwhuqdwlrqdo �qdqfldo fulvhv/ exw kdv
uhfhlyhg vfdqw dwwhqwlrq iurp wkh olwhudwxuh rq ghew sulflqj1 Wkh dssduhqw
pxowlsolflw| ri htxloleuld lv d eduulhu wr ghyhorsphqw ri wklv lvvxh lq dvvhw
sulflqj/ exw wklv pxowlsolflw| lv rqo| dssduhqw1 Zlwkrxw frpprq nqrzohgjh
ri ixqgdphqwdov/ wkh lqflghqfh ri idloxuh lv xqltxho| ghwhuplqhg surylghg
wkdw sulydwh lqirupdwlrq lv suhflvh hqrxjk1 Wklv d�rugv d zd| wr sulfh
wkh frruglqdwlrq idloxuh1 Wkhuh duh wzr ixuwkhu frqfoxvlrqv1 Iluvw/ frrugl0
qdwlrq lv pruh gl!fxow wr vxvwdlq zkhq ixqgdphqwdov ghwhulrudwh1 Wkxv/
zkhq ixqgdphqwdov ghwhulrudwh/ wkh rqvhw ri fulvlv fdq eh yhu| vzliw1 Vhf0
rqg/ �wudqvsduhqf|� 0 lq wkh vhqvh ri juhdwhu surylvlrq ri lqirupdwlrq wr
wkh pdunhw 0 grhv qrw jhqhudoo| plwljdwh wkh frruglqdwlrq sureohp1 Wudqv0
sduhqf| lv qrw d sdqdfhd1

�Iluvw yhuvlrq1 Frpphqwv duh zhofrph1 Zh duh judwhixo wr Sdwulfn Erowrq iru dgylfh gxulqj
wkh suhsdudwlrq ri wklv sdshu1



41 Lqwurgxfwlrq

Rxu suhplvh lq wklv sdshu lv wkdw fuhglwruv idfh d frruglqdwlrq sureohp zkhq
idflqj d eruurzhu lq glvwuhvv/ dqg wkdw wklv zloo eh uh hfwhg lq wkh sulfh ri ghew1
Wkh sureohp idfhg e| fuhglwruv lv dnlq wr wkdw idfhg e| ghsrvlwruv ri d edqn zklfk
lv yxoqhudeoh wr d uxq1 Hyhq li wkh surmhfw lv yldeoh/ vr wkdw wkh ydoxh dw pdwxulw|
lv hqrxjk wr sd| doo wkh fuhglwruv lq ixoo/ d fuhglwru pd| eh whpswhg wr iruhforvh
rq wkh ordq ru vhl}h dq| dvvhwv lw fdq/ ihdulqj vlplodu dfwlrqv e| rwkhu fuhglwruv1
Vxfk ihduv zrxog eh vhoi0ixo�oolqj/ vlqfh wkh glvrughuo| oltxlgdwlrq ri dvvhwv dqg
wkh frqvhtxhqw glvuxswlrq wr wkh surmhfw lv pruh olnho| wr ohdg wr idloxuh ri wkh
surmhfw1

Lw lv kdug wr ryhuvwdwh wkh lpsruwdqfh ri frruglqdwlrq idloxuhv1 Wkh uhfrjqlwlrq
ri wklv sureohp 0 nqrzq dv wkh �frpprq srro sureohp� dprqj odz|huv 0 olhv dw
wkh khduw ri frusrudwh edqnuxswf| surylvlrqv dfurvv wkh zruog/ wdnlqj rq lwv prvw
hoderudwh irup lq wkh fkdswhu 44 surylvlrqv ri wkh X1V1 edqnuxswf| frgh +Edlug
dqg Mdfnvrq +4<<3,/ Mdfnvrq +4<;9,,1 Dovr/ frruglqdwlrq idloxuh dprqj fuhglwruv
kdv ehhq �qjhuhg e| pdq| frpphqwdwruv dv wkh pdlq fxosulw lq wkh uhfhqw vhulhv ri
lqwhuqdwlrqdo �qdqfldo fulvhv1 Erwk Ilvfkhu +4<<<, dqg Udghohw dqg Vdfkv +4<<;,
0 zkdwhyhu wkhlu rwkhu gl�huhqfhv 0 dwwulexwh wkh Dvldq �qdqfldo fulvlv ri 4<<: wr
frruglqdwlrq idloxuh dprqj fuhglwruv dqg rwkhu pdunhw sduwlflsdqwv1

Jlyhq wkh lpsruwdqfh ri wklv sureohp/ lw lv lqfrqjuxrxv wkdw lw kdv uhfhlyhg
vfdqw dwwhqwlrq iurp wkh olwhudwxuh rq dvvhw sulflqj1 Wkh pdlq gl!fxow| lq lqfru0
srudwlqj wkh h�hfwv ri wkh frruglqdwlrq sureohp lq dq| sulflqj wkhru| iru ghew lv
wkdw frruglqdwlrq sureohpv ohdg wr pxowlsoh htxloleuld1 Zlwkrxw txdqwl�deoh lq0
irupdwlrq rq wkh lqflghqfh ri frruglqdwlrq idloxuh/ lw lv lpsrvvleoh wr lqfrusrudwh
wklv lqwr wkh h{ dqwh sulfh ri wkh ghew lq d uljrurxv zd|1 Wkxv/ wkh �uvw vwhs lq
phdvxulqj wkh sulflqj lpsolfdwlrqv ri frruglqdwlrq idloxuh lv wr hvwdeolvk d wkhru|
zklfk h{wudfwv d xqltxh rxwfrph dv d ixqfwlrq ri xqghuo|lqj ixqgdphqwdov1 Wklv
lv d suhfrqglwlrq iru wkh vruw ri dqdo|vlv dwwhpswhg khuh1

Wkh hyhqwv ri 4<<:2; kdyh irfxvhg uhqhzhg dwwhqwlrq rq wkh sureohp ri sulflqj
ghew/ dqg kdyh vhuyhg dv d uhplqghu ri vrph ri wkh vkruwfrplqjv lq rxu fxuuhqw xq0
ghuvwdqglqj ri wkh wrslf1 Wkh odwh vxpphu dqg dxwxpq ri 4<<; zhuh h{fhswlrqdoo|
wxuexohqw wlphv/ dqg qrqh pruh vr wkdq lq wkh erqg pdunhw1 Iru frusrudwh erqgv/
wkh |lhog vsuhdg ryhu jryhuqphqw erqgv ri frpsdudeoh pdwxulw| zlghqhg vkduso|/
dv glg wkh vsuhdg ehwzhhq kljk dqg orz judgh frusrudwh erqgv41 Vxfk vsuhdgv zhuh

4Iru X1V1 frusrudwh erqgv ehorz lqyhvwphqw judgh/ wkh |lhog vsuhdgv ryhu X1V1 Wuhdvxu|
erqgv ri frpsdudeoh pdwxulw| zlghqhg iurp derxw 61:8( lq hduo| Dxjxvw wr durxqg 9( e|
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doprvw zlwkrxw suhfhghqw 0 dw ohdvw rxwvlgh uhfhvvlrqdu| shulrgv1 Wklv zlghqlqj
ri vsuhdgv zdv dovr dffrpsdqlhg e| wkh yluwxdo gu|lqj xs ri qhz lvvxhv ri fru0
srudwh erqgv/ hvshfldoo| wkrvh ehorz lqyhvwphqw judgh1 Vrph ri wkh pruh dfxwh
hslvrghv ri pdunhw glvuxswlrq wrrn rq d cv|vwhplf* fkdudfwhu/ lq zklfk wkhuh zhuh
vslooryhuv iurp rqh pdunhw wr dqrwkhu1 Wr wkh h{whqw wkdw v|vwhplf ulvn uh hfwv
xqghuo|lqj frruglqdwlrq sureohpv dprqj pdunhw sduwlflsdqwv/ xqghuvwdqglqj wkh
qdwxuh ri frruglqdwlrq idloxuh lv dq lpsruwdqw hohphqw lq rxu xqghuvwdqglqj ri
wkhvh xqsuhfhqghqwhg hyhqwv1

Lq pdq| lqvwdqfhv/ frruglqdwlrq sureohpv pd| eh plwljdwhg e| vxlwdeoh fro0
odwhudol}dwlrq/ ru e| duudqjlqj �qdqflqj wkurxjk d vlqjoh ohqghu ru d vpdoo zhoo0
gh�qhg frqvruwlxp ri ohqghuv1 Pdq| revhuyhuv kdyh qrwhg krz/ hyhq gxulqj wkh
prvw wxuexohqw shulrgv lq 4<<;/ dffhvv wr edqn fuhglw e| �upv zdv pxfk ohvv di0
ihfwhg wkdq wkhlu dffhvv wr wkh erqg pdunhw51 Krzhyhu/ iru eruurzhuv zlwk odujh
surmhfwv +ru iru vryhuhljq eruurzhuv, zkr pxvw gudz rq pdq| glvsdudwh ohqghuv/
vxfk frruglqdwlrq sureohpv pd| eh lpsruwdqw1 Hpslulfdo vwxglhv ri �qdqfldo uh0
frqwudfwlqj ri �upv xqghu glvwuhvv vxjjhvw wkdw lqvwdqfhv ri glvrughuo| oltxlgdwlrq
dqg ghyldwlrqv iurp sulrulw| ri ghewruv pd| sod| d vljq�fdqw uroh +Iudqnv dqg
Wrurxv +4<<7,,1

Hyhq ehiruh wkh hyhqwv ri 4<<:2;/ lw zrxog eh idlu wr vd| wkdw wkh wkhrulhv xq0
ghuo|lqj wkh sulflqj ri ghew kdg qrw hqmr|hg wkh vdph eurdg frqvhqvxv ri vxssruw
qru wkh hpslulfdo vxffhvv ri rwkhu dssolfdwlrqv ri dvvhw sulflqj wkhru|1 D fodvvlf
uhihuhqfh lq wkh wkhru| ri wkh ydoxdwlrq ri ghew lv Phuwrq +4<:7,/ zklfk prghov
frpsdq| dvvhw ydoxh dv d jhrphwulf Eurzqldq prwlrq/ dqg dvvxphv wkdw edqn0
uxswf| rffxuv zkhq dvvhw ydoxh uhdfkhv vrph jlyhq ohyho1 Wkhq/ wkh sulfh ri ghew
fdq eh rewdlqhg iurp Eodfn0Vfkrohv sulflqj whfkqltxhv dssolhg wr wkh whuplqdo
frqglwlrqv lpsolhg e| wkh sd|r�v ri wkh ghew frqwudfw1 Pruh uh�qhg wuhdwphqwv
ri wklv dssurdfk lqfoxgh Ohodqg +4<<7, 0 uhfrjql}lqj ghew ohyho dv d ghflvlrq e|
wkh �up 0 dqg Orqjvwd� dqg Vfkzduw} +4<<8, 0 zklfk doorzv lqwhuhvw udwh ulvn1

Krzhyhu/ wkh hpslulfdo vxffhvv ri wklv dssurdfk kdv ehhq pl{hg1 Rqh hduo|
vwxg| lv Mrqhv/ Pdvrq dqg Urvhqihog +4<;7,/ zklfk xvhv gdwd iurp 4<:8 wr 4<;4
dqg �qgv wkdw wkh dfwxdo revhuyhg sulfhv ri frusrudwh erqgv duh ehorz wkrvh
suhglfwhg e| wkh wkhru|/ dqg wkdw wkh suhglfwlrq huuru lv odujhu iru orzhu udwhg

plg0Rfwrehu 0 wkh kljkhvw vlqfh wkh froodsvh ri wkh X1V1 mxqn erqg pdunhw lq wkh hduo| 4<<3v1
Iru kljkhvw udwhg +Ddd, lqyhvwphqw judgh erqgv/ wkh vsuhdgv zlghqhg iurp durxqg 31<( lq hduo|
Dxjxvw wr durxqg 418( lq plg0Rfwrehu1 Iru erqgv udwhg Edd/ wkh vsuhdgv urvh iurp durxqg
418( wr 516(1 Vhh LPI +4<<;d,

5Vhh/ iru lqvwdqfh/ wkh vhulhv ri duwlfohv lq wkh Ilqdqfldo Wlphv dqg wkh Zdoo Vwuhhw Mrxuqdo
lq wkh zhhn ri Rfwrehu 49wk 4<<;1
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erqgv1 Iru lqyhvwphqw judgh erqgv/ wkh huuru lv durxqg 318(/ zkloh iru qrq0
lqyhvwphqw judgh erqgv/ wkh huuru lv pxfk odujhu/ dw durxqg 43(1 Vxevhtxhqw
zrun kdv vxjjhvwhg wkdw ryhu0sulflqj lv uhvlolhqw wr uh�qhphqwv ri wkh wkhru|/
dqg wklv kdv jlyhq ulvh wr d qxpehu ri pruh idu0uhdfklqj ghsduwxuhv iurp wkh
fodvvlfdo prgho ri Phuwrq1 Dqghuvrq dqg Vxqgduhvdq +4<<9, vxjjhvw wkdw vkliwv
lq edujdlqlqj srzhu ehwzhhq wkh fuhglwruv dqg pdqdjhuv pd| h{sodlq wkh sulfh
dqrpdo|1 Dq dowhuqdwlyh dssurdfk lv wr dvvxph wkdw ghidxow lv dq h{rjhqrxv hyhqw
zklfk iroorzv vrph kd}dug udwh surfhvv1 Wkhq/ wkh ghidxow ulvn lv uh hfwhg lq d
kljkhu glvfrxqw udwh1 Gx!h dqg Vlqjohwrq +4<<<, ghyhors wklv dssurdfk1

Lq rxu sdshu/ zh irupxodwh d wkhru| zklfk dwwhpswv wr h{sodlq wkh lqflghqfh
ri frruglqdwlrq idloxuh dv d ixqfwlrq ri wkh xqghuo|lqj ixqgdphqwdov dqg rwkhu
uhohydqw sdudphwhuv1 Rqfh wklv lqflghqfh fdq eh fdofxodwhg/ lw lv wkhq d pdwwhu
ri hydoxdwlqj wkh h{ dqwh ydoxh ri frruglqdwlrq idloxuh dqg lqfrusrudwlqj wklv ulvn
lqwr wkh sulfh ri ghew1 Wklv iudphzrun doorzv xv wr dgguhvv wzr lvvxhv ri fxuuhqw
ghedwh 0 wkh surshu xvh ri ydoxh dw ulvn +YdU, dqdo|vlv/ dqg wkh uroh +li dq|, ri
juhdwhu cwudqvsduhqf|* lq suhyhqwlqj pdunhw wxuexohqfh1

Ydoxh dw ulvn dqdo|vlv dwwhpswv wr txdqwli| wkh srwhqwldo lpsdfw rq wkh ydoxh ri
d sruwirolr ri vkliwv lq wkh xqghuo|lqj vwdwh1 Krzhyhu/ wkh fxuuhqw vwdwh ri wkh duw
grhv qrw pdnh dq| h{solflw surylvlrq iru frruglqdwlrq idloxuh1 E| txdqwli|lqj wkh
lpsdfw ri frruglqdwlrq idloxuh/ lw lv srvvleoh wr irupxodwh d iudphzrun iru fuhglw
ulvn dqdo|vlv zklfk dgguhvvhv vrph ri wkh cv|vwhplf* lvvxhv1 Wr dqwlflsdwh rxu nh|
�qglqj/ zh vkrz wkdw zkhq wkh ixqgdphqwdo yldelolw| ri d ordq ghwhulrudwhv/ wkh
frruglqdwlrq sureohp ehfrphv pruh dfxwh/ vr wkdw wkh h{ dqwh dvvhw ydoxh ri wkh
ordq idoov pruh wkdq sursruwlrqdwho| wr wkh ghwhulrudwlrq ri wkh ixqgdphqwdov1 Zh
gxe wklv dgglwlrqdo h�hfw wkh cfrruglqdwlrq h�hfw*1 Lw uhlqirufhv wkh frqyhqwlrqdo
h�hfw lq zklfk d vkliw lq wkh sd|r� glvwulexwlrq lqfuhdvhv wkh zhljkw ri wkh ohiw wdlo
ri wkh glvwulexwlrq1 Wkh vl}h ri wkh frruglqdwlrq h�hfw ghshqgv rq wkh sdudphwhuv
ri wkh sureohp1

Wudqvsduhqf| kdv ehfrph d wrxfkvwrqh ri wkh srolf| uhvsrqvh iroorzlqj wkh
hyhqwv ri 4<<:2;1 Dowkrxjk wkh qrwlrq ri wudqvsduhqf| lv vrphwlphv gl!fxow wr
slq grzq/ lw kdv jhqhudoo| ehhq wdnhq wr phdq wkh surylvlrq ri pruh dffxudwh
dqg wlpho| lqirupdwlrq wr pdunhw sduwlflsdqwv1 Wkh xqvwdwhg suhplvh lq wkh fdoo
iru pruh wudqvsduhqf| lv wkdw wkh lpsuryhg surylvlrq ri lqirupdwlrq zloo plwljdwh
frruglqdwlrq idloxuh1 Rqh ri wkh srvvlelolwlhv rshqhg xs e| rxu iudphzrun lv wkdw
zh fdq vxemhfw wklv suhplvh wr pruh uljrurxv vfuxwlq|1 Wr dqwlflsdwh rxu pdlq
frqfoxvlrq/ zh �qg olwwoh wr vxjjhvw wkdw wkh surylvlrq ri pruh dffxudwh lqiru0
pdwlrq lpsuryhv pdwwhuv1 Wkh h�hfw ri lpsuryhg lqirupdwlrq rq wkh h!flhqf|
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ri wkh rxwfrph lv dpeljxrxv dw ehvw1 Wklv udlvhv vrph lpsruwdqw lvvxhv lq wkh
srolf| ghedwh1 Zkhq fdoolqj iru lpsuryhg wudqvsduhqf|/ lw lv lpsruwdqw wr eh
fohdu dv wr krz wkh lpsuryhg lqirupdwlrq zloo lpsuryh wkh rxwfrph1 Wkh phuh
surylvlrq ri lqirupdwlrq lv xqolnho| wr plwljdwh frruglqdwlrq idloxuh1 Udwkhu/ wkh
lqvwlwxwlrqdo edfngurs zloo eh lpsruwdqw lq wkh zd| wkdw wudqvsduhqf| d�hfwv wkh
pdunhw rxwfrph1 Lw lv shukdsv qr dfflghqw wkdw lqvwdqfhv ri vxffhvvixo frruglqd0
wlrq e| fuhglwruv kdyh kdg d irufhixo idflolwdwru rujdql}lqj wkh edlorxw 0 vxfk dv wkh
Qhz \run Ihg lq wkh uhvfxh ri Orqj Whup Fdslwdo Pdqdjhphqw lq 4<<;/ ru wkh
X1V1 Wuhdvxu| lq wkh diwhupdwk ri wkh Nruhdq �qdqfldo fulvlv ri 4<<:2;1 Lqvwdqfhv
ri yroxqwdu| frruglqdwlrq zkhq wkhuh lv qr vxfk idflolwdwru duh pxfk pruh gl!fxow
wr �qg1

51 Wkh Prgho

D jurxs ri fuhglwruv duh �qdqflqj d surmhfw1 Hdfk fuhglwru lv vpdoo lq wkdw dq
lqglylgxdo fuhglwru*v vwdnh lv qhjoljleoh dv d sursruwlrq ri wkh zkroh1 Zh lqgh{ wkh
vhw ri fuhglwruv e| wkh xqlw lqwhuydo dfc �o1 Dw wkh hqg ri lwv whup/ wkh surmhfw |lhogv
d oltxlgdwlrq ydoxh �/ zklfk lv xqfhuwdlq dw wkh wlph ri lqyhvwphqw1 Wkh �qdqflqj
lv xqghuwdnhq yld d vwdqgdug ghew frqwudfw1 Wkh idfh ydoxh ri wkh uhsd|phqw lv
u/ dqg hdfk fuhglwru uhfhlyhv wklv ixoo dprxqw li wkh uhdol}hg ydoxh ri � lv odujh
hqrxjk wr fryhu uhsd|phqw ri ghew1

Dw dq lqwhulp vwdjh/ ehiruh wkh �qdo uhdol}dwlrq ri �/ wkh fuhglwruv kdyh dq
rssruwxqlw| wr uhylhz wkhlu lqyhvwphqw1 Wkh ordq lv vhfxuhg rq froodwhudo/ zkrvh
oltxlgdwlrq ydoxh lv gW 	 u li lw lv oltxlgdwhg dw wkh lqwhulp vwdjh/ exw kdv wkh
orzhu ydoxh gW li lw lv oltxlgdwhg iroorzlqj wkh surmhfw*v idloxuh1 Wkxv/

gW 	 gW 	 u

Dw wkh lqwhulp vwdjh/ hdfk fuhglwru kdv d fkrlfh ri hlwkhu uroolqj ryhu wkh ordq xqwlo
wkh surmhfw*v pdwxulw|/ ru vhl}lqj wkh froodwhudo dqg vhoolqj lw iru gW1 Wkh ydoxh ri
wkh surmhfw dw pdwxulw| ghshqgv rq wzr idfwruv 0 wkh xqghuo|lqj vwdwh w/ dqg wkh
ghjuhh ri glvuxswlrq fdxvhg wr wkh surmhfw e| wkh hduo| oltxlgdwlrq e| fuhglwruv1
Ghqrwlqj e| � wkh sursruwlrq ri fuhglwruv zkr uhixvh wr uroo ryhu wkh ordq dw wkh
lqwhulp vwdjh/ wkh uhdol}hg ydoxh ri wkh surmhfw lv jlyhq e|

� Ewc �� '

�
T li 5� � w
gW li 5� : w

+514,
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zkhuh T lv d frqvwdqw juhdwhu wkdq u/ dqg 5 : f lv d sdudphwhu zklfk phdvxuhv
wkh vhyhulw| ri glvuxswlrq fdxvhg e| hduo| oltxlgdwlrq1

E| qrupdol}lqj wkh sd|r�v vr wkdw u ' � dqg gW ' f/ wkh sd|r�v wr d fuhglwru
duh jlyhq e| wkh iroorzlqj pdwul{/ zkhuh b � EgW �gW� * Eu�gW�1

Surmhfw
vxffhhgv

Surmhfw
idlov

Uroo ryhu ordq � f
Iruhforvh rq ordq b b

^Iljxuh 4 khuh`

Wkh erog olqh lq �jxuh 4 ghslfwv wkh sd|r� wr d fuhglwru dulvlqj iurp wkh ordq
zkhq sursruwlrq � uhixvh wr uroo ryhu wkh ordq1

Wr dyrlg qrwdwlrqdo foxwwhu/ zh dvvxph wkdw li uroolqj ryhu wkh ordq |lhogv wkh
vdph h{shfwhg sd|r� dv iruhforvlqj rq wkh ordq/ wkhq d fuhglwru suhihuv wr iruhforvh1
Wklv dvvxpswlrq sod|v qr vxevwdqwldo uroh1

Li wkh fuhglwruv nqrz wkh ydoxh ri w shuihfwo| ehiruh ghflglqj rq zkhwkhu wr
uroo ryhu wkh ordq/ wkhlu rswlpdo vwudwhj| fdq eh dqdo|vhg wkxv1 Li w : 5/ wkhq lw
lv rswlpdo wr frqwlqxh zlwk wkh surmhfw/ luuhvshfwlyh ri wkh dfwlrqv ri wkh rwkhu
fuhglwruv1 Wklv lv vr/ vlqfh hyhq li hyhu| rwkhu fuhglwru uhfdoov wkh ordq/ wkh surmhfw
|lhogv hqrxjk wr sd| edfn wkh ixoo idfh ydoxh ri wkh ordq +htxdo wr 4,1 Wklv lv
pruh wkdq b1 Frqyhuvho|/ li w 	 f/ wkhq lw lv rswlpdo wr uhfdoo wkh ordq luuhvshfwlyh
ri wkh dfwlrqv ri wkh rwkhuv1 Hyhq li doo rwkhu fuhglwruv uroo ryhu wkhlu ordqv/ wkh
surmhfw |lhogv }hur/ zklfk ohvv wkhq b1

Zkhq w olhv lq wkh lqwhuydo Efc 5�/ wkhuh lv d frruglqdwlrq sureohp dprqj wkh
fuhglwruv1 Zh pd| wklqn ri wklv lqwhuydo dv wkh vhw ri vwdwhv lq zklfk d �fuhglw
hyhqw� kdv rffxuuhg/ dqg lq zklfk wkh fuhglwruv duh lq d srvlwlrq wr vhl}h dvvhwv li
wkh| vr fkrvh1 Li doo rwkhu fuhglwruv uroo ryhu wkhlu ordq/ wkhq wkh sd|r� wr uroolqj
ryhu wkh ordq lv �/ vr wkdw uroolqj ryhu wkh ordq wr pdwxulw| |lhogv pruh wkdq
wkh suhpdwxuh oltxlgdwlrq ydoxh b1 Krzhyhu/ li hyhu|rqh hovh uhfdoov wkh ordq/ wkh
sd|r� lv f 	 b/ vr wkdw hduo| oltxlgdwlrq lv rswlpdo1 Wklv w|sh ri frruglqdwlrq
sureohp dprqj fuhglwruv lv dqdorjrxv wr wkh edqn uxq sureohp +Gldprqg dqg
G|eylj +4<;6,,/ dqg ohdgv wr pxowlsoh htxloleuld lq wkh vlpsoh shuihfw lqirupdwlrq
jdph lq zklfk fuhglwruv fkrrvh wkhlu dfwlrqv zkhq w lv frpprq nqrzohgjh61

6Zh gr qrw kdyh pxfk wr dgg wr wkh ghedwh rq zkhwkhu d vhfrqgdu| pdunhw zloo plwljdwh
lqh!flhqflhv/ h{fhsw wr qrwh wkdw dq| dwwhpsw wr lqwhuqdol}h wkh h{whuqdolwlhv duh frqiurqwhg e|
frruglqdwlrq2iuhh0ulghu sureohpv dw d kljkhu ohyho1 Vhh Jhuwqhu dqg Vfkduivwhlq +4<<4,1
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Edvhg rq wkh vwuxfwxuh rxwolqhg deryh/ zh surfhhg wr ghyhors d prgho ri fuhglw
xqghu lpshuihfw lqirupdwlrq1 Zkhq wkh fuhglwruv pdnh wkhlu lqlwldo lqyhvwphqw/
wkh| nqrz wkdw w lv qrupdoo| glvwulexwhg zlwk phdq +/ dqg suhflvlrq k +wkdw lv/
zlwk yduldqfh �*k,1 Dw wkh lqwhulp vwdjh/ zkhq hdfk fuhglwru ghflghv rq zkhwkhu
wr uroo ryhu wkh ordq/ hdfk fuhglwru uhfhlyhv lqirupdwlrq frqfhuqlqj w/ exw wklv
lqirupdwlrq lv lpshuihfw1 Fuhglwru � revhuyhv wkh uhdol}dwlrq ri wkh qrlv| vljqdo

%� ' w n 0� +515,

zkhuh 0� lv qrupdoo| glvwulexwhg zlwk phdq 3 dqg suhflvlrq q1 Iru � 9' �/ 0� dqg
0� duh lqghshqghqw1

D vwudwhj| iru fuhglwru � lv d ghflvlrq uxoh zklfk pdsv hdfk uhdol}dwlrq ri %� wr
dq dfwlrq +l1h1 wr uroo ryhu wkh ordq/ ru wr iruhforvh rq wkh ordq suhpdwxuho|,1 Dq
htxloleulxp lv d sur�oh ri vwudwhjlhv 0 rqh iru hdfk fuhglwru 0 vxfk wkdw d fuhglwru*v
vwudwhj| pd{lpl}hv klv h{shfwhg sd|phqw frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh/
zkhq doo rwkhu fuhglwruv duh iroorzlqj wkh vwudwhjlhv lq wkh sur�oh1

Zh kdyh qrwhg wkdw zkhq w lv revhuyhg shuihfwo| +vr wkdw %� ' w,/ wkhuh lv pruh
wkdq rqh htxloleulxp1 Lqghhg/ wkhuh lv dq +xqfrxqwdeoh, lq�qlw| ri htxloleuld lq
wklv fdvh1 Zkhq w lv revhuyhg lpshuihfwo|/ wkhuh lv d xqltxh htxloleulxp surylghg
wkdw wkh qrlvh 0� lv vx!flhqwo| vpdoo/ dv zh qrz ghprqvwudwh1

61 Xqltxh Htxloleulxp

Zkhq fuhglwru � revhuyhv wkh uhdol}dwlrq ri wkh vljqdo %�/ klv srvwhulru glvwulexwlrq
ri w lv qrupdo zlwk phdq

1� �
k+ n q%�
k n q

+614,

dqg suhflvlrq k n q1 Zh fdq wkhq vwdwh wkh iroorzlqj uhvxow1

Wkhruhp 41 Li k*
s
q � s

2Z*5/ wkhuh lv d xqltxh htxloleulxp1 Frqyhuvho|/ li
k*
s
q :

s
2Z*5/ wkhuh lv d ydoxh ri b vxfk wkdw wkhuh lv pruh wkdq rqh

htxloleulxp1

Lq lqwhusuhwlqj wklv uhvxow/ lw lv xvhixo wr frqvlghu wkh h{ dqwh glvwulexwlrq ri
w dv sxeolf lqirupdwlrq frqfhuqlqj w/ glvwlqjxlvklqj lw iurp wkh sulydwh vljqdo
%�1 Zkhq wkh suhflvlrq ri wkh sulydwh vljqdo +jlyhq e| q, ehfrphv odujh zkloh
�{lqj wkh suhflvlrq ri wkh sxeolf vljqdo/ zh duh jxdudqwhhg d xqltxh htxloleulxp1
Frqyhuvho|/ zkhq wkh sulydwh vljqdo lv qrw vx!flhqwo| lqirupdwlyh/ wkhq pxolsolflw|

:



ri htxloleulxp uh0hphujhv iru vrph sdudphwhu ydoxhv ri wkh sureohp1 Wkh fulwlfdo
ohyho ri wkh lqirupdwlyhqhvv ri wkh sulydwh vljqdo fdq eh jlyhq d fkdudfwhul}dwlrq
lq whupv ri zkhwkhu k*

s
q lv vpdoohu ru odujhu wkdq

s
2Z*51

6141 Suholplqdulhv

Ohw xv ehjlq e| frqvlghulqj wkh iroorzlqj k|srwkhwlfdo vlwxdwlrq1 Vxssrvh wkhuh
lv vrph jlyhq ohyho 1 ri wkh srvwhulru eholhi ri wkh vwdwh w vxfk wkdw hyhu| fuhglwru
uroov ryhu wkh ordq li dqg rqo| li klv srvwhulru eholhi lv kljkhu wkdq 11 Wkhq frqvlghu
wkh h{shfwhg sd|r� ri uroolqj ryhu wkh ordq zkhq rqh*v srvwhulru eholhi lv h{dfwo|
htxdo wr 11 Lq rwkhu zrugv/ frqvlghu wkh h{shfwhg sd|r� iurp uroolqj ryhu wkh ordq
dw wkh vzlwfklqj srlqw1 Ghqrwh wklv sd|r� e| L E1�1 Rxu uhvxow rq xqltxhqhvv lv
d frqvhtxhqfh ri wkh iroorzlqj sdlu ri uhvxowv1

Ohppd 41 Li 1 vroyhv L E1� ' b/ wkhq wkhuh lv dq htxloleulxp lq zklfk hyhu|rqh
hpsor|v wkh vzlwfklqj vwudwhj| durxqg 11 Li wkhuh lv d xqltxh 1 zklfk vroyhv
L E1� ' b/ wkhq wkhuh lv qr rwkhu htxloleulxp1

Ohppd 51 L � E1� � f iru doo 1 li dqg rqo| li k*
s
q � s2Z*51

Wkh �uvw ohppd gudzv rq uhfhqw dqdo|vlv ri jdphv zlwkrxw frpprq nqrzohgjh
ri sd|r�v71 Lq idfw/ zh vkdoo suryh d pxfk vwurqjhu uhvxow 0 qdpho|/ wkdw li wkhuh
lv d xqltxh vroxwlrq wr L E1� ' b/ wkhq wkh vzlwfklqj vwudwhj| durxqg 1 lv wkh rqo|
vwudwhj| zklfk vxuylyhv wkh lwhudwhg ghohwlrq ri grplqdwhg vwudwhjlhv1 Wkh jhqhudo
vwuxfwxuh ri rxu prgho frqirupv wr wkh fodvv ri vxshuprgxodu jdphv h{dplqhg e|
Plojurp dqg Urehuwv +4<<3,/ dqg lw lv looxplqdwlqj wr vhh wkh xqltxhqhvv uhvxow
lq wklv oljkw1 Wkh ghwdlov duh suhvhqwhg lq wkh dsshqgl{1

Dv iru wkh vhfrqg ohppd/ zh jlyh wkh surri khuh1 Li � lv ghwhuplqhg e| hyhu|rqh
iroorzlqj wkh vzlwfklqj vwudwhj| durxqg 1/ zkdw lv wkh fulwlfdo ydoxh ri w iru zklfk
wkh surmhfw vxffhhgvB Lq rwkhu zrugv/ zh zdqw wkh w zklfk vroyhv

w ' 5� +615,

7Wkh zrun ri Uxelqvwhlq +4<;<, dqg Prqghuhu dqg Vdphw +4<;<, zdv iroorzhg e| Fduovvrq
dqg Ydq Gdpph +4<<6d/ e,/ zkr lqwurgxfhg wkh qrwlrq ri �joredo jdphv�1 Pruulv/ Ure dqg
Vklq +4<<8,/ dqg Ndmll dqg Pruulv +4<<:,, ghyhors wkhvh uhvxowv1 Pruulv dqg Vklq +4<<:, lv d
vxuyh| ri vrph ri wkh hduo| uhvxowv1 Pruulv dqg Vklq +4<<;d/ e, dsso| wkhvh uhvxowv lq wkh dqdo|vlv
ri fxuuhqf| dwwdfnv1

;



Iurp +614,/ wkh vzlwfklqj vwudwhj| durxqg 1 hqwdlov uroolqj ryhu wkh ordq li dqg
rqo| li wkh sulydwh vljqdo % lv juhdwhu wkdq

% E1c +� � kn q

q
1 � k

q
+� +616,

Dw vwdwh w/ wkh glvwulexwlrq ri % lv qrupdo zlwk phdq w dqg suhflvlrq q1 Khqfh/
wkh sursruwlrq ri fuhglwruv zkr kdyh d vljqdo orzhu wkdq +616, lv jlyhq e| wkh duhd
xqghu wklv ghqvlw| xs wr %1 Khqfh/

� ' x
�s

q E% E1c +�� w�
�

+617,

zkhuh xE�� lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq iru wkh vwdqgdug qrupdo1 Vxe0
vwlwxwlqj lqwr +615,/ zh kdyh dq h{suhvvlrq iru wkh fulwlfdo ydoxh ri w dw zklfk wkh
surmhfw vxffhhgv1 Wkdw lv/

w ' 5x
�s

q E% E1c +�� w�
�

+618,

Wklv ydoxh ri w lv xqltxh8/ dqg lv d ixqfwlrq ri 1 dqg +/ dqg vr zh zulwh

� E1c +� +619,

dv wkh xqltxh ydoxh ri w zklfk vroyhv +618,1 � E1c +� vdwlv�hv

� E1c +� ' 5x
�s

q E% E1c +�� � E1c +��
�

+61:,

Qrz/ wkh sd|r� L E1� lv jlyhq e|

L E1� '

] "

�

�
�s

k n q Ew � 1�
�
_w +61;,

' ��x
�s

kn q E� � 1�
�

vr wkdw
L � E1� ' �

s
k n q � �

�s
k n q E� � 1�

�
�
�
Y�

Y1
� �

�
+61<,

8Wkh xqltxhqhvv iroorzv iurp wkh idfw wkdw wkh uljkw kdqg vlgh lv ghfuhdvlqj lq �/ frqwlqxrxv/
dqg wdnhv doo ydoxhv lq wkh rshq lqwhuydo +3> 4,1 Khqfh wkhuh lv d xqltxh srlqw dw zklfk lw fxwv
wkh 783 olqh1
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zkhuh � E�� lv wkh ghqvlw| ri wkh vwdqgdug qrupdo1 Khqfh L � E1� � f li dqg rqo| li
Y�

Y1
� �1 E| lpsolflw gl�huhqwldwlrq ri +61:, zlwk uhvshfw wr 1/

Y�

Y1
' 5

s
q

�
k n q

q
� Y�

Y1

�
�
�s

q E%� ��
�

Vroylqj iru Y�

Y1
/ zh kdyh

Y�

Y1
'

�
s
q

�

5
n �

s
q
� k n q

q

Wkxv/ Y�

Y1
� � li dqg rqo| li

�
s
q

�

5
n �

s
q
� q

k n q
+6143,

Vlqfh wkh ohiw kdqg vlgh lv pd{lpl}hg dw � ' �*
s
2Z/ d vx!flhqw frqglwlrq iru

Y�

Y1
� � lv s

q
I
2Z
5

n
s
q
� q

k n q

zklfk erlov grzq wr
k*
s
q �

s
2Z*5�

Frqyhuvho|/ vxssrvh k*
s
q :

s
2Z*5� Wkhq/ iurp +6143,/ Y�

Y1
: � zkhq % ' �1

Wklv suryhv wkh ohppd1

71 Ghidxow

Zh surfhhg wr fkdudfwhul}h wkh xqltxh htxloleulxp1 Wkh idloxuh srlqw � ghshqgv rq
wkh vwudwhjlhv xvhg e| wkh fuhglwruv/ exw lw lv htxdoo| fohdu wkdw wkh rswlpdo vwudwhj|
iru d fuhglwru ghshqgv rq klv eholhiv derxw wkh idloxuh srlqw1 Wkxv/ fkdudfwhul}lqj
wkh htxloleulxp lqyroyhv vroylqj 0 vlpxowdqhrxvo| 0 iru wkh idloxuh srlqw � dqg wkh
rswlpdo vwudwhj|1

Lq wkh xqltxh htxloleulxp/ wkhruhp 4 whoov xv wkdw doo fuhglwruv hpsor| wkh
vzlwfklqj vwudwhj| durxqg 1/ zkhuh 1 lv wkh xqltxh vroxwlrq wr

L E1� ' b +714,

43



Wkh fulwlfdo vwdwh dw zklfk wkh surmhfw vxffhhgv lv wkh w iru zklfk w ' 5�/ zkhuh �
lv jhqhudwhg e| wkh htxloleulxp vzlwfklqj vwudwhj|1 Iurp +61:,/ wkh fulwlfdo vwdwh
� vdwlv�hv wkh htxdwlrq=

� ' 5x
�s

q E%� ��
�

' 5x
�s

q
�
knq

q
1 � k

q
+ � �

��
' 5x

�
kI
q
E1 � +� n

s
q E1 � ��

�
+715,

Phdqzkloh/ iurp +714, zh kdyh

��x
�s

k n q E� � 1�
�
' b +716,

vr wkdw +715, dqg +716, jlyh xv wzr htxdwlrqv lq rxu wzr xqnqrzqv/ � dqg 11 Iurp
+716,/

� � 1 '
x3� E�� b�s

k n q
+717,

Ghqrwlqj & � �x3� E�� b�/ dqg vroylqj iru �/ zh kdyh

� ' 5x
�

kI
q

�
� � + n &

I
knq

k

��
� +718,

Wkh idloxuh srlqw � lv rewdlqhg dv wkh lqwhuvhfwlrq ehwzhhq wkh 78� olqh dqg d
vfdohg0xs fxpxodwlyh qrupdo glvwulexwlrq zkrvh phdq lv + � &

I
knq

k
/ dqg zkrvh

suhflvlrq lv k2*q1 Iurp wkhruhp 4/ zh nqrz wkdw wkhuh lv suhflvho| rqh srlqw ri
lqwhuvhfwlrq/ vlqfh htxloleulxp lv xqltxh91 Zkhq 5 lv odujh/ wkh ghvwuxfwlrq ri ydoxh
fdq eh yhu| vxevwdqwldo1 Wkh lqwhuydo dfc �o uhsuhvhqwv wkh vl}h ri wkh lqh!flhqf|1

^Iljxuh 5 khuh`

Wkh idloxuh srlqw � ghshqgv rq wkh sdudphwhuv ri wkh sureohp1 Zh qrwh wkdw

� � lv lqfuhdvlqj lq b

� � lv lqfuhdvlqj lq 5

� � lv ghfuhdvlqj lq +/ wkh h{ dqwh phdq ri w1

9Wklv lv uh hfwhg lq +718, e| wkh idfw wkdw wkh vorsh ri wkh h{suhvvlrq rq wkh uljkw lv ohvv wkdq
rqh zkhq �@

s
� � s5�@}1

44



Wkxv/ idloxuh rffxuv dw kljkhu ydoxhv ri wkh ixqgdphqwdov li wkh froodwhudo kdv
kljk oltxlgldwlrq ydoxh/ zkhq wkh vxffhvv ri wkh surmhfw lv pruh iudjloh wr wkh hduo|
oltxlgdwlrq ri fuhglwruv/ dqg zkhq wkh ghew lv ri orz txdolw|1 Wkh idfw wkdw idloxuh
lv pruh olnho| zkhq + lv orz lv dq lpsruwdqw uhvxow/ dqg zh wxuq wr wklv qrz1

7141 Ydoxh dw Ulvn

Ohw xv ehjlq e| yhuli|lqj wkdw wkh idloxuh srlqw � grhv lqghhg pryh lq wkh rssrvlwh
gluhfwlrq wr +1 Gl�huhqwldwh +718, wr rewdlq

Y�

Y+
' 5

ks
q

�
Y�

Y+
� �

�
�

vr wkdw
Y�

Y+
' �

kI
q
5�

�� kI
q
5�

+719,

Exw wkh ghqrplqdwru lv srvlwlyh/ vlqfh xqltxhqhvv lpsolhv +e| Wkhruhp 4, k*
s
q �s

2Z*5/ dqg � lv erxqghg deryh e| �*
s
2Z1 Khqfh/

Y�

Y+
	 f�

Frqvlghu d qxphulfdo h{dpsohv zlwk b ' �*2 dqg 5 ' � zkhuh zh sorw wkh idloxuh
srlqw � dv d ixqfwlrq ri +1 Wkh odujhvw ydoxh ri k*

s
q zklfk hqvxuhv xqltxhqhvv lvs

2Z � 2�D1 Wkh ixqfwlrq � E+� iru wklv ydoxh lv jlyhq e| wkh vwhhshvw olqh lq �jxuh
71 Wkh �jxuh dovr sorwv � iru k*

s
q wdnlqj wkh ydoxhv � dqg 3171 Dv k*

s
q $ f/

� E+� whqgv wr wkh frqvwdqw ixqfwlrq sdvvlqj wkurxjk �*21

^Iljxuh 7 khuh`

Dv d frpsdulvrq/ lw vkrxog eh eruqh lq plqg wkdw wkh ehqfkpdun prgho zklfk
ljqruhv frruglqdwlrq ulvn lv htxlydohqw wr dvvxplqj wkdw wkh idloxuh srlqw � lv wkh
frqvwdqw ixqfwlrq wkurxjk }hur1

Wkh idfw wkdw wkh idloxuh srlqw pryhv xs dv wkh ixqgdphqwdov ghwhulrudwh kdv
idu0uhdfklqj frqvhtxhqfhv iru ulvn pdqdjhphqw1 Iru h{dpsoh/ frqvlghu wkh ydoxh
ri dq xqvhfxuhg ordq wr wkh surmhfw zlwk idfh ydoxh 41 Wkh rzqhu ri vxfk dq dvvhw
rqo| uhfhlyhv d srvlwlyh sd|r� zkhq wkh wuxh vwdwh lv kljkhu wkdq �1 Wkh h{ dqwh
sulfh ri vxfk d ordq jlyhq h{ dqwh phdq + lv

` E+� '

] "

�

�
�s

k Ew � +�
�
_w ' ��x

�s
k E� � +�

�
+71:,
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Iru wkh rzqhu ri wklv dvvhw zkr zlvkhv wr fdofxodwh wkh srvvleoh fkdqjhv lq sulfh/
rqh lpsruwdqw frqvlghudwlrq lv krz � fkdqjhv zlwk vkliwv lq wkh h{ dqwh phdq +
ri wkh surmhfw1 Ydoxh dw ulvn dqdo|vlv fdq eh vhhq dv dq dwwhpsw wr txdqwli| wkh
srvvleoh fkdqjhv lq sulfh dv + fkdqjhv1 Wkh fkdqjh lq wkh dvvhw ydoxh ri wkh ordq
wr d vkliw lq wkh phdq ri wkh glvwulexwlrq lv

Y`

Y+
'
s
k � �� Y�

Y+

s
k � � +71;,

Wkh �uvw whup frxog eh gxeehg wkh frqyhqwlrqdo h�hfw lq wkdw lw uh hfwv wkh
fkdqjh lq wkh zhljkw ri wkh ohiw wdlo ri wkh glvwulexwlrq gxh wr d vkliw lq wkh fhqwuh
ri wkh glvwulexwlrq1 Wkh vhfrqg whup lv wkh qryho ihdwxuh1 Lw dulvhv iurp wkh idfw
wkdw wkh wkuhvkrog iru wkh wdlo dovr vkliwv1 Zh frxog fdoo wklv wkh frruglqdwlrq
h�hfw1 Vlqfh Y�*Y+ 	 f/ wkh frruglqdwlrq h�hfw uhlqirufhv wkh frqyhqwlrqdo h�hfw1
Iljxuh 6 looxvwudwhv wkh wzr h�hfwv1

^Iljxuh 6 khuh`

Dv d ixqfwlrq ri +/ wkh fulwlfdo ydoxh � lv ghfuhdvlqj lq +1 Dv wkh ixqgdphqwdov
ghwhulrudwh iurp + wr 	+/ wkh fulwlfdo ydoxh ri wkh vwdwh vkliwv wr wkh uljkw iurp � wr
	�1 Wkxv/ wkh dvvhw ydoxh ri wkh ordq idoov iru wzr uhdvrqv1 Iru d �{hg wkuhvkrog/ wkh
glvwulexwlrq sxwv pruh zhljkw rq wkh orzhu wdlo1 Wklv lv wkh frqyhqwlrqdo h�hfw/
dqg lv lqglfdwhg dv wkh duhd D1 Wkh vhfrqg h�hfw dulvhv iurp wkh idfw wkdw wkh
fulwlfdo wkuhvkrog pryhv xs/ dovr1 Wklv lv wkh frruglqdwlrq h�hfw/ dqg lv lqglfdwhg
e| wkh duhd E1

Iru wkh fuhglwru/ d ghwhulrudwlrq lq wkh ixqgdphqwdov lq whupv ri d idoo lq +
lpsolhv wkdw wkh dvvhw ydoxh ri wkh ordq lv idoolqj dw d udwh pruh wkdq sursruwlrqdo
wr wkh idoo lq +1 Wkxv/ lw lv suhflvho| zkhq ulvn pdqdjhphqw lv prvw lpsruwdqw 0
zkhq + lv idoolqj 0 wkdw lw lv lpsruwdqw qrw wr qhjohfw wkh frruglqdwlrq h�hfw1 E|
qhjohfwlqj wkh frruglqdwlrq h�hfw/ wkh fuhglwru lv xqghuhvwlpdwlqj wkh wuxh ydoxh
dw ulvn1

7151 Qxphulfdo H{dpsoh

Gh�qlqj wkh |lhog rq wkh xqvhfxuhg ordq dv

\lhog '
Sdu� Sulfh

Sulfh
c

zh fdq frpsduh wkh |lhogv jhqhudwhg e| wkh wuxh prgho +zlwk idloxuh rffxulqj dw
�, zlwk wkh |lhogv jlyhq e| wkh qdlyh prgho zklfk dvvxphv dzd| frruglqdwlrq
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ulvn1 Wkh iroorzlqj wdeoh lv jhqhudwhg iurp wkh fdvh zkhuh

k ' �c q ' Dc 5 ' �c b ' f�D�

Wkh �uvw froxpq jlyhv wkh h{ dqwh phdq ri wkh sd|r� glvwulexwlrq dqg wkh vhfrqg
froxpq jlyhv wkh |lhog rq wkh ordq iru wkh qdlyh prgho +qr frruglqdwlrq ulvn,1
Wkh wklug froxpq jlyhv wkh |lhog dulvlqj iurp wkh wuxh prgho/ dqg wkh ydoxh ri
wkh euhdn srlqw � E+� dsshduv lq wkh odvw froxpq1 Vlqfh k ' �/ wkh ydoxhv ri +
duh lq xqlwv ri vwdqgdug ghyldwlrqv1 Vr/ wkh �uvw urz ri wkh wdeoh shuwdlqv wr wkh
fdvh zkhuh wkh h{ dqwh phdq + lv wkuhh vwdqgdug ghyldwlrqv iurp }hur 0 wkh idloxuh
srlqw lq wkh qdlyh prgho1 Wkh odvw hohphqw ri wklv urz whoov xv wkdw wkh wuxh idloxuh
srlqw lv � E�� ' f�fb./ dqg wkh wuxh |lhog lv 314<(/ udwkhu wkdq wkh |lhog jlyhq e|
wkh qdlyh prgho ri 3147(1 Wklv gl�huhqfh lq |lhog lv qrw odujh/ vlqfh wkh ordq lv d
yhu| vdih rqh 0 wkh phdq ehlqj wkuhh vwdqgdug ghyldwlrqv dzd| iurp }hur1

H{ dqwh
phdq
+

\lhog iurp
qdlyh prgho

\lhog iurp
wuxh prgho

Idloxuh
srlqw
�

+ ' � f� ff�e f� ff�b f�fb.
+ ' 2 f� f2�� f� f�H� f� 2�2
+ ' ��D f� f.�S f� �2HH f� 2bD
+ ' ��2D f� ��H� f� 222S f� �e2
+ ' � f� �HHS f� �.�D f� �b�
+ ' f�.D f� 2b� f� S�e� f� eeS
+ ' f�D f� eeS2 ��f f� D
+ ' f�2D f� S.f� �� S2.b f� DDe
+ ' f ��f 2� S..e f� Sf.

Krzhyhu/ dv + idoov/ zh fdq vhh wkdw wkh |lhog gl�huhqfh ehfrphv odujh1 Dw rqh
vwdqgdug ghyldwlrq dzd| iurp }hur +l1h1 iru + ' �,/ wkh qdlyh prgho suhglfwv d
|lhog ri 4<(/ exw wkh wuxh |lhog lv dfwxdoo| doprvw grxeoh wkdw qxpehu/ dw 6:(1
Wklv fruuhvsrqgv wr wkh euhdn srlqw ri � ' f��b�1 Iru hyhq orzhu ydoxhv ri +/ wkh
|lhog gl�huhqfh lv hyhq kljkhu1 Zkhq + ' f/ wkh qdlyh prgho suhglfwv d |lhog ri
433(/ exw wkh wuxh |lhog lv 59;(1

81 Wudqvsduhqf|

Wkh ghwulphqwdo h�hfw ri lpshuihfw lqirupdwlrq rq wkh dvvhw ydoxh ri wkh ordq fdq
eh vl}hdeoh1 Lw lv wkhuhiruh shuwlqhqw wr dvn zkhwkhu/ dqg e| krzpxfk/ wkh gdpdjh
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fdq eh olplwhg e| lpsuryhphqwv lq wkh lqirupdwlrq ri wkh pdunhw sduwlflsdqwv1 Wkh
whup �wudqvsduhqf|� kdv wdnhq rq juhdw vljql�fdqfh lq wkh srolf| ghedwh diwhu wkh
pdunhw wxuprlo ri 4<<:2;/ dqg kdv �jxuhg surplqhqwo| lq qxphurxv r!fldo sxeol0
fdwlrqv +vxfk dv LPI +4<<;e,,1 Dowkrxjk wkh qrwlrq ri wudqvsduhqf| lv vrphwlphv
gl!fxow wr slq grzq h{dfwo|/ lw lv jhqhudoo| wdnhq wr phdq wkh surylvlrq ri pruh
dffxudwh dqg wlpho| lqirupdwlrq wr pdunhw sduwlflsdqwv1 Wkh xqvwdwhg suhplvh
lq wkh fdoo iru pruh wudqvsduhqf| lv wkdw wkh lpsuryhg surylvlrq ri lqirupdwlrq
zloo hqdeoh pdunhw sduwlflsdqwv wr dfw lq vxfk d zd| wkdw wkh ghvwuxfwlrq ri ydoxh
wkurxjk lpshuihfw frruglqdwlrq fdq eh plqlpl}hg1

Kdylqj ghyhorshg wkh iudphzrun vr idu/ zh duh qrz lq d srvlwlrq wr vxemhfw
wklv suhplvh wr pruh uljrurxv vfuxwlq|1 Wr dqwlflsdwh rxu pdlq frqfoxvlrq/ zh
�qg olwwoh wr vxjjhvw wkdw wkh surylvlrq ri pruh dffxudwh lqirupdwlrq lpsuryhv
pdwwhuv1 Wkh h�hfw ri lpsuryhg lqirupdwlrq rq wkh h!flhqf| ri wkh rxwfrph lv
dpeljxrxv dw ehvw1

Zh frqvlghu wzr fdvhv ri lpsuryhphqw ri lqirupdwlrq1 Lq wkh �uvw/ zh hqylvdjh
wkh fuhglwruv* sulydwh lqirpudwlrq dv ehlqj yhu| dffxudwh dv wr wkh xqghuo|lqj vwdwh
w uhodwlyh wr wkh sxeolf lqirpudwlrq1 Zh irupdol}h wklv lq whupv ri wkh suhflvlrq
q ri wkh sulydwh vljqdov ehfrph lq�qlwh zkloh k uhpdlqv �{hg1 Lq wkh vhfrqg/
zh hqylvdjh wkh fdvh zkhuh erwk wkh sulydwh dqg sxeolf lqirupdwlrq lpsuryh lq
wdqghp1 Vlqfh wkh fuhglwruv zloo dozd|v kdyh dffhvv wr vrph sulydwh lqirupdwlrq/
zh prgho wklv vlwxdwlrq e| ohwwlqj erwk k dqg q ehfrph odujh/ exw zkhuh q
lqfuhdvhv dw wkh udwh ri k21

8141 Fdvh ri Suhflvh Sulydwh Lqirupdwlrq

Zkhq wkh qrlvh lq wkh fuhglwruv* vljqdov ehfrph vpdoo/ hdfk fuhglwru kdv jrrg
lqirupdwlrq derxw wkh xqghuo|lqj vwdwh w1 Zkdw kdsshqv lq wkh olplw zkhq wkh
qrlvh ehfrphv qhjoljleohB Wklv fruuhvsrqgv wr wkh fdvh zkhuh wkh suhflvlrq q
ehfrphv odujh uhodwlyh wr k1 Iurp +715, dqg +716,/ wkh olplw ri 1 zkhq q $4 lv=

1 ' 5xE&� ' 5x
��x3� E�� b�

�
' 5

�
�� x

�
x3� E�� b�

��
' 5b +814,

Vlqfh � ' 1 lq wkh olplw/ wkh fulwlfdo vwdwh � lv dovr jlyhq e| 5b1 Iru odujh 5/ wkh
h!flhqf| orvv lv vl}hdeoh1 Qru lv wkhuh dq| uhdvrq wr vxssrvh wkdw wklv h!flhqf|
orvv lv vpdoohu wkdq lq w|slfdo fdvhv zlwk srvlwlyh qrlvh1 Lq idfw/ �jxuh 7 vxjjhvwv
wkdw wkh h�hfw fdq eh shuyhuvh/ ghshqglqj rq wkh sdudphwhu ydoxhv1 Lqghhg/ iru
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wkh pruh sodxvleoh fdvh zkhuh + olhv wr wkh uljkw rq b5/ dq lqfuhdvh lq q � dwwhqv�
wkh idloxuh vfkhgxoh/ sxvklqj xs wkh idloxuh srlqw1 Wkxv/ pruh lqirupdwlrq ohdgv
wr d juhdwhu lqflghqfh ri frruglqdwlrq idloxuh1

Krzhyhu/ rqh frqvhtxhqfh ri dq lq�qlwh q lv wkh idfw wkdw wkh fulwlfdo vwdwh �
qr orqjhu ghshqgv rq wkh sulru phdq +/ vr wkdw wkh �frruglqdwlrq h�hfw� ri ydoxh
dw ulvn glvdsshduv1 Dw idfh ydoxh/ wklv lv txlwh qdwxudo/ vlqfh dv q ehfrphv odujh/
wkh lqirupdwlrq frqwhqw ri wkh sulydwh vljqdo vzdpsv wkh lqirupdwlrq frqwdlqhg
lq wkh sulru glvwulexwlrq1 Zh vd| �dw idfh ydoxh�/ dv vxfk uhdvrqlqj fdq eh txlwh
wuhdfkhurxv1 Lqghhg/ zh zloo vhh rqh lqvwdqfh ri wklv lq rxu vhfrqg irupxodwlrq ri
wudqvsduhqf|1

8151 Fdvh ri Suhflvh Sulydwh dqg Sxeolf Lqirupdwlrq

Rqh hohphqw hpskdvl}hg e| wkrvh dgyrfdwlqj juhdwhu �wudqvsduhqf|� lq �qdqfldo
pdunhwv lv wkh wlpho| surylvlrq ri r!fldo vwdwlvwlfv dqg rwkhu pdunhw uhodwhg lq0
irupdwlrq lq d sxeolf iruxp1 Wlpho| surylvlrq kdv wr gr zlwk iuhtxhqw dqg xs wr
gdwh gdwd iru sxeolf vfuxwlq|1 Wkh jrdo ri vxfk glvvhplqdwlrq zrxog eh wr lqfuhdvh
wkh suhflvlrq k ri wkh h{ dqwh glvwulexwlrq/ vr dv wr uhgxfh wkh ryhudoo xqfhuwdlqw|
idflqj wkh pdunhw1 Krzhyhu/ vlqfh pdunhw sduwlflsdqwv zloo kdyh dffhvv wr rwkhu
lqirupdwlrq lq dgglwlrq wr vxfk sxeolf lqirupdwlrq/ zh pxvw uhjdug wkh suhflvlrq
q ri wkh sulydwh lqirupdwlrq dv lqfuhdvlqj dw d idvwhu udwh1 Khuh/ zh ohw erwk k
dqg q whqg wr lq�qlw|/ exw nhhs wkh udwlr k*

s
q frqvwdqw 0 zkhuh wkh frqvwdqw

lv vpdoo hqrxjk wr jxdudqwhh xqltxhqhvv ri htxloleulxp1 Wkxv/ vxssrvh wkdw iru
frqvwdqw S/

k$4c q $4c exw
ks
q

' S �
s
2Z

5

Wkhq/
s
q* Ek n q� ' �*

s
� n S*

s
q $ �/ vr wkdw wkh olplw ri � lv

� ' 5xES E� � +� n &� +815,

Qrwlfh wkh uh0dsshdudqfh ri wkh h{ dqwh phdq + lq wklv h{suhvvlrq1 Hyhq wkrxjk
wkh sulydwh vljqdo vzdpsv wkh sxeolf lqirupdwlrq/ wkh h{ dqwh phdq lv vwloo uhod0
ydqw lq ghwhuplqlqj wkh fulwlfdo vwdwh �1 Wkxv/ wkh �frruglqdwlrq h�hfw� lq ydoxh
dw ulvn uhwxuqv zlwk d yhqjhdqfh1 Juhdwhu wudqvsduhqf| lq whupv ri ehwwhu sxeolf
+dqg sulydwh, lqirupdwlrq dovr kdv olwwoh reylrxv h�hfw lq surprwlqj ryhudoo h!0
flhqf| +frpsduh +815, zlwk +718,,1 Dw �uvw/ wklv lv vrphzkdw sx}}olqj/ vlqfh wkh
lqirupdwlrq frqwdlqhg lq wkh sxeolf vljqdo rxjkw wr eh grplqdwhg e| wkh pruh
dffxudwh sulydwh vljqdo1 Krzhyhu/ wklv lv wr qhjohfw wkh lqirupdwlrq frqwdlqhg lq
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+ frqfhuqlqj wkh eholhiv ri rwkhu fuhglwruv1 Wkh h{ dqwh phdq + lv uhohydqw qrw
ehfdxvh ri wkh lqirupdwlrq frqyh|hg derxw wkh ixqgdphqwdov/ exw udwkhu ehfdxvh
lw frqyh|v lqirupdwlrq derxw wkh glvwulexwlrq ri rwkhu fuhglwruv* eholhiv/ dqg lw lv
wklv zklfk lv fuxfldo lq vwudwhjlf vlwxdwlrqv vxfk dv rxuv1

Wklv odvw revhuydwlrq krogv vrph lpsruwdqw ohvvrqv iru wkh frqgxfw ri sxeolf
srolf| lq glvvhplqdwlrq ri lqirupdwlrq1 Zkhq fdoolqj iru lpsuryhg wudqvsduhqf|/
lw lv lpsruwdqw wr eh fohdu dv wr krz wkh lpsuryhg lqirupdwlrq zloo lpsuryh wkh
rxwfrph1 Wkh phuh surylvlrq ri lqirupdwlrq zloo qrw eh hqrxjk1 Krzhyhu/ li wkh
lpsuryhg lqirupdwlrq lq rqh hohphqw ri ehwwhu frruglqdwlrq ri wkh glvsdudwh pdu0
nhw sduwlflsdqwv/ wkh lqirupdwlrq pd| kdyh vrph ehqh�fldo h�hfw1 Wklv vxjjhvwv
wkdw frqfuhwh lqvwlwxwlrqdo fkdqjhv pxvw dffrpsdq| wkh surylvlrq ri lqirupdwlrq
li wkh lqirupdwlrq lv wr eh h�hfwlyh1

Lq vslwh ri wkh dfnqrzohgjhg vlpsolflw| ri wkh prgho/ zh pd| qhyhuwkhohvv gudz
vrph ohvvrqv iru wkh fxuuhqw ghedwh frqfhuqlqj wkh uhirup ri wkh lqwhuqdwlrqdo
�qdqfldo v|vwhp1 Zlwk wkh ehqh�w ri wkhruhwlfdo klqgvljkw/ lw lv shukdsv qrw
vxusulvlqj wkdw wkh surylvlrq ri pruh lqirupdwlrq wr pdunhw sduwlflsdqwv grhv qrw
plwljdwh wkh sureohp1 Diwhu doo/ zh vkrxog gudz d glvwlqfwlrq ehwzhhq d vlqjoh0
shuvrq ghflvlrq sureohp dqg d vwudwhjlf vlwxdwlrq1 Lq d vlqjoh0shuvrq ghflvlrq
sureohp/ pruh lqirupdwlrq lv dozd|v pruh ydoxdeoh1 Zkhq L ghedwh zkhwkhu wr
fduu| dq xpeuhood lqwr zrun/ dq dffxudwh zhdwkhu iruhfdvw zloo plqlpl}h erwk wkh
lqfrqylhqfh ri fduu|lqj d exon| xpeuhood rq d vxqq| gd|/ dqg dovr wkh rssrvlwh
lqfrqyhqlhqfh ri jhwwlqj fdxjkw lq d vkrzhu zlwkrxw vkhowhu1 Lq vxfk lqvwdqfhv/
�wudqvsduhqf|� zrunv1

Krzhyhu/ lw lv idu iurp fohdu zkhwkhu ehwwhu lqirupdwlrq zloo plwljdwh d frrugl0
qdwlrq sureohp1 Wkhuh lv olwwoh jxlgdqfh iurp hfrqrplf wkhru| wkdw ehwwhu lqiru0
pdwlrq derxw sd|r�v wr sod|huv ri d frruglqdwlrq jdph ohdgv wr juhdwhu lqflghqfh
ri vxffhvvixo frruglqdwlrq1 Lqghhg/ wkh lqwxlwlrq frqyh|hg e| h{lvlwlqj wkhru| lv ri
d pxfk pruh survdlf vruw 0 w|sl�hg e| wkh ghedwh rq wkh Frdvh Wkhruhp 0 lq zklfk
doo wkh hpskdvlv lv sodfhg rq wkh lpshglphqwv wr h!flhqw edujdlqlqj1 Zkhq wkh
lqwhuhvwhg sduwlhv duh gl�xvh dqg idfh xqfhuwdlqw| erwk derxw wkh ixqgdphqwdov
dqg wkh lqirupdwlrq ri rwkhuv/ lw zrxog eh ryhuo| rswlplvwlf wr h{shfw h{ srvw
h!flhqw edujdlqv wr eh vwuxfn1

Zh kdyh douhdg| qrwhg krz lqvwdqfhv ri vxffhvvixo frruglqdwlrq e| fuhglwruv 0
vxfk dv wkh edlorxw ri Orqj Whup Fdslwdo Pdqdjhphqw lq Vhswhpehu 4<<; 0 kdyh
kdg d irufhixo idflolwdwru rujdql}lqj wkh edlorxw1 Lq wkh fdvh ri OWFP/ wklv uroh
zdv sod|hg e| wkh Qhz \run Ihg1 Wkh X1 V1 Wuhdvxu| kdv dovr sod|hg d nh| uroh
lq d qxpehu ri hslvrghv lq uhfhqw |hduv +Eud}lo lq 4<<</ Nruhd lq 4<<:2;,1 Wkh
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idfw wkdw wkhvh lqvwdqfhv kdyh lqyroyhg X1V1 lqvwlwxwlrqv 0 dqg khqfh/ lqvwdqfhv
zkhuh X1V1 lqwhuhvwv zhuh lpsruwdqw 0 lv irrg iru wkrxjkw1 Sursrqhqwv ri pruh
hoderudwh pxowlodwhudo lqvwlwxwlrqv zrxog gr zhoo wr sdxvh iru wkrxjkw rq krz wkh
qhz lqvwlwxwlrq zloo iduh lq wkh uroh ri idflolwdwru1

Dsshqgl{
Lq wklv dsshqgl{/ zh surylgh dq dujxphqw iru ohppd 41 Lq idfw/ zh fdq vkrz d

pxfk vwurqjhu uhvxow 0 qdpho|/ wkdw li wkhuh lv d xqltxh vroxwlrq wr L E1� ' b/ wkhq
wkh vzlwfklqj vwudwhj| durxqg 1 lv qrw rqo| wkh xqltxh htxloleulxp vwudwhj|/ lw lv
dovr wkh rqo| vwudwhj| zklfk vxuylyhv wkh lwhudwhg ghohwlrq ri grplqdwhg vwudwhjlhv1

Frqvlghu �uvw wkh h{shfwhg sd|r� wr uroolqj ryhu wkh ordq frqglwlrqdo rq 1
zkhq doo rwkhuv duh xvlqj wkh vzlwfklqj vwudwhj| durxqg vrph srlqw 	11 Ghqrwh
wklv sd|r� dv

�
�
1c 	1

�
+816,

Wklv sd|r� lv jlyhq e| � � x
�s

k n q E� � 1�
�
/ zkhuh � lv wkh idloxuh srlqw gh0

�qhg dv wkh xqltxh vroxwlrq wr wkh htxdwlrq � ' 5x
�s

q
�
%
�
	1c +

�
� �

��
1 Wkh

frqglwlrqdo sd|r� �
�
1c 	1

�
fdq eh vhhq wr vdwlvi| wkh iroorzlqj wkuhh surshuwlhv1

Prqrwrqlflw|1 � lv vwulfwo| lqfuhdvlqj lq lwv �uvw dujxphqw/ dqg lv vwulfwo| gh0
fuhdvlqj lq lwv vhfrqg dujxphqw1

Frqwlqxlw|1 � lv frqwlqxrxv1

Ixoo Udqjh1 Iru dq| 	1 5 U^i�4c4j/ �
�
1c 	1

�
$ f dv 1 $ �4/ dqg �

�
1c 	1

�
$

� dv 1 $41

E| dsshdolqj wr wkhvh ihdwxuhv/ zh fdq gh�qh wzr vhtxhqfhv ri uhdo qxpehuv1
Iluvw/ gh�qh wkh vhtxhqfh

1�c 12c � � � c 1&c � � � +817,

dv wkh vroxwlrqv wr wkh htxdwlrqv=

�
�
1�c�4�

' b
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�
�
12c 1�

�
' b

111

�
�
1&n�c 1&

�
' b

111

Lq dq dqdorjrxv zd|/ zh gh�qh wkh vhtxhqfh

71
�
c 71

2
c � � � c 71&c � � � +818,

dv wkh vroxwlrqv wr wkh htxdwlrqv=

�
�
71
�
c4

�
' b

�
�
71
2
c 71

�
�

' b

111

�
�
71
&n�

c 71
&
�

' b

111

Zh fdq wkhq suryh=

Ohppd D41 Ohw 1 vroyh L E1� ' b1 Wkhq

1� 	 12 	 � � � 	 1& 	 � � � 	 1 +819,

71
�

: 71
2
: � � � : 71

&
: � � � : 1 +81:,

Pruhryhu/ li 1 dqg 71 duh/ uhvshfwlyho|/ wkh vpdoohvw dqg odujhvw vroxwlrqv wr
L E1� ' b/ wkhq

1 ' *�4
&<"

1& dqg 71 ' *�4
&<"

71
&
� +81;,

Surri1 Vlqfh �
�
1�c�4�

' �
�
12c 1�

�
' b/ prqrwrqlflw| lpsolhv 1� 	 121 Wkxv/

vxssrvh 1&3� 	 1&1 Vlqfh �
�
1&c 1&3�

�
' �

�
1&n�c 1&

�
' b/ prqrwrqlflw|

lpsolhv 1& 	 1&n�1 Ilqdoo|/ vlqfh L E1� ' � E1c 1� ' �
�
1&n�c 1&

�
/ dqg 1& 	

1&n�/ prqrwrqlflw| lpsolhv wkdw 1& 	 11 Wkxv/ 1� 	 12 	 � � � 	 1& 	 � � � 	 1�

Dq h{dfwo| dqdorjrxv dujxphqw vkrzv wkdw 71� : 71
2
: � � � : 71

&
: � � � : 1�

4<



Qrz/ vxssrvh 1 lv wkh vpdoohvw vroxwlrq wr � E1c 1� ' b1 E| +819, dqg wkh
prqrwrqlflw| ri �/ 1 lv wkh vpdoohvw xsshu erxqg iru wkh vhtxhqfh

�
1&
�
1

Vlqfh
�
1&
�
lv dq lqfuhdvlqj/ erxqghg vhtxhqfh/ lw frqyhujhv wr lwv vpdoohvw

xsshu erxqg1 Wkxv 1 ' *�4&<" 1&1 Dqdorjrxvo|/ li 71 lv wkh odujhvw vroxwlrq

wr � E1c 1� ' b/ wkhq +81:, dqg prqrwrqlflw| ri � lpsolhv wkdw 71 ' *�4&<" 71
&
�

Wklv suryhv wkh ohppd1

Ohppd D51 Li j lv d vwudwhj| zklfk vxuylyhv & urxqgv ri lwhudwhg ghohwlrq ri
lqwhulp grplqdwhg vwudwhjlhv/ wkhq

j E1� '

+
8 li 1 	 1&

- li 1 : 71
& +81<,

Wkh dujxphqw lv dv iroorzv1 Ohw j3� eh wkh vwudwhj| sur�oh xvhg e| doo sod|huv
rwkhu wkdq �/ dqg ghqrwh e| ��� E1c j3�� wkh sd|r� wr � ri uroolqj ryhu wkh ordq
frqglwlrqdo rq 1 zkhq wkh rwkhuv* vwudwhj| sur�oh lv jlyhq e| j3�1 Wkh lqflghqfh
ri idloxuh lv plqlpl}hg zkhq hyhu|rqh lv uroolqj ryhu wkh ordq luuhvshfwlyh ri wkh
vljqdo/ dqg wkh wkh lqflghqfh ri idloxuh lv pd{lpl}hg zkhq hyhu|rqh lv iruhforvlqj
rq wkh ordq luuhvshfwlyh ri wkh vljqdo1 Wkxv/ iru dq| 1 dqg dq| j3�/

� E1c4� � ���
�
1c j3�

� � � E1c�4� +8143,

Iurp wkh gh�qlwlrq ri 1� dqg prqrwrqlflw|/

1 	 1� ', iru dq| j3�/ ���
�
1c j3�

� � � E1c�4� 	 �
�
1�c�4�

' b� +8144,

Lq rwkhu zrugv/ 1 	 1� lpsolhv wkdw uroolqj ryhu wkh ordq lv vwulfwo| grplqdwhg e|

iruhforvlqj1 Vlploduo|/ iurp wkh gh�qlwlrq ri 71� dqg prqrwrqlflw|/

1 : 71
�
', iru dq| j3�/ ���

�
1c j3�

� � � E1c4� : �
�
71
�
c4

�
' b� +8145,

Lq rwkhu zrugv/ 1 : 71
� lpsolhv wkdw iruhforvlqj rq wkh ordq lv vwulfwo| grplqdwhg e|

uroolqj ryhu1 Wkxv/ li vwudwhj| j� vxuylyhv wkh lqlwldo urxqg ri ghohwlrq ri grplqdwhg
vwudwhjlhv/

j� E1� '

�
8 li 1 	 1�

- li 1 : 71
� +8146,

vr wkdw +81<, krogv iru & ' �1
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Iru wkh lqgxfwlyh vwhs/ vxssrvh wkdw +81<, krogv iru &/ dqg ghqrwh e| L& wkh
vhw ri vwudwhjlhv zklfk vdwlvi| +81<, iru &1 Zh pxvw qrz vkrz wkdw/ li sod|hu � idfhv
d vwudwhj| sur�oh frqvlvwlqj ri wkrvh gudzq iurp L&/ wkhq dq| vwudwhj| zklfk lv
qrw lq L&n� lv grplqdwhg1 Wkxv/ vxssrvh wkdw sod|hu � eholhyhv wkdw kh idfhv d
vwudwhj| sur�oh j3� frqvlvwlqj ri vwudwhjlhv iurp L&1 Jlyhq wklv/ wkh lqflghqfh ri
idloxuh lv plqlpl}hg zkhq j3� lv wkh +frqvwdqw, sur�oh frqvlvwlqj ri wkh 71&0wuljjhu
vwudwhj|/ dqg wkh wkh lqflghqfh ri idloxuh lv pd{lpl}hg zkhq j3� lv wkh +frqvwdqw,
sur�oh frqvlvwlqj ri 1&0wuljjhu vwudwhj|1 Wkxv/ iru dq| 1 dqg dq| vwudwhj| sur�oh
j3� frqvlvwlqj ri wkrvh iurp L&/

�
�
1c 71

&
�
� ���

�
1c j3�

� � �
�
1c 1&

�
+8147,

Iurp wkh gh�qlwlrq ri 1& dqg prqrwrqlflw|/ zh kdyh wkh iroorzlqj lpsolfdwlrq iru
dq| vwudwhj| sur�oh j3� gudzq iurp L&1

1 	 1&n� ', ���
�
1c j3�

� � �
�
1c 1&

�
	 �

�
1&n�c 1&

�
' b� +8148,

Lq rwkhu zrugv/ zkhq 1 	 1& dqg zkhq doo rwkhuv duh xvlqj vwudwhjlhv iurp L&/
uroolqj ryhu wkh ordq lv vwulfwo| grplqdwhg e| iruhforvlqj1 Vlploduo|/ iurp wkh gh�0
qlwlrq ri 71& dqg prqrwrqlflw|/ zh kdyh wkh iroorzlqj lpsolfdwlrq iru dq| vwudwhj|
sur�oh j3� frqvlvwlqj ri wkrvh iurp L&1

1 : 71
&n�

', ���
�
1c j3�

� � �
�
1c 71

&
�
: �

�
71
&n�

c 71
&
�
' b� +8149,

Lq rwkhu zrugv/ zkhq 1 : 71
&n� dqg doo rwkhuv duh xvlqj vwudwhjlhv iurp L&/ iruh0

forvlqj rq wkh ordq lv vwulfwo| grplqdwhg e| uroolqj ryhu1 Wkxv/ li vwudwhj| j�

vxuylyhv & n � urxqgv ri lwhudwhg ghohwlrq ri grplqdwhg vwudwhjlhv/

j� E1� '

+
8 li 1 	 1&n�

- li 1 : 71
&n� +814:,

Wklv suryhv wkh ohppd1
Zlwk wkhvh suholplqdu| uhvxowv/ zh fdq frpsohwh wkh surri ri Ohppd 41 Iluvw/

ohw xv vkrz wkdw li 1 vroyhv L E1� ' b/ wkhq wkhuh lv dq htxloleulxp lq wuljjhu
vwudwhjlhv durxqg 11 Vlqfh L E1� ' � E1c 1� ' b/ li hyhu|rqh hovh lv xvlqj wkh 10
wuljjhu vwudwhj|/ wkh sd|r� wr uroolqj ryhu frqglwlrqdo rq 1 lv wkh vdph dv wkdw iru
iruhforvlqj1 Vlqfh � lv vwulfwo| lqfuhdvlqj lq lwv �uvw dujxphqw/

1W 	 1 	 1W +, � E1Wc 1� 	 b 	 � E1Wc 1�
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vr wkdw wkh 10wuljjhu vwudwhj| lv wkh vwulfw ehvw uhso|1
Ilqdoo|/ ohw xv vkrz wkdw li 1 lv wkh xqltxh vroxwlrq wr L E1� ' b/ wkhq wkhuh lv

qr rwkhu htxloleulxp1 Iurp Ohppd D4/ zh nqrz wkdw

1 ' *�4
&<"

1& ' *�4
&<"

71
& +814;,

vr wkdw wkh rqo| vwudwhj| zklfk vxuylyhv wkh lwhudwhg ghohwlrq ri grplqdwhg vwudwh0
jlhv lv wkh 10wuljjhu vwudwhj|1 Dprqj rwkhu wklqjv/ wklv lpsolhv wkdw wkh htxloleulxp
lq 10wuljjhu vwudwhjlhv lv wkh xqltxh htxloleulxp1

Wkh edvlf surshuwlhv ri rxu prgho frqirup wr wkh fodvv ri vxshuprgxodu jdphv
h{dplqhg e| Plojurp dqg Urehuwv +4<<3,/ lq wkdw wkh sd|r�v h{klelw vwudwhjlf
frpsohphqwdulwlhv/ dqg wkh vwudwhj| vhw fdq eh vhhq dv d odwwlfh iru wkh dssursuldwh
rughulqj ri vwudwhjlhv1 Wkh iroorzlqj ihdwxuhv ri rxu prgho hfkr wkh jhqhudo uhvxowv
rewdlqhg e| Plojurp dqg Urehuwv1

� Wkhuh lv d �vpdoohvw� dqg �odujhvw� htxloleulxp/ fruuhvsrqglqj wr wkh vpdoo0
hvw dqg odujhvw vroxwlrqv wr wkh htxdwlrq L E1� ' b1

� Dq| vwudwhj| rwkhu wkdq wkrvh o|lqj ehwzhhq wkh vpdoohvw dqg odujhvw htxlole0
ulxp vwudwhjlhv fdq eh holplqdwhg e| lwhudwhg ghohwlrq ri grplqdwhg vwudwh0
jlhv1 Wkxv/ li 1 dqg 71 duh/ uhvshfwlyho|/ wkh vpdoohvw dqg odujhvw vroxwlrqv
wr L E1� ' b/ wkhq udwlrqdol}delolw| uhpryhv doo lqghwhuplqdf| lq d sod|hu*v
vwudwhj| h{fhsw iru wkh lqwhuydo

�
1c 71

�
1

� Li wkhuh lv d xqltxh vroxwlrq wr L E1� ' b/ wkhq wkhuh lv d xqltxh htxloleulxp/
dqg wklv lv rewdlqhg dv wkh xqltxho| udwlrqdol}deoh vwudwhj|1

Uhihuhqfhv

^4` Dqghuvrq/ U1 dqg V1 Vxqgduhvdq +4<<9, �Ghvljq dqg Ydoxdwlrq ri Ghew Frq0
wudfwv� Uhylhz ri Ilqdqfldo Vwxglhv/ </ 6:09;1

^5` Edlug/ G1 dqg W1 Mdfnvrq +4<<3, Fdvhv/ Sureohpv dqg Pdwhuldov rq Edqn0
uxswf|/ Olwwoh Eurzq dqg Frpsdq|/ Ervwrq1

^6` Fduovvrq/ K1 dqg H1 ydq Gdpph +4<<6d,1 �Joredo jdphv dqg htxloleulxp
vhohfwlrq�/ Hfrqrphwulfd 94/ <;<0434;1
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^7` Fduovvrq/ K1 dqg H1 ydq Gdpph +4<<6e,1 �Htxloleulxp Vhohfwlrq lq Vwdj Kxqw
Jdphv/� lq Iurqwlhuv ri Jdph Wkhru|/ hglwhg e| N1 Elqpruh/ D1 Nlupdq dqg
S1 Wdql1 PLW Suhvv1

^8` Gldprqg/ G1 dqg S1 G|eylj +4<;6, �Edqn Uxqv/ Ghsrvlw Lqvxudqfh dqg Olt0
xlglw|� Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4/ 734074<1

^9` Gx!h/ G1 dqg N1 Vlqjohwrq +4<<<, �Prgholqj Whup Vwuxfwxuhv ri Ghidxowdeoh
Erqgv� iruwkfrplqj lq Uhylhz ri Ilqdqfldo Vwxglhv1

^:` Ilvfkhu/ V1 +4<<<, �Rq wkh Qhhg iru dq Lqwhuqdwlrqdo Ohqghu ri Odvw Uh0
vruw�/ sdshu gholyhuhg dw wkh DHD2DID phhwlqj ri Mdqxdu| 4<<</ kwws=22
zzz1lpi1ruj2 h{whuqdo2qs2vshhfkhv 24<<<23436<<1kwp1

^;` Iudqnv/ M1 dqg Z1 Wrurxv +4<<7, �D Frpsdulvrq ri Ilqdqfldo Uhfrqwudfwlqj
lq Glvwuhvvhg H{fkdqjhv dqg Fkdswhu 44 Uhrujdql}dwlrqv� Mrxuqdo ri Ilqdq0
fldo Hfrqrplfv/ 68/ 67<06:31

^<` Jhuwqhu/ U1 dqg G1 Vfkduivwhlq +4<<4, �D Wkhru| ri Zrunrxwv dqg wkh H�hfwv
ri Uhrujdql}dwlrq Odz� Mrxuqdo ri Ilqdqfh/ 79/ 44;< 0 45551

^43` Lqwhuqdwlrqdo Prqhwdu| Ixqg +4<<;d, Zruog Hfrqrplf Rxworrn dqg Lqwhu0
qdwlrqdo Fdslwdo Pdunhwv= Lqwhulp Dvvhvvphqw/ kwws=22zzz1lpi1ruj 2h{whu0
qdo2sxev2iw2 zhr2zhr45<;2 lqgh{1kwp

^44` Lqwhuqdwlrqdo Prqhwdu| Ixqg +4<<;e, Uhsruw ri wkh Pdqdjlqj Gluhfwru wr wkh
Lqwhulp Frpplwwhh rq Vwuhqjwkhqlqj wkh Dufklwhfwxuh ri wkh Lqwhuqdowlrqdo
Prqhwdu| V|vwhp/ kwws=22zzz1lpi1ruj2h{whuqdo2qs2rpg24334<;1kwp

^45` Mdfnvrq/ W1 +4<;9, Wkh Orjlf dqg Olplwv ri Edqnuxswf|/ Kduydug Xqlyhuvlw|
Suhvv/ Fdpeulgjh1

^46` Mrqhv/ H1/ V1 Pdvrq dqg H1 Urvhqihog +4<;7, �Frqwlqjhqw Fodlpv Dqdo|vlv ri
Frusrudwh Fdslwdo Vwuxfwxuhv= dq Hpslulfdo Dqdo|vlv� Mrxuqdo ri Ilqdqfh/
6</ 94409581

^47` Ndmll D1 dqg V1 Pruulv +4<<:, �Wkh Urexvwqhvv ri Htxloleuld wr Lqfrpsohwh
Lqirupdwlrq/� Hfrqrphwulfd/ 98 45;60463<1

^48` Ohodqg/ K1 +4<<7, �Frusrudwh Ghew Ydoxh/ Erqg Fryhqdqwv/ dqg Rswlpdo
Fdslwdo Vwuxfwxuh� Mrxuqdo ri Ilqdqfh/ 7</ 4546 0 45851
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^49` Orqjvwd�/ I1 dqg H1 Vfkzduw} +4<<8, �D Vlpsoh Dssurdfk wr Ydoxlqj Ulvn|
Il{hg dqg Iordwlqj Udwh Ghew� Mrxuqdo ri Ilqdqfh/ 83/ :;< 0 ;4<1

^4:` Phuwrq/ U1 F1 +4<:7, �Rq wkh Sulflqj ri Frusrudwh Ghew= wkh Ulvn Vwuxfwxuh
ri Lqwhuhvw Udwhv� Mrxuqdo ri Ilqdqfh/ 5</ 77<07:3/ uhsulqwhg lq Frqwlqxrxv
Wlph Ilqdqfh/ Eodfnzhoo/ R{irug 4<<31

^4;` Plojurp/ S1 dqg M1 Urehuwv +4<<3, �Udwlrqdol}delolw|/ Ohduqlqj dqg Htxlole0
ulxp lq Jdphv zlwk Vwudwhjlf Frpsohphqwdulwlhv� Hfrqrphwulfd/ 8;/ 4588 0
45:;1

^4<` Prqghuhu/ G1 dqg G1 Vdphw +4<;<,1 �Dssur{lpdwlqj frpprq nqrzohgjh zlwk
frpprq eholhiv�/ Jdphv dqg Hfrqrplf Ehkdylru 4/ 4:304<31

^53` Pruulv/ V1/ U1 Ure dqg K1 V1 Vklq +4<<8,/ �R0Grplqdqfh dqg Eholhi Srwhq0
wldo/� Hfrqrphwulfd 96/ 478048:1

^54` Pruulv/ V1 dqg K1 V1 Vklq +4<<:, �Dssur{lpdwh Frpprq Nqrzohgjh dqg Fr0
ruglqdwlrq= Uhfhqw Ohvvrqv iurp Jdph Wkhru|/� Mrxuqdo ri Orjlf/ Odqjxdjh
dqg Lqirupdwlrq 9/ 4:404<31

^55` Pruulv/ V1 dqg K1 V1 Vklq +4<<;d,/ �Xqltxh Htxloleulxp lq d Prgho ri Vhoi0
Ixo�oolqj Fxuuhqf| Dwwdfnv� Dphulfdq Hfrqrplf Uhylhz/ ;;/ 8;: 0 8<:1

^56` Pruulv/ V1 dqg K1 V1 Vklq +4<<;e,/ �D Wkhru| ri wkh Rqvhw ri Fxuuhqf|
Dwwdfnv�/ xqsxeolvkhg sdshu/ kwws=22zzz1qx�1r{1df1xn 2xvhuv2Vklq2 zrun0
lqj1kwp

^57` Udghohw/ V1 dqg M1 Vdfkv +4<<;, �Wkh Rqvhw ri wkh Hdvw Dvldq Ilqdqfldo
Fulvlv� zrunlqj sdshu/ Kduydug Lqvwlwxwh iru Lqwhuqdwlrqdo Ghyhorsphqw11

^58` Uxelqvwhlq/ D1 +4<;<,1 �Wkh hohfwurqlf pdlo jdph= Vwudwhjlf ehkdylru xqghu
doprvw frpprq nqrzohgjh/� Dphulfdq Hfrqrplf Uhylhz :</ 6;806<41
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